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ʄʝʪʦʜʠʯʝʩʢʠʝ ʫʢʘʟʘʥʠʷ ʜʣʷ ʦʙʫʯʘʶʱʠʭʩʷ ʧʦ ʦʩʚʦʝʥʠʶ ʜʠʩʮʠʧʣʠʥʳ 
ʇʨʠʩʪʫʧʘʷ ʢ ʠʟʫʯʝʥʠʶ ʫʯʝʙʥʦʡ ʜʠʩʮʠʧʣʠʥʳ, ʮʝʣʝʩʦʦʙʨʘʟʥʦ ʦʟʥʘʢʦʤʠʪʴʩʷ ʩ 

ʫʯʝʙʥʦʡ ʧʨʦʛʨʘʤʤʦʡ ʜʠʩʮʠʧʣʠʥʳ, ʵʣʝʢʪʨʦʥʥʳʡ ʚʘʨʠʘʥʪ ʢʦʪʦʨʦʡ ʨʘʟʤʝʱʸʥ ʥʘ ʩʘʡʪʝ ɹʌ 
ɺɻʋ.  

ʕʪʦ ʧʦʟʚʦʣʠʪ ʦʙʫʯʘʶʱʠʤʩʷ ʧʦʣʫʯʠʪʴ ʯʝʪʢʦʝ ʧʨʝʜʩʪʘʚʣʝʥʠʝ ʦ: 

¶ ʧʝʨʝʯʥʝ ʠ ʩʦʜʝʨʞʘʥʠʠ ʢʦʤʧʝʪʝʥʮʠʡ, ʥʘ ʬʦʨʤʠʨʦʚʘʥʠʝ ʢʦʪʦʨʳʭ ʥʘʧʨʘʚʣʝʥʘ 
ʜʠʩʮʠʧʣʠʥʘ; 

¶ ʦʩʥʦʚʥʳʭ ʮʝʣʷʭ ʠ ʟʘʜʘʯʘʭ ʜʠʩʮʠʧʣʠʥʳ; 

¶ ʧʣʘʥʠʨʫʝʤʳʭ ʨʝʟʫʣʴʪʘʪʘʭ, ʧʨʝʜʩʪʘʚʣʝʥʥʳʭ ʚ ʚʠʜʝ ʟʥʘʥʠʡ, ʫʤʝʥʠʡ ʠ ʥʘʚʢrʦʚ, 
ʢʦʪʦʨʳʝ ʜʦʣʞʥʳ ʙʳʪʴ ʩʬʦʨʤʠʨʦʚʘʥʳ ʚ ʧʨʦʮʝʩʩʝ ʠʟʫʯʝʥʠʷ ʜʠʩʮʠʧʣʠʥʳ; 

¶ ʢʦʣʠʯʝʩʪʚʝ ʯʘʩʦʚ, ʧʨʝʜʫʩʤʦʪʨʝʥʥʳʭ ʫʯʝʙʥʳʤ ʧʣʘʥʦʤ ʥʘ ʠʟʫʯʝʥʠʝ ʜʠʩʮʠʧʣʠʥʳ, 
ʬʦʨʤʫ ʧʨʦʤʝʞʫʪʦʯʥʦʡ ʘʪʪʝʩʪʘʮʠʠ; 

¶ ʢʦʣʠʯʝʩʪʚʝ ʯʘʩʦʚ, ʦʪʚʝʜʝʥʥʳʭ ʥʘ ʢʦʥʪʘʢʪʥʫʶ ʠ ʥʘ ʩʘʤʦʩʪʦʷʪʝʣʥɹʫʶ ʨʘʙʦʪʫ; 

¶ ʬʦʨʤʘʭ ʢʦʥʪʘʢʪʥʦʡ ʠ ʩʘʤʦʩʪʦʷʪʝʣʴʥʦʡ ʨʘʙʦʪʳ; 

¶ ʩʪʨʫʢʪʫʨʝ ʜʠʩʮʠʧʣʠʥʳ, ʦʩʥʦʚʥʳʭ ʨʘʟʜʝʣʘʭ ʠ ʪʝʤʘʭ; 

¶ ʩʠʩʪʝʤʝ ʦʮʝʥʠʚʘʥʠʷ ʫʯʝʙʥʳʭ ʜʦʩʪʠʞʝʥʠʡ; 

¶ ʫʯʝʙʥʦ-ʤʝʪʦʜʠʯʝʩʢʦʤ ʠ ʠʥʬʦʨʤʘʮʠʦʥʥʦʤ ʦʙʝʩʧʝʯʝʥʠʠ ʜʠʩʮʠʧʣʠʥʳ.  
ɿʥʘʥʠʝ ʦʩʥʦʚʥʳʭ ʧʦʣʦʞʝʥʠʡ, ʦʪʨʘʞʝʥʥʳʭ ʚ ʨʘʙʦʯʝʡ ʧʨʦʛʨʘʤʤʝ ʜʠʩʮʠʧʣʠʥʳ, 

ʧʦʤʦʞʝʪ ʦʙʫʯʘʶʱʠʤʩʷ ʦʨʠʝʥʪʠʨʦʚʘʪʴʩʷ ʚ ʠʟʫʯʘʝʤʦʤ ʢʫʨʩʝ, ʦʩʦʟʥʘʚʘʪʴ ʤʝʩʪʦ ʠ ʨʦʣʴ 
ʠʟʫʯʘʝʤʦʡ ʜʠʩʮʠʧʣʠʥʳ ʚ ʧʦʜʛʦʪʦʚʢʝ ʙʫʜʫʱʝʛʦ ʚʳʧʫʩʢʥʠʢʘ, ʩʪʨʦʠʪʴ ʩʚʦʶ ʨʘʙʦʪʫ ʚ 
ʩʦʦʪʚʝʪʩʪʚʠʠ ʩ ʪʨʝʙʦʚʘʥʠʷʤʠ, ʟʘʣʦʞʝʥʥʳʤʠ ʚ ʧʨʦʛʨʘʤʤʝ. 

ʆʩʥʦʚʥʳʤʠ ʬʦʨʤʘʤʠ ʢʦʥʪʘʢʪʥʦʡ ʨʘʙʦʪʳ ʧʦ ʜʠʩʮʠʧʣʠʥʝ ʷʚʣʷʶʪʩʷ ʣʝʢʮʠʠ ʠ 
ʧʨʘʢʪʠʯʝʩʢʠʝ ʟʘʥʷʪʠʷ, ʧʦʩʝʱʝʥʠʝ ʢʦʪʦʨʳʭ ʦʙʷʟʘʪʝʣʴʥʦ ʜʣʷ ʚʩʝʭ ʩʪʫʜʝʥʪʦʚ (ʢʨʦʤʝ 
ʩʪʫʜʝʥʪʦʚ, ʦʙʫʯʘʶʱʠʭʩʷ ʧʦ ʠʥʜʠʚʠʜʫʘʣʴʥʦʤʫ ʧʣʘʥʫ). 

ʇʦʜʛʦʪʦʚʢʘ ʢ ʧʨʘʢʪʠʯʝʩʢʠʤ ʟʘʥʷʪʠʷʤ ʚʝʜʝʪʩʷ ʥʘ ʦʩʥʦʚʝ ʧʣʘʥʦʚ ʧʨʘʢʪʠʯʝʩʢʠʭ 
ʟʘʥʷʪʠʡ. ɺ ʭʦʜʝ ʧʦʜʛʦʪʦʚʢʠ ʢ ʧʨʘʢʪʠʯʝʩʢʠʤ ʟʘʥʷʪʠʷʤ ʥʝʦʙʭʦʜʠʤʦ ʠʟʫʯʠʪʴ ʚ 
ʩʦʦʪʚʝʪʩʪʚʠʠ ʩ ʚʦʧʨʦʩʘʤʠ ʜʣʷ ʧʦʚʪʦʨʝʥʠʷ ʢʦʥʩʧʝʢʪʳ ʣʝʢʮʠʡ, ʦʩʥʦʚʥʫʶ ʣʠʪʝʨʘʪʫʨʫ, 
ʦʟʥʘʢʦʤʠʪʴʩʷ ʩ ʜʦʧʦʣʥʠʪʝʣʴʥʦʡ ʣʠʪʝʨʘʪʫʨʦʡ. ʂʨʦʤʝ ʪʦʛʦ, ʩʣʝʜʫʝʪ ʧʦʚʪʦʨʠʪʴ ʤʘʪʝʨʠʘʣ 
ʣʝʢʮʠʡ, ʦʪʚʝʪʠʪʴ ʥʘ ʢʦʥʪʨʦʣʴʥʳʝ ʚʦʧʨʦʩʳ, ʠʟʫʯʠʪʴ ʦʙʨʘʟʮʳ ʨʝʰʝʥʠʷ ʟʘʜʘʯ, ʚʳʧʦʣʥʠʪʴ 
ʫʧʨʘʞʥʝʥʠʷ (ʝʩʣʠ ʪʘʢʠʝ ʧʨʝʜʫʩʤʦʪʨʝʥʳ). 

ʇʨʠ ʧʦʜʛʦʪʦʚʢʝ ʢ ʧʨʦʤʝʞʫʪʦʯʥʦʡ ʘʪʪʝʩʪʘʮʠʠ ʥʝʦʙʭʦʜʠʤʦ ʧʦʚʪʦʨʠʪʴ ʧʨʦʡʜʝʥʥʳʡ 
ʤʘʪʝʨʠʘʣ ʚ ʩʦʦʪʚʝʪʩʪʚʠʠ ʩ ʫʯʝʙʥʦʡ ʧʨʦʛʨʘʤʤʦʡ, ʧʨʠʤʝʨʥʳʤ ʧʝʨʝʯʥʝʤ ʚʦʧʨʦʩʦʚ, 
ʚʳʥʦʩʷʱʠʭʩʷ ʥʘ ʵʢʟʘʤʝʥ. ʈʝʢʦʤʝʥʜʫʝʪʩʷ ʠʩʧʦʣʴʟʦʚʘʪʴ ʢʦʥʩʧʝʢʪʳ ʣʝʢʮʠʡ ʠ ʠʩʪʦʯʥʠʢʠ, 
ʧʝʨʝʯʠʩʣʝʥʥʳʝ ʚ ʩʧʠʩʢʝ ʣʠʪʝʨʘʪʫʨʳ ʚ ʨʘʙʦʯʝʡ ʧʨʦʛʨʘʤʤʝ ʜʠʩʮʠʧʣʠʥʳ, ʘ ʪʘʢʞʝ 
ʨʝʩʫʨʩʳ ʵʣʝʢʪʨʦʥʥʦ-ʙʠʙʣʠʦʪʝʯʥʳʭ ʩʠʩʪʝʤ.  

ʄʝʪʦʜʠʯʝʩʢʠʝ ʤʘʪʝʨʠʘʣʳ ʜʣʷ ʦʙʫʯʘʶʱʠʭʩʷ ʧʦ ʦʩʚʦʝʥʠʶ ʪʝʦʨʝʪʠʯʝʩʢʠʭ 
ʚʦʧʨʦʩʦʚ ʜʠʩʮʠʧʣʠʥʳ 
 

ʊʝʤʘ1. ɸʣʛʝʙʨʘʠʯʝʩʢʠʝ ʩʠʩʪʝʤʳ 
ʇʣʘʥ 

1. ʆʪʥʦhʝʥʠʷ ʵʢʚʠʚʘʣʝʥʪʥʦʩʪʠ. ʆʪʥʦʰʝʥʠʷ ʧʦʨʷʜʢʘ.  
2. ʉʚʷʟʴ ʦʪʥʦʰʝʥʠʡ ʵʢʚʠʚʘʣʝʥʪʥʦʩʪʠ ʩ ʨʘʟʙʠʝʥʠʷʤʠ ʤʥʦʞʝʩʪʚʘ.  
3. ʇʦʥʷʪʠʝ ʠ ʩʚʦʡʩʪʚʘ ʙʠʥʘʨʥʦʡ ʘʣʛʝʙʨʘʠʯʝʩʢʦʡ ʦʧʝʨʘʮʠʠ.  
4. ɻʨʫʧʧʳ. ʅʦʨʤʘʣʴʥʳʝ ʜʝʣʠʪʝʣʠ. ʂʦʥʝʯʥʳʝ ʛʨʫʧʧʳ.  
5. ʂʦʣʴʮʘ ʠ ʧʦʣʷ. 
1. ʆʪʥʦʰʝʥʠʷ ʵʢʚʠʚʘʣʝʥʪʥʦʩʪʠ. ʆʪʥʦʰʝʥʠʷ ʧʦʨʷʜʢʘ 
ʆʇʈɽɼɽʃɽʅʀɽ. ɼʝʢʘʨʪʦʚʳʤ ʧʨʦʠʟʚʝʜʝʥʠʝʤ ʤʥʦʞʝʩʪʚ ɸ ʠ ɺ ʥʘʟʳʚʘʝʪʩʷ 

ʤʥʦʞʝʩʪʚʦ, ʩʦʩʪʦʷʱʝʝ ʠʟ ʚʩʝʭ ʫʧʦʨʷʜʦʯʝʥʥʳʭ ʧʘʨ ʵʣʝʤʝʥʪʦʚ ʚʠʜʘ <a, b>, ʚ ʢʦʪʦʨʳʭ 
ʧʝʨʚʳʡ ʵʣʝʤʝʥʪ ʧʨʠʥʘʜʣʝʞʠʪ ʧʝʨʚʦʤʫ ʤʥʦʞʝʩʪʚʫ, ʘ ʚʪʦʨʦʡ ï ʚʪʦʨʦʤʫ. 

ʆʙʦʟʥʘʯʝʥʠʝ: AĬB = {<a, b> / a Í A, b Í B }. 
ɽʩʣʠ ʤʥʦʞʝʩʪʚʘ ɸ ʠ ɺ ʩʦʚʧʘʜʘʶʪ, ʪʦ ʜʝʢʘʨʪʦʚʦ ʧʨʦʠʟʚʝʜʝʥʠʝ ʥʘʟʳʚʘʶʪ ʪʘʢʞʝ 

ʜʝʢʘʨʪʦʚʳʤ ʢʚʘʜʨʘʪʦʤ ʤʥʦʞʝʩʪʚʘ ɸ: ɸĬɸ = ɸĮ. 
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ʆʇʈɽɼɽʃɽʅʀɽ. ɹʠʥʘʨʥʳʤ ʦʪʥʦʰʝʥʠʝʤ, ʟʘʜʘʥʥʳʤ ʥʘ ʥʝʧʫʩʪʦʤ ʤʥʦʞʝʩʪʚʝ ɸ, 
ʥʘʟʳʚʘʝʪʩʷ ʚʩʷʢʦʝ ʧʦʜʤʥʦʞʝʩʪʚʦ ʜʝʢʘʨʪʦʚʘ ʢʚʘʜʨʘʪʘ ʤʥʦʞʝʩʪʚʘ ɸ. 

ɼʣʷ ʦʙʦʟʥʘʯʝʥʠʷ ʙʠʥʘʨʥʳʭ ʦʪʥʦʰʝʥʠʡ ʠʩʧʦʣʴʟʫʶʪ ʣʠʙʦ ʩʧʝʮʠʘʣʴʥʳʝ ʟʥʘʯʢʠ, 
ʦʙʱʝʧʨʠʥʷʪʳʝ, ʥʘʧʨʠʤʝʨ: =, Ò , Ó , Ɛ , ƍ ʠ ʪ.ʜ., ʣʠʙʦ ʙʫʢʚʳ ʛʨʝʯʝʩʢʦʛʦ ʘʣʬʘʚʠʪʘ: Ŭ, ŭ, ů, 
ű, ɟ ʠ ʪ.ʜ. 

ɽʩʣʠ ʵʣʝʤʝʥʪʳ ʭ ʠ ʫ ʤʥʦʞʝʩʪʚʘ ɸ ʥʘʭʦʜʷʪʩʷ ʚ ʥʝʢʦʪʦʨʦʤ ʙʠʥʘʨʥʦʤ ʦʪʥʦʰʝʥʠʠ 
ů, ʪʦ ʵʪʦ ʤʦʞʝʪ ʦʙʦʟʥʘʯʘʪʴʩʷ ʦʜʥʠʤ ʠʟ ʩʣʝʜʫʶʱʠʭ ʦʙʨʘʟʦʚ: 

<x, y> Í ů, ʣʠʙʦ x ů y. 
ʆʇʈɽɼɽʃɽʅʀɽ. ɹʠʥʘʨʥʦʝ ʦʪʥʦʰʝʥʠʝ ɟ, ʟʘʜʘʥʥʦʝ ʥʘ ʥʝʧʫʩʪʦʤ ʤʥʦʞʝʩʪʚʝ ɸ, 

ʥʘʟʳʚʘʝʪʩʷ: 

¶ ʨʝʬʣʝʢʩʠʚʥʳʤ, ʝʩʣʠ ("ʘ Í ɸ) ʩʧʨʘʚʝʜʣʠʚʦ <a, a> Í ɟ; 

¶ ʘʥʪʠʨʝʬʣʝʢʩʠʚʥʳʤ, ʝʩʣʠ ("ʘ Íɸ) ʩʧʨʘʚʝʜʣʠʚʦ <a, a> Î ɟ; 

¶ ʩʠʤʤʝʪʨʠʯʥʳʤ, ʝʩʣʠ ("ʘ, bÍɸ) ʠʟ ʪʦʛʦ, ʯʪʦ ʧʘʨʘ <a, b> Í ɟ, ʩʣʝʜʫʝʪ, ʯʪʦ ʧʘʨʘ 

<b, a> Í ɟ; 

¶ ʪʨʘʥʟʠʪʠʚʥʳʤ, ʝʩʣʠ ʜʣʷ ("ʘ, b, c Í ɸ), ʠʟ ʪʦʛʦ, ʯʪʦ ʧʘʨʘ <a, b> Í ɟ ʠ ʧʘʨʘ <b, 

c> Í ɟ, ʩʣʝʜʫʝʪ, ʯʪʦ ʧʘʨʘ <a, c> Í ɟ; 

¶ ʘʥʪʠʩʠʤʤʝʪʨʠʯʥʳʤ, ʝʩʣʠ ʜʣʷ ʣʶʙʳʭ ʨʘʟʣʠʯʥʳʭ ʵʣʝʤʝʥʪʦʚ ʘ, b Í ɸ ʠʟ ʪʦʛʦ, 

ʯʪʦ <a, b> Í ɟ ʠ <b, a> Í ɟ ʩʣʝʜʫʝʪ, ʯʪʦ ʘ = b; 

¶ ʘʩʠʤʤʝʪʨʠʯʥʳʤ, ʝʩʣʠ ("ʘ, b Í ɸ, a  ̧b) ʫʩʣʦʚʠʝ <a, b> Í ɟ ʥʠʢʦʛʜʘ ʥʝ ʚʣʝʯʝʪ 

ʟʘ ʩʦʙʦʡ ʚʳʧʦʣʥʝʥʠʝ ʫʩʣʦʚʠʷ <b, a> Í ɟ; 

¶ ʦʪʥʦʰʝʥʠʝʤ ʵʢʚʠʚʘʣʝʥʪʥʦʩʪʠ, ʝʩʣʠ ʦʥʦ ʨʝʬʣʝʢʩʠʚʥʦ, ʩʠʤʤʝʪʨʠʯʥʦ ʠ 
ʪʨʘʥʟʠʪʠʚʥʦ ʦʜʥʦʚʨʝʤʝʥʥʦ; 

¶ ʦʪʥʦʰʝʥʠʝʤ ʧʦʨʷʜʢʘ, ʝʩʣʠ ʦʥʦ ʘʥʪʠʩʠʤʤʝʪʨʠʯʥʦ ʠ ʪʨʘʥʟʠʪʠʚʥʦ; 
ɽʩʣʠ ʧʨʠ ʵʪʦʤ ʦʪʥʦʰʝʥʠʝ ɟ ʦʙʣʘʜʘʝʪ ʩʚʦʡʩʪʚʦʤ ʘʥʪʠʨʝʬʣʝʢʩʠʚʥʦʩʪʠ, ʪʦ ʦʥʦ 

ʥʘʟʳʚʘʝʪʩʷ ʦʪʥʦʰʝʥʠʝʤ ʩʪʨʦʛʦʛʦ ʧʦʨʷʜʢʘ, ʝʩʣʠ ʞʝ ɟ ʦʙʣʘʜʘʝʪ ʩʚʦʡʩʪʚʦʤ 
ʨʝʬʣʝʢʩʠʚʥʦʩʪʠ, ʪʦ ï ʦʪʥʦʰʝʥʠʝʤ ʥʝʩʪʨʦʛʦʛʦ ʧʦʨʷʜʢʘ. 

ʆʇʈɽɼɽʃɽʅʀɽ. ʆʪʥʦʰʝʥʠʝ ʧʦʨʷʜʢʘ ɟ, ʟʘʜʘʥʥʦʝ ʥʘ ʤʥʦʞʝʩʪʚʝ ɸ, ʥʘʟrʚʘʝʪʩʷ 

ʦʪʥʦʰʝʥʠʝʤ ʣʠʥʝʡʥʦʛʦ ʧʦʨʷʜʢʘ, ʝʩʣʠ ʜʣʷ ʣʶʙʳʭ ʜʚʫʭ ʵʣʝʤʝʥʪʦʚ ʘ, b Í ɸ 
ʚʳʧʦʣʥʝ̫ʪʩʷ ʦʜʥʦ ʠ ʪʦʣʴʢʦ ʦʜʥʦ ʠʟ ʫʩʣʦʚʠʡ: 

ʘ = b ʠʣʠ <a, b> Í ɟ ʠʣʠ <b, a> Í ɟ. 
ɻʦʚʦʨʷʪ ʪʘʢʞʝ, ʯʪʦ ʚ ʵʪʦʤ ʩʣʫʯʘʝ ʦʪʥʦʰʝʥʠʝ ɟ ʦʙʣʘʜʘʝʪ ʩʚʦʡʩʪʚʦʤ ʩʚʟ̫ʥʦʩʪʠ. 

ɽʩʣʠ ʙʠʥʘʨʥʦʝ ʦʪʥʦʰʝʥʠʝ r ʟʘʜʘʥʦ ʥʘ ʢʦʥʝʯʥʦʤ ʤʥʦʞʝʩʪʚʝ, ʪʦ ʝʛʦ ʥʘʛʣʷʜʥʦ 
ʤʦʞʥʦ ʠʟʦʙʨʘʟʠʪʴ ʩ ʧʦʤʦʱʴʶ ʦʨʠʝʥʪʠʨʦʚʘʥʥʦʛʦ ʛʨʘʬʘ. ʇʨʠ ʵʪʦʤ ʵʣʝʤʝʥʪʳ ʩʘʤʦʛʦ 
ʤʥʦʞʝʩʪʚʘ ʠʟʦʙʨʘʞʘʶʪʩʷ ʪʦʯʢʘʤʠ ʥʘ ʧʣʦʩʢʦʩʪʠ.  

ɽʩʣʠ ʧʘʨʘ <a, b> Í r, ʪʦ ʩʦʦʪʚʝʪʩʪʚʫʶʱʠʝ ʪʦʯʢʠ ʩʦʝʜʠʥʷʶʪʩʷ ʦʨʠʝʥʪʠʨʦʚʘʥʥʳʤ 
ʨʝʙʨʦʤ ʦʪ a ʢ b. 

ʊʘʢʞʝ ʤʦʞʥʦ ʧʦʩʪʨʦʠʪʴ ʛʨʘʬʠʢ ʙʠʥʘʨʥʦʛʦ ʦʪʥʦʰʝʥʠʷ. ɼʣʷ ʵʪʦʛʦ ʧʦ ʦʩʷʤ 
ʘʙʩʮʠʩʩ ʠ ʦʨʜʠʥʘʪ ʦʪʢʣʘʜʳʚʘʶʪʩʷ ʵʣʝʤʝʥʪʳ ʤʥʦʞʝʩʪʚʘ, ʘ ʥʘ ʢʦʦʨʜʠʥʘʪʥʦʡ ʧʣʦʩʢʦʩʪʠ 
ʩʪʨʦʷʪʩʷ ʪʦʯʢʠ, ʢʦʦʨʜʠʥʘʪʳ ʢʦʪʦʨʳʭ ʩʦʦʪʚʝʪʩʪʚʫʶʪ ʵʣʝʤʝʥʪʘʤ ʙʠʥʘʨʥʦʛʦ ʦʪʥʦʰʝʥʠʷ. 

ɺʝʨʥʦ ʠ ʦʙʨʘʪʥʦʝ. ʃʶʙʦʡ ʦʨʠʝʥʪʠʨʦʚʘʥʥʳʡ ʛʨʘʬ, ʘ ʪʘʢʞʝ ʛʨʘʬʠʢ ʤʦʞʥʦ 
ʨʘʩʩʤʘʪʨʠʚʘʪʴ ʢʘʢ ʛʨʘʬ ʠʣʠ ʛʨʘʬʠʢ ʙʠʥʘʨʥʦʛʦ ʦʪʥʦʰʝʥʠʷ ʠ ʦʧʨʝʜʝʣʷʪʴ ʧʦ ʥʠʤ ʝʛʦ 
ʩʚʦʡʩʪʚʘ. 

ʇʈʀʄɽʈ 1. ʇʫʩʪʴ ɸ = {1, 2, 4, 6}.  
ʊʦʛʜʘ ʜʝʢʘʨʪʦʚ ʢʚʘʜʨʘʪ ʤʥʦʞʝʩʪʚʘ ɸ ʙʫʜʝʪ ʨʘʚʝʥ:  

AĬA = {<1, 1>; <2, 2>; <4, 4>; <6, 6>; <1, 2>; <2, 1>; <1, 4>; <4, 1>; 
<1, 6>; <6, 1>; <2, 4>; <4, 2>; <2, 6>; <6, 2>; <4, 6>; <6, 2>}. 

ʉʣʝʜʫʶʱʝʝ ʧʦʜʤʥʦʞʝʩʪʚʦ ɟ ʤʥʦʞʝʩʪʚʘ AĬA ʷʚʣʷʝʪʩʷ, ʩʦʛʣʘʩʥʦ ʦʧʨʝʜʝʣʝʥʠʶ, 
ʙʠʥʘʨʥʳʤ ʦʪʥʦʰʝʥʠʝʤ, ʟʘʜʘʥʥʳʤ ʥʘ ʤʥʦʞʝʩʪʚʝ ɸ: 

ɟ = {<2, 2>; <4, 4>; <1, 2>; <2, 1>; <1, 4>; <6, 2>; <4, 6>}. 
ɼʘʥʥʦʝ ʦʪʥʦʰʝʥʠʝ ʥʝ ʦʙʣʘʜʘʝʪ ʩʚʦʡʩʪʚʦʤ ʨʝʬʣʝʢʩʠʚʥʦʩʪʠ, ʪʘʢ ʢʘʢ, ʥʘʧʨʠʤʝʨ, 

ʧʘʨʘ <1, 1> ʝʤʫ ʥʝ ʧʨʠʥʘʜʣʝʞʠʪ.  
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ʉ ʜʨʫʛʦʡ ʩʪʦʨʦʥʳ, ʦʥʦ ʥʝ ʦʙʣʘʜʘʝʪ ʠ ʩʚʦʡʩʪʚʦʤ ʘʥʪʠʨʝʬʣʝʢʩʠʚʥʦʩʪʠ, ʧʦʩʢʦʣʴʢʫ 
ʦʥʦ ʩʦʜʝʨʞʠʪ ʧʘʨʳ <2, 2> ʠ <4, 4>. 

ʆʪʥʦʰʝʥʠʝ ɟ ʥʝ ʩʠʤʤʝʪʨʠʯʥʦ, ʭʦʪʷ ʙʳ ʫʞʝ ʧʦʪʦʤʫ, ʯʪʦ ʦʥʦ ʩʦʜʝʨʞʠʪ ʧʘʨʫ <1, 
4>, ʥʦ ʥʝ ʩʦʜʝʨʞʠʪ ʧʘʨʳ <4, 1>. ʆʜʥʘʢʦ, ʦʥʦ ʥʝ ʙʫʜʝʪ ʪʘʢʞʝ ʷʚʣʷʪʴʩʷ ʥʠ 
ʘʥʪʠʩʠʤʤʝʪʨʠʯʥʳʤ, ʥʠ ʘʩʠʤʤʝʪʨʠʯʥʳʤ, ʧʦʩʢʦʣʴʢʫ ʝʤʫ ʦʜʥʦʚʨʝʤʝʥʥʦ ʧʨʠʥʘʜʣʝʞʘʪ 

ʧʘʨʳ ʵʣʝʤʝʥʪʦʚ <1, 2> ʠ <2, 1>, ʧʨʠʯʝʤ 2  ̧1. 
ʆʪʥʦʰʝʥʠʝ ɟ ʥʝ ʦʙʣʘʜʘʝʪ ʪʘʢʞʝ ʩʚʦʡʩʪʚʦʤ ʪʨʘʥʟʠʪʠʚʥʦʩʪʠ, ʪʘʢ ʢʘʢ, ʭʦʪʷ ʧʘʨʳ 

<1, 4> ʠ <4, 6> ʝʤʫ ʧʨʠʥʘʜʣʝʞʘʪ, ʧʘʨʘ <1, 6> ʦʪʥʦʰʝʥʠʶ ɟ ʥʝ ʧʨʠʥʘʜʣʝʞʠʪ. 
ʇʦʩʪʨʦʠʤ ʛʨʘʬ ʠ ʛʨʘʬʠʢ ʵʪʦʛʦ ʙʠʥʘʨʥʦʛʦ ʦʪʥʦʰʝʥʠʷ: 

 
ɻʨʘʬ ʦʪʥʦʰʝʥʠʷ r 

 

 
ɻʨʘʬʠʢ ʦʪʥʦʰʝʥʠʷ r 

ɿɸʄɽʏɸʅʀʗ. 1. ʀʟ ʦʧʨʝʜʝʣʝʥʠʡ ʩʣʝʜʫʝʪ, ʯʪʦ ʥʠ ʦʜʥʦ ʙʠʥʘʨʥʦʝ ʦʪʥʦʰʝʥʠʝ ʥʝ 
ʤʦʞʝʪ ʦʙʣʘʜʘʪʴ ʦʜʥʦʚʨʝʤʝʥʥʦ ʩʚʦʡʩʪʚʘʤʠ ʨʝʬʣʝʢʩʠʚʥʦʩʪʠ ʠ ʘʥʪʠʨʝʬʣʝʢʩʠʚʥʦʩʪʠ ʠʣʠ 
ʩʚʦʡʩʪʚʘʤʠ ʩʠʤʤʝʪʨʠʯʥʦʩʪʠ ʠ ʘʥʪʠʩʠʤʤʝʪʨʠʯʥʦʩʪʠ (ʘʩʠʤʤʝʪʨʠʯʥʦʩʪʠ). ɺ ʪʦ ʞʝ ʚʨʝʤʷ 
ʠʟ ʧʨʠʤʝʨʘ ʩʣʝʜʫʝʪ, ʯʪʦ ʥʝʢʦʪʦʨʳʝ ʙʠʥʘʨʥʳʝ ʦʪʥʦʰʝʥʠʷ ʤʦʛʫʪ ʚʦʦʙʱʝ ʥʝ ʦʙʣʘʜʘʪʴ ʥʠ 
ʦʜʥʠʤ ʠʟ ʩʚʦʡʩʪʚ ʩʦʦʪʚʝʪʩʪʚʫʶʱʝʡ ʧʘʨʳ. 

2. ʇʨʠʤʝʨʘʤʠ ʦʪʥʦʰʝʥʠʷ ʵʢʚʠʚʘʣʝʥʪʥʦʩʪʠ ʤʦʛʫʪ ʩʣʫʞʠʪʴ: 

¶ ʦʪʥʦʰʝʥʠʝ ʨʘʚʝʥʩʪʚʘ ç = è ʥʘ ʣʶʙʦʤ ʯʠʩʣʦʚʦʤ ʤʥʦʞʝʩʪʚʝ; 

¶ ʦʪʥʦʰʝʥʠʝ ʧʘʨʘʣʣʝʣʴʥʦʩʪʠ çƐè ʥʘ ʤʥʦʞʝʩʪʚʝ ʚʩʝʭ ʧʨʷʤʳʭ ʧʣʦʩʢʦʩʪʠ; 

¶ ʦʪʥʦʰʝʥʠʝ ɟ ʥʘ ʤʥʦʞʝʩʪʚʝ ʚʩʝʭ ʩʣʦʚ ʨʫʩʩʢʦʛʦ ʘʣʬʘʚʠʪʘ, ʝʩʣʠ ʜʚʘ ʩʣʦʚʘ u ʠ v 
ʥʘʭʦʜʷʪʩʷ ʚ ʦʪʥʦʰʝʥʠʠ ɟ ʪʦʛʜʘ ʠ ʪʦʣʴʢʦ ʪʦʛʜʘ, ʢʦʛʜʘ ʦʥʠ ʥʘʯʠʥʘʁ ʪʩʷ ʩ ʦʜʥʦʡ ʠ ʪʦʡ ʞʝ 
ʙʫʢʚʳ, ʧʦʩʢʦʣʴʢʫ ʢʘʞʜʦʝ ʠʟ ʵʪʠʭ ʦʪʥʦʰʝʥʠʡ, ʦʯʝʚʠʜʥʦ, ʦʙʣʘʜʘʝʪ ʩʚʦʡʩʪʚʘʤʠ 
ʨʝʬʣʝʢʩʠʚʥʦʩʪʠ, ʩʠʤʤʝʪʨʠʯʥʦʩʪʠ ʠ ʪʨʘʥʟʠʪʠʚʥʦʩʪʠ. 

3. ʇʨʠʤʝʨʘʤʠ ʦʪʥʦʰʝʥʠʷ ʧʦʨʷʜʢʘ ʤʦʛʫʪ ʩʣʫʞʠʪʴ: 

¶ ʦʪʥʦʰʝʥʠʷ ʩʨʘʚʥʝʥʠʷ ʧʦ ʚʝʣʠʯʠʥʝ ç < è ʠ ç > è ʥʘ ʤʥʦʞʝʩʪʚʝ ʮʝʣʳʭ ʯʠʩʝʣ; 

¶ ʦʪʥʦʰʝʥʠʝ ʜʝʣʠʤʦʩʪʠ ʥʘʮʝʣʦ ç : è ʥʘ ʤʥʦʞʝʩʪʚʝ ʥʘʪʫʨʘʣʴʥʳʭ ʯʠʩʝʣ. 
ʇʨʠ ʵʪʦʤ ʧʝʨʚʳʝ ʜʚʘ ʦʪʥʦʰʝʥʠʷ ʝʩʪʴ ʦʪʥʦʰʝʥʠʷ ʩʪʨʦʛʦʛʦ ʣʠʥʝʡʥʦʛʦ ʧʦʨʷʜʢʘ, 

ʧʦʩʢʦʣʴʢʫ ʦʥʠ ʦʙʣʘʜʘʶʪ ʩʚʦʡʩʪʚʦʤ ʘʥʪʠʨʝʬʣʝʢʩʠʚʥʦʩʪʠ ʠ ʩʚʷʟʥʦʩʪʠ (ʥʠ ʦʜʥʦ ʮʝʣʦʝ 
ʯʠʩʣʦ ʥʝ ʤʦʞʝʪ ʙʳʪʴ ʩʪʨʦʛʦ ʙʦʣʴʰʝ ʠʣʠ ʤʝʥʴʰʝ ʩʘʤʦʛʦ ʩʝʙʷ ʠ ʠʟ ʜʚʫʭ ʨʘʟʣʠʯʥʳʭ 
ʮʝʣʳʭ ʯʠʩʝʣ ʦʜʥʦ ʦʙʷʟʘʪʝʣʴʥʦ ʙʦʣʴʰʝ ʣʠʙʦ ʤʝʥʴʰʝ ʜʨʫʛʦʛʦ), ʘ ʧʦʩʣʝʜʥʝʝ ï 
ʥʝʩʪʨʦʛʦʛʦ ʥʝʣʠʥʝʡʥʦʛʦ ʧʦʨʷʜʢʘ, ʪʘʢ ʢʘʢ ʦʥʦ, ʥʘʧʨʦʪʠʚ, ʨʝʬʣʝʢʩʠʚʥʦ ʠ ʥʝʩʚʷʟʥʦ 
(ʢʘʞʜʦʝ ʥʘʪʫʨʘʣʴʥʦʝ ʯʠʩʣʦ ʜʝʣʠʪʩʷ ʩʘʤʦ ʥʘ ʩʝʙʷ ʠ ʜʣʷ ʜʚʫʭ ʨʘʟʣʠʯʥʳʭ ʥʘʪʫʨʘʣʴʥʳʭ 
ʯʠʩʝʣ ʥʝ ʦʙʷʟʘʪʝʣʴʥʦ ʦʜʥʦ ʜʝʣʠʪʩʷ ʥʘ ʜʨʫʛʦʝ ʥʘʮʝʣʦ). 
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2. ʉʚʷʟʴ ʦʪʥʦʰʝʥʠʡ ʵʢʚʠʚʘʣʝʥʪʥʦʩʪʠ ʩ ʨʘʟʙʠʝʥʠʷʤʠ ʤʥʦʞʝʩʪʚʘ 
ʆʇʈɽɼɽʃɽʅʀɽ. ɻʦʚʦʨʷʪ, ʯʪʦ ʥʘʙʦʨ ʧʦʜʤʥʦʞʝʩʪʚ ʤʥʦʞʝʩʪʚʘ ɸ ʦʙʨʘʟʫʝʪ 

ʨʘʟʙʠʝʥʠʝ ʵʪʦʛʦ ʤʥʦʞʝʩʪʚʘ, ʝʩʣʠ ʚʳʧʦʣʥʷʶʪʩʷ ʩʣʝʜʫʶʱʠʝ ʫʩʣʦʚʠʷ: 
1) ʭʦʪʷ ʙʳ ʦʜʥʦ ʠʟ ʧʦʜʤʥʦʞʝʩʪʚ ʥʝʧʫʩʪʦ, 
2) ʥʠʢʘʢʠʝ ʜʚʘ ʧʦʜʤʥʦʞʝʩʪʚʘ ʥʝ ʧʝʨʝʩʝʢʘʶʪʩʷ, 
3) ʦʙʲʝʜʠʥʝʥʠʝ ʚʩʝʭ ʧʦʜʤʥʦʞʝʩʪʚ ʩʦʚʧʘʜʘʝʪ ʩ ʤʥʦʞʝʩʪʚʦʤ ɸ. 
ʇʦʜʤʥʦʞʝʩʪʚʘ ʥʘʟʳʚʘʶʪʩʷ ʚ ʵʪʦʤ ʩʣʫʯʘʝ ʢʣʘʩʩʘʤʠ ʨʘʟʙʠʝʥʠʷ. 
ʄʥʦʞʝʩʪʚʦ ǔ , ʵʣʝʤʝʥʪʘʤʠ ʢʦʪʦʨʦʛʦ ʷʚʣʷʶʪʩʷ ʢʣʘʩʩʳ ʜʘʥʥʦʛʦ ʨʘʟʙʠʝʥʠʷ, 

ʥʘʟʳʚʘʶʪ ʬʘʢʪʦʨ-ʤʥʦʞʝʩʪʚʦʤ ʤʥʦʞʝʩʪʚʘ ɸ ʧʦ ʜʘʥʥʦʤʫ ʨʘʟʙʠʝʥʠʶ. 
ʉʫʱʝʩʪʚʫʝʪ ʩʘʤʘʷ ʪʝʩʥʘʷ ʩʚʷʟʴ ʤʝʞʜʫ ʨʘʟʙʠʝʥʠʷʤʠ ʥʝʢʦʪʦʨʦʛʦ ʤʥʦʞʝʩʪʚʘ ʠ 

ʦʪʥʦʰʝʥʠʷʤʠ ʵʢʚʠʚʘʣʝʥʪʥʦʩʪʠ, ʢʦʪʦʨʳʝ ʤʦʞʥʦ ʥʘ ʜʘʥʥʦʤ ʤʥʦʞʝʩʪʚʝ ʧʦʩʪʨʦʠʪʴ.  
ʊɽʆʈɽʄɸ. ʇʦ ʢʘʞʜʦʤʫ ʦʪʥʦʰʝʥʠʶ ʵʢʚʠʚʘʣʝʥʪʥʦʩʪʠ, ʟʘʜʘʥʥʦʤʫ ʥʘ 

ʤʥʦʞʝʩʪʚʝ ɸ, ʤʦʞʥʦ ʧʦʩʪʨʦʠʪʴ ʥʝʢʦʪʦʨʦʝ ʨʘʟʙʠʝʥʠʝ ʵʪʦʛʦ ʤʥʦʞʝʩʪʚʘ. ʀ ʦʙʨʘʪʥʦ, 
ʢʘʞʜʦʤʫ ʨʘʟʙʠʝʥʠʶ ʤʥʦʞʝʩʪʚʘ ɸ ʩʦʦʪʚʝʪʩʪʚʫʝʪ ʥʝʢʦʪʦʨʦʝ ʦʪʥʦʰʝʥʠʝ 
ʵʢʚʠʚʘʣʝʥʪʥʦʩʪʠ. 

ɿɸʄɽʏɸʅʀʗ 
1. ʉʣʝʜʩʪʚʠʝʤ ʵʪʦʡ ʪʝʦʨʝʤʳ, ʢʦʪʦʨʦʝ ʠʤʝʝʪ ʧʨʘʢʪʠʯʝʩʢʦʝ ʟʥʘʯʝʥʠʝ, ʷʚʣʝ̫ʪʩʷ 

ʪʦʪ ʬʘʢʪ, ʯʪʦ ʩʫʱʝʩʪʚʫʝʪ ʚʟʘʠʤʥʦ-ʦʜʥʦʟʥʘʯʥʦʝ ʩʦʦʪʚʝʪʩʪʚʠʝ ʤʝʞʜʫ ʤʥʦʞʝʩʪʚʦʤ ʚʩʝʭ 
ʨʘʟʣʠʯʥʳʭ ʨʘʟʙʠʝʥʠʡ ʤʥʦʞʝʩʪʚʘ ɸ ʠ ʤʥʦʞʝʩʪʚʦʤ ʚʩʝʭ ʨʘʟʣʠʯʥʳʭ ʦʪʥʦʰʝʥʠʡ 
ʵʢʚʠʚʘʣʝʥʪʥʦʩʪʠ, ʢʦʪʦʨʳʝ ʤʦʞʥʦ ʟʘʜʘʪʴ ʥʘ ʵʪʦʤ ʤʥʦʞʝʩʪʚʝ. ʊʘʢʠʤ ʦʙʨʘʟʦʤ, 
ʨʘʟʣʠʯʥʳʭ ʦʪʥʦʰʝʥʠʡ ʵʢʚʠʚʘʣʝʥʪʥʦʩʪʠ ʥʘ ʜʘʥʥʦʤ ʤʥʦʞʝʩʪʚʝ ʙʫʜʝʪ ʨʦʚʥʦ çʩʪʦʣʴʢʦè, 
çʩʢʦʣʴʢʦè ʨʘʟʣʠʯʥʳʭ ʨʘʟʙʠʝʥʠʡ ʵʪʦʛʦ ʤʥʦʞʝʩʪʚʘ ʤʦʞʥʦ ʧʦʩʪʨʦʠʪʴ. 

2. ʇʫʩʪʴ ʜʘʥʦ ʨʘʟʙʠʝʥʠʝ ʤʥʦʞʝʩʪʚʘ ɸ ʠ ʩʦʦʪʚʝʪʩʪʚʫʶɦ ʝʝ ʝʤʫ ʦʪʥʦʰʝʥʠʝ 
ʵʢʚʠʚʘʣʝʥʪʥʦʩʪʠ ɟ. ʊʦʛʜʘ ʬʘʢʪʦʨ-ʤʥʦʞʝʩʪʚʦ ʧʦ ʜʘʥʥʦʤʫ ʨʘʟʙʠʝʥʠʶ ʥʘʟʳʚʘʶʪ ʪʘʢʞʝ 
ʬʘʢʪʦʨ-ʤʥʦʞʝʩʪʚʦʤ ʧʦ ʦʪʥʦʰʝʥʠʶ ʵʢʚʠʚʘʣʝʥʪʥʦʩʪʠ ɟ ʠ ʦʙʦʟʥʘʯʘʶʪ ɸ/ɟ . 

ʇʈʀʄɽʈ 2. 
1. ʇʫʩʪʴ ʜʘʥʦ ʤʥʦʞʝʩʪʚʦ ɸ = {a, b, c, d} ʠ ʦʪʥʦʰʝʥʠʝ ʵʢʚʠʚʘʣʝʥʪʥʦʩʪʠ ʥʘ ʥʝʤ:  

ɟ = {<a, a>; <d, d>; <a, d>; <d, a>; <c, c>; <b, b>}. 
ʏʪʦʙʳ ʧʦʩʪʨʦʠʪʴ ʧʦ ʦʪʥʦʰʝʥʠʶ ɟ ʨʘʟʙʠʝʥʠʝ ʵʪʦʛʦ ʤʥʦʞʝʩʪʚʘ, ʜʦʩʪʘʪʦʯʥʦ ʚ ʦʜʠʥ 

ʢʣʘʩʩ ʨʘʟʙʠʝʥʠʷ ʧʦʤʝʩʪʠʪʴ ʪʝ ʠ ʪʦʣʴʢʦ ʪʝ ʵʣʝʤʝʥʪʳ ʤʥʦʞʝʩʪʚʘ ɸ, ʢʦʪʦʨʳʝ ʥʘʭʦʜʷʪʩʷ ʚ 
ʦʪʥʦʰʝʥʠʠ ɟ: 

A = {a, d}; A = {c}; A = {b}. 
2. ʇʫʩʪʴ ʜʘʥʦ ʤʥʦʞʝʩʪʚʦ ɸ = {a, b, c, d}, ʥʘ ʢʦʪʦʨʦʤ ʟʘʜʘʥʦ ʨʘʟʙʠʝʥʠʝ: 

A = {a}; A = {b, c}; A = {d}. 
ʏʪʦʙʳ ʧʦʩʪʨʦʠʪʴ ʧʦ ʜʘʥʥʦʤʫ ʨʘʟʙʠʝʥʠʶ ʩʦʦʪʚʝʪʩʪʚʫʶʱʝʝ ʝʤʫ ʦʪʥʦʰʝʥʠʝ 

ʵʢʚʠʚʘʣʝʥʪʥʦʩʪʠ, ʜʦʩʪʘʪʦʯʥʦ ʦʪʥʝʩʪʠ ʢ ʵʪʦʤʫ ʦʪʥʦʰʝʥʠʶ ʪʝ ʠ ʪʦʣʴʢʦ ʪʝ ʧʘʨʳ 
ʵʣʝʤʝʥʪʦʚ, ʢʦʪʦʨʳʝ ʧʨʠʥʘʜʣʝʞʘʪ ʦʜʥʦʤʫ ʢʣʘʩʩʫ ʨʘʟʙʠʝʥʠʷ: ɟ = {<a, a>; <b, b>; <c, c>; 
<.b, c>; <c, b>; <d, d>}. 

ʇʈʀʄɽʈ 3. ɿʘʜʘʜʠʤ ʥʘ ʤʥʦʞʝʩʪʚʝ Z ʦʪʥʦʰʝʥʠʝ ſ ʧʦ ʩʣʝʜʫʶʱʝʤʫ ʧʨʘʚʠʣʫ: 

b ſ a (mod m) => b ï a = mĿq, q, m Í Z, m > (1). 
ɻʦʚʦʨʷʪ, ʯʪʦ ʘ ʩʨʘʚʥʠʤʦ ʩ b ʧʦ ʤʦʜʫʣʶ m. 
ʆʯʝʚʠʜʥʦ, ʯʪʦ ʵʪʦ ʦʪʥʦʰʝʥʠʝ ʝʩʪʴ ʦʪʥʦʰʝʥʠʝ ʵʢʚʠʚʘʣʝʥʪʥʦʩʪʠ, ʪʘʢ ʢʘʢ ʦʥʦ 

ʨʝʬʣʝʢʩʠʚʥʦ, ʩʠʤʤʝʪʨʠʯʥʦ ʠ ʪʨʘʥʟʠʪʠʚʥʦ. ʊʘʢʞʝ ʦʯʝʚʠʜʥʦ, ʯʪʦ ʯʠʩʣʘ ʘ ʠ b ʩʨʘʚʥʠʤʳ 
ʧʦ mod m ʪʦʛʜʘ ʠ ʪʦʣʴʢʦ ʪʦʛʜʘ, ʢʦʛʜʘ ʦʥʠ ʜʘʶʪ ʧʨʠ ʜʝʣʝʥʠʠ ʥʘ m ʦʜʠʥʘʢʦʚʳʝ ʦʩʪʘʪʢʠ. 

ʂʣʘʩʩʘʤʠ ʨʘʟʙʠʝʥʠʷ ʧʦ ʜʘʥʥʦʤʫ ʦʪʥʦʰʝʥʠʶ ¹ ʷʚʣʷʶʪʩʷ ʤʥʦʞʝʩʪʚʘ ʚʠʜʘ: 
{a+mĿq | q - ʮʝʣʦʝ} = {é,-3m+a, -2m+a, -m+a, a, m+a, 2m+a, 3m+a,é}, 

ʢʦʪʦʨʳʝ ʦʙʦʟʥʘʯʘʶʪʩʷ ʯʝʨʝʟ a+mZ ʠʣʠ ʧʨʦʩʪʦ Ǖ ʠ ʥʘʟʳʚʘʁ ʪʩʷ ʢʣʘʩʩʘʤʠ 
ʚʳʯʝʪʦʚ ʠʣʠ ʧʨʦʩʪʦ ʚʳʯʝʪʘʤʠ. 

ʌʘʢʪʦʨ-ʤʥʦʞʝʩʪʚʦ Z/ ſ ʦʙʦʟʥʘʯʘʝʪʩʷ ʦʙʳʯʥʦ ʯʝʨʝʟ Zm ʠ ʥʘʟʳʚʘʝʪʩʷ 
ʤʥʦʞʝʩʪʚʦʤ ʚʳʯʝʪʦʚ ʠʣʠ ʤʥʦʞʝʩʪʚʦʤ ʮʝʣʳʭ ʯʠʩʝʣ ʧʦ ʤʦʜʫʣʶ m. 

ɿɸʄɽʏɸʅʀɽ. ʂʘʞʜʳʡ ʢʣʘʩʩ ʨʘʟʙʠʝʥʠʷ ʧʦ ʦʪʥʦʰʝʥʠʶ ſ ʩʦʜʝʨʞʠʪ ʙʝʩʢʦʥʝʯʥʦ 
ʤʥʦʛʦ ʵʣʝʤʝʥʪʦʚ. ʉʘʤʦ ʤʥʦʞʝʩʪʚʦ ʢʣʘʩʩʦʚ ʵʢʚʠʚʘʣʝʥʪʥʦʩʪʠ ʩʦʜʝʨʞʠʪ ʨʦʚʥʦ m 
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ʵʣʝʤʝʥʪʦʚ. ʆʙʳʯʥʦ ʠʟ ʢʘʞʜʦʛʦ ʢʣʘʩʩʘ ʵʢʚʠʚʘʣʝʥʪʥʦʩʪʠ ʚʳʙʠʨʘʶʪ ʧʨʝʜʩʪʘʚʠʪʝʣʷ ï 

ʥʝʦʪʨʠʮʘʪʝʣʴʥʦʝ ʯʠʩʣʦ, ʢʦʪʦʨʦʝ ʧʨʠ ʜʝʣʝʥʠʠ ʥʘ m ʜʘʝʪ ʦʩʪʘʪʦʢ r, ʛʜʝ 0 ¢ r < m. 
3. ʇʦʥʷʪʠʝ ʠ ʩʚʦʡʩʪʚʘ ʙʠʥʘʨʥʦʡ ʘʣʛʝʙʨʘʠʯʝʩʢʦʡ ʦʧʝʨʘʮʠʠ 
ʆʪʦʙʨʘʞʝʥʠʷ ʠʣʠ ʬʫʥʢʮʠʠ 
ʆʇʈɽɼɽʃɽʅʀɽ. ɹʠʥʘʨʥʦʝ ʦʪʥʦʰʝʥʠʝ ä, ʟʘʜʘʥʥʦʝ ʥʘ ʧʘʨʝ ʤʥʦʞʝʩʪʚ A ʠ B, 

ʥʘʟʳʚʘʝʪʩʷ ʦʪʦʙʨʘʞʝʥʠʝʤ ʠʣʠ ʬʫʥʢʮʠʝʡ ʠʟ A ʚ B, ʝʩʣʠ ʚʳʧʦʣʥʷʶʪʩʷ ʫʩʣʦʚʠʷ: 

1) ʜʣʷ ʣʶʙʦʛʦ ʵʣʝʤʝʥʪʘ ʘ Í ɸ ʥʘʡʜʝʪʩʷ ʪʘʢʦʡ ʵʣʝʤʝʥʪ b Í B, ʯʪʦ ʧʘʨʘ <a, b> Í ä; 

2) ʜʣʷ ʣʶʙʦʛʦ ʵʣʝʤʝʥʪʘ ʘ Í ɸ ʠ ʣʶʙʳʭ ʵʣʝʤʝʥʪʦʚ b, c Í B ʠʟ ʪʦʛʦ, ʯʪʦ ʧʘʨʳ <a, 
b> ʠ <a, c> ʦʜʥʦʚʨʝʤʝʥʥʦ ʧʨʠʥʘʜʣʝʞʘʪ ʦʪʥʦʰʝʥʠʶ ä, ʩʣʝʜʫʝʪ, ʯʪʦ b = c. 

ɽʩʣʠ ʧʘʨʘ <a, b> ʧʨʠʥʘʜʣʝʞʠʪ ʦʪʥʦʰʝʥʠʶ ä, ʪʦ ʧʝʨʚʳʡ ʵʣʝʤʝʥʪ ʧʘʨʳ ʥʘʟʳʚʘʶʪ 
ʧʨʦʦʙʨʘʟʦʤ ʚʪʦʨʦʛʦ, ʘ ʚʪʦʨʦʡ ï ʦʙʨʘʟʦʤ ʧʝʨʚʦʛʦ. 

ɿɸʄɽʏɸʅʀɽ. ʋʯʠʪʳʚʘʷ ʧʦʩʣʝʜʥʝʝ, ʦʧʨʝʜʝʣʝʥʠʝ ʢʦʨʦʯʝ ʤʦʞʥʦ ʩʬʦʨʤʫʣʠʨʦʚʘʪʴ 
ʩʣʝʜʫʶʱʠʤ ʦʙʨʘʟʦʤ: 

ɹʠʥʘʨʥʦʝ ʦʪʥʦʰʝʥʠʝ ä, ʟʘʜʘʥʥʦʝ ʥʘ ʧʘʨʝ ʤʥʦʞʝʩʪʚ A ʠ B, ʥʘʟʳʚʘʝʪʩʷ 
ʦʪʦʙʨʘʞʝʥʠʝʤ ʠʣʠ ʬʫʥʢʮʠʝʡ ʠʟ A ʚ B, ʝʩʣʠ ʢʘʞʜʳʡ ʵʣʝʤʝʥʪ ʤʥʦʞʝʩʪʚʘ ɸ ʠʤʝʝʪ 
ʝʜʠʥʩʪʚʝʥʥʳʡ ʦʙʨʘʟ ʚ ʤʥʦʞʝʩʪʚʝ ɺ. 

ʆʙʦʟʥʘʯʝʥʠʝ. ɽʩʣʠ ä ʝʩʪʴ ʦʪʦʙʨʘʞʝʥʠʝ ʠʟ A ʚ B ʠ ʧʘʨʘ <a, b> Í ä, ʪʦ ʵʪʦ 
ʟʘʧʠʩʳʚʘʶʪ ʢʘʢ ä(ʘ) = b. 

ʆʇʈɽɼɽʃɽʅʀɽ. ʆʪʦʙʨʘʞʝʥʠʝ ä ʠʟ A ʚ B ʥʘʟʳʚʘʝʪʩʷ ʠʥʲʝʢʪʠʚʥʳʤ (ʠʣʠ 

ʠʥʲʝʢʮʠʝʡ), ʝʩʣʠ ʜʣʷ ʣʶʙʳʭ ʵʣʝʤʝʥʪʦʚ a , b Í ɸ ʚʳʧʦʣʥʷʝʪʩʷ ʫʩʣʦʚʠʝ: 
ä(a) = ä(b) => a = b. 

ʆʪʦʙʨʘʞʝʥʠʝ ä ʠʟ A ʚ B ʥʘʟʳʚʘʝʪʩʷ ʩʶʨʲʝʢʪʠʚʥʳʤ (ʠʣʠ ʩʶʨʲʝʢʮʠʝʡ, ʠʣʠ 

ʦʪʦʙʨʘʞʝʥʠʝʤ çʥʘè), ʝʩʣʠ ʜʣʷ ʚʩʷʢʦʛʦ ʵʣʝʤʝʥʪʘ b Í B ʥʘʡʜʝʪʩʷ ʪʘʢʦʡ ʵʣʝʤʝʥʪ a Í A, 
ʜʣʷ ʢʦʪʦʨʦʛʦ ä(ʘ) = b (ʢʘʞʜʳʡ ʦʙʨʘʟ ʠʤʝʝʪ ʧʨʦʦʙʨʘʟ ʚ ʤʥʦʞʝʩʪʚʝ ɸ). 

ʆʪʦʙʨʘʞʝʥʠʝ ä ʠʟ A ʥʘ B ʥʘʟʳʚʘʝʪʩʷ ʙʠʝʢʪʠʚʥʳʤ (ʠʣʠ ʙʠʝʢʮʠʝʡ ʠʣʠ ʚʟʘʠʤʥʦ-
ʦʜʥʦʟʥʘʯʥʳʤ, ʝʩʣʠ ʦʥʦ ʠʥʲʝʢʪʠʚʥʦ ʠ ʩʶʨʲʝʢʪʠʚʥʦ ʦʜʥʦʚʨʝʤʝʥʥʦ. 

ʇʈʀʄɽʈ 1. 

1. ʇʫʩʪʴ ä = {<x, y> Í R +Ĭ R / x = yĮ}. ɼʘʥʥʦʝ ʦʪʥʦʰʝʥʠʝ ʦʪʦʙʨʘʞʝʥʠʝʤ ʥʝ 
ʷʚʣʷʝʪʩʷ, ʪʘʢ ʢʘʢ ʥʝ ʚʳʧʦʣʥʝʥʦ ʚʪʦʨʦʝ ʫʩʣʦʚʠʝ ʠʟ ʦʧʨʝʜʝʣʝʥʠʷ 8. ʅʘʧʨʠʤʝʨ, ʜʣʷ x = 4 

ʠʤʝʝʤ y = 4  = 2 ʠ y1  = - 4  = -2. ʊʘʢʠʤ ʦʙʨʘʟʦʤ, ʧʘʨʳ <4, 2> ʠ <4, -2> ʦʜʥʦʚʨʝʤʝʥʥʦ 

ʧʨʠʥʘʜʣʝʞʘʪ ʦʪʥʦʰʝʥʠʶ ä, ʭʦʪʷ 2 Í -2. 

2. ʇʫʩʪʴ ä = {<x, y> Í R Ĭ R / xĮ = y}. ʆʯʝʚʠʜʥʦ, ʯʪʦ ʚ ʵʪʦʤ ʩʣʫʯʘʝ ʢʘʞʜʦʝ 
ʜʝʡʩʪʚʠʪʝʣʴʥʦʝ ʯʠʩʣʦ x ʠʤʝʝʪ ʝʜʠʥʩʪʚʝʥʥʳʡ ʦʙʨʘʟ ʚ ʤʥʦʞʝʩʪʚʝ R, ʠ ʧʦʪʦʤʫ ä 
ʷʚʣʷʝʪʩʷ ʦʪʦʙʨʘʞʝʥʠʝʤ. 

ʆʜʥʘʢʦ ʠʟ ʪʦʛʦ, ʯʪʦ ä(2) = ä(-2) = 4, ʥʝ ʩʣʝʜʫʝʪ, ʯʪʦ 2 = -2, ʧʦʪʦʤʫ ä ʥʝ 
ʠʥʲʝʢʪʠʚʥʦ.  

ʂʨʦʤʝ ʪʦʛʦ, ʝʩʣʠ y < 0, ʪʦ ʥʝʣʴʟʷ ʥʘʡʪʠ ʥʠ ʦʜʥʦʛʦ ʵʣʝʤʝʥʪʘ ʭ Í R, ʜʣʷ ʢʦʪʦʨʦʛʦ 
ʚʳʧʦʣʥʷʣʦʩʴ ʙʳ ʨʘʚʝʥʩʪʚʦ xĮ = y. ʉʣʝʜʦʚʘʪʝʣʴʥʦ, ʦʪʦʙʨʘʞʝʥʠʝ ä ʥʝ ʩʶʨʲʝʢʪʠʚʥʦ. 

3. ʇʫʩʪʴ ä = {<x, y> Í R Ĭ R / y = 2x}. ʆʯʝʚʠʜʥʦ, ʯʪʦ ʚ ʵʪʦʤ ʩʣʫʯʘʝ ä ʪʘʢʞʝ 

ʷʚʣʷʝʪʩʷ ʦʪʦʙʨʘʞʝʥʠʝʤ. ɹʦʣʝʝ ʪʦʛʦ, ʪʘʢ ʢʘʢ ʜʣʷ ʣʶʙʳʭ ʜʝʡʩʪʚʠʪʝʣʴʥʳʭ ʯʠʩʝʣ x ʠ x 1 : 

ä(x) = ä(x 1 ) <=> 2x = 2 x 1  <=> x = x 1 ,  

ʪʦ ʦʪʦʙʨʘʞʝʥʠʝ ä ʠʥʲʝʢʪʠʚʥʦ, ʘ ʪʘʢ ʢʘʢ ʜʣʷ ʣʶʙʦʛʦ ʜʝʡʩʪʚʠʪʝʣʥɹʦʛʦ ʯʠʩʣʘ y 

ʩʫʱʝʩʪʚʫʝʪ ʪʘʢʦʝ ʯʠʩʣʦ ʭ = 
2

y
, ʯʪʦ: 

ä(x) = ä(
2

y
) =2*

2

y
 = y, 

ʪʦ ʦʪʦʙʨʘʞʝʥʠʝ ä ʩʶʨʲʝʢʪʠʚʥʦ. ʉʣʝʜʦʚʘʪʝʣʴʥʦ, ä ʷʚʣʷʝʪʩʷ ʙʠʝʢʮʠʝʡ. 
ʆʇʈɽɼɽʃɽʅʀɽ. ʇʫʩʪʴ ä - ʦʪʦʙʨʘʞʝʥʠʝ ʠʟ ʤʥʦʞʝʩʪʚʘ X ʚ ʤʥʦʞʝʩʪʚʦ Y: 

ä = {<x, y> / x Í X, y Í Y}. 
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ʉʦʦʪʚʝʪʩʪʚʠʝ ä1-  = {<y, x> / ʛʜʝ <x, y> Í ä} ʥʘʟʳʚʘʝʪʩʷ ʦʙʨʘʪʥʳʤ ʢ 
ʦʪʦʙʨʘʞʝʥʠʶ ä. 

ʊɽʆʈɽʄɸ. ʉʦʦʪʚʝʪʩʪʚʠʝ ä1-, ʦʙʨʘʪʥʦʝ ʢ ʦʪʦʙʨʘʞʝʥʠʶ ä, ʩʘʤʦ ʷʚʣʷʝʪʩʷ 
ʦʪʦʙʨʘʞʝʥʠʝʤ ʪʦʛʜʘ ʠ ʪʦʣʴʢʦ ʪʦʛʜʘ, ʢʦʛʜʘ ʦʪʦʙʨʘʞʝʥʠʝ ä ʙʠʝʢʪʠʚʥʦ. 

ʆʇʈɽɼɽʃɽʅʀɽ. ɹʠʥʘʨʥʦʡ ʘʣʛʝʙʨʘʠʯʝʩʢʦʡ ʦʧʝʨʘʮʠʝʡ, ʟʘʜʘʥʥʦʡ ʥʘ ʤʥʦʞʝʩʪʚʝ 
ɸ, ʥʘʟʳʚʘʝʪʩʷ ʦʪʦʙʨʘʞʝʥʠʝ ä: ɸ Ĭ ɸ Ÿ ɸ, ʢʦʪʦʨʦʝ ʢʘʞʜʦʡ ʧʘʨʝ ʵʣʝʤʝʥʪʦʚ ʠʟ 
ʤʥʦʞʝʩʪʚʘ ɸ ʩʪʘʚʠʪ ʚ ʩʦʦʪʚʝʪʩʪʚʠʝ ʥʝʢʦʪʦʨʳʡ ʵʣʝʤʝʥʪ ʵʪʦʛʦ ʞʝ ʤʥʦʞʝʩʪʚʘ: 

( Aba Í" , ) ($ʩÍɸ) ä: <a, b> Ÿ ʩ 

ʆʙʦʟʥʘʯʝʥʠʝ: a ä b = c. ɼʣʷ ʦʙʦʟʥʘʯʝʥʠʷ ʙʠʥʘʨʥʳʭ ʦʧʝʨʘʮʠʡ ʦʙʳʯʥʦ ʠʩʧʦʣʴʟʫʶʪ 
ʥʝ ʙʫʢʚʳ, ʘ ʩʧʝʮʠʘʣʴʥʳʝ ʟʥʘʯʢʠ: ç +è, ç * è,ç-è, ç : è, ç Ǔ è ʠ ʪ.ʜ. 

ɿɸʄɽʏɸʅʀɽ 
ʇʦʜʦʙʥʦʝ ʦʧʨʝʜʝʣʝʥʠʝ ʤʦʞʥʦ ʩʬʦʨʤʫʣʠʨʦʚʘʪʴ ʜʣʷ n-ʘʨʥʦʡ ʘʣʛʝʙʨʘʠʯʝʩʢʦʡ 

ʦʧʝʨʘʮʠʠ ʧʨʠ ʣʶʙʦʤ ʢʦʥʝʯʥʦʤ ʥʘʪʫʨʘʣʴʥʦʤ n. ʆʜʥʘʢʦ ʚ ʘʙʩʪʨʘʢʪʥʦʡ ʘʣʛʝʙʨʝ 
ʥʘʠʙʦʣʝʝ ʯʘʩʪʦ, ʢʨʦʤʝ ʙʠʥʘʨʥʦʡ, ʠʩʧʦʣʴʟʫʶʪ ʧʦʥʷʪʠʷ ʫʥʘʨʥʦʡ ʠ ʥʫʣʴʘʨʥʦʡ ʦʧʝʨʘʮʠʡ. 

ʆʇʈɽɼɽʃɽʅʀɽ. ʋʥʘʨʥʦʡ ʘʣʛʝʙʨʘʠʯʝʩʢʦʡ ʦʧʝʨʘʮʠʝʡ, ʟʘʜʘʥʥʦʡ ʥʘ ʤʥʦʞʝʩʪʚʝ ɸ, 
ʥʘʟʳʚʘʝʪʩʷ ʦʪʦʙʨʘʞʝʥʠʝ ä: ɸ Ÿ ɸ, ʢʦʪʦʨʦʝ ʢʘʞʜʦʤʫ ʵʣʝʤʝʥʪʫ ʤʥʦʞʝʩʪʚʘ ɸ ʩʪʘʚʠʪ ʚ 
ʩʦʦʪʚʝʪʩʪʚʠʝ ʥʝʢʦʪʦʨʳʡ ʵʣʝʤʝʥʪ ʵʪʦʛʦ ʞʝ ʤʥʦʞʝʩʪʚʘ: 

( AaÍ" ) ($ʩÍɸ): ä(a) = ʩ. 
ʅʫʣʴʘʨʥʦʡ ʘʣʛʝʙʨʘʠʯʝʩʢʦʡ ʦʧʝʨʘʮʠʝʡ, ʟʘʜʘʥʥʦʡ ʥʘ ʤʥʦʞʝʩʪʚʝ ɸ, ʥʘʟʳʚʘʝʪʩʷ 

ʚʳʜʝʣʝʥʠʝ ʚ ʵʪʦʤ ʤʥʦʞʝʩʪʚʝ ʥʝʢʦʪʦʨʦʛʦ ʬʠʢʩʠʨʦʚʘʥʥʦʛʦ ʵʣʝʤʝʥʪʘ. 
ʆʇʈɽɼɽʃɽʅʀɽ. ʆʧʝʨʘʮʠʷ ç * è, ʟʘʜʘʥʥʘʷ ʥʘ ʥʝʧʫʩʪʦʤ ʤʥʦʞʝʩʪʚʝ ɸ, 

ʥʘʟʳʚʘʝʪʩʷ: 

¶ ʘʩʩʦʮʠʘʪʠʚʥʦʡ, ʝʩʣʠ: 
("a, b, c Í A) a * ( b * c ) = ( a * b ) * c; 

¶ ʢʦʤʤʫʪʘʪʠʚʥʦʡ, ʝʩʣʠ: 
("a, b Í A) a * b = b * a. 

ʆʇʈɽɼɽʃɽʅʀɽ. ɻʦʚʦʨʷʪ, ʯʪʦ ʦʧʝʨʘʮʠʷ ç * è, ʟʘʜʘʥʥʘʷ ʥʘ ʥʝʧʫʩʪʦʤ ʤʥʦʞʝʩʪʚʝ 
ɸ, ʦʙʣʘʜʘʝʪ: 

¶ ʣʝʚʳʤ [ʧʨʘʚʳʤ] ʥʝʡʪʨʘʣʴʥʳʤ ʵʣʝʤʝʥʪʦʤ, ʝʩʣʠ: 

( AeÍ$ ) ("a Í A)  e * a = a [a *e = a]; 

¶ ʜʚʫʩʪʦʨʦʥʥʠʤ ʥʝʡʪʨʘʣʴʥʳʤ ʵʣʝʤʝʥʪʦʤ (ʠʣʠ ʧʨʦʩʪʦ ʥʝʡʪʨʘʣʴʥʳʤ), ʝʩʣʠ ʦʥʘ 
ʦʙʣʘʜʘʝʪ ʠ ʣʝʚʳʤ ʠ ʧʨʘʚʳʤ ʥʝʡʪʨʘʣʴʥʳʤ ʵʣʝʤʝʥʪʘʤʠ, ʧʨʠʯʝʤ ʵʪʠ ʵʣʝʤʝʥʪʳ 
ʩʦʚʧʘʜʘʶʪ: 

( AeÍ$ )("a Í A)  e * a = a *e = a. 
ʆʇʈɽɼɽʃɽʅʀɽ 
ʆʧʝʨʘʮʠʷ ç * è, ʟʘʜʘʥʥʘʷ ʥʘ ʥʝʧʫʩʪʦʤ ʤʥʦʞʝʩʪʚʝ ɸ, ʥʘʟʳʚʘʝʪʩʷ: 

¶ ʦʙʨʘʪʠʤʦʡ ʩʣʝʚʘ [ʩʧʨʘʚʘ], ʝʩʣʠ: 

("a Í A) ($b Í A) b * a = e, [ a *b = e], 
ʛʜʝ ʝ ï ʣʝʚʳʡ [ʧʨʘʚʳʡ] ʥʝʡʪʨʘʣʴʥʳʡ ʵʣʝʤʝʥʪ ʤʥʦʞʝʩʪʚʘ ɸ ʧʦ ʦʧʝʨʘʮʠʠ ç * è. 

¶ ʜʚʫʩʪʦʨʦʥʥʝ ʦʙʨʘʪʠʤʦʡ (ʠʣʠ ʧʨʦʩʪʦ ʦʙʨʘʪʠʤʦʡ), ʝʩʣʠ ʦʥʘ ʦʙʨʘʪʠʤʘ ʠ ʩʧʨʘʚʘ 
ʠ ʩʣʝʚʘ: 

("a Í A) ($b Í A) a *b = b * a = e, 
ʛʜʝ ʝ ï ʥʝʡʪʨʘʣʴʥʳʡ ʵʣʝʤʝʥʪ ʤʥʦʞʝʩʪʚʘ ɸ ʧʦ ʦʧʝʨʘʮʠʠ ç * è. 

¶ ʩʦʢʨʘʪʠʤʦʡ ʩʣʝʚʘ [ʩʧʨʘʚʘ], ʝʩʣʠ: 
("a, b, c Í A) (c * a = c * b => a = b). 

[a * c = b * c => a = b]. 

¶ ʩʦʢʨʘʪʠʤʦʡ, ʝʩʣʠ ʦʥʘ ʩʦʢʨʘʪʠʤʘ ʠ ʩʣʝʚʘ ʠ ʩʧʨʘʚʘ. 
ʆʇʈɽɼɽʃɽʅʀɽ. ʇʫʩʪʴ ʥʘ ʤʥʦʞʝʩʪʚʝ ɸ ʟʘʜʘʥʳ ʜʚʝ ʙʠʥʘʨʥʳʝ ʘʣʛʝʙʨʘʠʯʝʩʢʠʝ 

ʦʧʝʨʘʮʠʠ - ç* è ʠ ç Ǔ è. 
ʆʧʝʨʘʮʠʷ ç Ǔ è ʥʘʟʳʚʘʝʪʩʷ ʜʠʩʪʨʠʙʫʪʠʚʥʦʡ ʩʣʝʚʘ [ʩʧʨʘʚʘ] ʦʪʥʦʩʠʪʝʣʴʥʦ 

ʦʧʝʨʘʮʠʠ ç * è, ʝʩʣʠ: 
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("a, b, c Í A) c Ǔ (a * b) = (c Ǔ a) * (c Ǔ b) 
     [(a * b) Ǔc = (a Ǔ c) * (b Ǔ c)]. 

ʆʧʝʨʘʮʠʷ ç Ǔ è ʥʘʟʳʚʘʝʪʩʷ ʜʠʩʪʨʠʙʫʪʠʚʥʦʡ ʦʪʥʦʩʠʪʝʣʴʥʦ ʦʧʝʨʘʮʠʠ ç * è, ʝʩʣʠ 
ʦʥʘ ʜʠʩʪʨʠʙʫʪʠʚʥʘ ʦʪʥʦʩʠʪʝʣʴʥʦ ʜʘʥʥʦʡ ʦʧʝʨʘʮʠʠ ʠ ʩʣʝʚʘ ʠ ʩʧʨʘʚʘ. 

ɿɸʄɽʏɸʅʀʗ 
1. ʇʨʠ ʧʨʦʚʝʨʢʝ ʩʚʦʡʩʪʚ ʙʠʥʘʨʥʦʡ ʦʧʝʨʘʮʠʠ, ʟʘʜʘʥʥʦʡ ʥʘ ʥʝʢʦʪʦʨʦʤ ʤʥʦʞʝʩʪʚʝ, 

ʧʨʝʞʜʝ ʚʩʝʛʦ ʥʝʦʙʭʦʜʠʤʦ ʧʨʦʚʝʨʠʪʴ, ʷʚʣʷʝʪʩʷ ʣʠ ʜʘʥʥʘʷ ʦʧʝʨʘʮʠʷ ʘʣʛʝʙʨʘʠʯʝʩʢʦʡ ʥʘ 
ʜʘʥʥʦʤ ʤʥʦʞʝʩʪʚʝ. ʊʘʢ, ʥʘʧʨʠʤʝʨ, ʦʧʝʨʘʮʠʷ ʚʳʯʠʪʘʥʠʷ ʥʝ ʷʚʣʝ̫ʪʩʷ ʘʣʛʝʙʨʘʠʯʝʩʢʦʡ 
ʥʘ ʤʥʦʞʝʩʪʚʝ N ʥʘʪʫʨʘʣʴʥʳʭ ʯʠʩʝʣ, ʪʘʢ ʢʘʢ ʜʣʷ ʩʣʫʯʘʷ, ʢʦʛʜʘ ʘ < b, ʨʝʟʫʣʴʪʘʪ ʵʪʦʡ 
ʦʧʝʨʘʮʠʠ a ï b < 0 ʠ, ʩʣʝʜʦʚʘʪʝʣʥɹʦ, ʥʝ ʧʨʠʥʘʜʣʝʞʠʪ ʤʥʦʞʝʩʪʚʫ N. 

2. ʆʯʝʚʠʜʥʦ, ʯʪʦ ʥʝ ʚʩʝ ʩʚʦʡʩʪʚʘ ʦʧʝʨʘʮʠʡ ʥʝʟʘʚʠʩʠʤʳ ʜʨʫʛ ʦʪ ʜʨʫʛʘ. ʊʘʢ, ʝʩʣʠ 
ʧʦ ʜʘʥʥʦʡ ʦʧʝʨʘʮʠʠ ʚ ʜʘʥʥʦʤ ʤʥʦʞʝʩʪʚʝ ʥʝʪ ʥʝʡʪʨʘʣʴʥʦʛʦ ʵʣʝʤʝʥʪʘ, ʪʦ ʥʝ ʠʤʝʝʪ 
ʩʤʳʩʣʘ ʛʦʚʦʨʠʪʴ ʠ ʦʙ ʦʙʨʘʪʠʤʦʩʪʠ ʵʪʦʡ ʦʧʝʨʘʮʠʠ. 

3. ɽʩʣʠ ʦʧʝʨʘʮʠʷ ç * è ʢʦʤʤʫʪʘʪʠʚʥʘ ʥʘ ʤʥʦʞʝʩʪʚʝ ɸ, ʪʦ ʣʶʙʦʝ ʠʟ ʩʚʦʡʩʪʚ, 
ʢʦʪʦʨʦʝ ʚʳʧʦʣʥʷʝʪʩʷ ʜʣʷ ʥʝʝ ʩʣʝʚʘ ʠʣʠ ʩʧʨʘʚʘ, ʦʯʝʚʠʜʥʦ, ʙʫʜʝʪ ʚʳʧʦʣʥʷʪʴʩʷ ʠ ʩ 
ʜʨʫʛʦʡ ʩʪʦʨʦʥʳ. 

4. ɻʨʫʧʧʳ. ʅʦʨʤʘʣʴʥʳʝ ʜʝʣʠʪʝʣʠ. ʂʦʥʝʯʥʳʝ ʛʨʫʧʧ  r
ʛʨʫʧʧʳ ʠʛʨʘʶʪ ʚ ʩʦʚʨʝʤʝʥʥʦʡ ʘʙʩʪʨʘʢʪʥʦʡ ʘʣʛʝʙʨʝ ʥʘʩʪʦʣʴʢʦ ʚʘʞʥʫʶ ʨʦʣʴ ʠ ʠʭ 

ʧʨʠʣʦʞʝʥʠʷ ʠʤʝʶʪ ʥʘʩʪʦʣʴʢʦ ʰʠʨʦʢʠʡ ʩʧʝʢʪʨ, ʯʪʦ ʠʟʫʯʝʥʠʝ ʨʘʟʣʠʯʥʳʭ ʢʣʘʩʩʦʚ ʛʨʫʧʧ, 
ʛʨʫʧʧʦʚʳʭ ʢʦʥʩʪʨʫʢʮʠʡ ʠ ʠʭ ʩʚʦʡʩʪʚ ʚʳʨʦʩʣʦ ʚ ʩʘʤʦʩʪʦʷʪʝʣʴʥʫʶ ʥʘʫʯʥʫʶ ʪʝʦʨʠʶ ï 
ʪʝʦʨʠʶ ʛʨʫʧʧ. ʇʦʵʪʦʤʫ ʚ ʘʣʛʝʙʨʝ ʯʘʱʝ ʠʩʧʦʣʴʟʫʶʪʩʷ ʥʝʩʢʦʣʴʢʦ ʦʪʣʠʯʥʳʝ ʦʪ 
ʧʨʠʚʝʜʝʥʥʦʛʦ ʚʳʰʝ ʦʧʨʝʜʝʣʝʥʠʷ ʛʨʫʧʧʳ ʯʝʨʝʟ ʪʘʢ ʥʘʟʚrʘʝʤʳʝ ʛʨʫʧʧʦʚʳʝ ʘʢʩʠʦʤʳ. 

ʆʇʈɽɼɽʃɽʅʀɽ 1. ɻʨʫʧʧʦʡ ʥʘʟʳʚʘʝʪʩʷ ʘʣʛʝʙʨʘʠʯʝʩʢʘʷ ʩʪʨʫʢʪʫʨʘ G = < G, * , 1- , 

e >, ʛʜʝ G Í Å - ʦʩʥʦʚʥʦʝ ʤʥʦʞʝʩʪʚʦ ʩʪʨʫʢʪʫʨʳ, ʥʘ ʢʦʪʦʨʦʤ ʟʘʜʘʥʳ: 
- ʦʜʥʘ ʙʠʥʘʨʥʘʷ ʘʣʛʝʙʨʘʠʯʝʩʢʘʷ ʦʧʝʨʘʮʠʷ ç * è; 

- ʦʜʥʘ ʫʥʘʨʥʘʷ ʘʣʛʝʙʨʘʠʯʝʩʢʘʷ ʦʧʝʨʘʮʠʷ 1- ; 
- ʦʜʥʘ ʥʫʣʴʘʨʥʘʷ ʘʣʛʝʙʨʘʠʯʝʩʢʘʷ ʦʧʝʨʘʮʠʷ ï ʚʳʜʝʣʝʥʠʝ ʥʝʡʪʨʘʣʴʥʦʛʦ ʵʣʝʤʝʥʪʘ 

e, ʫʜʦʚʣʝʪʚʦʨʷʶʱʠʝ ʩʣʝʜʫʶʱʠʤ ʘʢʩʠʦʤʘʤ: 
1) ʦʧʝʨʘʮʠʷ ç * è ʘʩʩʦʮʠʘʪʠʚʥʘ: ("a, b, c Í G) a*(b*c) = (a*b)*c; 
2) ʧʦ ʜʘʥʥʦʡ ʦʧʝʨʘʮʠʠ ʩʫʱʝʩʪʚʫʝʪ ʥʝʡʪʨʘʣʴʥʳʡ ʵʣʝʤʝʥʪ: 

($e Í G) ("a Í G)   e*a = a*e = a; 
3) ʦʧʝʨʘʮʠʷ ç * è ʦʙʨʘʪʠʤʘ ʥʘ ʤ G: 

("a Í G) ($b Í G)  a*b = b*a = e. 
ʆʇʈɽɼɽʃɽʅʀɽ 2. ɻʨʫʧʧʦʡ ʥʘʟʳʚʘʝʪʩʷ ʘʣʛʝʙʨʘʠʯʝʩʢʘʷ ʩʪʨʫʢʪʫʨʘ G = < G, * >, 

ʛʜʝ G ï ʥʝʧʫʩʪʦʝ ʦʩʥʦʚʥʦʝ ʤʥʦʞʝʩʪʚʦ ʩʪʨʫʢʪʫʨʳ, ç * è - ʙʠʥʘʨʥʘʷ ʘʣʛʝʙʨʘʠʯʝʩʢʘʷ 
ʦʧʝʨʘʮʠʷ, ʟʘʜʘʥʥʘʷ ʥʘ G, ʧʨʠʯʝʤ ʚʳʧʦʣʥʷʶʪʩʷ ʩʣʝʜʫʶʱʠʝ ʘʢʩʠʦʤʳ: 

1) ʦʧʝʨʘʮʠʷ ç * è ʘʩʩʦʮʠʘʪʠʚʥʘ: ("a, b, c Í G) a*(b*c) = (a*b)*c; 

2) ("a, b Í G) ($x, y Í G)  a*x = b ʠ y*a = b (ʪ.ʝ. ʚ ʛʨʫʧʧʝ ʨʘʟʨʝʰʠʤʳ ʫʨʘʚʥʝʥʠʷ 
ʪʘʢʦʛʦ ʚʠʜʘ). 

ʊɽʆʈɽʄɸ. ʆʧʨʝʜʝʣʝʥʠʷ 1 ʠ 2 ʛʨʫʧʧʳ ʵʢʚʠʚʘʣʝʥʪʥʳ, ʪʦ ʝʩʪʴ, ʝʩʣʠ 
ʘʣʛʝʙʨʘʠʯʝʩʢʘʷ ʩʪʨʫʢʪʫʨʘ ʩ ʦʜʥʦʡ ʙʠʥʘʨʥʦʡ ʦʧʝʨʘʮʠʝʡ ʷʚʣʝ̫ʪʩʷ ʛʨʫʧʧʦʡ ʚ ʩʤʳʩʣʝ 
ʦʧʨʝʜʝʣʝʥʠʷ 1, ʪʦ ʦʥʘ ʷʚʣʷʝʪʩʷ ʛʨʫʧʧʦʡ ʠ ʚ ʩʤʳʩʣʝ ʦʧʨʝʜʝʣʝʥʠʷ 2, ʠ ʦʙʨʘʪʥʦ. 

ɿɸʄɽʏɸʅʀʗ 
1. ʊʘʢ ʢʘʢ ʚ ʦʧʨʝʜʝʣʝʥʠʠ ʛʨʫʧʧʳ ʦʪʩʫʪʩʪʚʫʝʪ ʪʨʝʙʦʚʘʥʠʝ ʢʦʤʤʫʪʘʪʠʚʥʦʩʪʠ 

ʙʠʥʘʨʥʦʡ ʦʧʝʨʘʮʠʠ, ʪʦ ʚ ʦʧʨʝʜʝʣʝʥʠʠ 1 ʥʝʦʙʭʦʜʠʤʦ ʪʨʝʙʦʚʘʪʴ ʩʫʱʝʩʪʚʦʚʘʥʠʷ 
ʨʝʰʝʥʠʷ ʦʙʦʠʭ ʫʨʘʚʥʝʥʠʡ, ʧʦʩʢʦʣʴʢʫ ʠʟ ʨʘʟʨʝʰʠʤʦʩʪʠ ʫʨʘʚʥʝʥʠʷ a*x = b ʚ ʵʪʦʤ ʩʣʫʯʘʝ 
ʥʝ ʩʣʝʜʫʝʪ ʨʘʟʨʝʰʠʤʦʩʪʴ ʫʨʘʚʥʝʥʠʷ y*a = b ʠ ʥʘʦʙʦʨʦʪ. ɽʩʣʠ ʞʝ ʦʧʝʨʘʮʠʷ ʚ ʛʨʫʧʧʝ 
ʢʦʤʤʫʪʘʪʠʚʥʘ, ʪʦ ʛʨʫʧʧʫ ʥʘʟʳʚʘʶʪ ʘʙʝʣʝʚʦʡ. 

2. ʏʘʱʝ ʚʩʝʛʦ ʦʧʝʨʘʮʠʶ ʚ ʛʨʫʧʧʝ ʦʙʦʟʥʘʯʘʶʪ ʩʠʤʚʦʣʘʤʠ ç + è ʠʣʠ ç ¶è ʠ 
ʥʘʟʳʚʘʶʪ ʩʣʦʞʝʥʠʝʤ ʠ ʫʤʥʦʞʝʥʠʝʤ ʩʦʦʪʚʝʪʩʪʚʝʥʥʦ. ɺ ʧʝʨʚʦʤ ʩʣʫʯʘʝ ʛʨʫʧʧʘ 
ʥʘʟʳʚʘʝʪʩʷ ʘʜʜʠʪʠʚʥʦʡ, ʥʝʡʪʨʘʣʴʥʳʡ ʵʣʝʤʝʥʪ ï ʥʫʣʝʤ, ʦʙʨʘʪʥʳʡ ʵʣʝʤʝʥʪ ï 
ʧʨʦʪʠʚʦʧʦʣʦʞʥʳʤ ʠ ʦʙʦʟʥʘʯʘʶʪʩʷ ʦʥʠ ʢʘʢ 0 ʠ -ʘ. ɺʦ ʚʪʦʨʦʤ ʩʣʫʯʘʝ ʛʨʫʧʧʫ ʥʘʟʳʚʘʶʪ 
ʤʫʣʴʪʠʧʣʠʢʘʪʠʚʥʦʡ. 
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3. ʅʘʪʫʨʘʣʴʥʦʡ ʩʪʝʧʝʥʴʶ ʵʣʝʤʝʥʪʘ g ʤʫʣʴʪʠʧʣʠʢʘʪʠʚʥʦʡ ʛʨʫʧʧʳ  

< G, ¶> ʥʘʟʳʚʘʝʪʩʷ ʵʣʝʤʝʥʪ g n  =  g¶g¶é¶g (n ʨʘʟ), n Í N; 
ʉʪʝʧʝʥʴʶ ʩ ʦʪʨʠʮʘʪʝʣʴʥʳʤ ʧʦʢʘʟʘʪʝʣʝʤ ʥʘʟʳʚʘʝʪʩʷ ʵʣʝʤʝʥʪ  

g n-  = g 1- ¶g 1- ¶é¶g 1-  (n ʨʘʟ), n Í N. 
4. ɽʩʣʠ ʛʨʫʧʧʘ ʢʦʥʝʯʥʘ, ʪʦ ʯʠʩʣʦ ʝʝ ʵʣʝʤʝʥʪʦʚ ʥʘʟʳʚʘʝʪʩʷ ʧʦʨʷʜʢʦʤ ʛʨʫʧʧʳ. ɺ 

ʧʨʦʪʠʚʥʦʤ ʩʣʫʯʘʝ ʛʨʫʧʧʘ ʥʘʟʳʚʘʝʪʩʷ ʛʨʫʧʧʦʡ ʙʝʩʢʦʥʝʯʥʦʛʦ ʧʦʨʷʜʢʘ. 

ʆʙʦʟʥʘʯʝʥʠʝ: ʧʦʨʷʜʦʢ ʛʨʫʧʧʳ G ʦʙʦʟʥʘʯʘʝʪʩʷ ʢʘʢ ¼G¼. 
5. ʏʘʩʪʦ ʛʨʫʧʧʘ ʦʙʦʟʥʘʯʘʝʪʩʷ ʦʜʥʦʡ ʙʫʢʚʦʡ G ʙʝʟ ʫʢʘʟʘʥʠʷ ʦʧʝʨʘʮʠʠ. 
ʇʈʀʄɽʈʓ 
1. ɸʜʜʠʪʠʚʥʳʤʠ ʘʙʝʣʝʚʳʤʠ ʛʨʫʧʧʘʤʠ ʷʚʣʷʶʪʩʷ, ʥʘʧʨʠʤʝʨ, ʩʪʨʫʢʪʫʨʳ:  

< Z, + >, < Q,, + >, < R, + >, 
ʛʜʝ Z, Q ʠ R - ʤʥʦʞʝʩʪʚʘ ʮʝʣʳʭ, ʨʘʮʠʦʥʘʣʴʥʳʭ ʠ ʜʝʡʩʪʚʠʪʝʣʴʥʳʭ ʯʠʩʝʣ 

ʩʦʦʪʚʝʪʩʪʚʝʥʥʦ.  
2. ʇʨʠʤʝʨʘʤʠ ʤʫʣʴʪʠʧʣʠʢʘʪʠʚʥʳʭ ʘʙʝʣʝʚʳʭ ʛʨʫʧʧ ʤʦʛʫʪ ʩʣʫʞʠʪʴ ʩʪʨʫʢʪʫʨʳ: < 

Q * , ¶>, < R * , ¶>, ʛʜʝ Q *  ʠ R *  - ʤʥʦʞʝʩʪʚʘ ʚʩʝʭ ʥʝʥʫʣʝʚʳʭ ʨʘʮʠʦʥʘʣʴʥʳʭ ʠ 
ʜʝʡʩʪʚʠʪʝʣʴʥʳʭ ʯʠʩʝʣ ʩʦʦʪʚʝʪʩʪʚʝʥʥʦ. 

3. ʇʨʠʤʝʨʦʤ ʥʝʢʦʤʤʫʪʘʪʠʚʥʦʡ ʛʨʫʧʧʳ ʤʦʞʝʪ ʩʣʫʞʠʪʴ ʤʥʦʞʝʩʪʚʦ ʚʩʝʭ 
ʢʚʘʜʨʘʪʥʳʭ ʥʝʚʳʨʦʞʜʝʥʥʳʭ ʤʘʪʨʠʮ ʧʦʨʷʜʢʘ n ʧʦ ʦʧʝʨʘʮʠʠ ʤʘʪʨʠʯʥʦʛʦ ʫʤʥʦʞʝʥʠʷ. 

4. ʅʘʠʙʦʣʴʰʠʡ ʪʝʦʨʝʪʠʯʝʩʢʠʡ ʠ ʧʨʠʢʣʘʜʥʦʡ ʠʥʪʝʨʝʩ ʧʨʝʜʩʪʘʚʣʷʝʪ ʛʨʫʧʧʘ 
ʩʠʤʤʝʪʨʠʡ ʧʨʘʚʠʣʴʥʦʛʦ n-ʫʛʦʣʴʥʠʢʘ, ʥʘʟʳʚʘʝʤʘʷ ʜʠʵʜʨʠʯʝʩʢʦʡ ʛʨʫʧʧʦʡ Dn ʠʣʠ 
ʛʨʫʧʧʦʡ ʜʠʵʜʨʘ.  

ʕʣʝʤʝʥʪʘʤʠ Dn ʷʚʣʷʶʪʩʷ, ʚʦ-ʧʝʨʚʳʭ, n ʧʦʚʦʨʦʪʦʚ ʚʦʢʨʫʛ ʮʝʥʪʨʘ ʤʥʦʛʦʫʛʦʣʴʥʠʢʘ 

ʥʘ ʫʛʣʳ 
n

kk

p
j

2
Ö= , ʛʜʝ k = 0, 1, ..., (n - 1), ʚʦ-ʚʪʦʨʳʭ, n ʦʩʝʚʳʭ ʩʠʤʤʝʪʨʠʡ. ʆʩʷʤʠ 

ʩʠʤʤʝʪʨʠʠ ʩʣʫʞʘʪ: ʚ ʩʣʫʯʘʝ ʯʝʪʥʦʛʦ n - n/2 ʜʠʘʛʦʥʘʣʝʡ, ʩʦʝʜʠʥʷʶʱʠʭ 
ʧʨʦʪʠʚʦʧʦʣʦʞʥʳʝ ʚʝʨʰʠʥʳ, ʠ (n/2) ʧʨʷʤʳʭ, ʩʦʝʜʠʥʷʶʱʠʭ ʩʝʨʝʜʠʥʳ ʧʨʦʪʠʚʦʧʦʣʦʞʥʳʭ 
ʩʪʦʨʦʥ; ʚ ʩʣʫʯʘʝ ʥʝʯʝʪʥʦʛʦ n - n ʚʳʩʦʪ ʤʥʦʛʦʫʛʦʣʴʥʠʢʘ (ʨʠʩ. 3). ɼʨʫʛʠʭ ʩʠʤʤʝʪʨʠʡ ʫ 
ʤʥʦʛʦʫʛʦʣʴʥʠʢʘ ʥʝʪ.  

 
ʈʠʩ. 3. ʆʩʠ ʩʠʤʤʝʪʨʠʡ ʧʨʘʚʠʣʴʥʳʭ ʤʥʦʛʦʫʛʦʣʴʥʠʢʦʚ  

ʀʩʧʦʣʴʟʫʷ ʛʨʫʧʧʳ ʩʠʤʤʝʪʨʠʡ, ɽ. ʉ. ʌʝʜʦʨʦʚ ʚ 1890 ʛʦʜʫ ʨʝʰʠʣ ʟʘʜʘʯʫ 
ʢʣʘʩʩʠʬʠʢʘʮʠʠ ʧʨʘʚʠʣʴʥʳʭ ʧʨʦʩʪʨʘʥʩʪʚʝʥʥʳʭ ʩʠʩʪʝʤ ʪʦʯʝʢ, ʷʚʣʷʶʱʫʶʩʷ ʦʜʥʦʡ ʠʟ 
ʦʩʥʦʚʥʳʭ ʟʘʜʘʯ ʢʨʠʩʪʘʣʣʦʛʨʘʬʠʠ. ʉʫʱʝʩʪʚʫʝʪ ʚʩʝʛʦ 17 ʧʣʦʩʢʠʭ ʬʝʜʦʨʦʚʩʢʠʭ ʛʨʫʧʧ, 
ʦʥʠ ʙʳʣʠ ʥʘʡʜʝʥʳ ʥʝʧʦʩʨʝʜʩʪʚʝʥʥʦ; ʧʨʦʩʪʨʘʥʩʪʚʝʥʥʳʭ ʬʝʜʦʨʦʚʩʢʠʭ ʛʨʫʧʧ - 230, ʠ 
ʪʦʣʴʢʦ ʪʝʦʨʠʷ ʛʨʫʧʧ ʧʦʟʚʦʣʠʣʘ ʧʨʦʚʝʩʪʠ ʠʭ ʠʩʯʝʨʧʳʚʘʶʱʫʶ ʢʣʘʩʩʠʬʠʢʘʮʠʶ. ʕʪʦ ʙʳʣ 
ʠʩʪʦʨʠʯʝʩʢʠ ʧʝʨʚʳʡ ʩʣʫʯʘʡ ʧʨʠʤʝʥʝʥʠʷ ʪʝʦʨʠʠ ʛʨʫʧʧ ʥʝʧʦʩʨʝʜʩʪʚʝʥʥʦ ʚ 
ʝʩʪʝʩʪʚʦʟʥʘʥʠʠ.  

ʉʣʝʜʫʶʱʘʷ ʪʝʦʨʝʤʘ ʚʳʨʘʞʘʝʪ ʧʨʦʩʪʝʡʰʠʝ ʩʚʦʡʩʪʚʘ ʛʨʫʧʧ. 

ʊɽʆʈɽʄɸ. ɺʦ ʚʩʷʢʦʡ ʛʨʫʧʧʝ < G, Ö> ʚʳʧʦʣʥʷʶʪʩʷ ʩʣʝʜʫʶʱʠʝ ʩʚʦʡʩʪʚʘ: 
1) ɺ G ʩʫʱʝʩʪʚʫʝʪ ʠ ʧʨʠʪʦʤ ʝʜʠʥʩʪʚʝʥʥʳʡ ʥʝʡʪʨʘʣɹʥʳʡ ʵʣʝʤʝʥʪ. 
2) ɼʣʷ ʚʩʷʢʦʛʦ ʵʣʝʤʝʥʪʘ ʘ ʛʨʫʧʧʳ G ʩʫʱʝʩʪʚʫʝʪ ʠ ʧʨʠʪʦʤ ʝʜʠʥʩʪʚʝʥʥʳʡ 

ʦʙʨʘʪʥʳʡ ʵʣʝʤʝʥʪ ʘ1- . 
3) ɼʣʷ ʣʶʙʳʭ ʵʣʝʤʝʥʪʦʚ a ʠ b ʛʨʫʧʧʳ G ʩʧʨʘʚʝʜʣʠʚʳ ʨʘʚʝʥʩʪʚʘ: 
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(a 1- ) 1-  = a  ʠ  (aÖb) 1-  = b Ö-1  ʘ1- . 

4) ɺ ʛʨʫʧʧʝ < G, Ö> ʥʝʪ ʜʝʣʠʪʝʣʝʡ ʥʫʣʷ. 
5) ɺ ʛʨʫʧʧʝ G ʫʨʘʚʥʝʥʠʷ a*x = b ʠ y*a = b ʦʜʥʦʟʥʘʯʥʦ ʨʘʟʨʝh ʠʤʳ ʜʣʷ ʣʶʙʳʭ 

ʵʣʝʤʝʥʪʦʚ a ʠ b. 
6) ɺʦ ʚʩʷʢʦʡ ʛʨʫʧʧʝ ʦʧʝʨʘʮʠʷ ʜʚʫʩʪʦʨʦʥʥʝ ʩʦʢʨʘʪʠʤʘ. 

ʆʇʈɽɼɽʃɽʅʀɽ. ʇʦʜʤʥʦʞʝʩʪʚʦ H ʛʨʫʧʧʳ < G, Ö> ʥʘʟʳʚʘʝʪʩʷ ʝʝ ʧʦʜʛʨʫʧʧʦʡ, 

ʝʩʣʠ ʦʥʦ ʩʘʤʦ ʷʚʣʷʝʪʩʷ ʛʨʫʧʧʦʡ ʦʪʥʦʩʠʪʝʣʴʥʦ ʦʧʝʨʘʮʠʠ çÖè, ʦʧʨʝʜʝʣʝʥʥʦʡ ʚ ʛʨʫʧʧʝ G. 

ʊɽʆʈɽʄɸ (ʢʨʠʪʝʨʠʡ ʧʦʜʛʨʫʧʧʳ). ʇʦʜʤʥʦʞʝʩʪʚʦ H ʛʨʫʧʧʳ < G, Ö> ʷʚʣʷʝʪʩʷ ʝʝ 
ʧʦʜʛʨʫʧʧʦʡ ʪʦʛʜʘ ʠ ʪʦʣʴʢʦ ʪʦʛʜʘ, ʢʦʛʜʘ ʚʳʧʦʣʥʷʝʪʩʷ ʫʩʣʦʚʠʝ: 

("a, b Í H)   aÖb 1-  Í H.  

ɿɸʄɽʏɸʅʀɽ. ɻʦʚʦʨʷʪ, ʯʪʦ ʧʦʜʤʥʦʞʝʩʪʚʦ H ʛʨʫʧʧʳ < G, Ö> ʷʚʣʷʝʪʩʷ ʝʝ 
ʧʦʜʛʨʫʧʧʦʡ, ʝʩʣʠ ʦʥʦ ʟʘʤʢʥʫʪʦ ʦʪʥʦʩʠʪʝʣʴʥʦ ʦʧʝʨʘʮʠʠ, ʦʧʨʝʜʝʣʝʥʥʦʡ ʚ ʛʨʫʧʧʝ G, ʠ 
ʦʪʥʦʩʠʪʝʣʴʥʦ ʦʧʝʨʘʮʠʠ ʚʟʷʪʠʷ ʦʙʨʘʪʥʦʛʦ ʵʣʝʤʝʥʪʘ. 

ʇʈʀʄɽʈʓ. 

1. ʇʦʜʛʨʫʧʧʘʤʠ ʚʩʷʢʦʡ ʛʨʫʧʧʳ < G, Ö > ʷʚʣʷʶʪʩʷ ʩʘʤʘ ʵʪʘ ʛʨʫʧʧʘ ʠ ʝʜʠʥʠʯʥʘʷ 
ʧʦʜʛʨʫʧʧʘ E, ʩʦʩʪʦʷʱʘʷ ʪʦʣʴʢʦ ʠʟ ʦʜʥʦʛʦ ʥʝʡʪʨʘʣʴʥʦʛʦ ʵʣʝʤʝʥʪʘ ʛʨʫʧʧʳ G : E = { e }. 
ʕʪʠ ʧʦʜʛʨʫʧʧʳ ʥʘʟʳʚʘʶʪʩʷ ʥʝʩʦʙʩʪʚʝʥʥʳʤʠ. ɺʩʷʢʘʷ ʧʦʜʛʨʫʧʧʘ ʛʨʫʧʧ  rG, ʦʪʣʠʯʥʘʷ ʦʪ 
ʵʪʠʭ ʜʚʫʭ, ʥʘʟʳʚʘʝʪʩʷ ʩʦʙʩʪʚʝʥʥʦʡ. 

2. ʄʥʦʞʝʩʪʚʦ ʚʩʝʭ ʯʝʪʥʳʭ ʯʠʩʝʣ ʷʚʣʷʝʪʩʷ ʧʦʜʛʨʫʧʧʦʡ ʘʜʜʠʪʠʚʥʦʡ ʛʨʫʧʧʳ ʚʩʝʭ 
ʮʝʣʳʭ ʯʠʩʝʣ < Z, + >, ʪʘʢ ʢʘʢ ʜʣʷ ʣʶʙʳʭ ʯʝʪʥʳʭ ʯʠʩʝʣ a ʠ b ʯʠʩʣʦ a + (-b) ʷʚʣʷʝʪʩʷ 
ʯʝʪʥʳʤ. 

3. ʄʥʦʞʝʩʪʚʦ {-1, 1} ʦʙʨʘʟʫʝʪ ʧʦʜʛʨʫʧʧʫ ʤʫʣʴʪʠʧʣʠʢʘʪʠʚʥʦʡ ʛʨʫʧʧʳ ʚʩʝʭ 

ʥʝʥʫʣʝʚʳʭ ʜʝʡʩʪʚʠʪʝʣʴʥʳʭ ʯʠʩʝʣ < R, Ö >. 

4. ʉʦʚʦʢʫʧʥʦʩʪʴ <g> = {g n / n Í Z} ʩʪʝʧʝʥʝʡ ʵʣʝʤʝʥʪʘ g ʛʨʫʧʧʳ G ʷʚʣʷʝʪʩʷ 
ʧʦʜʛʨʫʧʧʦʡ ʚ G.  

ʆʪʤʝʪʠʤ ʥʝʢʦʪʦʨʳʝ ʧʨʦʩʪʝʡʰʠʝ ʩʚʦʡʩʪʚʘ ʧʦʜʛʨʫʧʧ. 
ʉɺʆʁʉʊɺʆ 1. ʇʝʨʝʩʝʯʝʥʠʝ ʧʨʦʠʟʚʦʣʴʥʦʡ ʩʦʚʦʢʫʧʥʦʩʪʠ ʧʦʜʛʨʫʧʧ ʛʨʫʧʧʳ G ʩʘʤʦ 

ʙʫʜʝʪ ʧʦʜʛʨʫʧʧʦʡ ʵʪʦʡ ʛʨʫʧʧʳ. 
ʉɺʆʁʉʊɺʆ 2. ʆʙʲʝʜʠʥʝʥʠʝ ʜʚʫʭ ʧʦʜʛʨʫʧʧ ʛʨʫʧʧʳ G ʙʫʜʝʪ ʷʚʣʷʪʴʩʷ ʧʦʜʛʨʫʧʧʦʡ 

ʚ ʪʦʤ ʠ ʪʦʣʴʢʦ ʚ ʪʦʤ ʩʣʫʯʘʝ, ʢʦʛʜʘ ʦʜʥʘ ʠʟ ʥʠʭ ʩʦʜʝʨʞʠʪʩʷ ʚ ʜʨʫʛʦʡ. 

ʆʇʈɽɼɽʃɽʅʀɽ. ʇʦʜʛʨʫʧʧʘ <g> = {g n / n Í Z} ʛʨʫʧʧʳ G ʥʘʟʳʚʘʝʪʩʷ ʮʠʢʣʠʯʝʩʢʦʡ 
ʧʦʜʛʨʫʧʧʦʡ, ʧʦʨʦʞʜʝʥʥʦʡ ʵʣʝʤʝʥʪʦʤ g. 

ɿɸʄɽʏɸʅʀɽ. ɽʩʣʠ ʚ ʛʨʫʧʧʝ ʧʨʠʥʷʪʘ ʘʜʜʠʪʠʚʥʘʷ ʬʦʨʤʘ ʟʘʧʠʩʠ ʦʧʝʨʘʮʠʠ, ʪʦ 

ʩʪʝʧʝʥʠ ʵʣʝʤʝʥʪʘ g ʛʨʫʧʧʳ G ʥʘʟʳʚʘʶʪʩʷ ʢʨʘʪʥʳʤʠ ʠ ʦʙʦʟʥʘʯʘʶʪʩ ̫ng, (n Í Z). 
ʊɽʆʈɽʄɸ 2. ʇʦʜʛʨʫʧʧʘ <g> ʛʨʫʧʧʳ G ʢʦʥʝʯʥʘ ʚ ʪʦʤ ʠ ʪʦʣʴʢʦ ʚ ʪʦʤ ʩʣʫʯʘʝ, ʢʦʛʜʘ  

($ n Í N) g n  = e. 

ɿɸʄɽʏɸʅʀɽ. ɽʩʣʠ n ï ʤʠʥʠʤʘʣʴʥʦʝ ʯʠʩʣʦ ʩʦ ʩʚʦʡʩʪʚʦʤ g n  = e, ʪʦ ʦʥʦ 

ʥʘʟʳʚʘʝʪʩʷ ʧʦʨʷʜʢʦʤ ʵʣʝʤʝʥʪʘ g. ɽʩʣʠ ʞʝ (" n Í N) g n  Í e, ʪʦ ʚʩʝ ʩʪʝʧʝʥʠ ʵʣʝʤʝʥʪʘ g 
ʙʫʜʫʪ ʨʘʟʣʠʯʥʳ ʤʝʞʜʫ ʩʦʙʦʡ, ʠ ʧʦʜʛʨʫʧʧʫ <g> ʥʘʟʳʚʘʶʪ ʙʝʩʢʦʥʝʯʥʦʡ ʮʠʢʣʠʯʝʩʢʦʡ, ʠ 
ʩʘʤ ʵʣʝʤʝʥʪ g ï ʵʣʝʤʝʥʪʦʤ ʙʝʩʢʦʥʝʯʥʦʛʦ ʧʦʨʷʜʢʘ. 

ʅʦʨʤʘʣʴʥʳʝ ʜʝʣʠʪʝʣʠ. ʌʘʢʪʦʨ-ʛʨʫʧʧʳ 
ʆʇʈɽɼɽʃɽʅʀɽ. ʇʫʩʪʴ H ï ʧʦʜʛʨʫʧʧʘ ʛʨʫʧʧʳ < G, ¶>, g ï ʧʨʦʠʟʚʦʣʴʥʳʡ ʵʣʝʤʝʥʪ 

ʛʨʫʧʧʳ G. ʄʥʦʞʝʩʪʚʦ H¶g [g¶H] ʚʩʝʭ ʵʣʝʤʝʥʪʦʚ ʛʨʫʧʧʳ G, ʢʦʪʦʨʳʝ ʧʨʝʜʩʪʘʚʠʤʳ ʚ 
ʚʠʜʝ h ¶g [g ¶h], ʛʜʝ h ʧʨʦʙʝʛʘʝʪ ʤʥʦʞʝʩʪʚʦ ʵʣʝʤʝʥʪʦʚ ʧʦʜʛʨʫʧʧʳ H, ʪ. ʝ. 

H¶g = {h ¶g / h Í H} 

[ g¶H = {g ¶h / h Í H} ] 
ʥʘʟʳʚʘʝʪʩʷ ʧʨʘʚʳʤ [ʣʝʚʳʤ] ʩʤʝʞʥʳʤ ʢʣʘʩʩʦʤ ʛʨʫʧʧʳ G ʧʦ ʧʦʜʛʨʫʧʧʝ H. 
ʊɽʆʈɽʄɸ. ʇʫʩʪʴ ʜʘʥʘ ʛʨʫʧʧʘ < G, ¶>, ʚ ʥʝʡ ʧʦʜʛʨʫʧʧʘ H ʠ g ï ʧʨʦʠʟʚʦʣʴʥʳʡ 

ʵʣʝʤʝʥʪ ʠʟ G. ʊʦʛʜʘ ʚʳʧʦʣʥʷʶʪʩʷ ʩʣʝʜʫʶʱʠʝ ʩʚʦʡʩʪʚʘ: 
1) ʝʩʣʠ ʵʣʝʤʝʥʪ ʘ ʧʨʠʥʘʜʣʝʞʠʪ ʧʨʘʚʦʤʫ ʩʤʝʞʥʦʤʫ ʢʣʘʩʩʫ H¶g, ʪʦ  

H ¶ʘ = H¶g, 
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ʪ.ʝ. ʚʩʷʢʠʡ ʧʨʘʚʳʡ ʩʤʝʞʥʳʡ ʢʣʘʩʩ ʛʨʫʧʧʳ G ʧʦ ʧʦʜʛʨʫʧʧʝ H ʟʘʜʘʝʪʩʷ ʣʙʁʳʤ ʠʟ 
ʩʚʦʠʭ ʵʣʝʤʝʥʪʦʚ, ʢʦʪʦʨʳʡ ʥʘʟʳʚʘʝʪʩʷ ʧʨʝʜʩʪʘʚʠʪʝʣʝʤ ʢʣʘʩʩʘ H¶g; 

2) ʜʚʘ ʣʶʙʳʭ ʩʤʝʞʥʳʭ ʢʣʘʩʩʘ ʛʨʫʧʧ  rG ʧʦ ʧʦʜʛʨʫʧʧʝ H ʣʠʙʦ ʥʝ ʧʝʨʝʩʝʢʘʶʪʩʷ, 
ʣʠʙʦ ʩʦʚʧʘʜʘʶʪ; 

3) ʦʜʥʠʤ ʠʟ ʧʨʘʚʳʭ ʩʤʝʞʥʳʭ ʢʣʘʩʩʦʚ ʛʨʫʧʧʳ G ʧʦ ʧʦʜʛʨʫʧʧʝ H ʷʚʣʷʝʪʩʷ ʩʘʤʘ 
ʧʦʜʛʨʫʧʧʘ H, ʠ ʜʨʫʛʠʭ ʧʦʜʛʨʫʧʧ ʩʨʝʜʠ ʧʨʘʚʳʭ ʩʤʝʞʥʳʭ ʢʣʘʩʩʦʚ ʛʨʫʧʧʳ G ʧʦ ʧʦʜʛʨʫʧʧʝ 
H ʥʝʪ; 

4) ʦʙʲʝʜʠʥʝʥʠʝ ʚʩʝʭ ʧʨʘʚʳʭ ʩʤʝʞʥʳʭ ʢʣʘʩʩʦʚ ʛʨʫʧʧʳ G ʧʦ ʧʦʜʛʨʫʧʧʝ H 
ʩʦʚʧʘʜʘʝʪ ʩ ʩʘʤʦʡ ʛʨʫʧʧʦʡ G. 

ʉʃɽɼʉʊɺʀɽ. 
ʄʥʦʞʝʩʪʚʦ ʚʩʝʭ ʧʨʘʚʳʭ ʢʣʘʩʩʦʚ ʛʨʫʧʧʳ G ʧʦ ʧʦʜʛʨʫʧʧʝ H ʦʙʨʘʟʫʝʪ ʨʘʟʙʠʝʥʠʝ 

ʵʪʦʡ ʛʨʫʧʧʳ, ʢʦʪʦʨʦʝ ʥʘʟʳʚʘʶʪ ʧʨʘʚʦʩʪʦʨʦʥʥʠʤ ʨʘʟʣʦʞʝʥʠʝʤ ʛʨʫʧʧ  rG ʧʦ ʧʦʜʛʨʫʧʧʝ 
H: 

G = h1¶g Ç h 2 ¶g Ç éÇ h ò ¶g  (h i  Í H). 

ɿɸʄɽʏɸʅʀʗ 
1. ɸʥʘʣʦʛʠʯʥʳʝ ʩʚʦʡʩʪʚʘ ʤʦʞʥʦ ʩʬʦʨʤʫʣʠʨʦʚʘʪʴ ʠ ʜʣʷ ʣʝʚʳʭ ʩʤʝʞʥʳʭ ʢʣʘʩʩʦʚ. 

ʉʦʦʪʚʝʪʩʪʚʫʶʱʝʝ ʨʘʟʙʠʝʥʠʝ ʥʘʟʳʚʘʶʪ ʣʝʚʦʩʪʦʨʦʥʥʠʤ ʨʘʟʣʦʞʝʥʠʝʤ ʛʨʫʧʧʳ G ʧʦ 
ʧʦʜʛʨʫʧʧʝ H. ʕʪʠ ʦʙʘ ʨʘʟʣʦʞʝʥʠʷ ʩʦʩʪʦʷʪ ʠʟ ʦʜʥʦʛʦ ʠ ʪʦʛʦ ʞʝ ʯʠʩʣʘ ʩʤʝʞʥʳʭ ʢʣʘʩʩʦʚ. 
ɽʩʣʠ ʵʪʦ ʯʠʩʣʦ ʢʦʥʝʯʥʦ, ʪʦ ʦʥʦ ʥʘʟʳʚʘʝʪʩʷ ʠʥʜʝʢʩʦʤ ʧʦʜʛʨʫʧʧʳ H ʚ ʛʨʫʧʧʝ G. 

2. ʇʫʩʪʴ G ï ʢʦʥʝʯʥʘʷ ʛʨʫʧʧʘ ʧʦʨʷʜʢʘ n, H ï ʝʝ ʧʦʜʛʨʫʧʧʘ ʧʦʨʷʜʢʘ n ʠ ʠʥʜʝʢʩʘ k. 
ʊʦʛʜʘ ʠʟ ʩʣʝʜʩʪʚʠʷ ʧʨʝʜʳʜʫʱʝʡ ʪʝʦʨʝʤʳ ʧʦʣʫʯʘʝʤ ʨʘʚʝʥʩʪʚʦ: n = m ¶k. 

ʊɽʆʈɽʄɸ ʃʘʛʨʘʥʞʘ.  
1. ʇʦʨʷʜʦʢ ʠ ʠʥʜʝʢʩ ʣʶʙʦʡ ʧʦʜʛʨʫʧʧʳ ʢʦʥʝʯʥʦʡ ʛʨʫʧʧʳ ʷʚʣʷʶʪʩʷ ʜʝʣʠʪʝʣʷʤʠ 

ʧʦʨʷʜʢʘ ʩʘʤʦʡ ʛʨʫʧʧʳ. 
2. ʇʦʨʷʜʦʢ ʣʶʙʦʛʦ ʵʣʝʤʝʥʪʘ ʢʦʥʝʯʥʦʡ ʛʨʫʧʧʳ ʷʚʣʷʝʪʩʷ ʜʝʣʠʪʝʣʝʤ ʧʦʨʷʜʢʘ 

ʛʨʫʧʧʳ. 
ʆʇʈɽɼɽʃɽʅʀɽ. ʇʦʜʛʨʫʧʧʘ H ʛʨʫʧʧʳ G ʥʘʟʳʚʘʝʪʩʷ ʥʦʨʤʘʣʴʥʦʡ ʧʦʜʛʨʫʧʧʦʡ ʠʣʠ 

ʥʦʨʤʘʣʥɹʳʤ ʜʝʣʠʪʝʣʝʤ ʛʨʫʧʧʳ G, ʝʩʣʠ ʜʣʷ ʣʶʙʦʛʦ ʵʣʝʤʝʥʪʘ g Í G ʣʝʚʳʡ ʠ ʧʨʘʚʳʡ 
ʩʤʝʞʥʳʝ ʢʣʘʩʩʳ ʧʦ ʧʦʜʛʨʫʧʧʝ H ʩʦʚʧʘʜʘʁ ʪ: 

(" g Í G)  H¶g = g¶H. 
ɺ ʵʪʦʤ ʩʣʫʯʘʝ ʛʦʚʦʨʷʪ ʧʨʦʩʪʦ ʦ ʨʘʟʣʦʞʝʥʠʠ ʛʨʫʧʧʳ G ʧʦ ʥʦʨʤʘʣʴʥʦʤʫ 

ʜʝʣʠʪʝʣʶ H. ʆʙʦʟʥʘʯʝʥʠʝ: H Ð G. 
ɿɸʄɽʏɸʅʀɽ. ʅʝʪʨʫʜʥʦ ʧʨʦʚʝʨʠʪʴ, ʯʪʦ ʧʝʨʝʩʝʯʝʥʠʝ ʣʶʙʦʛʦ ʯʠʩʣʘ ʥʦʨʤʘʣʴʥʳʭ 

ʜʝʣʠʪʝʣʝʡ ʛʨʫʧʧʳ < G, ¶> ʩʘʤʦ ʷʚʣʷʝʪʩʷ ʥʦʨʤʘʣʴʥʳʤ ʜʝʣʠʪʝʣʝʤ ʵʪʦʡ ʛʨʫʧʧʳ. 
ʇʈʀʄɽʈ 1  
ɺ ʘʙʝʣʝʚʦʡ ʛʨʫʧʧʝ ʚʩʷʢʘʷ ʧʦʜʛʨʫʧʧʘ ʷʚʣʷʝʪʩʷ ʥʦʨʤʘʣʴʥʳʤ ʜʝʣʠʪʝʣʝʤ, ʧʦɻ ʪʦʤʫ, 

ʥʘʧʨʠʤʝʨ, ʧʦʜʛʨʫʧʧʘ ʚʩʝʭ ʯʝʪʥʳʭ ʯʠʩʝʣ ʙʫʜʝʪ ʥʦʨʤʘʣʴʥʳʤ ʜʝʣʠʪʝʣʝʤ ʘʜʜʠʪʠʚʥʦʡ 
ʛʨʫʧʧʳ ʚʩʝʭ ʮʝʣʳʭ ʯʠʩʝʣ < Z, + >. 

ʆʇʈɽɼɽʃɽʅʀɽ. ʕʣʝʤʝʥʪʳ x ʠ y ʛʨʫʧʧʳ G ʥʘʟʳʚʘʶʪʩʷ ʩʦʧʨʷʞʝʥʥʳʤʠ ʚ G, ʝʩʣʠ: 

($ g Í G)  y = g 1- ¶x¶g. 
ʊɽʆʈɽʄɸ (ʂʨʠʪʝʨʠʡ ʥʦʨʤʘʣʴʥʦʛʦ ʜʝʣʠʪʝʣʷ) 
ʇʦʜʛʨʫʧʧʘ H ʛʨʫʧʧʳ G ʪʦʛʜʘ ʠ ʪʦʣʴʢʦ ʪʦʛʜʘ ʙʫʜʝʪ ʥʦʨʤʘʣʴʥʳʤ ʜʝʣʠʪʝʣʝʤ ʚ 

< G, ¶>, ʢʦʛʜʘ H ʚʤʝʩʪʝ ʩʦ ʚʩʷʢʠʤ ʩʚʦʠʤ ʵʣʝʤʝʥʪʦʤ ʙʫʜʝʪ ʩʦʜʝʨʞʘʪʴ ʠ ʚʩʝ ʵʣʝʤʝʥʪʳ, 
ʩʦʧʨʷʞʝʥʥʳʝ ʩ ʥʠʤ ʚ G. 

ʊɽʆʈɽʄɸ. ʇʫʩʪʴ H ï ʥʦʨʤʘʣʴʥʘʷ ʧʦʜʛʨʫʧʧʘ ʛʨʫʧʧʳ < G, ¶>. ʄʥʦʞʝʩʪʚʦ ʚʩʝʭ 
ʨʘʟʣʠʯʥʳʭ ʩʤʝʞʥʳʭ ʢʣʘʩʩʦʚ ʛʨʫʧʧʳ G ʧʦ ʧʦʜʛʨʫʧʧʝ H ʩ ʦʧʝʨʘʮʠʝʡ ʫʤʥʦʞʝʥʠʷ: 

(H¶g
1
)¶(H¶g 2 ) = H¶(g 1¶g 2 )  

ʦʙʨʘʟʫʝʪ ʛʨʫʧʧʫ, ʢʦʪʦʨʘʷ ʥʘʟʳʚʘʝʪʩʷ ʬʘʢʪʦʨ-ʛʨʫʧʧʦʡ ʛʨʫʧʧʳ G ʧʦ ʧʦʜʛʨʫʧʧʝ H 
ʠ ʦʙʦʟʥʘʯʘʝʪʩʷ: 

G / H = {H¶g/ g Í G}. 
ɻʦʤʦʤʦʨʬʠʟʤʳ ʠ ʠʟʦʤʦʨʬʠʟʤʳ ʛʨʫʧʧ 
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ʆʇʈɽɼɽʃɽʅʀɽ. ʆʪʦʙʨʘʞʝʥʠʝ ʛʨʫʧʧʳ < G, ¶> ʥʘ ʛʨʫʧʧʫ <S, * > ʥʘʟʳʚʘʝʪʩʷ 
ʛʦʤʦʤʦʨʬʠʟʤʦʤ ʛʨʫʧʧ, ʝʩʣʠ ʚʳʧʦʣʥʷʝʪʩʷ ʫʩʣʦʚʠʝ: 

(" a, b Í G)  ä(a¶b) = ä(a)* ä(b).   (1) 
ʉʘʤʠ ʛʨʫʧʧʳ ʥʘʟʳʚʘʶʪʩʷ ʧʨʠ ʵʪʦʤ ʛʦʤʦʤʦʨʬʥʳʤʠ. ʊʘʢʞʝ ʛʦʚʦʨʷʪ, ʯʪʦ ʛʨʫʧʧʘ 

<S, * > ʝʩʪʴ ʛʦʤʦʤʦʨʬʥʳʡ ʦʙʨʘʟ ʛʨʫʧʧʳ < G, ¶>. 

ʆʙʦʟʥʘʯʝʥʠʝ: G ~ S. 
ɿɸʄɽʏɸʅʀɽ. ʋʩʣʦʚʠʝ (1) ʠʟ ʦʧʨʝʜʝʣʝʥʠʷ 1 ʥʘʟʳʚʘʶʪ ʪʘʢʞʝ ʪʨʝʙʦʚʘʥʠʝʤ 

ʩʦʭʨʘʥʝʥʠʷ ʛʨʫʧʧʦʚʦʡ ʦʧʝʨʘʮʠʠ. ʉʣʦʚʘʤʠ ʦʥʦ ʯʠʪʘʝʪʩʷ ʪʘʢ: ʦʙʨʘʟ ʧʨʦʠʟʚʝʜʝʥʠʷ 
ʵʣʝʤʝʥʪʦʚ ʛʨʫʧʧʳ < G, ¶> ʨʘʚʝʥ ʧʨʦʠʟʚʝʜʝʥʠʶ ʠʭ ʦʙʨʘʟʦʚ ʚ ʛʨʫʧʧʝ <S, * >. 

ʇʦʵʪʦʤʫ ʚ ʧʨʘʚʦʡ ʯʘʩʪʠ ʨʘʚʝʥʩʪʚʘ (1) ʩʪʦʠʪ ʟʥʘʢ ʦʧʝʨʘʮʠʠ ç ¶è ʛʨʫʧʧ  rG, ʘ ʚ 
ʣʝʚʦʡ ï ʟʥʘʢ ʦʧʝʨʘʮʠʠ ç * è ʛʨʫʧʧʳ S. 

ʆʇʈɽɼɽʃɽʅʀɽ. ɻʦʤʦʤʦʨʬʠʟʤ ä ʛʨʫʧʧ G ʠ S ʥʘʟʳʚʘʝʪʩʷ ʠʟʦʤʦʨʬʠʟʤʦʤ, ʝʩʣʠ 
ʦʪʦʙʨʘʞʝʥʠʝ ä ʙʠʝʢʪʠʚʥʦ.  

ʉʘʤʠ ʛʨʫʧʧʳ ʥʘʟʳʚʘʶʪʩʷ ʧʨʠ ʵʪʦʤ ʠʟʦʤʦʨʬʥʳʤʠ, ʘ ʛʨʫʧʧʘ <S, * > - ʠʟʦʤʦʨʬʥʳʤ 
ʦʙʨʘʟʦʤ ʛʨʫʧʧʳ < G, ¶>. ʆʙʦʟʥʘʯʝʥʠʝ: G @S. 

ʆʪʤʝʪʠʤ ʥʝʢʦʪʦʨʳʝ ʩʚʦʡʩʪʚʘ ʠʟʦʤʦʨʬʠʟʤʦʚ ʛʨʫʧʧ. 
ʉɺʆʁʉʊɺʆ 1. ʇʨʠ ʠʟʦʤʦʨʬʠʟʤʝ ʛʨʫʧʧ ʥʝʡʪʨʘʣʴʥʳʡ ʵʣʝʤʝʥʪ ʧʝʨʝʭʦʜʠʪ ʚ 

ʥʝʡʪʨʘʣʴʥʳʡ. 
ʉɺʆʁʉʊɺʆ 2. ʇʨʠ ʠʟʦʤʦʨʬʠʟʤʝ ʛʨʫʧʧ ʦʙʨʘʪʥʳʡ ʵʣʝʤʝʥʪ ʧʝʨʝʭʦʜʠʪ ʚ 

ʦʙʨʘʪʥʳʡ: 

(" a Í G) ä(a1-) = [ä(a)]1- . 
ʉɺʆʁʉʊɺʆ 3. ʇʨʠ ʠʟʦʤʦʨʬʠʟʤʝ ʛʨʫʧʧ ʩʦʭʨʘʥʷʝʪʩʷ ʩʚʦʡʩʪʚʦ ʢʦʤʤʫʪʘʪʠʚʥʦʩʪʠ 

ʦʧʝʨʘʮʠʠ. 
ʉɺʆʁʉʊɺʆ 4. ʀʟʦʤʦʨʬʥʳʡ ʦʙʨʘʟ ʛʨʫʧʧʳ ʷʚʣʷʝʪʩʷ ʛʨʫʧʧʦʡ. 
ʇʈʀʄɽʈ 1. ɸʜʜʠʪʠʚʥʘʷ ʛʨʫʧʧʘ ʚʩʝʭ ʮʝʣʳʭ ʯʠʩʝʣ ʠʟʦʤʦʨʬʥʘ ʩʚʦʝʡ ʧʦʜʛʨʫʧʧʝ, 

ʩʦʩʪʦʷɦ ʝʡ ʠʟ ʯʝʪʥʳʭ ʯʠʩʝʣ, ʪʘʢ ʢʘʢ ʦʪʦʙʨʘʞʝʥʠʝ j: Z Ÿ 2Z ʪʘʢʦʝ, ʯʪʦ:  

(" x Í Z)  j(x) = 2x, 

ʷʚʣʷʝʪʩʷ ʠʟʦʤʦʨʬʠʟʤʦʤ ʛʨʫʧʧ, ʪʘʢ ʢʘʢ ʦʯʝʚʠʜʥʦ, ʯʪʦ j - ʙʠʝʢʪʠʚʥʦ ʠ (" x, y Í Z)  

j(x + y) = 2(x +y) = 2x + 2y = j(x) + j(y). 
ʇʈʀʄɽʈ 2. ɸʜʜʠʪʠʚʥʘʷ ʛʨʫʧʧʘ ʚʩʝʭ ʜʝʡʩʪʚʠʪʝʣʴʥʳʭ ʯʠʩʝʣ ʠʟʦʤʦʨʬʥʘ 

ʤʫʣʴʪʠʧʣʠʢʘʪʠʚʥʦʡ ʛʨʫʧʧʝ ʚʩʝʭ ʧʦʣʦʞʠʪʝʣʴʥʳʭ ʜʝʡʩʪʚʠʪʝʣʴʥʳʭ ʯʠʩʝʣ: 

<R, + > @<R+, ¶ >,  

ʪʘʢ ʢʘʢ ʦʪʦʙʨʘʞʝʥʠʝ j: R Ÿ R+, ʧʨʠ ʢʦʪʦʨʦʤ: 

(" x Í R)  j(x) = e x  
ʷʚʣʷʝʪʩʷ ʙʠʝʢʮʠʝʡ, ʧʦʩʢʦʣʴʢʫ: 

(" x, y Í R)  j(x) = j(y) <=> e x  = e y  <=> x = y, 

(" r Í R +) ($ x Í R): j(x) = y, ʘ ʠʤʝʥʥʦ, x = ln y, ʪ.ʢ. j(ln y) = e yln = y 
ʠ ʩʦʭʨʘʥʷʝʪ ʛʨʫʧʧʦʚʫʶ ʦʧʝʨʘʮʠʶ: 

(" x, y Í R) j(x + y) = e yx+  = e x  ¶ e y  = j(x) ¶ j(y).  

ʊɽʆʈɽʄɸ (ʦ ʛʦʤʦʤʦʨʬʠʟʤʝ ʛʨʫʧʧ). ɽʩʣʠ j: K Ÿ S ʝʩʪʴ ʛʦʤʦʤʦʨʬʠʟʤ ʛʨʫʧʧʳ G 

ʥʘ ʛʨʫʧʧʫ S, ʪʦ ʬʘʢʪʦʨ-ʛʨʫʧʧʘ G / Ker j ʠʟʦʤʦʨʬʥʘ ʛʨʫʧʧʝ S. 

ʇʨʠ ʵʪʦʤ ʠʟʦʤʦʨʬʠʟʤ c: S Ÿ G / Ker j ʤʦʞʥʦ ʚʳʙʨʘʪʴ ʪʘʢʠʤ ʦʙʨʘʟʦʤ, ʯʪʦ ʜʣʷ 

ʚʩʝʭ x Í G ,ʙʫʜʝʪ ʚʳʧʦʣʥʷʪʴʩʷ ʨʘʚʝʥʩʪʚʦ c( j(x) ) = p(x), ʛʜʝ p - ʝʩʪʝʩʪʚʝʥʥʳʡ 

ʛʦʤʦʤʦʨʬʠʟʤ G ʥʘ G / Ker j . 
5. ʂʦʣʴʮʘ ʠ ʧʦʣʷ 
ʆʇʈɽɼɽʃɽʅʀɽ. 1. ʅʝʧʫʩʪʦʝ ʤʥʦʞʝʩʪʚʦ ɸ ʩ ʟʘʜʘʥʥʳʤʠ ʥʘ ʥʝʤ ʙʠʥʘʨʥʳʤʠ 

ʦʧʝʨʘʮʠʷʤʠ ç Ǔ è ʠ ç * è ʥʘʟʳʚʘʝʪʩʷ ʧʦʣʫʢʦʣʴʮʦʤ < ɸ, *, Ǔ >, ʝʩʣʠ: 
1) < A, * > - ʘʙʝʣʝʚʘ ʧʦʣʫʛʨʫʧʧʘ, ʪ.ʝ., ʦʧʝʨʘʮʠʷ ç * è ʘʩʩʦʮʠʘʪʠʚʥʘ, ʢʦʤʤʫʪʘʪʠʚʥʘ 

ʠ ʦʙʣʘʜʘʝʪ ʥʝʡʪʨʘʣʴʥʳʤ ʵʣʝʤʝʥʪʦʤ; 
2) < A, Ǔ > - ʛʨʫʧʧʦʠʜ; 
3) ʦʧʝʨʘʮʠʷ ç Ǔ è ʩʚʷʟʘʥʘ ʩ ʦʧʝʨʘʮʠʝʡ ç * è ʣʝʚʳʤ ʠ ʧʨʘʚʳʤ ʟʘʢʦʥʘʤʠ 

ʜʠʩʪʨʠʙʫʪʠʚʥʦʩʪʠ, ʪ.ʝ. 
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("a, b, c Í A) c Ǔ (a * b) = (c Ǔ a) * (c Ǔ b) 
    ʠ    (a * b) Ǔc = (a Ǔ c) * (b Ǔ c). 

2. ʇʦʣʫʢʦʣʴʮʦ < ɸ, *, Ǔ > ʥʘʟʳʚʘʝʪʩʷ ʢʦʣʴʮʦʤ, ʝʩʣʠ: 
1) < A, * > - ʘʙʝʣʝʚʘ ʛʨʫʧʧʘ, ʪ.ʝ. ʦʧʝʨʘʮʠʷ ç * è ʘʩʩʦʮʠʘʪʠʚʥʘ, ʢʦʤʤʫʪʘʪʠʚʥʘ, 

ʦʙʣʘʜʘʝʪ ʥʝʡʪʨʘʣʴʥʳʤ ʵʣʝʤʝʥʪʦʤ ʠ ʦʙʨʘʪʠʤʘ; 
2) < A, Ǔ > - ʛʨʫʧʧʦʠʜ; 
3) ʦʧʝʨʘʮʠʷ ç Ǔ è ʩʚʷʟʘʥʘ ʩ ʦʧʝʨʘʮʠʝʡ ç * è ʣʝʚʳʤ ʠ ʧʨʘʚʳʤ ʟʘʢʦʥʘʤʠ 

ʜʠʩʪʨʠʙʫʪʠʚʥʦʩʪʠ, ʪ.ʝ., 
("a, b, c Í A) c Ǔ (a * b) = (c Ǔ a) * (c Ǔ b) 

         (a * b) Ǔc = (a Ǔ c) * (b Ǔ c). 
3. ʂʦʣʴʮʦ < ɸ, *, Ǔ > ʥʘʟʳʚʘʝʪʩʷ ʧʦʣʝʤ, ʝʩʣʠ: 
1) < A, * > - ʘʙʝʣʝʚʘ ʛʨʫʧʧʘ, ʪ.ʝ. ʦʧʝʨʘʮʠʷ ç * è ʘʩʩʦʮʠʘʪʠʚʥʘ, ʢʦʤʤʫʪʘʪʠʚʥʘ, 

ʦʙʣʘʜʘʝʪ ʥʝʡʪʨʘʣʴʥʳʤ ʵʣʝʤʝʥʪʦʤ ʠ ʦʙʨʘʪʠʤʘ; 
2) < A /{0}, Ǔ > -- ʘʙʝʣʝʚʘ ʛʨʫʧʧʘ, ʪ.ʝ. ʦʧʝʨʘʮʠʷ ç Ǔ è ʘʩʩʦʮʠʘʪʠʚʥʘ, ʢʦʤʤʫʪʘʪʠʚʥʘ, 

ʦʙʣʘʜʘʝʪ ʥʝʡʪʨʘʣʴʥʳʤ ʵʣʝʤʝʥʪʦʤ ʠ ʦʙʨʘʪʠʤʘ; 
3) ʦʧʝʨʘʮʠʷ ç Ǔ è ʩʚʷʟʘʥʘ ʩ ʦʧʝʨʘʮʠʝʡ ç * è ʣʝʚʳʤ ʠ ʧʨʘʚʳʤ ʟʘʢʦʥʘʤʠ 

ʜʠʩʪʨʠʙʫʪʠʚʥʦʩʪʠ, ʪ.ʝ. 
("a, b, c Í A) c Ǔ (a * b) = (c Ǔ a) * (c Ǔ b) 

         (a * b) Ǔc = (a Ǔ c) * (b Ǔ c). 
ɿɸʄɽʏɸʅʀʗ 
1. ɺʦʦʙʱʝ, ʝʩʣʠ ʥʘ ʥʝʢʦʪʦʨʦʤ ʥʝʧʫʩʪʦʤ ʤʥʦʞʝʩʪʚʝ ɸ ʟʘʜʘʥʳ ʜʚʝ ʙʠʥʘʨʥʳʝ 

ʘʣʛʝʙʨʘʠʯʝʩʢʠʝ ʦʧʝʨʘʮʠʠ ç * è ʠ ç Ǔ è, ʪʦ ʛʦʚʦʨʷʪ, ʯʪʦ ʟʘʜʘʥʘ ʘʣʛʝʙʨʘʠʯʝʩʢʘʷ 
ʩʪʨʫʢʪʫʨʘ < ɸ, *, Ǔ > ʩ ʜʚʫʤʷ ʙʠʥʘʨʥʳʤʠ ʦʧʝʨʘʮʠʷʤʠ. 

2. ʊʘʢ ʢʘʢ ʧʦ ʦʧʨʝʜʝʣʝʥʠʶ ʦʧʝʨʘʮʠʷ ç * è ʢʦʤʤʫʪʘʪʠʚʥʘ ʚ ʣʶʙʦʤ ʢʦʣʴʮʝ, ʪʦ 
ʢʦʤʤʫʪʘʪʠʚʥʳʤ ʢʦʣʴʮʦʤ ʥʘʟʳʚʘʝʪʩʷ ʪʘʢʦʝ ʢʦʣʮɹʦ, ʚ ʢʦʪʦʨʦʤ ʢʦʤʤʫʪʘʪʠʚʥʘ ʚʪʦʨʘʷ 
ʦʧʝʨʘʮʠʷ ç Ǔ è. ʆʙʳʯʥʦ ʦʧʝʨʘʮʠʶ ç Ǔ è ʥʘʟʳʚʘʶʪ ʫʤʥʦʞʝʥʠʝʤ, ʘ ʦʧʝʨʘʮʠ ʁç * è - 
ʩʣʦʞʝʥʠʝʤ ʥʝʟʘʚʠʩʠʤʦ ʦʪ ʠʭ ʧʨʠʨʦʜʳ. ɸʥʘʣʦʛʠʯʥʦ, ʝʩʣʠ ʨʝʯʴ ʠʜʝʪ ʦʙ ʘʩʩʦʮʠʘʪʠʚʥʦʤ 
ʢʦʣʴʮʝ, ʪʦ ʵʪʠʤ ʩʚʦʡʩʪʚʦʤ ʦʙʣʘʜʘʝʪ ʦʧʝʨʘʮʠʷ ʫʤʥʦʞʝʥʠʷ ç Ǔ è. ɽʩʣʠ ʧʦ ʦʧʝʨʘʮʠʠ 
ʫʤʥʦʞʝʥʠʷ ʚ ʢʦʣʴʮʝ ʩʫʱʝʩʪʚʫʝʪ ʥʝʡʪʨʘʣʴʥʳʡ ʵʣʝʤʝʥʪ, ʪʦ ʢʦʣʴʮʦ ʥʘʟʳʚʘʶʪ ʢʦʣʴʮʦʤ ʩ 
ʝʜʠʥʠʮʝʡ. 

ʆʇʈɽɼɽʃɽʅʀɽ. 1. ʇʫʩʪʴ ʥʘ ʤʥʦʞʝʩʪʚʝ ɸ ʩ ʵʣʝʤʝʥʪʦʤ 0 ʟʘʜʘʥʘ ʦʧʝʨʘʮʠʷ çǓè.  
ʕʣʝʤʝʥʪ x Í A ʥʘʟʳʚʘʝʪʩʷ ʣʝʚʳʤ [ʧʨʘʚʳʤ] ʜʝʣʠʪʝʣʝʤ ʥʫʣʷ, ʝʩʣʠ: 
1) x Í 0;  

2) ($ʘÍA)  a Í 0 ʠ x Ǔ a = 0 [a Ǔ x = 0]. 
ɽʩʣʠ ʵʣʝʤʝʥʪ x Í A ʷʚʣʷʝʪʩʷ ʠ ʣʝʚʳʤ ʠ ʧʨʘʚʳʤ ʜʝʣʠʪʝʣʝʤ ʥʫʣʷ, ʪʦ ʝʛʦ 

ʥʘʟʳʚʘʶʪ ʜʚʫʩʪʦʨʦʥʥʠʤ (ʠʣʠ ʧʨʦʩʪʦ) ʜʝʣʠʪʝʣʝʤ ʥʫʣʷ. 
2. ɸʩʩʦʮʠʘʪʠʚʥʦ-ʢʦʤʤʫʪʘʪʠʚʥʦʝ ʢʦʣʴʮʦ ʙʝʟ ʜʝʣʠʪʝʣʝʡ ʥʫʣʷ ʥʘʟʳʚʘʝʪʩʷ 

ʦʙʣʘʩʪʴʶ ʮʝʣʦʩʪʥʦʩʪʠ. 
ʇʈʀʄɽʈ 2. 1. ʄʥʦʞʝʩʪʚʦ N ʥʘʪʫʨʘʣʴʥʳʭ ʯʠʩʝʣ ʧʦ ʦʧʝʨʘʮʠʠ ʦʙʳʯʥʦʛʦ 

ʫʤʥʦʞʝʥʠʷ ʦʙʨʘʟʫʝʪ ʘʙʝʣʝʚ ʤʦʥʦʠʜ < N, ¶>. 
ʄʥʦʞʝʩʪʚʦ N ʧʦ ʦʧʝʨʘʮʠʠ ʦʙʳʯʥʦʛʦ ʩʣʦʞʝʥʠʷ ʪʘʢʞʝ ʦʙʨʘʟʫʝʪ ʘʙʝʣʝʚ ʤʦʥʦʠʜ < 

N, + >, ʪʘʢ ʢʘʢ: 
("a, b Í N)         a + b Í N; 

("a, b, c Í N)  a + (b + c) = (a + b) + c; 
("a, b Í N)       a + b = b + a; 
("a Í N)      a + 0 = 0 + a = a; 

ʦʜʥʘʢʦ ʦʧʝʨʘʮʠʷ ʩʣʦʞʝʥʠʷ ʥʝ ʦʙʨʘʪʠʤʘ ʥʘ N, ʪʘʢ ʢʘʢ, ʥʘʧʨʠʤʝʨ, ʜʣʷ ʯʠʩʣʘ 2 ʥʝ 
ʩʫʱʝʩʪʚʫʝʪ ʦʙʨʘʪʥʦʛʦ (ʧʨʦʪʠʚʦʧʦʣʦʞʥʦʛʦ) ʵʣʝʤʝʥʪʘ ʚ ʤʥʦʞʝʩʪʚʝ N. 

ʊʘʢ ʢʘʢ ("a, b, c Í N)  cÖ(a + b) = cÖa + cÖb, ʪʦ ʫʤʥʦʞʝʥʠʝ ʥʘ N ʜʠʩʪʨʠʙʫʪʠʚʥʦ 
ʦʪʥʦʩʠʪʝʣʴʥʦ ʩʣʦʞʝʥʠʷ. 

ʀʟ ʩʢʘʟʘʥʥʦʛʦ ʩʣʝʜʫʝʪ, ʯʪʦ ʩʪʨʫʢʪʫʨʘ < N, +, ¶> ʦʙʨʘʟʫʝʪ ʘʩʩʦʮʠʘʪʠʚʥʦ-
ʢʦʤʤʫʪʘʪʠʚʥʦʝ ʧʦʣʫʢʦʣʴʮʦ ʩ ʝʜʠʥʠʮʝʡ. 
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2. ʆʯʝʚʠʜʥʦ ʪʘʢʞʝ, ʯʪʦ ʫʤʥʦʞʝʥʠʝ ʥʘ ʤʥʦʞʝʩʪʚʝ Z ʚʩʝʭ ʮʝʣʳʭ ʯʠʩʝʣ ʦʙʣʘʜʘʝʪ 
ʪʘʢʠʤʠ ʞʝ ʩʚʦʡʩʪʚʘʤʠ, ʢʘʢ ʠ ʩʣʦʞʝʥʠʝ, ʢʨʦʤʝ ʩʚʦʡʩʪʚʘ ʦʙʨʘʪʠʤʦʩʪʠ, ʧʦʩʢʦʣʴʢʫ ʜʣʷ 

ʚʩʷʢʦʛʦ ʮʝʣʦʛʦ ʯʠʩʣʘ ʘ, ʟʘ ʠʩʢʣʶʯʝʥʠʝʤ 1 ʠ -1, ʦʙʨʘʪʥʳʡ ʵʣʝʤʝʥʪ ʘ1-  ʥʝ ʷʚʣʷʝʪʩʷ 

ʮʝʣʳʤ ʯʠʩʣʦʤ. ʇʦʵʪʦʤʫ ʩʪʨʫʢʪʫʨʘ < Z, Ö> ʦʙʨʘʟʫʝʪ ʘʙʝʣʝʚʫ ʧʦʣʫʛʨʫʧʧʫ. ʂʨʦʤʝ ʪʦʛʦ, 

ʦʯʝʚʠʜʥʦ, ʯʪʦ ʚ ʤʥʦʞʝʩʪʚʝ Z ʥʝʪ ʜʝʣʠʪʝʣʝʡ ʥʫʣʷ. ʉʣʝʜʦʚʘʪʝʣʴʥʦ, ʩʪʨʫʢʪʫʨʘ < Z, +, Ö> 
ʷʚʣʷʝʪʩʷ ʦʙʣʘʩʪʴʶ ʮʝʣʦʩʪʥʦʩʪʠ. 

3. ʅʝʪʨʫʜʥʦ ʧʨʦʚʝʨʠʪʴ, ʯʪʦ ʥʘ ʤʥʦʞʝʩʪʚʝ ʚʩʝʭ ʜʝʡʩʪʚʠʪʝʣʴʥʳʭ ʯʠʩʝʣ ʩʣʦʞʝʥʠʝ 
ʠ ʫʤʥʦʞʝʥʠʝ ʦʙʣʘʜʘʶʪ ʩʚʦʡʩʪʚʘʤʠ ʘʩʩʦʮʠʘʪʠʚʥʦʩʪʠ, ʢʦʤʤʫʪʘʪʠʚʥʦʩʪʠ, ʚ ʢʘʯʝʩʪʚʝ 
ʥʝʡʪʨʘʣʴʥʳʭ ʵʣʝʤʝʥʪʦʚ ʚʳʩʪʫʧʘʶʪ 0 ʠ 1 ʩʦʦʪʚʝʪʩʪʚʝʥʥʦ, ʦʙʝ ʦʧʝʨʘʮʠʠ ʦʙʨʘʪʠʤʳ ʠ 

ʫʤʥʦʞʝʥʠʝ ʜʠʩʪʨʠʙʫʪʠʚʥʦ ʦʪʥʦʩʠʪʝʣʴʥʦ ʩʣʦʞʝʥʠʷ. ʉʣʝʜʦʚʘʪʝʣʴʥʦ, < R, +, Ö> ʧʦ 
ʦʧʝʨʘʮʠʷʤ ʩʣʦʞʝʥʠʷ ʠ ʫʤʥʦʞʝʥʠʷ ʦʙʨʘʟʫʝʪ ʧʦʣʝ. 

ʈʘʩʩʤʦʪʨʠʤ ʝʱʝ ʦʜʠʥ ʧʨʠʤʝʨ, ʢʦʪʦʨʳʡ ʙʫʜʝʪ ʠʤʝʪʴ ʦʩʦʙʦʝ ʟʥʘʯʝʥʠʝ ʚ 
ʜʘʣʴʥʝʡʰʝʤ. 

ʇʈʀʄɽʈ 3. ʅʘ ʤʥʦʞʝʩʪʚʝ Zm ʦʧʨʝʜʝʣʠʤ ʦʧʝʨʘʮʠʠ ʩʣʦʞʝʥʠʷ ʠ ʫʤʥʦʞʝʥʠʷ 
ʚʳʯʝʪʦʚ ʧʦ ʧʨʘʚʠʣʘʤ: 

baba +=+ , 

baba Ö=Ö . 

ʅʝʪʨʫʜʥʦ ʧʨʦʚʝʨʠʪʴ, ʯʪʦ ʵʪʠ ʦʧʝʨʘʮʠʠ ʥʘ ʤʥʦʞʝʩʪʚʝ Z m  ʚʩʝʛʜʘ ʚʳʧʦʣʥʠʤʳ ʠ 

ʦʜʥʦʟʥʘʯʥʦ ʦʧʨʝʜʝʣʝʥʳ, ʪʦ ʝʩʪʴ ʨʝʟʫʣʴʪʘʪ ʚʧrʦʣʥʝʥʠʷ ʦʧʝʨʘʮʠʠ ʥʝ ʟʘʚʠʩʠʪ ʦʪ 
ʚʳʙʦʨʘ ʧʨʝʜʩʪʘʚʠʪʝʣʷ ʢʣʘʩʩʘ ʚʳʯʝʪʦʚ. ɺ ʧʦʣʫʯʘʶʱʝʡʩʷ ʪʘʢʠʤ ʦʙʨʘʟʦʤ ʘʣʛʝʙʨʝ < Zm, 
+, ¶> ʚʳʧʦʣʥʷʶʪʩʷ ʚʩʝ ʘʢʩʠʦʤʳ ʢʦʤʤʫʪʘʪʠʚʥʦʛʦ ʢʦʣʴʮʘ ʩ ʝʜʠʥʠʮʝʡ. ʂʦʣʴʮʦ <Zm, +, ¶> 
ʥʘʟʳʚʘʝʪʩʷ ʢʦʣʴʮʦʤ ʢʣʘʩʩʦʚ ʚʳʯʝʪʦʚ ʠʣʠ ʧʨʦʩʪʦ ʢʦʣʴʮʦʤ ʚʳʯʝʪʦʚ ʧʦ ʤʦʜʫʣʶ m. 

ʉʧʨʘʚʝʜʣʠʚʳ ʩʣʝʜʫʶʱʠʝ ʫʪʚʝʨʞʜʝʥʠʷ, ʢʦʪʦʨʳʝ ʙʫʜʫʪ ʥʘʤ ʧʦʣʝʟʥʳ ʚ 
ʜʘʣɹʥʝʡʰʝʤ. 

ʊɽʆʈɽʄɸ. ʕʣʝʤʝʥʪ a ʢʦʣʴʮʘ Zm ʠʤʝʝʪ ʦʙʨʘʪʥʳʡ ʪʦʛʜʘ ʠ ʪʦʣʴʢʦ ʪʦʛʜʘ, ʢʦʛʜʘ  
ʅʆɼ(a, m) = 1. 

ʊɽʆʈɽʄɸ 

ʂʦʣʴʮʦ ʚʳʯʝʪʦʚ < Zm, +, Ö> ʪʦʛʜʘ ʠ ʪʦʣʴʢʦ ʪʦʛʜʘ ʷʚʣʷʝʪʩʷ ʧʦʣʝʤ, ʢʦʛʜʘ m ï 
ʧʨʦʩʪʦʝ ʯʠʩʣʦ. 

ʇʨʦʩʪʝʡʰʠʝ ʩʚʦʡʩʪʚʘ ʢʦʣʝʮ ʠ ʧʦʣʝʡ. ɻʦʤʦʤʦʨʬʠʟʤʳ ʠ ʠʟʦʤʦʨʬʠʟʤʳ 
ʢʦʣʝʮ ʠ ʧʦʣʝʡ 

ʉɺʆʁʉʊɺʆ 1. ɺʩʷʢʘʷ ʘʜʜʠʪʠʚʥʘʷ ʘʙʝʣʝʚʘ ʛʨʫʧʧʘ <G, + > ʤʦʞʝʪ ʩʣʫʞʠʪʴ 
ʘʜʜʠʪʠʚʥʦʡ ʛʨʫʧʧʦʡ ʢʦʣʴʮʘ <G, + , ¶ >, ʛʜʝ ʫʤʥʦʞʝʥʠʝ ç ¶è ʦʧʨʝʜʝʣʝʥʦ ʩʣʝʜʫʶʱʠʤ 
ʦʙʨʘʟʦʤ: 

(" a, b Í G) a ¶b = 0. 
ʉɺʆʁʉʊɺʆ 2. ɺ ʣʶʙʦʤ ʢʦʣʴʮʝ ʚʳʧʦʣʥʷʶʪʩʷ ʚʩʝ ʩʚʦʡʩʪʚʘ ʘʜʜʠʪʠʚʥʦʡ ʛʨʫʧʧʳ. 
ʉɺʆʁʉʊɺʆ 3. ɺʦ ʚʩʷʢʦʤ ʢʦʣʴʮʝ <K, + , ¶ > ʫʤʥʦʞʝʥʠʝ ʜʠʩʪʨʠʙʫʪʠʚʥʦ ʩʣʝʚʘ ʠ 

ʩʧʨʘʚʘ ʦʪʥʦʩʠʪʝʣʴʥʦ ʚʳʯʠʪʘʥʠʷ: 

(" a, b, c Í K) c¶(a ï b) = c¶a - c¶b ʠ 
     (a ï b) ¶c = a¶c - b¶c. 

ʉɺʆʁʉʊɺʆ 4 
ɺʦ ʚʩʷʢʦʤ ʢʦʣʴʮʝ <K, + , ¶ > ʣʶʙʦʝ ʧʨʦʠʟʚʝʜʝʥʠʝ, ʚ ʢʦʪʦʨʦʤ ʭʦʪʷ ʙʳ ʦʜʠʥ ʠʟ 

ʩʦʤʥʦʞʠʪʝʣʝʡ ʨʘʚʝʥ ʥʫʣʶ, ʩʘʤʦ ʨʘʚʥʦ ʥʫʣʶ, ʪʦ ʝʩʪʴ: 

(" a Í K) a ¶0 = 0 ¶a = 0. 
ɿɸʄɽʏɸʅʀɽ. ʆʙʨʘʱʝʥʠʝ ʧʦʩʣʝʜʥʝʛʦ ʩʚʦʡʩʪʚʘ, ʚʦʦʙʱʝ ʛʦʚʦʨʷ, ʥʝʚʝʨʥʦ. ɸ 

ʠʤʝʥʥʦ, ʩʫʱʝʩʪʚʫʶʪ ʢʦʣʴʮʘ, ʥʘʧʨʠʤʝʨ, ʢʦʣʴʮʦ ʢʚʘʜʨʘʪʥʳʭ ʤʘʪʨʠʮ ʧʦʨʷʜʢʘ n, ʚ 
ʢʦʪʦʨʳʭ ʠʟ ʨʘʚʝʥʩʪʚʘ ʥʫʣʶ ʧʨʦʠʟʚʝʜʝʥʠʷ a ¶b = 0 ʥʝ ʩʣʝʜʫʝʪ ʨʘʚʝʥʩʪʚʦ ʥʫʣʶ 
ʩʦʤʥʦʞʠʪʝʣʝʡ. ʊʦ ʝʩʪʴ, ʩʫʱʝʩʪʚʫʶʪ ʢʦʣʮɹʘ ʩ ʜʝʣʠʪʝʣʷʤʠ ʥʫʣʷ. 

ʆʇʈɽɼɽʃɽʅʀɽ. ʇʦʜʢʦʣʴʮʦʤ ʢʦʣʴʮʘ ʂ ʥʘʟʳʚʘʝʪʩʷ ʚʩʷʢʦʝ ʧʦʜʤʥʦʞʝʩʪʚʦ ʂ¡ ʵʪʦʛʦ 
ʢʦʣʴʮʘ, ʢʦʪʦʨʦʝ ʩʘʤʦ ʷʚʣʷʝʪʩʷ ʢʦʣʴʮʦʤ ʦʪʥʦʩʠʪʝʣʴʥʦ ʦʧʝʨʘʮʠʡ, ʦʧʨʝʜʝʣʝʥʥʳʭ ʚ ʂ. 

ʊɽʆʈɽʄɸ (ʢʨʠʪʝʨʠʡ ʧʦʜʢʦʣʴʮʘ) 
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ʇʦʜʤʥʦʞʝʩʪʚʦ ʂ¡ ʢʦʣʴʮʘ <K, + , ¶ > ʙʫʜʝʪ ʝʛʦ ʧʦʜʢʦʣʴʮʦʤ ʪʦʛʜʘ ʠ ʪʦʣʴʢʦ ʪʦʛʜʘ, 
ʢʦʛʜʘ ʚʳʧʦʣʥʝʥʳ ʫʩʣʦʚʠʷ: 

1) (" a, b Í K¡ ) a + (-b) Í ʂ¡ , ʪ.ʝ., < ʂ¡ , + > - ʧʦʜʛʨʫʧʧʘ ʘʜʜʠʪʠʚʥʦʡ ʛʨʫʧʧʳ ʢʦʣʴʮʘ; 

2) (" a, b Í K¡ )  a ¶b Í ʂ¡ . 
ʉɺʆʁʉʊɺʆ 5. ʊʘʢ ʢʘʢ ʚʩʷʢʦʝ ʧʦʣʝ ʷʚʣʷʝʪʩʷ ʢʦʣʴʮʦʤ, ʪʦ ʚʩʝ ʩʚʦʡʩʪʚʘ ʢʦʣʝʮ 

ʩʧʨʘʚʝʜʣʠʚʳ ʠ ʜʣʷ ʧʦʣʝʡ. 
ʆʇʈɽɼɽʃɽʅʀɽ. ʇʫʩʪʴ ʜʘʥʦ ʢʦʣʴʮʦ <K, + , ¶ >. ʈʘʩʩʤʦʪʨʠʤ ʤʥʦʞʝʩʪʚʦ P ʚʩʝʭ 

ʪʘʢʠʭ ʫʧʦʨʷʜʦʯʝʥʥʳʭ ʧʘʨ ʵʣʝʤʝʥʪʦʚ ʢʦʣʴʮʘ K, ʫ ʢʦʪʦʨʳʭ ʚʪʦʨʦʡ ʵʣʝʤʝʥʪ ʥʝ ʨʘʚʝʥ 
ʥʫʣʶ: 

P = {<a, b>/ a, b Í K, b Í 0}. 

ɹʫʜʝʤ ʦʙʦʟʥʘʯʘʪʴ ʪʘʢʠʝ ʧʘʨʳ ʚ ʚʠʜʝ ʜʨʦʙʝʡ b

a
ʠ ʥʘʟʳʚʘʪʴ ʠʭ ʯʘʩʪʥʳʤʠ 

ʢʦʣʴʮʘ <K, + , ¶ >. ɿʘʜʘʜʠʤ ʥʘ ʤʥʦʞʝʩʪʚʝ ʚʩʝʭ ʯʘʩʪʥʳʭ ʢʦʣʴʮʘ ʦʧʝʨʘʮʠʠ ç + è ʠ ç¶è 
ʩʣʝʜʫʶʱʠʤ ʦʙʨʘʟʦʤ: 

(" a, b, c, d Í K)   b

a
+ d

c
= db

bcda

¶

¶+¶
, b Í 0, d Í 0; 

(" a, b, c, d Í K) b

a
¶ d

c
= db

ca

¶

¶
, b Í 0, d Í 0. 

ʆʇʈɽɼɽʃɽʅʀɽ. ɼʚʘ ʯʘʩʪʥʳʭ ʙʫʜʝʤ ʥʘʟʳʚʘʪʴ ʨʘʚʥʳʤʠ, ʝʩʣʠ ʚʳʧʦʣʥʷʝʪʩʷ 
ʨʘʚʝʥʩʪʚʦ: 

d

c

b

a
=  <=>  a¶d = b¶c. 

ʄʥʦʞʝʩʪʚʦ ʚʩʝʭ ʨʘʚʥʳʭ ʤʝʞʜʫ ʩʦʙʦʡ ʯʘʩʪʥʳʭ ʧʦʣʷ K ʙʫʜʝʤ ʦʙʲʝʜʠʥʪ̫ʴ ʚ ʦʜʠʥ 
ʢʣʘʩʩ ʠ ʚ ʢʘʯʝʩʪʚʝ ʧʨʝʜʩʪʘʚʠʪʝʣʷ ʵʪʦʛʦ ʢʣʘʩʩʘ ʦʙʳʯʥʦ ʨʘʩʩʤʘʪʨʠʚʘʝʪʩʷ ʥʝʩʦʢʨʘʪʠʤʘʷ 
ʜʨʦʙʴ, ʢʦʪʦʨʘʷ ʚ ʜʘʥʥʦʤ ʢʣʘʩʩʝ ʝʜʠʥʩʪʚʝʥʥʘ. 

ʅʝʪʨʫʜʥʦ ʧʨʦʚʝʨʠʪʴ, ʯʪʦ ʦʧʝʨʘʮʠʠ ʟʘʜʘʥʳ ʢʦʨʨʝʢʪʥʦ, ʪʦ ʝʩʪʴ ʨʝʟʫʣʴʪʘʪ ʠʭ 
ʚʳʧʦʣʥʝʥʠʷ ʥʝ ʟʘʚʠʩʠʪ ʦʪ ʚʳʙʦʨʘ ʧʨʝʜʩʪʘʚʠʪʝʣʷ ʢʣʘʩʩʘ. ʇʦʵʪʦʤʫ ʚ ʜʘʣʴʥʝʡʰʝʤ 
ʙʫʜʝʤ ʦʪʦʞʜʝʩʪʚʣʷʪʴ ʚʝʩʴ ʢʣʘʩʩ ʨʘʚʥʳʭ ʤʝʞʜʫ ʩʦʙʦʡ ʯʘʩʪʥʳʭ ʢʦʣʴʮʘ ʩ ʝʛʦ 
ʥʝʩʦʢʨʘʪʠʤʳʤ ʧʨʝʜʩʪʘʚʠʪʝʣʝʤ. 

ʉʣʝʜʫʶʱʠʝ ʩʚʦʡʩʪʚʘ ʤʥʦʞʝʩʪʚʘ ʚʩʝʭ ʯʘʩʪʥʳʭ ʢʦʣʴʮʘ K ʧʦʢʘʟʳʚʘʶʪ, ʯʪʦ ʧʦ 

ʟʘʜʘʥʥʳʤ ʦʧʝʨʘʮʠʷʤ ʵʪʦ ʤʥʦʞʝʩʪʚʦ ʦʙʨʘʟʫʝʪ ʧʦʣʝ, ʢʦʪʦʨʦʝ ʥʘʟʳʚʘʝʪʩʷ ʧʦʣʝʤ 
ʯʘʩʪʥʳʭ ʢʦʣʴʮʘ K. 

ʉɺʆʁʉʊɺʆ 6. ʆʧʝʨʘʮʠʠ ʩʣʦʞʝʥʠʷ ʠ ʫʤʥʦʞʝʥʠʷ ʥʘ ʤʥʦʞʝʩʪʚʝ ʚʩʝʭ ʯʘʩʪʥʳʭ 
ʢʦʣʴʮʘ K ʦʙʣʘʜʘʶʪ ʩʚʦʡʩʪʚʘʤʠ ʘʩʩʦʮʠʘʪʠʚʥʦʩʪʠ ʠ ʢʦʤʤʫʪʘʪʠʚʥʦʩʪʠ. ʋʤʥʦʞʝʥʠʝ 
ʩʚʷʟʘʥʦ ʩʦ ʩʣʦʞʝʥʠʝʤ ʣʝʚʳʤ ʠ ʧʨʘʚʳʤ ʟʘʢʦʥʘʤʠ ʜʠʩʪʨʠʙʫʪʠʚʥʦʩʪʠ. 

ʉɺʆʁʉʊɺʆ 7. ʇʦ ʦʧʝʨʘʮʠʠ ç + è ʩʫʱʝʩʪʚʫʝʪ ʥʝʡʪʨʘʣʴʥʳʡ ʵʣʝʤʝʥʪ, ʚ ʢʘʯʝʩʪʚʝ 
ʢʦʪʦʨʦʛʦ ʚʳʩʪʫʧʘʝʪ ʢʣʘʩʩ ʜʨʦʙʝʡ ʩ ʯʠʩʣʠʪʝʣʝʤ, ʨʘʚʥʳʤ ʥʫʣʶ, ʠ ʧʨʦʠʟʚʦʣʴʥʳʤ 
ʟʥʘʤʝʥʘʪʝʣʝʤ.  

ɼʣʷ ʵʣʝʤʝʥʪʘ b

a

ʧʨʦʪʠʚʦʧʦʣʦʞʥʳʤ ʷʚʣʷʝʪʩʷ ʵʣʝʤʝʥʪ b

a-

.
 

ʉɺʆʁʉʊɺʆ 8. ʇʦ ʦʧʝʨʘʮʠʠ ç ¶è ʩʫʱʝʩʪʚʫʝʪ ʥʝʡʪʨʘʣʴʥʳʡ ʵʣʝʤʝʥʪ, ʚ ʢʘʯʝʩʪʚʝ 

ʢʦʪʦʨʦʛʦ ʚʳʩʪʫʧʘʝʪ ʢʣʘʩʩ ʜʨʦʙʝʡ ʩ ʯʠʩʣʠʪʝʣʝʤ, ʨʘʚʥʳʤ ʟʥʘʤʝʥʘʪʝʣʶ. ɼʣʷ ʚʩʷʢʦʛʦ 

ʥʝʥʫʣʝʚʦʛʦ ʵʣʝʤʝʥʪʘ b

a

 ʦʙʨʘʪʥʳʤ ʷʚʣʝ̫ʪʩʷ ʵʣʝʤʝʥʪ a

b

. 
ʉɺʆʁʉʊɺʆ 9. ɽʜʠʥʠʮʘ ʧʦʣʷ ʥʝ ʨʘʚʥʘ ʥʫʣʶ ʧʦʣʷ, ʩʣʝʜʦʚʘʪʝʣʴʥʦ, ʚʦ ʚʩʷʢʦʤ 

ʧʦʣʝ ʠʤʝʝʪʩʷ ʧʦ ʢʨʘʡʥʝʡ ʤʝʨʝ ʜʚʘ ʨʘʟʣʠʯʥʳʭ ʵʣʝʤʝʥʪʘ ï 0 ʠ 1. 
ʉɺʆʁʉʊɺʆ 10. ʅʠʢʘʢʦʝ ʧʦʣʝ ʥʝ ʩʦʜʝʨʞʠʪ ʜʝʣʠʪʝʣʝʡ ʥʫʣʷ. 

ʆʇʈɽɼɽʃɽʅʀɽ. ʇʫʩʪʴ <K, + , ¶> ʠ <S, * , >̄ - ʜʚʘ ʢʦʣʴʮʘ. ʆʪʦʙʨʘʞʝʥʠʝ j: K Ÿ S 
ʥʘʟʳʚʘʝʪʩʷ ʛʦʤʦʤʦʨʬʠʟʤʦʤ ʢʦʣʝʮ, ʝʩʣʠ ʚʳʧʦʣʥʷʶʪʩʷ ʫʩʣʦʚʠʷ: 
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1) (" a, b Í K) j(a + b) = j(a) * j(b); 

2) (" a, b Í K) j(a ¶b) = j(a)  ̄j(b). 

ɻʦʤʦʤʦʨʬʠʟʤ j ʢʦʣʝʮ K ʠ S ʥʘʟʳʚʘʝʪʩʷ ʠʟʦʤʦʨʬʠʟʤʦʤ, ʝʩʣʠ ʦʪʦʙʨʘʞʝʥʠʝ j 
ʙʠʝʢʪʠʚʥʦ. 

ʆʇʈɽɼɽʃɽʅʀɽ. ʗʜʨʦʤ ʛʦʤʦʤʦʨʬʠʟʤʘ ʢʦʣʝʮ K ʠ S ʥʘʟʳʚʘʝʪʩʷ ʤʥʦʞʝʩʪʚʦ ʚʩʝʭ 
ʵʣʝʤʝʥʪʦʚ ʢʦʣʴʮʘ K, ʢʦʪʦʨʳʝ ʦʪʦʙʨʘʞʘʶʪʩʷ ʚ ʥʫʣʴ ʢʦʣʴʮʘ S: 

Ker j = {x¼ x Í K, j(x) = S0 . 

 
ʊʝʤʘ. ʊʝʦʨʠʷ ʜʝʣʠʤʦʩʪʠ ʚ ʢʦʣʴʮʝ ʮʝʣʳʭ ʯʠʩʝʣ ʠ ʢʦʣʴʮʝ ʤʥʦʛʦʯʣʝʥʦʚ 

ʇʣʘʥ 
1. ɼʝʣʝʥʠʝ ʮʝʣʳʭ ʯʠʩʝʣ ʩ ʦʩʪʘʪʢʦʤ.  
2. ʅʆɼ ʠ ʅʆʂ ʮʝʣʳʭ ʯʠʩʝʣ. ɸʣʛʦʨʠʪʤ ɽʚʢʣʠʜʘ. ʂʘʥʦʥʠʯʝʩʢʦʝ ʧʨʝʜʩʪʘʚʣʝʥʠʝ 

ʮʝʣʳʭ ʯʠʩʝʣ.  
3. ɼʝʣʝʥʠʝ ʤʥʦʛʦʯʣʝʥʦʚ ʩ ʦʩʪʘʪʢʦʤ. ɼʝʣʝʥʠʝ ʤʥʦʛʦʯʣʝʥʘ ʥʘ ʜʚʫʯʣʝʥ. ʂʦʨʥʠ 

ʤʥʦʛʦʯʣʝʥʘ 
4. ʅʆɼ ʠ ʅʆʂ ʤʥʦʛʦʯʣʝʥʦʚ. ɸʣʛʦʨʠʪʤ ɽʚʢʣʠʜʘ ʠ ʪʝʦʨʝʤʘ ʃʘʤʝ ʜʣʷ 

ʤʥʦʛʦʯʣʝʥʦʚ. 
1. ɼʝʣʝʥʠʝ ʮʝʣʳʭ ʯʠʩʝʣ ʩ ʦʩʪʘʪʢʦʤ 
ʆʇʈɽɼɽʃɽʅʀɽ. ɻʦʚʦʨʷʪ, ʯʪʦ ʮʝʣʦʝ ʯʠʩʣʦ ʘ ʜʝʣʠʪʩʷ ʥʘ ʮʝʣʦʝ ʯʠʩʣʦ b Í 0, ʝʩʣʠ 

ʥʘʡʜʝʪʩʷ ʪʘʢʦʝ ʮʝʣʦʝ ʯʠʩʣʦ ʩ, ʯʪʦ a = bÖc. 
ʏʠʩʣʦ a ʥʘʟʳʚʘʝʪʩʷ ʢʨʘʪʥʳʤ ʯʠʩʣʘ b, ʯʠʩʣʦ b ï ʜʝʣʠʪʝʣʝʤ ʯʠʩʣʘ a, ʯʠʩʣʦ ʩ ï 

ʯʘʩʪʥʳʤ ʦʪ ʜʝʣʝʥʠʷ a ʥʘ b. 
ɿɸʄɽʏɸʅʀɽ. ʆʪʥʦʰʝʥʠʝ ʜʝʣʠʤʦʩʪʠ, ʢʘʢ ʚʠʜʥʦ ʠʟ ʦʧʨʝʜʝʣʝʥʠʷ, ʚʚʦʜʠʪʩʷ ʯʝʨʝʟ 

ʦʙʨʘʪʥʫʶ ʦʧʝʨʘʮʠʶ ï ʫʤʥʦʞʝʥʠʝ ʮʝʣʳʭ ʯʠʩʝʣ. ʆʜʥʘʢʦ, ʝʩʣʠ ʨʘʩʩʤʘʪʨʠʚʘʪʴ ʜʝʣʝʥʠʝ 
ʢʘʢ ʙʠʥʘʨʥʫʶ ʦʧʝʨʘʮʠʶ, ʢʦʪʦʨʘʷ ʧʘʨʝ ʮʝʣʳʭ ʯʠʩʝʣ <a, b>, b Í 0, ʩʪʘʚʠʪ ʚ ʩʦʦʪʚʝʪʩʪʚʠʝ 

ʯʠʩʣʦ ʘ : b, ʢʦʪʦʨʦʝ, ʚʦʦʙʱʝ ʛʦʚʦʨʷ, ʥʝ ʦʙʷʟʘʪʝʣʴʥʦ ʷʚʣʷʝʪʩʷ ʮʝʣʳʤ, ʪʦ ʦʧʝʨʘʮʠʷ 
ʜʝʣʝʥʠʷ ʥʘ ʤʥʦʞʝʩʪʚʝ Z ʙʫʜʝʪ ʯʘʩʪʠʯʥʦʡ ʦʧʝʨʘʮʠʝʡ. 

ʆʪʤʝʪʠʤ ʦʩʥʦʚʥʳʝ ʩʚʦʡʩʪʚʘ ʦʪʥʦʰʝʥʠʷ ʜʝʣʠʤʦʩʪʠ ʚ ʢʦʣʴʮʝ Z. 
ʉɺʆʁʉʊɺʆ 1. ʇʫʩʪʴ ʘ ʠ b ï ʮʝʣʳʝ ʯʠʩʣʘ, ʥʝ ʨʘʚʥʳʝ 0. ɽʩʣʠ ʦʜʥʦʚʨʝʤʝʥʥʦ 

ʚʳʧʦʣʥʷʶʪʩʷ ʫʩʣʦʚʠʷ: ʘ : b ʠ b : ʘ, ʪʦ ʘ = ° b. 

ɽʩʣʠ ʘ : b, ʪʦ ʘ : -b ʠ - ʘ : b. ʎʝʣʦʝ ʯʠʩʣʦ 0 ʜʝʣʠʪʩʷ ʥʘ ʣʶʙʦʝ ʜʨʫʛʦʝ ʮʝʣʦʝ ʯʠʩʣʦ. 
ʉɺʆʁʉʊɺʆ 2. ɽʩʣʠ ʜʣʷ ʮʝʣʳʭ ʯʠʩʝʣ ʘ, b ʠ ʩ Í 0 ʚʳʧʦʣʥʷʶʪʩʷ ʫʩʣʦʚʠʷ: 

ʘ : b ʠ ʘ : ʩ, ʪʦ ʘ : (b ° ʩ). 
ɿɸʄɽʏɸʅʀɽ. ʆʙʨʘʪʥʦʝ ʫʪʚʝʨʞʜʝʥʠʝ ʚ ʦʙʱʝʤ ʩʣʫʯʘʝ ʥʝʚʝʨʥʦ, ʪʦ ʝʩʪʴ, ʝʩʣʠ ʜʣʷ 

ʮʝʣʳʭ ʯʠʩʝʣ ʘ, b ʠ ʩ ʚʳʧʦʣʥʷʝʪʩʷ ʜʝʣʠʤʦʩʪʴ ʘ : (b ° ʩ), ʪʦ ʦʪʩʶʜʘ ʥʝ ʩʣʝʜʫʝʪ, ʯʪʦ 

ʯʠʩʣʦ ʘ ʜʝʣʠʪʩʷ ʥʘ ʢʘʞʜʦʝ ʠʟ ʩʣʘʛʘʝʤʳʭ. ʅʘʧʨʠʤʝʨ, 12 : (5 + 7), ʥʦ ʧʨʠ ʵʪʦʤ 12 ʥʝ 
ʜʝʣʠʪʩʷ ʥʠ ʥʘ 5, ʥʠ ʥʘ 7. 

ʉɺʆʁʉʊɺʆ 3. ʆʪʥʦʰʝʥʠʝ ʜʝʣʠʤʦʩʪʠ ʥʘ ʤʥʦʞʝʩʪʚʝ Z \ {0} ʨʝʬʣʝʢʩʠʚʥʦ ʠ 
ʪʨʘʥʟʠʪʠʚʥʦ, ʪʘʢ ʢʘʢ: 

(" a Í Z \ {0}) a : ° a     ʠ 

(" a, b, c Í Z \ {0}) (a : b ʠ b : c => b : c). 

ʆʯʝʚʠʜʥʦ, ʯʪʦ ʥʘ ʤʥʦʞʝʩʪʚʝ Z+ ʦʪʥʦʰʝʥʠʝ ʜʝʣʠʤʦʩʪʠ ʙʫʜʝʪ ʪʘʢʞʝ 
ʘʥʪʠʩʠʤʤʝʪʨʠʯʥʦ, ʪʘʢ ʢʘʢ: 

(" a, b Í Z+) (a : b ʠ b : a => a = b). 
ʇʦʵʪʦʤʫ ʥʘ ʤʥʦʞʝʩʪʚʝ ʚʩʝʭ ʧʦʣʦʞʠʪʝʣʴʥʳʭ ʮʝʣʳʭ ʯʠʩʝʣ ʦʪʥʦʰʝʥʠʝ ʜʝʣʠʤʦʩʪʠ 

ʷʚʣʷʝʪʩʷ ʦʪʥʦʰʝʥʠʝʤ ʥʝʩʪʨʦʛʦʛʦ ʧʦʨʷʜʢʘ. 

ʉɺʆʁʉʊɺʆ 4. ɽʩʣʠ ʜʣʷ ʮʝʣʳʭ ʘ ʠ b Í 0, ʘ : b, ʪʦ ʜʣʷ ʣʶʙʦʛʦ ʮʝʣʦʛʦ ʩ: ʘʩ : b. 
ʉɺʆʁʉʊɺʆ 5. ɽʩʣʠ ʢʘʞʜʦʝ ʠʟ ʜʚʫʭ ʮʝʣʳʭ ʯʠʩʝʣ ʘ ʠ b ʜʝʣʠʪʩʷ ʥʘ ʯʠʩʣʦ ʩ Í 0, ʪʦ: 

(" n, m Í Z)  (na ° mb) : c. 
ʆʇʈɽɼɽʃɽʅʀɽ. ɻʦʚʦʨʷʪ, ʯʪʦ ʮʝʣʦʝ ʯʠʩʣʦ ʘ ʜʝʣʠʪʩʷ ʩ ʦʩʪʘʪʢʦʤ ʥʘ ʮʝʣʦʝ 

ʯʠʩʣʦ b Í 0, ʝʩʣʠ ʩʫʱʝʩʪʚʫʶʪ ʪʘʢʠʝ ʮʝʣʳʝ ʯʠʩʣʘ p ʠ q, ʯʪʦ ʚʧrʦʣʥʷʶʪʩʷ ʫʩʣʦʚʠʷ: 



17 

a = bq + r,  0 ¢ r < | b |  (*). 
ʏʠʩʣʦ q ʥʘʟʳʚʘʝʪʩʷ ʥʝʧʦʣʥʳʤ ʯʘʩʪʥʳʤ, ʘ ʯʠʩʣʦ r ï ʦʩʪʘʪʢʦʤ ʦʪ ʜʝʣʝʥʠʷ ʘ ʥʘ 

b. 
ʀʟ ʦʧʨʝʜʝʣʝʥʠʷ, ʚʦʦʙʱʝ ʛʦʚʦʨʷ, ʥʝʣʴʟʷ ʩʜʝʣʘʪʴ ʚʳʚʦʜʦʚ ʦ ʪʦʤ, ʚʩʝʛʜʘ ʣʠ 

ʩʫʱʝʩʪʚʫʝʪ ʪʘʢʘʷ ʧʘʨʘ ʮʝʣʳʭ ʯʠʩʝʣ q ʠ r ʠ ʦʜʥʦʟʥʘʯʥʦ ʣʠ ʦʥʠ ʦʧʨʝʜʝʣʝʥʳ ʜʣʷ ʜʘʥʥʳʭ 

ʘ ʠ b. ʆʪʚʝʪ ʥʘ ʵʪʠ ʚʦʧʨʦʩʳ ʜʘʝʪ ʩʦʦʪʚʝʪʩʪʚʫʶʱʘʷ ʪʝʦʨʝʤʘ. 
ʊɽʆʈɽʄɸ (ʦ ʜʝʣʝʥʠʠ ʮʝʣʳʭ ʯʠʩʝʣ ʩ ʦʩʪʘʪʢʦʤ). ɼʣʷ ʚʩʷʢʠʭ ʮʝʣʳʭ ʯʠʩʝʣ ʘ ʠ b, 

ʛʜʝ b Í 0, ʜʝʣʝʥʠʝ ʩ ʦʩʪʘʪʢʦʤ ʚʩʝʛʜʘ ʚʳʧʦʣʥʠʤʦ ʠ ʦʜʥʦʟʥʘʯʥʦ ʦʧʨʝʜʝʣʝʥʦ. 
ʀʥʳʤʠ ʩʣʦʚʘʤʠ, ʜʣʷ ʚʩʷʢʠʭ ʮʝʣʳʭ ʯʠʩʝʣ ʘ ʠ b, ʛʜʝ b Í 0, ʚʩʝʛʜʘ ʩʫʱʝʩʪʚʫʝʪ ʠ 

ʧʨʠʪʦʤ ʝʜʠʥʩʪʚʝʥʥʘʷ ʧʘʨʘ ʮʝʣʳʭ ʯʠʩʝʣ q ʠ r, ʫʜʦʚʣʝʪʚʦʨʷʶʱʠʭ ʫʩʣʦʚʠʶ (*). 
ɿɸʄɽʏɸʅʀɽ. ɽʩʣʠ ʟʘʜʘʥʳ ʯʠʩʣʘ ʘ ʠ q ʠʣʠ ʘ ʠ r, ʪʦ ʜʨʫʛʫʶ ʧʘʨʫ ʯʠʩʝʣ ʠʟ ʫʩʣʦʚʠʷ 

(*) ʤʦʞʥʦ ʧʦʜʦʙʨʘʪʴ ʥʝ ʦʜʥʠʤ ʩʧʦʩʦʙʦʤ. 
ʉɺʆʁʉʊɺʆ 1. ʏʠʩʣʘ ʘ ʠ b ʜʘʶʪ ʦʜʠʥʘʢʦʚʳʝ ʦʩʪʘʪʢʠ ʧʨʠ ʜʝʣʝʥʠʠ ʥʘ ʥʝʢʦʪʦʨʦʝ 

ʮʝʣʦʝ ʯʠʩʣʦ m ʪʦʛʜʘ ʠ ʪʦʣʴʢʦ ʪʦʛʜʘ, ʢʦʛʜʘ ʨʘʟʥʦʩʪʴ (a ï b) ʜʝʣʠʪʩʷ ʥʘ m ʥʘʮʝʣʦ. 
ʇʫʩʪʴ m ï ʥʝʢʦʪʦʨʦʝ ʮʝʣʦʝ ʯʠʩʣʦ, m Í 0, m Í 1. ʈʘʩʩʤʦʪʨʠʤ ʥʘ ʤʥʦʞʝʩʪʚʝ Z 

ʙʠʥʘʨʥʦʝ ʦʪʥʦʰʝʥʠʝ r : 

(" ʘ, b Í Z) <a, b> Í r  <=> ʯʠʩʣʘ a ʠ b ʧʨʠ ʜʝʣʝʥʠʠ ʥʘ m ʜʘʶʪ ʦʜʠʥʘʢʦʚʳʝ 
ʦʩʪʘʪʢʠ. 

ʊʦʛʜʘ ʩʧʨʘʚʝʜʣʠʚʦ ʩʣʝʜʫʶʱʝʝ ʩʚʦʡʩʪʚʦ. 

ʉɺʆʁʉʊɺʆ 2. ʆʪʥʦʰʝʥʠʝ r ʥʘ ʤʥʦʞʝʩʪʚʝ ʮʝʣʳʭ ʯʠʩʝʣ ʷʚʣʷʝʪʩʷ ʦʪʥʦʰʝʥʠʝʤ 
ʵʢʚʠʚʘʣʝʥʪʥʦʩʪʠ. ʆʥʦ ʨʘʟʙʠʚʘʝʪ ʚʩʝ ʤʥʦʞʝʩʪʚʦ Z ʥʘ ʢʣʘʩʩʳ ʵʢʚʠʚʘʣʝʥʪʥʦʩʪʠ, ʚ 
ʢʘʞʜʳʡ ʠʟ ʢʦʪʦʨʳʭ ʧʦʧʘʜʘʶʪ ʪʝ ʠ ʪʦʣʴʢʦ ʪʝ ʮʝʣʳʝ ʯʠʩʣʘ, ʢʦʪʦʨʳʝ ʧʨʠ ʜʝʣʝʥʠʠ ʥʘ m 

ʜʘʁ ʪ ʦʜʠʥ ʠ ʪʦʪ ʞʝ ʦʩʪʘʪʦʢ r. ʊʘʢ ʢʘʢ ʨʘʟʣʠʯʥʳʤʠ ʦʩʪʘʪʢʘʤʠ ʧʨʠ ʜʝʣʝʥʠʠ ʥʘ m ʤʦʛʫʪ 
ʙʳʪʴ ʯʠʩʣʘ 0, 1, 2, é m ï 1, ʪʦ ʩʫʱʝʩʪʚʫʝʪ ʨʦʚʥʦ m ʨʘʟʣʠʯʥʳʭ ʢʣʘʩʩʦʚ ʨʘʟʙʠʝʥʠʷ ʧʦ 

ʜʘʥʥʦʤʫ ʦʪʥʦʰʝʥʠʶ r: 

K r  = {a Í Z / a = xq + r, x, q Í Z}. 

ʃʶʙʦʝ ʮʝʣʦʝ ʯʠʩʣʦ, ʧʨʠʥʘʜʣʝʞʘʱʝʝ ʢʣʘʩʩʫ K r, ʥʘʟʳʚʘʶʪ ʝʛʦ ʧʨʝʜʩʪʘʚʠʪʝʣʝʤ. 

ʆʙʦʟʥʘʯʠʤ ʤʥʦʞʝʩʪʚʦ ʚʝʭ ʢʣʘʩʩʦʚ ʨʘʟʙʠʝʥʠʷ ʧʦ ʦʪʥʦʰʝʥʠʶ ʵʢʚʠʚʘʣʝʥʪʥʦʩʪʠ r 

ʯʝʨʝʟ Z / r : 

Z / r = {K 0 , K 1, é, K ê, é, K 1-m } 

ʠ ʟʘʜʘʜʠʤ ʥʘ ʵʪʦʤ ʤʥʦʞʝʩʪʚʝ ʦʧʝʨʘʮʠʠ ʩʣʦʞʝʥʠʷ ʠ ʫʤʥʦʞʝʥʠʷ ʢʣʘʩʩʦʚ: 

K r  + K s  = K sr+ ; 

          K rÖK s  = K rs , ʛʜʝ r, s Í {0, 1, é, m-1}. 

ʅʝʪʨʫʜʥʦ ʧʨʦʚʝʨʠʪʴ, ʯʪʦ ʦʧʝʨʘʮʠʠ ʦʧʨʝʜʝʣʝʥʳ ʢʦʨʨʝʢʪʥʦ ʠ ʨʝʟʫʣʴʪʘʪ ʠʭ 
ʚʳʧʦʣʥʝʥʠʷ ʥʝ ʟʘʚʠʩʠʪ ʦʪ ʚʳʙʦʨʘ ʧʨʝʜʩʪʘʚʠʪʝʣʷ ʢʣʘʩʩʘ. ʊʦʛʜʘ ʤʦʞʥʦ 
ʩʬʦʨʤʫʣʠʨʦʚʘʪʴ ʩʣʝʜʫʶʱʠʝ ʩʚʦʡʩʪʚʘ. 

ʉɺʆʁʉʊɺʆ 3. ʆʧʝʨʘʮʠʷ ʩʣʦʞʝʥʠʷ ʥʘ ʤʥʦʞʝʩʪʚʝ Z / r ʘʩʩʦʮʠʘʪʠʚʥʘ ʠ 

ʢʦʤʤʫʪʘʪʠʚʥʘ. ʅʝʡʪʨʘʣʴʥʳʤ ʵʣʝʤʝʥʪʦʤ ʷʚʣʷʝʪʩʷ ʢʣʘʩʩ K 0, ʧʨʦʪʠʚʦʧʦʣʦʞʥʳʤ 

ʵʣʝʤʝʥʪʦʤ ʜʣʷ ʢʣʘʩʩʘ K r  ʷʚʣʷʝʪʩʷ ʢʣʘʩʩ K s, ʛʜʝ s ï ʥʘʠʤʝʥʴʰʝʝ ʮʝʣʦʝ 

ʧʦʣʦʞʠʪʝʣʴʥʦʝ ʯʠʩʣʦ ʩʦ ʩʚʦʡʩʪʚʦʤ: ʩʫʤʤʘ (r + s) ʜʝʣʠʪʩʷ ʥʘ m ʥʘʮʝʣʦ. 

ʉɺʆʁʉʊɺʆ 4. ʆʧʝʨʘʮʠʷ ʫʤʥʦʞʝʥʠʷ ʥʘ ʤʥʦʞʝʩʪʚʝ Z/r ʘʩʩʦʮʠʘʪʠʚʥʘ, 

ʢʦʤʤʫʪʘʪʠʚʥʘ ʠ ʦʙʣʘʜʘʝʪ ʝʜʠʥʠʮʝʡ, ʢʦʪʦʨʦʡ ʷʚʣʷʝʪʩʷ ʢʣʘʩʩ K1 . 

ʉɺʆʁʉʊɺʆ 5. ʋʤʥʦʞʝʥʠʝ ʢʣʘʩʩʦʚ ʩʚʷʟʘʥʦ ʩʦ ʩʣʦʞʝʥʠʝʤ ʟʘʢʦʥʘʤʠ 
ʜʠʩʪʨʠʙʫʪʠʚʥʦʩʪʠ: 

K rÖ (K s  + K t ) = K rÖK ts+  = K )( tsr +  = K rtrs+  = K rs  + K rt  = K rÖK s  + K rÖK t . 

ʉɺʆʁʉʊɺʆ 6 

ʀʟ ʩʚʦʡʩʪʚ 4 ï 6 ʩʣʝʜʫʝʪ, ʯʪʦ ʤʥʦʞʝʩʪʚʦ Z / r ʧʦ ʦʧʝʨʘʮʠʷʤ ʩʣʦʞʝʥʠʷ ʠ 
ʫʤʥʦʞʝʥʠʷ ʢʣʘʩʩʦʚ ʦʙʨʘʟʫʝʪ ʢʦʣʴʮʦ, ʢʦʪʦʨʦʝ ʥʘʟʳʚʘʝʪʩʷ ʢʦʣʴʮʦʤ ʢʣʘʩʩʦʚ ʚʳʯʝʪʦʚ ʧʦ 
ʤʦʜʫʣʶ m. 

ɿɸʄɽʏɸʅʀɽ. ʄʦʞʥʦ ʧʦʢʘʟʘʪʴ, ʯʪʦ ʬʘʢʪʦʨ-ʢʦʣʴʮʦ ʢʦʣʴʮʘ Z ʠʟ ʧʨʠʤʝʨʘ 2 
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ʧʘʨʘʛʨʘʬʘ 2.6 ʚʠʜʘ Z / mZ ʙʫʜʝʪ ʠʟʦʤʦʨʬʥʦ ʢʦʣʴʮʫ ʢʣʘʩʩʦʚ ʚʳʯʝʪʦʚ ʧʦ ʤʦʜʫʣʶ m. 
ʇʦʵʪʦʤʫ ʢʦʣʴʮʘ ʚʠʜʘ Z / mZ ʪʘʢʞʝ ʥʘʟʳʚʘʶʪ ʢʦʣʴʮʘʤʠ ʢʣʘʩʩʦʚ ʚʳʯʝʪʦʚ ʧʦ ʤʦʜʫʣʶ m. 

2. ʅʆɼ ʠ ʅʆʂ ʮʝʣʳʭ ʯʠʩʝʣ. ɸʣʛʦʨʠʪʤ ɽʚʢʣʠʜʘ. ʂʘʥʦʥʠʯʝʩʢʦʝ 
ʧʨʝʜʩʪʘʚʣʝʥʠʝ ʮʝʣʳʭ ʯʠʩʝʣ 

ʅʆɼ ʠ ʅʆʂ ʮʝʣʳʭ ʯʠʩʝʣ  
ʆʇʈɽɼɽʃɽʅʀɽ. ʎʝʣʦʝ ʯʠʩʣʦ d Í 0 ʥʘʟʳʚʘʝʪʩʷ ʦʙʱʠʤ ʜʝʣʠʪʝʣʝʤ ʮʝʣʳʭ ʯʠʩʝʣ 

a ʠ b, ʝʩʣʠ ʢʘʞʜʦʝ ʠʟ ʵʪʠʭ ʯʠʩʝʣ ʜʝʣʠʪʩʷ ʥʘ ʯʠʩʣʦ d. 
ʆʙʱʠʡ ʜʝʣʠʪʝʣʴ ʯʠʩʝʣ a ʠ b ʥʘʟʳʚʘʝʪʩʷ ʠʭ ʥʘʠʙʦʣʴʰʠʤ ʦʙʱʠʤ ʜʝʣʠʪʝʣʝʤ, 

ʝʩʣʠ ʦʥ ʜʝʣʠʪʩʷ ʥʘ ʣʶʙʦʡ ʜʨʫʛʦʡ ʠʭ ʦʙʱʠʡ ʜʝʣʠʪʝʣʴ. 
ʆʙʦʟʥʘʯʝʥʠʝ:     d = ʅʆɼ (a, b) ʠʣʠ d = (a, b). 
ʆʪʤʝʪʠʤ ʥʝʢʦʪʦʨʳʝ ʩʚʦʡʩʪʚʘ ʅʆɼ ʮʝʣʳʭ ʯʠʩʝʣ, ʢʦʪʦʨʳʝ ʙʫʜʫʪ ʚʘʞʥʳ ʚ 

ʜʘʣʴʥʝʡʰʝʤ. 

ʉɺʆʁʉʊɺʆ 1. ɽʩʣʠ d = ʅʆɼ (a, b) ʠ d 1  = ʅʆɼ (a, b), ʪʦ d1  = ° d. 

ʉɺʆʁʉʊɺʆ 2. ɽʩʣʠ ʯʠʩʣʦ a ʜʝʣʠʪʩʷ ʥʘ ʯʠʩʣʦ b Í 0 ʥʘʮʝʣʦ, ʪʦ ʅʆɼ (a, b) = b. 

ʉɺʆʁʉʊɺʆ 3. ʇʫʩʪʴ d 1  = ʅʆɼ (a, b), d = ʅʆɼ (d1, ʩ), ʪʦʛʜʘ d = ʅʆɼ (a, b, ʩ). 

ʉɺʆʁʉʊɺʆ 4. ɽʩʣʠ ʯʠʩʣʦ ʘ ʜʝʣʠʪʩʷ ʥʘ ʯʠʩʣʦ b ʩ ʦʩʪʘʪʢʦʤ, ʪʦ ʝʩʪʴ 

a = bq + r, 0 ¢ r < | b |, ʪʦ ʅʆɼ (a, b) = ʅʆɼ (b, r). 
ɿɸʄɽʏɸʅʀʗ 
1. ʇʝʨʚʦʝ ʩʚʦʡʩʪʚʦ ʦʟʥʘʯʘʝʪ, ʯʪʦ ʅʆɼ ʜʚʫʭ ʮʝʣʳʭ ʯʠʩʝʣ ʦʧʨʝʜʝʣʝʥ ʩ ʪʦʯʥʦʩʪʴʶ 

ʜʦ ʟʥʘʢʘ. ʆʙʳʯʥʦ ʧʨʠʥʷʪʦ ʧʨʦʚʦʜʠʪʴ ʨʘʩʩʫʞʜʝʥʠʷ ʩ ʧʦʣʦʞʠʪʝʣʴʥʳʤ ʟʥʘʯʝʥʠʝʤ ʅʆɼ 
ʮʝʣʳʭ ʯʠʩʝʣ. 

2. ʊʨʝʪʴʝ ʩʚʦʡʩʪʚʦ ʬʘʢʪʠʯʝʩʢʠ ʫʪʚʝʨʞʜʘʝʪ, ʯʪʦ ʦʧʝʨʘʮʠʷ ʥʘʭʦʞʜʝʥʠʷ ʅʆɼ 
ʮʝʣʳʭ ʯʠʩʝʣ ʘʩʩʦʮʠʘʪʠʚʥʘ, ʪʘʢ ʢʘʢ: 

ʅʆɼ (ʅʆɼ (a, b), c) = ʅʆɼ (a, (ʅʆɼ (b, c)) = ʅʆɼ (a, b, c). 
ʕʪʦ ʦʟʥʘʯʘʝʪ, ʯʪʦ ʚʳʯʠʩʣʷʪʴ ʅʆɼ ʥʝʩʢʦʣʴʢʠʭ ʮʝʣʳʭ ʯʠʩʝʣ ʤʦʞʥʦ ʚ 

ʧʨʦʠʟʚʦʣʴʥʦʤ ʧʦʨʷʜʢʝ. 
ʆʇʈɽɼɽʃɽʅʀɽ. ʎʝʣʦʝ ʯʠʩʣʦ h ʥʘʟʳʚʘʝʪʩʷ ʦʙʱʠʤ ʢʨʘʪʥʳʤ ʥʝʥʫʣʝʚʳʭ ʮʝʣʳʭ 

ʯʠʩʝʣ a ʠ b, ʝʩʣʠ h ʜʝʣʠʪʩʷ ʥʘ ʢʘʞʜʦʝ ʠʟ ʵʪʠʭ ʯʠʩʝʣ. 
ʆʙʱʝʝ ʢʨʘʪʥʦʝ ʮʝʣʳʭ ʯʠʩʝʣ a ʠ b ʥʘʟʳʚʘʝʪʩʷ ʠʭ ʥʘʠʤʝʥʴʰʠʤ ʦʙʱʠʤ ʢʨʘʪʥʳʤ, 

ʝʩʣʠ ʥʘ ʥʝʛʦ ʜʝʣʠʪʩʷ ʣʶʙʦʝ ʜʨʫʛʦʝ ʠʭ ʦʙʱʝʝ ʢʨʘʪʥʦʝ. ʆʙʦʟʥʘʯʝʥʠʝ: h = ʅʆʂ (a, b) ʠʣʠ 
h = [a, b]. 

ʆʪʤʝʪʠʤ ʥʝʢʦʪʦʨʳʝ ʩʚʦʡʩʪʚʘ ʅʆʂ ʮʝʣʳʭ ʯʠʩʝʣ, ʢʦʪʦʨʳʝ ʩʭʦʞʠ ʩʦ ʩʚʦʡʩʪʚʘʤʠ 
ʥʘʠʙʦʣʴʰʝʛʦ ʦʙʱʝʛʦ ʜʝʣʠʪʝʣʷ. 

ʉɺʆʁʉʊɺʆ 1. ɽʩʣʠ h = ʅʆʂ (a, b) ʠ h 1  = ʅʆʂ (a, b), ʪʦ h1  = ° h. 

ʉɺʆʁʉʊɺʆ 2. ɽʩʣʠ ʯʠʩʣʦ a ʜʝʣʠʪʩʷ ʥʘ ʯʠʩʣʦ b Í 0 ʥʘʮʝʣʦ, ʪʦ ʅʆʂ (a, b) = ʘ. 

ʉɺʆʁʉʊɺʆ 3. ʇʫʩʪʴ h 1  = ʅʆʂ (a, b) ʠ h = ʅʆʂ (h 1, ʩ), ʪʦʛʜʘ h = ʅʆʂ (a, b, ʩ). 

ɿɸʄɽʏɸʅʀʗ 
1. ʇʝʨʚʦʝ ʩʚʦʡʩʪʚʦ ʦʟʥʘʯʘʝʪ, ʯʪʦ ʅʆʂ ʜʚʫʭ ʮʝʣʳʭ ʯʠʩʝʣ ʦʧʨʝʜʝʣʝʥʦ ʩ 

ʪʦʯʥʦʩʪʴʶ ʜʦ ʟʥʘʢʘ.  
2. ʊʨʝʪʴʝ ʩʚʦʡʩʪʚʦ ʫʪʚʝʨʞʜʘʝʪ ʘʩʩʦʮʠʘʪʠʚʥʦʩʪʴ ʦʧʝʨʘʮʠʠ ʥʘʭʦʞʜʝʥʠʷ ʅʆʂ 

ʮʝʣʳʭ ʯʠʩʝʣ: ʅʆʂ ʥʝʩʢʦʣʴʢʠʭ ʮʝʣʳʭ ʯʠʩʝʣ ʤʦʞʥʦ ʚʳʯʠʩʣʷʪʴ ʚ ʧʨʦʠʟʚʦʣʴʥʦʤ ʧʦʨʷʜʢʝ. 
ʅʆʂ (ʅʆʂ (a, b), c) = ʅʆʂ (a, (ʅʆʂ (b, c)) = ʅʆʂ (a, b, c). 

ɸʣʛʦʨʠʪʤ ɽʚʢʣʠʜʘ. ʊʝʦʨʝʤʘ ʃʘʤʝ 
ɿʘʤʝʪʠʤ, ʯʪʦ ʠʟ ʦʧʨʝʜʝʣʝʥʠʷ ʠ ʩʚʦʡʩʪʚ ʥʘʠʙʦʣʴʰʝʛʦ ʦʙʱʝʛʦ ʜʝʣʠʪʝʣʷ ʠ 

ʥʘʠʤʝʥʴʰʝʛʦ ʦʙʱʝʛʦ ʢʨʘʪʥʦʛʦ ʮʝʣʳʭ ʯʠʩʝʣ ʥʝ ʩʣʝʜʫʝʪ, ʯʪʦ ʅʆɼ ʠ ʅʆʂ ʜʚʫʭ ʯʠʩʝʣ 
ʚʩʝʛʜʘ ʩʫʱʝʩʪʚʫʶʪ. ʀʭ ʩʫʱʝʩʪʚʦʚʘʥʠʝ ʥʫʞʥʦ ʜʦʢʘʟʳʚʘʪʴ ʦʪʜʝʣʴʥʦ. 

ʇʫʩʪʴ a, b Í 0 ï ʮʝʣʳʝ ʯʠʩʣʘ. ʇʦʩʪʨʦʠʤ ʜʣʷ ʥʠʭ ʪʘʢ ʥʘʟʳʚʘʝʤʫʶ 
ʧʦʩʣʝʜʦʚʘʪʝʣʴʥʦʩʪʴ ɽʚʢʣʠʜʘ, ʚʳʧʦʣʥʷʷ ʧʦʩʣʝʜʦʚʘʪʝʣʴʥʦ ʜʝʣʝʥʠʝ ʩ ʦʩʪʘʪʢʦʤ. 

1) ɽʩʣʠ ʘ ʜʝʣʠʪʩʷ ʥʘ b ʥʘʮʝʣʦ, ʪʦ ʧʦʩʣʝʜʦʚʘʪʝʣʴʥʦʩʪʴ ɽʚʢʣʠʜʘ ʠʤʝʝʪ ʚʠʜ: ʘ, b. 

2) ʇʫʩʪʴ ʘ > b ʠ ʘ ʥʝ ʜʝʣʠʪʩʷ ʥʘ b ʥʘʮʝʣʦ. ʊʦʛʜʘ, ʚʳʧʦʣʥʷʷ ʜʝʣʝʥʠʝ ʘ ʥʘ b ʩ 
ʦʩʪʘʪʢʦʤ, ʧʦʣʫʯʠʤ: 

a = bq 0  + r 0 ,  0 ¢ r 0  < | b |. 
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ɿʘʪʝʤ ʜʝʣʠʤ ʯʠʩʣʦ b ʥʘ ʧʦʣʫʯʝʥʥʳʡ ʦʩʪʘʪʦʢ r 0 : 

b = r 0 q 1  + r 1 ,  0 Ò r 1  < r 0 . 

ʉʥʦʚʘ ʜʝʣʠʤ ʪʝʧʝʨʴ ʫʞʝ r 0  ʥʘ ʦʩʪʘʪʦʢ r1 : 

r 0  = r 1 q 2  + r 2 ,  0 Ò r 2  < r 1 . 

ʇʨʦʜʦʣʞʘʝʤ ʧʨʦʮʝʩʩ ʜʝʣʝʥʠʷ ʩ ʦʩʪʘʪʢʦʤ ʜʦ ʪʝʭ ʧʦʨ, ʧʦʢʘ ʥʘ ʥʝʢʦʪʦʨʦʤ ʰʘʛʝ ʥʝ 
ʧʦʣʫʯʠʤ ʦʩʪʘʪʦʢ, ʨʘʚʥʳʡ ʥʫʣʶ: 

r 2-n  = r 1-n q n  + r n ,  0 Ò r n  < r 1-n , 

         r 1-n  = r n q 1+n  + 0. 

ʇʦʩʣʝʜʦʚʘʪʝʣʴʥʦʩʪʴ, ʧʦʣʫʯʝʥʥʘʷ ʚ ʭʦʜʝ ʵʪʠʭ ʦʧʝʨʘʮʠʡ: 

a > b > r 0  > r 1  > é > r 1-n  > r n  > r 1+n  = 0   (**), 

ʠ ʙʫʜʝʪ ʧʦʩʣʝʜʦʚʘʪʝʣʴʥʦʩʪʴʶ ɽʚʢʣʠʜʘ ʜʣʷ ʩʣʫʯʘʷ 2). 
ʇʦʩʣʝʜʦʚʘʪʝʣʴʥʦʩʪʴ (**) ʦʙʷʟʘʪʝʣʴʥʦ ʦʙʦʨʚʝʪʩʷ ʥʘ ʥʫʣʝ ʯʝʨʝʟ ʢʦʥʝʯʥʦʝ ʯʠʩʣʦ 

ʰʘʛʦʚ, ʪʘʢ ʢʘʢ ʦʥʘ ʷʚʣʷʝʪʩʷ ʩʪʨʦʛʦ ʫʙʳʚʘʶʱʝʡ ʧʦʩʣʝʜʦʚʘʪʝʣʴʥʦʩʪʴʶ ʥʘʪʫʨʘʣʴʥʳʭ 

ʯʠʩʝʣ (ʥʘʯʠʥʘʷ ʩ r 0). ʄʥʦʞʝʩʪʚʦ ʥʘʪʫʨʘʣʴʥʳʭ ʯʠʩʝʣ ʦʛʨʘʥʠʯʝʥʦ ʩʥʠʟʫ ʥʫʣʝʤ, ʧʦʵʪʦʤʫ 

ʧʦʩʣʝʜʦʚʘʪʝʣʴʥʦʩʪʴ (**) ʥʝ ʤʦʞʝʪ ʫʙʳʚʘʪʴ ʙʝʩʢʦʥʝʯʥʦ.  
ɸʣʛʦʨʠʪʤ ʧʦʩʪʨʦʝʥʠʷ ʧʦʩʣʝʜʦʚʘʪʝʣʴʥʦʩʪʠ ɽʚʢʣʠʜʘ ʥʘʟʳʚʘʝʪʩʷ ʘʣʛʦʨʠʪʤʦʤ 

ɽʚʢʣʠʜʘ, ʢʦʪʦʨʳʡ ʠʩʧʦʣʴʟʫʝʪʩʷ ʧʨʠ ʜʦʢʘʟʘʪʝʣʴʩʪʚʝ ʩʫɦ ʝʩʪʚʦʚʘʥʠʷ ʅʆɼ ʜʚʫʭ ʮʝʣʳʭ 
ʯʠʩʝʣ. 

ʊɽʆʈɽʄɸ (ʦ ʩʫʱʝʩʪʚʦʚʘʥʠʠ ʅʆɼ ʮʝʣʳʭ ʯʠʩʝʣ). ʇʫʩʪʴ ʘ ʠ b Í 0 ï ʮʝʣʳʝ ʯʠʩʣʘ. 
ɸʣʛʦʨʠʪʤ ɽʚʢʣʠʜʘ ʜʦʩʪʘʚʣʷʝʪ ʅʆɼ ʯʠʩʝʣ ʘ ʠ b, ʢʦʪʦʨʳʡ ʨʘʚʝʥ ʧʦʩʣʝʜʥʝʤʫ ʥʝ ʨʘʚʥʦʤʫ 
ʥʫʣʶ ʦʩʪʘʪʢʫ ʚ ʧʦʩʣʝʜʦʚʘʪʝʣʴʥʦʩʪʠ ɽʚʢʣʠʜʘ (**): 

ʅʆɼ (a, b) = r n . 

ʊɽʆʈɽʄɸ (ʦ ʩʫʱʝʩʪʚʦʚʘʥʠʠ ʅʆʂ ʮʝʣʳʭ ʯʠʩʝʣ). ʇʫʩʪʴ a ʠ b ï ʥʝ ʨʘʚʥʳʝ ʥʫʣʶ 
ʮʝʣʳʝ ʯʠʩʣʘ. ʊʦʛʜʘ ʩʧʨʘʚʝʜʣʠʚʦ ʩʦʦʪʥʦʰʝʥʠʝ: 

ʅʆʂ (a, b) = ),( baʅʆɼ
ab

   (***). 

ɿɸʄɽʏɸʅʀɽ. ɺ ʩʚʷʟʠ ʩ ʠʩʧʦʣʴʟʦʚʘʥʠʝʤ ʘʣʛʦʨʠʪʤʘ ɽʚʢʣʠʜʘ ʚʦʟʥʠʢʘʝʪ ʚʦʧʨʦʩ: 
ʩʢʦʣʴʢʦ ʰʘʛʦʚ ʥʝʦʙʭʦʜʠʤʦ ʚʳʧʦʣʥʠʪʴ ʜʣʷ ʚʳʯʠʩʣʝʥʠʷ ʅʆɼ? ʆʪʚʝʪ ʥʘ ʵʪʦʪ ʚʦʧʨʦʩ 
ʜʘʝʪ ʪʝʦʨʝʤʘ, ʜʦʢʘʟʘʥʥʘʷ ʬʨʘʥʮʫʟʩʢʠʤ ʤʘʪʝʤʘʪʠʢʦʤ, ʬʠʟʠʢʦʤ ʠ ʠʥʞʝʥʝʨʦʤ 
ɻʘʙʨʠɻ ʣʝʤ ʃʘʤʝ (1795-1870).  

ʊɽʆʈɽʄɸ (ʃʘʤʝ). ʇʫʩʪʴ ʘ ʠ b - ʥʘʪʫʨʘʣʴʥʳʝ ʯʠʩʣʘ. ʏʠʩʣʦ ʰʘʛʦʚ ʚ ʘʣʛʦʨʠʪʤʝ 
ɽʚʢʣʠʜʘ ʜʣʷ ʯʠʩʝʣ ʘ ʠ b ʥʝ ʧʨʝʚʦʩʭʦʜʠʪ 5k, ʛʜʝ k - ʯʠʩʣʦ ʜʝʩʷʪʠʯʥʳʭ ʮʠʬʨ ʤʝʥʴʰʝʛʦ ʠʟ 
ʯʠʩʝʣ ʘ ʠ b. 

ʊɽʆʈɽʄɸ. ʇʫʩʪʴ d = ʅʆɼ (a, b). ʊʦʛʜʘ ʩʫʱʝʩʪʚʫʶʪ ʪʘʢʠʝ ʮʝʣʳʝ ʯʠʩʣʘ x ʠ y, ʯʪʦ d 

ʣʠʥʝʡʥʦ ʚʳʨʘʞʘʝʪʩʷ ʯʝʨʝʟ ʩʘʤʠ ʯʠʩʣʘ a ʠ b: 

d = xa+yb, x, y Í Z.      (1) 
ɸʣʛʦʨʠʪʤ, ʧʦʟʚʦʣʷʶʱʠʡ ʚʳʯʠʩʣʷʪʴ ʯʠʩʣʘ x ʠ y, ʫʜʦʚʣʝʪʚʦʨʷʶʱʠʝ ʨʘʚʝʥʩʪʚʫ (1) 

ʜʣʷ ʜʘʥʥʳʭ ʯʠʩʝʣ a ʠ b ʠ ʠʭ ʥʘʠʙʦʣʴʰʝʛʦ ʦʙʱʝʛʦ ʜʝʣʠʪʝʣʷ d, ʧʦʣʫʯʠʣ ʥʘʟʚʘʥʠʝ 
ʨʘʩʰʠʨʝʥʥʦʛʦ ʘʣʛʦʨʠʪʤʘ ɽʚʢʣʠʜʘ, ʢʦʪʦʨʳʡ ʟʘʢʣʶʯʘʝʪʩʷ ʚ ʩʣʝʜʫʶʱʝʤ. 

ʀʟ ʢʘʞʜʦʛʦ ʨʘʚʝʥʩʪʚʘ, ʢʦʪʦʨʳʝ ʧʦʣʫʯʘʶʪʩʷ ʧʨʠ ʧʦʩʪʨʦʝʥʠʠ ʧʦʩʣʝʜʦʚʘʪʝʣʥɹʦʩʪʠ 
ɽʚʢʣʠʜʘ, ʚʳʨʘʟʠʤ ʦʩʪʘʪʦʢ ʠ ʧʦʜʩʪʘʚʠʤ ʝʛʦ ʚ ʩʣʝʜʫʶʱʝʝ ʨʘʚʝʥʩʪʚʦ, ʧʦʢʘ ʥʝ ʜʦʡʜʝʤ ʜʦ 
ʅʆɼ ʯʠʩʝʣ a ʠ b. ɺ ʧʦʩʣʝʜʥʝʤ ʨʘʚʝʥʩʪʚʝ ʧʨʠʚʝʜʝʤ ʧʦʜʦʙʥʳʝ ʩʣʘʛʘʝʤʳʝ ʧʨʠ ʵʪʠʭ 
ʯʠʩʣʘʭ. ʇʦʣʫʯʝʥʥʳʝ ʢʦʵʬʬʠʮʠʝʥʪʳ ʠ ʙʫʜʫʪ ʯʠʩʣʝʥʥʳʤʠ ʟʥʘʯʝʥʠʤ̫ʠ x ʠ y: 

r 0  = a - bq 0 , r 1  = b - r 0 q 1 , => r 1  = b ï (a - bq 0 ) q 1, ʠ ʪ.ʜ. 

ʆʇʈɽɼɽʃɽʅʀɽ. ʅʘʪʫʨʘʣʴʥʦʝ ʯʠʩʣʦ p ʥʘʟʳʚʘʝʪʩʷ ʧʨʦʩʪʳʤ, ʝʩʣʠ ʦʥʦ ʥʝ ʠʤʝʝʪ 
ʜʨʫʛʠʭ ʜʝʣʠʪʝʣʝʡ, ʢʨʦʤʝ ʩʝʙʷ ʠ ʝʜʠʥʠʮʳ. ɽʩʣʠ ʞʝ ʯʠʩʣʦ ʠʤʝʝʪ ʜʝʣʠʪʝʣʠ, ʦʪʣʠʯʥʳʝ ʦʪ 
ʩʝʙʷ ʠ ʝʜʠʥʠʮʳ, ʪʦ ʦʥʦ ʥʘʟʳʚʘʝʪʩʷ ʩʦʩʪʘʚʥʳʤ. 

ʇʈʀʄɽʈ 1. ʏʠʩʣʘ 2, 3, 19, 31 ʷʚʣʷʶʪʩʷ ʧʨʦʩʪʳʤʠ, ʘ ʯʠʩʣʘ 6, 222, 18, 864 ï 
ʩʦʩʪʘʚʥʤrʠ. 

ɿɸʄɽʏɸʅʀɽ. ɽʜʠʥʠʮʘ, ʦʯʝʚʠʜʥʦ, ʥʝ ʷʚʣʷʝʪʩʷ ʥʠ ʧʨʦʩʪʳʤ, ʥʠ ʩʦʩʪʘʚʥʳʤ 
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ʯʠʩʣʦʤ. ʄʦʞʥʦ ʩʢʘʟʘʪʴ, ʯʪʦ ʤʥʦʞʝʩʪʚʦ ʚʩʝʭ ʥʘʪʫʨʘʣʴʥʳʭ ʯʠʩʝʣ ʨʘʟʙʠʚʘʝʪʩʷ ʥʘ ʪʨʠ 
ʥʝʧʝʨʝʩʝʢʘʶʱʠʭʩʷ ʢʣʘʩʩʘ: ʢʣʘʩʩ ʧʨʦʩʪʳʭ ʯʠʩʝʣ, ʢʣʘʩʩ ʩʦʩʪʘʚʥʳʭ ʯʠʩʝʣ ʠ ʢʣʘʩʩ, 
ʩʦʜʝʨʞʘɦ ʠʡ ʪʦʣʴʢʦ ʝʜʠʥʠʮʫ. 

ʉɺʆʁʉʊɺʆ 1. ɺʩʷʢʦʝ ʩʦʩʪʘʚʥʦʝ ʯʠʩʣʦ ʘ ʠʤʝʝʪ ʭʦʪʷ ʙʳ ʦʜʠʥ ʧʨʦʩʪʦʡ ʜʝʣʠʪʝʣʴ 

p, ʥʝ ʧʨʝʚʦʩʭʦʜʷʱʠʡ a : p Ò a . 

ʉɺʆʁʉʊɺʆ 2. ɽʩʣʠ ʧʨʦʠʟʚʝʜʝʥʠʝ ʜʚʫʭ ʮʝʣʳʭ ʯʠʩʝʣ ʜʝʣʠʪʩʷ ʥʘ ʧʨʦʩʪʦʝ ʯʠʩʣʦ ʨ, 
ʪʦ ʭʦʪʷ ʙʳ ʦʜʠʥ ʠʟ ʩʦʤʥʦʞʠʪʝʣʝʡ ʜʝʣʠʪʩʷ ʥʘ ʵʪʦ ʯʠʩʣʦ: 

ab : p  =>  a : p ʠʣʠ  b : p. 

ʉɺʆʁʉʊɺʆ 3. ɽʩʣʠ p ʠ q ï ʧʨʦʩʪʳʝ ʯʠʩʣʘ ʠ p : q, ʪʦ p = q. 
ʇʨʦʩʪʳʝ ʯʠʩʣʘ ʠʛʨʘʶʪ ʦʩʦʙʫʶ ʨʦʣʴ ʩʨʝʜʠ ʚʩʝʭ ʥʘʪʫʨʘʣʴʥʳʭ, ʠ ʜʘʞʝ ʮʝʣʳʭ 

ʯʠʩʝʣ, ʢʦʪʦʨʘʷ ʚʳʨʘʞʘʝʪʩʷ ʩʣʝʜʫʶʱʝʡ ʪʝʦʨʝʤʦʡ. 
ʊɽʆʈɽʄɸ (ʦʩʥʦʚʥʘʷ ʪʝʦʨʝʤʘ ʘʨʠʬʤʝʪʠʢʠ). ɺʩʷʢʦʝ ʥʘʪʫʨʘʣʴʥʦʝ ʯʠʩʣʦ ʤʦʞʝʪ 

ʙʳʪʴ ʧʨʝʜʩʪʘʚʣʝʥʦ ʚ ʚʠʜʝ ʧʨʦʠʟʚʝʜʝʥʠʷ ʧʨʦʩʪʳʭ ʩʦʤʥʦʞʠʪʝʣʝʡ ʝʜʠʥʩʪʚʝʥʥʳʤ 
ʦʙʨʘʟʦʤ ʩ ʪʦʯʥʦʩʪʴʶ ʜʦ ʧʦʨʷʜʢʘ ʩʣʝʜʦʚʘʥʠʷ ʩʦʤʥʦʞʠʪʝʣʝʡ. 

ɿɸʄɽʏɸʅʀʗ 
1. ʊʝʦʨʝʤʘ ʩʧʨʘʚʝʜʣʠʚʘ ʠ ʜʣʷ ʮʝʣʳʭ ʯʠʩʝʣ, ʪʘʢ ʢʘʢ ʚʩʷʢʦʝ ʮʝʣʦʝ ʯʠʩʣʦ ʘ ʤʦʞʥʦ 

ʧʨʝʜʩʪʘʚʠʪʴ ʚ ʚʠʜʝ: 

a = aeéa éï ʛʜʝ ae - ʟʥʘʢ, ʘ éa é - ʥʘʪʫʨʘʣʴʥʦʝ ʯʠʩʣʦ. 

2. ɽʩʣʠ ʚ ʨʘʟʣʦʞʝʥʠʠ ʮʝʣʦʛʦ ʯʠʩʣʘ ʘ ʥʘ ʧʨʦʩʪʳʝ ʤʥʦʞʠʪʝʣʠ ʩʦʙʨʘʪʴ ʚʤʝʩʪʝ ʚ 
ʚʠʜʝ ʩʪʝʧʝʥʠ ʦʜʠʥʘʢʦʚʳʝ ʧʨʦʩʪʳʝ ʯʠʩʣʘ, ʪʦ ʧʦʣʫʯʝʥʥʦʝ ʨʘʟʣʦʞʝʥʠʝ ʥʘʟʚrʘʝʪʩʷ 
ʢʘʥʦʥʠʯʝʩʢʦʡ ʬʦʨʤʦʡ ʟʘʧʠʩʠ ʯʠʩʣʘ ʘ: 

a = ae p 1

1

a
Öp 2

2

a ÖéÖp k

k

a ,         (2)  

ʛʜʝ p 1 , p 2,é, p k  - ʨʘʟʣʠʯʥʳʝ ʧʨʦʩʪʳʝ ʤʥʦʞʠʪʝʣʠ. 

ʆʩʥʦʚʥʘʷ ʪʝʦʨʝʤʘ ʘʨʠʬʤʝʪʠʢʠ ʪʘʢʞʝ ʤʦʞʝʪ ʠʩʧʦʣʴʟʦʚʘʪʴʩʷ ʜʣʷ ʥʘʭʦʞʜʝʥʠʷ 
ʅʆɼ ʠ ʅʆʂ ʮʝʣʳʭ ʯʠʩʝʣ ʧʦ ʩʣʝʜʫʶʱʠʤ ʧʨʘʚʠʣʘʤ, ʢʦʪʦʨʳʝ ʩʣʝʜʫʶʪ ʠʟ ʦʧʨʝʜʝʣʝʥʠʷ ʠ 
ʩʚʦʡʩʪʚ ʜʝʣʠʤʦʩʪʠ ʠ ʩʚʦʡʩʪʚ ʧʨʦʩʪʳʭ ʯʠʩʝʣ. 

ʇʈɸɺʀʃʆ 1. ʏʪʦʙʳ ʥʘʡʪʠ ʅʆɼ ʜʚʫʭ (ʠʣʠ ʥʝʩʢʦʣʴʢʠʭ) ʮʝʣʳʭ ʯʠʩʝʣ, ʥʫʞʥʦ ʚ ʠʭ 
ʢʘʥʦʥʠʯʝʩʢʦʤ ʨʘʟʣʦʞʝʥʠʠ ʥʘ ʧʨʦʩʪʳʝ ʤʥʦʞʠʪʝʣʠ ʚʳʙʨʘʪʴ ʚʩʝ ʤʥʦʞʠʪʝʣʠ, ʢʦʪʦʨʳʝ 
ʚʭʦʜʷʪ ʚ ʨʘʟʣʦʞʝʥʠʷ ʢʘʞʜʦʛʦ ʠʟ ʯʠʩʝʣ, ʧʨʠʯʝʤ ʚ ʥʘʠʤʝʥʴʰʝʡ ʩʪʝʧʝʥʠ, ʠ ʧʝʨʝʤʥʦʞʠʪʴ 
ʠʭ. 

ʇʈɸɺʀʃʆ 2. ʏʪʦʙʳ ʥʘʡʪʠ ʅʆʂ ʜʚʫʭ (ʠʣʠ ʥʝʩʢʦʣʴʢʠʭ) ʮʝʣʳʭ ʯʠʩʝʣ, ʥʫʞʥʦ ʚ ʠʭ 
ʢʘʥʦʥʠʯʝʩʢʦʤ ʨʘʟʣʦʞʝʥʠʠ ʥʘ ʧʨʦʩʪʳʝ ʤʥʦʞʠʪʝʣʠ ʚʳʙʨʘʪʴ ʚʩʝ ʤʥʦʞʠʪʝʣʠ, ʢʦʪʦʨʳʝ 
ʚʭʦʜʷʪ ʚ ʨʘʟʣʦʞʝʥʠʝ ʭʦʪʷ ʙʳ ʦʜʥʦʛʦ ʠʟ ʯʠʩʝʣ, ʧʨʠʯʝʤ ʚ ʥʘʠʙʦʣʴʰʝʡ ʩʪʝʧʝʥʠ, ʠ 
ʧʝʨʝʤʥʦʞʠʪʴ ʠʭ. 

ʆʩʥʦʚʥʦʡ ʬʘʢʪ, ʢʦʪʦʨʳʡ ʙʳʣ ʫʩʪʘʥʦʚʣʝʥ ʦ ʤʥʦʞʝʩʪʚʝ ʧʨʦʩʪʳʭ ʯʠʩʝʣ, 
ʚrʨʘʞʘʝʪʩʷ ʩʣʝʜʫʶʱʝʡ ʪʝʦʨʝʤʦʡ. 

ʊɽʆʈɽʄɸ. ʄʥʦʞʝʩʪʚʦ ʧʨʦʩʪʳʭ ʯʠʩʝʣ ʙʝʩʢʦʥʝʯʥʦ. 
ʆʇʈɽɼɽʃɽʅʀɽ. ɼʚʘ ʮʝʣʳʭ ʯʠʩʣʘ a ʠ b ʥʘʟʳʚʘʶʪʩʷ ʚʟʘʠʤʥʦ-ʧʨʦʩʪʳʤʠ, ʝʩʣʠ 

ʦʥʠ ʥʝ ʠʤʝʶʪ ʜʨʫʛʠʭ ʦʙʱʠʭ ʜʝʣʠʪʝʣʝʡ ʢʨʦʤʝ ʝʜʠʥʠʮʳ. 
ʉɺʆʁʉʊɺʆ 4. ʏʠʩʣʘ a ʠ b ʚʟʘʠʤʥʦ-ʧʨʦʩʪʳ ʪʦʛʜʘ ʠ ʪʦʣʴʢʦ ʪʦʛʜʘ, ʢʦʛʜʘ ʠʭ ʅʆɼ 

ʨʘʚʝʥ ʝʜʠʥʠʮʝ: ʅʆɼ (a, b) = 1. 
ʉɺʆʁʉʊɺʆ 5. ɽʩʣʠ ʯʠʩʣʘ a ʠ b ʚʟʘʠʤʥʦ-ʧʨʦʩʪʳ, ʪʦ ʩʫʱʝʩʪʚʫʶʪ ʪʘʢʠʝ ʮʝʣʳʝ 

ʯʠʩʣʘ ʭ ʠ ʫ, ʯʪʦ: ʘʭ + bʫ = 1. 
ʉɺʆʁʉʊɺʆ 6. ɽʩʣʠ ʯʠʩʣʘ a ʠ b ʚʟʘʠʤʥʦ-ʧʨʦʩʪʳ, ʪʦ ʅʆʂ(a, b) = ab. 
ʂʀʊɸʁʉʂɸʗ ʊɽʆʈɽʄɸ ʆɹ ʆʉʊɸʊʂɸʍ. ʇʫʩʪʴ m1,m2,é,mk ð ʧʦʧʘʨʥʦ ʚʟʘʠʤʥʦ 

ʧʨʦʩʪʳʝ ʯʠʩʣʘ, Ŭ ð ʮʝʣʦʝ ʯʠʩʣʦ. ɼʣʷ ʣʶʙʦʛʦ ʥʘʙʦʨʘ j1, j2,,é,jk , ( ii mj <¢0 ) 

ʩʫʱʝʩʪʚʫʝʪ ʝʜʠʥʩʪʚʝʥʥʦʝ ʮʝʣʦʝ ʯʠʩʣʦ ɔ, ʫʜʦʚʣʝʪʚʦʨʷʶʱʝʝ ʫʩʣʦʚʠʷʤ: 
ɔ ſ ji(mod mi), ʛʜʝ i = 1,2,é,k ʠ ŬÒ ɔ <Ŭ+m1m2ĀĀĀmk.. 

3. ɼʝʣʝʥʠʝ ʤʥʦʛʦʯʣʝʥʦʚ ʩ ʦʩʪʘʪʢʦʤ. ɼʝʣʝʥʠʝ ʤʥʦʛʦʯʣʝʥʘ ʥʘ ʜʚʫʯʣʝʥ. 
ʂʦʨʥʠ ʤʥʦʛʦʯʣʝʥʘ 
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ʆʇʈɽɼɽʃɽʅʀɽ. ʇʫʩʪʴ ʈ ï ʥʝʢʦʪʦʨʦʝ ʧʦʣʝ. ʄʥʦʛʦʯʣʝʥʦʤ ʦʪ ʦʜʥʦʡ ʧʝʨʝʤʝʥʥʦʡ 
ʥʘʜ ʧʦʣʝʤ ʈ ʙʫʜʝʤ ʥʘʟʳʚʘʪʴ ʬʦʨʤʘʣʴʥʫʶ ʩʫʤʤʫ ʚʠʜʘ: 

f(x) = 01

1

1 ... axaxaxa n

n

n

n ++++ -

- , ʛʜʝ a i  Í P, i Í {0, 1, é, n}, n Í N. (1) 

ʏʠʩʣʘ a i  ʥʘʟʳʚʘʶʪ ʢʦʵʬʬʠʮʠʝʥʪʘʤʠ ʤʥʦʛʦʯʣʝʥʘ f(x). ɽʩʣʠ 0̧na , ʪʦ ʯʠʩʣʦ n 

ʥʘʟʳʚʘʶʪ ʩʪʝʧʝʥʴʶ ʤʥʦʛʦʯʣʝʥʘ f(x), a n  - ʩʪʘʨʰʠʤ ʢʦʵʬʬʠʮʠʝʥʪʦʤ, a 0  - ʩʚʦʙʦʜʥʳʤ 

ʯʣʝʥʦʤ ʤʥʦʛʦʯʣʝʥʘ f(x). ʆʜʥʦʯʣʝʥ a n x n
 ʥʘʟʳʚʘʝʪʩʷ ʚ ʵʪʦʤ ʩʣʫʯʘʝ ʩʪʘʨʰʠʤ ʯʣʝʥʦʤ. 

ɽʩʣʠ ʩʪʘʨʰʠʡ ʢʦʵʬʬʠʮʠʝʥʪ ʤʥʦʛʦʯʣʝʥʘ ʨʘʚʝʥ ʝʜʠʥʠʮʝ, ʪʦ ʤʥʦʛʦʯʣʝʥ 
ʥʘʟʳʚʘʝʪʩʷ ʥʦʨʤʠʨʦʚʘʥʥʳʤ. 

ɿɸʄɽʏɸʅʀʗ 
1. ɺʩʷʢʠʡ ʵʣʝʤʝʥʪ ʧʦʣʷ P ʙʫʜʝʤ ʩʯʠʪʘʪʴ ʤʥʦʛʦʯʣʝʥʦʤ ʥʫʣʝʚʦʡ ʩʪʝʧʝʥʠ, 

ʤʥʦʛʦʯʣʝʥ ʧʨʦʠʟʚʦʣʴʥʦʡ ʩʪʝʧʝʥʠ ʩ ʥʫʣʝʚʳʤʠ ʢʦʵʬʬʠʮʠʝʥʪʘʤʠ ï ʥʫʣʝʚʳʤ 

ʤʥʦʛʦʯʣʝʥʦʤ, ʝʜʠʥʠʮʫ ʧʦʣʷ P ï ʝʜʠʥʠʯʥʳʤ ʤʥʦʛʦʯʣʝʥʦʤ ʠ ʦʙʦʟʥʘʯʘʪʴ ʠʭ J(ʭ) ʠ ɽ(ʭ) 

ʩʦʦʪʚʝʪʩʪʚʝʥʥʦ.  
ʅʝ ʩʣʝʜʫʝʪ ʧʫʪʘʪʴ ʤʥʦʛʦʯʣʝʥ ʥʫʣʝʚʦʡ ʩʪʝʧʝʥʠ ʩ ʥʫʣʝʚʳʤ ʤʥʦʛʦʯʣʝʥʦʤ! 

2. ɺʤʝʩʪʦ ʟʘʧʠʩʠ (1) ʠʥʦʛʜʘ ʙʫʜʝʤ ʠʩʧʦʣʴʟʦʚʘʪʴ ʟʘʧʠʩʴ: f(x) = 
i

i

n

i

xaä
=0

 (2) 

ʅʘ ʤʥʦʞʝʩʪʚʝ ʚʩʝʭ ʤʥʦʛʦʯʣʝʥʦʚ ʦʪ ʦʜʥʦʡ ʧʝʨʝʤʝʥʥʦʡ ʥʘʜ ʧʦʣʝʤ P ʤʦʞʥʦ 
ʟʘʜʘʪʴ ʦʧʝʨʘʮʠʠ ʩʣʦʞʝʥʠʷ ʠ ʫʤʥʦʞʝʥʠʷ ʤʥʦʛʦʯʣʝʥʦʚ ʧʦ ʩʣʝʜʫʶʱʠʤ ʧʨʘʚʠʣʘʤ. ʇʫʩʪʴ 

f(x) ï ʤʥʦʛʦʯʣʝʥ ʚʠʜʘ (1) ʠ g(x) = ,... 01

1

1 bxbxbxb m

m

m

m ++++ -

-  ʛʜʝ b j  Í P, j Í {0, 1, é, m}, 

m Í N ï ʤʥʦʛʦʯʣʝʥ ʚʠʜʘ (2). 
ʆʇʈɽɼɽʃɽʅʀɽ. ʉʫʤʤʦʡ ʤʥʦʛʦʯʣʝʥʦʚ f(x) ʠ g(x) ʥʘʟʦʚʝʤ ʤʥʦʛʦʯʣʝʥ h(x) ʚʠʜʘ: 

h(x) = ,01

1

1 ... cxcxcxc k

k

k

k ++++ -

- , ʛʜʝ c i  = a i  + b i , i Í {0, 1, é, k}, k = max {n, m}.  (3) 

ɿɸʄɽʏɸʅʀɽ. ɼʣʷ ʫʜʦʙʩʪʚʘ ʚ ʤʥʦʛʦʯʣʝʥʝ ʤʝʥʴʰʝʡ ʩʪʝʧʝʥʠ ʙʫʜʝʤ ʧʨʝʜʩʪʘʚʣʷʪʴ 
ʥʝʜʦʩʪʘʶʱʠʝ ʩʪʝʧʝʥʠ ʚ ʚʠʜʝ ʦʜʥʦʯʣʝʥʦʚ ʩ ʥʫʣʝʚʳʤʠ ʢʦʵʬʬʠʮʠʝʥʪʘʤʠ, ʪ.ʝ., ʝʩʣʠ f(x) = 

i

i

i

xaä
=

6

1

, g(x) = j

j

j

xbä
=

4

1

, ʪʦ ʧʨʝʜʩʪʘʚʠʤ g(x) ʚ ʚʠʜʝ: g(x) = 

01

2

2

3

3

4

4

56 00 bxbxbxbxbxx ++++++ . 

ʆʇʈɽɼɽʃɽʅʀɽ. ʇʨʦʠʟʚʝʜʝʥʠʝʤ ʤʥʦʛʦʯʣʝʥʦʚ f(x) ʠ g(x) ʙʫʜʝʤ ʥʘʟʳʚʘʪʴ 

ʤʥʦʛʦʯʣʝʥ h(x) ʚʠʜʘ: h(x) = (
i

i

n

i

xaä
=0

)¶( j

j

m

j

xbä
=0

) = 
k

k

mn

k

xcä
+

=0

, ʛʜʝ 

022110 ... babababac kkkkk ++++= -- . 

ʀʥʳʤʠ ʩʣʦʚʘʤʠ, ʯʪʦʙʳ ʥʘʡʪʠ ʧʨʦʠʟʚʝʜʝʥʠʝ ʜʚʫʭ ʤʥʦʛʦʯʣʝʥʦʚ, ʥʫʞʥʦ ʢʘʞʜʳʡ 
ʦʜʥʦʯʣʝʥ ʧʝʨʚʦʛʦ ʩʦʤʥʦʞʠʪʝʣʷ ʫʤʥʦʞʠʪʴ ʥʘ ʢʘʞʜʳʡ ʦʜʥʦʯʣʝʥ ʚʪʦʨʦʛʦ ʠ ʟʘʪʝʤ 
ʧʨʠʚʝʩʪʠ ʧʦʜʦʙʥʳʝ ʩʣʘʛʘʝʤʳʝ. 

ɿɸʄɽʏɸʅʀɽ. ʊʘʢ ʢʘʢ ʤʳ ʨʘʩʩʤʘʪʨʠʚʘʝʤ ʤʥʦʛʦʯʣʝʥʳ ʥʘʜ ʧʦʣʝʤ, ʘ ʚ ʧʦʣʝ ʥʝʪ 
ʜʝʣʠʪʝʣʝʡ ʥʫʣʷ, ʪʦ ʩʪʘʨʰʠʡ ʯʣʝʥ ʧʨʦʠʟʚʝʜʝʥʠʷ ʜʚʫʭ ʤʥʦʛʦʯʣʝʥʦʚ ʚʩʝʛʜʘ ʙʫʜʝʪ ʨʘʚʝʥ 
ʧʨʦʠʟʚʝʜʝʥʠʶ ʠʭ ʩʪʘʨʰʠʭ ʯʣʝʥʦʚ. ɺ ʦʙʱʝʤ ʞʝ ʩʣʫʯʘʝ ʵʪʦ ʥʝ ʪʘʢ. ɽʩʣʠ ʢʦʵʬʬʠʮʠʝʥʪʳ 
ʚʟʷʪʳ ʠʟ ʧʨʦʠʟʚʦʣʴʥʦʛʦ ʢʦʣʴʮʘ, ʪʦ ʤʦʞʝʪ ʦʢʘʟʘʪʴʩʷ, ʯʪʦ ʧʨʦʠʟʚʝʜʝʥʠʝ ʜʚʫʭ ʩʪʘʨʰʠʭ 
ʥʝʥʫʣʝʚʳʭ ʢʦʵʬʬʠʮʠʝʥʪʦʚ, ʪʝʤ ʥʝ ʤʝʥʝʝ, ʨʘʚʥʦ ʥʫʣʶ. 

ʅʝʪʨʫʜʥʦ ʧʨʦʚʝʨʠʪʴ, ʯʪʦ ʩʣʦʞʝʥʠʝ ʠ ʫʤʥʦʞʝʥʠʝ ʤʥʦʛʦʯʣʝʥʦʚ ʥʘʜ ʧʦʣʝʤ 
ʦʙʣʘʜʘʶʪ ʩʚʦʡʩʪʚʘʤʠ ʢʦʤʤʫʪʘʪʠʚʥʦʩʪʠ ʠ ʘʩʩʦʮʠʘʪʠʚʥʦʩʪʠ, ʫʤʥʦʞʝʥʠʝ ʜʠʩʪʨʠʙʫʪʠʚʥʦ 
ʦʪʥʦʩʠʪʝʣʴʥʦ ʩʣʦʞʝʥʠʷ, ʥʝʡʪʨʘʣʴʥʳʤ ʵʣʝʤʝʥʪʦʤ ʧʦ ʩʣʦʞʝʥʠʶ ʷʚʣʷʝʪʩʷ ʥʫʣʝʚʦʡ 

ʤʥʦʛʦʯʣʝʥ J(ʭ), ʘ ʵʣʝʤʝʥʪʦʤ, ʧʨʦʪʠʚʦʧʦʣʦʞʥʳʤ ʤʥʦʛʦʯʣʝʥʫ f(x), ï ʤʥʦʛʦʯʣʝʥ, 
ʢʦʵʬʬʠʮʠʝʥʪʳ ʢʦʪʦʨʦʛʦ ʝʩʪʴ ʯʠʩʣʘ, ʧʨʦʪʠʚʦʧʦʣʦʞʥʳʝ (ʚ ʧʦʣʝ P) ʢʦʵʬʬʠʮʠʝʥʪʘʤ 
ʜʘʥʥʦʛʦ ʤʥʦʛʦʯʣʝʥʘ. ʇʦʵʪʦʤʫ ʩʧʨʘʚʝʜʣʠʚʘ ʪʝʦʨʝʤʘ. 

ʊɽʆʈɽʄɸ. ʄʥʦʞʝʩʪʚʦ ʚʩʝʭ ʤʥʦʛʦʯʣʝʥʦʚ ʦʪ ʦʜʥʦʡ ʧʝʨʝʤʝʥʦʡ ʥʘʜ ʧʦʣʝʤ P ʧʦ 
ʟʘʜʘʥʥʳʤ ʦʧʝʨʘʮʠʷʤ ʩʣʦʞʝʥʠʷ ʠ ʫʤʥʦʞʝʥʠʷ ʤʥʦʛʦʯʣʝʥʦʚ ʦʙʨʘʟʫʝʪ ʢʦʣʴʮʦ, ʢʦʪʦʨʦʝ 
ʥʘʟʳʚʘʝʪʩʷ ʢʦʣʴʮʦʤ ʤʥʦʛʦʯʣʝʥʦʚ ʦʪ ʦʜʥʦʡ ʧʝʨʝʤʝʥʥʦʡ ʠ ʦʙʦʟʥʘʯʘʝʪʩʷ ʈ[x]. 
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ɿɸʄɽʏɸʅʀɽ. ʀʟ ʧʨʝʜʳʜʫʱʝʛʦ ʟʘʤʝʯʘʥʠʷ ʩʣʝʜʫʝʪ, ʯʪʦ ʢʦʣʴʮʦ ʈ[x] ʥʘʜ ʧʦʣʝʤ P 

ʷʚʣʷʝʪʩʷ ʦʙʣʘʩʪʴʶ ʮʝʣʦʩʪʥʦʩʪʠ. 

ʆʇʈɽɼɽʃɽʅʀɽ. ʏʠʩʣʦ 0x  ʥʘʟʳʚʘʝʪʩʷ ʢʦʨʥʝʤ ʤʥʦʛʦʯʣʝʥʘ f(x), ʝʩʣʠ: 

0)( 0

0

0 ==ä
=

i

i

n

i

xaxf . 

ɿɸʄɽʏɸʅʀɽ. ɽʩʣʠ ʧʦʜʩʪʘʚʠʪʴ ʚ ʚʳʨʘʞʝʥʠʝ (1) ʚʤʝʩʪʦ ʧʝʨʝʤʝʥʦʡ ʭ ʥʝʢʦʪʦʨʦʝ 

ʯʠʩʣʦ a ʠʟ ʧʦʣʷ P ʠ ʧʨʦʠʟʚʝʩʪʠ ʥʝʦʙʭʦʜʠʤʳʝ ʜʝʡʩʪʚʠʷ, ʪʦ ʧʦʣʫʯʝʥʥʦʝ ʚ ʨʝʟʫʣʴʪʘʪʝ 

ʯʠʩʣʦ ʥʘʟʳʚʘʝʪʩʷ ʟʥʘʯʝʥʠʝʤ ʤʥʦʛʦʯʣʝʥʘ f(x) ʧʨʠ ʭ = a.  
ʋʯʠʪʳʚʘʷ ʵʪʦ, ʢʦʨʝʥʴ ʤʥʦʛʦʯʣʝʥʘ ʤʦʞʥʦ ʦʧʨʝʜʝʣʠʪʴ ʢʘʢ ʯʠʩʣʦ, ʥʘ ʢʦʪʦʨʦʤ 

ʤʥʦʛʦʯʣʝʥ ʧʨʠʥʠʤʘʝʪ ʟʥʘʯʝʥʠʝ, ʨʘʚʥʦʝ ʥʫʣʶ. 
ɺ ʢʦʣʴʮʝ ʤʥʦʛʦʯʣʝʥʦʚ ʈ[x] ʥʘʜ ʧʦʣʝʤ P ʤʦʞʥʦ ʟʘʜʘʪʴ ʯʘʩʪʠʯʥʫʶ ʦʧʝʨʘʮʠʶ ï 

ʜʝʣʝʥʠʝ ʤʥʦʛʦʯʣʝʥʦʚ, ʧʦʜʦʙʥʦ ʪʦʤʫ, ʢʘʢ ʵʪʦ ʙʳʣʦ ʩʜʝʣʘʥʦ ʚ ʢʦʣʴʮʝ ʮʝʣʳʭ ʯʠʩʝʣ. 
 
ʆʇʈɽɼɽʃɽʅʀɽ. ɻʦʚʦʨʷʪ, ʯʪʦ ʤʥʦʛʦʯʣʝʥ f(x) ʚʠʜʘ (1) ʜʝʣʠʪʩʷ ʥʘ ʤʥʦʛʦʯʣʝʥ g(x) 

ʚʠʜʘ (2), ʝʩʣʠ ʥʘʡʜʝʪʩʷ ʪʘʢʦʡ ʤʥʦʛʦʯʣʝʥ h(x) ʥʘʜ ʧʦʣʝʤ P, ʯʪʦ f(x) = g(x)Öh(x). 
ʅʫʣʝʚʳʝ ʢʦʵʬʬʠʮʠʝʥʪʳ ʚ ʟʘʧʠʩʠ ʤʥʦʛʦʯʣʝʥʦʚ ʧʦʷʚʠʣʠʩʴ ʜʣʷ ʫʜʦʙʩʪʚʘ 

ʚʳʯʠʩʣʝʥʠʷ. 
ʆʪʤʝʪʠʤ ʥʝʢʦʪʦʨʳʝ ʧʨʦʩʪʝʡʰʠʝ ʩʚʦʡʩʪʚʘ ʜʝʣʠʤʦʩʪʠ ʤʥʦʛʦʯʣʝʥʦʚ, ʘʥʘʣʦʛʠʯʥʳʝ 

ʩʚʦʡʩʪʚʘʤ ʜʝʣʠʤʦʩʪʠ ʮʝʣʳʭ ʯʠʩʝʣ. 
ʉɺʆʁʉʊɺʆ 1. ɽʩʣʠ ʦʜʥʦʚʨʝʤʝʥʥʦ ʚʳʧʦʣʥʷʝʪʩʷ ʜʝʣʠʤʦʩʪʴ ʤʥʦʛʦʯʣʝʥʘ f(x) ʥʘ 

g(x) ʠ ʦʙʨʘʪʥʦ, ʪʦ ʤʥʦʛʦʯʣʝʥʳ ʦʪʣʠʯʘʶʪʩʷ ʪʦʣʴʢʦ ʥʘ ʤʥʦʞʠʪʝʣʴ ʥʫʣʝʚʦʡ ʩʪʝʧʝʥʠ ʠʣʠ, 
ʠʥʳʤʠ ʩʣʦʚʘʤʠ, ʧʨʦʩʪʦ ʥʘ ʯʠʩʣʦʚʦʡ ʤʥʦʞʠʪʝʣʴ ʩ: f(x) = ʩ g(x). 

ʄʥʦʛʦʯʣʝʥʳ f(x) ʠ g(x) ʥʘʟʳʚʘʶʪʩʷ ʚ ʵʪʦʤ ʩʣʫʯʘʝ ʘʩʩʦʮʠʠʨʦʚʘʥʥʳʤʠ. 
ʆʯʝʚʠʜʥʦ, ʯʪʦ ʩʨʝʜʠ ʤʥʦʛʦʯʣʝʥʦʚ, ʘʩʩʦʮʠʠʨʦʚʘʥʥʳʭ ʩ ʜʘʥʥʳʤ ʥʝʥʫʣʝʚʳʤ 

ʤʥʦʛʦʯʣʝʥʦʤ, ʠʤʝʝʪʩʷ ʨʦʚʥʦ ʦʜʠʥ ʥʦʨʤʠʨʦʚʘʥʥʳʡ ʤʥʦʛʦʯʣʝʥ. 
ʉɺʆʁʉʊɺʆ 2. ɽʩʣʠ ʤʥʦʛʦʯʣʝʥ f(x) ʜʝʣʠʪʩʷ ʥʘ ʢʘʞʜʳʡ ʠʟ ʜʚʫʭ ʤʥʦʛʦʯʣʝʥʦʚ g(x) ʠ 

h(x), ʪʦ ʦʥ ʜʝʣʠʪʩʷ ʠ ʥʘ ʠʭ ʧʨʦʠʟʚʝʜʝʥʠʝ. 
ʉɺʆʁʉʊɺʆ 3. ʆʪʥʦʰʝʥʠʝ ʜʝʣʠʤʦʩʪʠ ʤʥʦʛʦʯʣʝʥʦʚ ʚ ʢʦʣʴʮʝ ʈ[x] ʨʝʬʣʝʢʩʠʚʥʦ ʠ 

ʪʨʘʥʟʠʪʠʚʥʦ. 
ʉɺʆʁʉʊɺʆ 4. ɽʩʣʠ ʤʥʦʛʦʯʣʝʥ f(x) ʜʝʣʠʪʩʷ ʥʘ ʥʝʥʫʣʝʚʦʡ ʤʥʦʛʦʯʣʝʥ g(x), ʪʦ ʠ 

ʣʶʙʦʡ ʤʥʦʛʦʯʣʝʥ, ʘʩʩʦʮʠʠʨʦʚʘʥʥʳʡ ʩ f(x), ʙʫʜʝʪ ʜʝʣʠʪʴʩʷ ʥʘ g(x). 
ʉɺʆʁʉʊɺʆ 5. ɽʩʣʠ ʢʘʞʜʳʡ ʠʟ ʜʚʫʭ ʤʥʦʛʦʯʣʝʥʦʚ f(x) ʠ g(x) ʜʝʣʠʪʩʷ ʥʘ ʥʝʥʫʣʝʚʦʡ 

ʤʥʦʛʦʯʣʝʥ h(x), ʪʦ ʠ ʣʶʙʘʷ ʠʭ ʣʠʥʝʡʥʘʷ ʢʦʤʙʠʥʘʮʠʷ ʜʝʣʠʪʩʷ ʥʘ h(x). 
ʆʇʈɽɼɽʃɽʅʀɽ. ɻʦʚʦʨʷʪ, ʯʪʦ ʤʥʦʛʦʯʣʝʥ f(x) ʜʝʣʠʪʩʷ ʩ ʦʩʪʘʪʢʦʤ ʥʘ ʥʝʥʫʣʝʚʦʡ 

ʤʥʦʛʦʯʣʝʥ g(x), ʝʩʣʠ ʥʘʡʜʝʪʩʷ ʪʘʢʘʷ ʧʘʨʘ ʤʥʦʛʦʯʣʝʥʦʚ q(x) ʠ r(x), ʜʣʷ ʢʦʪʦʨʳʭ 
ʚʳʧʦʣʥʷʝʪʩʷ ʨʘʚʝʥʩʪʚʦ: 

f(x) = g(x)Öq(x) + r(x), ʧʨʠʯʝʤ ʩʪʝʧʝʥʴ r(x) < ʩʪʝʧʝʥʠ g(x) ʠʣʠ r(x) = J(ʭ)    (1) 
ɺ ʢʦʣʴʮʝ ʤʥʦʛʦʯʣʝʥʦʚ, ʪʘʢʞʝ ʢʘʢ ʠ ʚ ʢʦʣʴʮʝ ʮʝʣʳʭ ʯʠʩʝʣ, ʤʦʞʥʦ ʜʦʢʘʟʘʪʴ 

ʪʝʦʨʝʤʫ ʦ ʜʝʣʝʥʠʠ ʩ ʦʩʪʘʪʢʦʤ. 
ʊɽʆʈɽʄɸ (ʦ ʜʝʣʝʥʠʠ ʩ ʦʩʪʘʪʢʦʤ). ɼʣʷ ʚʩʷʢʦʡ ʧʘʨʳ ʤʥʦʛʦʯʣʝʥʦʚ f(x) ʠ g(x), ʛʜʝ 

g(x) - ʥʝʥʫʣʝʚʦʡ ʤʥʦʛʦʯʣʝʥ, ʩʫʱʝʩʪʚʫʝʪ ʠ ʧʨʠʪʦʤ ʝʜʠʥʩʪʚʝʥʥʘʷ ʧʘʨʘ ʤʥʦʛʦʯʣʝʥʦʚ q(x) 
ʠ r(x), ʢʦʪʦʨʳʝ ʫʜʦʚʣʝʪʚʦʨʷʶʪ ʫʩʣʦʚʠʷʤ (1). 

ʈʘʩʩʤʦʪʨʠʤ ʙʦʣʝʝ ʧʦʜʨʦʙʥʦ ʯʘʩʪʥʳʡ ʩʣʫʯʘʷ ʜʝʣʝʥʠʷ ʤʥʦʛʦʯʣʝʥʦʚ: ʜʝʣʝʥʠʝ 
ʤʥʦʛʦʯʣʝʥʘ ʥʘ ʜʚʫʯʣʝʥ, ʪʘʢ ʢʘʢ ʦʥ ʜʘʝʪ ʥʝʢʦʪʦʨʳʝ ʠʥʪʝʨʝʩʥʳʝ ʠ ʧʦʣʝʟʥʳʝ ʥʘ ʧʨʘʢʪʠʢʝ 
ʨʝʟʫʣʴʪʘʪʳ. 

ʊɽʆʈɽʄɸ. ʆʩʪʘʪʦʢ ʦʪ ʜʝʣʝʥʠʷ ʤʥʦʛʦʯʣʝʥʘ f(x) ʥʘ ʜʚʫʯʣʝʥ x ï c ʨʘʚʝʥ ʟʥʘʯʝʥʠʶ 

ʤʥʦʛʦʯʣʝʥʘ f(x) ʧʨʠ x = c: f(x) = (x ï c)Öq(x) + f(c). 
ʇʫʩʪʴ ʤʥʦʛʦʯʣʝʥ f(x) ʟʘʧʠʩʘʥ ʚ ʩʣʝʜʫʶʱʝʤ ʚʠʜʝ: 

f(x) = )0(... 0,1

1
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- aaxaxaxa nn

nn
     (1). 

ʇʨʝʜʩʪʘʚʠʤ ʝʛʦ ʚ ʚʠʜʝ: 

f(x) = (x ï c)Ö( 12

2

1

1

0 ... --

-- ++++ nn

nn bxbxbxb ) + r  (2) 



23 

ʈʘʩʢʨʳʚʘʷ ʤʳʩʣʝʥʥʦ ʩʢʦʙʢʠ ʚ ʧʨʘʚʦʡ ʯʘʩʪʠ ʨʘʚʝʥʩʪʚʘ ʠ ʧʨʠʨʘʚʥʠʚʘʷ 
ʢʦʵʬʬʠʮʠʝʥʪʳ ʧʨʠ ʦʜʠʥʘʢʦʚʳʭ ʩʪʝʧʝʥʷʭ ʚ ʨʘʚʝʥʩʪʚʘʭ (1) ʠ (2), ʧʦʣʫʯʠʤ: 

.

,

.........................

,

........................

,

,

,

1

211

1

122

011

00

-

---

-

+=

+=

+=

+=

+=

=

nn

nnn

kkk

cbar

cbab

cbab

cbab

cbab

ab

     (3) 

ɺʳʯʠʩʣʝʥʠʷ (3) ʦʙʳʯʥʦ ʟʘʧʠʩʳʚʘʶʪ ʚ ʚʠʜʝ ʪʘʙʣʠʮʳ ʠ ʥʘʟʳʚʘʶʪ ʩʭʝʤʦʡ ɻʦʨʥʝʨʘ: 

 a 0  a 1  é a k  é a n  

x = c b 0  b 1= a 1 + cb 0  é b k = a k + cb 1-k  é r = a n + cb 1-n  

ʆʯʝʚʠʜʥʦ, ʯʪʦ r = f(c), ʢʦʵʬʬʠʮʠʝʥʪʳ b i  ʝʩʪʴ ʢʦʵʬʬʠʮʠʝʥʪʳ ʯʘʩʪʥʦʛʦ q(x) ʦʪ 

ʜʝʣʝʥʠʷ f(x) ʥʘ x ï c. 
ʉʭʝʤʫ ɻʦʨʥʝʨʘ ʫʜʦʙʥʦ ʠʩʧʦʣʴʟʦʚʘʪʴ ʪʘʢʞʝ ʜʣʷ ʨʘʟʣʦʞʝʥʠʷ ʤʥʦʛʦʯʣʝʥʘ f(x) ʧʦ 

ʩʪʝʧʝʥʷʤ ʨʘʟʥʦʩʪʠ x ï c. 
ʊɽʆʈɽʄɸ. ɼʣʷ ʣʶʙʦʛʦ ʯʠʩʣʘ ʩ ʠʟ ʧʦʣʷ ʈ ʤʥʦʛʦʯʣʝʥ f(x) ʚʠʜʘ (1) ʩʪʝʧʝʥʠ n ʚʩʝʛʜʘ 

ʤʦʞʥʦ ʧʨʝʜʩʪʘʚʠʪʴ ʠ ʧʨʠʪʦʤ ʝʜʠʥʩʪʚʝʥʥʳʤ ʦʙʨʘʟʦʤ ʚ ʚʠʜʝ:  

f(x)= )0(,)(...)()( 2

210 ¸-Ö++-Ö+-Ö+ n

n

n bcxbcxbcxbb .   (4) 

ʇʨʝʜʩʪʘʚʣʝʥʠʝ ʚ ʚʠʜʝ (4) ʠ ʥʘʟʳʚʘʝʪʩʷ ʨʘʟʣʦʞʝʥʠʝʤ f(x) ʧʦ ʩʪʝʧʝʥʷʤ ʨʘʟʥʦʩʪʠ 

x ï c. 
ʀʩʧʦʣʴʟʫʷ ʬʦʨʤʫʣʫ ʊʝʡʣʦʨʘ ʠ ʩʭʝʤʫ ɻʦʨʥʝʨʘ, ʤʦʞʥʦ ʪʘʢʞʝ ʥʘʭʦʜʠʪʴ ʟʥʘʯʝʥʠʷ 

ʧʨʦʠʟʚʦʜʥʳʭ ʨʘʟʣʠʯʥʳʭ ʧʦʨʷʜʢʦʚ ʜʣʷ ʤʥʦʛʦʯʣʝʥʘ f(x) ʚ ʪʦʯʢʝ x = c. 
ʊɽʆʈɽʄɸ. ɺ ʨʘʟʣʦʞʝʥʠʠ (4) ʤʥʦʛʦʯʣʝʥʘ f(x) ʧʦ ʩʪʝʧʝʥʷʤ ʨʘʟʥʦʩʪʠ x ï c, 

ʢʦʵʬʬʠʮʠʝʥʪʳ b k  ʦʧʨʝʜʝʣʷʶʪʩʷ ʩʣʝʜʫʶʱʠʤ ʦʙʨʘʟʦʤ: 

b k  = 
!

)()(

k

cf k

, (k Í {0, 1, 2, é, n})   (5). 

ʂʦʨʥʠ ʤʥʦʛʦʯʣʝʥʘ 
ʋʯʠʪʳʚʘʷ ʧʦʥʷʪʠʝ ʢʨʘʪʥʦʩʪʠ ʢʦʨʥʷ, ʤʦʞʥʦ ʩʬʦʨʤʫʣʠʨʦʚʘʪʴ ʩʣʝʜʫʶʱʠʝ 

ʫʪʚʝʨʞʜʝʥʠʷ ʦ ʯʠʩʣʝ ʢʦʨʥʝʡ ʤʥʦʛʦʯʣʝʥʘ f(x). 
ʃɽʄʄɸ 
ɺʩʷʢʠʡ ʥʝʥʫʣʝʚʦʡ ʤʥʦʛʦʯʣʝʥ ʤʦʞʝʪ ʙʳʪʴ ʧʨʝʜʩʪʘʚʣʝʥ ʚ ʚʠʜʝ: 

f(x)= Ö-ÖÖ-Ö- mk

m

kk
xxxxxx )(...)()( 21

21 )(xg    (1). 

ʛʜʝ mxxx ,...,, 21  - ʨʘʟʣʠʯʥʳʝ ʯʠʩʣʘ, ʘ )(xg  - ʤʥʦʛʦʯʣʝʥ, ʥʝ ʠʤʝʶʱʠʡ ʢʦʨʥʝʡ.  

ʃɽʄʄɸ. ɽʩʣʠ ʤʥʦʛʦʯʣʝʥ f(x) ʧʨʝʜʩʪʘʚʣʝʥ ʚ ʚʠʜʝ (1), ʪʦ mxxx ,...,, 21  - ʵʪʦ ʚʩʝ ʝʛʦ 

ʢʦʨʥʠ, ʧʨʠʯʝʤ ʢʨʘʪʥʦʩʪʴ ʢʦʨʥʷ x i  ʨʘʚʥʘ k i . 

ʊɽʆʈɽʄɸ. ʉʫʤʤʘ ʢʨʘʪʥʦʩʪʝʡ ʚʩʝʭ ʢʦʨʥʝʡ ʥʝʥʫʣʝʚʦʛʦ ʤʥʦʛʦʯʣʝʥʘ f(x) ʥʝ 
ʧʨʝʚʦʩʭʦʜʠʪ ʝʛʦ ʩʪʝʧʝʥʠ, ʧʨʠʯʝʤ ʨʘʚʝʥʩʪʚʦ ʠʤʝʝʪ ʤʝʩʪʦ ʪʦʛʜʘ ʠ ʪʦʣʴʢʦ ʪʦʛʜʘ, ʢʦʛʜʘ 
ʤʥʦʛʦʯʣʝʥ ʤʦʞʥʦ ʧʨʝʜʩʪʘʚʠʪʴ ʚ ʚʠʜʝ ʧʨʦʠʟʚʝʜʝʥʠʷ ʤʥʦʞʠʪʝʣʝʡ ʧʝʨʚʦʡ ʩʪʝʧʝʥʠ. 

ʉʫʱʝʩʪʚʫʶʪ ʨʘʚʝʥʩʪʚʘ, ʚʳʨʘʞʘʶʱʠʝ ʩʚʷʟʴ ʢʦʨʥʝʡ ʤʥʦʛʦʯʣʝʥʘ ʩ ʝʛʦ 

ʢʦʬɻʬʠʮʠʝʥʪʘʤʠ. ʇʫʩʪʴ ʤʥʦʛʦʯʣʝʥ f(x) = )0(... 0,1

1

10 ¸++++ -

- aaxaxaxa nn

nn
 ʠʤʝʝʪ 

ʢʦʨʥʠ nxxx ,...,, 21 , ʧʨʠʯʝʤ ʦʥʠ ʥʝ ʦʙʷʟʘʪʝʣʴʥʦ ʨʘʟʣʠʯʥʳ. ʊʦʛʜʘ ʩʧʨʘʚʝʜʣʠʚʳ 

ʨʘʚʝʥʩʪʚʘ: 
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....)1(

........................................................

),...(

),...(

210

1312102

2101

n

n

n

nn

n

xxxaa

xxxxxxaa

xxxaa

ÖÖ-=

+++Ö=

+++Ö-=

-

    (6) 

ʈʘʚʝʥʩʪʚʘ (6) ʥʘʟʳʚʘʶʪʩʷ ʬʦʨʤʫʣʘʤʠ ɺʠʝʪʘ, ʚʳʨʘʞʘʶʱʠʤʠ ʢʦʵʬʬʠʮʠʝʥʪʳ 
ʤʥʦʛʦʯʣʝʥʘ f(x) ʯʝʨʝʟ ʝʛʦ ʢʦʨʥʠ ʠ ʩʪʘʨʰʠʡ ʢʦʵʬʬʠʮʠʝʥʪ. 

4. ʅʆɼ ʠ ʅʆʂ ʤʥʦʛʦʯʣʝʥʦʚ. ɸʣʛʦʨʠʪʤ ɽʚʢʣʠʜʘ ʠ ʪʝʦʨʝʤʘ ʃʘʤʝ ʜʣʷ 
ʤʥʦʛʦʯʣʝʥʦʚ 

ʆʧʨʝʜʝʣʝʥʠʝ ʠ ʧʨʦʩʪʝʡʰʠʝ ʩʚʦʡʩʪʚʘ ʥʘʠʙʦʣʴʰʝʛʦ ʦʙʱʝʛʦ ʜʝʣʠʪʝʣʷ ʠ 
ʥʘʠʤʝʥʴʰʝʛʦ ʦʙʱʝʛʦ ʢʨʘʪʥʦʛʦ ʤʥʦʛʦʯʣʝʥʦʚ ʘʥʘʣʦʛʠʯʥʳ ʧʨʦʩʪʝʡʰʠʤ ʩʚʦʡʩʪʚʘʤ 
ʥʘʠʙʦʣʴʰʝʛʦ ʦʙʱʝʛʦ ʜʝʣʠʪʝʣʷ ʠ ʥʘʠʤʝʥʴh ʝʛʦ ʦʙʱʝʛʦ ʢʨʘʪʥʦʛʦ ʮʝʣʳʭ ʯʠʩʝʣ 
(ʩʬʦʨʤʫʣʠʨʦʚʘʪʴ ʩʘʤʦʩʪʦʪ̫ʝʣʴʥʦ). 

ʆʩʪʘʥʦʚʠʤʩʷ ʥʘ ʥʝʢʦʪʦʨʳʭ ʦʩʦʙʝʥʥʦʩʪʷʭ, ʧʨʠʩʫʱʠʭ ʅʆɼ ʠ ʅʆʂ ʤʥʦʛʦʯʣʝʥʦʚ. 
ɿɸʄɽʏɸʅʀɽ. ʅʆɼ ʮʝʣʳʭ ʯʠʩʝʣ, ʢʘʢ ʠʟʚʝʩʪʥʦ, ʦʧʨʝʜʝʣʝʥ ʦʜʥʦʟʥʘʯʥʦ ʩ 

ʪʦʯʥʦʩʪʴʶ ʜʦ ʟʥʘʢʘ. ʅʆɼ ʤʥʦʛʦʯʣʝʥʦʚ ʦʧʨʝʜʝʣʝʥ ʦʜʥʦʟʥʘʯʥʦ ʩ ʪʦʯʥʦʩʪʴʶ ʜʦ 
ʤʥʦʞʠʪʝʣʷ ʥʫʣʝʚʦʡ ʩʪʝʧʝʥʠ, ʧʦʩʢʦʣʴʢʫ ʦʯʝʚʠʜʥʦ, ʯʪʦ ʝʩʣʠ d(x) = ʅʆɼ (f(x), g(x)), ʪʦ ʠ 
ʣʶʙʦʡ ʘʩʩʦʮʠʠʨʦʚʘʥʥʳʡ ʩ d(x) ʤʥʦʛʦʯʣʝʥ ʪʘʢʞʝ ʙʫʜʝʪ ʷʚʣʷʪʴʩʷ ʅʆɼ (f(x), g(x)). 

ʇʦʩʢʦʣʴʢʫ ʚ ʢʦʣʴʮʝ ʤʥʦʛʦʯʣʝʥʦʚ ʥʘʜ ʧʦʣʝʤ ʚʳʧʦʣʥʠʤʦ ʜʝʣʝʥʠʝ ʩ ʦʩʪʘʪʢʦʤ, ʪʦ 
ʜʦʢʘʟʘʪʴ ʩʫʱʝʩʪʚʦʚʘʥʠʝ ʅʆɼ ʤʥʦʛʦʯʣʝʥʦʚ ʪʘʢʞʝ ʤʦʞʥʦ ʩ ʧʦʤʦʱʴʶ ʘʣʛʦʨʠʪʤʘ 
ɽʚʢʣʠʜʘ. 

ʊɽʆʈɽʄɸ. ɼʣʷ ʚʩʷʢʠʭ ʜʚʫʭ ʤʥʦʛʦʯʣʝʥʦʚ f(x) ʠ g(x) ʩʫʱʝʩʪʚʫʝʪ ʠʭ ʅʆɼ, ʢʦʪʦʨʳʡ 
ʨʘʚʝʥ ʧʦʩʣʝʜʥʝʤʫ ʥʝʥʫʣʝʚʦʤʫ ʦʩʪʘʪʢʫ ʚ ʧʦʩʣʝʜʦʚʘʪʝʣʴʥʦʩʪʠ ɽʚʢʣʠʜʘ. 

ɿɸʄɽʏɸʅʀɽ. ʀʟ ʧʨʝʜʳʜʫʱʝʛʦ ʟʘʤʝʯʘʥʠʷ ʩʣʝʜʫʝʪ, ʯʪʦ ʜʣʷ ʫʜʦʙʩʪʚʘ 
ʚʳʯʠʩʣʝʥʠʡ ʧʨʠ ʥʘʭʦʞʜʝʥʠʠ ʅʆɼ ʜʚʫʭ ʤʥʦʛʦʯʣʝʥʦʚ ʤʦʞʥʦ ʜʦʤʥʦʞʘʪʴ ʦʩʪʘʪʢʠ, 
ʜʝʣʠʤʳʝ ʠʣʠ ʜʝʣʠʪʝʣʠ, ʢʦʪʦʨʳʝ ʧʦʣʫʯʘʶʪʩʷ ʚ ʧʨʦʮʝʩʩʝ ʧʦʩʣʝʜʦʚʘʪʝʣʴʥʳʭ ʜʝʣʝʥʠʡ ʥʘ 
ʣʶʙʦʝ ʥʝʥʫʣʝʚʦʝ ʯʠʩʣʦ. 

ɿɸʄɽʏɸʅʀɽ. ɺ ʢʦʣʴʮʝ ʤʥʦʛʦʯʣʝʥʦʚ ʥʘʜ ʧʦʣʝʤ ʪʘʢʞʝ ʚʳʧʦʣʥʷʝʪʩʷ ʨʘʩʰʠʨʝʥʥʳʡ 
ʘʣʛʦʨʠʪʤ ɽʚʢʣʠʜʘ, ʢʦʪʦʨʳʡ ʧʦʟʚʦʣʷʝʪ ʚʳʯʠʩʣʠʪʴ ʪʘʢʠʝ ʤʥʦʛʦʯʣʝʥʳ u(x) ʠ v(x), ʢʦʪʦʨʳʝ 

ʫʜʦʚʣʝʪʚʦʨʷʶʪ ʨʘʚʝʥʩʪʚʫ: ʅʆɼ (f(x), g(x)) = u(x)Öf(x) + v(x)Ög(x)  (7) 
ʆʇʈɽɼɽʃɽʅʀɽ. ʄʥʦʛʦʯʣʝʥʳ f(x) ʠ g(x) ʥʘʟʳʚʘʶʪʩʷ ʚʟʘʠʤʥʦ ʧʨʦʩʪʳʤʠ, ʝʩʣʠ ʦʥʠ ʥʝ 

ʠʤʝʶʪ ʜʨʫʛʠʭ ʦʙʱʠʭ ʜʝʣʠʪʝʣʝʡ ʢʨʦʤʝ ʤʥʦʛʦʯʣʝʥʦʚ ʥʫʣʝʚʦʡ ʩʪʝʧʝʥʠ, ʠʣʠ, ʠʥʘʯʝ ʛʦʚʦʨʷ, 
ʢʨʦʤʝ ʧʦʩʪʦʷʥʥʳʭ ʠʟ ʧʦʣʷ ʈ. 

ʄʥʦʛʦʯʣʝʥʳ )(),...,(),( 21 xfxfxf k  ʥʘʟʳʚʘʶʪʩʷ ʚʟʘʠʤʥʦ ʧʨʦʩʪʳʤʠ ʚ ʩʦʚʦʢʫʧʥʦʩʪʠ, 

ʝʩʣʠ ʦʥʠ ʧʦʧʘʨʥʦ ʚʟʘʠʤʥʦ ʧʨʦʩʪʳ. 
ʉɺʆʁʉʊɺʆ 1. ʄʥʦʛʦʯʣʝʥʳ f(x) ʠ g(x), ʟʘʜʘʥʥʳʝ ʥʘʜ ʧʦʣʝʤ ʈ ʚʟʘʠʤʥʦ ʧʨʦʩʪʳ ʪʦʛʜʘ ʠ 

ʪʦʣʴʢʦ ʪʦʛʜʘ, ʢʦʛʜʘ ʥʘʡʜʫʪʩʷ ʪʘʢʠʝ ʤʥʦʛʦʯʣʝʥʳ u(x) ʠ v(x), ʜʣʷ ʢʦʪʦʨʳʭ: 

u(x)Öf(x) + v(x)Ög(x) = 1      (8) 
ʉɺʆʁʉʊɺʆ 2. ʄʥʦʛʦʯʣʝʥ g(x) ʪʦʛʜʘ ʠ ʪʦʣʴʢʦ ʪʦʛʜʘ ʚʟʘʠʤʥʦ ʧʨʦʩʪ ʩ ʧʨʦʠʟʚʝʜʝʥʠʝʤ 

ʤʥʦʛʦʯʣʝʥʦʚ )(...)()( 21 xfxfxf kÖÖÖ , ʢʦʛʜʘ ʦʥ ʚʟʘʠʤʥʦ ʧʨʦʩʪ ʩ ʢʘʞʜʳʤ ʠʟ ʩʦʤʥʦʞʠʪʝʣʝʡ. 

ʉɺʆʁʉʊɺʆ 3. ɽʩʣʠ ʧʨʦʠʟʚʝʜʝʥʠʝ ʤʥʦʛʦʯʣʝʥʦʚ )()( 21 xfxf Ö  ʜʝʣʠʪʩʷ ʥʘ ʤʥʦʛʦʯʣʝʥ 

g(x), ʧʨʠʯʝʤ f 1 (x) ʠ g(x) ʚʟʘʠʤʥʦ ʧʨʦʩʪʳ, ʪʦ f 2 (x) ʜʝʣʠʪʩʷ ʥʘ g(x). 

ʉɺʆʁʉʊɺʆ 4. ɽʩʣʠ ʤʥʦʛʦʯʣʝʥʳ )(...)()( 21 xfxfxf kÖÖÖ  ʧʦʧʘʨʥʦ ʚʟʘʠʤʥʦ ʧʨʦʩʪʳ ʠ 

ʤʥʦʛʦʯʣʝʥ f(x) ʜʝʣʠʪʩʷ ʥʘ ʢʘʞʜʳʡ ʠʟ ʥʠʭ, ʪʦ ʦʥ ʜʝʣʠʪʩʷ ʠ ʥʘ ʠʭ ʧʨʦʠʟʚʝʜʝʥʠʝ. 

ʉɺʆʁʉʊɺʆ 5. ʄʥʦʛʦʯʣʝʥʳ )(...)()( 21 xfxfxf kÖÖÖ  ʚʟʘʠʤʥʦ ʧʨʦʩʪʳ ʪʦʛʜʘ ʠ ʪʦʣʴʢʦ 

ʪʦʛʜʘ, ʢʦʛʜʘ ʫ ʥʠʭ ʥʝʪ ʢʦʨʥʷ, ʦʙɦ ʝʛʦ ʜʣʷ ʚʩʝʭ. 
ʈʘʟʣʦʞʝʥʠʝ ʤʥʦʛʦʯʣʝʥʦʚ ʥʘ ʥʝʧʨʠʚʦʜʠʤʳʝ ʤʥʦʞʠʪʝʣʠ 
ʆʇʈɽɼɽʃɽʅʀɽ. ʄʥʦʛʦʯʣʝʥ ʨ(ʭ) ʥʘʟʳʚʘʝʪʩʷ ʥʝʧʨʠʚʦʜʠʤʳʤ ʥʘʜ ʧʦʣʝʤ ʈ, ʝʩʣʠ ʦʥ ʥʝ 

ʨʘʩʢʣʘʜʳʚʘʝʪʩʷ ʚ ʧʨʦʠʟʚʝʜʝʥʠʝ ʜʚʫʭ ʤʥʦʛʦʯʣʝʥʦʚ ʧʦʣʦʞʠʪʝʣʥɹʦʡ ʩʪʝʧʝʥʠ ʥʘʜ ʵʪʠ ʧʦʣʝʤ. 
ɿɸʄɽʏɸʅʀɽ. ʂʦʛʜʘ ʨʝʯʴ ʠʜʝʪ ʦ ʥʝʧʨʠʚʦʜʠʤʳʭ ʤʥʦʛʦʯʣʝʥʘʭ, ʪʦ ʚʘʞʥʦ, ʥʘʜ ʢʘʢʠʤ 
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ʧʦʣʝʤ ʦʥʠ ʨʘʩʩʤʘʪʨʠʚʘʶʪʩʷ, ʪʘʢ ʢʘʢ ʦʜʠʥ ʠ ʪʦʪ ʞʝ ʤʥʦʛʦʯʣʝʥ ʤʦʞʝʪ ʙʳʪʴ ʥʝʧʨʠʚʦʜʠʤ ʥʘʜ 

ʦʜʥʠʤ ʧʦʣʝʤ ʠ ʧʨʠʚʦʜʠʤ ʥʘʜ ʜʨʫʛʠʤ. ʅʘʧʨʠʤʝʨ, ʤʥʦʛʦʯʣʝʥ f(x) = 32-x  ʥʝʧʨʠʚʦʜʠʤ ʥʘʜ 
ʧʦʣʝʤ ʨʘʮʠʦʥʘʣʴʥʳʭ ʯʠʩʝʣ, ʥʦ ʧʨʠʚʦʜʠʤ ʥʘʜ ʧʦʣʝʤ ʜʝʡʩʪʚʠʪʝʣʥɹʳʭ ʯʠʩʝʣ, ʪʘʢ ʢʘʢ f(x) = 

)3()3( +Ö- xx  - ʝʛʦ ʨʘʟʣʦʞʝʥʠʝ ʚ ʧʨʦʠʟʚʝʜʝʥʠʝ ʜʚʫʭ ʤʥʦʛʦʯʣʝʥʦʚ ʧʝʨʚʦʡ ʩʪʝʧʝʥʠ ʩ 

ʜʝʡʩʪʚʠʪʝʣʥɹʳʤʠ ʢʦʵʬʬʠʮʠʝʥʪʘʤʠ. 
ʆʪʤʝʪʠʤ ʩʚʦʡʩʪʚʘ ʥʝʧʨʠʚʦʜʠʤʳʭ ʤʥʦʛʦʯʣʝʥʦʚ, ʢʦʪʦʨʳʝ ʚʳʧʦʣʥʷʶʪʩʷ ʥʘʜ ʣʙʁʳʤ 

ʧʦʣʝʤ ʈ. 
ʉɺʆʁʉʊɺʆ 1. ʃʶʙʦʡ ʤʥʦʛʦʯʣʝʥ ʧʝʨʚʳʡ ʩʪʝʧʝʥʠ ʥʝʧʨʠʚʦʜʠʤ ʥʘʜ ʣʶʙʳʤ ʧʦʣʝʤ. 

ʉɺʆʁʉʊɺʆ 2. ɺʩʷʢʠʡ ʤʥʦʛʦʯʣʝʥ ʩʪʝʧʝʥʠ ² 2, ʠʤʝʶʱʠʡ ʢʦʨʝʥʴ ʚ ʧʦʣʝ ʈ, ʧʨʠʚʦʜʠʤ 
ʥʘʜ ʵʪʠʤ ʧʦʣʝʤ. 

ɿɸʄɽʏɸʅʀɽ. ʆʙʨʘʪʥʦʝ ʥʝ ʚʩʝʛʜʘ ʚʝʨʥʦ, ʥʘʧʨʠʤʝʨ, ʤʥʦʛʦʯʣʝʥ 

f(x) = 
22 )1(12 +=++ xxx  ʧʨʠʚʦʜʠʤ ʥʘʜ ʧʦʣʝʤ ʜʝʡʩʪʚʠʪʝʣʴʥʳʭ ʯʠʩʝʣ, ʭʦʪʷ ʥʝ ʠʤʝʝʪ ʚ 

ʥʝʤ ʢʦʨʥʝʡ. 
ʉɺʆʁʉʊɺʆ 3. ɽʩʣʠ ʤʥʦʛʦʯʣʝʥ f(x) ʥʝʥʫʣʝʚʦʡ ʩʪʝʧʝʥʠ ʥʘʜ ʧʦʣʝʤ ʈ ʷʚʣʷʝʪʩʷ 

ʜʝʣʠʪʝʣʝʤ ʥʝʧʨʠʚʦʜʠʤʦʛʦ ʤʥʦʛʦʯʣʝʥʘ ʨ(ʭ) ʥʘʜ ʵʪʠʤ ʞʝ ʧʦʣʝʤ, ʪʦ f(x) ʘʩʩʦʮʠʠʨʦʚʘʥ ʩ ʨ(ʭ): 
f(x) = ʩ ʨ(ʭ). 

ʉɺʆʁʉʊɺʆ 4. ʇʫʩʪʴ f(x) ï ʧʨʦʠʟʚʦʣʴʥʳʡ ʤʥʦʛʦʯʣʝʥ ʥʘʜ ʧʦʣʝʤ ʈ ʠ ʨ(ʭ) ï 
ʥʝʧʨʠʚʦʜʠʤʳʡ ʤʥʦʛʦʯʣʝʥ ʥʘʜ ʵʪʠʤ ʞʝ ʧʦʣʝʤ. ʃʠʙʦ f(x) ʜʝʣʠʪʩʷ ʥʘ ʨ(ʭ), ʣʠʙʦ ʦʥʠ ʚʟʘʠʤʥʦ 
ʧʨʦʩʪʳ. 

ʉɺʆʁʉʊɺʆ 5. ɽʩʣʠ ʧʨʦʠʟʚʝʜʝʥʠʝ ʤʥʦʛʦʯʣʝʥʦʚ )(...)()( 21 xfxfxf kÖÖÖ  ʥʘʜ ʧʦʣʝʤ ʈ 

ʜʝʣʠʪʩʷ ʥʘ ʥʝʧʨʠʚʦʜʠʤʳʡ ʥʘʜ ʈ ʤʥʦʛʦʯʣʝʥ ʨ(ʭ), ʪʦ ʭʦʪʷ ʙʳ ʦʜʠʥ ʠʟ ʩʦʤʥʦʞʠʪʝʣʝʡ ʜʝʣʠʪʩʷ 
ʥʘ ʨ(ʭ). 

ʀʟ ʧʨʝʜʳʜʫʱʠʭ ʧʘʨʘʛʨʘʬʦʚ ʚʠʜʥʦ, ʯʪʦ ʪʝʦʨʠʷ ʜʝʣʠʤʦʩʪʠ ʤʥʦʛʦʯʣʝʥʦʚ ʠʤʝʝʪ 
ʛʣʫʙʦʢʦʝ ʩʭʦʜʩʪʚʦ ʩ ʪʝʦʨʠʝʡ ʜʝʣʠʤʦʩʪʠ ʮʝʣʳʭ ʯʠʩʝʣ. ʈʦʣʴ, ʘʥʘʣʦʛʠʯʥʫʶ ʨʦʣʠ ʧʨʦʩʪʳʭ 
ʯʠʩʝʣ, ʠʛʨʘʶʪ ʥʝʧʨʠʚʦʜʠʤʳʝ ʤʥʦʛʦʯʣʝʥʳ, ʯʪʦ ʧʦʜʪʚʝʨʞʜʘʝʪʩʷ ʩʣʝʜʫʶʱʝʡ ʪʝʦʨʝʤʦʡ. 

ʊɽʆʈɽʄɸ. ʂʘʞʜʳʡ ʤʥʦʛʦʯʣʝʥ ʥʝʥʫʣʝʚʦʡ ʩʪʝʧʝʥʠ ʥʘʜ ʧʦʣʝʤ ʈ ʤʦʞʝʪ ʙʳʪʴ 
ʧʨʝʜʩʪʘʚʣʝʥ ʠ ʧʨʠʪʦʤ ʝʜʠʥʩʪʚʝʥʥʳʤ ʦʙʨʘʟʦʤ (ʩ ʪʦʯʥʦʩʪʴʶ ʜʦ ʧʦʨʷʜʢʘ ʩʣʝʜʦʚʘʥʠʷ 
ʤʥʦʞʠʪʝʣʝʡ) ʚ ʚʠʜʝ ʧʨʦʠʟʚʝʜʝʥʠʷ ʤʥʦʛʦʯʣʝʥʦʚ, ʥʝʧʨʠʚʦʜʠʤʳʭ ʥʘʜ ʈ: 

f(x)= )(...)()( 21 xpxpxp nÖÖÖÖa  ,         (9) 

ʛʜʝ a  ̧0 Í ʈ, )(xpi  , i Í {1, 2, é, n} - ʥʝʧʨʠʚʦʜʠʤʳʝ ʥʘʜ ʈ ʤʥʦʛʦʯʣʝʥʳ ʩʦ ʩʪʘʨʰʠʤʠ 

ʢʦʵʬʬʠʮʠʝʥʪʘʤʠ, ʨʘʚʥʳʤʠ ʝʜʠʥʠʮʝ. 
ɿɸʄɽʏɸʅʀʗ 
1. ɽʩʣʠ ʚ ʨʘʟʣʦʞʝʥʠʠ (1) ʩʦʙʨʘʪʴ ʚʤʝʩʪʝ ʦʜʠʥʘʢʦʚʳʝ ʤʥʦʞʠʪʝʣʠ (ʝʩʣʠ ʪʘʢʦʚʳʝ 

ʠʤʝʶʪʩʷ) ʚ ʚʠʜʝ ʩʪʝʧʝʥʠ, ʪʦ ʦʥʦ ʧʨʠʤʝʪ ʚʠʜ: 

f(x) = )(...)()( 21

21 xpxpxp mk

m

kk
ÖÖÖÖa , k i  Í N, i Í {1, 2, é, m},  (10) 

ʛʜʝ ʚʩʝ ʥʝʧʨʠʚʦʜʠʤʳʝ ʤʥʦʞʠʪʝʣʠ ʫʞʝ ʨʘʟʣʠʯʥʳ ʤʝʞʜʫ ʩʦʙʦʡ. 
2. ʆʯʝʚʠʜʥʦ, ʯʪʦ ʝʩʣʠ ʜʣʷ ʤʥʦʛʦʯʣʝʥʦʚ f(x) ʠ g(x) ʠʟʚʝʩʪʥʳ ʠʭ ʨʘʟʣʦʞʝʥʠʷ ʥʘ 

ʥʝʧʨʠʚʦʜʠʤʳʝ ʤʥʦʞʠʪʝʣʠ (ʠʣʠ ʪʘʢʠʝ ʨʘʟʣʦʞʝʥʠʷ ʣʝʛʢʦ ʧʦʣʫʯʠʪʴ), ʪʦ, ʢʘʢ ʠ ʚ ʩʣʫʯʘʝ 
ʮʝʣʳʭ ʯʠʩʝʣ, ʦʥʠ ʤʦʛʫʪ ʙʳʪʴ ʠʩʧʦʣʴʟʦʚʘʥʳ ʜʣʷ ʥʘʭʦʞʜʝʥʠʷ ʅʆɼ ʠ ʅʆʂ ʵʪʠʭ ʤʥʦʛʦʯʣʝʥʦʚ. 
(ʆʧʠʰʠʪʝ ʵʪʠ ʘʣʛʦʨʠʪʤʳ ʩʘʤʦʩʪʦʷʪʝʣʴʥʦ). 

3. ɽʩʣʠ ʛʦʚʦʨʠʪʴ ʦʙ ʘʥʘʣʦʛʠʠ ʤʝʞʜʫ ʢʦʣʴʮʦʤ ʮʝʣʳʭ ʯʠʩʝʣ ʠ ʢʦʣʴʮʦʤ ʤʥʦʛʦʯʣʝʥʦʚ 
ʦʪ ʦʜʥʦʡ ʧʝʨʝʤʝʥʥʦʡ, ʪʦ ʥʝ ʩʣʝʜʫʝʪ ʟʘʙʳʚʘʪʴ ʠ ʦ ʧʦʥʷʪʠʠ ʠʜʝʘʣʘ. ʅʘʧʨʠʤʝʨ. ʦʯʝʚʠʜʥʦ, 

ʯʪʦ ʩʦʚʦʢʫʧʥʦʩʪʴ ʚʩʝʭ ʤʥʦʛʦʯʣʝʥʦʚ ʢʦʣʴʮʘ ʈ[x], ʠʤʝʶʱʠʭ a ʩʚʦʠʤ ʢʦʨʥʝʤ, ʙʫʜʝʪ ʷʚʣʷʪʴʩʷ 
ʠʜʝʘʣʦʤ, ʧʨʠʯʝʤ ʛʣʘʚʥʳʤ. ʇʦʨʦʞʜʘʝʪʩʷ ʵʪʦʪ ʠʜʝʘʣ ʤʥʦʛʦʯʣʝʥʦʤ ʥʘʠʤʝʥʴʰʝʡ 
ʧʦʣʦʞʠʪʝʣʴʥʦʡ ʩʪʝʧʝʥʠ ʠʟ ʚʩʝʭ ʤʥʦʛʦʯʣʝʥʦʚ ʜʘʥʥʦʡ ʩʦʚʦʢʫʧʥʦʩʪʠ. 

ʆʇʈɽɼɽʃɽʅʀɽ. ɼʣʷ ʤʥʦʛʦʯʣʝʥʘ f(x) = 01

1

1 ... axaxaxa n

n

n

n ++++ -

-  ʙʫʜʝʤ ʥʘʟʳʚʘʪʴ 

ʝʛʦ ʧʨʦʠʟʚʦʜʥʦʡ fô(x) ʬʦʨʤʘʣʴʥʦʝ ʚʳʨʘʞʝʥʠʝ ʚʠʜʘ: 

fô(x) = 12

2

1

1 2...)1( axaxanxna n

n

n

n +++-+ -

-

-
    (11) 

ɿɸʄɽʏɸʅʀʗ 



26 

1. ɻʦʚʦʨʷ ʦ ʬʦʨʤʘʣʴʥʦʤ ʚʳʨʘʞʝʥʠʠ, ʤʳ ʠʤʝʝʤ ʚʚʠʜʫ, ʯʪʦ ʦʧʨʝʜʝʣʝʥʠʝ 
ʧʨʦʠʟʚʦʜʥʦʡ ʤʥʦʛʦʯʣʝʥʘ ʢʘʢ ʥʝʢʦʪʦʨʦʡ ʬʫʥʢʮʠʠ ʩʚʷʟʘʥʦ ʩ ʧʦʥʷʪʠʝʤ ʧʨʝʜʝʣʘ, ʢʦʪʦʨʦʝ 
ʤʦʞʝʪ ʦʢʘʟʘʪʴʩʷ ʥʝʧʨʠʤʝʥʠʤʳʤ ʢ ʵʣʝʤʝʥʪʘʤ ʧʨʦʠʟʚʦʣʴʥʦʛʦ ʧʦʣʷ ʈ. ʇʦʵʪʦʤʫ ʚʳʨʘʞʝʥʠʝ 

na n  ʥʫʞʥʦ ʧʦʥʠʤʘʪʴ ʢʘʢ: 

n

ʨʘʟnʨʘʟn

nnn aaaa Ö+++=+++
))())'&)) ()) '&

)1...11(... .  (12) 

ɽʩʣʠ ʚ ʧʦʣʝ ʈ ʜʣʷ ʣʶʙʦʛʦ ʥʘʪʫʨʘʣʴʥʦʛʦ ʯʠʩʣʘ k : 

01...11 ¸+++ )()'&
ʨʘʟk

, 

ʪʦ ʩʦʦʪʚʝʪʩʪʚʫʶʱʠʝ ʢʦʵʬʬʠʮʠʝʥʪʳ ʚ ʚʳʨʘʞʝʥʠʠ (3) ʥʝ ʨʘʚʥʳ ʥʫʣʶ ʠ fô(x) ʤʦʞʥʦ 
ʪʘʢʞʝ ʩʯʠʪʘʪʴ ʤʥʦʛʦʯʣʝʥʦʤ ʥʘʜ ʧʦʣʝʤ ʈ ʩʪʝʧʝʥʠ n - 1. ʇʦʣʝ ʈ ʩʦ ʩʚʦʡʩʪʚʦʤ (4) ʥʘʟʳʚʘʶʪ 
ʧʦʣʝʤ ʥʫʣʝʚʦʡ ʭʘʨʘʢʪʝʨʠʩʪʠʢʠ. 

2. ʅʝʪʨʫʜʥʦ ʧʨʦʚʝʨʠʪʴ, ʯʪʦ ʜʣʷ ʧʨʦʠʟʚʦʜʥʳʭ ʤʥʦʛʦʯʣʝʥʦʚ, ʦʧʨʝʜʝʣʝʥʥʳʭ ʪʘʢʠʤ 
ʦʙʨʘʟʦʤ, ʚʳʧʦʣʥʷʶʪʩʷ ʦʩʥʦʚʥʳʝ ʩʚʦʡʩʪʚʘ ʧʨʦʠʟʚʦʜʥʳʭ ʬʫʥʢʮʠʡ, ʘ ʠʤʝʥʥʦ: 

¶ ʯʠʩʣʦʚʦʡ ʤʥʦʞʠʪʝʣʴ ʤʦʞʥʦ ʚʳʥʦʩʠʪʴ ʟʘ ʟʥʘʢ ʧʨʦʠʟʚʦʜʥʦʡ; 

¶ ʧʨʦʠʟʚʦʜʥʘʷ ʩʫʤʤʳ ʤʥʦʛʦʯʣʝʥʦʚ ʨʘʚʥʘ ʩʫʤʤʝ ʠʭ ʧʨʦʠʟʚʦʜʥʳʭ; 

¶ ʧʨʦʠʟʚʦʜʥʘʷ ʧʨʦʠʟʚʝʜʝʥʠʷ ʜʚʫʭ ʤʥʦʛʦʯʣʝʥʦʚ ʥʘʭʦʜʠʪʩʷ ʧʦ ʬʦʨʤʫʣʝ: (f(x)Ög(x))ô = 

fô(x)Ög(x) + gô(x)Öf(x). 
ʆʇʈɽɼɽʃɽʅʀɽ. ʇʨʦʠʟʚʦʜʥʘʷ ʦʪ ʧʨʦʠʟʚʦʜʥʦʡ ʤʥʦʛʦʯʣʝʥʘ f(x) ʥʘʟʳʚʘʝʪʩʷ ʝʛʦ 

ʚʪʦʨʦʡ ʧʨʦʠʟʚʦʜʥʦʡ ʠ ʦʙʦʟʥʘʯʘʝʪʩʷ ʢʘʢ fò(x). 

ɸʥʘʣʦʛʠʯʥʦ ʦʧʨʝʜʝʣʷʝʪʩʷ ʠ ʧʨʦʠʟʚʦʜʥʘʷ k ï ʛʦ ʧʦʨʷʜʢʘ f )(k (x). 
ʅʘʡʪʠ ʨʘʟʣʦʞʝʥʠʝ ʤʥʦʛʦʯʣʝʥʘ f(x) ʚ ʧʨʦʠʟʚʝʜʝʥʠʝ ʥʝʧʨʠʚʦʜʠʤʳʭ ʥʘʜ ʧʦʣʝʤ ʈ 

ʤʥʦʞʠʪʝʣʝʡ ʚ ʦʙʱʝʤ ʩʣʫʯʘʝ ʥʝ ʪʘʢ ʧʨʦʩʪʦ, ʢʘʢ ʨʘʟʣʦʞʝʥʠʝ ʮʝʣʦʛʦ ʯʠʩʣʘ ʥʘ ʧʨʦʩʪʳʝ 
ʤʥʦʞʠʪʝʣʠ. ɺ ʵʪʦʤ ʩʫʱʝʩʪʚʝʥʥʫʶ ʧʦʤʦʱʴ ʤʦʞʝʪ ʦʢʘʟʘʪʴ ʚʚʝʜʝʥʥʦʝ ʧʦʥʷʪʠʝ ʧʨʦʠʟʚʦʜʥʦʡ. 

ʊɽʆʈɽʄɸ. ʇʫʩʪʴ ʈ ï ʧʦʣʝ ʥʫʣʝʚʦʡ ʭʘʨʘʢʪʝʨʠʩʪʠʢʠ, ʨ(ʭ) ï ʥʝʧʨʠʚʦʜʠʤʳʡ ʜʝʣʠʪʝʣʴ 
ʤʥʦʛʦʯʣʝʥʘ f(x) ʥʘʜ ʈ ʢʨʘʪʥʦʩʪʠ k. ɺ ʵʪʦʤ ʩʣʫʯʘʝ ʨ(ʭ) ʙʫʜʝʪ ʥʝʧʨʠʚʦʜʠʤʳʤ ʜʝʣʠʪʝʣʝʤ 
ʧʨʦʠʟʚʦʜʥʦʡ ʤʥʦʛʦʯʣʝʥʘ f(x) ʢʨʘʪʥʦʩʪʠ (k ï 1).  

ɺ ʯʘʩʪʥʦʩʪʠ, ʝʩʣʠ k = 1, ʪʦ fô(x) ʥʝ ʜʝʣʠʪʩʷ ʥʘ ʨ(ʭ). 

ʉʃɽɼʉʊɺʀɽ. ɽʩʣʠ ʭ0  - ʢʦʨʝʥʴ ʢʨʘʪʥʦʩʪʠ k ʤʥʦʛʦʯʣʝʥʘ f(x), ʪʦ ʦʥ ʙʫʜʝʪ ʢʦʨʥʝʤ 

ʢʨʘʪʥʦʩʪʠ (k ï 1) ʜʣʷ ʝʛʦ ʧʨʦʠʟʚʦʜʥʦʡ. 
ʈʝʰʠʤ ʟʘʜʘʯʫ ʨʘʟʣʦʞʝʥʠʷ ʤʥʦʛʦʯʣʝʥʘ f(x) ʥʘ ʥʝʧʨʠʚʦʜʠʤʳʝ ʤʥʦʞʠʪʝʣʠ ʩ ʧʦʤʦʱʴʶ 

ʧʦʩʣʝʜʥʝʡ ʪʝʦʨʝʤʳ. 
ʇʫʩʪʴ ʨʘʟʣʦʞʝʥʠʝ f(x) ʥʘʜ ʧʦʣʝʤ ʈ ʠʤʝʝʪ ʚʠʜ (10). ʊʦʛʜʘ ʤʥʦʛʦʯʣʝʥʳ 

)(),...,(),( 21 xpxpxp m  ʷʚʣʷʶʪʩʷ ʥʝʧʨʠʚʦʜʠʤʳʤʠ ʜʝʣʠʪʝʣʷʤʠ ʧʨʦʠʟʚʦʜʥʦʡ fô(x) ʢʨʘʪʥʦʩʪʠ k1  

-1, k 2 - 1,é, k ü  - 1 ʩʦʦʪʚʝʪʩʪʚʝʥʥʦ. 

ʆʪʩʶʜʘ ʩʣʝʜʫʝʪ, ʯʪʦ d(x) = ʅʆɼ (f(x), fô(x)) ʠʤʝʝʪ ʚʠʜ: 

d(x)= )(...)(
11

1
1 xpxpb mk

m

k --
ÖÖÖ ,( b  ̧0 Í P).  (13) 

ʇʦʣʫʯʠʣʠ, ʯʪʦ ʥʝʧʨʠʚʦʜʠʤʳʝ ʤʥʦʞʠʪʝʣʠ d(x) = ʅʆɼ (f(x), fô(x)) ï ʵʪʦ ʚ ʪʦʯʥʦʩʪʠ 
ʢʨʘʪʥʳʝ ʥʝʧʨʠʚʦʜʠʤʳʝ ʤʥʦʞʠʪʝʣʠ f(x). ɼʣʷ ʥʘʭʦʞʜʝʥʠʷ d(x) ʤʦʞʥʦ ʠʩʧʦʣʴʟʦʚʘʪʴ 
ʘʣʛʦʨʠʪʤ ɽʚʢʣʠʜʘ. 

ʇʨʦʮʝʜʫʨʘ ʦʪʳʩʢʘʥʠʷ ʅʆɼ (f(x), fô(x)) ʧʦʣʫʯʠʣʘ ʥʘʟʚʘʥʠʝ ʦʪʜʝʣʝʥʠʷ ʢʨʘʪʥʳʭ 
ʥʝʧʨʠʚʦʜʠʤʳʭ ʤʥʦʞʠʪʝʣʝʡ ʤʥʦʛʦʯʣʝʥʘ f(x). 

 
ʊʝʤʘ. ʈʘʩʰʠʨʝʥʠʷ ʧʦʣʝʡ 

ʇʣʘʥ 
1. ʇʦʥʷʪʠʝ ʨʘʩʰʠʨʝʥʠʷ ʧʦʣʷ. ɸʣʛʝʙʨʘʠʯʝʩʢʠʝ ʠ ʪʨʘʥʩʮʝʥʜʝʥʪʥʳʝ ʯʠʩʣʘ. 
2. ʄʠʥʠʤʘʣʴʥʳʡ ʤʥʦʛʦʯʣʝʥ ʘʣʛʝʙʨʘʠʯʝʩʢʦʛʦ ʯʠʩʣʘ ʠ ʝʛʦ ʩʚʦʡʩʪʚʘ.  
3. ʇʨʦʩʪʦʝ ʠ ʩʦʩʪʘʚʥʦʝ ʘʣʛʝʙʨʘʠʯʝʩʢʠʝ ʨʘʩʰʠʨʝʥʠʷ. 
1. ʇʦʥʷʪʠʝ ʨʘʩʰʠʨʝʥʠʷ ʧʦʣʷ. ɸʣʛʝʙʨʘʠʯʝʩʢʠʝ ʠ ʪʨʘʥʩʮʝʥʜʝʥʪʥʳʝ ʯʠʩʣʘ 
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ʆʇʈɽɼɽʃɽʅʀɽ. ʇʫʩʪʴ ʂ ʠ ʈ ï ʥʝʢʦʪʦʨʳʝ ʧʦʣʷ, ʧʨʠʯʝʤ ʧʦʣʝ ʂ ʩʦʜʝʨʞʠʪʩʷ ʚ 

ʧʦʣʝ ʈ: ʂ Ë ʈ. ʊʦʛʜʘ ʂ ʥʘʟʳʚʘʝʪʩʷ ʧʦʜʧʦʣʝʤ ʧʦʣʷ ʈ, ʘ ʈ ï ʥʘʜʧʦʣʝʤ ʠʣʠ ʨʘʩʰʠʨʝʥʠʝʤ 
ʧʦʣ  ̫ʂ. 

ʇʫʩʪʴ ʈ ʝʩʪʴ ʨʘʩʰʠʨʝʥʠʝ ʧʦʣʷ ʂ ʠ a ï ʧʨʦʠʟʚʦʣʴʥʳʡ ʵʣʝʤʝʥʪ ʧʦʣʷ ʈ. ʆʯʝʚʠʜʥʦ, 

ʯʪʦ ʩʫʱʝʩʪʚʫʶʪ ʧʦʣʷ, ʢʦʪʦʨʳʝ ʩʦʜʝʨʞʘʪ ʠ ʧʦʣʝ ʂ, ʠ ʵʣʝʤʝʥʪ a. ʅʘʧʨʠʤʝʨ, ʦʜʥʠʤ ʠʟ 
ʪʘʢʠʭ ʧʦʣʝʡ ʷʚʣʷʝʪʩʷ ʩʘʤʦ ʧʦʣʝ ʈ.  

ʊʦʛʜʘ ʩʧʨʘʚʝʜʣʠʚʦ ʋʊɺɽʈɾɼɽʅʀɽ: 

ʇʝʨʝʩʝʯʝʥʠʝ ʚʩʝʭ ʧʦʣʝʡ, ʩʦʜʝʨʞʘʱʠʭ ʧʦʣʝ ʂ ʠ ʵʣʝʤʝʥʪ a, ʩʘʤʦ ʷʚʣʷʝʪʩʷ ʧʦʣʝʤ, 

ʩʦʜʝʨʞʘʱʠʤ ʂ ʠ a, ʢʦʪʦʨʦʝ ʦʙʦʟʥʘʯʘʝʪʩʷ ʢʘʢ ʂ(a): ʂ Ì ʂ(a) Ì ʈ. ʆʯʝʚʠʜʥʦ ʪʘʢʞʝ, ʯʪʦ 

ʂ(a) ï ʥʘʠʤʝʥʴʰʝʝ ʩʨʝʜʠ ʚʩʝʭ ʧʦʜʧʦʣʝʡ ʧʦʣʷ ʈ, ʩʦʜʝʨʞʘʱʠʭ ʧʦʣʝ ʂ ʠ ʵʣʝʤʝʥʪ a 
ʦʜʥʦʚʨʝʤʝʥʥʦ. 

ɿɸʄɽʏɸʅʀɽ. ʀʥʦʛʜʘ ʛʦʚʦʨʷʪ, ʯʪʦ ʵʣʝʤʝʥʪ a ʧʨʠʩʦʝʜʠʥʝʥ ʢ ʧʦʣʶ ʂ. 
ʈʘʩʰʠʨʝʥʠʝ ʈ ʧʦʣʷ ʂ ʤʦʞʝʪ ʙʳʪʴ ʧʦʣʫʯʝʥʦ ʧʨʠʩʦʝʜʠʥʝʥʠʝʤ ʣʶʙʦʛʦ ʢʦʥʝʯʥʦʛʦ 

(ʠ ʜʘʞʝ ʙʝʩʢʦʥʝʯʥʦʛʦ) ʯʠʩʣʘ ʵʣʝʤʝʥʪʦʚ ,...,...,, 21 naaa . 

ɽʩʣʠ ʨʘʩʰʠʨʝʥʠʝ ʧʦʣʫʯʝʥʦ ʧʨʠʩʦʝʜʠʥʝʥʠʝʤ ʦʜʥʦʛʦ ʵʣʝʤʝʥʪʘ, ʪʦ ʦʥʦ 
ʥʘʟrʚʘʝʪʩʷ ʧʨʦʩʪʳʤ. 

ʊʘʢ ʢʘʢ ʂ(a) ï ʧʦʣʝ, ʪʦ ʥʘʨʷʜʫ ʩ ʵʣʝʤʝʥʪʘʤʠ ʧʦʣʷ ʂ ʠ ʩʘʤʠʤ ʵʣʝʤʝʥʪʦʤ a ʦʥʦ, 
ʦʯʝʚʠʜʥʦ, ʩʦʜʝʨʞʠʪ ʚʩʝʚʦʟʤʦʞʥʳʝ ʵʣʝʤʝʥʪʳ, ʧʦʣʫʯʘʝʤʳʝ ʧʨʠ ʠʭ ʩʣʦʞʝʥʠʠ, 
ʚʳʯʠʪʘʥʠʠ, ʫʤʥʦʞʝʥʠʠ ʠ ʜʝʣʝʥʠʠ. 

ʊɽʆʈɽʄɸ. ʇʦʣʝ ʂ(a) ʩʦʩʪʦʠʪ ʠʟ ʨʘʮʠʦʥʘʣʴʥʳʭ ʢʦʤʙʠʥʘʮʠʡ ʵʣʝʤʝʥʪʦʚ ʠʟ ʂ ʩ 

ʵʣʝʤʝʥʪʘʤʠ, ʧʨʝʜʩʪʘʚʣʷʶʱʠʤʠ ʩʪʝʧʝʥʠ ʠ ʢʨʘʪʥʳʝ ʵʣʝʤʝʥʪʘ a. 

ʇʫʩʪʴ ʜʘʥʦ ʧʨʦʩʪʦʝ ʨʘʩʰʠʨʝʥʠʝ ʧʦʣʷ ʂ ʵʣʝʤʝʥʪʦʤ a: ʂ(a). 

ʊʦʛʜʘ ʦʥʦ ʩʦʜʝʨʞʠʪ ʢʦʣʴʮʦ ʚʩʝʭ ʤʥʦʛʦʯʣʝʥʦʚ ʦʪ a ʚʠʜʘ: 

Kaaaaa k

n

n Í+++++ ...,...2

210 aaa     (14) 

ɿʘʧʠʰʝʤ ʚʳʨʘʞʝʥʠʝ (1) ʚ ʚʠʜʝ ʩʫʤʤ  r

ä k

kaa = f(a)        (15) 

ʠ ʩʨʘʚʥʠʤ ʝʛʦ ʩ ʵʣʝʤʝʥʪʘʤʠ ʢʦʣʴʮʘ ʤʥʦʛʦʯʣʝʥʦʚ W ʦʪ ʦʜʥʦʡ ʧʝʨʝʤʝʥʥʦʡ ʥʘʜ 
ʪʝʤ ʞʝ ʧʦʣʝʤ ʂ ï ʂ[x]: 

f(x) = 
n

nxaxaxaa ++++ ..2

210 = ä k

k xa      (16) 

ʊʦʛʜʘ ʥʝʪʨʫʜʥʦ ʧʨʦʚʝʨʠʪʴ, ʯʪʦ ʦʪʦʙʨʘʞʝʥʠʝ j: ʂ[x]  W, ʟʘʜʘʥʥʦʝ ʩʣʝʜʫʶʱʠʤ 
ʦʙʨʘʟʦʤ: 

j: ä k

k xa  ä k

kaa       (17) 

ʷʚʣʷʝʪʩʷ ʛʦʤʦʤʦʨʬʠʟʤʦʤ ʢʦʣʝʮ. 
ɿɸʄɽʏɸʅʀʗ 

1. ʀʟ (4) ʠ ʪʝʦʨʝʤʳ ʦ ʛʦʤʦʤʦʨʬʠʟʤʝ ʩʣʝʜʫʝʪ, ʯʪʦ ʢʦʣʴʮʦ W ʠʟʦʤʦʨʬʥʦ ʬʘʢʪʦʨ-

ʢʦʣʴʮʫ ʂ[x] / Ker j, ʧʨʠʯʝʤ ʷʜʨʦ ʛʦʤʦʤʦʨʬʠʟʤʘ ʩʦʩʪʦʠʪ ʠʟ ʚʩʝʭ ʪʘʢʠʭ ʤʥʦʛʦʯʣʝʥʦʚ f(x) 

Í ʂ[x], ʢʦʪʦʨʳʝ ʧʨʠ ʛʦʤʦʤʦʨʬʠʟʤʝ j ʦʪʦʙʨʘʞʘʶʪʩʷ ʚ ʥʫʣʴ ʢʦʣʴʮʘ W: j( f(x)) = f(a) = 0 W, 

ʪ.ʝ., ʦʥʦ ʩʦʩʪʦʠʪ ʠʟ ʪʘʢʠʭ ʤʥʦʛʦʯʣʝʥʦʚ, ʜʣʷ ʢʦʪʦʨʳʭ a ʷʚʣʷʝʪʩʷ ʢʦʨʥʝʤ. 

ʆʯʝʚʠʜʥʦ, ʯʪʦ Ker j ʝʩʪʴ ʠʜʝʘʣ ʚ ʢʦʣʴʮʝ ʂ[x]. 

ʇʦʩʢʦʣʴʢʫ ʚ ʢʦʣʴʮʘʭ ʤʥʦʛʦʯʣʝʥʦʚ ʥʘʜ ʧʦʣʝʤ ʥʝʪ ʜʝʣʠʪʝʣʝʡ ʥʫʣʷ, ʪʦ ʠʜʝʘʣ Ker j 
ʷʚʣʷʝʪʩʷ ʧʨʦʩʪʳʤ, ʪ.ʝ. ʥʝ ʩʦʜʝʨʞʘʱʠʤ ʩʦʙʩʪʚʝʥʥʳʭ ʠʜʝʘʣʦʚ. ʆʥ ʥʝ ʤʦʞʝʪ ʙʳʪʴ 
ʝʜʠʥʠʯʥʳʤ ʠʜʝʘʣʦʤ, ʢʦʪʦʨʳʡ ʧʨʠ ʛʦʤʦʤʦʨʬʠʟʤʝ ʧʝʨʝʭʦʜʠʪ ʪʘʢʞʝ ʚ ʝʜʠʥʠʯʥʳʡ ʠʜʝʘʣ, 
ʘ ʥʝ ʚ ʥʫʣʝʚʦʡ. ʊʘʢ ʢʘʢ ʚ ʢʦʣʴʮʝ ʤʥʦʛʦʯʣʝʥʦʚ ʥʘʜ ʧʦʣʝʤ ʢʘʞʜʳʡ ʠʜʝʘʣ ʷʚʣʷʝʪʩʷ 
ʛʣʘʚʥʳʤ, ʪʦ ʦʩʪʘʶʪʩʷ ʪʦʣʴʢʦ ʜʚʝ ʚʦʟʤʦʞʥʦʩʪʠ. 

2. Ker j = (g(x)), ʛʜʝ g(x) ï ʥʝʧʨʠʚʦʜʠʤʳʡ ʥʘʜ ʂ ʤʥʦʛʦʯʣʝʥ. ɺ ʩʠʣʫ ʧʨʦʩʪʦʪʳ 

ʠʜʝʘʣʘ (g(x)), g(x) ï ʤʥʦʛʦʯʣʝʥ ʥʘʠʤʝʥʴʰʝʡ ʩʪʝʧʝʥʠ ʩʦ ʩʚʦʡʩʪʚʦʤ g(a) = 0. ɺ ʵʪʦʤ 

ʩʣʫʯʘʝ W @ ʂ[x] / (g(x)). 
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ʂʦʣʴʮʦ ʢʣʘʩʩʦʚ ʚʳʯʝʪʦʚ ʂ[x]/(g(x)) ʷʚʣʷʝʪʩʷ ʧʦʣʝʤ (ʧʦʩʢʦʣʴʢʫ ʠʜʝʘʣ ʧʨʦʩʪʦʡ); 

ʠʟʦʤʦʨʬʥʦʝ ʝʤʫ ʢʦʣʴʮʦ W ʪʘʢʞʝ ʙʫʜʝʪ ʧʦʣʝʤ, ʢʦʪʦʨʦʝ ʚ ʜʘʥʥʦʤ ʩʣʫʯʘʝ ʠ ʷʚʣʷʝʪʩʷ 
ʧʨʦʩʪʳʤ ʨʘʩʰʠʨʝʥʠʝʤ ʢʦʣʴʮʘ ʂ[x]. 

3. Ker j = {0}, ʪʦʛʜʘ ʚ ʢʦʣʴʮʝ ʂ[x] ʥʝ ʩʫʱʝʩʪʚʫʝʪ ʜʨʫʛʠʭ ʤʥʦʛʦʯʣʝʥʦʚ, ʢʨʦʤʝ ʥʫʣʷ, 

ʢʦʪʦʨʳʝ ʦʪʦʙʨʘʞʘʣʠʩʴ ʙʳ ʚ ʥʫʣʴ ʢʦʣʴʮʘ W. ɺ ʵʪʦʤ ʩʣʫʯʘʝ j ʷʚʣʷʝʪʩʷ ʠʟʦʤʦʨʬʠʟʤʦʤ 
ʢʦʣʝʮ.  

4. ɺ ʩʣʫʯʘʝ 2, ʢʦʛʜʘ ʵʣʝʤʝʥʪ a ʫʜʦʚʣʝʪʚʦʨʷʝʪ ʥʝʢʦʪʦʨʦʤʫ ʘʣʛʝʙʨʘʠʯʝʩʢʦʤʫ 

ʫʨʘʚʥʝʥʠʶ g(a) = 0 ʥʘʜ ʂ, ʩʘʤ ʵʣʝʤʝʥʪ a ʥʘʟʳʚʘʝʪʩʷ ʘʣʛʝʙʨʘʠʯʝʩʢʠʤ ʥʘʜ ʧʦʣʝʤ ʂ, ʘ 

ʧʦʣʝ ʂ(a) ï ʧʨʦʩʪʳʤ ʘʣʛʝʙʨʘʠʯʝʩʢʠʤ ʨʘʩʰʠʨʝʥʠʝʤ ʧʦʣʷ ʂ.  

ɺ ʩʣʫʯʘʝ 3, ʢʦʛʜʘ ʠʟ ʨʘʚʝʥʩʪʚʘ f(a) = 0 ʩʣʝʜʫʝʪ, ʯʪʦ f(x) =0, ʵʣʝʤʝʥʪ a ʥʘʟʳʚʘʝʪʩʷ 

ʪʨʘʥʩʮʝʥʜʝʥʪʥʳʤ ʥʘʜ ʂ, ʘ ʩʘʤʦ ʧʦʣʝ ʂ(a) ï ʧʨʦʩʪʳʤ ʪʨʘʥʩʮʝʥʜʝʥʪʥʳʤ 
ʨʘʩʰʠʨʝʥʠʝʤ ʧʦʣʷ ʂ. ʆʯʝʚʠʜʥʦ, ʯʪʦ ʚʦ ʚʪʦʨʦʤ ʩʣʫʯʘʝ ʥʝ ʩʫʱʝʩʪʚʫʝʪ ʤʥʦʛʦʯʣʝʥʘ ʩ 

ʢʦʵʬʬʠʮʠʝʥʪʘʤʠ ʠʟ ʂ, ʢʦʨʥʝʤ ʢʦʪʦʨʦʛʦ ʷʚʣʷʣʦʩʴ ʙʳ ʯʠʩʣʦ a. 
ɺʦʦʙʱʝ ʛʦʚʦʨʷ, ʢ ʧʦʥʷʪʠʶ ʘʣʛʝʙʨʘʠʯʝʩʢʠʭ ʠ ʪʨʘʥʩʮʝʥʜʝʥʪʥʳʭ ʯʠʩʝʣ ʧʦʜʭʦʜʷʪ 

ʦʙʳʯʥʦ ʩʣʝʜʫʶʱʠʤ ʦʙʨʘʟʦʤ. 

ʆʇʈɽɼɽʃɽʅʀɽ. ʏʠʩʣʦ a ʥʘʟʳʚʘʝʪʩʷ ʘʣʛʝʙʨʘʠʯʝʩʢʠʤ ʥʘʜ ʧʦʣʝʤ ʈ, ʝʩʣʠ ʦʥʦ 
ʷʚʣʷʝʪʩʷ ʢʦʨʥʝʤ ʢʘʢʦʛʦ-ʣʠʙʦ ʤʥʦʛʦʯʣʝʥʘ ʩ ʢʦʵʬʬʠʮʠʝʥʪʘʤʠ ʠʟ ʵʪʦʛʦ ʧʦʣʷ. ɺ 

ʧʨʦʪʠʚʥʦʤ ʩʣʫʯʘʝ ʯʠʩʣʦ a ʥʘʟʳʚʘʝʪʩʷ ʪʨʘʥʩʮʝʥʜʝʥʪʥʳʤ ʥʘʜ ʧʦʣʝʤ ʈ. 

ɿɸʄɽʏɸʅʀɽ. ʇʫʩʪʴ a ʝʩʪʴ ʯʠʩʣʦ, ʘʣʛʝʙʨʘʠʯʝʩʢʦʝ ʥʘʜ ʧʦʣʝʤ ʈ. ɽʩʣʠ ʂ ʝʩʪʴ 

ʧʦʜʧʦʣʝ ʧʦʣʷ ʈ, ʪʦ a ʤʦʞʝʪ ʫʞʝ ʠ ʥʝ ʙʳʪʴ ʘʣʛʝʙʨʘʠʯʝʩʢʠʤ ʥʘʜ ʵʪʠʤ ʧʦʣʝʤ. ʅʘʧʨʠʤʝʨ, 

ʯʠʩʣʦ a = p ʙʫʜʝʪ ʘʣʛʝʙʨʘʠʯʝʩʢʠʤ ʥʘʜ ʧʦʣʝʤ ʜʝʡʩʪʚʠʪʝʣʴʥʳʭ ʯʠʩʝʣ, ʪʘʢ ʢʘʢ ʦʥʦ ʝʩʪʴ 

ʢʦʨʝʥʴ ʤʥʦʛʦʯʣʝʥʘ f(x) = x - p, ʥʦ ʥʝ ʙʫʜʝʪ ʘʣʛʝʙʨʘʠʯʝʩʢʠʤ ʥʘʜ ʧʦʣʝʤ ʨʘʮʠʦʥʘʣʴʥʳʭ 
ʯʠʩʝʣ. 

2. ʄʠʥʠʤʘʣʴʥʳʡ ʤʥʦʛʦʯʣʝʥ ʘʣʛʝʙʨʘʠʯʝʩʢʦʛʦ ʯʠʩʣʘ ʠ ʝʛʦ ʩʚʦʡʩʪʚʘ 
ʆʇʈɽɼɽʃɽʅʀɽ. ʇʦʣʝ ʈ ʥʘʟʳʚʘʝʪʩʷ ʢʦʥʝʯʥʳʤ ʨʘʩʰʠʨʝʥʠʝʤ ʧʦʣʷ ʂ, ʝʩʣʠ ʣʶʙʦʡ 

ʵʣʝʤʝʥʪ w Í ʈ ʷʚʣʷʝʪʩʷ ʣʠʥʝʡʥʦʡ ʢʦʤʙʠʥʘʮʠʝʡ ʢʦʥʝʯʥʦʛʦ ʯʠʩʣʘ ʵʣʝʤʝʥʪʦʚ 

nuuu ,...,, 21  ʩ ʢʦʵʬʬʠʮʠʝʥʪʘʤʠ ʠʟ ʧʦʣʷ ʂ: nnuauauaw +++= ...2211 . 

ɿɸʄɽʏɸʅʀɽ. ʆʯʝʚʠʜʥʦ, ʯʪʦ ʧʦʣʝ ʈ ʤʦʞʥʦ ʨʘʩʩʤʘʪʨʠʚʘʪʴ ʢʘʢ ʢʦʥʝʯʥʦʤʝʨʥʦʝ 
ʚʝʢʪʦʨʥʦʝ ʧʨʦʩʪʨʘʥʩʪʚʦ ʥʘʜ ʂ. ɹʘʟʠʩʦʤ ʵʪʦʛʦ ʧʨʦʩʪʨʘʥʩʪʚʘ ʷʚʣʷʝʪʩʷ ʤʘʢʩʠʤʘʣʴʥʘʷ 

ʣʠʥʝʡʥʦ ʥʝʟʘʚʠʩʠʤʘʷ ʧʦʜʩʠʩʪʝʤʘ ʵʣʝʤʝʥʪʦʚ ʚ ʩʠʩʪʝʤʝ nuuu ,...,, 21 . ʏʠʩʣʦ ʵʣʝʤʝʥʪʦʚ 

ʙʘʟʠʩʘ, ʪ.ʝ. ʨʘʟʤʝʨʥʦʩʪʴ ʧʨʦʩʪʨʘʥʩʪʚʘ ʈ ʥʘʜ ʂ, ʥʘʟʳʚʘʝʪʩʷ ʩʪʝʧʝʥʴʶ ʨʘʩʰʠʨʝʥʠʷ ʈ 
ʥʘʜ ʂ ʠ ʦʙʦʟʥʘʯʘʝʪʩʷ ʯʝʨʝʟ [P : K]. 

ʇʫʩʪʴ ʈ ï ʧʨʦʩʪʦʝ ʘʣʛʝʙʨʘʠʯʝʩʢʦʝ ʨʘʩʰʠʨʝʥʠʝ ʧʦʣʷ ʂ ʩ ʧʦʤʦʱʴʶ ʵʣʝʤʝʥʪʘ a, 
ʩʪʝʧʝʥʴ ʢʦʪʦʨʦʛʦ ʥʘʜ ʂ ʨʘʚʥʘ n. 

ʊʦʛʜʘ ʵʣʝʤʝʥʪʳ 
12,...,,,1 -naaa  (18) ʦʙʨʘʟʫʶʪ ʙʘʟʠʩ ʧʦʣʷ ʈ = ʂ(a), ʪ.ʝ. ʂ(a) ʠʤʝʝʪ 

ʢʦʥʝʯʥʫʶ ʩʪʝʧʝʥʴ n ʥʘʜ ʂ. 

ʇʫʩʪʴ ʧʦʣʝ L ï ʧʨʦʤʝʞʫʪʦʯʥʦʝ ʤʝʞʜʫ ʧʦʣʷʤʠ ʂ ʠ ʈ, ʪ.ʝ., ʂ Ì L Ì ʈ. ʊʦʛʜʘ 
ʩʧʨʘʚʝʜʣʠʚʘ ʪʝʦʨʝʤʘ. 

ʊɽʆʈɽʄɸ (ʦ ʩʪʝʧʝʥʷʭ). ɽʩʣʠ ʈ ʢʦʥʝʯʥʦ ʥʘʜ ʂ, ʪʦ ʠ L ʢʦʥʝʯʥʦ ʥʘʜ ʂ, ʘ ʈ ʢʦʥʝʯʥʦ 
ʥʘʜ L. ʆʙʨʘʪʥʦ, ʝʩʣʠ L ʢʦʥʝʯʥʦ ʥʘʜ ʂ, ʘ ʈ ʢʦʥʝʯʥʦ ʥʘʜ L, ʪʦ ʈ ʢʦʥʝʯʥʦ ʥʘʜ ʂ, ʧʨʠʯʝʤ 

[P : K] = [P : L]Ö[L : K].   (19) 
ɿɸʄɽʏɸʅʀɽ. ɺʪʦʨʫʶ ʯʘʩʪʴ ʵʪʦʡ ʪʝʦʨʝʤʳ ʥʘʟʳʚʘʶʪ ʪʘʢʞʝ ʩʚʦʡʩʪʚʦʤ 

ʪʨʘʥʟʠʪʠʚʥʦʩʪʠ ʢʦʥʝʯʥʳʭ ʨʘʩʰʠʨʝʥʠʡ. 

ʉʃɽɼʉʊɺʀɽ 1. ɽʩʣʠ ʂ Ì L Ì ʈ ʠ [P : K] = [L : K], ʪʦ ʈ = L. 

ʉʃɽɼʉʊɺʀɽ 2. ɽʩʣʠ ʂ Ì L Ì ʈ ʠ [P : L] = [P : K], ʪʦ L = ʂ. 

ʉʃɽɼʉʊɺʀɽ 3. ɽʩʣʠ ʂ Ì L Ì ʈ, ʪʦ ʩʪʝʧʝʥʴ [L : K] ʷʚʣʷʝʪʩʷ ʜʝʣʠʪʝʣʝʤ ʩʪʝʧʝʥʠ [P 
: K]. 

ʋʩʪʘʥʦʚʠʤ ʚʟʘʠʤʦʩʚʷʟʴ ʤʝʞʜʫ ʨʘʩʰʠʨʝʥʠʷʤʠ ʢʦʥʝʯʥʦʡ ʩʪʝʧʝʥʠ ʠ 
ʘʣʛʝʙʨʘʠʯʥʦʩʪʴʶ ʯʠʩʣʘ ʥʘʜ ʧʦʣʝʤ. 
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ʊɽʆʈɽʄɸ. ʏʠʩʣʦ a ʚ̫ʣʷʝʪʩʷ ʘʣʛʝʙʨʘʠʯʝʩʢʠʤ ʥʘʜ ʧʦʣʝʤ ʈ ʪʦʛʜʘ ʠ ʪʦʣʴʢʦ ʪʦʛʜʘ, 

ʢʦʛʜʘ ʚʝʢʪʦʨʥʦʝ ʧʨʦʩʪʨʘʥʩʪʚʦ ʈ(a) ʢʦʥʝʯʥʦʤʝʨʥʦ ʥʘʜ ʧʦʣʝʤ ʈ. ʇʨʠ ʵʪʦʤ ʩʪʝʧʝʥʴ ʯʠʩʣʘ 

a ʥʘʜ ʈ ʨʘʚʥʘ ʨʘʟʤʝʨʥʦʩʪʠ ʵʪʦʛʦ ʧʨʦʩʪʨʘʥʩʪʚʘ. 
ʉʃɽɼʉʊɺʀɽ. ʇʫʩʪʴ ʂ ï ʥʝʢʦʪʦʨʦʝ ʢʦʣʴʮʦ, ʩʦʜʝʨʞʘʱʝʝ ʧʦʣʝ ʈ. ɽʩʣʠ 

ʧʨʦʩʪʨʘʥʩʪʚʦ ʂ ʢʦʥʝʯʥʦʤʝʨʥʦ ʥʘʜ ʈ, ʪʦ ʚʩʷʢʦʝ ʯʠʩʣʦ ʠʟ ʢʦʣʴʮʘ ʂ ʘʣʛʝʙʨʘʠʯʥʦ ʥʘʜ ʈ. 
ʊɽʆʈɽʄɸ. ʉʦʚʦʢʫʧʥʦʩʪʴ ʚʩʝʭ ʯʠʩʝʣ, ʘʣʛʝʙʨʘʠʯʝʩʢʠʭ ʥʘʜ ʜʘʥʥʳʤ ʧʦʣʝʤ ʈ, 

ʷʚʣʷʝʪʩʷ ʧʦʣʝʤ, ʢʦʪʦʨʦʝ ʥʘʟʳʚʘʝʪʩʷ ʧʦʣʝʤ ʘʣʛʝʙʨʘʠʯʝʩʢʠʭ ʯʠʩʝʣ. 
ʆʇʈɽɼɽʃɽʅʀɽ. ʇʦʣʝ ʥʘʟʳʚʘʝʪʩʷ ʘʣʛʝʙʨʘʠʯʝʩʢʠ ʟʘʤʢʥʫʪʳʤ, ʝʩʣʠ ʣʶʙʦʡ 

ʤʥʦʛʦʯʣʝʥ ʧʦʣʦʞʠʪʝʣʴʥʦʡ ʩʪʝʧʝʥʠ ʩ ʢʦʵʬʬʠʮʠʝʥʪʘʤʠ ʠʟ ʵʪʦʛʦ ʧʦʣʷ ʠʤʝʝʪ ʢʦʨʥʠ ʚ 
ʵʪʦʤ ʧʦʣʝ. 

ʊʘʢ ʢʘʢ ʣʶʙʦʡ ʤʥʦʛʦʯʣʝʥ ʩ ʢʦʤʧʣʝʢʩʥʳʤʠ ʢʦʵʬʬʠʮʠʝʥʪʘʤʠ ʠʤʝʝʪ ʢʦʨʝʥʴ ʚ ʧʦʣʝ 
ʢʦʤʧʣʝʢʩʥʳʭ ʯʠʩʝʣ, ʪʦ ʧʦʣʝ ʉ ʷʚʣʷʝʪʩʷ ʘʣʛʝʙʨʘʠʯʝʩʢʠ ʟʘʤʢʥʫʪʳʤ. 

ʊɽʆʈɽʄɸ. ɺʩʷʢʦʝ ʢʦʥʝʯʥʦʝ ʨʘʩʰʠʨʝʥʠʝ ʯʠʩʣʦʚʦʛʦ ʧʦʣʷ ʷʚʣʷʝʪʩʷ ʧʨʦʩʪʳʤ 
ʘʣʛʝʙʨʘʠʯʝʩʢʠʤ ʨʘʩʰʠʨʝʥʠʝʤ ʵʪʦʛʦ ʧʦʣʷ. 

ʕʪʘ ʪʝʦʨʝʤʘ ʦʟʥʘʯʘʝʪ, ʯʪʦ ʝʩʣʠ ʧʦʣʝ ),...,,( 21 naaaR  ʝʩʪʴ ʢʦʥʝʯʥʦʝ ʨʘʩʰʠʨʝʥʠʝ 

ʯʠʩʣʦʚʦʛʦ ʧʦʣʷ ʈ, ʪʦ ʤʦʞʥʦ ʧʦʜʦʙʨʘʪʴ ʪʘʢʦʝ ʯʠʩʣʦ g, ʯʪʦ ),...,,( 21 naaaR =ʈ(g). 

ʆʇʈɽɼɽʃɽʅʀɽ. ʈʘʩʰʠʨʝʥʠʝ ʈ ʧʦʣʷ ʂ ʥʘʟʳʚʘʝʪʩʷ ʘʣʛʝʙʨʘʠʯʝʩʢʠʤ ʥʘʜ ʂ, ʝʩʣʠ 
ʢʘʞʜʳʡ ʵʣʝʤʝʥʪ ʠʟ ʈ ʷʚʣʷʝʪʩʷ ʘʣʛʝʙʨʘʠʯʝʩʢʠʤ ʥʘʜ ʂ. 

ʄʝʞʜʫ ʢʦʥʝʯʥʳʤʠ ʠ ʘʣʛʝʙʨʘʠʯʝʩʢʠʤʠ ʨʘʩʰʠʨʝʥʠʷʤʠ ʧʦʣʝʡ ʩʫʱʝʩʪʚʫʝʪ ʪʝʩʥʘʷ 
ʚʟʘʠʤʦʩʚʷʟʴ. 

ʊɽʆʈɽʄɸ. ʂʘʞʜʦʝ ʢʦʥʝʯʥʦʝ ʨʘʩʰʠʨʝʥʠʝ ʧʦʣʷ ʈ ʘʣʛʝʙʨʘʠʯʥʦ ʠ ʧʦʣʫʯʘʝʪʩʷ ʠʟ ʈ 
ʧʨʠʩʦʝʜʠʥʝʥʠʝʤ ʢʦʥʝʯʥʦʛʦ ʯʠʩʣʘ ʘʣʛʝʙʨʘʠʯʝʩʢʠʭ ʵʣʝʤʝʥʪʦʚ. 

ɿɸʄɽʏɸʅʀɽ. ʕʪʘ ʪʝʦʨʝʤʘ ʧʦʟʚʦʣʷʝʪ ʛʦʚʦʨʠʪʴ ʦ çʢʦʥʝʯʥʳʭ ʘʣʛʝʙʨʘʠʯʝʩʢʠʭ 
ʨʘʩʰʠʨʝʥʠ̫ ʭè ʚʤʝʩʪʦ çʢʦʥʝʯʥʳʭ ʨʘʩʰʠʨʝʥʠʡè. 

ʉʧʨʘʚʝʜʣʠʚʘ ʠ ʦʙʨʘʪʥʘʷ 
ʊɽʆʈɽʄɸ. ʂʘʞʜʦʝ ʨʘʩʰʠʨʝʥʠʝ ʧʦʣʷ ʈ, ʢʦʪʦʨʦʝ ʧʦʣʫʯʘʝʪʩʷ ʧʨʠʩʦʝʜʠʥʝʥʠʝʤ 

ʢʦʥʝʯʥʦʛʦ ʤʥʦʞʝʩʪʚʘ ʘʣʛʝʙʨʘʠʯʝʩʢʠʭ ʯʠʩʝʣ ʢ ʧʦʣʶ ʈ, ʢʦʥʝʯʥʦ (ʠ, ʩʣʝʜʦʚʘʪʝʣʴʥʦ, 
ʘʣʛʝʙʨʘʠʯʥʦ). 

ɼʣʷ ʨʝʰʝʥʠʷ ʥʝʢʦʪʦʨʳʭ ʟʘʜʘʯ ʧʦʣʝʟʥʘ ʩʣʝʜʫʶʱʘʷ  

ʊɽʆʈɽʄɸ. ɽʩʣʠ ʵʣʝʤʝʥʪ a ʘʣʛʝʙʨʘʠʯʝʥ ʥʘʜ ʧʦʣʝʤ ʈ, ʢʦʪʦʨʦʝ ʷʚʣʷʝʪʩʷ 

ʘʣʛʝʙʨʘʠʯʝʩʢʠʤ ʨʘʩʰʠʨʝʥʠʝʤ ʧʦʣʷ ʂ, ʪʦ a ʘʣʛʝʙʨʘʠʯʝʥ ʠ ʥʘʜ ʧʦʣʝʤ ʂ. 
ʉʨʝʜʠ ʚʩʝʭ ʢʦʥʝʯʥʳʭ ʘʣʛʝʙʨʘʠʯʝʩʢʠʭ ʨʘʩʰʠʨʝʥʠʡ ʦʩʦʙʫʶ ʨʦʣʴ ʠʛʨʘʶʪ ʪʘʢ 

ʥʘʟʳʚʘʝʤʳʝ ʧʦʣʷ ʨʘʟʣʦʞʝʥʠʷ ʤʥʦʛʦʯʣʝʥʘ f(x). 
ʆʇʈɽɼɽʃɽʅʀɽ. ʇʦʣʝʤ ʨʘʟʣʦʞʝʥʠʷ ʤʥʦʛʦʯʣʝʥʘ f(x), ʟʘʜʘʥʥʦʛʦ ʥʘʜ ʧʦʣʝʤ ʈ, 

ʥʘʟʳʚʘʝʪʩʷ ʧʦʣʝ, ʧʦʣʫʯʝʥʥʦʝ ʧʨʠʩʦʝʜʠʥʝʥʠʝʤ ʢ ʈ ʚʩʝʭ ʢʦʨʥʝʡ ʫʨʘʚʥʝʥʠʷ f(x)=0.  

ɿɸʄɽʏɸʅʀɽ. ʈʝʯʴ ʚ ʦʧʨʝʜʝʣʝʥʠʠ ʠʜʝʪ ʦ ʧʦʣʷʭ ʈ( naaa ,...,, 21 ), ʚ ʢʦʪʦʨʳʭ 

ʤʥʦʛʦʯʣʝʥ f(x) ʠʟ ʢʦʣʴʮʘ ʈ[x] ʧʦʣʥʦʩʪʴʶ ʨʘʟʣʘʛʘʝʪʩʷ ʥʘ ʣʠʥʝʡʥʳʝ ʤʥʦʞʠʪʝʣʠ: f(x)=(x - 

a1 )Ö(x - a2 )ÖéÖ(x - an ) ʠ ʢʦʪʦʨʳʝ ʧʦʣʫʯʘʶʪʩʷ ʧʨʠʩʦʝʜʠʥʝʥʠʝʤ ʢ ʈ ʢʦʨʥʝʡ ai  ʵʪʠʭ 

ʣʠʥʝʡʥʳʭ ʤʥʦʞʠʪʝʣʝʡ. 
ɺ ʪʝʦʨʠʠ ʧʦʣʝʡ ʜʦʢʘʟʳʚʘʝʪʩʷ  
ʊɽʆʈɽʄɸ. ɼʣʷ ʢʘʞʜʦʛʦ ʤʥʦʛʦʯʣʝʥʘ f(x) ʠʟ ʢʦʣʴʮʘ ʤʥʦʛʦʯʣʝʥʦʚ ʈ[x] ʩʫʱʝʩʪʚʫʝʪ 

ʥʝʢʦʪʦʨʦʝ ʧʦʣʝ ʨʘʟʣʦʞʝʥʠʷ. 
 

ʊʝʤʘ. ʂʦʥʝʯʥʳʝ ʧʦʣʷ 
ʇʣʘʥ 

1. ʉʪʨʦʝʥʠʝ ʧʦʣʝʡ ɻʘʣʫʘ.  
2. ʇʨʝʜʩʪʘʚʣʝʥʠʝ ʵʣʝʤʝʥʪʦʚ ʧʦʣʷ ɻʘʣʫʘ ʢʦʥʝʯʥʳʤʠ ʯʠʩʣʦʚʳʤʠ 

ʧʦʩʣʝʜʦʚʘʪʝʣʴʥʦʩʪʷʤʠ ʠ ʤʥʦʛʦʯʣʝʥʘʤʠ ʥʘʜ ʢʦʥʝʯʥʳʤ ʧʦʣʝʤ. 
1. ʉʪʨʦʝʥʠʝ ʧʦʣʝʡ ɻʘʣʫʘ 
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ʈʘʩʩʤʦʪʨʠʤ ʚʘʞʥʳʡ ʚʠʜ ʧʦʣʝʡ ï ʢʦʥʝʯʥʳʝ ʧʦʣʷ. ʊʘʢʠʝ ʧʦʣʷ ʥʘʟʳʚʘʶʪʩʷ ʪʘʢʞʝ 
ʧʦʣʷʤʠ ɻʘʣʫʘ ʧʦ ʠʤʝʥʠ ʫʯʝʥʦʛʦ ʕʚʘʨʠʩʪʘ ɻʘʣʫʘ, ʢʦʪʦʨʳʡ ʧʝʨʚʳʤ ʠʩʩʣʝʜʦʚʘʣ ʠʭ 
ʩʚʦʡʩʪʚʘ. ʇʦʣʝ, ʩʦʜʝʨʞʘʱʝʝ q ʵʣʝʤʝʥʪʦʚ ʦʙʦʟʥʘʯʘʶ ʪ GF(q). 

ʊʘʢ ʢʘʢ ʢʘʞʜʦʝ ʧʦʣʝ ʩʦʜʝʨʞʠʪ ʝʜʠʥʠʮʫ (ʥʝʡʪʨʘʣʴʥʳʡ ʵʣʝʤʝʥʪ ʧʦ ʫʤʥʦʞʝʥʠʠʶ) ʠ 
ʥʦʣʴ (ʥʝʡʪʨʘʣʴʥʳʡ ʵʣʝʤʝʥʪ ʧʦ ʩʣʦʞʝʥʠʶ), ʪʦ ʥʘʠʤʝʥʴʰʝʝ ʯʠʩʣʦ ʵʣʝʤʝʥʪʦʚ, 
ʦʙʨʘʟʫʶʱʠʭ ʧʦʣʝ, ʨʘʚʥʦ 2. ʊʘʢʦʝ ʧʦʣʝ ʜʦʣʞʥʦ ʩʦʜʝʨʞʘʪʴ ʪʦʣʴʢʦ 2 ʝʜʠʥʠʯʥʳʭ 
ʵʣʝʤʝʥʪʘ: 0 ʠ 1.  

ʕʪʦ ʧʦʣʝ GF(2), ʠʣʠ ʜʚʦʠʯʥʦʝ. ʇʨʘʚʠʣʘ ʩʣʦʞʝʥʠʷ ʠ ʫʤʥʦʞʝʥʠʡ ʜʣʷ ʵʣʝʤʝʥʪʦʚ 
GF(2)ʧʨʠʚʦʜʷʪʩʷ ʚ ʪʘʙʣʠʮʘʭ ʥʘ ʨʠʩ 1. 

 

 
GF(3) ïʪʨʦʠʯʥʦʝ ʧʦʣʝ ʩ ʵʣʝʤʝʥʪʘʤʠ 0, 1, 2. ɼʣʷ ʥʝʛʦ ʧʨʘʚʠʣʘ ʩʣʦʞʝʥʠʷ ʠ 

ʫʤʥʦʞʝʥʠʷ ʧʨʠʚʦʜʷʪʩʷ ʥʘ ʨʠʩ.2.  
  

 
ʇʫʩʪʴ ʈ ï ʧʦʣʝ ɻʘʣʫʘ ʠ q ï ʯʠʩʣʦ ʝʛʦ ʵʣʝʤʝʥʪʦʚ. ʇʫʩʪʴ P - ʧʨʦʩʪʦʝ ʧʦʣʝ, 

ʩʦʜʝʨʞʘʱʝʝʩʷ ʚ ʈ (ʥʘʧʦʤʥʠʤ, ʯʪʦ ʧʨʦʩʪʳʤ ʥʘʟʳʚʘʝʪʩʷ ʧʦʣʝ, ʢʦʪʦʨʦʝ ʥʝ ʠʤʝʝʪ 
ʩʦʙʩʪʚʝʥʥʳʭ ʧʦʜʧʦʣʝʡ). ʍʘʨʘʢʪʝʨʠʩʪʠʢʘ ʧʦʣʷ ʈ ʥʝ ʤʦʞʝʪ ʙʳʪʴ ʥʫʣʝʚʦʡ, ʠʥʘʯʝ ʚ 

ʧʨʦʩʪʦʝ ʧʦʣʝ P ʪʘʢʞʝ ʠʤʝʣʦ ʙʳ ʭʘʨʘʢʪʝʨʠʩʪʠʢʫ ʥʫʣʴ, ʠ, ʩʣʝʜʦʚʘʪʝʣʴʥʦ, ʩʦʩʪʦʷʣʦ ʙʳ 
ʠʟ ʙʝʩʢʦʥʝʯʥʦʛʦ ʯʠʩʣʘ ʵʣʝʤʝʥʪʦʚ.  

ʇʫʩʪʴ ʨ ï ʭʘʨʘʢʪʝʨʠʩʪʠʢʘ ʜʘʥʥʦʛʦ ʢʦʥʝʯʥʦʛʦ ʧʦʣʷ. ʊʦʛʜʘ ʧʨʦʩʪʦʝ ʧʦʣʝ P 
ʠʟʦʤʦʨʬʥʦ ʢʦʣʴʮʫ ʢʣʘʩʩʦʚ ʚʳʯʝʪʦʚ ʢʦʣʴʮʘ ʮʝʣʳʭ ʯʠʩʝʣ ʧʦ mod p ʠ ʧʦʪʦʤʫ ʩʦʜʝʨʞʠʪ ʨ 
ʵʣʝʤʝʥʪʦʚ. 

ʊʘʢ ʢʘʢ ʧʦʣʝ ʈ ʢʦʥʝʯʥʦ, ʪʦ ʩʨʝʜʠ ʝʛʦ ʵʣʝʤʝʥʪʦʚ ʤʦʞʥʦ ʚʳʙʨʘʪʴ ʤʘʢʩʠʤʘʣʴʥʫʶ 

ʩʠʩʪʝʤʫ ʵʣʝʤʝʥʪʦʚ, ʣʠʥʝʡʥʦ ʥʝʟʘʚʠʩʠʤʳʭ ʥʘʜ P: 

naaa ,...,, 21 . 

ʊʦʛʜʘ ʯʠʩʣʦ n ʙʫʜʝʪ ʩʪʝʧʝʥʴʶ ʨʘʩʰʠʨʝʥʠʷ [P:ʇ], ʠ ʢʘʞʜʳʡ ʵʣʝʤʝʥʪ ʠʟ ʈ 
ʧʨʠʦʙʨʝʪʘʝʪ ʚʠʜ: 

,...221 nnccc aaa +++       (20), 

ʛʜʝ ʢʦʵʬʬʠʮʠʝʥʪʳ c i  ʠʟ ʧʦʣʷ P ʦʜʥʦʟʥʘʯʥʦ ʦʧʨʝʜʝʣʝʥʳ. 

ʊʘʢ ʢʘʢ ʧʦʣʝ P ʩʦʜʝʨʞʠʪ ʨʦʚʥʦ ʨ ʨʘʟʣʠʯʥʳʭ ʵʣʝʤʝʥʪʦʚ, ʪʦ ʢʘʞʜʳʡ ʠʟ 
ʢʦʵʬʬʠʮʠʝʥʪʦʚ ʚ ʨʘʚʝʥʩʪʚʝ (1) ʤʦʞʝʪ ʧʨʠʥʠʤʘʪʴ ʨ ʨʘʟʣʠʯʥʳʭ ʟʥʘʯʝʥʠʡ. 

ʉʣʝʜʦʚʘʪʝʣʴʥʦ, ʠʤʝʝʪʩʷ ʚ ʪʦʯʥʦʩʪʠ ʨn  ʚʳʨʘʞʝʥʠʡ ʚʠʜʘ (1). ʇʦʩʢʦʣʴʢʫ ʤʥʦʞʝʩʪʚʦ ʚʩʝʭ 
ʵʣʝʤʝʥʪʦʚ ʚʠʜʘ (1) ʩʦʚʧʘʜʘʝʪ ʩ ʤʥʦʞʝʩʪʚʦʤ ʚʩʝʭ ʵʣʝʤʝʥʪʦʚ ʧʦʣʷ ʈ, ʪʦ ʧʦʣʫʯʘʝʤ 

ʨʘʚʝʥʩʪʚʦ q = ʨn  (2). 
ʊʘʢʠʤ ʦʙʨʘʟʦʤ, ʩʧʨʘʚʝʜʣʠʚʘ 
ʊɽʆʈɽʄɸ. ʏʠʩʣʦ ʵʣʝʤʝʥʪʦʚ ʢʦʥʝʯʥʦʛʦ ʧʦʣʷ ʷʚʣʷʝʪʩʷ ʩʪʝʧʝʥʴʶ ʭʘʨʘʢʪʝʨʠʩʪʠʢʠ 

ʨ; ʧʦʢʘʟʘʪʝʣʴ ʵʪʦʡ ʩʪʝʧʝʥʠ ʨʘʚʝʥ ʩʪʝʧʝʥʠ ʨʘʩʰʠʨʝʥʠʷ [P:ʇ], ʛʜʝ P ï ʧʨʦʩʪʦʝ ʧʦʜʧʦʣʝ 
ʧʦʣʷ ʈ. 

ɽʩʣʠ ʚʳʙʨʦʩʠʪʴ ʥʫʣʴ ʠʟ ʤʥʦʞʝʩʪʚʘ ʵʣʝʤʝʥʪʦʚ, ʦʙʨʘʟʫʶʱʠʭ ʧʦʣʝ ɻʘʣʫʘ, ʪʦ ʵʪʦ 
ʤʥʦʞʝʩʪʚʦ ʦʙʨʘʪʠʪʩʷ ʚ ʘʙʝʣʝʚʫ ʤʫʣʴʪʠʧʣʠʢʘʪʠʚʥʫʶ ʛʨʫʧʧʫ ʧʦʨʷʜʢʘ q - 1. ʀʟ ʩʚʦʡʩʪʚ 
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ʛʨʫʧʧ ʩʣʝʜʫʝʪ, ʯʪʦ ʧʦʨʷʜʦʢ ʣʶʙʦʛʦ ʵʣʝʤʝʥʪʘ a ʧʦʣʫʯʝʥʥʦʡ ʛʨʫʧʧʳ ʜʦʣʞʝʥ ʙʳʪʴ 
ʜʝʣʠʪʝʣʝʤ ʯʠʩʣʘ q ï 1, ʩʣʝʜʦʚʘʪʝʣʴʥʦ, 

(" a Í ʈ \ {0})  a 1-q  = 1.    (21). 

ʆʜʥʘʢʦ, ʠʟ ʨʘʚʝʥʩʪʚʘ (3) ʩʣʝʜʫʝʪ, ʯʪʦ ʫʨʘʚʥʝʥʠʝ aq  - a = 0 ʠʤʝʝʪ ʩʚʦʠʤ ʢʦʨʥʝʤ 

ʠ a = 0. 

ʊʘʢʠʤ ʦʙʨʘʟʦʤ, ʝʩʣʠ ʨʘʩʩʤʘʪʨʠʚʘʪʴ ʤʥʦʛʦʯʣʝʥ f(x) = x q  - x, ʪʦ ʚʩʝ ʵʣʝʤʝʥʪʳ 
ʧʦʣʷ ɻʘʣʫʘ ʙʫʜʫʪ ʝʛʦ ʢʦʨʥʷʤʠ. 

ʉ ʜʨʫʛʦʡ ʩʪʦʨʦʥʳ, ʝʩʣʠ qaaa ,...,, 21  - ʚʩʝ ʵʣʝʤʝʥʪʳ ʧʦʣʷ ɻʘʣʫʘ, ʪʦ ʤʥʦʛʦʯʣʝʥ 

f(x) = x q  - x ʜʝʣʠʪʩʷ ʥʘ ʤʥʦʛʦʯʣʝʥ 

.)(
1

Ô -
q

ix a     (22) 

ɺ ʩʠʣʫ ʨʘʚʝʥʩʪʚʘ ʩʪʝʧʝʥʝʡ ʤʥʦʛʦʯʣʝʥʦʚ f(x) ʠ (22) ʧʦʣʫʯʘʝʤ ʠʭ ʨʘʚʝʥʩʪʚʦ: 

x q  - x = .)(
1

Ô -
q

ix a     (23). 

ʈʘʚʝʥʩʪʚʦ (23) ʦʟʥʘʯʘʝʪ, ʯʪʦ ʧʦʣʝ ɻʘʣʫʘ ʈ ʩʦʩʪʦʠʪ ʠʟ ʚʩʝʭ ʢʦʨʥʝʡ ʤʥʦʛʦʯʣʝʥʘ 

f(x) = x q  - x, ʢʦʪʦʨʳʝ ʧʨʠʩʦʝʜʠʥʷʶʪʩʷ ʢ ʧʦʣʶ P. ʕʪʠʤʠ ʫʩʣʦʚʠʷʤʠ ʧʦʣʝ ʈ 
ʦʧʨʝʜʝʣʷʝʪʩʷ ʦʜʥʦʟʥʘʯʥʦ ʩ ʪʦʯʥʦʩʪʴʶ ʜʦ ʠʟʦʤʦʨʬʠʟʤʘ. ʆʪʩʶʜʘ ʩʣʝʜʫʝʪ  

ʊɽʆʈɽʄɸ. ʇʨʠ ʟʘʜʘʥʥʳʭ ʯʠʩʣʘʭ ʨ ʠ n ʚʩʝ ʧʦʣʷ ʠʟ ʨn  ʵʣʝʤʝʥʪʦʚ ʠʟʦʤʦʨʬʥʳ 
ʤʝʞʜʫ ʩʦʙʦʡ. 

ʆʜʥʘʢʦ ʠʟ ʵʪʦʡ ʪʝʦʨʝʤʳ ʥʝʣʴʟʷ ʩʜʝʣʘʪʴ ʚʳʚʦʜʦʚ ʦ ʪʦʤ, ʜʣʷ ʢʘʢʠʭ ʯʠʩʝʣ ʨ ʠ n 
ʩʫʱʝʩʪʚʫʶʪ ʧʦʣʷ ɻʘʣʫʘ. ʅʘ ʵʪʦʪ ʚʦʧʨʦʩ ʦʪʚʝʯʘʝʪ 

ʊɽʆʈɽʄɸ. ɼʣʷ ʢʘʞʜʦʡ ʥʘʪʫʨʘʣʴʥʦʡ ʩʪʝʧʝʥʠ q = p n  ʧʨʦʩʪʦʛʦ ʯʠʩʣʘ p (n > 0) 
ʩʫʱʝʩʪʚʫʝʪ ʦʜʥʦ ʠ ʪʦʣʴʢʦ ʦʜʥʦ (ʩ ʪʦʯʥʦʩʪʴʶ ʜʦ ʠʟʦʤʦʨʬʠʟʤʘ) ʧʦʣʝ ɻʘʣʫʘ ʠʟ q 

ʵʣʝʤʝʥʪʦʚ, ʢʦʪʦʨʳʝ ʷʚʣʷʶʪʩʷ ʢʦʨʥʷʤʠ ʤʥʦʛʦʯʣʝʥʘ f(x) = x q  - x. 

ʆʙʦʟʥʘʯʝʥʠʝ: ʧʦʣʝ ɻʘʣʫʘ ʠʟ p n  ʵʣʝʤʝʥʪʦʚ ʦʙʦʟʥʘʯʘʝʪʩ ̫ʯʝʨʝʟ GF(p n ). 

ʇʨʝʦʙʨʘʟʫʝʤ ʤʥʦʛʦʯʣʝʥ f(x)=x q  - x ʩʣʝʜʫʶʱʠʤ ʦʙʨʘʟʦʤ: 

f(x)=x(x 1-q ï1)     (24) ʠ ʦʙʦʟʥʘʯʠʤ qï1=h.  
ʊʦʛʜʘ ʚʩʝ ʦʪʣʠʯʥʳʝ ʦʪ ʥʫʣʷ ʵʣʝʤʝʥʪʳ ʧʦʣʷ ɻʘʣʫʘ ʷʚʣʷʶʪʩʷ ʢʦʨʥʷʤʠ ʤʥʦʛʦʯʣʝʥʘ 

1-hx , ʪ.ʝ. ʢʦʨʥʷʤʠ h ï ʪʦʡ ʩʪʝʧʝʥʠ ʠʟ ʝʜʠʥʠʮʳ. ʊʘʢ ʢʘʢ ʯʠʩʣʘ h ʠ p ʚʟʘʠʤʥʦ ʧʨʦʩʪʳ, 

ʪʦ ʩʨʝʜʠ ʢʦʨʥʝʡ h ï ʪʦʡ ʩʪʝʧʝʥʠ ʠʟ ʝʜʠʥʠʮʳ ʩʫʱʝʩʪʚʫʝʪ ʢʦʨʝʥʴ x, ʚʩʝ ʨʘʟʣʠʯʥʳʝ 
ʩʪʝʧʝʥʠ ʢʦʪʦʨʦʛʦ ʩʦʚʧʘʜʘʶʪ ʩ ʥʝʥʫʣʝʚʳʤʠ ʵʣʝʤʝʥʪʘʤʠ ʧʦʣʷ ɻʘʣʫʘ. ʆʪʩʶʜʘ ʩʣʝʜʫʝʪ, 

ʯʪʦ ʈ = P(x) ï ʧʨʦʩʪʦʝ ʨʘʩʰʠʨʝʥʠʝ ʧʦʣʷ P. ʉʪʝʧʝʥʴ ʵʣʝʤʝʥʪʘ x ʥʘʜ P ʨʘʚʥʘ 
ʩʪʝʧʝʥʠ ʨʘʩh ʠʨʝʥʠʷ n. 

ʇʨʠʚʝʜʝʥʥʳʝ ʚʳʰʝ ʨʘʩʩʫʞʜʝʥʠʷ ʷʚʣʷʶʪʩʷ, ʧʦ ʩʫʱʝʩʪʚʫ, ʜʦʢʘʟʘʪʝʣʴʩʪʚʦʤ 
ʪʝʦʨʝʤʳ, ʢʦʪʦʨʘʷ ʧʦʣʥʦʩʪʴʶ ʦʧʠʩʳʚʘʝʪ ʩʪʨʦʝʥʠʝ ʧʦʣʝʡ ɻʘʣʫʘ. 

ʊɽʆʈɽʄɸ. ʄʫʣʴʪʠʧʣʠʢʘʪʠʚʥʘʷ ʛʨʫʧʧʘ ʧʦʣʷ GF(p n ) ʷʚʣʷʝʪʩʷ ʮʠʢʣʠʯʝʩʢʦʡ 
ʛʨʫʧʧʦʡ, ʧʦʨʦʞʜʝʥʥʦʡ ʥʝʢʦʪʦʨʳʤ ʧʨʠʤʠʪʠʚʥʳʤ (ʧʝʨʚʦʦʙʨʘʟʥʳʤ) ʢʦʨʥʝʤ h ï ʪʦʡ 
ʩʪʝʧʝʥʠ ʠʟ ʝʜʠʥʠʮʳ. 

ʉʣʝʜʫʶʱʝʝ ʩʚʦʡʩʪʚʦ ʧʦʟʚʦʣʷʝʪ ʦʧʨʝʜʝʣʠʪʴ ʚʩʝ ʘʚʪʦʤʦʨʬʠʟʤʳ (ʠʟʦʤʦʨʬʠʟʤʳ 
çʥʘ ʩʝʙʷè) ʢʦʥʝʯʥʳʭ ʧʦʣʝʡ. 

ʉɺʆʁʉʊɺʆ. ʇʦʣʝ ɻʘʣʫʘ ʭʘʨʘʢʪʝʨʠʩʪʠʢʠ p ʩʦʜʝʨʞʠʪ ʚʤʝʩʪʝ ʩ ʢʘʞʜʳʤ ʩʚʦʠʤ 
ʵʣʝʤʝʥʪʦʤ ʘ ʨʦʚʥʦ ʦʜʠʥ ʢʦʨʝʥʴ p ï ʪʦʡ ʩʪʝʧʝʥʠ ʠʟ ʘ. 

ʉʃɽɼʉʊɺʀɽ. ɺʩʝʤʠ ʘʚʪʦʤʦʨʬʠʟʤʘʤʠ ʧʦʣʷ GF(p n ) ʷʚʣʷʶʪʩʷ ʦʪʦʙʨʘʞʝʥʠ̫ ʚʠʜʘ 

f: a  
ʨa . 

ʊʘʢʠʭ ʦʪʦʙʨʘʞʝʥʠʡ ʙʫʜʝʪ ʨʦʚʥʦ n , ʠ ʚʩʝ ʦʥʠ ʝʩʪʴ ʩʪʝʧʝʥʠ ʘʚʪʦʤʦʨʬʠʟʤʘ f. 
ɿɸʄɽʏɸʅʀɽ. ʅʝʪʨʫʜʥʦ ʧʦʢʘʟʘʪʴ, ʯʪʦ ʚʩʝ ʪʝʦʨʝʤʳ, ʩʧʨʘʚʝʜʣʠʚʳʝ ʜʣʷ ʢʦʥʝʯʥʳʭ 

ʧʦʣʝʡ GF(p n), ʧʨʠ n=1 ʩʪʘʥʦʚʷʪʩʷ ʪʝʦʨʝʤʘʤʠ ʦ ʢʦʣʴʮʝ ʚʳʯʝʪʦʚ ʮʝʣʳʭ ʯʠʩʝʣ ʧʦ 
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ʠʜʝʘʣʫ, ʧʦʨʦʞʜʝʥʥʦʤʫ ʧʨʦʩʪʳʤ ʯʠʩʣʦʤ p ï Z /(p), ʠ ʧʨʠʚʦʜʷʪ ʢ ʨʝʟʫʣʴʪʘʪʘʤ, ʭʦʨʦʰʦ 
ʠʟʚʝʩʪʥʳʤ ʠʟ ʪʝʦʨʠʠ ʯʠʩʝʣ, ʥʘʧʨʠʤʝʨ, ʢ ʪʘʢʠʤ, ʢʘʢ ʪʝʦʨʝʤʘ ʌʝʨʤʘ: 

a 1-p ¹ 1(mod p), a  ̧pq, q Í Z. 
2. ʇʨʝʜʩʪʘʚʣʝʥʠʝ ʵʣʝʤʝʥʪʦʚ ʧʦʣʷ ɻʘʣʫʘ ʢʦʥʝʯʥʳʤʠ ʯʠʩʣʦʚʳʤʠ 

ʧʦʩʣʝʜʦʚʘʪʝʣʴʥʦʩʪʷʤʠ ʠ ʤʥʦʛʦʯʣʝʥʘʤʠ ʥʘʜ ʢʦʥʝʯʥʳʤ ʧʦʣʝʤ 
ʈʘʩʩʤʦʪʨʠʤ ʪʝʧʝʨʴ ʚʦʟʤʦʞʥʦʩʪʴ ʧʦʩʪʨʦʝʥʠʷ ʢʦʥʝʯʥʳʭ ʧʦʣʝʡ ʩ ʵʣʝʤʝʥʪʘʤʠ ʚ 

ʚʠʜʝ ʧʦʩʣʝʜʦʚʘʪʝʣʴʥʦʩʪʝʡ ʯʠʩʝʣ, ʜʣʷ ʯʝʛʦ ʦʧʨʝʜʝʣʠʤ ʫʩʣʦʚʠʷ, ʧʨʠ ʢʦʪʦʨʳʭ 
ʧʦʩʣʝʜʦʚʘʪʝʣʴʥʦʩʪʠ ʜʣʠʥʳ m ʩ ʵʣʝʤʝʥʪʘʤʠ ʠʟ ʧʦʣʷ GF(q) ʦʙʨʘʟʫʶʪ ʧʦʣʝ.  

ʈʘʩʩʤʦʪʨʠʤ ʧʦʩʣʝʜʦʚʘʪʝʣʴʥʦʩʪʠ ʜʣʠʥʳ 4 ʩ ʵʣʝʤʝʥʪʘʤʠ ʠʟ GF(2). ʊʘʢʠʝ 
ʧʦʩʣʝʜʦʚʘʪʝʣʴʥʦʩʪʠ ʤʦʞʥʦ ʩʢʣʘʜʳʚʘʪʴ ʢʘʢ ʚʝʢʪʦʨʳ, ʠ ʥʫʣʝʚʳʤ ʵʣʝʤʝʥʪʦʤ ʧʦ 
ʦʧʝʨʘʮʠʠ ʩʣʦʞʝʥʠʷ ʷʚʣʷʝʪʩʷ 0000. ɼʣʷ ʟʘʜʘʥʠʷ ʦʧʝʨʘʮʠʠ ʫʤʥʦʞʝʥʠʷ ʩʦʧʦʩʪʘʚʠʤ 

ʢʘʞʜʦʡ ʧʦʩʣʝʜʦʚʘʪʝʣʴʥʦʩʪʠ ʤʥʦʛʦʯʣʝʥ ʦʪ a: 
 

 
ʋʤʥʦʞʝʥʠʝ ʪʘʢʠʭ ʤʥʦʛʦʯʣʝʥʦʚ ʤʦʞʝʪ ʜʘʪʴ ʩʪʝʧʝʥʴ, ʙʦʣʴʰʫʶ ʯʝʤ 3, ʪ.ʝ. 

ʧʦʩʣʝʜʦʚʘʪʝʣʴʥʦʩʪʴ, ʥʝ ʧʨʠʥʘʜʣʝʞʘʱʫʶ ʨʘʩʩʤʘʪʨʠʚʘʝʤʦʤʫ ʤʥʦʞʝʩʪʚʫ. 

ʅʘʧʨʠʤʝʨ, (1101)Ö(1001) ª (1 + a + a3)Ö(1 + a3) = 1 + a+ a4 + a6. ɼʣʷ ʪʦʛʦ ʯʪʦʙʳ 
ʩʚʝʩʪʠ ʦʪʚʝʪ ʢ ʤʥʦʛʦʯʣʝʥʫ ʩʪʝʧʝʥʠ ʥʝ ʙʦʣʝʝ 3, ʧʦʣʦʞʠʤ, ʯʪʦ Ŭ ʫʜʦʚʣʝʪʚʦʨʷʝʪ 
ʫʨʘʚʥʝʥʠʶ ʩʪʝʧʝʥʠ 4, ʥʘʧʨʠʤʝʨ: 

p(a) = 1 + a + a4 = 0. 
ʊʦʛʜʘ: 

a
5 = a + a2, a6 = a2 + a3; 

1 + a+ a4 + a6 = 1 + a + 1 + a + a2 + a3 = a2 + a3. 

ʕʪʦ ʵʢʚʠʚʘʣʝʥʪʥʦ ʜʝʣʝʥʠʶ ʥʘ ʤʥʦʛʦʯʣʝʥ 1 + a+ a4 ʠ ʥʘʭʦʞʜʝʥʠʶ ʦʩʪʘʪʢʘ ʦʪ 
ʜʝʣʝʥʠʷ:  

 

 
ʊʘʢʠʤ ʦʙʨʘʟʦʤ, ʠʤʝʝʪ ʤʝʩʪʦ ʘʥʘʣʦʛʠʷ ʧʨʠ ʬʦʨʤʠʨʦʚʘʥʠʠ ʧʦʣʷ ʠʟ ʯʠʩʝʣ ʠ 

ʧʦʩʣʝʜʦʚʘʪʝʣʴʥʦʩʪʝʡ ʯʠʩʝʣ (ʠʣʠ ʤʥʦʛʦʯʣʝʥʦʚ). ʕʪʘ ʘʥʘʣʦʛʠʷ ʨʘʩʧʨʦʩʪʨʘʥʷʝʪʩʷ ʠ ʥʘ 
ʪʦ, ʯʪʦ ʜʣʷ ʦʙʨʘʪʠʤʦʩʪʠ ʚʚʝʜʝʥʥʦʡ ʦʧʝʨʘʮʠʠ ʫʤʥʦʞʝʥʠʷ (ʯʪʦʙʳ ʩʠʩʪʝʤʘ ʵʣʝʤʝʥʪʦʚ ʚ 
ʚʠʜʝ ʧʦʩʣʝʜʦʚʘʪʝʣʴʥʦʩʪʝʡ ʜʣʠʥʳ m ʠʣʠ ʤʥʦʛʦʯʣʝʥʦʚ ʩʪʝʧʝʥʠ ʤʝʥʴʰʝʡ m, 

ʦʙʨʘʟʦʚʳʚʘʣʘ ʧʦʣʝ) ʤʥʦʛʦʯʣʝʥ p(a  ʜʦʣʞʝʥ ʙʳʪʴ ʥʝʧʨʠʚʦʜʠʤ ʥʘʜ ʧʦʣʝʤ ʩʚʦʠʭ 
ʢʦɻ ʬʬʠʮʠʝʥʪʦʚ. 

ʆʇʈɽɼɽʃɽʅʀɽ. ʇʦʣʝ, ʦʙʨʘʟʦʚʘʥʥʦʝ ʤʥʦʛʦʯʣʝʥʘʤʠ ʥʘʜ ʧʦʣʝʤ GF(ʨ) ʧʦ ʤʦʜʫʣʶ 
ʥʝʧʨʠʚʦʜʠʤʦʛʦ ʤʥʦʛʦʯʣʝʥʘ p(x) ʩʪʝʧʝʥʠ m, ʥʘʟʳʚʘʝʪʩʷ ʨʘʩʰʠʨʝʥʠʝʤ ʧʦʣʷ ʩʪʝʧʝʥʠ m 
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ʥʘʜ GF(p) ʠʣʠ ʨʘʩʰʠʨʝʥʥʳʤ ʧʦʣʝʤ. ʆʥʦ ʩʦʜʝʨʞʠʪ pm ʵʣʝʤʝʥʪʦʚ ʠ ʷʚʣʷʝʪʩʷ GF(pm) ï
ʧʦʣʝʤ, ʨʘʩʩʤʦʪʨʝʥʥʳʤ ʚʳʰʝ. 

ʇʦʣʝ, ʦʙʨʘʟʦʚʘʥʥʦʝ ʰʝʩʪʥʘʜʮʘʪʴʶ ʜʚʦʠʯʥʳʤʠ ʧʦʩʣʝʜʦʚʘʪʝʣʴʥʦʩʪʷʤʠ ʜʣʠʥʳ 4, 
ʠʣʠ ʤʥʦʛʦʯʣʝʥʘʤʠ ʩʪʝʧʝʥʠ 3 ʠ ʤʝʥʝʝ ʩ ʢʦɻ ʬʬʠʮʠʝʥʪʘʤʠ ʠʟ GF(2) ʧʦ ʤʦʜʫʣʶ 
ʤʥʦʛʦʯʣʝʥʘ p(x) = x4+ x+1, ʥʝʧʨʠʚʦʜʠʤʦʛʦ ʥʘʜ GF(2), ʷʚʣʷʝʪʩʷ ʧʨʠʤʝʨʦʤ ʨʘʩʰʠʨʝʥʥʦʛʦ 
ʧʦʣʷ GF(24), ʢʦʪʦʨʦʝ ʤʦʞʝʪ ʙʳʪʴ ʦʙʦʟʥʘʯʝʥʦ ʪʘʢʞʝ GF(16) 

 
ʊʝʤʘ. ʕʣʝʤʝʥʪʳ ʪʝʦʨʠʠ ʢʦʜʠʨʦʚʘʥʠ ̫

ʇʣʘʥ 
1. ɿʘʜʘʯʠ ʪʝʦʨʠʠ ʢʦʜʠʨʦʚʘʥʠʷ, ʪʝʦʨʝʤʳ ʐʝʥʥʦʥʘ.  
2. ʉʞʘʪʠʝ ʠʥʬʦʨʤʘʮʠʠ. ʇʨʦʩʪʝʡʰʠʝ ʘʣʛʦʨʠʪʤʳ ʩʞʘʪʠʷ. 
3. ʇʦʤʝʭʦʫʩʪʦʡʯʠʚʳʝ ʢʦʜʳ ʢʘʢ ʧʨʠʤʝʨ ʦʧʪʠʤʘʣʴʥʳʭ ʢʦʜʦʚ.  
1. ɿʘʜʘʯʠ ʪʝʦʨʠʠ ʢʦʜʠʨʦʚʘʥʠʷ, ʪʝʦʨʝʤʳ ʐʝʥʥʦʥʘ 
ɺʘʞʥʝʡʰʠʤ ʨʘʟʜʝʣʦʤ ʪʝʦʨʠʠ ʠʥʬʦʨʤʘʮʠʠ ʷʚʣʷʝʪʩʷ ʪʝʦʨʠʷ ʢʦʜʠʨʦʚʘʥʠʷ, 

ʢʦʪʦʨʘʷ ʠʟʫʯʘʝʪ ʩʧʦʩʦʙʳ ʦʪʦʞʜʝʩʪʚʣʝʥʠʷ ʩʦʦʙʱʝʥʠʡ ʩ ʦʪʦʙʨʘʞʘʶʱʠʤʠ ʠʭ ʩʠʛʥʘʣʘʤʠ.  
ʆʇʈɽɼɽʃɽʅʀɽ. ʆʪʦʙʨʘʞʝʥʠʝ ʤʥʦʞʝʩʪʚʘ ʩʦʩʪʦʷʥʠʡ ʠʩʪʦʯʥʠʢʘ ʚ ʤʥʦʞʝʩʪʚʦ 

ʩʦʩʪʦʷʥʠʡ ʥʦʩʠʪʝʣʷ ʥʘʟʳʚʘʝʪʩʷ ʩʧʦʩʦʙʦʤ ʢʦʜʠʨʦʚʘʥʠʷ, ʘ ʦʙʨʘʟ ʩʦʩʪʦʷʥʠʷ ʧʨʠ 
ʚʳʙʨʘʥʥʦʤ ʩʧʦʩʦʙʝ ʢʦʜʠʨʦʚʘʥʠʷ ï ʢʦʜʦʤ ʵʪʦʛʦ ʩʦʩʪʦʷʥʠʷ. 

ɿʘʜʘʯʝʡ ʪʝʦʨʠʠ ʢʦʜʠʨʦʚʘʥʠʷ ʷʚʣʷʝʪʩʷ ʥʘʠʣʫʯʰʝʝ ʚ ʥʝʢʦʪʦʨʦʤ ʩʤʳʩʣʝ 
ʩʦʛʣʘʩʦʚʘʥʠʝ ʠʩʪʦʯʥʠʢʘ ʠʥʬʦʨʤʘʮʠʠ ʩ ʢʘʥʘʣʦʤ ʩʚʷʟʠ (ʥʘʧʨʠʤʝʨ, ʦʙʝʩʧʝʯʝʥʠʝ 
ʤʘʢʩʠʤʘʣʴʥʦʡ ʩʢʦʨʦʩʪʠ ʧʝʨʝʜʘʯʠ ʜʣʷ ʟʘʜʘʥʥʳʭ ʩʪʘʪʠʩʪʠʯʝʩʢʠʭ ʭʘʨʘʢʪʝʨʠʩʪʠʢ 
ʩʦʦʙʱʝʥʠʡ ʣʠʙʦ ʦʙʝʩʧʝʯʝʥʠʝ ʟʘʜʘʥʥʦʡ ʧʦʤʝʭʦʫʩʪʦʡʯʠʚʦʩʪʠ ʧʨʠ ʟʘʜʘʥʥʳʭ 
ʭʘʨʘʢʪʝʨʠʩʪʠʢʘʭ ʧʦʤʝʭ ʚ ʢʘʥʘʣʝ, ʣʠʙʦ ʦʙʝʩʧʝʯʝʥʠʝ ʤʘʢʩʠʤʘʣʴʥʦʡ ʩʢʦʨʦʩʪʠ 
ʧʝʨʝʨʘʙʦʪʢʠ ʠʥʬʦʨʤʘʮʠʠ ʧʨʠ ʘʨʠʬʤʝʪʠʯʝʩʢʠʭ ʦʧʝʨʘʮʠʷʭ). ɺ ʩʦʦʪʚʝʪʩʪʚʠʠ ʩ ʧʨʠʥʷʪʳʤ 
ʢʨʠʪʝʨʠʝʤ ʦʧʪʠʤʠʟʘʮʠʠ ʨʘʟʣʠʯʘʶʪ ʥʝʩʢʦʣʴʢʦ ʥʘʧʨʘʚʣʝʥʠʡ ʚ ʪʝʦʨʠʠ ʢʦʜʠʨʦʚʘʥʠʷ. 
ʅʘʠʙʦʣʝʝ ʠʟʚʝʩʪʥʳʤʠ ʠʟ ʥʠʭ ʷʚʣʷʶʪʩʷ - ʩʪʘʪʠʩʪʠʯʝʩʢʦʝ ʢʦʜʠʨʦʚʘʥʠʝ ʠ 
ʧʦʤʝʭʦʫʩʪʦʡʯʠʚʦʝ ʢʦʜʠʨʦʚʘʥʠʝ. ʆʙʲʝʢʪʘʤʠ ʢʦʜʠʨʦʚʘʥʠʷ ʤʦʛʫʪ ʙʳʪʴ ʢʘʢ ʜʠʩʢʨʝʪʥʳʝ, 
ʪʘʢ ʠ ʥʝʧʨʝʨʳʚʥʳʝ ʩʦʦʙʱʝʥʠʷ. 

ʂ.ʐʝʥʥʦʥ ʩʬʦʨʤʫʣʠʨʦʚʘʣ ʠ ʜʦʢʘʟʘʣ ʜʚʘ ʦʩʥʦʚʥʳʭ ʨʝʟʫʣʴʪʘʪʘ. 
ʊɽʆʈɽʄɸ 1. ɼʣʷ ʩʣʫʯʘʷ ʢʘʥʘʣʘ ʙʝʟ ʧʦʤʝʭ ʚʦʟʤʦʞʥʦ ʦʩʫʱʝʩʪʚʠʪʴ ʢʦʜʠʨʦʚʘʥʠʝ 

ʜʠʩʢʨʝʪʥʳʭ ʩʦʦʙʱʝʥʠʡ ʪʘʢʠʤ ʦʙʨʘʟʦʤ, ʯʪʦʙʳ ʩʨʝʜʥʝʝ ʢʦʣʠʯʝʩʪʚʦ ʜʚʦʠʯʥʳʭ ʟʥʘʢʦʚ ʥʘ 
ʵʣʝʤʝʥʪ ʠʩʭʦʜʥʦʛʦ ʘʣʬʘʚʠʪʘ ʙʳʣʦ ʢʘʢ ʫʛʦʜʥʦ ʙʣʠʟʢʦ, ʥʦ ʥʝ ʤʝʥʝʝ ʥʝʢʦʪʦʨʦʡ ʚʝʣʠʯʠʥʳ 
- ʵʥʪʨʦʧʠʠ ʠʩʪʦʯʥʠʢʘ ʠʥʬʦʨʤʘʮʠʠ, ʦʧʨʝʜʝʣʷʝʤʦʡ ʩʪʘʪʠʩʪʠʯʝʩʢʠʤʠ ʩʚʦʡʩʪʚʘʤʠ 
ʠʩʪʦʯʥʠʢʘ. ʊʘʢʦʝ ʢʦʜʠʨʦʚʘʥʠʝ ʧʦʣʫʯʠʣʦ ʥʘʟʚʘʥʠʝ ʩʪʘʪʠʩʪʠʯʝʩʢʦʛʦ (ʵʬʬʝʢʪʠʚʥʦʛʦ). 

ʊɽʆʈɽʄɸ 2. ɼʣʷ ʢʘʥʘʣʘ ʩʚʷʟʠ ʩ ʰʫʤʘʤʠ ʩʫʱʝʩʪʚʫʝʪ ʪʘʢʦʡ ʩʧʦʩʦʙ ʢʦʜʠʨʦʚʘʥʠʷ 
ʢʦʥʝʯʥʦʛʦ ʢʦʣʠʯʝʩʪʚʘ ʠʥʬʦʨʤʘʮʠʠ, ʧʨʠ ʢʦʪʦʨʦʤ ʠʥʬʦʨʤʘʮʠʷ ʙʫʜʝʪ ʧʝʨʝʜʘʥʘ ʩ ʢʘʢʦʡ 
ʫʛʦʜʥʦ ʚʳʩʦʢʦʡ ʜʦʩʪʦʚʝʨʥʦʩʪʴʶ, ʝʩʣʠ ʪʦʣʴʢʦ ʩʢʦʨʦʩʪʴ ʧʦʩʪʫʧʣʝʥʠʷ ʝʝ ʥʝ ʧʨʝʚʳʰʘʝʪ 
ʧʨʦʧʫʩʢʥʫʶ ʩʧʦʩʦʙʥʦʩʪʴ ʢʘʥʘʣʘ ʩʚʷʟʠ.  

ɿɸʄɽʏɸʅʀɽ. ʈʝʘʣʠʟʘʮʠʷ ʵʪʦʡ ʚʦʟʤʦʞʥʦʩʪʠ ʥʝʨʘʟʨʳʚʥʦ ʩʚʷʟʘʥʘ ʩ ʪʝʦʨʠʝʡ ʠ 
ʪʝʭʥʠʢʦʡ ʢʦʜʦʚ ʢʦʨʨʝʢʪʠʨʫʶʱʠʭ ʠ ʧʦʤʝʭʦʫʩʪʦʡʯʠʚʳʭ ʤʝʪʦʜʦʚ ʧʨʠʝʤʘ. ʊʝʦʨʝʤʳ 
ʐʝʥʥʦʥʘ ʫʩʪʘʥʘʚʣʠʚʘʶʪ ʪʦʣʴʢʦ ʩʫʱʝʩʪʚʦʚʘʥʠʝ ʦʧʪʠʤʘʣʴʥʳʭ ʠʣʠ ʙʣʠʟʢʠʭ ʢ ʥʠʤ ʢʦʜʦʚ, 
ʥʦ ʥʝ ʫʢʘʟʳʚʘʶʪ ʩʧʦʩʦʙʘ ʧʦʩʪʨʦʝʥʠʷ ʠʭ. 

ɺ ʦʙʱʝʤ ʩʣʫʯʘʝ ʫʩʣʦʚʠʷ ʦʩʥʦʚʥʳʭ ʪʝʦʨʝʤ ʐʝʥʥʦʥʘ ʚʳʧʦʣʥʷʶʪʩʷ ʣʠʰʴ ʧʨʠ 
ʫʚʝʣʠʯʝʥʠʠ ʜʣʠʥʳ ʢʦʜʠʨʫʝʤʳʭ ʩʦʦʙʱʝʥʠʡ ʜʦ ʙʝʩʢʦʥʝʯʥʦʩʪʠ. ʀʩʩʣʝʜʦʚʘʥʠʷ ʚ ʦʙʣʘʩʪʠ 
ʪʝʦʨʠʠ ʢʦʜʠʨʦʚʘʥʠʷ ʚʝʜʫʪʩʷ ʚ ʦʩʥʦʚʥʦʤ ʚ ʥʘʧʨʘʚʣʝʥʠʠ ʦʙʦʩʥʦʚʘʥʠʷ ʠ ʨʘʟʙʦʨʘ 
ʫʩʣʦʚʠʡ ʦʩʥʦʚʥʳʭ ʪʝʦʨʝʤ ʐʝʥʥʦʥʘ ʠ ʚ ʥʘʧʨʘʚʣʝʥʠʠ ʩʦʟʜʘʥʠʷ ʥʘʠʣʫʯʰʠʭ ʤʝʪʦʜʦʚ 
ʢʦʜʠʨʦʚʘʥʠʷ ʠʥʬʦʨʤʘʮʠʠ. 

2. ʉʞʘʪʠʝ ʠʥʬʦʨʤʘʮʠʠ. ʇʨʦʩʪʝʡʰʠʝ ʘʣʛʦʨʠʪʤʳ ʩʞʘʪʠʷ 
ʇʨʠʤʝʥʝʥʠʝ ʩʞʘʪʠʷ ʜʘʥʥʳʭ ʧʦʟʚʦʣʷʝʪ ʙʦʣʝʝ ʵʬʬʝʢʪʠʚʥʦ ʠʩʧʦʣʴʟʦʚʘʪʴ ʝʤʢʦʩʪʴ 

ʜʠʩʢʦʚʦʡ ʧʘʤʷʪʠ. ʅʝ ʤʝʥʝʝ ʧʦʣʝʟʥʦ ʧʨʠʤʝʥʝʥʠʝ ʩʞʘʪʠʷ ʧʨʠ ʧʝʨʝʜʘʯʝ ʠʥʬʦʨʤʘʮʠʠ ʚ 
ʣʶʙʳʭ ʩʠʩʪʝʤʘʭ ʩʚʷʟʠ. ɺ ʧʦʩʣʝʜʥʝʤ ʩʣʫʯʘʝ ʧʦʷʚʣʷʝʪʩʷ ʚʦʟʤʦʞʥʦʩʪʴ ʧʝʨʝʜʘʚʘʪʴ 
ʟʥʘʯʠʪʝʣʴʥʦ ʤʝʥʴʰʠʝ (ʢʘʢ ʧʨʘʚʠʣʦ, ʚ ʥʝʩʢʦʣʴʢʦ ʨʘʟ) ʦʙʲʝʤʳ ʜʘʥʥʳʭ ʠ, ʩʣʝʜʦʚʘʪʝʣʴʥʦ, 
ʪʨʝʙʫʶʪʩʷ ʟʥʘʯʠʪʝʣʴʥʦ ʤʝʥʴʰʠʝ ʨʝʩʫʨʩʳ ʧʨʦʧʫʩʢʥʦʡ ʩʧʦʩʦʙʥʦʩʪʠ ʢʘʥʘʣʦʚ ʜʣʷ 
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ʧʝʨʝʜʘʯʠ ʪʦʡ ʞʝ ʩʘʤʦʡ ʠʥʬʦʨʤʘʮʠʠ. ɺʠrʛʨʳʰ ʤʦʞʝʪ ʚʳʨʘʞʘʪʴʩʷ ʚ ʩʦʢʨʘʱʝʥʠʠ 
ʚʨʝʤʝʥʠ ʟʘʥʷʪʠʷ ʢʘʥʘʣʘ ʠ, ʩʦʦʪʚʝʪʩʪʚʝʥʥʦ, ʚ ʟʥʘʯʠʪʝʣʴʥʦʡ ʵʢʦʥʦʤʠʠ ʘʨʝʥʜʥʦʡ ʧʣʘʪʳ.  

ʉʞʘʪʠʝ ʜʘʥʥʳʭ ï ʧʦʜʨʘʟʜʝʣ ʪʝʦʨʠʠ ʠʥʬʦʨʤʘʮʠʠ, ʙʣʠʟʢʦ ʩʦʧʨʠʢʘʩʘʶʱʠʡʩʷ ʩ 
ʪʝʦʨʠʝʡ ʢʦʜʠʨʦʚʘʥʠʷ, ʧʦʩʢʦʣʴʢʫ ʣʶʙʳʝ ʤʝʪʦʜʳ ʩʞʘʪʠʷ ʜʘʥʥʳʭ ʦʩʥʦʚʘʥʳ ʥʘ ʧʦʠʩʢʝ 
ʠʟʙʳʪʦʯʥʦʡ ʠʥʬʦʨʤʘʮʠʠ ʠ ʧʦʩʣʝʜʫʶʱʝʤ ʝʝ ʢʦʜʠʨʦʚʘʥʠʠ ʩ ʮʝʣʴʶ ʧʦʣʫʯʝʥʠʷ 
ʤʠʥʠʤʘʣʴʥʦʛʦ ʦʙʲʝʤʘ. ʇʦ ʩʫʱʝʩʪʚʫ, ʩʞʘʪʠʝ ʜʘʥʥʳʭ ï ʵʪʦ ʢʦʜʠʨʦʚʘʥʠʝ ʠʩʪʦʯʥʠʢʘ, 
ʢʦʪʦʨʦʝ ʧʨʠʚʦʜʠʪ ʢ ʫʤʝʥʴʰʝʥʠʶ ʯʠʩʣʘ ʩʠʤʚʦʣʦʚ ʚ ʩʦʦʙʱʝʥʠʠ ʜʦ ʤʠʥʠʤʫʤʘ, 
ʥʝʦʙʭʦʜʠʤʦʛʦ ʜʣʷ ʧʨʝʜʩʪʘʚʣʝʥʠʷ ʚʩʝʡ ʠʥʬʦʨʤʘʮʠʠ ʩʦʦʙʱʝʥʠʷ ʠʣʠ, ʧʦ ʢʨʘʡʥʝʡ ʤʝʨʝ, 
ʜʣʷ ʦʙʝʩʧʝʯʝʥʠʷ ʫʩʣʦʚʠʡ ʪʘʢʦʛʦ ʩʦʦʙʱʝʥʠʷ. 

ʉʫɦʝʩʪʚʫʶʪ ʜʚʘ ʦʩʥʦʚʥʳʭ ʢʣʘʩʩʘ ʤʝʪʦʜʦʚ ʩʞʘʪʠʷ ʠʥʬʦʨʤʘʮʠʠ: 
1) ʢʣʘʩʩ ʤʝʪʦʜʦʚ ʥʝʦʙʨʘʪʠʤʦʛʦ ʩʞʘʪʠʷ, ʠʤʝʶʱʠʭ ʪʘʢʞʝ ʥʘʟʚʘʥʠʝ ʵʥʪʨʦʧʠʡʥʦʛʦ 

ʩʞʘʪʠʷ, ʠʣʠ ʩʞʘʪʠʷ ʩ ʧʦʪʝʨʷʤʠ, 
2) ʢʣʘʩʩ ʤʝʪʦʜʦʚ ʦʙʨʘʪʠʤʦʛʦ ï ʚʦʩʩʪʘʥʦʚʠʤʦʛʦ ʧʨʝʦʙʨʘʟʦʚʘʥʠʷ ʠʩʭʦʜʥʦʡ 

ʠʥʬʦʨʤʘʮʠʠ. 
ɹ.ʄ. ʌʠʪʠʥʛʦʬ, ʈ.ɽ. ʂʨʠʯʝʚʩʢʠʡ, ʖ.ʄ. ʐʪʘʨʴʢʦʚ ʠ ʜʨʫʛʠʝ ʨʘʩʩʤʦʪʨʝʣʠ 

ʩʣʫʯʘʡʥʳʝ ʧʦʩʣʝʜʦʚʘʪʝʣʴʥʦʩʪʠ ʩ ʥʝʠʟʚʝʩʪʥʳʤ ʟʘʨʘʥʝʝ ʨʘʩʧʨʝʜʝʣʝʥʠʝʤ ʚʝʨʦʷʪʥʦʩʪʝʡ 
ʠ ʨʘʟʨʘʙʦʪʘʣʠ ʦʧʪʠʤʘʣʴʥʳʝ ʜʣʷ ʙʝʩʢʦʥʝʯʥʳʭ ʧʦʩʣʝʜʦʚʘʪʝʣʴʥʦʩʪʝʡ ʤʝʪʦʜʳ ʦʧʠʩʘʥʠʷ 
ʥʘ ʦʩʥʦʚʝ ʥʘʙʣʶʜʝʥʠʷ ʩʪʘʪʠʩʪʠʢʠ ʧʝʨʚʳʭ ʩʠʤʚʦʣʦʚ ʧʦʩʣʝʜʦʚʘʪʝʣʴʥʦʩʪʠ. ʕʪʦ 
ʥʘʧʨʘʚʣʝʥʠʝ ʧʦʣʫʯʠʣʦ ʥʘʟʚʘʥʠʝ ʦʧʪʠʤʘʣʴʥʦʛʦ ʫʥʠʚʝʨʩʘʣʴʥʦʛʦ ʢʦʜʠʨʦʚʘʥʠʷ. ʍʦʨʦʰʠʝ 
ʨʝʟʫʣʴʪʘʪʳ ʧʦ ʩʞʘʪʠʶ ʤʦʞʥʦ ʧʦʣʫʯʠʪʴ ʪʦʣʴʢʦ ʜʣʷ ʦʧʨʝʜʝʣʝʥʥʦʛʦ ʠʩʪʦʯʥʠʢʘ ʥʘ ʦʩʥʦʚʝ 
ʪʦʯʥʦʛʦ ʟʥʘʥʠʷ ʝʛʦ ʩʚʦʡʩʪʚ. 

ʅʘʫʯʥʦʡ ʧʨʝʜʧʦʩʳʣʢʦʡ ʚʦʟʤʦʞʥʦʩʪʠ ʩʞʘʪʠʷ ʜʘʥʥʳʭ ʚʳʩʪʫʧʘʝʪ ʠʟʚʝʩʪʥʘʷ ʠʟ 
ʪʝʦʨʠʠ ʠʥʬʦʨʤʘʮʠʠ ʪʝʦʨʝʤʘ ʢʦʜʠʨʦʚʘʥʠʷ ʐʝʥʥʦʥʘ ʜʣʷ ʢʘʥʘʣʘ ʙʝʟ ʧʦʤʝʭ. 

ɼʣʷ ʭʘʨʘʢʪʝʨʠʩʪʠʢʠ ʜʦʩʪʠʞʠʤʦʡ ʩʪʝʧʝʥʠ ʩʞʘʪʠʷ ʠʩʧʦʣʴʟʫʝʪʩʷ ʢʦʵʬʬʠʮʠʝʥʪ 
ʠʟʙʳʪʦʯʥʦʩʪʠ (ʂʀɿɹ).  

ɼʣʷ ʭʘʨʘʢʪʝʨʠʩʪʠʢʠ ʞʝ ʜʦʩʪʠʛʥʫʪʦʡ ʩʪʝʧʝʥʠ ʩʞʘʪʠʷ ʥʘ ʧʨʘʢʪʠʢʝ ʧʨʠʤʝʥʷʶʪ ʪʘʢ 
ʥʘʟʳʚʘʝʤʳʡ ʢʦʵʬʬʠʮʠʝʥʪ ʩʞʘʪʠʷ, ʢʦʪʦʨʳʡ ʚʳʨʘʞʘʝʪ ʦʪʥʦʰʝʥʠʝ ʧʝʨʚʦʥʘʯʘʣʴʥʦʛʦ 
ʨʘʟʤʝʨʘ ʜʘʥʥʳʭ ʢ ʠʭ ʨʘʟʤʝʨʫ ʚ ʩʞʘʪʦʤ ʚʠʜʝ. ʀʟʚʝʩʪʥʳʝ ʤʝʪʦʜʳ ʩʞʘʪʠʷ ʥʘʧʨʘʚʣʝʥʳ ʥʘ 
ʩʥʠʞʝʥʠʝ ʠʟʙʳʪʦʯʥʦʩʪʠ, ʚʳʟʚʘʥʥʦʡ ʢʘʢ ʥʝʨʘʚʥʦʡ ʚʝʨʦʷʪʥʦʩʪʴʶ ʩʠʤʚʦʣʦʚ, ʪʘʢ ʠ 
ʟʘʚʠʩʠʤʦʩʪʴʶ ʤʝʞʜʫ ʧʦʨʷʜʢʦʤ ʠʭ ʧʦʩʪʫʧʣʝʥʠʷ. ɺ ʧʝʨʚʦʤ ʩʣʫʯʘʝ ʜʣʷ ʢʦʜʠʨʦʚʘʥʠʷ 
ʠʩʭʦʜʥʳʭ ʩʠʤʚʦʣʦʚ ʠʩʧʦʣʴʟʫʝʪʩʷ ʥʝʨʘʚʥʦʤʝʨʥʳʡ ʢʦʜ. ʏʘʩʪʦ ʧʦʷʚʣʷʶʱʠʝʩʷ ʩʠʤʚʦʣʳ 
ʢʦʜʠʨʫʶʪʩʷ ʙʦʣʝʝ ʢʦʨʦʪʢʠʤ ʢʦʜʦʤ, ʘ ʤʝʥʝʝ ʚʝʨʦʷʪʥʳʝ (ʨʝʜʢʦ ʚʩʪʨʝʯʘʶʱʠʝʩʷ) ð 
ʙʦʣʝʝ ʜʣʠʥʥʳʤ ʢʦʜʦʤ.  

ʉʫʱʝʩʪʚʫʶʪ ʜʚʘ ʦʩʥʦʚʥʳʭ ʩʧʦʩʦʙʘ ʧʨʦʚʝʜʝʥʠʷ ʩʞʘʪʠʷ: ʩʪʘʪʠʩʪʠʯʝʩʢʠʡ ʠ 
ʩʣʦʚʘʨʥʳʡ. ʃʫʯʰʠʝ ʩʪʘʪʠʩʪʠʯʝʩʢʠʝ ʤʝʪʦʜʳ ʧʨʠʤʝʥʷʶʪ ʘʨʠʬʤʝʪʠʯʝʩʢʦʝ ʢʦʜʠʨʦʚʘʥʠʝ, 
ʣʫʯʰʠʝ ʩʣʦʚʘʨʥʳʝ ï ʤʝʪʦʜ ɿʠʚʘ-ʃʝʤʧʝʣʘ. ɺ ʩʪʘʪʠʩʪʠʯʝʩʢʦʤ ʩʞʘʪʠʠ ʢʘʞʜʦʤʫ ʩʠʤʚʦʣʫ 
ʧʨʠʩʚʘʠʚʘʝʪʩʷ ʢʦʜ, ʦʩʥʦʚʘʥʥʳʡ ʥʘ ʚʝʨʦʷʪʥʦʩʪʠ ʝʛʦ ʧʦʷʚʣʝʥʠʷ ʚ ʪʝʢʩʪʝ. 
ɺʳʩʦʢʦʚʝʨʦʷʪʥʳʝ ʩʠʤʚʦʣʳ ʧʦʣʫʯʘʶʪ ʢʦʨʦʪʢʠʝ ʢʦʜʳ, ʠ ʥʘʦʙʦʨʦʪ. ɺ ʩʣʦʚʘʨʥʦʤ ʤʝʪʦʜʝ 
ʛʨʫʧʧʳ ʧʦʩʣʝʜʦʚʘʪʝʣʴʥʳʭ ʩʠʤʚʦʣʦʚ ʠʣʠ "ʬʨʘʟ" ʟʘʤʝʥʷʶʪʩʷ ʢʦʜʦʤ. ɿʘʤʝʥʝʥʥʘʷ ʬʨʘʟʘ 
ʤʦʞʝʪ ʙʳʪʴ ʥʘʡʜʝʥʘ ʚ ʥʝʢʦʪʦʨʦʤ "ʩʣʦʚʘʨʝ". ʊʦʣʴʢʦ ʚ ʧʦʩʣʝʜʥʝʝ ʚʨʝʤʷ ʙʳʣʦ ʧʦʢʘʟʘʥʦ, 
ʯʪʦ ʣʶʙʘʷ ʧʨʘʢʪʠʯʝʩʢʘʷ ʩʭʝʤʘ ʩʣʦʚʘʨʥʦʛʦ ʩʞʘʪʠʷ ʤʦʞʝʪ ʙʳʪʴ ʩʚʝʜʝʥʘ ʢ 
ʩʦʦʪʚʝʪʩʪʚʫʶʱʝʡ ʩʪʘʪʠʩʪʠʯʝʩʢʦʡ ʩʭʝʤʝ ʩʞʘʪʠʷ, ʠ ʥʘʡʜʝʥ ʦʙʱʠʡ ʘʣʛʦʨʠʪʤ 
ʧʨʝʦʙʨʘʟʦʚʘʥʠʷ ʩʣʦʚʘʨʥʦʛʦ ʤʝʪʦʜʘ ʚ ʩʪʘʪʠʩʪʠʯʝʩʢʠʡ. ʇʦʵʪʦʤʫ ʧʨʠ ʧʦʠʩʢʝ ʣʫʯʰʝʛʦ 
ʩʞʘʪʠʷ ʩʪʘʪʠʩʪʠʯʝʩʢʦʝ ʢʦʜʠʨʦʚʘʥʠʝ ʦʙʝʱʘʝʪ ʙʳʪʴ ʥʘʠʙʦʣʝʝ ʧʣʦʜʦʪʚʦʨʥʳʤ, ʭʦʪʷ 
ʩʣʦʚʘʨʥʳʝ ʤʝʪʦʜʳ ʠ ʧʨʠʚʣʝʢʘʪʝʣʴʥʳ ʩʚʦʝʡ ʙʳʩʪʨʦʪʦʡ.  

ɺ ʦʩʥʦʚʝ ʚʝʨʦʷʪʥʦʩʪʥʳʭ ʤʝʪʦʜʦʚ ʩʞʘʪʠʷ (ʘʣʛʦʨʠʪʤʦʚ ʐʝʥʥʦʥʘ-ʌʘʥʦ ʠ 
ʍʘʬʬʤʝʥʘ) ʣʝʞʠʪ ʠʜʝʷ ʧʦʩʪʨʦʝʥʠʷ "ʜʝʨʝʚʘ", ʧʦʣʦʞʝʥʠʝ ʩʠʤʚʦʣʘ ʥʘ "ʚʝʪʚʷʭ" ʢʦʪʦʨʦʛʦ 
ʦʧʨʝʜʝʣʷʝʪʩʷ ʯʘʩʪʦʪʦʡ ʝʛʦ ʧʦʚ̫ʣʝʥʠʷ. ʂʘʞʜʦʤʫ ʩʠʤʚʦʣʫ ʧʨʠʩʚʘʠʚʘʝʪʩʷ ʢʦʜ, ʜʣʠʥʘ 
ʢʦʪʦʨʦʛʦ ʦʙʨʘʪʥʦ ʧʨʦʧʦʨʮʠʦʥʘʣʴʥʘ ʯʘʩʪʦʪʝ ʧʦʷʚʣʝʥʠʷ ʵʪʦʛʦ ʩʠʤʚʦʣʘ. ʉʫʱʝʩʪʚʫʶʪ ʜʚʝ 
ʨʘʟʥʦʚʠʜʥʦʩʪʠ ʚʝʨʦʷʪʥʦʩʪʥʳʭ ʤʝʪʦʜʦʚ, ʨʘʟʣʠʯʘʶʱʠʭʩʷ ʩʧʦʩʦʙʦʤ ʦʧʨʝʜʝʣʝʥʠʷ 
ʚʝʨʦʷʪʥʦʩʪʠ ʧʦʷʚʣʝʥʠʷ ʢʘʞʜʦʛʦ ʩʠʤʚʦʣʘ:  

¶ ʩʪʘʪʠʯʝʩʢʠʝ ʤʝʪʦʜʳ, ʠʩʧʦʣʴʟʫʶʱʠʝ ʬʠʢʩʠʨʦʚʘʥʥʫʶ ʪʘʙʣʠʮʫ ʯʘʩʪʦʪʳ 
ʧʦʷʚʣʝʥʠʷ ʩʠʤʚʦʣʦʚ, ʨʘʩʩʯʠʪʳʚʘʝʤʫʶ ʧʝʨʝʜ ʥʘʯʘʣʦʤ ʧʨʦʮʝʩʩʘ ʩʞʘʪʠʷ;  
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¶ ʜʠʥʘʤʠʯʝʩʢʠʝ ʠʣʠ ʘʜʘʧʪʠʚʥʳʝ ʤʝʪʦʜʳ, ʚ ʢʦʪʦʨʳʭ ʯʘʩʪʦʪʘ ʧʦ̫ ʚʣʝʥʠʷ ʩʠʤʚʦʣʦʚ 
ʚʩʝ ʚʨʝʤʷ ʤʝʥʷʝʪʩʷ ʠ ʧʦ ʤʝʨʝ ʩʯʠʪʳʚʘʥʠʷ ʥʦʚʦʛʦ ʙʣʦʢʘ ʜʘʥʥʳʭ ʧʨʦʠʩʭʦʜʠʪ 
ʧʝʨʝʨʘʩʯʝʪ ʥʘʯʘʣʴʥʳʭ ʟʥʘʯʝʥʠʡ ʯʘʩʪʦʪ.  

ʉʪʘʪʠʯʝʩʢʠʝ ʤʝʪʦʜʳ ʭʘʨʘʢʪʝʨʠʟʫʶʪʩʷ ʭʦʨʦʰʠʤ ʙʳʩʪʨʦʜʝʡʩʪʚʠʝʤ ʠ ʥʝ ʪʨʝʙʫʶʪ 
ʟʥʘʯʠʪʝʣʴʥʳʭ ʨʝʩʫʨʩʦʚ ʦʧʝʨʘʪʠʚʥʦʡ ʧʘʤʷʪʠ. ʆʥʠ ʥʘʰʣʠ ʰʠʨʦʢʦʝ ʧʨʠʤʝʥʝʥʠʝ ʚ 
ʤʥʦʛʦʯʠʩʣʝʥʥʳʭ ʧʨʦʛʨʘʤʤʘʭ-ʘʨʭʠʚʘʪʦʨʘʭ, ʥʘʧʨʠʤʝʨ ARC, PKZIP ʠ ʜʨ., ʥʦ ʜʣʷ ʩʞʘʪʠʷ 
ʧʝʨʝʜʘʚʘʝʤʳʭ ʤʦʜʝʤʘʤʠ ʜʘʥʥʳʭ ʠʩʧʦʣʴʟʫʶʪʩʷ ʨʝʜʢʦ ð ʧʨʝʜʧʦʯʪʝʥʠʝ ʦʪʜʘʝʪʩʷ 
ʘʨʠʬʤʝʪʠʯʝʩʢʦʤʫ ʢʦʜʠʨʦʚʘʥʠʶ ʠ ʤʝʪʦʜʫ ʩʣʦʚʘʨʝʡ, ʦʙʝʩʧʝʯʠʚʘʶʱʠʤ ʙʦʣʴʰʫʶ 
ʩʪʝʧʝʥʴ ʩʞʘʪʠʷ.  

ɸʨʠʬʤʝʪʠʯʝʩʢʦʝ ʢʦʜʠʨʦʚʘʥʠʝ 
ʇʨʠʥʮʠʧʳ ʘʨʠʬʤʝʪʠʯʝʩʢʦʛʦ ʢʦʜʠʨʦʚʘʥʠʷ ʙʳʣʠ ʨʘʟʨʘʙʦʪʘʥʳ ʚ ʢʦʥʮʝ 70-ʭ ʛʦʜʦʚ. 

ɺ ʨʝʟʫʣʴʪʘʪʝ ʘʨʠʬʤʝʪʠʯʝʩʢʦʛʦ ʢʦʜʠʨʦʚʘʥʠʷ ʩʪʨʦʢʘ ʩʠʤʚʦʣʦʚ ʟʘʤʝʥʷʝʪʩʷ 
ʜʝʡʩʪʚʠʪʝʣʴʥʳʤ ʯʠʩʣʦʤ ʙʦʣʴʰʝ ʥʫʣʷ ʠ ʤʝʥʴʰʝ ʝʜʠʥʠʮʳ. ɸʨʠʬʤʝʪʠʯʝʩʢʦʝ 
ʢʦʜʠʨʦʚʘʥʠʝ ʧʦʟʚʦʣʷʝʪ ʦʙʝʩʧʝʯʠʪʴ ʚʳʩʦʢʫʶ ʩʪʝʧʝʥʴ ʩʞʘʪʠʷ, ʦʩʦʙʝʥʥʦ ʚ ʩʣʫʯʘʷʭ, ʢʦʛʜʘ 
ʩʞʠʤʘʶʪʩʷ ʜʘʥʥʳʝ, ʛʜʝ ʯʘʩʪʦʪʘ ʧʦʷʚʣʝʥʠʷ ʨʘʟʣʠʯʥʳʭ ʩʠʤʚʦʣʦʚ ʩʠʣʴʥʦ ʚʘʨʴʠʨʫʝʪʩʷ. 
ʆʜʥʘʢʦ ʩʘʤʘ ʧʨʦʮʝʜʫʨʘ ʘʨʠʬʤʝʪʠʯʝʩʢʦʛʦ ʢʦʜʠʨʦʚʘʥʠʷ ʪʨʝʙʫʝʪ ʤʦʱʥʳʭ 
ʚʳʯʠʩʣʠʪʝʣʴʥʳʭ ʨʝʩʫʨʩʦʚ, ʠ ʜʦ ʥʝʜʘʚʥʝʛʦ ʚʨʝʤʝʥʠ ʵʪʦʪ ʤʝʪʦʜ ʤʘʣʦ ʧʨʠʤʝʥʷʣʩʷ ʧʨʠ 
ʩʞʘʪʠʠ ʧʝʨʝʜʘʚʘʝʤʳʭ ʜʘʥʥʳʭ ʠʟ-ʟʘ ʤʝʜʣʝʥʥʦʡ ʨʘʙʦʪʳ ʘʣʛʦʨʠʪʤʘ. ʃʠʰʴ ʧʦ̫ ʚʣʝʥʠʝ 
ʤʦʱʥʳʭ ʧʨʦʮʝʩʩʦʨʦʚ, ʦʩʦʙʝʥʥʦ ʩ RISC-ʘʨʭʠʪʝʢʪʫʨʦʡ, ʧʦʟʚʦʣʠʣʦ ʩʦʟʜʘʪʴ ʵʬʬʝʢʪʠʚʥʳʝ 
ʫʩʪʨʦʡʩʪʚʘ ʘʨʠʬʤʝʪʠʯʝʩʢʦʛʦ ʩʞʘʪʠʷ ʜʘʥʥʳʭ.  

ʅʘʠʙʦʣʝʝ ʚʘʞʥʳʤʠ ʩʚʦʡʩʪʚʘʤʠ ʘʨʠʬʤʝʪʠʯʝʩʢʦʛʦ ʢʦʜʠʨʦʚʘʥʠʷ ʷʚʣʷʶʪʩʷ 
ʩʣʝʜʫʶʱʠʝ:  

¶ ʩʧʦʩʦʙʥʦʩʪʴ ʢʦʜʠʨʦʚʘʥʠʷ ʩʠʤʚʦʣʘ ʚʝʨʦʷʪʥʦʩʪʠ p ʢʦʣʠʯʝʩʪʚʦʤ ʙʠʪʦʚ 
ʧʨʦʠʟʚʦʣʴʥʦ ʙʣʠʟʢʠʤ ʢ -log p;  

¶ ʚʝʨʦʷʪʥʦʩʪʠ ʩʠʤʚʦʣʦʚ ʤʦʛʫʪ ʙʳʪʴ ʥʘ ʢʘʞʜʦʤ ʰʘʛʝ ʨʘʟʣʠʯʥʳʤʠ;  
¶ ʦʯʝʥʴ ʥʝʟʥʘʯʠʪʝʣʴʥʳʡ ʟʘʧʨʦʩ ʧʘʤʷʪʠ ʥʝʟʘʚʠʩʠʤʦ ʦʪ ʢʦʣʠʯʝʩʪʚʘ ʢʣʘʩʩʦʚ 

ʫʩʣʦʚʠʡ ʚ ʤʦʜʝʣʠ;  
¶ ʙʦʣʴʰʘʷ ʩʢʦʨʦʩʪʴ.  
ɺ ʘʨʠʬʤʝʪʠʯʝʩʢʦʤ ʢʦʜʠʨʦʚʘʥʠʠ ʩʠʤʚʦʣ ʤʦʞʝʪ ʩʦʦʪʚʝʪʩʪʚʦʚʘʪʴ ʜʨʦʙʥʦʤʫ 

ʢʦʣʠʯʝʩʪʚʫ ʚʳʭʦʜʥʳʭ ʙʠʪʦʚ. ɺ ʥʘʰʝʤ ʧʨʠʤʝʨʝ, ʚ ʩʣʫʯʘʝ ʧʦʷʚʣʝʥʠʷ ʙʫʢʚʳ "o" ʦʥ ʤʦʞʝʪ 
ʜʦʙʘʚʠʪʴ ʢ ʥʝʤʫ 0.014 ʙʠʪʘ. ʅʘ ʧʨʘʢʪʠʢʝ ʨʝʟʫʣʴʪʘʪ ʜʦʣʞʝʥ, ʢʦʥʝʯʥʦ, ʷʚʣʷʪʴʩʷ ʮʝʣʳʤ 
ʯʠʩʣʦʤ ʙʠʪʦʚ, ʯʪʦ ʧʨʦʠʟʦʡʜʝʪ, ʝʩʣʠ ʥʝʩʢʦʣʴʢʦ ʧʦʩʣʝʜʦʚʘʪʝʣʴʥʳʭ ʚʳʩʦʢʦ ʚʝʨʦʷʪʥʳʭ 
ʩʠʤʚʦʣʦʚ ʢʦʜʠʨʦʚʘʪʴ ʚʤʝʩʪʝ, ʧʦʢʘ ʚ ʚʳʭʦʜʥʦʡ ʧʦʪʦʢ ʥʝʣʴʟʷ ʙʫʜʝʪ ʜʦʙʘʚʠʪʴ 1 ʙʠʪ. 
ʂʘʞʜʳʡ ʟʘʢʦʜʠʨʦʚʘʥʥʳʡ ʩʠʤʚʦʣ ʪʨʝʙʫʝʪ ʪʦʣʴʢʦ ʦʜʥʦʛʦ ʮʝʣʦʯʠʩʣʝʥʥʦʛʦ ʫʤʥʦʞʝʥʠʷ ʠ 
ʥʝʩʢʦʣʴʢʠʭ ʜʦʙʘʚʣʝʥʠʡ, ʜʣʷ ʯʝʛʦ ʦʙʳʯʥʦ ʠʩʧʦʣʴʟʫʝʪʩʷ ʪʦʣʴʢʦ ʪʨʠ 16ʙʠʪʦʚʳʭ 
ʚʥʫʪʨʝʥʥʠʭ ʨʝʛʠʩʪʨʘ. ʇʦʵʪʦʤʫ, ʘʨʠʬʤʝʪʠʯʝʩʢʦʝ ʢʦʜʠʨʦʚʘʥʠʝ ʠʜʝʘʣʴʥʦ ʧʦʜʭʦʜʠʪ ʜʣʷ 
ʘʜʘʧʪʠʨʦʚʘʥʥʳʭ ʤʦʜʝʣʝʡ ʠ ʝʛʦ ʦʪʢʨʳʪʠʝ ʧʦʨʦʜʠʣʦ ʤʥʦʞʝʩʪʚʦ ʪʝʭʥʠʢ, ʢʦʪʦʨʳʝ ʥʘʤʥʦʛʦ 
ʧʨʝʚʦʩʭʦʜʷʪ ʪʝ, ʯʪʦ ʧʨʠʤʝʥʷʶʪʩʷ ʚʤʝʩʪʝ ʩ ʢʦʜʠʨʦʚʘʥʠʝʤ ʍʘʬʬʤʘʥʘ.  

ʉʣʦʞʥʦʩʪʴ ʘʨʠʬʤʝʪʠʯʝʩʢʦʛʦ ʢʦʜʠʨʦʚʘʥʠʷ ʩʦʩʪʦʠʪ ʚ ʪʦʤ, ʯʪʦ ʦʥʦ ʨʘʙʦʪʘʝʪ ʩ 
ʥʘʢʘʧʣʠʚʘʝʤʦʡ ʚʝʨʦʷʪʥʦʩʪʴʶ ʨʘʩʧʨʝʜʝʣʝʥʠʷ, ʪʨʝʙʫʶʱʝʡ ʚʥʝʩʝʥʠʷ ʜʣʷ ʩʠʤʚʦʣʦʚ 
ʥʝʢʦʪʦʨʦʡ ʫʧʦʨʷʜʦʯʝʥʥʦʩʪʠ. ʉʦʦʪʚʝʪʩʪʚʫʶʱʘʷ ʩʠʤʚʦʣʫ ʥʘʢʘʧʣʠʚʘʝʤʘʷ ʚʝʨʦʷʪʥʦʩʪʴ 
ʝʩʪʴ ʩʫʤʤʘ ʚʝʨʦʷʪʥʦʩʪʝʡ ʚʩʝʭ ʩʠʤʚʦʣʦʚ, ʧʨʝʜʰʝʩʪʚʫʶʱʠʭ ʝʤʫ. ʕʬʬʝʢʪʠʚʥʘʷ ʪʝʭʥʠʢʘ 
ʦʨʛʘʥʠʟʘʮʠʠ ʪʘʢʦʛʦ ʨʘʩʧʨʝʜʝʣʝʥʠʷ ʧʨʠʚʦʜʠʪʩʷ ʚ [115]. ɺ [68] ʜʘʝʪʩʷ ʵʬʬʝʢʪʠʚʥʳʡ 
ʘʣʛʦʨʠʪʤ, ʦʩʥʦʚʘʥʥʳʡ ʥʘ ʜʚʦʠʯʥʦʡ ʢʫʯʝ ʜʣʷ ʩʣʫʯʘʷ ʦʯʝʥʴ ʙʦʣʴʰʦʛʦ ʘʣʬʘʚʠʪʘ, ʜʨʫʛʦʡ 
ʘʣʛʦʨʠʪʤ, ʦʩʥʦʚʘʥʥʳʡ ʥʘ ʨʘʩʰʠʨʷʶʱʠʭʩʷ ʜʝʨʝʚʴʷʭ, ʜʘʝʪʩʷ ʚ [47]. ʆʙʘ ʦʥʠ ʠʤʝʶʪ 
ʧʨʠʙʣʠʟʠʪʝʣʴʥʦ ʩʭʦʞʠʝ ʭʘʨʘʢʪʝʨʠʩʪʠʢʠ.  

ʄʝʪʦʜʳ ʐʝʥʥʦʥʘ-ʌʘʥʦ ʠ ʍʘʬʬʤʝʥʘ  
ɺ ʢʘʯʝʩʪʚʝ ʧʨʠʤʝʨʘ, ʧʦʷʩʥʷʶʱʝʛʦ ʧʨʠʥʮʠʧʳ ʩʞʘʪʠʷ, ʨʘʩʩʤʦʪʨʠʤ ʧʨʦʩʪʦʡ ʤʝʪʦʜ 

ʐʝʥʥʦʥʘ-ʌʘʥʦ. ʉʦʛʣʘʩʥʦ ʵʪʦʤʫ ʤʝʪʦʜʫ, ʜʣʷ ʢʘʞʜʦʛʦ ʩʠʤʚʦʣʘ ʬʦʨʤʠʨʫʝʪʩʷ ʙʠʪʦʚʳʡ 
ʢʦʜ, ʧʨʠʯʝʤ ʩʠʤʚʦʣʳ ʩ ʨʘʟʣʠʯʥʳʤʠ ʯʘʩʪʦʪʘʤʠ ʧʦʷʚʣʝʥʠʷ ʠʤʝʶʪ ʢʦʜʳ ʨʘʟʥʦʡ ʜʣʠʥʳ. 
ʏʝʤ ʤʝʥʴʰʝ ʯʘʩʪʦʪʘ ʧʦʷʚʣʝʥʠʷ ʩʠʤʚʦʣʦʚ ʚ ʬʘʡʣʝ, ʪʝʤ ʙʦʣʴʰʝ ʨʘʟʤʝʨ ʝʛʦ ʙʠʪʦʚʦʛʦ 
ʢʦʜʘ. ʉʦʦʪʚʝʪʩʪʚʝʥʥʦ, ʯʘʱʝ ʧʦʷʚʣʷʶʱʠʡʩʷ ʩʠʤʚʦʣ ʠʤʝʝʪ ʤʝʥʴʰʠʡ ʨʘʟʤʝʨ ʢʦʜʘ.  
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ʂʦʜ ʩʪʨʦʠʪʩʷ ʩʣʝʜʫʶʱʠʤ ʦʙʨʘʟʦʤ: ʚʩʝ ʩʠʤʚʦʣʳ, ʚʩʪʨʝʯʘʶɦ ʠʝʩʷ ʚ ʬʘʡʣʝ, 
ʚʳʧʠʩʳʚʘʶʪ ʚ ʪʘʙʣʠʮʫ ʚ ʧʦʨʷʜʢʝ ʫʙʳʚʘʥʠʷ ʯʘʩʪʦʪ ʠʭ ʧʦʷʚʣʝʥʠʷ. ɿʘʪʝʤ ʠʭ ʨʘʟʜʝʣʷʶʪ 
ʥʘ ʜʚʝ ʛʨʫʧʧʳ ʪʘʢ, ʯʪʦʙʳ ʚ ʢʘʞʜʦʡ ʠʟ ʥʠʭ ʙʳʣʠ ʧʨʠʤʝʨʥʦ ʨʘʚʥʳʝ ʩʫʤʤʳ ʯʘʩʪʦʪ 
ʩʠʤʚʦʣʦʚ. ʇʝʨʚʳʝ ʙʠʪʳ ʢʦʜʦʚ ʚʩʝʭ ʩʠʤʚʦʣʦʚ ʦʜʥʦʡ ʧʦʣʦʚʠʥʳ ʦʙʦʟʥʘʯʘʶʪʩʷ "0", ʘ 
ʚʪʦʨʦʡ ð ʚ "1". ʇʦʩʣʝ ʵʪʦʛʦ ʢʘʞʜʫʶ ʛʨʫʧʧʫ ʜʝʣʷʪ ʝʱʝ ʨʘʟ ʧʦʧʦʣʘʤ ʠ ʪʘʢ ʜʦ ʪʝʭ ʧʦʨ, 
ʧʦʢʘ ʚ ʢʘʞʜʦʡ ʛʨʫʧʧʝ ʥʝ ʦʩʪʘʥʝʪʩʷ ʧʦ ʦʜʥʦʤʫ ʩʠʤʚʦʣʫ.  

ʆʜʥʘʢʦ ʜʘʥʥʳʡ ʩʧʦʩʦʙ ʥʝ ʚʩʝʛʜʘ ʧʨʠʚʦʜʠʪ ʢ ʧʦʩʪʨʦʝʥʠʶ ʦʜʥʦʟʥʘʯʥʦʛʦ ʢʦʜʘ. 
ʍʦʪʷ ʚ ʚʝʨʭʥʝʡ ʧʦʜʛʨʫʧʧʝ ʩʨʝʜʥʷʷ ʚʝʨʦʷʪʥʦʩʪʴ ʩʠʤʚʦʣʘ ʙʦʣʴʰʝ (ʠ, ʩʣʝʜʦʚʘʪʝʣʴʥʦ, 
ʢʦʜʳ ʜʦʣʞʥʳ ʙʳʪʴ ʢʦʨʦʯʝ), ʚʦʟʤʦʞʥʳ ʩʠʪʫʘʮʠʠ, ʧʨʠ ʢʦʪʦʨʳʭ ʧʨʦʛʨʘʤʤʘ ʩʜʝʣʘʝʪ 
ʜʣʠʥʥʝʝ ʢʦʜʳ ʥʝʢʦʪʦʨʳʭ ʩʠʤʚʦʣʦʚ ʠʟ ʚʝʨʭʥʠʭ ʧʦʜʛʨʫʧʧ, ʘ ʥʝ ʢʦʜʳ ʩʠʤʚʦʣʦʚ ʠʟ ʥʠʞʥʠʭ 
ʧʦʜʛʨʫʧʧ. ɼʝʡʩʪʚʠʪʝʣʴʥʦ, ʨʘʟʜʝʣʷʷ ʤʥʦʞʝʩʪʚʦ ʩʠʤʚʦʣʦʚ ʥʘ ʧʦʜʛʨʫʧʧʳ, ʤʦʞʥʦ ʩʜʝʣʘʪʴ 
ʙʦʣʴʰʝʡ ʧʦ ʚʝʨʦʷʪʥʦʩʪʠ ʢʘʢ ʚʝʨʭʥʶʶ, ʪʘʢ ʠ ʥʠʞʥʶʶ ʧʦʜʛʨʫʧʧʳ.  

ɹʦʣʝʝ ʫʜʘʯʝʥ ʚ ʜʘʥʥʦʤ ʦʪʥʦʰʝʥʠʠ ʤʝʪʦʜ ʍʘʬʬʤʝʥʘ. ʆʥ ʧʦʟʚʦʣʷʝʪ ʦʜʥʦʟʥʘʯʥʦ 
ʧʦʩʪʨʦʠʪʴ ʢʦʜ ʩ ʥʘʠʤʝʥʴʰʝʡ ʩʨʝʜʥʝʡ ʜʣʠʥʦʡ, ʧʨʠʭʦʜʷʱʝʡʩʷ ʥʘ ʩʠʤʚʦʣ. ʉʫʪʴ ʤʝʪʦʜʘ 
ʍʘʬʬʤʝʥʘ ʩʚʦʜʠʪʩʷ ʢ ʩʣʝʜʫʶʱʝʤʫ. ʉʠʤʚʦʣʳ, ʚʩʪʨʝʯʘʶʱʠʝʩʷ ʚ ʬʘʡʣʝ, ʚʳʧʠʩʳʚʘʶʪʩʷ 
ʚ ʩʪʦʣʙʝʮ ʚ ʧʦʨʷʜʢʝ ʫʙʳʚʘʥʠʷ ʚʝʨʦʷʪʥʦʩʪʝʡ (ʯʘʩʪʦʪʳ) ʠʭ ʧʦʷʚʣʝʥʠʷ. ɼʚʘ ʧʦʩʣʝʜʥʠʭ 
ʩʠʤʚʦʣʘ ʦʙʲʝʜʠʥʷʶʪʩʷ ʚ ʦʜʠʥ ʩ ʩʫʤʤʘʨʥʦʡ ʚʝʨʦʷʪʥʦʩʪʴʶ. ʀʟ ʧʦʣʫʯʝʥʥʦʡ ʥʦʚʦʡ 
ʚʝʨʦʷʪʥʦʩʪʠ ʠ ʚʝʨʦʷʪʥʦʩʪʝʡ ʥʦʚʳʭ ʩʠʤʚʦʣʦʚ, ʥʝ ʠʩʧʦʣʴʟʦʚʘʥʥʳʭ ʚ ʦʙʲʝʜʠʥʝʥʠʠ, 
ʬʦʨʤʠʨʫʝʪʩʷ ʥʦʚʳʡ ʩʪʦʣʙʝʮ ʚ ʧʦʨʷʜʢʝ ʫʙʳʚʘʥʠʷ ʚʝʨʦʷʪʥʦʩʪʝʡ, ʘ ʜʚʝ ʧʦʩʣʝʜʥʠʝ ʚʥʦʚʴ 
ʦʙʲʝʜʠʥʷʶʪʩʷ. ʕʪʦ ʧʨʦʜʦʣʞʘʝʪʩʷ ʜʦ ʪʝʭ ʧʦʨ, ʧʦʢʘ ʥʝ ʦʩʪʘʥʝʪʩʷ ʦʜʥʘ ʚʝʨʦʷʪʥʦʩʪʴ, 
ʨʘʚʥʘʷ ʩʫʤʤʝ ʚʝʨʦʷʪʥʦʩʪʝʡ ʚʩʝʭ ʩʠʤʚʦʣʦʚ, ʚʩʪʨʝʯʘʶʱʠʭʩʷ ʚ ʬʘʡʣʝ. ɼʣʷ ʩʦʩʪʘʚʣʝʥʠʷ 
ʢʦʜʘ, ʩʦʦʪʚʝʪʩʪʚʫʶʱʝʛʦ ʜʘʥʥʦʤʫ ʩʠʤʚʦʣʫ, ʥʝʦʙʭʦʜʠʤʦ ʧʨʦʩʣʝʜʠʪʴ ʧʫʪʴ ʧʝʨʝʭʦʜʘ 
ʟʥʘʢʘ ʧʦ ʩʪʨʦʢʘʤ ʠ ʩʪʦʣʙʮʘʤ ʪʘʙʣʠʮʳ ʢʦʜʘ.  

3. ʇʦʤʝʭʦʫʩʪʦʡʯʠʚʳʝ ʢʦʜʳ ʢʘʢ ʧʨʠʤʝʨ ʦʧʪʠʤʘʣʴʥʳʭ ʢʦʜʦʚ 
ʇʨʦʙʣʝʤʘ ʧʦʚʳʰʝʥʠʷ ʚʝʨʥʦʩʪʠ ʦʙʫʩʣʦʚʣʝʥʘ ʥʝʩʦʦʪʚʝʪʩʪʚʠʝʤ ʤʝʞʜʫ 

ʪʨʝʙʦʚʘʥʠʷʤʠ, ʧʨʝʜʲʷʚʣʷʝʤʳʤʠ ʧʨʠ ʧʝʨʝʜʘʯʝ ʜʘʥʥʳʭ, ʠ ʢʘʯʝʩʪʚʦʤ ʨʝʘʣʴʥʳʭ ʢʘʥʘʣʦʚ 
ʩʚʷʟʠ. ɺ ʩʝʪʷʭ ʧʝʨʝʜʘʯʠ ʜʘʥʥʳʭ ʪʨʝʙʫʝʪʩʷ ʦʙʝʩʧʝʯʠʪʴ ʚʝʨʥʦʩʪʴ ʥʝ ʭʫʞʝ 10-6 - 10-9, ʘ 
ʧʨʠ ʠʩʧʦʣʴʟʦʚʘʥʠʠ ʨʝʘʣʴʥʳʭ ʢʘʥʘʣʦʚ ʩʚʷʟʠ ʠ ʧʨʦʩʪʦʛʦ (ʧʝʨʚʠʯʥʦʛʦ) ʢʦʜʘ ʫʢʘʟʘʥʥʘʷ 
ʚʝʨʥʦʩʪʴ ʥʝ ʧʨʝʚʳʰʘʝʪ 10-2 - 10-5. ʆʜʥʠʤ ʠʟ ʧʫʪʝʡ ʨʝʰʝʥʠʷ ʟʘʜʘʯʠ ʧʦʚʳʰʝʥʠʷ 
ʚʝʨʥʦʩʪʠ ʚ ʥʘʩʪʦʷʱʝʝ ʚʨʝʤʷ ʷʚʣʷʝʪʩʷ ʠʩʧʦʣʴʟʦʚʘʥʠʝ ʩʧʝʮʠʘʣʴʥʳʭ ʧʨʦʮʝʜʫʨ, 
ʦʩʥʦʚʘʥʥʳʭ ʥʘ ʧʨʠʤʝʥʝʥʠʠ ʧʦʤʝʭʦʫʩʪʦʡʯʠʚʳʭ (ʢʦʨʨʝʢʪʠʨʫʶʱʠʭ) ʢʦʜʦʚ.  

ʇʨʦʩʪʳʝ ʢʦʜʳ ʭʘʨʘʢʪʝʨʠʟʫʶʪʩʷ ʪʝʤ, ʯʪʦ ʜʣʷ ʧʝʨʝʜʘʯʠ ʠʥʬʦʨʤʘʮʠʠ 
ʠʩʧʦʣʴʟʫʶʪʩʷ ʚʩʝ ʢʦʜʦʚʳʝ ʩʣʦʚʘ (ʢʦʤʙʠʥʘʮʠʠ), ʢʦʣʠʯʝʩʪʚʦ ʢʦʪʦʨʳʭ ʨʘʚʥʦ N=qn (q ï 
ʦʩʥʦʚʘʥʠʝ ʢʦʜʘ, ʘ n ï ʜʣʠʥʘ ʢʦʜʘ). ɺ ʦʙʱʝʤ ʩʣʫʯʘʝ ʦʥʠ ʤʦʛʫʪ ʦʪʣʠʯʘʪʴʩʷ ʜʨʫʛ ʦʪ ʜʨʫʛʘ 
ʦʜʥʠʤ ʩʠʤʚʦʣʦʤ (ʵʣʝʤʝʥʪʦʤ). ʇʦʵʪʦʤʫ ʜʘʞʝ ʦʜʠʥ ʦʰʠʙʦʯʥʦ ʧʨʠʥʷʪʳʡ ʩʠʤʚʦʣ 
ʧʨʠʚʦʜʠʪ ʢ ʟʘʤʝʥʝ ʦʜʥʦʛʦ ʢʦʜʦʚʦʛʦ ʩʣʦʚʘ ʜʨʫʛʠʤ ʠ, ʩʣʝʜʦʚʘʪʝʣʴʥʦ, ʢ ʥʝʧʨʘʚʠʣʴʥʦʤʫ 
ʧʨʠʝʤʫ ʩʦʦʙʱʝʥʠʷ ʚ ʮʝʣʦʤ.  

ʇʦʤʝʭʦʫʩʪʦʡʯʠʚʳʤʠ ʥʘʟʳʚʘʶʪʩʷ ʢʦʜʳ, ʧʦʟʚʦʣʷʶʱʠʝ ʦʙʥʘʨʫʞʠʚʘʪʴ ʠ (ʠʣʠ) 
ʠʩʧʨʘʚʣʷʪʴ ʦʰʠʙʢʠ ʚ ʢʦʜʦʚʳʭ ʩʣʦʚʘʭ, ʢʦʪʦʨʳʝ ʚʦʟʥʠʢʘʶʪ ʧʨʠ ʧʝʨʝʜʘʯʝ ʧʦ ʢʘʥʘʣʘʤ 
ʩʚʷʟʠ. ʕʪʠ ʢʦʜʳ ʩʪʨʦʷʪʩʷ ʪʘʢʠʤ ʦʙʨʘʟʦʤ, ʯʪʦ ʜʣʷ ʧʝʨʝʜʘʯʠ ʩʦʦʙʱʝʥʠʷ ʠʩʧʦʣʴʟʫʝʪʩʷ 
ʣʠʰʴ ʯʘʩʪʴ ʢʦʜʦʚʳʭ ʩʣʦʚ, ʢʦʪʦʨʳʝ ʦʪʣʠʯʘʶʪʩʷ ʜʨʫʛ ʦʪ ʜʨʫʛʘ ʙʦʣʝʝ ʯʝʤ ʚ ʦʜʥʦʤ 
ʩʠʤʚʦʣʝ. ʕʪʠ ʢʦʜʦʚʳʝ ʩʣʦʚʘ ʥʘʟʳʚʘʶʪʩʷ ʨʘʟʨʝʰʝʥʥʳʤʠ. ɺʩʝ ʦʩʪʘʣʴʥʳʝ ʢʦʜʦʚʳʝ 
ʩʣʦʚʘ ʥʝ ʠʩʧʦʣʴʟʫʶʪʩʷ ʠ ʦʪʥʦʩʷʪʩʷ ʢ ʯʠʩʣʫ ʟʘʧʨʝʱʝʥʥʳʭ.  

ʇʨʠʤʝʥʝʥʠʝ ʧʦʤʝʭʦʫʩʪʦʡʯʠʚʳʭ ʢʦʜʦʚ ʜʣʷ ʧʦʚʳʰʝʥʠʷ ʚʝʨʥʦʩʪʠ ʧʝʨʝʜʘʯʠ 
ʜʘʥʥʳʭ ʩʚʷʟʘʥʥʦ ʩ ʨʝʰʝʥʠʝʤ ʟʘʜʘʯ ʢʦʜʠʨʦʚʘʥʠʷ ʠ ʜʝʢʦʜʠʨʦʚʘʥʠʷ.  

ɿʘʜʘʯʘ ʢʦʜʠʨʦʚʘʥʠʷ ʟʘʢʣʶʯʘʝʪʩʷ ʚ ʧʦʣʫʯʝʥʠʠ ʧʨʠ ʧʝʨʝʜʘʯʝ ʜʣʷ ʢʘʞʜʦʡ k - 
ʵʣʝʤʝʥʪʥʦʡ ʢʦʤʙʠʥʘʮʠʠ ʠʟ ʤʥʦʞʝʩʪʚʘ qk ʩʦʦʪʚʝʪʩʪʚʫʶʱʝʛʦ ʝʡ ʢʦʜʦʚʦʛʦ ʩʣʦʚʘ ʜʣʠʥʦʶ 
n ʠʟ ʤʥʦʞʝʩʪʚʘ qn.  

ɿʘʜʘʯʘ ʜʝʢʦʜʠʨʦʚʘʥʠʷ ʩʦʩʪʦʠʪ ʚ ʧʦʣʫʯʝʥʠʠ k - ʵʣʝʤʝʥʪʥʦʡ ʢʦʤʙʠʥʘʮʠʠ ʠʟ 
ʧʨʠʥʷʪʦʛʦ n ï ʨʘʟʨʷʜʥʦʛʦ ʢʦʜʦʚʦʛʦ ʩʣʦʚʘ ʧʨʠ ʦʜʥʦʚʨʝʤʝʥʥʦʤ ʦʙʥʘʨʫʞʝʥʠʠ ʠʣʠ 
ʠʩʧʨʘʚʣʝʥʠʠ ʦʰʠʙʦʢ.  

ʂ ʦʩʥʦʚʥʳʤ ʧʘʨʘʤʝʪʨʘʤ ʧʦʤʝʭʦʫʩʪʦʡʯʠʚʳʭ ʢʦʜʦʚ ʦʪʥʦʩʷʪʩʷ ʩʣʝʜʫʶʱʠʝ 
ʚʝʣʠʯʠʥʳ: 
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¶ ʜʣʠʥʘ ʢʦʜʘ ï n;  

¶ ʜʣʠʥʘ ʠʥʬʦʨʤʘʮʠʦʥʥʦʡ ʧʦʩʣʝʜʦʚʘʪʝʣʴʥʦʩʪʠ ï k; 

¶ ʜʣʠʥʘ ʧʨʦʚʝʨʦʯʥʦʡ ʧʦʩʣʝʜʦʚʘʪʝʣʴʥʦʩʪʠ ï r=n-k;  

¶ ʢʦʜʦʚʦʝ ʨʘʩʩʪʦʷʥʠʝ ʢʦʜʘ ï d0.  
ʆʇʈɽɼɽʃɽʅʀɽ. ʂʦʜʦʚʳʤ ʨʘʩʩʪʦʷʥʠʝʤ ʤʝʞʜʫ ʜʚʫʤʷ ʢʦʜʦʚʳʤʠ ʩʣʦʚʘʤʠ 

(ʨʘʩʩʪʦʷʥʠʝ ʍʵʤʤʠʥʛʘ) ʥʘʟʳʚʘʝʪʩʷ ʯʠʩʣʦ ʧʦʟʠʮʠʡ, ʚ ʢʦʪʦʨʳʭ ʦʥʠ ʦʪʣʠʯʘʁ ʪʩʷ ʜʨʫʛ ʦʪ 
ʜʨʫʛʘ. 

ʂʦʜʦʚʳʤ ʨʘʩʩʪʦʷʥʠʝʤ ʢʦʜʘ ʥʘʟʳʚʘʝʪʩʷ ʥʘʠʤʝʥʴʰʝʝ ʨʘʩʩʪʦʥ̫ʠʝ ʍʵʤʤʠʥʛʘ 
ʤʝʞʜʫ ʨʘʟʣʠʯʥʳʤʠ ʧʘʨʘʤʠ ʢʦʜʦʚʳʭ ʩʣʦʚ. ʉʪʠʨʘʥʠʝʤ ʥʘʟʳʚʘʝʪʩʷ "ʧʦʪʝʨʷ" ʟʥʘʯʝʥʠʷ 
ʧʝʨʝʜʘʚʘʝʤʦʛʦ ʩʠʤʚʦʣʘ ʚ ʥʝʢʦʪʦʨʦʡ ʧʦʟʠʮʠʠ ʢʦʜʦʚʦʛʦ ʩʣʦʚʘ, ʢʦʪʦʨʘʷ ʠʟʚʝʩʪʥʘ.  

ʆʇʈɽɼɽʃɽʅʀɽ. ʂʦʜ, ʚ ʢʦʪʦʨʦʤ ʢʘʞʜʦʝ ʢʦʜʦʚʦʝ ʩʣʦʚʦ ʥʘʯʠʥʘʝʪʩʷ ʩ 
ʠʥʬʦʨʤʘʮʠʦʥʥʳʭ ʩʠʤʚʦʣʦʚ ʠ ʟʘʢʘʥʯʠʚʘʝʪʩʷ ʧʨʦʚʝʨʦʯʥʳʤʠ ʩʠʤʚʦʣʘʤʠ, ʥʘʟʳʚʘʝʪʩʷ 
ʩʠʩʪʝʤʘʪʠʯʝʩʢʠʤ. 

ʆʜʥʦʡ ʠʟ ʚʘʞʥʝʡʰʠʭ ʟʘʜʘʯ ʧʦʩʪʨʦʝʥʠʷ ʧʦʤʝʭʦʫʩʪʦʡʯʠʚʳʭ ʢʦʜʦʚ ʩ ʟʘʜʘʥʥʳʤʠ 
ʭʘʨʘʢʪʝʨʠʩʪʠʢʘʤʠ ʷʚʣʷʝʪʩʷ ʫʩʪʘʥʦʚʣʝʥʠʝ ʩʦʦʪʥʦʰʝʥʠʷ ʤʝʞʜʫ ʝʛʦ ʩʧʦʩʦʙʥʦʩʪʴʶ 
ʦʙʥʘʨʫʞʠʚʘʪʴ ʠʣʠ ʠʩʧʨʘʚʣʷʪʴ ʦʰʠʙʢʠ ʠ ʠʟʙʳʪʦʯʥʦʩʪʴʶ. ʇʦʜʦʙʥʳʝ ʩʦʦʪʥʦʰʝʥʠʷ 
ʧʦʣʫʯʠʣʠ ʥʘʟʚʘʥʠʝ ʛʨʘʥʠʯʥʳʭ ʩʦʦʪʥʦʰʝʥʠʡ ʤʝʞʜʫ ʧʘʨʘʤʝʪʨʘʤʠ ʧʦʤʝʭʦʫʩʪʦʡʯʠʚʳʭ 
ʢʦʜʦʚ. 

ʃʠʥʝʡʥʳʝ ʙʣʦʢʦʚʳʝ ʢʦʜʳ 
ʆʇʈɽɼɽʃɽʅʀɽ. ʃʠʥʝʡʥʳʤ ʙʣʦʢʦʚʳʤ (n, k) - ʢʦʜʦʤ ʥʘʟʳʚʘʝʪʩʷ ʤʥʦʞʝʩʪʚʦ N 

ʧʦʩʣʝʜʦʚʘʪʝʣʴʥʦʩʪʝʡ ʜʣʠʥʳ n ʥʘʜ ʢʦʥʝʯʥʳʤ ʧʦʣʝʤ GF(q), ʥʘʟʚrʘʝʤʳʭ ʢʦʜʦʚʳʤʠ 
ʩʣʦʚʘʤʠ, ʢʦʪʦʨʦʝ ʭʘʨʘʢʪʝʨʠʟʫʝʪʩʷ ʪʝʤ, ʯʪʦ ʩʫʤʤʘ ʜʚʫʭ ʢʦʜʦʚʳʭ ʩʣʦʚ ʷʚʣʷʝʪʩʷ 
ʢʦʜʦʚʳʤ ʩʣʦʚʦʤ, ʘ ʧʨʦʠʟʚʝʜʝʥʠʝ ʣʶʙʦʛʦ ʢʦʜʦʚʦʛʦ ʩʣʦʚʘ ʥʘ ʵʣʝʤʝʥʪ ʧʦʣʷ ʪʘʢʞʝ 
ʷʚʣʷʝʪʩʷ ʢʦʜʦʚʳʤ ʩʣʦʚʦʤ. ʆʙʳʯʥʦ N=qk , ʛʜʝ k - ʥʝʢʦʪʦʨʦʝ ʮʝʣʦʝ ʯʠʩʣʦ.  

ɿɸʄɽʏɸʅʀɽ. ʅʘʧʦʤʥʠʤ, ʯʪʦ ʦʙʦʟʥʘʯʝʥʠʝ GF(q) ʠʩʧʦʣʴʟʫʝʪʩʷ ʜʣʷ ʢʦʥʝʯʥʦʛʦ 
ʧʦʣʷ ʭʘʨʘʢʪʝʨʠʩʪʠʢʠ q, ʪ.ʝ. ʪʘʢʦʛʦ ʧʦʣʷ, ʚ ʢʦʪʦʨʦʤ ʚʳʧʦʣʥʝ̫ʪʩʷ ʨʘʚʝʥʩʪʚʦ: 

01...11 =+++
)) ()) '&

ʨʘʟq

PPP . 

ʆʇʈɽɼɽʃɽʅʀɽ. ɽʩʣʠ q=2, ʣʠʥʝʡʥʳʝ ʢʦʜʳ ʥʘʟʳʚʘʶʪʩʷ ʛʨʫʧʧʦʚʳʤʠ, ʪʘʢ ʢʘʢ 
ʢʦʜʦʚʳʝ ʩʣʦʚʘ ʦʙʨʘʟʫʶʪ ʤʘʪʝʤʘʪʠʯʝʩʢʫʶ ʩʪʨʫʢʪʫʨʫ, ʥʘʟʳʚʘʝʤʫʶ ʛʨʫʧʧʦʡ.  

ʇʨʠ ʬʦʨʤʠʨʦʚʘʥʠʠ ʵʪʦʛʦ ʢʦʜʘ ʣʠʥʝʡʥʦʡ ʦʧʝʨʘʮʠʝʡ ʷʚʣʷʝʪʩʷ ʩʫʤʤʠʨʦʚʘʥʠʝ ʧʦ 
mod 2.  

ʅʘʟʦʚʝʤ ʦʩʥʦʚʥʳʝ ʩʧʦʩʦʙʳ ʟʘʜʘʥʠʷ ʣʠʥʝʡʥʳʭ ʢʦʜʦʚ. 
1. ʇʝʨʝʯʠʩʣʝʥʠʝ ʢʦʜʦʚʳʭ ʩʣʦʚ 
ʕʪʦʪ ʩʧʦʩʦʙ ʟʘʢʣʶʯʘʝʪʩʷ ʚ ʩʦʩʪʘʚʣʝʥʠʠ ʩʧʠʩʢʘ ʚʩʝʭ ʢʦʜʦʚʳʭ ʩʣʦʚ ʢʦʜʘ.  
2. ʉʠʩʪʝʤʘ ʧʨʦʚʝʨʦʯʥʳʭ ʫʨʘʚʥʝʥʠʡ 
ʉʠʩʪʝʤʳ ʧʨʦʚʝʨʦʯʥʳʭ ʫʨʘʚʥʝʥʠʡ ʦʧʨʝʜʝʣʷʶʪ ʧʨʘʚʠʣʘ ʬʦʨʤʠʨʦʚʘʥʠʷ 

ʧʨʦʚʝʨʦʯʥʳʭ ʩʠʤʚʦʣʦʚ ʧʦ ʠʟʚʝʩʪʥʳʤ ʠʥʬʦʨʤʘʮʠʦʥʥʳʤ: 

 
ʛʜʝ: j ï ʥʦʤʝʨ ʧʨʦʚʝʨʦʯʥʦʛʦ ʩʠʤʚʦʣʘ; i ï ʥʦʤʝʨ ʠʥʬʦʨʤʘʮʠʦʥʥʦʛʦ ʩʠʤʚʦʣʘ; hij ï 
ʢʦʵʬʬʠʮʠʝʥʪʳ, ʧʨʠʥʠʤʘʶʱʠʝ ʟʥʘʯʝʥʠʷ 0 ʠʣʠ 1 ʚ ʩʦʦʪʚʝʪʩʪʚʠʠ ʩ ʧʨʘʚʠʣʘʤʠ 
ʬʦʨʤʠʨʦʚʘʥʠʷ ʢʦʥʢʨʝʪʥʳʭ ʛʨʫʧʧʦʚʳʭ ʢʦʜʦʚ.  

3. ʄʘʪʨʠʯʥʳʡ 
ʕʪʦʪ ʩʧʦʩʦʙ ʦʩʥʦʚʘʥ ʥʘ ʧʦʩʪʨʦʝʥʠʠ ʧʦʨʦʞʜʘʶʱʝʡ ʠ ʧʨʦʚʝʨʦʯʥʦʡ ʤʘʪʨʠʮ. 
ɺʝʢʪʦʨʥʦʝ ʧʨʦʩʪʨʘʥʩʪʚʦ Vn ʥʘʜ ʧʦʣʝʤ GF(2) ʚʢʣʶʯʘʝʪ ʚ ʩʝʙʷ 2n ʚʝʢʪʦʨʦʚ (n-

ʧʦʩʣʝʜʦʚʘʪʝʣʴʥʦʩʪʝʡ), ʘ ʧʦʜʧʨʦʩʪʨʘʥʩʪʚʦʤ ʝʛʦ ʷʚʣʷʝʪʩʷ ʤʥʦʞʝʩʪʚʦ ʠʟ 2k ʢʦʜʦʚʳʭ 
ʩʣʦʚ ʜʣʠʥʳ n, ʢʦʪʦʨʦʝ ʦʜʥʦʟʥʘʯʥʦ ʦʧʨʝʜʝʣʷʝʪʩʷ ʝʛʦ ʙʘʟʠʩʦʤ, ʩʦʩʪʦʷʱʠʤ ʠʟ k ʣʠʥʝʡʥʦ 
ʥʝʟʘʚʠʩʠʤʳʭ ʚʝʢʪʦʨʦʚ. ʇʦʵʪʦʤʫ ʣʠʥʝʡʥʳʡ (n, k) - ʢʦʜ ʧʦʣʥʦʩʪʴʶ ʦʧʨʝʜʝʣʷʝʪʩʷ 
ʥʘʙʦʨʦʤ ʠʟ k ʢʦʜʦʚʳʭ ʩʣʦʚ, ʧʨʠʥʘʜʣʝʞʘʱʠʭ ʵʪʦʤʫ ʢʦʜʫ. ʅʘʙʦʨ ʠʟ k ʢʦʜʦʚʳʭ ʩʣʦʚ, 
ʩʦʦʪʚʝʪʩʪʚʫʶʱʠʭ ʙʘʟʠʩʫ, ʦʙʳʯʥʦ ʧʨʝʜʩʪʘʚʣʷʝʪʩʷ ʚ ʚʠʜʝ ʤʘʪʨʠʮʳ, ʢʦʪʦʨʘʷ ʥʘʟʳʚʘʝʪʩʷ 
ʧʦʨʦʞʜʘʶʱʝʡ.  
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ʆʩʪʘʣʴʥʳʝ ʢʦʜʦʚʳʝ ʩʣʦʚʘ ʧʦʣʫʯʘʶʪʩʷ ʩʣʦʞʝʥʠʝʤ ʩʪʨʦʢ ʤʘʪʨʠʮ ʚ ʨʘʟʣʠʯʥʳʭ 
ʩʦʯʝʪʘʥʠʷʭ. ʆʙʱʝʝ ʢʦʣʠʯʝʩʪʚʦ ʨʘʟʣʠʯʥʳʭ ʚʘʨʠʘʥʪʦʚ, ʧʦʨʦʞʜʘʶʱʠʭ ʤʘʪʨʠʮʫ, 
ʦʧʨʝʜʝʣʷʝʪʩʷ ʚʳʨʘʞʝʥʠʝʤ 

( ) ( ).22
1

0
,

ik
k

i
kn ʇM -=

-

-
 

ɼʣʷ ʠʩʢʣʶʯʝʥʠʷ ʥʝʦʜʥʦʟʥʘʯʥʦʩʪʠ ʚ ʟʘʧʠʩʠ G(n,k) ʚʚʦʜʷʪ ʧʦʥʷʪʠʝ ʦ ʢʘʥʦʥʠʯʝʩʢʦʡ 
ʠʣʠ ʩʠʩʪʝʤʘʪʠʯʝʩʢʦʡ ʬʦʨʤʝ ʤʘʪʨʠʮʳ, ʢʦʪʦʨʘʷ ʠʤʝʝʪ ʚʠʜ: 

( ) ( )rkkkn RIG ,, ,= , 

ʛʜʝ: kI  ï ʝʜʠʥʠʯʥʘʷ ʤʘʪʨʠʮʘ, ʩʦʜʝʨʞʘʱʘʷ ʠʥʬʦʨʤʘʮʠʦʥʥʳʝ ʩʠʤʚʦʣʳ; rkR ,  ï 

ʧʨʷʤʦʫʛʦʣʴʥʘʷ ʤʘʪʨʠʮʘ, ʩʦʩʪʘʚʣʝʥʥʘʷ ʠʟ ʧʨʦʚʝʨʦʯʥʳʭ ʩʠʤʚʦʣʦʚ.  
ʇʦʨʦʞʜʘʶʱʘʷ ʤʘʪʨʠʮʘ G(n,k) ʚ ʩʠʩʪʝʤʘʪʠʯʝʩʢʦʤ ʚʠʜʝ ʤʦʞʝʪ ʙʳʪʴ ʧʦʣʫʯʝʥʘ ʠʟ 

ʣʶʙʦʡ ʜʨʫʛʦʡ ʤʘʪʨʠʮʳ ʧʦʩʨʝʜʩʪʚʦʤ ʵʣʝʤʝʥʪʘʨʥʳʭ ʦʧʝʨʘʮʠʡ ʥʘʜ ʩʪʨʦʢʘʤʠ 
(ʧʝʨʝʩʪʘʥʦʚʢʦʡ ʜʚʫʭ ʧʨʦʠʟʚʦʣʴʥʳʭ ʩʪʨʦʢ, ʟʘʤʝʥʦʡ ʧʨʦʠʟʚʦʣʴʥʦʡ ʩʪʨʦʢʠ ʥʘ ʩʫʤʤʫ ʝʝ 
ʩʘʤʦʡ ʠ ʨʷʜʘ ʜʨʫʛʠʭ) ʠ ʜʘʣʴʥʝʡʰʝʡ ʧʝʨʝʩʪʘʥʦʚʢʦʡ ʩʪʦʣʙʮʦʚ.  

ʇʨʦʚʝʨʦʯʥʘʷ ʤʘʪʨʠʮʘ ʚ ʩʠʩʪʝʤʘʪʠʯʝʩʢʦʤ ʚʠʜʝ ʠʤʝʝʪ ʚʠʜ:  

( ) ( ),,,, rrk
T

kn IRH = , 

ʛʜʝ rI  ï ʝʜʠʥʠʯʥʘʷ ʤʘʪʨʠʮʘ; rk
TR ,  ï ʧʨ̫ʤʦʫʛʦʣʴʥʘʷ ʤʘʪʨʠʮʘ ʚ 

ʪʨʘʥʩʧʦʥʠʨʦʚʘʥʥʦʤ ʚʠʜʝ ʤʘʪʨʠʮʳ rkR ,  ʠʟ ʧʦʨʦʞʜʘʶʱʝʡ ʤʘʪʨʠʮʳ.  

ʆʪʤʝʪʠʤ ʦʩʥʦʚʥʳʝ ʩʚʦʡʩʪʚʘ ʣʠʥʝʡʥʳʭ ʢʦʜʦʚ. 

ʉɺʆʁʉʊɺʆ 1. ʇʨʦʠʟʚʝʜʝʥʠʝ ʣʶʙʦʛʦ ʢʦʜʦʚʦʛʦ ʩʣʦʚʘ ()xvi  ʥʘ 

ʪʨʘʥʩʧʦʥʠʨʦʚʘʥʥʫʶ ʧʨʦʚʝʨʦʯʥʫʶ ʤʘʪʨʠʮʫ ʜʘʝʪ ʥʫʣʝʚʦʡ ʚʝʢʪʦʨ ʨʘʟʤʝʨʥʦʩʪʠ (n-k): 

() ( ) ( )200, =Ö T

kni Hxv . 

ʆʇʈɽɼɽʃɽʅʀɽ. ʇʨʦʠʟʚʝʜʝʥʠʝ ʥʝʢʦʪʦʨʦʛʦ ʢʦʜʦʚʦʛʦ ʩʣʦʚʘ )(' xvi , ʪ.ʝ. ʩ 

ʦʰʠʙʢʦʡ, ʥʘ ʪʨʘʥʩʧʦʥʠʨʦʚʘʥʥʫʶ ʧʨʦʚʝʨʦʯʥʫʶ ʤʘʪʨʠʮʫ ʥʘʟʳʚʘʝʪʩʷ ʩʠʥʜʨʦʤʦʤ ʠ 

ʦʙʦʟʥʘʯʘʝʪʩʷ ()xSi : 

() ( ) ()xSHxv i

T

kni =Ö¡ , . 

ʉɺʆʁʉʊɺʆ 2. ʄʝʞʜʫ ʧʦʨʦʞʜʘʶʱʝʡ ʠ ʧʨʦʚʝʨʦʯʥʦʡ ʤʘʪʨʠʮʘʤʠ ʚ 
ʩʠʩʪʝʤʘʪʠʯʝʩʢʦʤ ʚʠʜʝ ʩʫʱʝʩʪʚʫʝʪ ʦʜʥʦʟʥʘʯʥʦʝ ʩʦʦʪʚʝʪʩʪʚʠʝ, ʘ ʠʤʝʥʥʦ:  

( ) ( ) 0,, =Ö T

knkn HG . 

ʉɺʆʁʉʊɺʆ 3. ʂʦʜʦʚʦʝ ʨʘʩʩʪʦʷʥʠʝ d0 (n,k) ʢʦʜʘ ʨʘʚʥʦ ʤʠʥʠʤʘʣʴʥʦʤʫ ʯʠʩʣʫ 
ʣʠʥʝʡʥʦ ʟʘʚʠʩʠʤʳʭ ʩʪʦʣʙʮʦʚ ʧʨʦʚʝʨʦʯʥʦʡ ʤʘʪʨʠʮʳ. 

ʉɺʆʁʉʊɺʆ 4. ʇʨʦʠʟʚʝʜʝʥʠʝ ʠʥʬʦʨʤʘʮʠʦʥʥʦʛʦ ʩʣʦʚʘ ʥʘ ʧʦʨʦʞʜʘʶʱʫʶ ʤʘʪʨʠʮʫ 
ʜʘʝʪ ʢʦʜʦʚʦʝ ʩʣʦʚʦ ʢʦʜʘ. 

ʆʇʈɽɼɽʃɽʅʀɽ. ɼʚʘ ʢʦʜʘ ʥʘʟʳʚʘʶʪʩʷ ʵʢʚʠʚʘʣʝʥʪʥʳʤʠ, ʝʩʣʠ ʠʭ ʧʦʨʦʞʜʘʶʱʠʝ 
ʤʘʪʨʠʮʳ ʦʪʣʠʯʘʶʪʩʷ ʧʝʨʝʩʪʘʥʦʚʢʦʡ ʢʦʦʨʜʠʥʘʪ, ʪ.ʝ. ʧʦʨʦʞʜʘʁɦʠʝ ʤʘʪʨʠʮʳ 
ʧʦʣʫʯʘʶʪʩʷ ʦʜʥʘ ʟʘ ʜʨʫʛʦʡ ʧʝʨʝʩʪʘʥʦʚʢʦʡ ʩʪʦʣʙʮʦʚ ʠ ʵʣʝʤʝʥʪʘʨʥʳʭ ʦʧʝʨʘʮʠʡ ʥʘʜ 
ʩʪʨʦʢʘʤʠ.  

ʉʪʘʥʜʘʨʪʥʦʝ ʨʘʩʧʦʣʦʞʝʥʠʝ ʛʨʫʧʧʦʚʦʛʦ ʢʦʜʘ 
ʉʪʘʥʜʘʨʪʥʦʝ ʨʘʩʧʦʣʦʞʝʥʠʝ ʛʨʫʧʧʦʚʦʛʦ ʢʦʜʘ ʧʨʝʜʩʪʘʚʣʷʝʪ ʩʦʙʦʡ ʨʘʟʣʦʞʝʥʠʝ 

ʤʥʦʞʝʩʪʚʘ ʚʩʝʭ ʚʦʟʤʦʞʥʳʭ n-ʵʣʝʤʝʥʪʥʳʭ ʩʣʦʚ, ʧʨʝʜʩʪʘʚʣʷʶʱʠʭ ʩʦʙʦʡ ʛʨʫʧʧʫ, ʥʘ 
ʩʤʝʞʥʳʝ ʢʣʘʩʩʳ ʧʦ ʧʦʜʛʨʫʧʧʝ ʠʟ 2k ʢʦʜʦʚʳʭ ʩʣʦʚ, ʩʦʩʪʘʚʣʷʶʱʠʭ (n, k)-ʢʦʜ (ʪʘʙʣʠʮʘ 1).  

ʊʘʙʣʠʮʘ 1. ʉʪʘʥʜʘʨʪʥʦʝ ʨʘʩʧʦʣʦʞʝʥʠʝ ʛʨʫʧʧʦʚʦʛʦ ʢʦʜʘ. 

()xv0  ()xv1  2 ()xvi  2 ()xv k 12 -
 

()xl1  () ()xlxv 11 +  2 () ()xlxvi 1+  2 () ()xlxv k 12 1 +-  
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4 4 2 4 2 4 

()xl j  () ()xlxv j+1  2 () ()xlxv ji +  2 () ()xlxv jk +-12
 

4 4 2 4 2 4 

()xl r 12 -
 () ()xlxv r 121 -+  2 () ()xlxv ri 12 -

+  2 () ()xlxv rk 11 22 -- +  

ʆʙʨʘʟʫʶʱʠʝ ʠʣʠ ʣʠʜʝʨʳ ʩʤʝʞʥʳʭ ʢʣʘʩʩʦʚ ʚʳʙʠʨʘʶʪʩʷ ʪʘʢʠʤ ʦʙʨʘʟʦʤ, ʯʪʦʙʳ ʚ 
ʠʭ ʩʦʩʪʘʚ ʚʦʰʣʠ ʥʘʠʙʦʣʝʝ ʚʝʨʦʷʪʥʳʝ ʦʙʨʘʟʮʳ ʦʰʠʙʦʢ ʚ ʢʦʜʦʚʦʤ ʩʣʦʚʝ, ʪ.ʝ. ʦʙʨʘʟʮʳ 
ʦʰʠʙʦʢ ʩ ʥʘʠʤʝʥʴʰʠʤ ʚʝʩʦʤ.  

ʆʇʈɽɼɽʃɽʅʀɽ. ʂʦʜʦʤ ʍʵʤʤʠʥʛʘ ʥʘʟʳʚʘʝʪʩʷ (n, k)-ʢʦʜ, ʧʨʦʚʝʨʦʯʥʘʷ ʤʘʪʨʠʮʘ 
ʢʦʪʦʨʦʛʦ ʠʤʝʝʪ r=n-k ʩʪʨʦʢ ʠ 2r-1 ʩʪʦʣʙʮʦʚ, ʧʨʠʯʝʤ ʩʪʦʣʙʮʘʤʠ ʷʚʣʷʶʪʩʷ ʚʩʝ ʨʘʟʣʠʯʥʳʝ 
ʥʝʥʫʣʝʚʳʝ ʧʦʩʣʝʜʦʚʘʪʝʣʴʥʦʩʪʠ.  

ʇʨʦʚʝʨʦʯʥʘʷ ʤʘʪʨʠʮʘ ʣʶʙʦʛʦ ʢʦʜʘ ʍʵʤʤʠʥʛʘ ʚʩʝʛʜʘ ʩʦʜʝʨʞʠʪ ʤʠʥʠʤʫʤ ʪʨʠ 
ʣʠʥʝʡʥʦ ʟʘʚʠʩʠʤʳʭ ʩʪʦʣʙʮʘ, ʧʦʵʪʦʤʫ ʢʦʜʦʚʦʝ ʨʘʩʩʪʦʷʥʠʝ ʢʦʜʘ ʨʘʚʥʦ ʪʨʝʤ.  

ɽʩʣʠ ʩʪʦʣʙʮʳ ʧʨʦʚʝʨʦʯʥʦʡ ʤʘʪʨʠʮʳ ʧʨʝʜʩʪʘʚʣʷʶʪ ʫʧʦʨʷʜʦʯʝʥʥʫʶ ʟʘʧʠʩʴ 
ʜʝʩʷʪʠʯʥʳʭ ʯʠʩʝʣ, ʪ.ʝ. 1,2,3... ʚ ʜʚʦʠʯʥʦʡ ʬʦʨʤʝ, ʪʦ ʚʳʯʠʩʣʝʥʥʳʡ ʩʠʥʜʨʦʤ  

( ) ( ) ( )
T

kniri HvSSSS ,011 0,10,1 Ö== -2  

ʦʜʥʦʟʥʘʯʥʦ ʫʢʘʟʳʚʘʝʪ ʥʘ ʥʦʤʝʨ ʧʦʟʠʮʠʠ ʠʩʢʘʞʝʥʥʦʛʦ ʩʠʤʚʦʣʘ.  
ʎʠʢʣʠʯʝʩʢʠʝ ʢʦʜ  r
ʆʇʈɽɼɽʃɽʅʀɽ. ʎʠʢʣʠʯʝʩʢʠʤ ʢʦʜʦʤ ʥʘʟʳʚʘʝʪʩʷ ʣʠʥʝʡʥʳʡ ʙʣʦʢʦʚʳʡ (n, k)-ʢʦʜ, 

ʢʦʪʦʨʳʡ ʭʘʨʘʢʪʝʨʠʟʫʝʪʩʷ ʩʚʦʡʩʪʚʦʤ ʮʠʢʣʠʯʥʦʩʪʠ, ʪ.ʝ. ʩʜʚʠʛ ʚʣʝʚʦ ʥʘ ʦʜʠʥ ʰʘʛ ʣʶʙʦʛʦ 
ʨʘʟʨʝʰʝʥʥʦʛʦ ʢʦʜʦʚʦʛʦ ʩʣʦʚʘ ʜʘʝʪ ʪʘʢʞʝ ʨʘʟʨʝʰʝʥʥʦʝ ʢʦʜʦʚʦʝ ʩʣʦʚʦ, ʧʨʠʥʘʜʣʝʞʘɦ ʝʝ 
ʵʪʦʤʫ ʞʝ ʢʦʜʫ, ʠ ʫ ʢʦʪʦʨʦʛʦ ʤʥʦʞʝʩʪʚʦ ʢʦʜʦʚʳʭ ʩʣʦʚ ʧʨʝʜʩʪʘʚʣʷʝʪʩʷ ʩʦʚʦʢʫʧʥʦʩʪʴʶ 
ʤʥʦʛʦʯʣʝʥʦʚ ʩʪʝʧʝʥʠ (n - 1) ʠ ʤʝʥʝʝ, ʜʝʣʷʱʠʭʩʷ ʥʘ ʥʝʢʦʪʦʨʳʡ ʤʥʦʛʦʯʣʝʥ g(x) ʩʪʝʧʝʥʠ 
r=n-k, ʷʚʣʷʶʱʠʡʩʷ ʩʦʤʥʦʞʠʪʝʣʝʤ ʜʚʫʯʣʝʥʘ xn+1. ʄʥʦʛʦʯʣʝʥ g(x) ʥʘʟʳʚʘʝʪʩʷ 
ʧʦʨʦʞʜʘʶʱʠʤ.  

ʂʘʢ ʩʣʝʜʫʝʪ ʠʟ ʦʧʨʝʜʝʣʝʥʠʷ, ʚ ʮʠʢʣʠʯʝʩʢʦʤ ʢʦʜʝ ʢʦʜʦʚʳʝ ʩʣʦʚʘ ʧʨʝʜʩʪʘʚʣʷʶʪʩʷ 
ʤʥʦʛʦʯʣʝʥʘʤʠ ʚʠʜʘ: 

() 0

0

1

1

2

2

1

1 xvxvxvxvxv n

n

n

n Ö+Ö++Ö+Ö= -

-

-

- 3  

ʛʜʝ n ï ʜʣʠʥʘ ʢʦʜʘ; iv  ï ʢʦʵʬʬʠʮʠʝʥʪʳ ʠʟ ʧʦʣʷ GF(q).  

ɽʩʣʠ ʢʦʜ ʧʦʩʪʨʦʝʥ ʥʘʜ ʧʦʣʝʤ GF(2), ʪʦ ʢʦʵʬʬʠʮʠʝʥʪʳ ʧʨʠʥʠʤʘʶʪ ʟʥʘʯʝʥʠʷ 0 
ʠʣʠ 1 ʠ ʢʦʜ ʥʘʟʳʚʘʝʪʩʷ ʜʚʦʠʯʥʳʤ.  

ʆʇʈɽɼɽʃɽʅʀɽ. ɼʣʠʥʘ ʮʠʢʣʠʯʝʩʢʦʛʦ ʢʦʜʘ ʥʘʟʳʚʘʝʪʩʷ ʧʨʠʤʠʪʠʚʥʦʡ ʠ ʩʘʤ ʢʦʜ 
ʥʘʟʳʚʘʝʪʩʷ ʧʨʠʤʠʪʠʚʥʳʤ, ʝʩʣʠ ʝʛʦ ʜʣʠʥʘ n = qm - 1 ʥʘʜ GF(q).  

ɽʩʣʠ ʜʣʠʥʘ ʢʦʜʘ ʤʝʥʴʰʝ ʜʣʠʥʳ ʧʨʠʤʠʪʠʚʥʦʛʦ ʢʦʜʘ, ʪʦ ʢʦʜ ʥʘʟʳʚʘʝʪʩʷ 
ʫʢʦʨʦʯʝʥʥʳʤ ʠʣʠ ʥʝʧʨʠʤʠʪʠʚʥʳʤ.  

ʆʙʱʝʝ ʩʚʦʡʩʪʚʦ ʢʦʜʦʚʳʭ ʩʣʦʚ ʮʠʢʣʠʯʝʩʢʦʛʦ ʢʦʜʘ - ʵʪʦ ʠʭ ʜʝʣʠʤʦʩʪʴ ʙʝʟ ʦʩʪʘʪʢʘ 
ʥʘ ʥʝʢʦʪʦʨʳʡ ʤʥʦʛʦʯʣʝʥ g(x), ʥʘʟʳʚʘʝʤʳʡ ʧʦʨʦʞʜʘʶʱʠʤ.  

ʈʝʟʫʣʴʪʘʪʦʤ ʜʝʣʝʥʠʷ ʜʚʫʯʣʝʥʘ xn + 1 ʥʘ ʤʥʦʛʦʯʣʝʥ g(x) ʷʚʣʷʝʪʩʷ ʧʨʦʚʝʨʦʯʥʳʡ 
ʤʥʦʛʦʯʣʝʥ h(x).  

ʇʨʠ ʜʝʢʦʜʠʨʦʚʘʥʠʠ ʮʠʢʣʠʯʝʩʢʠʭ ʢʦʜʦʚ ʠʩʧʦʣʴʟʫʶʪʩʷ ʤʥʦʛʦʯʣʝʥ ʦʰʠʙʦʢ e(x) ʠ 
ʩʠʥʜʨʦʤʥʳʡ ʤʥʦʛʦʯʣʝʥ S(x).  

ʄʥʦʛʦʯʣʝʥ ʦʰʠʙʦʢ, ʩʪʝʧʝʥʠ ʥʝ ʙʦʣʝʝ (n - 1) ʦʧʨʝʜʝʣʷʝʪʩʷ ʠʟ ʚʳʨʘʞʝʥʠʷ 

() () ()xvxvxe +¡= , 

ʛʜʝ v(x) ʠ v¡(x) - ʤʥʦʛʦʯʣʝʥʳ, ʦʪʦʙʨʘʞʘʶʱʠʝ ʩʦʦʪʚʝʪʩʪʚʝʥʥʦ ʧʨʠʥʷʪʦʝ (ʩ ʦʰʠʙʢʦʡ) ʠ 
ʧʝʨʝʜʘʥʥʦʝ ʢʦʜʦʚʳʝ ʩʣʦʚʘ. 

ʅʝʥʫʣʝʚʳʝ ʢʦʵʬʬʠʮʠʝʥʪʳ ʚ ʝ(x) ʟʘʥʠʤʘʶʪ ʧʦʟʠʮʠʠ, ʢʦʪʦʨʳʝ ʩʦʦʪʚʝʪʩʪʚʫʁ ʪ 
ʦʰʠʙʢʘʤ.  

ʄʘʪʨʠʯʥʦʝ ʟʘʜʘʥʠʝ ʢʦʜʦʚ 



40 

ʎʠʢʣʠʯʝʩʢʠʡ ʢʦʜ ʤʦʞʝʪ ʙʳʪʴ ʟʘʜʘʥ ʧʦʨʦʞʜʘʶʱʝʡ ʠ ʧʨʦʚʝʨʦʯʥʦʡ ʤʘʪʨʠʮʘʤʠ. 
ɼʣʷ ʠʭ ʧʦʩʪʨʦʝʥʠʷ ʜʦʩʪʘʪʦʯʥʦ ʟʥʘʪʴ ʧʦʨʦʞʜʘʶʱʠʡ g(x) ʠ ʧʨʦʚʝʨʦʯʥʳʡ h(x) 
ʤʥʦʛʦʯʣʝʥʳ.  

ɼʣʷ ʥʝʩʠʩʪʝʤʘʪʠʯʝʩʢʦʛʦ ʮʠʢʣʠʯʝʩʢʦʛʦ ʢʦʜʘ ʤʘʪʨʠʮʳ ʩʪʨʦʷʪʩʷ ʮʠʢʣʠʯʝʩʢʠʤ 
ʩʜʚʠʛʦʤ ʧʦʨʦʞʜʘʶʱʝʛʦ ʠ ʧʨʦʚʝʨʦʯʥʦʛʦ ʤʥʦʛʦʯʣʝʥʦʚ, ʪ.ʝ. ʧʫʪʝʤ ʠʭ ʫʤʥʦʞʝʥʠʷ ʥʘ x: 
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ʇʨʠ ʧʦʩʪʨʦʝʥʠʠ ʤʘʪʨʠʮʳ H(n,k) ʩʪʘʨʰʠʡ ʢʦʵʬʬʠʮʠʝʥʪ ʤʥʦʛʦʯʣʝʥʘ h(x) 
ʨʘʩʧʦʣʘʛʘʝʪʩʷ ʩʧʨʘʚʘ.  

ʆʜʥʘ ʠʟ ʦʩʥʦʚʥʳʭ ʟʘʜʘʯ, ʩʪʦʷʱʠʭ ʧʝʨʝʜ ʨʘʟʨʘʙʦʪʯʠʢʘʤʠ ʫʩʪʨʦʡʩʪʚ ʟʘʱʠʪʳ ʦʪ 
ʦʰʠʙʦʢ ʧʨʠ ʧʝʨʝʜʘʯʝ ʜʠʩʢʨʝʪʥʳʭ ʩʦʦʙʱʝʥʠʡ ʧʦ ʢʘʥʘʣʘʤ ʩʚʷʟʠ, - ʵʪʦ ʚʳʙʦʨ 
ʧʦʨʦʞʜʘʶʱʝʛʦ ʤʥʦʛʦʯʣʝʥʘ g(x) ʜʣʷ ʧʦʩʪʨʦʝʥʠʷ ʮʠʢʣʠʯʝʩʢʦʛʦ ʢʦʜʘ, ʦʙʝʩʧʝʯʠʚʘʶʱʝʛʦ 
ʪʨʝʙʫʝʤʦʝ ʤʠʥʠʤʘʣʴʥʦʝ ʢʦʜʦʚʦʝ ʨʘʩʩʪʦʷʥʠʝ ʜʣʷ ʛʘʨʘʥʪʠʡʥʦʛʦ ʦʙʥʘʨʫʞʝʥʠʷ ʠ 
ʠʩʧʨʘʚʣʝʥʠʷ t-ʢʨʘʪʥʳʭ ʦʰʠʙʦʢ.  

ʉʫʱʝʩʪʚʫʶʪ ʩʧʝʮʠʘʣʴʥʳʝ ʪʘʙʣʠʮʳ ʧʦ ʚʳʙʦʨʫ g(x) ʚ ʟʘʚʠʩʠʤʦʩʪʠ ʦʪ 
ʧʨʝʜʲʷʚʣʷʝʤʳʭ ʪʨʝʙʦʚʘʥʠʡ ʢ ʢʦʨʨʝʢʪʠʨʫʶʱʠʤ ʚʦʟʤʦʞʥʦʩʪʷʤ ʢʦʜʘ. ʆʜʥʘʢʦ ʫ ʢʘʞʜʦʛʦ 
ʮʠʢʣʠʯʝʩʢʦʛʦ ʢʦʜʘ ʠʤʝʶʪʩʷ ʩʚʦʠ ʦʩʦʙʝʥʥʦʩʪʠ ʬʦʨʤʠʨʦʚʘʥʠʷ g(x). ʇʦʵʪʦʤʫ ʧʨʠ 
ʠʟʫʯʝʥʠʠ ʢʦʥʢʨʝʪʥʳʭ ʮʠʢʣʠʯʝʩʢʠʭ ʢʦʜʦʚ ʙʫʜʫʪ ʨʘʩʩʤʘʪʨʠʚʘʪʴʩʷ ʩʦʦʪʚʝʪʩʪʚʫʶʱʠʝ 
ʩʧʦʩʦʙʳ ʧʦʩʪʨʦʝʥʠʷ g(x).  

ʄʝʪʦʜʠʯʝʩʢʠʝ ʤʘʪʝʨʠʘʣʳ ʜʣʷ ʦʙʫʯʘʶʱʠʭʩʷ ʧʦ ʧʦʜʛʦʪʦʚʢʝ ʢ ʧʨʘʢʪʠʯʝʩʢʠʤ 
ʟʘʥʷʪʠʷʤ  

 
ʊʝʤʘ. ɸʣʛʝʙʨʘʠʯʝʩʢʠʝ ʩʠʩʪʝʤʳ 

ʇʣʘʥ 
1. ʆʪʥʦʰʝʥʠʷ ʵʢʚʠʚʘʣʝʥʪʥʦʩʪʠ. ʆʪʥʦʰʝʥʠʷ ʧʦʨʷʜʢʘ. ʈʘʟʙʠʝʥʠʷ ʤʥʦʞʝʩʪʚʘ.  
2. ʇʦʥʷʪʠʝ ʠ ʩʚʦʡʩʪʚʘ ʙʠʥʘʨʥʦʡ ʘʣʛʝʙʨʘʠʯʝʩʢʦʡ ʦʧʝʨʘʮʠʠ.  
3. ɻʨʫʧʧʳ. ʅʦʨʤʘʣʴʥʳʝ ʜʝʣʠʪʝʣʠ. ʂʦʣʴʮʘ ʠ ʧʦʣʷ. 
1. ʆʪʥʦʰʝʥʠʷ ʵʢʚʠʚʘʣʝʥʪʥʦʩʪʠ. ʆʪʥʦʰʝʥʠʷ ʧʦʨʷʜʢʘ. ʈʘʟʙʠʝʥʠʷ 

ʤʥʦʞʝʩʪʚʘ 
ɿʘʜʘʥʠʝ 1. ɼʘʥʦ ʤʥʦʞʝʩʪʚʦ A={1;2;3;4;5;6}. ʅʘ ʥʝʤ ʟʘʜʘʥʦ ʙʠʥʘʨʥʦʝ ʦʪʥʦʰʝʥʠʝ 

r çʙʦʣʴʰʝè, ʪ. ʝ. yxyx >Ú>Í< r, . 

ʇʦʩʪʨʦʠʪʴ ʛʨʘʬ ʠ ʛʨʘʬʠʢ ʵʪʦʛʦ ʦʪʥʦʰʝʥʠʷ. ʂʘʢʠʤʠ ʩʚʦʡʩʪʚʘʤʠ ʦʙʣʘʜʘʝʪ ʵʪʦ 
ʦʪʥʦʰʝʥʠʝ? 

ʈʝʰʝʥʠʝ. 

1) ɻʨʘʬ ʫʢʘʟʘʥʥʦʛʦ ʦʪʥʦʰʝʥʠʷ: 

 
2) ɻʨʘʬʠʢ ʵʪʦʛʦ ʦʪʥʦʰʝʥʠʷ: 
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3) ʈʝʬʣʝʢʩʠʚʥʦʩʪʴ. ɽʩʣʠ ʙʳ ʵʪʦ ʦʪʥʦʰʝʥʠʝ ʙʳʣʦ ʨʝʬʣʝʢʩʠʚʥʳʤ, ( ) xxAx >Í" , 

ʥʘʧʨʠʤʝʨ, ʙʳʣʦ ʙʳ ʚʝʨʥʦ 2 > 2 (ʣʦʞʴ). ɿʥʘʯʠʪ ʦʪʥʦʰʝʥʠʝ ç>è ʥʘ ɸ ʥʝ ʷʚʣʷʝʪʩʷ 
ʨʝʬʣʝʢʩʠʚʥʳʤ. 

ʉʠʤʤʝʪʨʠʯʥʦʩʪʴ. ɽʩʣʠ ʙʳ ʵʪʦ ʦʪʥʦʰʝʥʠʝ ʙʳʣʦ ʩʠʤʤʝʪʨʠʯʥʳʤ ʥʘ ʤʥʦʞʝʩʪʚʝ ɸ, 

ʪʦ ( )( )xyyxAyx >Ý>Í" , . ʅʘʧʨʠʤʝʨ, 3 > 2 => 2 > 3(ʣʦʞʴ). ɿʥʘʯʠʪ, ʦʪʥʦʰʝʥʠʝ ç > è 

ʥʘ ɸ ʥʝ ʷʚʣʷʝʪʩʷ ʩʠʤʤʝʪʨʠʯʥʳʤ. 
ʊʨʘʥʟʠʪʠʚʥʦʩʪʴ. ɽʩʣʠ ʙʳ ʵʪʦ ʦʪʥʦʰʝʥʠʝ ʙʳʣʦ ʪʨʘʥʟʠʪʠʚʥʳʤ ʥʘ ʤʥʦʞʝʩʪʚʝ ɸ, ʪʦ  

( )( )zxzyyxAzyx >Ý>Ø>Í" ,, . ʕʪʦ ʫʪʚʝʨʞʜʝʥʠʝ ʠʩʪʠʥʥʦ ʜʣʷ ʣʶʙʳʭ ʥʘʪʫʨʘʣʴʥʳʭ 

ʯʠʩʝʣ, ʪ. ʝ. ʠ ʜʣʷ ʯʠʩʝʣ ʠʟ ɸ. ɿʥʘʯʠʪ, ʦʪʥʦʰʝʥʠʝ ç > è ʥʘ ɸ ʷʚʣʷʝʪʩʷ ʪʨʘʥʟʠʪʠʚʥʳʤ. 
ɸʩʠʤʤʝʪʨʠʯʥʦʩʪʴ: ʅʠ ʜʣʷ ʢʘʢʠʭ ʯʠʩʝʣ  A ʥʝ ʤʦʞʝʪ ʙʳʪʴ  ʦʜʥʦʚʨʝʤʝʥʥʦ 

ʠʩʪʠʥʥʳʤ 

, 
ʪ.ʝ. ʦʪʥʦʰʝʥʠʝ ç>è ʥʘ A ʘʩʠʤʤʝʪʨʠʯʥʦ. ʆʪʥʦʰʝʥʠʝ ç>è ʥʘ 

ʤʥʦʞʝʩʪʚʝ A ʷʚʣʷʝʪʩʷ ʦʪʥʦʰʝʥʠʝʤ ʩʪʨʦʛʦʛʦ ʧʦʨʷʜʢʘ, ʪ. ʢ. ʦʥʦ ʘʩʠʤʤʝʪʨʠʯʥʦ ʠ 
ʪʨʘʥʟʠʪʠʚʥʦ. 

ʊ.ʢ. ʦʪʥʦʰʝʥʠʝ ç>è ʥʘ ʤʥʦʞʝʩʪʚʝ  ɸ ʩʚʷʟʥʦʝ ʠ ʷʚʣʷʝʪʩʷ ʦʪʥʦʰʝʥʠʝʤ ʩʪʨʦʛʦʛʦ 
ʧʦʨʷʜʢʘ, ʪʦ ʦʥʦ ʝʩʪʴ ʦʪʥʦʰʝʥʠʝ ʩʪʨʦʛʦʛʦ ʣʠʥʝʡʥʦʛʦ ʧʦʨʷʜʢʘ. 

ɿʘʜʘʥʠʝ 2. ʇʦʩʪʨʦʠʪʴ ʛʨʘʬ ʦʪʥʦʰʝʥʠʷ çʣʝʛʯʝ, ʯʝʤè ʥʘ ʤʥʦʞʝʩʪʚʝ A = {ʢʨʦʣʠʢ, 
ʟʘʷʮ, ʩʦʙʘʢʘ, ʧʦʨʦʩʸʥʦʢ}, ʝʩʣʠ ʠʟʚʝʩʪʥʦ, ʯʪʦ ʟʘʷʮ ʪʷʞʝʣʝʝ ʩʦʙʘʢʠ, ʢʨʦʣʠʢ ʣʝʛʯʝ 
ʧʦʨʦʩʸʥʢʘ, ʘ ʩʦʙʘʢʘ ʪʷʞʝʣʝʝ ʧʦʨʦʩʸʥʢʘ. ʂʪʦ ʠʟ ʞʠʚʦʪʥʳʭ ʩʘʤʳʡ ʣʝʛʢʠʡ, ʢʪʦ ï ʩʘʤʳʡ 
ʪʷʞʝʣʳʡ.  

ʈʝʰʝʥʠʝ. 

ʉʪʨʦʠʤ ʛʨʘʬ ʫʢʘʟʘʥʥʦʛʦ ʦʪʥʦʰʝʥʠʷ: 

 
ʆʪʚʝʪ: ʢʨʦʣʠʢ ï ʩʘʤʳʡ ʣʝʛʢʠʡ, ʟʘʷʮ ï ʩʘʤʳʡ ʪʷʞʝʣʳʡ. 
ʅʘ ʤʥʦʞʝʩʪʚʝ ʣʶʜʝʡ ɿʝʤʣʠ ʚʚʝʜʝʥʦ ʙʠʥʘʨʥʦʝ ʦʪʥʦʰʝʥʠʝ çʙʳʪʴ ʨʦʜʩʪʚʝʥʥʠʢʦʤ 

ʧʦ ʢʨʦʚʠè. ɹʫʜʝʪ ʣʠ ʵʪʦ ʦʪʥʦʰʝʥʠʝ ʦʪʥʦʰʝʥʠʝʤ ʵʢʚʠʚʘʣʝʥʪʥʦʩʪʠ?  
ʈʝʰʝʥʠʝ. 

ɿʘʜʘʥʠʝ 3. ʆʙʦʟʥʘʯʠʤ ʯʝʨʝʟ A ʤʥʦʞʝʩʪʚʦ ʣʶʜʝʡ ɿʝʤʣʠ, ʘ ʟʘʜʘʥʥʦʝ ʦʪʥʦʰʝʥʠʝ 

ʙʫʢʚʦʡ r. ʊʦʛʜʘ xrʫ <=> ʯʝʣʦʚʝʢ x ʷʚʣʷʝʪʩʷ ʨʦʜʩʪʚʝʥʥʠʢʦʤ ʯʝʣʦʚʝʢʘ ʫ. ʏʪʦ ʙʳ 

ʦʪʥʦʰʝʥʠʝ r ʙʳʣʦ ʦʪʥʦʰʝʥʠʝʤ ʵʢʚʠʚʘʣʝʥʪʥʦʩʪʠ, ʦʥʦ ʜʦʣʞʥʦ ʙʳʪʴ ʨʝʬʣʝʢʩʠʚʥʳʤ, 
ʩʠʤʤʝʪʨʠʯʥʳʤ, ʪʨʘʥʟʠʪʠʚʥʳʤ. 
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ʈʝʬʣʝʢʩʠʚʥʦʩʪʴ. ɽʩʣʠ ʙʳ r ʙʳʣʦ ʨʝʬʣʝʢʩʠʚʥʳʤ, ʪʦ ʙʳʣʦ ʙʳ ʚʝʨʥʦ: ( )AxÍ"  xrx, 

ʪ. ʝ. ʣʶʙʦʡ ʯʝʣʦʚʝʢ ɿʝʤʣʠ ʷʚʣʷʝʪʩʷ ʨʦʜʩʪʚʝʥʥʠʢʦʤ ʩʘʤʦʤʫ ʩʝʙʝ (ʠʩʪʠʥʘ), ʪ.ʝ. 

ʦʪʥʦʰʝʥʠʝ r ʥʘ A ʨʝʬʣʝʢʩʠʚʥʦ. 

ʉʠʤʤʝʪʨʠʯʥʦʩʪʴ. ɽʩʣʠ ʙʳ r ʙʳʣʦ ʩʠʤʤʝʪʨʠʯʥʦ. (xry => yrx), ʪ. ʝ. ʝʩʣʠ ʙʳ 
ʯʝʣʦʚʝʢ x ʙʳʣ ʨʦʜʩʪʚʝʥʥʠʢʦʤ ʯʝʣʦʚʝʢʘ ʫ, ʪʦ ʫ ʙʳʣ ʙʳ ʨʦʜʩʪʚʝʥʥʠʢʦʤ 

ʯʝʣʦʚʝʢʘ x (ʠʩʪʠʥʘ). ɿʥʘʯʠʪ, ʦʪʥʦʰʝʥʠʝ r ʥʘ A ʩʠʤʤʝʪʨʠʯʥʦ. 

ʊʨʘʥʟʠʪʠʚʥʦʩʪʴ. ɽʩʣʠ ʙʳ r ʙʳʣʦ ʪʨʘʥʟʠʪʠʚʥʦ ʥʘ A, ʪʦ ʝʩʣʠ ʙʳ ʯʝʣʦʚʝʢ x ʙʳʣ ʙʳ 
ʨʦʜʩʪʚʝʥʥʠʢʦʤ ʯʝʣʦʚʝʢʘ ʫ, ʘ ʫ ʙʳʣ ʨʦʜʩʪʚʝʥʥʠʢʦʤ ʯʝʣʦʚʝʢʘ z, ʪʦ x ʙʳʣ ʙʳ 
ʨʦʜʩʪʚʝʥʥʠʢʦʤ z. ʅʦ ʵʪʦ ʥʝ ʦʙʷʟʘʪʝʣʴʥʦ. ʅʘʧʨʠʤʝʨ, ʯʝʣʦʚʝʢ x ʨʦʜʩʪʚʝʥʥʠʢ ʜʣʷ y ʧʦ 
ʤʘʪʝʨʠ, ʘ ʫ ï ʨʦʜʩʪʚʝʥʥʠʢ ʜʣʷ z ʧʦ ʦʪʮʫ. ʊʦʛʜʘ x ʠ ʫ ʤʦʛʫʪ ʥʝ ʙʳʪʴ ʨʦʜʩʪʚʝʥʥʠʢʘʤʠ  ʧʦ 

ʢʨʦʚʠ. ɿʥʘʯʠʪ, ʦʪʥʦʰʝʥʠʝ r ʥʘ ɸ ʥʝ ʷʚʣʷʝʪʩʷ ʪʨʘʥʟʠʪʠʚʥʳʤ. 
ʉʣʝʜʦʚʘʪʝʣʴʥʦ, ʦʪʥʦʰʝʥʠʝ çʙʳʪʴ ʨʦʜʩʪʚʝʥʥʠʢʦʤ ʧʦ ʢʨʦʚʠè ʥʘ ʤʥʦʞʝʩʪʚʝ ʣʶʜʝʡ 

ɿʝʤʣʠ ʥʝ ʷʚʣʷʝʪʩʷ ʦʪʥʦʰʝʥʠʝʤ ʵʢʚʠʚʘʣʝʥʪʥʦʩʪʠ.  
ɿʘʜʘʥʠʝ 4. ʉʬʦʨʤʫʣʠʨʦʚʘʪʴ ʩʚʦʡʩʪʚʘ ʦʪʥʦʰʝʥʠʷ çʙʦʣʴʰʝ ʚ 2 ʨʘʟʘè, ʟʘʜʘʥʥʦʛʦ 

ʥʘ ʤʥʦʞʝʩʪʚʝ ʥʘʪʫʨʘʣʴʥʳʭ ʯʠʩʝʣ.  
ʈʝʰʝʥʠʝ. 

çɹʦʣʴʰʝ ʚ 2 ʨʘʟʘè ï ʵʪʦ ʢʨʘʪʢʘʷ ʟʘʧʠʩʴ ʦʪʥʦʰʝʥʠʷ çʯʠʩʣʦ ʭ ʙʦʣʴʰʝ ʯʠʩʣʘ ʫ ʚ 2 
ʨʘʟʘè.  

ʕʪʦ ʦʪʥʦʰʝʥʠʝ ʘʥʪʠʩʠʤʤʝʪʨʠʯʥʦ, ʪʘʢ ʢʘʢ ʚʳʧʦʣʥʷʝʪʩʷ ʫʩʣʦʚʠʝ: ʠʟ ʪʦʛʦ, ʯʪʦ 
ʯʠʩʣʦ ʭ ʙʦʣʴʰʝ ʯʠʩʣʘ ʫ ʚ 2 ʨʘʟʘ, ʩʣʝʜʫʝʪ, ʯʪʦ ʯʠʩʣʦ ʫ ʥʝ ʙʦʣʴʰʝ ʯʠʩʣʘ ʭ ʚ 2 ʨʘʟʘ.  

ɼʘʥʥʦʝ ʦʪʥʦʰʝʥʠʝ ʥʝ ʦʙʣʘʜʘʝʪ ʩʚʦʡʩʪʚʦʤ ʨʝʬʣʝʢʩʠʚʥʦʩʪʠ, ʧʦʪʦʤʫ ʯʪʦ ʥʠ ʧʨʦ 
ʦʜʥʦ ʯʠʩʣʦ ʥʝʣʴʟʷ ʩʢʘʟʘʪʴ, ʯʪʦ ʦʥʦ ʙʦʣʴʰʝ ʩʘʤʦʛʦ ʩʝʙʷ ʚ 2 ʨʘʟʘ.  

ɿʘʜʘʥʥʦʝ ʦʪʥʦʰʝʥʠʝ ʥʝ ʪʨʘʥʟʠʪʠʚʥʦ, ʪʘʢ ʢʘʢ ʠʟ ʪʦʛʦ, ʯʪʦ ʯʠʩʣʦ ʭ ʙʦʣʴʰʝ ʯʠʩʣʘ ʫ 
ʚ 2 ʨʘʟʘ, ʘ ʯʠʩʣʦ ʫ ʙʦʣʴʰʝ ʯʠʩʣʘ z ʚ 2 ʨʘʟʘ, ʩʣʝʜʫʝʪ, ʯʪʦ ʯʠʩʣʦ ʭ ʥʝ ʤʦʞʝʪ ʙʳʪʴ 
ʙʦʣʴʰʝ ʯʠʩʣʘ z ʚ 2 ʨʘʟʘ.  

ʕʪʦ ʦʪʥʦʰʝʥʠʝ ʥʘ ʤʥʦʞʝʩʪʚʝ ʥʘʪʫʨʘʣʴʥʳʭ ʯʠʩʝʣ ʩʚʦʡʩʪʚʦʤ ʩʚʷʟʥʦʩʪʠ ʥʝ 
ʦʙʣʘʜʘʝʪ, ʪʘʢ ʢʘʢ ʩʫʱʝʩʪʚʫʶʪ ʧʘʨʳ ʪʘʢʠʭ ʯʠʩʝʣ ʭ ʠ ʫ, ʯʪʦ ʥʠ ʯʠʩʣʦ ʭ ʥʝ ʙʦʣʴʰʝ ʯʠʩʣʘ ʫ 
ʚ ʜʚʘ ʨʘʟʘ, ʥʠ ʯʠʩʣʦ ʫ ʥʝ ʙʦʣʴʰʝ ʭ ʚ 2 ʨʘʟʘ. ʅʘʧʨʠʤʝʨ, ʵʪʦ ʯʠʩʣʘ 7 ʠ 3, 5 ʠ 8 ʠ ʜʨ. 

 
ɿʘʜʘʥʠʷ 

1. ʅʘ ʤʥʦʞʝʩʪʚʝ { }7;5;1=A  ʟʘʜʘʥʦ ʙʠʥʘʨʥʦʝ ʦʪʥʦʰʝʥʠʝ 

()( )( )( )( ){ }5;7,5;5,1;5,7;1,1;1=r . 1) ʅʘʡʪʠ 
11 ;; -- rrr ; 2) ʥʘʯʝʨʪʠʪʴ ʛʨʘʬ ʠ ʛʨʘʬʠʢ 

ʙʠʥʘʨʥʦʛʦ ʦʪʥʦʰʝʥʠʷ r. 
2. ʅʘ ʤʥʦʞʝʩʪʚʝ ʟʘʜʘʥʦ ʙʠʥʘʨʥʦʝ ʦʪʥʦʰʝʥʠʝ ʩ ʧʦʤʦʱʴʶ ʛʨʘʬʠʢʘ. ʆʧʨʝʜʝʣʠʪʴ, 

ʢʘʢʠʤʠ ʩʚʦʡʩʪʚʘʤʠ ʦʥʦ ʦʙʣʘʜʘʝʪ. ɼʦʙʘʚʠʪʴ ʦʜʥʫ ʪʦʯʢʫ ʪʘʢ, ʯʪʦʙʳ ʙʠʥʘʨʥʦʝ ʦʪʥʦʰʝʥʠʝ 
ʩʪʘʣʦ ʨʝʬʣʝʢʩʠʚʥʳʤ. ɼʦʙʘʚʠʪʴ ʜʚʝ ʪʦʯʢʠ ʪʘʢ, ʯʪʦʙʳ ʦʥʦ ʩʪʘʣʦ ʪʨʘʥʟʠʪʠʚʥʳʤ. 

3. ʅʘ ʤʥʦʞʝʩʪʚʝ ʥʘʪʫʨʘʣʴʥʳʭ ʯʠʩʝʣ ʟʘʜʘʥʦ ʙʠʥʘʨʥʦʝ ʦʪʥʦʰʝʥʠʝ r ʩʣʝʜʫʶʱʠʤ 

ʦʙʨʘʟʦʤ: 12=-Ú xyyxr . ʆʧʨʝʜʝʣʠʪʴ, ʢʘʢʠʤʠ ʩʚʦʡʩʪʚʘʤʠ ʦʥʦ ʦʙʣʘʜʘʝʪ. 

4. ɼʣʷ ʩʣʝʜʫʶʱʝʛʦ ʙʠʥʘʨʥʦʛʦ ʦʪʥʦʰʝʥʠʷ, ʦʧʨʝʜʝʣʸʥʥʦʛʦ ʥʘ ʤʥʦʞʝʩʪʚʝ 
ʥʘʪʫʨʘʣʴʥʳʭ ʯʠʩʝʣ, ʥʘʡʪʠ ʦʙʣʘʩʪʴ ʦʧʨʝʜʝʣʝʥʠʷ, ʦʙʣʘʩʪʴ ʟʥʘʯʝʥʠʡ, ʫʢʘʟʘʪʴ ʩʚʦʡʩʪʚʘ ʠ 

ʥʘʨʠʩʦʚʘʪʴ ʛʨʘʬʠʢ: yxyx 3=Úr . 

5. ʋʢʘʟʘʪʴ ʩʚʦʡʩʪʚʘ ʙʠʥʘʨʥʦʛʦ ʦʪʥʦʰʝʥʠʷ r, ʝʩʣʠ r - ʵʪʦ ʦʪʥʦʰʝʥʠʝ çʨʘʙʦʪʘʪʴ 
ʥʘ ʦʜʥʦʡ ʢʘʬʝʜʨʝè ʚʦ ʤʥʦʞʝʩʪʚʝ ʧʨʝʧʦʜʘʚʘʪʝʣʝʡ ʠ ʩʦʪʨʫʜʥʠʢʦʚ ʠʥʩʪʠʪʫʪʘ. 

6. ʆʧʨʝʜʝʣʠʪʴ, ʷʚʣʷʝʪʩʷ ʣʠ ʩʣʝʜʫʶʱʝʝ ʙʠʥʘʨʥʦʝ ʦʪʥʦʰʝʥʠʝ ʦʪʦʙʨʘʞʝʥʠʝʤ. 
ɽʩʣʠ ʜʘ, ʪʦ ʷʚʣʷʝʪʩʷ ʣʠ ʦʥʦ ʠʥʲʝʢʮʠʝʡ, ʩʶʨʲʝʢʮʠʝʡ, ʙʠʝʢʮʠʝʡ? ʘ) 

( ){ }2; xyRRyx =³Í=j , ʙ) ( ){ }3; =-³Í= yxNNyxf . 

7. ɺʳʷʩʥʠʪʴ, ʷʚʣʷʝʪʩʷ ʣʠ ʜʘʥʥʦʝ ʦʪʦʙʨʘʞʝʥʠʝ ʠʥʲʝʢʪʠʚʥʳʤ, ʩʶʨʝ̡ʢʪʠʚʥʳʤ: 

ö
÷

õ
æ
ç

å
+

2

1
log,: 2

2 xxRRf . 
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8. ɼʘʥʦ ʤʥʦʞʝʩʪʚʦ { }4;3;2;1=A ; { } {} {}4,3,2;1 321 === AAA  - ʨʘʟʙʠʝʥʠʝ ʵʪʦʛʦ 

ʤʥʦʞʝʩʪʚʘ ʥʘ ʢʣʘʩʩʳ. ʇʦʩʪʨʦʠʪʴ ʧʦ ʜʘʥʥʦʤʫ ʨʘʟʙʠʝʥʠʶ ʦʪʥʦʰʝʥʠʝ ʵʢʚʠʚʘʣʝʥʪʥʦʩʪʠ. 

9. ɼʦʢʘʟʘʪʴ, ʯʪʦ ( )( )( )( )( )( )( )( ){ }abbacddcddccbbaa ;;;;;;;;;;;;;;;=s  ʷʚʣʷʝʪʩʷ  

ʦʪʥʦʰʝʥʠʝʤ ʵʢʚʠʚʘʣʝʥʪʥʦʩʪʠ ʠ ʧʦʩʪʨʦʠʪʴ ʧʦ ʥʝʤʫ ʨʘʟʙʠʝʥʠʝ ʤʥʦʞʝʩʪʚʘ { }dcbaA ,,,=  

ʥʘ ʢʣʘʩʩʳ. 

10. ʅʘ ʤʥʦʞʝʩʪʚʝ ʮʝʣʳʭ ʯʠʩʝʣ ʟʘʜʘʥʦ ʙʠʥʘʨʥʦʝ ʦʪʥʦʰʝʥʠʝ r ʩʣʝʜʫʶʱʠʤ 

ʦʙʨʘʟʦʤ: ( )74yxyx -Úr . ɼʦʢʘʟʘʪʴ, ʯʪʦ r ï ʦʪʥʦʰʝʥʠʝ ʵʢʚʠʚʘʣʝʥʪʥʦʩʪʠ, ʠ 

ʧʦʩʪʨʦʠʪʴ ʨʘʟʙʠʝʥʠʝ ʥʘ ʢʣʘʩʩʳ ʧʦ ʜʘʥʥʦʤʫ ʦʪʥʦʰʝʥʠʶ ʵʢʚʠʚʘʣʝʥʪʥʦʩʪʠ. 
11. ʇʦʩʪʨʦʠʪʴ ʨʘʟʙʠʝʥʠʝ ʥʘ ʢʣʘʩʩʳ ʧʦ ʦʪʥʦʰʝʥʠʶ ʨʘʚʝʥʩʪʚʘ ʥʘ ʤʥʦʞʝʩʪʚʝ Z, 

ʧʨʝʜʚʘʨʠʪʝʣʴʥʦ ʫʙʝʜʠʚʰʠʩʴ, ʯʪʦ ʦʥʦ ʷʚʣʷʝʪʩʷ ʦʪʥʦʰʝʥʠʝʤ ʵʢʚʠʚʘʣʝʥʪʥʦʩʪʠ. 

12. ʄ ï ʤʥʦʞʝʩʪʚʦ ʛʦʨʦʜʦʚ ʧʣʘʥʝʪʳ ɿʝʤʣʷ, r ï ʦʪʥʦʰʝʥʠʝ çʛʦʨʦʜ ʭ ʨʘʩʧʦʣʦʞʝʥ 

ʚ ʪʦʤ ʞʝ ʛʦʩʫʜʘʨʩʪʚʝ, ʯʪʦ ʠ ʛʦʨʦʜ ʫè. ɼʦʢʘʟʘʪʴ, ʯʪʦ r ʷʚʣʷʝʪʩʷ ʦʪʥʦʰʝʥʠʝʤ 
ʵʢʚʠʚʘʣʝʥʪʥʦʩʪʠ, ʠ ʧʦʩʪʨʦʠʪʴ ʧʦ ʥʝʤʫ ʨʘʟʙʠʝʥʠʝ ʤʥʦʞʝʩʪʚʘ ʄ ʥʘ ʢʣʘʩʩʳ. 

13. ɼʘʥʦ ʤʥʦʞʝʩʪʚʦ{ }cbaA ,,= . ʉʢʦʣʴʢʦ ʤʦʞʥʦ ʟʘʜʘʪʴ ʥʘ ʥʸʤ ʨʘʟʥʳʭ 

ʦʪʥʦʰʝʥʠʡ ʵʢʚʠʚʘʣʝʥʪʥʦʩʪʠ? 
2. ʇʦʥʷʪʠʝ ʠ ʩʚʦʡʩʪʚʘ ʙʠʥʘʨʥʦʡ ʘʣʛʝʙʨʘʠʯʝʩʢʦʡ ʦʧʝʨʘʮʠʠ 
ɿʘʜʘʥʠʝ 1. ʇʨʠʤʝʨʘʤʠ ʙʠʥʘʨʥʳʭ ʦʧʝʨʘʮʠʡ, ʟʘʜʘʥʥʳʭ ʥʘ ʯʠʩʣʦʚʳʭ ʤʥʦʞʝʩʪʚʘʭ, 

ʤʦʛʫʪ ʩʣʫʞʠʪʴ ʦʧʝʨʘʮʠʠ ʦʙʳʯʥʦʛʦ ʩʣʦʞʝʥʠʷ ʠ ʫʤʥʦʞʝʥʠʷ ʯʠʩʝʣ, ʧʨʠʤʝʨʘʤʠ ʫʥʘʨʥʳʭ 
ʦʧʝʨʘʮʠʡ ï ʚʟʷʪʠʝ ʦʙʨʘʪʥʦʛʦ ʠ ʧʨʦʪʠʚʦʧʦʣʦʞʥʦʛʦ ʵʣʝʤʝʥʪʦʚ, ʚʦʟʚʝʜʝʥʠʝ ʚ ʩʪʝʧʝʥʴ 
ʠʣʠ ʠʟʚʣʝʯʝʥʠʝ ʢʦʨʥʷ, ʧʨʠʤʝʨʘʤʠ ʥʫʣʴʘʨʥʳʭ ʦʧʝʨʘʮʠʡ - ʚʳʜʝʣʝʥʠʝ ʥʫʣʷ ʠʣʠ 
ʝʜʠʥʠʮʳ. 

ɿʘʜʘʥʠʝ 2.  ʄʥʦʞʝʩʪʚʦ N ʥʘʪʫʨʘʣʴʥʳʭ ʯʠʩʝʣ ʧʦ ʦʧʝʨʘʮʠʠ ʦʙʳʯʥʦʛʦ ʫʤʥʦʞʝʥʠʷ 
ʦʙʨʘʟʫʝʪ ʘʙʝʣʝʚ ʤʦʥʦʠʜ <N, ¶>. 

ʄʥʦʞʝʩʪʚʦ N ʧʦ ʦʧʝʨʘʮʠʠ ʦʙʳʯʥʦʛʦ ʩʣʦʞʝʥʠʷ ʪʘʢʞʝ ʦʙʨʘʟʫʝʪ ʘʙʝʣʝʚ ʤʦʥʦʠʜ 

<N, + >, ʪʘʢ ʢʘʢ: 
("a, b Í N)                 a + b Í N; 

("a, b, c Í N)   a + (b + c) = (a + b) + c; 
("a, b Í N)              a + b = b + a; 
("a Í N)            a + 0 = 0 + a = a; 

ʦʜʥʘʢʦ ʦʧʝʨʘʮʠʷ ʩʣʦʞʝʥʠʷ ʥʝ ʦʙʨʘʪʠʤʘ ʥʘ N, ʪʘʢ ʢʘʢ, ʥʘʧʨʠʤʝʨ, ʜʣʷ ʯʠʩʣʘ 2 ʥʝ 
ʩʫʱʝʩʪʚʫʝʪ ʦʙʨʘʪʥʦʛʦ (ʧʨʦʪʠʚʦʧʦʣʦʞʥʦʛʦ) ʵʣʝʤʝʥʪʘ ʚ ʤʥʦʞʝʩʪʚʝ N. 

ʊʘʢ ʢʘʢ  ("a, b, c Í N)   cÖ(a + b) = cÖa + cÖb, ʪʦ ʫʤʥʦʞʝʥʠʝ ʥʘ N ʜʠʩʪʨʠʙʫʪʠʚʥʦ 
ʦʪʥʦʩʠʪʝʣʴʥʦ ʩʣʦʞʝʥʠʷ. 

ʀʟ ʩʢʘʟʘʥʥʦʛʦ ʩʣʝʜʫʝʪ, ʯʪʦ ʩʪʨʫʢʪʫʨʘ <N, +, ¶> ʦʙʨʘʟʫʝʪ ʘʩʩʦʮʠʘʪʠʚʥʦ-
ʢʦʤʤʫʪʘʪʠʚʥʦʝ ʧʦʣʫʢʦʣʴʮʦ ʩ ʝʜʠʥʠʮʝʡ. 

ɿʘʜʘʥʠʝ 3. 
1). ʆʧʝʨʘʮʠʷ ʦʙʳʯʥʦʛʦ ʩʣʦʞʝʥʠʷ ʥʘ ʤʥʦʞʝʩʪʚʝ ʚʩʝʭ ʮʝʣʳʭ ʯʠʩʝʣ Z: 
- ʘʩʩʦʮʠʘʪʠʚʥʘ, ʪ.ʢ. ("a, b, c Í Z)  a +(b + c) = (a + b) + c; 
- ʢʦʤʤʫʪʘʪʠʚʥʘ, ʪ.ʢ. ("a, b Í Z) a + b = b + a; 
- ʦʙʣʘʜʘʝʪ ʜʚʫʩʪʦʨʦʥʥʠʤ ʥʝʡʪʨʘʣʴʥʳʤ ʵʣʝʤʝʥʪʦʤ, ʨʦʣʴ ʢʦʪʦʨʦʛʦ ʠʛʨʘʝʪ ʮʝʣʦʝ 

ʯʠʩʣʦ 0:  ($0ÍZ) ("a Í Z)  a + 0 = 0 + a = a; 
- ʦʙʨʘʪʠʤʘ, ʪ.ʢ. ("a Í Z) ($- a ÍZ)   -a + a = a + (-a) = 0; 
- ʜʚʫʩʪʦʨʦʥʥʝ ʩʦʢʨʘʪʠʤʘ, ʪ.ʢ. ("a, b, c Í Z) (a + c = b + c  =>  a = b). 
2). ʆʧʝʨʘʮʠʷ ʦʙʳʯʥʦʛʦ ʫʤʥʦʞʝʥʠʷ ʥʘ ʤʥʦʞʝʩʪʚʝ ʚʩʝʭ ʮʝʣʳʭ ʯʠʩʝʣ Z 

ʜʠʩʪʨʠʙʫʪʠʚʥʘ ʦʪʥʦʩʠʪʝʣʴʥʦ ʦʧʝʨʘʮʠʠ ʩʣʦʞʝʥʠʷ, ʪʘʢ ʢʘʢ: 
("a, b, c Í Z)   c(a + b) = ca + cb ʠ 
("a, b, c Í Z)  (a + b)ʩ = ac + bc. 

 
ɿʘʜʘʥʠʷ 

1. ɺʳʷʩʥʠʪʴ, ʢʘʢʠʤʠ ʩʚʦʡʩʪʚʘʤʠ ʦʙʣʘʜʘʶʪ ʩʣʝʜʫʶʱʠʝ ʙʠʥʘʨʥʳʝ ʦʧʝʨʘʮʠʠ, 
ʟʘʜʘʥʥʳʝ ʥʘ ʫʢʘʟʘʥʥʳʭ ʤʥʦʞʝʩʪʚʘʭ: 
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2. ( )
2

,,
ba

baRbaRA
+

=Í"= A ; 

3. babaRA == + A, ; 

4. { }babaNA ;max, =*= . 

5. ʆʧʨʝʜʝʣʠʪʴ, ʢʘʢʦʡ ʘʣʛʝʙʨʘʠʯʝʩʢʦʡ ʩʪʨʫʢʪʫʨʦʡ ʷʚʣʷʝʪʩʷ ʤʥʦʞʝʩʪʚʦ ɸ ʧʦ 

ʦʧʝʨʘʮʠʠ ʫʤʥʦʞʝʥʠʷ, ʝʩʣʠ: ʘ) { }ZnA n Í= 2 , ʙ){ }RyxyxA Í+= ,3 . 

6. ʗʚʣʷʶʪʩʷ ʣʠ ʘʣʛʝʙʨʘʠʯʝʩʢʠʤʠ ʩʣʝʜʫʶʱʠʝ ʯʠʩʣʦʚʳʝ ʦʧʝʨʘʮʠʠ: 
a. ʦʧʝʨʘʮʠʷ ʜʝʣʝʥʠʷ ʥʘ ʤʥʦʞʝʩʪʚʝ Q; 
b. ʦʧʝʨʘʮʠʷ ʜʝʣʝʥʠʷ ʥʘ ʤʥʦʞʝʩʪʚʝ Z; 
c. ʦʧʝʨʘʮʠʷ ʚʳʯʠʪʘʥʠʷ ʥʘ ʤʥʦʞʝʩʪʚʝ Z; 
d. ʦʧʝʨʘʮʠʷ ʚʳʯʠʪʘʥʠʷ ʥʘ ʤʥʦʞʝʩʪʚʝ N; 
e. ʦʧʝʨʘʮʠʷ ʠʟʚʣʝʯʝʥʠʷ ʢʦʨʥʷ ʥʘ ʤʥʦʞʝʩʪʚʝ R; 

f. ʦʧʝʨʘʮʠʷ ʠʟʚʣʝʯʝʥʠʷ ʢʦʨʥʷ ʥʘ ʤʥʦʞʝʩʪʚʝ A = {xÍR, x > 1}; 

g. ʦʧʝʨʘʮʠʷ ʠʟʚʣʝʯʝʥʠʷ ʢʦʨʥʷ ʥʘ ʤʥʦʞʝʩʪʚʝ A = {xÍR, x > 2}?  
7. ɺ ʛʨʫʧʧʝ ʠʟ ʯʝʪʳʨʝʭ ʧʦʜʨʦʩʪʢʦʚ: ʉʘʰʠ, ɼʘʰʠ, ʇʝʪʠ ʠ ʄʘʰʠ 

ʚʟʘʠʤʦʦʪʥʦʰʝʥʠʷ ʦʧʨʝʜʝʣʷʶʪʩʷ ʩʣʝʜʫʶʱʠʤʠ ʫʩʣʦʚʠʷʤʠ: 
a. ʋ ʉʘʰʠ ʠ ɼʘʰʠ ʘʚʪʦʨʠʪʝʪ ɼʘʰʘ.  
b. ʋ ʉʘʰʠ ʠ ʄʘʰʠ ʘʚʪʦʨʠʪʝʪ ʉʘʰʘ.  
c. ʋ ʉʘʰʠ ʘʚʪʦʨʠʪʝʪ ʉʘʰʘ.  
d. ʋ ɼʘʰʠ ʠ ʄʘʰʠ ʘʚʪʦʨʠʪʝʪ ʉʘʰʘ.  
e. ʋ ɼʘʰʠ ʘʚʪʦʨʠʪʝʪ ɼʘʰʘ.  
f. ʋ ʄʘʰʠ ʘʚʪʦʨʠʪʝʪ ʇʝʪʷ.  
g. ʋ ʇʝʪʠ ʠ ɼʘʰʠ ʘʚʪʦʨʠʪʝʪ ʇʝʪʷ.  
h. ʋ ʇʝʪʠ ʠ ʄʘʰʠ ʘʚʪʦʨʠʪʝʪ ʇʝʪʷ.  
i. ʋ ʇʝʪʠ ʠ ʉʘʰʠ ʘʚʪʦʨʠʪʝʪ ʉʘʰʘ.  
j. ʋ ʇʝʪʠ ʘʚʪʦʨʠʪʝʪ ʉʘʰʘ.  

8. ʄʦʞʥʦ ʣʠ ʫʪʚʝʨʞʜʘʪʴ, ʯʪʦ ʥʘ ʤʥʦʞʝʩʪʚʝ ʠʟ ʯʝʪʳʨʝʭ ʯʝʣʦʚʝʢ ʟʘʜʘʥʘ 
ʙʠʥʘʨʥʘʷ ʘʣʛʝʙʨʘʠʯʝʩʢʘʷ ʦʧʝʨʘʮʠʷ? ʂʘʢʦʚʳ ʝʝ ʩʚʦʡʩʪʚʘ? 

9. ʂʘʢʫʶ ʩʪʨʫʢʪʫʨʫ ʦʙʨʘʟʫʝʪ ʤʥʦʞʝʩʪʚʦ  ɸ  ʧʦ ʦʧʝʨʘʮʠʠ  ç*è: 

a. A = R+;  x*y = 
2

yx+
. 

b. A = Z;  x*y = x + y ï 1. 

c. A = Q;   x*y = xy . 

d. A = N;   x*y = 1. 
e. A = R;   x*y = xy2. 

f. A = {a +b 3 | a, b ÍQ, a2 + b2 0̧}; ʦʧʝʨʘʮʠʷ ç*è - ʦʧʝʨʘʮʠʷ ʦʙʳʯʥʦʛʦ 

ʩʣʦʞʝʥʠʷ ʯʠʩʝʣ. 

g. A = {a +b 5 | a, b ÍQ, a2 + b2 0̧}; ʦʧʝʨʘʮʠʷ ç*è - ʦʧʝʨʘʮʠʷ ʦʙʳʯʥʦʛʦ 

ʫʤʥʦʞʝʥʠʷ ʯʠʩʝʣ. 

h. A = {
k

a

7
| a ÍZ, k ÍN}; ʦʧʝʨʘʮʠʷ ç*è - ʦʧʝʨʘʮʠʷ ʦʙʳʯʥʦʛʦ ʩʣʦʞʝʥʠʷ 

ʯʠʩʝʣ. 
i. A = N;  x*y = max{x, y}. 
j. A = Z;  x*y = |x ï y|. 

3. ɻʨʫʧʧʳ. ʅʦʨʤʘʣʴʥʳʝ ʜʝʣʠʪʝʣʠ. ʂʦʣʴʮʘ ʠ ʧʦʣʷ 
ɿʘʜʘʥʠʝ 1. ɸʜʜʠʪʠʚʥʘʷ ʛʨʫʧʧʘ ʚʩʝʭ ʮʝʣʳʭ ʯʠʩʝʣ ʠʟʦʤʦʨʬʥʘ ʩʚʦʝʡ ʧʦʜʛʨʫʧʧʝ, 

ʩʦʩʪʦʷʱʝʡ ʠʟ ʯʝʪʥʳʭ ʯʠʩʝʣ, ʪʘʢ ʢʘʢ ʦʪʦʙʨʘʞʝʥʠʝ  j: Z Ÿ 2Z ʪʘʢʦʝ, ʯʪʦ:  

(" x Í Z)       j(x) = 2x, 
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ʷʚʣʷʝʪʩʷ ʠʟʦʤʦʨʬʠʟʤʦʤ ʛʨʫʧʧ, ʪʘʢ ʢʘʢ ʦʯʝʚʠʜʥʦ, ʯʪʦ  j - ʙʠʝʢʪʠʚʥʦ ʠ (" x, y Í Z)      

j(x + y) = 2(x +y) = 2x + 2y = j(x) + j(y). 
ɿʘʜʘʥʠʝ 2. ɸʜʜʠʪʠʚʥʘʷ ʛʨʫʧʧʘ ʚʩʝʭ ʜʝʡʩʪʚʠʪʝʣʴʥʳʭ ʯʠʩʝʣ ʠʟʦʤʦʨʬʥʘ 

ʤʫʣʴʪʠʧʣʠʢʘʪʠʚʥʦʡ ʛʨʫʧʧʝ ʚʩʝʭ ʧʦʣʦʞʠʪʝʣʴʥʳʭ ʜʝʡʩʪʚʠʪʝʣʴʥʳʭ ʯʠʩʝʣ: 

<R,  +  > @<R +,  ¶ >,  

ʪʘʢ ʢʘʢ ʦʪʦʙʨʘʞʝʥʠʝ  j:  R  Ÿ  R+, ʧʨʠ ʢʦʪʦʨʦʤ: 

(" x Í R)     j(x) = e x  
ʷʚʣʷʝʪʩʷ ʙʠʝʢʮʠʝʡ, ʧʦʩʢʦʣʴʢʫ: 

(" x, y Í R)      j(x) = j(y)  <=>   e x  = e y   <=>   x = y, 

(" r Í R +)  ($ x Í R):  j(x) = y, ʘ ʠʤʝʥʥʦ,  x = ln y, ʪ.ʢ.  j(ln y) = e yln = y 
ʠ ʩʦʭʨʘʥʷʝʪ ʛʨʫʧʧʦʚʫʶ ʦʧʝʨʘʮʠʶ: 

(" x, y Í R)    j(x + y) = e yx+  = e x  ¶ e y  = j(x) ¶ j(y).  
 

ɿʘʜʘʥʠʷ 
1. ɺʳʷʩʥʠʪʴ, ʦʙʨʘʟʫʝʪ ʣʠ ʢʦʣʴʮʦ ʦʪʥʦʩʠʪʝʣʴʥʦ ʦʙʳʯʥʳʭ ʩʣʦʞʝʥʠʷ ʠ ʫʤʥʦʞʝʥʠʷ 

ʤʥʦʞʝʩʪʚʦ ʥʘʪʫʨʘʣʴʥʳʭ ʯʠʩʝʣ. 

2. ɺʳʷʩʥʠʪʴ, ʷʚʣʷʝʪʩʷ ʣʠ Ö+,,M  ʢʦʣʴʮʦʤ, ʝʩʣʠ { }ZbabaM Í+= ,3 . 

3. ʆʧʨʝʜʝʣʠʪʴ, ʷʚʣʷʝʪʩʷ ʣʠ A,,*Z  ʢʦʣʴʮʦʤ, ʧʦʣʝʤ, ʝʩʣʠ ( )Zba Í" ,  

baabbababa ++=++=* A,1 . 

4. ɻʦʤʦʤʦʨʬʥʳ ʣʠ ʘʣʛʝʙʨʳ +,Z  ʠ +,2Z , ʝʩʣʠ ʟʘʜʘʥʦ ʦʪʦʙʨʘʞʝʥʠʝ 

ZZ 2: j  ʧʦ ʩʣʝʜʫʶʱʝʤʫ ʧʨʘʚʠʣʫ: ( )() xxZx 2=Í" j ? ʗʚʣʷʝʪʩʷ ʣʠ j 

ʠʟʦʤʦʨʬʠʟʤʦʤ? 

5. ɺʳʷʩʥʠʪʴ, ʷʚʣʷʝʪʩʷ ʣʠ Ö++ ,,: ZZj  ʠʟʦʤʦʨʬʠʟʤʦʤ, ʝʩʣʠ () xx 7=j . 

6. ɺʳʷʩʥʠʪʴ, ʷʚʣʷʝʪʩʷ ʣʠ j ʛʦʤʦʤʦʨʬʠʟʤʦʤ (ʠʟʦʤʦʨʬʠʟʤʦʤ), ʝʩʣʠ: 

() 2055,5,5,,,,,: +++=++=*+=Ö+* baabbababaaaZZ AA jj ; 

() 0,,,,,: =Ö+Ö+ aZZ jj . 

7. ɺʝʨʥʦ ʣʠ, ʯʪʦéʘ) ʤʥʦʞʝʩʪʚʦ ʩ ʟʘʜʘʥʥʦʡ ʥʘ ʥʸʤ ʙʠʥʘʨʥʦʡ ʦʧʝʨʘʮʠʝʡ ï ʵʪʦ 
ʛʨʫʧʧʦʠʜ; ʙ) ʤʦʥʦʠʜ ï ʵʪʦ ʛʨʫʧʧʦʠʜ, ʚ ʢʦʪʦʨʦʤ ʩʫʱʝʩʪʚʫʝʪ ʥʝʡʪʨʘʣʴʥʳʡ ʵʣʝʤʝʥʪ; ʚ) 
ʛʨʫʧʧʘ ï ʵʪʦ ʤʦʥʦʠʜ, ʚ ʢʦʪʦʨʦʤ ʜʣʷ ʢʘʞʜʦʛʦ ʵʣʝʤʝʥʪʘ ʩʫʱʝʩʪʚʫʝʪ ʦʙʨʘʪʥʳʡ? 

8. ɺʳʷʩʥʠʪʴ, ʢʘʢʦʡ ʘʣʛʝʙʨʘʠʯʝʩʢʦʡ ʩʪʨʫʢʪʫʨʦʡ ʷʚʣʷʝʪʩʷ {}*,0\R , ʝʩʣʠ 

{}0\,5 Rbaabba Í"=* . 

9. ʆʧʨʝʜʝʣʠʪʴ, ʷʚʣʷʝʪʩʷ ʣʠ {}{ }012,, 8NkAA k Í=+ , ʧʦʜʛʨʫʧʧʦʡ ʘʜʜʠʪʠʚʥʦʡ 

ʛʨʫʧʧʳ ʮʝʣʳʭ ʯʠʩʝʣ. 

10. ʆʧʨʝʜʝʣʠʪʴ, ʷʚʣʷʝʪʩʷ ʣʠ +,M  ʧʦʜʛʨʫʧʧʦʡ ʘʜʜʠʪʠʚʥʦʡ ʛʨʫʧʧʳ 

ʜʝʡʩʪʚʠʪʝʣʴʥʳʭ ʯʠʩʝʣ, ʝʩʣʠ { }QbabaM Í+= ,5 . 

11. ʆʧʨʝʜʝʣʠʪʴ, ʙʫʜʝʪ ʣʠ ʤʫʣʴʪʠʧʣʠʢʘʪʠʚʥʘʷ ʘʣʛʝʙʨʘ ʧʦʣʦʞʠʪʝʣʥɹʳʭ 
ʜʝʡʩʪʚʠʪʝʣʴʥʳʭ ʯʠʩʝʣ ʧʦʜʛʨʫʧʧʦʡ ʘʜʜʠʪʠʚʥʦʡ ʛʨʫʧʧʳ ʜʝʡʩʪʚʠʪʝʣʴʥʳʭ ʯʠʩʝʣ. 

12. ʉʦʩʪʘʚʠʪʴ ʢʣʘʩʪʝʨ ʧʦʥʷʪʠʡ ʧʦ ʪʝʤʝ çɻʨʫʧʧʘè ʠ ʦʙʦʩʥʦʚʘʪʴ ʝʛʦ.  
13. (ɿʘʜʘʯʘʦ ʥʘʩʣʝʜʦʚʘʥʠʠ ʧʨʠʟʥʘʢʘ). ʇʫʩʪʴ ʠʤʝʝʪʩʷ ʢʦʥʝʯʥʦʝ ʤʥʦʞʝʩʪʚʦ M 

ʧʨʦʩʪʝʡʰʠʭ ʩʫʱʝʩʪʚ, ʢʘʞʜʦʝ ʠʟ ʢʦʪʦʨʳʭ ʦʙʣʘʜʘʝʪ ʦʜʥʠʤ ʠʟ ʧʨʠʟʥʘʢʦʚ A, B, C. ʇʫʩʪʴ, 
ʥʘʧʨʠʤʝʨ, ʵʪʠ ʧʨʠʟʥʘʢʠ ʭʘʨʘʢʪʝʨʠʟʫʶʪ ʬʦʨʤʫ ʛʣʘʟ: ʩʦʦʪʚʝʪʩʪʚʝʥʥʦ ʢʨʫʛʣʳʝ, 
ʢʚʘʜʨʘʪʥʳʝ ʠ ʪʨʝʫʛʦʣʥɹʳʝ. ʀʟʚʝʩʪʥʦ, ʯʪʦ ʚ ʨʝʟʫʣʴʪʘʪʝ ʩʣʠʷʥʠʷ ʜʚʫʭ ʩʫʱʝʩʪʚ X ʠ Y 
ʧʦʣʫʯʘʝʪʩʷ ʦʜʥʦ ʥʦʚʦʝ ʩʫʱʝʩʪʚʦ Z. ʇʨʠ ʵʪʦʤ ʥʘʩʣʝʜʦʚʘʥʠʝ ʬʦʨʤʳ ʛʣʘʟ 
ʦʩʫʱʝʩʪʚʣʷʝʪʩʷ ʧʦ ʟʘʢʦʥʫ ç*è ʦʧʠʩʘʥʥʦʤʫ ʪʘʙʣʠʮʝʡ ʥʘ ʨʠʩʫʥʢʝ:  
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14.  
15. ɺ ʨʝʟʫʣʴʪʘʪʝ ʵʚʦʣʶʮʠʠ ʩʫʱʝʩʪʚ ʦʩʪʘʝʪʩʷ ʦʜʥʦ ʩʫʱʝʩʪʚʦ. ɼʦʢʘʟʘʪʴ, ʯʪʦ 

ʬʦʨʤʘ ʛʣʘʟ ʦʩʪʘʚʰʝʛʦʩʷ ʩʫʱʝʩʪʚʘ ʥʝ ʟʘʚʠʩʠʪ ʦʪ ʪʦʛʦ, ʚ ʢʘʢʦʤ ʧʦʨʷʜʢʝ ʩʣʠʚʘʶʪʩʷ 
ʩʫʱʝʩʪʚʘ.  

16. ʂ ʢʫʙʠʢʫ ʈʫʙʠʢʘ ʧʨʠʤʝʥʠʣʠ ʧʦʩʣʝʜʦʚʘʪʝʣʴʥʦʩʪʴ ʧʦʚʦʨʦʪʦʚ. ɼʦʢʘʟʘʪʴ, ʯʪʦ 
ʧʨʠʤʝʥʷʷ ʝʝ ʥʝʩʢʦʣʴʢʦ ʨʘʟ, ʤʦʞʥʦ ʧʨʠʚʝʩʪʠ ʢʫʙʠʢ ʚ ʥʘʯʘʣʴʥʦʝ ʩʦʩʪʦʥ̫ʠʝ.  

17. ɼʦʢʘʟʘʪʴ, ʯʪʦ ʤʥʦʞʝʩʪʚʦ ʚʩʝʭ ʥʘʙʦʨʦʚ ʬʠʢʩʠʨʦʚʘʥʥʦʡ ʜʣʠʥʳ n, 
ʩʦʩʪʘʚʣʝʥʥʳʭ ʠʟ 0 ʠ 1, ʦʙʨʘʟʫʝʪ ʘʜʜʠʪʠʚʥʫʶ ʛʨʫʧʧʫ ʧʦ ʦʧʝʨʘʮʠʠ ʩʫʤʤʠʨʦʚʘʥʠʷ ʧʦ 
ʤʦʜʫʣʶ ʜʚʘ. ʏʪʦ ʧʨʝʜʩʪʘʚʣʷʝʪ ʩʦʙʦʡ ʵʣʝʤʝʥʪ, ʧʨʦʪʠʚʦʧʦʣʦʞʥʳʡ ʧʨʦʠʟʚʦʣʥɹʦʤʫ 
ʵʣʝʤʝʥʪʫ ʘ ʵʪʦʡ ʛʨʫʧʧʳ? 

18. ɺʦʩʩʪʘʥʦʚʠʪʴ ʮʝʧʦʯʢʫ ʧʦʥʷʪʠʡ ʤʝʞʜʫ ʧʦʥʷʪʠʷʤʠ çʦʪʦʙʨʘʞʝʥʠʝè ʠ 
çʠʟʦʤʦʨʬʠʟʤ ʛʨʫʧʧè, ʚ ʢʦʪʦʨʦʡ ʢʘʞʜʦʝ ʩʣʝʜʫʶʱʝʝ ʧʦʥʷʪʠʝ ʦʙʨʘʟʫʝʪʩʷ ʠʟ 
ʧʨʝʜʳʜʫɦ ʝʛʦ ʯʝʨʝʟ ʚʠʜʦʚʦʝ ʦʪʣʠʯʠʝ. 

19. ʇʦʩʪʨʦʠʪʴ ʣʝʚʦʝ ʠ ʧʨʘʚʦʝ ʨʘʟʙʠʝʥʠʷ ʛʨʫʧʧʳ ʩʠʤʤʝʪʨʠʡ ʧʨʘʚʠʣʥɹʦʛʦ 
ʪʨʝʫʛʦʣʴʥʠʢʘ ʥʘ ʩʤʝʞʥʳʝ ʢʣʘʩʩʳ: ʘ) ʧʦ ʧʦʜʛʨʫʧʧʝ ʚʨʘʱʝʥʠʡ ʵʪʦʛʦ ʪʨʝʫʛʦʣʴʥʠʢʘ; ʙ) ʧʦ 

ʧʦʜʛʨʫʧʧʝ { }aRA ,0= , ʛʜʝ ʘ ï ʦʜʥʘ ʠʟ ʩʠʤʤʝʪʨʠʡ. 

20. ʇʦʩʪʨʦʠʪʴ ʣʝʚʦʝ ʠ ʧʨʘʚʦʝ ʨʘʟʣʦʞʝʥʠʷ ʤʫʣʴʪʠʧʣʠʢʘʪʠʚʥʦʡ ʛʨʫʧʧʳ 

ʜʝʡʩʪʚʠʪʝʣʴʥʳʭ ʯʠʩʝʣ ʥʘ ʩʤʝʞʥʳʝ ʢʣʘʩʩʳ ʧʦ ʧʦʜʛʨʫʧʧʝ { }1;1-=A . 

21. ʇʦʩʪʨʦʠʪʴ ʪʘʙʣʠʮʫ ʂʵʣʠ ʜʣʷ ʛʨʫʧʧʳ ʩʠʤʤʝʪʨʠʡ ʢʚʘʜʨʘʪʘ. 
22. ʇʦʩʪʨʦʠʪʴ ʬʘʢʪʦʨ-ʛʨʫʧʧʫ ʘʜʜʠʪʠʚʥʦʡ ʛʨʫʧʧʳ ʮʝʣʳʭ ʯʠʩʝʣ ʧʦ ʝʝ ʧʦʜʛʨʫʧʧʝ 

ʮʝʣʳʭ ʯʠʩʝʣ, ʢʨʘʪʥʳʭ ʧʷʪʠ. ʇʦʩʪʨʦʠʪʴ ʪʘʙʣʠʮʫ ʂʵʣʠ ʜʣʷ ʵʪʦʡ ʛʨʫʧʧʳ ʠ ʥʘʡʪʠ ʵʣʝʤʝʥʪ, 
ʧʨʦʪʠʚʦʧʦʣʦʞʥʳʡ ʵʣʝʤʝʥʪʫ 2+ɺ. 

23. ɼʘʥʦ ʤʥʦʞʝʩʪʚʦ { }4321 ;;; ffffF= , ʛʜʝ ,
1

)(,)(,)( 321
x

xfxxfxxf =-==  
x

xf
1

)(4 -= . 

ɺʳʷʩʥʠʪʴ, ʦʙʨʘʟʫʝʪ ʣʠ ʜʘʥʥʦʝ ʤʥʦʞʝʩʪʚʦ ʛʨʫʧʧʫ ʧʦ ʦʧʝʨʘʮʠʠ ʢʦʤʧʦʟʠʮʠʠ ʬʫʥʢʮʠʡ. 
ɽʩʣʠ ʜʘ, ʪʦ ʥʘʡʪʠ ʚʩʝ ʧʦʜʛʨʫʧʧʳ ʵʪʦʡ ʛʨʫʧʧʳ ʠ ʧʦʩʪʨʦʠʪʴ ʨʘʟʙʠʝʥʠʝ ʥʘ ʩʤʝʞʥʳʝ 
ʢʣʘʩʩʳ ʧʦ ʢʘʢʦʡ-ʣʠʙʦ ʧʦʜʛʨʫʧʧʝ. 

24. ʆʧʨʝʜʝʣʠʪʴ, ʦʙʨʘʟʫʝʪ ʣʠ ʛʨʫʧʧʫ ʧʦ ʦʧʝʨʘʮʠʠ ʫʤʥʦʞʝʥʠʷ ʤʥʦʞʝʩʪʚʦ ʢʣʘʩʩʦʚ 
ʚʳʯʝʪʦʚ, ʚʟʘʠʤʥʦ ʧʨʦʩʪʳʭ ʩ ʤʦʜʫʣʝʤ m=8.  

 
ʊʝʤʘ. ʊʝʦʨʠʷ ʜʝʣʠʤʦʩʪʠ ʚ ʢʦʣʴʮʝ ʮʝʣʳʭ ʯʠʩʝʣ ʠ ʢʦʣʴʮʝ ʤʥʦʛʦʯʣʝʥʦʚ 

ʇʣʘʥ 
1. ɼʝʣʝʥʠʝ ʮʝʣʳʭ ʯʠʩʝʣ ʩ ʦʩʪʘʪʢʦʤ. ʅʆɼ ʠ ʅʆʂ ʮʝʣʳʭ ʯʠʩʝʣ. ɸʣʛʦʨʠʪʤ 

ɽʚʢʣʠʜʘ.  
2. ɼʝʣʝʥʠʝ ʩ ʦʩʪʘʪʢʦʤ. ɼʝʣʝʥʠʝ ʤʥʦʛʦʯʣʝʥʘ ʥʘ ʜʚʫʯʣʝʥ. ʂʦʨʥʠ ʤʥʦʛʦʯʣʝʥʘ.  
3. ɸʣʛʦʨʠʪʤ ɽʚʢʣʠʜʘ ʜʣʷ ʤʥʦʛʦʯʣʝʥʦʚ 
1. ɼʝʣʝʥʠʝ ʮʝʣʳʭ ʯʠʩʝʣ ʩ ʦʩʪʘʪʢʦʤ. ʅʆɼ ʠ ʅʆʂ ʮʝʣʳʭ ʯʠʩʝʣ. ɸʣʛʦʨʠʪʤ 

ɽʚʢʣʠʜʘ 
ɿʘʜʘʥʠʝ 1. ʅʘʡʪʠ ʩ ʧʦʤʦʱʴʶ ʨʘʩʰʠʨʝʥʥʦʛʦ ʘʣʛʦʨʠʪʤʘ ɽʚʢʣʠʜʘ ʯʠʩʣʘ x ʠ y ʜʣʷ 

a=1250, b=675. 
ʈʝʰʝʥʠʝ. 

ʀʟ ʧʨʠʤʝʨʘ 1 ʧʦʣʫʯʠʣʠ, ʯʪʦ ʅʆɼ (1250, 675) = 25. 
ɿʘʧʠʰʝʤ ʰʘʛʠ ʘʣʛʦʨʠʪʤʘ ɽʚʢʣʠʜʘ ʚ ʚʠʜʝ ʨʘʚʝʥʩʪʚ: 

ʘ = 1250 = 675Ö1 + 575 = r 0 , 

b = 675 = 575Ö1 + 100 = r 1 , 

575 = 100Ö5 + 75 = r 2 , 

100 = 75Ö1 + 25 = d. 
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ɺʳʨʘʟʠʤ ʪʝʧʝʨʴ ʠʟ ʢʘʞʜʦʛʦ ʨʘʚʝʥʩʪʚʘ ʦʩʪʘʪʦʢ ʠ ʧʦʜʩʪʘʚʠʤ ʝʛʦ ʚ ʧʦʩʣʝʜʫʶʱʝʝ 
ʨʘʚʝʥʩʪʚʦ 

575 = ʘ - b, 
100 = b ï 575 => 100 = b ï (ʘ ï b), 

75 = 575 ï 100Ö5 => 75 = (ʘ ï b) ï [b ï (ʘ ï b)]Ö5, 

d = 25 = 100 ï 75 => d = [b ï (ʘ ï b)] ï {(ʘ ï b) ï [b ï (ʘ ï b)]Ö5}. 
 

ɺ ʧʦʩʣʝʜʥʝʤ ʚʳʨʘʞʝʥʠʠ ʧʨʠʚʝʜʝʤ ʧʦʜʦʙʥʳʝ ʧʨʠ ʯʠʩʣʘʭ a ʠ b: 
d = b ï a + b ï {a ï b ï [5b - 5a + 5b]} = 

= 2b ï a ï a + b + 5b ï 5a + 5b = 
= 13b ï 7a. 

ʅʆɼ (1250, 675) = ï 7Ö1250 + 13Ö675 => x = -7, y = 13. 
ɿʘʜʘʥʠʝ 2. ʇʨʦʩʪʳʤ ʠʣʠ ʩʦʩʪʘʚʥʳʤ ʷʚʣʷʝʪʩʷ ʯʠʩʣʦ 1267? 

ʈʝʰʝʥʠʝ. 
ʇʦʣʴʟʫʷʩʴ ʧʨʠʟʥʘʢʘʤʠ ʜʝʣʠʤʦʩʪʠ ʥʘ 2, 3 ʠ 5, ʤʦʞʥʦ ʫʪʚʝʨʞʜʘʪʴ, ʯʪʦ ʥʠ ʥʘ ʦʜʥʦ 

ʠʟ ʵʪʠʭ ʧʨʦʩʪʳʭ ʯʠʩʝʣ ʜʘʥʥʦʝ ʯʠʩʣʦ ʥʝ ʜʝʣʠʪʩʷ. ʏʠʩʣʦ 1267 ʪʘʢʞʝ ʥʝ ʜʝʣʠʪʩʷ ʥʘ 11, 
13, 17, 19, 23, 29, 31. ɼʝʣʠʤʦʩʪʴ ʥʘ ʧʦʩʣʝʜʫʶʱʠʝ ʧʨʦʩʪʳʝ ʯʠʩʣʘ, ʧʦ ʩʚʦʡʩʪʚʫ 1, 

ʧʨʦʚʝʨʷʪʴ ʥʝʪ ʥʝʦʙʭʦʜʠʤʦʩʪʠ, ʪʘʢ ʢʘʢ 1267> 37
2

 = 1369. 

ʇʦʵʪʦʤʫ ʯʠʩʣʦ 1267 ʷʚʣʷʝʪʩʷ ʧʨʦʩʪʳʤ. 
ɿʘʜʘʥʠʝ 3. ʅʘʡʪʠ ʅʆɼ ʠ ʅʆʂ ʯʠʩʝʣ 1250 ʠ 675 ʨʘʟʣʦʞʝʥʠʝʤ ʥʘ ʧʨʦʩʪʳʝ 

ʤʥʦʞʠʪʝʣʠ. 
ʈʝʰʝʥʠʝ. 

ʊʘʢ ʢʘʢ 1250 = 2Ö5 4, ʘ 675 = 33Ö5 2, ʪʦ 

ʅʆɼ (1250, 675) = 52  = 25; 

ʅʆʂ (1250, 675) = 2Ö3 3Ö5 4  = 33750. 
 

ɿʘʜʘʥʠʷ 

1. ɼʘʥʦ cba += . ʘ) dbda 44, . ʉʣʝʜʫʝʪ ʣʠ ʠʟ ʵʪʦʛʦ, ʯʪʦdc4? ʙ) da4. ɺʝʨʥʦ 

ʣʠ, ʯʪʦ db4  ʠ dc4 ? 

2. ɼʘʥʦ ba4. ɺʳʷʩʥʠʪʴ, ʚʝʨʥʦ ʣʠ, ʯʪʦ ( )NnÍ"  bna4 . 

3. ɺʳʧʦʣʥʠʪʴ ʜʝʣʝʥʠʝ ʩ ʦʩʪʘʪʢʦʤ: 168 ʥʘ 35; 168 ʥʘ (-35); -168 ʥʘ 35; -168 ʥʘ (-
35). 

4. ʅʘʡʪʠ ʜʝʣʠʪʝʣʠ ʠ ʩʦʦʪʚʝʪʩʪʚʫʶʱʠʝ ʠʤ ʦʩʪʘʪʢʠ, ʝʩʣʠ: ʘ)ʜʝʣʠʤʦʝ 534, 
ʯʘʩʪʥʦʝ 26; ʙ) ʜʝʣʠʤʦʝ 741, ʯʘʩʪʥʦʝ (-14). 

5. ɼʦʢʘʟʘʪʴ, ʯʪʦ ʢʚʘʜʨʘʪ ʣʶʙʦʛʦ ʮʝʣʦʛʦ ʯʠʩʣʘ ʣʠʙʦ ʥʘʮʝʣʦ ʜʝʣʠʪʩʷ ʥʘ 3, ʣʠʙʦ 
ʜʘʝʪ ʚ ʦʩʪʘʪʢʝ 1. 

6. ʏʠʩʣʘ cba ,,  ʧʨʠ ʜʝʣʝʥʠʠ ʥʘ 7 ʜʘʶʪ ʦʩʪʘʪʢʠ 1, 4, 5 ʩʦʦʪʚʝʪʩʪʚʝʥʥʦ. ʅʘʡʪʠ 

ʦʩʪʘʪʦʢ ʦʪ ʜʝʣʝʥʠʷ ʯʠʩʣʘ cba ++  ʥʘ 7. 
7. ʅʘʡʪʠ ʚʩʝ ʯʠʩʣʘ, ʙʦʣʴʰʠʝ 25000, ʥʦ ʤʝʥʴʰʠʝ 30000, ʫ ʢʦʪʦʨʳʭ ʢʘʢ ʧʨʠ 

ʜʝʣʝʥʠʠ ʥʘ 131, ʪʘʢ ʠ ʧʨʠ ʜʝʣʝʥʠʠ ʥʘ 1965 ʦʩʪʘʪʦʢ ʨʘʚʝʥ 125. 
8. ʅʘʡʪʠ ʅʆɼ ʠ ʅʆʂ ʯʠʩʝʣ 531 ʠ 93; -78 ʠ 24. 
9. ʅʘʡʪʠ ʅʆɼ(663, 731, 2516, 3655). 
10. ʈʝʰʠʪʴ ʚ ʥʘʪʫʨʘʣʴʥʳʭ ʯʠʩʣʘʭ ʩʣʝʜʫʶʱʠʝ ʩʠʩʪʝʤʳ ʫʨʘʚʥʝʥʠʡ:  

ʘ)
( )í
ì
ë

=

=+

;30;

,180

yx

yx
    ʙ)

( )

í
ì
ë

=Ö

=

;720

,4;

yx

yx
   ʚ)

( )

[ ]í
ì
ë

=

=

.420;

,15;

ba

ba
 

11. ʅʘʡʪʠ ʣʠʥʝʡʥʦʝ ʧʨʝʜʩʪʘʚʣʝʥʠʝ ʅʆɼ (90; 35) ʯʝʨʝʟ ʵʪʠ ʯʠʩʣʘ. 
12. ʇʫʩʪʴ a, b, c, d ï ʨʘʟʣʠʯʥʳʝ ʮʠʬʨʳ. ɼʦʢʘʟʘʪʴ, ʯʪʦ ʯʠʩʣʦ  cdcdcdcd  ʥʝ 

ʜʝʣʠʪʩʷ ʥʘ ʯʠʩʣʦ  aabb.`  
13. ʏʠʩʣʦ ʧʨʠ ʥʝʢʦʪʦʨʦʡ ʧʝʨʝʩʪʘʥʦʚʢʝ ʩʚʦʠʭ ʮʠʬʨ ʫʜʚʘʠʚʘʝʪʩʷ. ɼʦʢʘʟʘʪʴ, ʯʪʦ 

ʦʥʦ ʜʝʣʠʪʩʷ ʥʘ  9.  



48 

14. ʅʘʡʪʠ ʥʘʪʫʨʘʣʴʥʳʝ ʯʠʩʣʘ, ʜʘʶʱʠʝ ʧʨʠ ʜʝʣʝʥʠʠ ʥʘ  2,  3,  4,  5 ʠ  6  ʦʩʪʘʪʦʢ  1 
ʠ, ʢʨʦʤʝ ʪʦʛʦ, ʜʝʣʷʱʠʝʩʷ ʥʘ  7. 

15. ɻʝʥʝʨʘʣ ʧʦʩʪʨʦʠʣ ʩʦʣʜʘʪ ʚ ʢʦʣʦʥʥʫ ʧʦ 4, ʥʦ ʧʨʠ ʵʪʦʤ ʩʦʣʜʘʪ ʀʚʘʥʦʚ ʦʩʪʘʣʩʷ 
ʣʠʰʥʠʤ. ʊʦʛʜʘ ʛʝʥʝʨʘʣ ʧʦʩʪʨʦʠʣ ʩʦʣʜʘʪ ʚ ʢʦʣʦʥʥʫ ʧʦ 5. ʀ ʩʥʦʚʘ ʀʚʘʥʦʚ ʦʩʪʘʣʩʷ 
ʣʠʰʥʠʤ. ʂʦʛʜʘ ʞʝ ʠ ʚ ʢʦʣʦʥʥʝ ʧʦ 6 ʀʚʘʥʦʚ ʦʢʘʟʘʣʩʷ ʣʠʰʥʠʤ, ʛʝʥʝʨʘʣ ʧʦʩʫʣʠʣ ʝʤʫ 
ʥʘʨʷʜ ʚʥʝ ʦʯʝʨʝʜʠ, ʧʦʩʣʝ ʯʝʛʦ ʚ ʢʦʣʦʥʥʝ ʧʦ 7 ʀʚʘʥʦʚ ʥʘʰʝʣ ʩʝʙʝ ʤʝʩʪʦ ʠ ʥʠʢʦʛʦ 
ʣʠʰʥʝʛʦ ʥʝ ʦʩʪʘʣʦʩʴ. ʉʢʦʣʴʢʦ ʩʦʣʜʘʪ ʤʦʛʣʦ ʙʳʪʴ ʫ ʛʝʥʝʨʘʣʘ? 

16. ɼʦʢʘʟʘʪʴ, ʯʪʦ ʝʩʣʠ ʅʆʂ(a, a+5)=HOK(b, b+5), ʛʜʝ a  ʠ  b ï ʥʘʪʫʨʘʣʴʥʳʝ ʯʠʩʣʘ, 
ʪʦ  a = b.  

17. ʇʫʩʪʴ d = ʅʆɼ(1819, 3587). ʅʘʡʪʠ d ʠ ʮʝʣʳʝ ʯʠʩʣʘ x, y ʪʘʢʠʝ, ʯʪʦ: 
1819ʭ+3587y=d . 

2. ɼʝʣʝʥʠʝ ʩ ʦʩʪʘʪʢʦʤ. ɼʝʣʝʥʠʝ ʤʥʦʛʦʯʣʝʥʘ ʥʘ ʜʚʫʯʣʝʥ. ʂʦʨʥʠ 
ʤʥʦʛʦʯʣʝʥʘ 

ɿʘʜʘʥʠʝ 1. ɼʘʥʳ ʤʥʦʛʦʯʣʝʥʳ  

 () 432

4 23456 xxxxxF +-+-= , 

 () 2

2 31 xxxQ +-= . 

ʀʩʧʦʣʴʟʫʷ ʦʧʨʝʜʝʣʝʥʠʝ, ʥʘʡʪʠ ()()xQxF 24 . 

ʈʝʰʝʥʠʝ. 

ʊʘʢ ʢʘʢ ()()[ ] () ()xQxFxQxF degdegdeg += , ʪʦ ʩʪʝʧʝʥʴ ʧʨʦʠʟʚʝʜʝʥʠʷ 

()()[ ] () 6degdeg == xTxQxF .  

ʀʱʝʤ ʤʥʦʛʦʯʣʝʥ ʚʠʜʘ () 6

6

5

5

4

4

3

3

2

2106 xdxdxdxdxdxddxT ++++++= , ʛʜʝ 

ʢʦʵʬʬʠʮʠʝʥʪʳ ʚʳʯʠʩʣʷʝʤ ʧʦ ʦʙʱʝʡ ʬʦʨʤʫʣʝ ä
=+

=
kji

jik aad  ( )6,,2,1,0 2=k .  

ʇʦʜʩʪʘʚʣʷʷ ʜʘʥʥʳʝ 60=a , 51 -=a , 42=a , 33 -=a , 24=a , ,10=b  31 -=b   12=b   

ʚ ʵʪʫ ʬʦʨʤʫʣʫ, ʧʦʣʫʯʘʝʤ: 

 6000 == bad ; 

 2351801101 -=--=+= babad ; 

 ( )( ) 25143560211202 =Ö+-Ö-+=++= bababad ; 

 ( ) ( )( ) 201334150312213 -=Ö-+-Ö+Ö-=++= bababad ; 

( )( ) 151233140413224 =Ö+-Ö-+Ö=++= bababad ; 

( ) ( ) 9321314235 -=-Ö+Ö-=+= babad ; 

2246 == bad . 

ʉʣʝʜʦʚʘʪʝʣʴʥʦ, ʠʩʢʦʤʳʡ ʤʥʦʛʦʯʣʝʥ ʠʤʝʝʪ ʚʠʜ 

() 65432

6 29152025236 xxxxxxxT +-+-+-= . Ã 

ɿʘʜʘʥʠʝ 2. ɺʳʧʦʣʥʠʪʴ ʜʝʣʝʥʠʝ ʩ ʦʩʪʘʪʢʦʤ ʤʥʦʛʦʯʣʝʥʘ: 

() 1843 234

4 --++= xxxxxF   ʥʘ ʤʥʦʛʦʯʣʝʥ () 232

2 ++= xxxG . 

ʈʝʰʝʥʠʝ. 
ɺʦʩʧʦʣʴʟʫʝʤʩʷ ʦʙʱʠʤ ʘʣʛʦʨʠʪʤʦʤ ʩʦʛʣʘʩʥʦ ʢʦʪʦʨʦʤʫ ʠʤʝʝʤ ʜʝʣʝʥʠʷ 

ʤʥʦʛʦʯʣʝʥʦʚ ʩ ʦʩʪʘʪʢʦʤ:  

1) ()() () () ---++=-= - 1843 234

2

24

2

4
4

1

3 xxxxxGx
b

a
xFxF  

( ) 1855233 2322 ----=++- xxxxxx ; 

2) ()() ()()
()

() +----=-= - 1855 23

2

23

2

1

31

3

2

2 xxxxGx
b

a
xFxF  

( ) 18910235 22 -+=+++ xxxxx ; 
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3) ()() ()()
()

() --+=-= - 18910 2

2

22

2

2

22

2

3

1 xxxGx
b

a
xFxF  

( ) 38212310 2 --=++- xxx . 

ʀʤʝʝʤ:  

( )( ) 38211053231843 22234 --+-++=--++ xxxxxxxxx . 

ɿʘʜʘʥʠʝ 3. ɺʳʯʠʩʣʠʪʴ ʟʥʘʯʝʥʠʝ ()cF  ʤʥʦʛʦʯʣʝʥʘ () 2250248 234 +-+-= xxxxxF ,  

ʝʩʣʠ 2=c . 
ʈʝʰʝʥʠʝ. 

ʇʦ ʪʝʦʨʝʤʝ ɹʝʟʫ ʟʥʘʯʝʥʠʝ ʤʥʦʛʦʯʣʝʥʘ ()cF  ʨʘʚʥʦ ʦʩʪʘʪʢʫ ʦʪ ʜʝʣʝʥʠʷ 

ʤʥʦʛʦʯʣʝʥʘ ()xF  ʥʘ ʣʠʥʝʡʥʳʡ ʜʚʫʯʣʝʥ cx-. ʇʦʵʪʦʤʫ, ʜʝʣʷ ʤʥʦʛʦʯʣʝʥ ()xF  ʥʘ 2-x , 

ʧʦʣʫʯʘʝʤ: 

 

()

( )

( )

( )

( )

26126

2

30

5226

2226

2412

225012

126

2250246

2

2250248

23

2

2

23

23

34

234

-+-

-

-

+--

+-

--

+-

+--

+-+-

--

+-+-=

xxx

x

x

x

xx

xx

xx

xxx

xx

xxxxxF

 

 ʀʪʘʢ, () 30-=cF .  

ɿʘʜʘʥʠʝ 4. ʇʨʠ ʢʘʢʠʭ ʫʩʣʦʚʠʷʭ ʤʥʦʛʦʯʣʝʥ ()xF  ʜʝʣʠʪʩʷ ʥʘ ʤʥʦʛʦʯʣʝʥ ()xG , ʝʩʣʠ 

() qpxxxF ++= 3 , () 12 -+= mxxxG . 

ʈʝʰʝʥʠʝ. 

ʇʫʩʪʴ ʜʣʷ ʦʧʨʝʜʝʣʸʥʥʦʩʪʠ, () []xCxF Í  ʠ () []xCxG Í . ʊʦʛʜʘ ʧʦ ʦʧʨʝʜʝʣʝʥʠʶ 

ʜʝʣʠʤʦʩʪʠ ʤʥʦʛʦʯʣʝʥʦʚ ʠʤʝʝʤ: 

() () () []( ) () () ()xxGxFxCxxGxF FÖ=ÍF$Ú :4 .  

ɼʣʷ ʥʘʭʦʞʜʝʥʠʷ ʤʥʦʛʦʯʣʝʥʘ []xF  ʧʨʦʠʟʚʦʜʠʤ ʜʝʣʝʥʠʝ çʫʛʦʣʢʦʤè: 

 

()

( )
( )

( )
()( )

()
() mxx

mxxxG

mqxmpxR

mxmmx

qxpmx

xmxx

qpxxxF

-=F

-+=

-+++=

+---

+++-

-+-

++= 1

1

1

2

2

22

2

23

3

 

ʏʪʦʙʳ ʚʳʧʦʣʥʷʣʦʩʴ ʨʘʚʝʥʩʪʚʦ () () ()xxGxF FÖ= , ʪʦ ʝʩʪʴ  

() ( )( )mxmxxqpxxxF --+=++= 123 , 

ʜʦʣʞʥʦ ʙʳʪʴ ()( ) 012 =-+++= mqxmpxR , ʦʪʢʫʜʘ, ʧʨʠʨʘʚʥʠʚʘʷ ʢʦʵʬʬʠʮʠʝʥʪʳ ʢ 

ʥʫʣʶ, ʧʦʣʫʯʘʝʤ ʠʩʢʦʤʳʝ ʫʩʣʦʚʠʷ: mqmp =--= ,1 2 . 

ɿʘʜʘʥʠʝ 5. ʅʘʡʪʠ ʅʆɼ() ()( )xGxF , , ʝʩʣʠ () 274 34 +-+= xxxxF , () 43 23 -+= xxxG . 

ʈʝʰʝʥʠʝ. 
ʀʩʧʦʣʴʟʫʝʤ ʦʙʱʫʶ ʩʭʝʤʫ ʘʣʛʦʨʠʪʤʘ ɽʚʢʣʠʜʘ  

1) ɼʝʣʠʤ ()xF  ʥʘ ()xG  ʩ ʦʩʪʘʪʢʦʤ: 
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()

()

()
1

43

633

43

23

43

274

1

23

2

1

23

3

34

34

+=

-+=

+--=

-+

+-

-+

+-+=

xQ

xxxG

xxxR

xx

xx

xxx

xxxxF

 

2) ɼʝʣʠʤ ()xG  ʥʘ ()xR1  ʩ ʦʩʪʘʪʢʦʤ: 

()

()

3

2

3

1

633

0

422

422

2

43

2

2

1

2

2

23

23

--=

+--=

-+

-+

-+

-+=

xQ

xxxR

xx

xx

xxx

xxxG

 

ʇʦʣʫʯʘʝʤ ʥʘʠʙʦʣʴʰʠʡ ʦʙʱʠʡ ʜʝʣʠʪʝʣʴ ʜʘʥʥʳʭ ʤʥʦʛʦʯʣʝʥʦʚ ʚ ʚʠʜʝ 

() ()( ) () 633, 2

1 +--== xxxRxGxF , ʠʣʠ ʧʦ ʥʝʦʜʥʦʟʥʘʯʥʦʩʪʠ ʦʧʨʝʜʝʣʝʥʠʷ ʅʆɼ 

() ()( ) 2, 2 -+= xxxGxF .  

ɿʘʜʘʥʠʝ 6. ʅʘʡʪʠ ʤʥʦʛʦʯʣʝʥ  () 2

210 xaxaaxF ++= ,  ʝʩʣʠ () () () 33,22,11 === FFF . 

ʈʝʰʝʥʠʝ. 

ɼʣʷ ʥʘʭʦʞʜʝʥʠʷ ʤʥʦʛʦʯʣʝʥʘ ʪʨʝʙʫʝʪʩʷ ʦʧʨʝʜʝʣʠʪʴ ʝʛʦ ʢʦʵʬʬʠʮʠʝʥʪʳ 210 ,, aaa . 

ʀʟ ʫʩʣʦʚʠʷ ʟʘʜʘʯʠ ʜʣʷ ʢʦʵʬʬʠʮʠʝʥʪʦʚ ʠʤʝʝʤ ʩʠʩʪʝʤʫ ʣʠʥʝʡʥʳʭ ʘʣʛʝʙʨʘʠʯʝʩʢʠʭ 
ʫʨʘʚʥʝʥʠʡ 

 
î
í

î
ì

ë

=++

=++

=++

.393

,242

,1

210

210

210

aaa

aaa

aaa

 

ʈʝʰʘʝʤ ʉʃɸʋ ʤʝʪʦʜʦʤ ɻʘʫʩʩʘ. ɼʣʷ ʵʪʦʛʦ ʩʦʚʝʨʰʘʝʤ ʨʷʜ ʧʦʩʣʝʜʦʚʘʪʝʣʴʥʳʭ 
ʠʩʢʣʶʯʝʥʠʡ.  

1) ʀʟ ʧʝʨʚʦʛʦ ʫʨʘʚʥʝʥʠʷ 210 1 aaa --=  ʧʦʜʩʪʘʚʣʷʝʤ ʚʦ ʚʪʦʨʦʝ:  

î
í

î
ì

ë

=++

=+

=++

.393

,13

,1

210

21

210

aaa

aa

aaa

 

2) ʀʟ ʚʪʦʨʦʛʦ ʫʨʘʚʥʝʥʠʷ 21 31 aa -=  ʧʦʜʩʪʘʚʣʷʷ ʚ ʪʨʝʪʴʝ: 

 
î
í

î
ì

ë

=

=+

=++

.02

,13

,1

2

21

210

a

aa

aaa

 

ɼʚʠʛʘʝʤʩʷ çʦʙʨʘʪʥʳʤ ʭʦʜʦʤè (ʥʘʭʦʜʠʤʩʷ ʚ ʧʦʣʝ ʜʝʡʩʪʚʠʪʝʣʴʥʳʭ ʯʠʩʝʣ):  

3) ʠʟ ʪʨʝʪʴʝʛʦ ʫʨʘʚʥʝʥʠʷ ʥʘʭʦʜʠʤ 02=a ;  

4) ʠʟ ʚʪʦʨʦʛʦ ʫʨʘʚʥʝʥʠʷ ʥʘʭʦʜʠʤ 11=a ;  

5) ʠʟ ʧʝʨʚʦʛʦ ʫʨʘʚʥʝʥʠʷ ʥʘʭʦʜʠʤ 00=a .  

ʉʦʩʪʘʚʣʷʝʤ ʤʥʦʛʦʯʣʝʥ  

() xxaxaaxF =++= 2

210 .  

ʇʨʦʚʝʨʢʘ ʦʯʝʚʠʜʥʘ. ʀʩʢʦʤʳʡ ʤʥʦʛʦʯʣʝʥ ʠʤʝʝʪ ʚʠʜ () xxF = . 

ɿʘʜʘʥʠʝ 7. ʈʘʟʣʦʞʠʪʴ ʤʥʦʛʦʯʣʝʥ 1)( 3+=xxf  ʥʘ ʥʝʧʨʠʚʦʜʠʤʳʝ ʤʥʦʞʠʪʝʣʠ ʥʘʜ 

ʧʦʣʷʤʠ R ʠ C. 
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ʈʝʰʝʥʠʝ. 

)1)(1(1 23 +++=+ xxxx   (1) ʅʘʜ R:  ʄʥʦʛʦʯʣʝʥ 12 ++xx  ʥʝ ʠʤʝʝʪ ʜʝʡʩʪʚʠʪʝʣʴʥʳʭ 

ʢʦʨʥʝʡ, ʩʣʝʜʦʚʘʪʝʣʴʥʦ (1) ʠ ʝʩʪʴ ʨʘʟʣʦʞʝʥʠʝ ʥʘʜ ʧʦʣʝʤ R. 

ʅʘʜ ʉ: 
2

31
,1,33,01 2,1

22 i
xiiDxx

°-
=Ý-==--=++ . ʊʦʛʜʘ ʠʩʢʦʤʦʝ ʨʘʟʣʦʞʝʥʠʝ 

ʥʘ ʧʦʣʝʤ ʉ ʙʫʜʝʪ ʠʤʝʪʴ ʚʠʜ: ( )
ö
ö

÷

õ

æ
æ

ç

å --
+

ö
ö

÷

õ

æ
æ

ç

å --
-+=+

2

31

2

31
113 i

x
i

xxx . 

ɿʘʜʘʥʠʝ 8. ʈʘʟʜʝʣʠʪʴ ʩ ʦʩʪʘʪʢʦʤ ʤʥʦʛʦʯʣʝʥ f(x)=  ʥʘ 

ʤʥʦʛʦʯʣʝʥ g(x)= . 
ʈʝʰʝʥʠʝ. 

 

ʆʪʚʝʪ: . 

ɿʘʜʘʥʠʝ 9. ʈʘʟʜʝʣʠʪʴ ʤʥʦʛʦʯʣʝʥ  f(x) = 523 -+ xx   ʥʘ ʜʚʫʯʣʝʥ  x ï 2  ʩ ʧʦʤʦʱʴʶ 
ʩʭʝʤʳ ɻʦʨʥʝʨʘ. 

ʈʝʰʝʥʠʝ. 
ɺ ʜʘʥʥʦʤ ʩʣʫʯʘʝ  ʩ = 2. 

 1 0 2 -5 

ʩ = 2 1 0 + 2Ö1 = 2 2 + 22 = 6 -5 + 2Ö6 = 7 

ʀʪʘʢ,  523 -+ xx  = 7)62()2( 2 +++Ö- xxx , ʩʣʝʜʦʚʘʪʝʣʴʥʦ, ʟʥʘʯʝʥʠʝ ʤʥʦʛʦʯʣʝʥʘ 

f(x)  ʧʨʠ  ʭ = 2  ʨʘʚʥʦ, ʩʦʛʣʘʩʥʦ ʪʝʦʨʝʤʝ 1, ʩʝʤʠ:  f(2) = 7. 

ɿʘʜʘʥʠʝ 10. ʈʘʟʣʦʞʠʪʴ ʤʥʦʛʦʯʣʝʥ  f(x) = 523 -+ xx   ʧʦ ʩʪʝʧʝʥʷʤ ʨʘʟʥʦʩʪʠ  x ï 2. 
ʈʝʰʝʥʠʝ. 

ʇʦ ʩʭʝʤʝ ɻʦʨʥʝʨʘ ʚʳʧʦʣʥʠʤ ʨʷʜ ʧʦʩʣʝʜʦʚʘʪʝʣʴʥʳʭ ʜʝʣʝʥʠʡ ʩ ʦʩʪʘʪʢʦʤ ʥʘ x ï 2: 

 1 0 2 -5 

ʩ = 2 1 0 + 2Ö1 = 2 2 + 2Ö2 = 6 -5 + 2Ö6 = 7 

ʩ = 2 1 4 14 

ʩ = 2 1 6 

ʩ = 2 1 

ʊʘʢʠʤ ʦʙʨʘʟʦʤ, ʙʝʨʷ ʚ ʢʘʯʝʩʪʚʝ ʢʦʵʬʬʠʮʠʝʥʪʦʚ ʧʦʩʣʝʜʥʠʝ ʯʣʝʥʳ ʚ ʢʘʞʜʦʡ 
ʩʪʨʦʢʝ ʧʦʣʫʯʝʥʥʦʡ ʩʭʝʤʳ, ʤʦʞʥʦ ʟʘʧʠʩʘʪʴ: 

523 -+ xx  = .7)2(14)2(6)2( 23 +-Ö+-Ö+- xxx  

ɿʘʜʘʥʠʝ 11. ʅʘʡʪʠ ʟʥʘʯʝʥʠʷ ʧʨʦʠʟʚʦʜʥʳʭ ʤʥʦʛʦʯʣʝʥʘ  f(x) = 523 -+ xx  ʧʨʠ  x = 2. 
 

ʈʝʰʝʥʠʝ. 
ʀʟ ʩʭʝʤʳ ɻʦʨʥʝʨʘ, ʧʦʩʪʨʦʝʥʥʦʡ ʚ ʧʨʠʤʝʨʝ 3, ʧʦʣʫʯʘʝʤ: 

b 0  = 
!0

)2(f
 = 7,    Ý    f(2) = 7Ö0! = 71 = 7, 

b 1  = 
!1

)2('f
 = 14,    Ý    fô(2) = 14Ö1! = 14, 
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b 2  = 
!2

)2(''f
 = 6,    Ý    fôô(2) = 6Ö2! = 6Ö2 = 12, 

b 3  = 
!3

)2()3(f
 = 1,    Ý    f )3( = 1Ö3! = 1Ö6 = 6, 

ʊʘʢ ʢʘʢ ʚʩʝ ʧʦʩʣʝʜʫʶʱʠʝ ʢʦʵʬʬʠʮʠʝʥʪʳ  b 4 , b 5, é, b k ,     ʨʘʚʥʳ ʥʫʣʶ, ʪʦ ʠ 

ʟʥʘʯʝʥʠʷ ʚʩʝʭ ʧʨʦʠʟʚʦʜʥʳʭ ʜʘʥʥʦʛʦ ʤʥʦʛʦʯʣʝʥʘ, ʥʘʯʠʥʘʷ ʩ ʧʨʦʠʟʚʦʜʥʦʡ ʯʝʪʚʝʨʪʦʛʦ 
ʧʦʨʷʜʢʘ, ʪʘʢʞʝ ʙʫʜʫʪ ʨʘʚʥʳ ʥʫʣʶ. 

ɿʘʜʘʥʠʝ 12. ʈʘʟʣʦʞʠʪʴ ʥʘ ʤʥʦʞʠʪʝʣʠ ʤʥʦʛʦʯʣʝʥ ʥʘʜ ʧʦʣʝʤ  

 
ʈʝʰʝʥʠʝ. 

ɺʦʟʤʦʞʥʳʝ ʮʝʣʳʝ ʢʦʨʥʠ ð ʜʝʣʠʪʝʣʠ 108: , , , , , , , 
, , . 
ʇʫʩʪʴ ð ʮʝʣʳʡ ʢʦʨʝʥʴ, . 

 
ʀʟ ʧʦʩʣʝʜʥʝʡ ʜʝʣʠʤʦʩʪʠ ʩʣʝʜʫʝʪ, ʯʪʦ ʢʦʨʝʥʴ ʥʫʞʥʦ ʠʩʢʘʪʴ ʩʨʝʜʠ ʯʠʩʝʣ 2; ï4 ʠ 6. 

ʇʨʦʚʝʨʠʤ ʠʭ ʩ ʧʦʤʦʱʴʶ ʩʭʝʤʳ ɻʦʨʥʝʨʘ: 

 
ʏʠʩʣʘ 2 ʠ ï4 ʥʝ ʷʚʣʷʶʪʩʷ ʢʦʨʥʷʤʠ ʤʥʦʛʦʯʣʝʥʘ, ʯʠʩʣʦ 2 ï ʷʚʣʷʝʪʩʷ. ʇʦʵʪʦʤʫ 

 
ɿʘʜʘʥʠʷ 

1. ɿʘʧʠʩʘʪʴ ʚ ʩʪʘʥʜʘʨʪʥʦʤ ʚʠʜʝ ʩʫʤʤʫ ʠ ʨʘʟʥʦʩʪʴ ʤʥʦʛʦʯʣʝʥʦʚ 
2536 171835382)( xxxxxxf +--+-=  ʠ 83510225)( 3645 +++--= xxxxxxg . 

2. ɿʘʧʠʩʘʪʴ ʚ ʩʪʘʥʜʘʨʪʥʦʤ ʚʠʜʝ ʧʨʦʠʟʚʝʜʝʥʠʝ ʤʥʦʛʦʯʣʝʥʦʚ 

7223)( 234 ++-= xxxxf  ʠ 545)( 3 -+= xxxg . 

3. ʇʨʦʚʝʨʠʪʴ, ʯʪʦ ʚ ʢʦʣʴʮʝ []xZ  ʤʥʦʛʦʯʣʝʥ 213116)( 23 +-+= xxxxf  ʜʝʣʠʪʩʷ ʥʘ 

ʤʥʦʛʦʯʣʝʥ 152)( 2 -+= xxxg  (ʜʚʫʤʷ ʩʧʦʩʦʙʘʤʠ). 

4. ʈʘʟʜʝʣʠʪʴ ʩ ʦʩʪʘʪʢʦʤ 154)( 234 -++-= xxxxxf  ʥʘ 32)( 2 --= xxxg . 

5. ʅʘʡʪʠ ʤʥʦʛʦʯʣʝʥ 2

210)( xaxaaxf ++= , ʝʩʣʠ 3)3(,2)2(,1)1( === fff . 

6. ʀʟʚʝʩʪʥʳ ʜʝʣʠʤʦʝ 132)( 234 +++= xxxxf , ʥʝʧʦʣʥʦʝ ʯʘʩʪʥʦʝ 232)( 2 ++= xxxq  

ʠ ʦʩʪʘʪʦʢ 34)( --= xxr . ʅʘʡʪʠ ʜʝʣʠʪʝʣʴ )(xg . 

7. ʇʫʩʪʴ []xZxf Í)( . ʇʨʠ ʢʘʢʠʭ qp,  ʤʥʦʛʦʯʣʝʥ qpxxxf ++= 24)(  ʜʝʣʠʪʩʷ ʥʘ 

1)( 2 ++= xxxg ? 

8. ʄʥʦʛʦʯʣʝʥ )(xP  ʜʝʣʠʪʩʷ ʙʝʟ ʦʩʪʘʪʢʘ ʥʘ ( )1-x  ʠ ( )1+x , ʘ ʧʨʠ ʜʝʣʝʥʠʠ ʥʘ 

( )3+x  ʜʘʸʪ ʚ ʦʩʪʘʪʢʝ 8. ʅʘʡʪʠ ʦʩʪʘʪʦʢ ʦʪ ʜʝʣʝʥʠʷ )(xP  ʥʘ 33 23 --+ xxx . 

9. ɼʦʢʘʟʘʪʴ, ʯʪʦ ʧʨʠ ʣʶʙʦʤ ʥʘʪʫʨʘʣʴʥʦʤ n ʠ AaÍ  ( A  ï ʦʙʣʘʩʪʴ ʮʝʣʦʩʪʥʦʩʪʠ): 

ʘ) ( )( )axax nn -- 4 ; ʙ) ( )( )axax nn +- 422 . 

10. ʉʦʩʪʘʚʠʪʴ ʢʫʙʠʯʝʩʢʠʡ ʤʥʦʛʦʯʣʝʥ, ʢʦʨʥʷʤʠ ʢʦʪʦʨʦʛʦ ʷʚʣʷʶʪʩʷ ʯʠʩʣʘ 2, 4 ʠ (-
1), ʘ ʩʪʘʨʰʠʡ ʢʦʵʬʬʠʮʠʝʥʪ ʨʘʚʝʥ 4. 
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11. ʇʦʣʴʟʫʷʩʴ ʩʭʝʤʦʡ ɻʦʨʥʝʨʘ, ʨʘʟʜʝʣʠʪʴ ʩ ʦʩʪʘʪʢʦʤ ʤʥʦʛʦʯʣʝʥ 

124354)( 23456 -+-+-+= xxxxxxxf  ʥʘ ʜʚʫʯʣʝʥ ( )2-x . 

12. ʅʘʡʪʠ ʧʦʢʘʟʘʪʝʣʴ ʢʨʘʪʥʦʩʪʠ ʢʦʨʥʷ 20 -=x  ʜʣʷ ʤʥʦʛʦʯʣʝʥʘ 

16168167)( 2345 --+++= xxxxxxf . 

13. ʈʘʟʣʦʞʠʪʴ ʤʥʦʛʦʯʣʝʥ 3726126)( 234 +-+-= xxxxxf  ʧʦ ʩʪʝʧʝʥʷʤ ʜʚʫʯʣʝʥʘ 

( )2-x . 

14. ʅʘʡʪʠ ʟʥʘʯʝʥʠʝ ʤʥʦʛʦʯʣʝʥʘ 2372)( 345 -+-+= xxxxxf  ʠ ʚʩʝʭ ʝʛʦ 

ʧʨʦʠʟʚʦʜʥʳʭ ʧʨʠ 3-=x  ʠ ʨʘʟʣʦʞʠʪʴ )(xf  ʧʦ ʩʪʝʧʝʥʷʤ ʜʚʫʯʣʝʥʘ ( )3+x . 

15. ɺʳʯʠʩʣʠʪʴ ʟʥʘʯʝʥʠʷ ʤʥʦʛʦʯʣʝʥʘ 795)( 234 +-+= xxxxf  ʧʨʠ 01,3=x  ʠ 

98,2=x . 

3. ɸʣʛʦʨʠʪʤ ɽʚʢʣʠʜʘ ʜʣʷ ʤʥʦʛʦʯʣʝʥʦʚ 

ɿʘʜʘʥʠʝ 1. ʅʘʡʪʠ ( )gfʅʆɼ ,  ʜʣʷ 12 -=xf  ʠ 1+=xg  ʥʘʜ R . 

ʈʝʰʝʥʠʝ. 

ʄʥʦʛʦʯʣʝʥ f  ʜʝʣʠʪʩʷ ʥʘ ʚʩʝ ʤʥʦʛʦʯʣʝʥʳ ʚʠʜʘ ( )12 -xl , RÍl , ( 0̧l ), ʥʘ ʚʩʝ 

ʤʥʦʛʦʯʣʝʥʳ ʚʠʜʘ ( )1-xb , RÍb , ( 0̧b ), ʥʘ ʚʩʝ ʤʥʦʛʦʯʣʝʥʳ ʚʠʜʘ ( )1+xg , RÍg , 

( 0̧g ), ʥʘ ʚʩʝ ʤʥʦʛʦʯʣʝʥʳ ʚʠʜʘ m, RÍm , ( 0̧m ). ʄʥʦʛʦʯʣʝʥ g  ʜʝʣʠʪʩʷ ʥʘ ʚʩʝ 

ʤʥʦʛʦʯʣʝʥʳ ʚʠʜʘ ( )1+xd , RÍd , ( 0̧d ), ʠ ʥʘ ʚʩʝ ʤʥʦʛʦʯʣʝʥʳ ʚʠʜʘ w, RÍw , ( 0̧w ). 

ʆʙʱʠʤʠ ʜʝʣʠʪʝʣʷʤʠ ʤʥʦʛʦʯʣʝʥʦʚ f  ʠ g  ʷʚʣʷʶʪʩʷ ʚʩʝ ʤʥʦʛʦʯʣʝʥʳ ʚʠʜʘ ( )1+xa , 

RaÍ , ( 0̧a ) ʠ ʚʩʝ ʤʥʦʛʦʯʣʝʥʳ ʚʠʜʘ c , RcÍ , ( 0̧c ). ʉʨʝʜʠ ʥʠʭ ʜʝʣʷʪʩʷ ʥʘ ʚʩʝ 

ʦʙʱʠʝ ʜʝʣʠʪʝʣʠ ʤʥʦʛʦʯʣʝʥʦʚ f  ʠ g  ʪʦʣʴʢʦ ʤʥʦʛʦʯʣʝʥʳ ʚʠʜʘ ( )1+xa , RaÍ , ( 0̧a ). 

ɿʥʘʯʠʪ, ʦʥʠ ʠ ʷʚʣʷʶʪʩʷ ʦʙʱʠʤʠ ʜʝʣʠʪʝʣʷʤʠ ʤʥʦʛʦʯʣʝʥʦʚ f  ʠ g. ʀʭ ʙʝʩʢʦʥʝʯʥʦ 

ʤʥʦʛʦ. ʉʨʝʜʠ ʥʠʭ ʚʳʜʝʣʷʝʪʩʷ ʥʦʨʤʠʨʦʚʘʥʥʳʡ ( ) 1, +=xgfʅʆɼ . 

( )gfʅʆɼ ,  ʤʦʞʥʦ ʥʘʡʪʠ ʩ ʧʦʤʦʱʴʶ ʘʣʛʦʨʠʪʤʘ ɽʚʢʣʠʜʘ. 

ʇʫʩʪʴ ʜʘʥʳ 0̧f  ʠ 0̧g  ʠ gf degdeg ² . 

1) ʈʘʟʜʝʣʠʤ f  ʥʘ g : 11 rqgf +Ö= , gr degdeg 1< , 

2) ɽʩʣʠ 01¸r , ʪʦ ʨʘʟʜʝʣʠʤ g  ʥʘ 1r : 221 rqrg +Ö= , 12 degdeg rr < , 

3) ɽʩʣʠ 02 ¸r , ʪʦ ʨʘʟʜʝʣʠʤ 1r  ʥʘ 2r : 3321 rqrg +Ö= , 23 degdeg rr < , ʠ ʪ.ʜ. ʜʦ 

ʪʝʭ ʧʦʨ, ʧʦʢʘ ʚ ʦʩʪʘʪʢʝ ʥʝ ʧʦʣʫʯʠʪʩʷ 0: 

kkkk rqrr +Ö= -- 12 , 1degdeg -< kk rr ,         0̧kr . 

011 +Ö= +- kkk qrr . 

( ) krgfʅʆɼ =, . 

ɿʘʤʝʪʠʤ, ʯʪʦ ʜʝʣʝʥʠʝ ʥʫʞʥʦ ʧʨʦʠʟʚʦʜʠʪʴ çʫʛʦʣʢʦʤè. 

ɿʘʜʘʥʠʝ 2. ʅʘʡʪʠ ( )gfʅʆɼ , , ʝʩʣʠ 532 23 -+-= xxxf , 122 +-= xxg . 

ʈʝʰʝʥʠʝ. 
1) 

6,12

,

11

11

-=+=

+Ö=

xrxq

rqgf
 

 

xxx

xxx

242

532
23

23

+-

-+-
 

122 +- xx  

12 +x  

    

12

5
2

2

+-

--

xx

xx
 

 

    6-x   
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2) 

25,4

,

22

221

=+=

+Ö=

rxq

rqrg
 

 

xx

xx

6

12
2

2

-

+-
 

6-x   

4+x   

    

244

14

-

+

x

x
 

 

    25  
 

3) 

0,256251

,

33

3321

=-=

+Ö=

rxq

rqrr
 

 

x

x 6-
 

25 

256251 -x

 

    

6

6

-

-
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ɿʥʘʯʠʪ, ( ) 25, =gfʅʆɼ . ɿʘʧʠʰʝʤ ʥʦʨʤʠʨʦʚʘʥʥʳʡ ( )gfʅʆɼ , : 1=d . 

ʉ ʧʦʤʦʱʴʶ ʘʣʛʦʨʠʪʤʘ ɽʚʢʣʠʜʘ ʜʣʷ ʤʥʦʛʦʯʣʝʥʦʚ f  ʠ g  ʚʩʝʛʜʘ ʤʦʞʥʦ ʧʦʜʦʙʨʘʪʴ 

ʪʘʢʠʝ 1m  ʠ 2m , ʯʪʦ ( )gfʅʆɼmgmf ,21 =Ö+Ö . 

ɿʘʜʘʥʠʝ 3.  ɼʣʷ ʤʥʦʛʦʯʣʝʥʦʚ f  ʠ g  ʧʦʜʦʙʨʘʪʴ ʪʘʢʠʝ ʤʥʦʛʦʯʣʝʥʳ 1m  ʠ 2m , 

ʯʪʦʙʳ ( )gfʅʆɼmgmf ,21 =Ö+Ö , ʝʩʣʠ ʘʣʛʦʨʠʪʤ ɽʚʢʣʠʜʘ ʜʣʷ f  ʠ g  ʩʦʩʪʦʠʪ ʠʟ 

ʜʚʫʭ ʩʪʨʦʢ. 
ʈʝʰʝʥʠʝ. 

ʇʫʩʪʴ ʘʣʛʦʨʠʪʤ ɽʚʢʣʠʜʘ ʜʣʷ ʤʥʦʛʦʯʣʝʥʦʚ f  ʠ g  ʩʦʩʪʦʠʪ ʠʟ ʜʚʫʭ ʩʪʨʦʢ: 

.0

,

21

11

+Ö=

+Ö=

qrg

rqgf
 

ʊʦʛʜʘ ( ) 1, rgfʅʆɼ = . 

ɺʳʜʝʣʠʤ 1r  ʠʟ ʧʝʨʚʦʡ ʩʪʨʦʢʠ ʘʣʛʦʨʠʪʤʘ: ( )111 1 qgfqgfr -+Ö=Ö-= . ʊʦʛʜʘ 

11=m , 12 qm -= . 

ɿʘʜʘʥʠʝ 4. ɺʳʜʝʣʠʪʴ ʢʨʘʪʥʳʝ ʥʝʧʨʠʚʦʜʠʤʳʝ ʤʥʦʞʠʪʝʣʠ ʤʥʦʛʦʯʣʝʥʘ 

[]xRxxxxxf Í-++--= 122 23568 . 

ʈʝʰʝʥʠʝ. 

ɼʠʬʬʝʨʝʥʮʠʨʫʷ f , ʧʦʣʫʯʘʝʤ xxxxxf 261068 2457' ++--= .  

ʉ ʧʦʤʦʱʴʶ ʘʣʛʦʨʠʪʤʘ ɽʚʢʣʠʜʘ ʥʘʭʦʜʠʤ 

( ) ( )( )( )( )22334' 11111, -Ö++=-Ö-=+--= xxxxxxxxffʅʆɼ . 

ʆʪʩʶʜʘ ʩʣʝʜʫʝʪ, ʯʪʦ ʢʨʘʪʥʳʤʠ ʥʝʧʨʠʚʦʜʠʤʳʤʠ ʤʥʦʞʠʪʝʣʷʤʠ ʤʥʦʛʦʯʣʝʥʘ f  

ʷʚʣʷʶʪʩʷ ʤʥʦʛʦʯʣʝʥʳ 12

1 ++= xxp  (ʢʨʘʪʥʦʩʪʠ 2) ʠ 12 -=xp  (ʢʨʘʪʥʦʩʪʠ 3). 

ʈʘʟʜʝʣʠʚ f  ʥʘ ( )( )3
22 1-++ xxxx  ʧʦʣʫʯʠʤ 13 +=xp . 

ʀʪʘʢ, ( )( )( )111
322 +-++= xxxxf . 

ʊʘʢ ʢʘʢ ʢʦʨʥʠ ʤʥʦʛʦʯʣʝʥʘ ʩʦʦʪʚʝʪʩʪʚʫʶʪ ʝʛʦ ʥʝʧʨʠʚʦʜʠʤʳʤ ʤʥʦʞʠʪʝʣʷʤ ʧʝʨʚʦʡ 

ʩʪʝʧʝʥʠ, ʪʦ ʢʦʨʥʠ ʤʥʦʛʦʯʣʝʥʘ ( )', ffʅʆɼ ï ʵʪʦ ʢʨʘʪʥʳʝ ʢʦʨʥʠ ʤʥʦʛʦʯʣʝʥʘ f . ʇʦʵʪʦʤʫ 

ʚ ʜrʝʣʝʥʠʝ ʢʨʘʪʥʳʭ ʥʝʧʨʠʚʦʜʠʤʳʭ ʤʥʦʞʠʪʝʣʝʡ ʷʚʣʷʝʪʩʷ ʚ ʪʦ ʞʝ ʚʨʝʤʷ ʚʳʜʝʣʝʥʠʝʤ 
ʢʨʘʪʥʳʭ ʢʦʨʥʝʡ ʤʥʦʛʦʯʣʝʥʘ f . 

 
ɿʘʜʘʥʠʷ 
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1. ʅʘʡʪʠ ʅʆɼ ʤʥʦʛʦʯʣʝʥʦʚ 12363)( 2345 ---++= xxxxxxf  ʠ 12)( 24 +-= xxxg . 

(ʆʪʚʝʪ: 122 ++ xx ) 
2. ʅʘʡʪʠ ʣʠʥʝʡʥʦʝ ʚʳʨʘʞʝʥʠʝ ʅʆɼ ʤʥʦʛʦʯʣʝʥʦʚ ʯʝʨʝʟ ʩʘʤʠ ʵʪʠ ʤʥʦʛʦʯʣʝʥʳ: 

25332)( 234 +--+= xxxxxf , 12)( 23 --+= xxxxg . 

3. ʈʘʟʣʦʞʠʪʴ ʤʥʦʛʦʯʣʝʥ 2)( 2+=xxf  ʥʘ ʥʝʧʨʠʚʦʜʠʤʳʝ ʤʥʦʞʠʪʝʣʠ ʥʘʜ ʧʦʣʝʤ 

R; ʥʘʜ ʧʦʣʝʤ C . 

4. ʈʘʟʣʦʞʠʪʴ ʤʥʦʛʦʯʣʝʥʳ ʥʘ ʥʝʧʨʠʚʦʜʠʤʳʝ ʤʥʦʞʠʪʝʣʠ ʥʘʜ ʧʦʣʝʤ 

ʜʝʡʩʪʚʠʪʝʣʴʥʳʭ ʯʠʩʝʣ: ʘ)125 --- aaa ; ʙ) 248 -+xx ; ʚ) 13 612 +- yy . 

5. ʈʘʟʣʦʞʠʪʴ ʤʥʦʛʦʯʣʝʥ 1)( 4+=xxf  ʥʘ ʥʝʧʨʠʚʦʜʠʤʳʝ ʤʥʦʞʠʪʝʣʠ ʥʘʜ ʧʦʣʷʤʠ  

C , R , Q . 

6. ʅʘʡʪʠ ʅʆɼ ʤʥʦʛʦʯʣʝʥʘ ( )( )( )111)( 34 -Ö-Ö+= xxxxf  ʠ ʝʛʦ ʧʨʦʠʟʚʦʜʥʦʡ. 

7. ʅʘʡʪʠ ( )gfʅʆɼ , , ʝʩʣʠ ( ) ( )322
11 -Ö-= xxf  ʠ ( )³+=

2
1xg . ( )2-³x  

8. ɼʣʷ ʤʥʦʛʦʯʣʝʥʦʚ f  ʠ g  ʧʦʜʦʙʨʘʪʴ ʪʘʢʠʝ ʤʥʦʛʦʯʣʝʥʳ 1m  ʠ 2m , ʯʪʦʙʳ 

( )gfʅʆɼmgmf ,21 =Ö+Ö , ʝʩʣʠ ʘʣʛʦʨʠʪʤ ɽʚʢʣʠʜʘ ʜʣʷ f  ʠ g  ʩʦʩʪʦʠʪ ʠʟ ʪʨʝʭ 

ʩʪʨʦʢ. 
9. ɺʳʜʝʣʠʪʴ ʢʨʘʪʥʳʝ ʥʝʧʨʠʚʦʜʠʤʳʝ ʤʥʦʞʠʪʝʣʠ ʤʥʦʛʦʯʣʝʥʘ 

[]xRxxxxxf Í-++--= 122 23568 . 

10. ʆʪʜʝʣʠʪʴ ʢʨʘʪʥʳʝ ʤʥʦʞʠʪʝʣʠ ʤʥʦʛʦʯʣʝʥʘ 412946)( 2346 +++--= xxxxxxf . 

 
ʊʝʤʘ. ʈʘʩʰʠʨʝʥʠʷ ʧʦʣʝʡ. ʂʦʥʝʯʥʳʝ ʧʦʣʷ  

ʇʣʘʥ 
1. ʇʦʥʷʪʠʝ ʨʘʩʰʠʨʝʥʠʷ ʧʦʣʷ. ʄʠʥʠʤʘʣʴʥʳʡ ʤʥʦʛʦʯʣʝʥ ʘʣʛʝʙʨʘʠʯʝʩʢʦʛʦ ʯʠʩʣʘ 

ʠ ʝʛʦ ʩʚʦʡʩʪʚʘ.  
2. ʇʦʣʷ ɻʘʣʫʘ. ʇʨʝʜʩʪʘʚʣʝʥʠʝ ʵʣʝʤʝʥʪʦʚ ʧʦʣʷ ɻʘʣʫʘ ʢʦʥʝʯʥʳʤʠ ʯʠʩʣʦʚʳʤʠ 

ʧʦʩʣʝʜʦʚʘʪʝʣʴʥʦʩʪʷʤʠ ʠ ʤʥʦʛʦʯʣʝʥʘʤʠ ʥʘʜ ʢʦʥʝʯʥʳʤ ʧʦʣʝʤ. 
1. ʇʦʥʷʪʠʝ ʨʘʩʰʠʨʝʥʠʷ ʧʦʣʷ. ʄʠʥʠʤʘʣʴʥʳʡ ʤʥʦʛʦʯʣʝʥ ʘʣʛʝʙʨʘʠʯʝʩʢʦʛʦ 

ʯʠʩʣʘ ʠ ʝʛʦ ʩʚʦʡʩʪʚʘ 

ɿʘʜʘʥʠʝ 1. ʆʧʠʩʘʪʴ ʩʪʨʦʝʥʠʝ ʧʦʣʷ ʂ=Q(a), ʛʜʝ Q ï ʧʦʣʝ ʨʘʮʠʦʥʘʣʴʥʳʭ ʯʠʩʝʣ: 

27+=a . 

ʈʝʰʝʥʠʝ. 

ʇʦʩʪʨʦʠʤ ʤʠʥʠʤʘʣʴʥʳʡ ʤʥʦʛʦʯʣʝʥ ʯʠʩʣʘ a ʥʘʜ ʧʦʣʝʤ ʨʘʮʠʦʥʘʣʴʥʳʭ ʯʠʩʝʣ: 

( ) ( )
.0471424914

272727

2727

44

22222

2
2

=+-Ú=+-

Ý=-Ý=-Ý+=

Ýö
÷
õæ

ç
å +=Ý+=

xxxx

xxx

xx

 

ʏʠʩʣʦ 27+=a  ʙʫʜʝʪ ʢʦʨʥʝʤ ʤʥʦʛʦʯʣʝʥʘ () 47144 +-= xxxp  ʧʦ ʧʦʩʪʨʦʝʥʠʶ, 

ʧʨʠʯʸʤ ʦʯʝʚʠʜʥʦ, ʯʪʦ ʩʪʝʧʝʥʴ ʵʪʦʛʦ ʤʥʦʛʦʯʣʝʥʘ ʤʠʥʠʤʘʣʴʥʘ ʠ ʨʘʚʥʘ 4=n . 

ʉʣʝʜʦʚʘʪʝʣʴʥʦ, ʙʘʟʠʩ ʧʨʦʩʪʦʛʦ ʘʣʛʝʙʨʘʠʯʝʩʢʦʛʦ ʨʘʩʰʠʨʝʥʠʷ ʂ=Q(a)ʥʘʜ ʧʦʣʝʤ 
ʨʘʮʠʦʥʘʣʴʥʳʭ ʯʠʩʝʣ ʪʘʢʞʝ ʩʦʩʪʦʠʪ ʠʟ ʯʝʪʳʨʸʭ ʵʣʝʤʝʥʪʦʚ: 

320 ,,,1 aaaa = . 

ʊʘʢ ʢʘʢ 27+=a , ʪʦ ʙʘʟʠʩ ʧʨʠʤʝʪ ʚʠʜ: 

.27,27,27,1

27,27,27,1

3

32

ö
÷
õæ

ç
å +++

Úö
÷
õæ

ç
å +ö

÷
õæ

ç
å ++
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ʊʦʛʜʘ ʧʨʦʠʟʚʦʣʴʥʳʡ ʵʣʝʤʝʥʪ ʧʦʣʷ ʂ=Q(a) ʙʫʜʝʪ ʠʤʝʪʴ ʚʠʜ: 

( ) 3,0,,27272727
3

3210 =Íö
÷
õæ

ç
å +Ö++Ö++Ö+=ö

÷
õæ

ç
å +Í" iQaaaaaQ iww . 

ɿʘʜʘʥʠʝ 2. ʀʟʙʘʚʠʪʴʩʷ ʦʪ ʠʨʨʘʮʠʦʥʘʣʴʥʦʩʪʠ ʚ ʟʥʘʤʝʥʘʪʝʣʝ ʜʨʦʙʠ 

,
2

2
2

24

+

++

a

aa
 ʛʜʝ 013 =-+aa . 

ʈʝʰʝʥʠʝ. 

ʇʫʩʪʴ () ()aaaaa gf =+=++ 2;2 224 , ʪʦʛʜʘ () 224 ++= xxxf , () 22+=xxg  

ʅʝʪʨʫʜʥʦ ʧʨʦʚʝʨʠʪʴ, ʯʪʦ ʤʥʦʛʦʯʣʝʥ () 13 -+= xxxp  ʥʝ ʠʤʝʝʪ ʨʘʮʠʦʥʘʣʴʥʳʭ 

ʢʦʨʥʝʡ ʠ, ʟʥʘʯʠʪ, ʥʝʧʨʠʚʦʜʠʤ ʚ ʢʦʣʴʮʝ Q[x]. ʊʘʢ ʢʘʢ ʨ(a)=0, ʪʦ ʵʪʦʪ ʤʥʦʛʦʯʣʝʥ ʷʚʣʷʝʪʩʷ 

ʤʠʥʠʤʘʣʴʥʳʤ ʜʣʷ ʯʠʩʣʘ a. 

ʀʩʧʦʣʴʟʫʷ ʟʘʤʝʯʘʥʠʝ, ʥʘʡʜʝʤ ʣʠʥʝʡʥʦʝ ʚʳʨʘʞʝʥʠʝ ʤʥʦʛʦʯʣʝʥʘ ()xf  ʯʝʨʝʟ 

ʤʥʦʛʦʯʣʝʥʳ ()xg  ʠ ()xp  ʤʝʪʦʜʦʤ ʥʝʦʧʨʝʜʝʣʝʥʥʳʭ ʢʦʵʬʬʠʮʠʝʥʪʦʚ. 

ʀʟ ʟʘʤʝʯʘʥʠʷ ʩʣʝʜʫʝʪ, ʯʪʦ ʩʪʝʧʝʥʴ ()xu  ʙʫʜʝʪ ʨʘʚʥʘ 2, ʘ ʩʪʝʧʝʥʴ ()xv  ï 1: 

() 224 ++= xxxf =

()

()
()

()xpkdxxgcbxax

xvxu

)()( 2

('&)()'&
++++    (5). 

ɺʳʧʦʣʥʠʚ ʜʝʡʩʪʚʠʷ ʚ ʧʨʘʚʦʡ ʯʘʩʪʠ ʨʘʚʝʥʩʪʚʘ ʠ ʧʨʠʚʝʜʷ ʧʦʜʦʙʥʳʝ, ʧʦʣʫʯʠʤ: 

() 224 ++= xxxf = )2()2()2()()( 234 kcxkdbxdcaxkbxda -++-+++++++ . 

ʀʩʧʦʣʴʟʫʷ ʦʧʨʝʜʝʣʝʥʠʝ ʨʘʚʝʥʩʪʚʘ ʜʚʫʭ ʤʥʦʛʦʯʣʝʥʦʚ, ʧʨʠʜʝʤ ʢ ʩʠʩʪʝʤʝ 
ʣʠʥʝʡʥʳʭ ʫʨʘʚʥʝʥʠʡ 

î
î
î

í

îî
î

ì

ë

-=-

=+-

=++

=+

=+

.22

;02

;12

;0

;1

kc

kdb

dca

kb

da

 

ʈʝʰʠʚ ʩʠʩʪʝʤʫ, ʥʘʭʦʜʠʤ: () () 0;1

0

;1

;1
2 =-=Ý

î
í

î
ì

ë

===

-=

=

xvxxu

kdb

c

a

. 

ʇʦʵʪʦʤʫ: 

() ( ) () ()( ) ()( )( )211012 222224 +Ö-=Ö-=Ö+Ö-=++= aaaaaaaaaa gpgf . 

ʇʦʜʩʪʘʚʠʤ ʚ ʠʩʭʦʜʥʦʝ ʚʳʨʘʞʝʥʠʝ ʟʥʘʯʝʥʠʝ, ʧʦʣʫʯʝʥʥʦʝ ʜʣʷ 224 ++aa , 
ʧʦʣʫʯʠʤ: 

( )( )
1

2

21

2

2 2

2

22

2

24

-=
+

+Ö-
=

+

++
a

a

aa

a

aa
. 

ɿʘʜʘʥʠʝ 3. ʇʫʩʪʴ ʈ=Q( 3,2 ) ï ʢʦʥʝʯʥʦʝ ʨʘʩʰʠʨʝʥʠʝ ʧʦʣʷ ʨʘʮʠʦʥʘʣʴʥʳʭ 

ʯʠʩʝʣ. ʅʘʡʪʠ ʯʠʩʣʦ g, ʪʘʢʦʝ, ʯʪʦʙʳ Q( 3,2 ) = Q(g). 

ʈʝʰʝʥʠʝ. 

ɹʫʜʝʤ ʠʩʢʘʪʴ ʯʠʩʣʦ g ʚ ʚʠʜʝ: 

g = 32 ʩ+ , ʛʜʝ ʩ ï ʧʦʜʭʦʜʷʱʝʝ ʯʠʩʣʦ ʠʟ ʧʦʣʷ Q,     (2). 

ʏʠʩʣʦ ʩ ʚʳʙʝʨʝʤ ʩʣʝʜʫʶʱʠʤ ʦʙʨʘʟʦʤ. ʇʫʩʪʴ )(1 ʭʨ  ʠ )(2 ʭʨ  - ʤʠʥʠʤʘʣʴʥʳʝ 

ʤʥʦʛʦʯʣʝʥʳ ʯʠʩʝʣ 2  ʠ 3  ʩʦʦʪʚʝʪʩʪʚʝʥʥʦ: 

)(1 ʭʨ  = 22-ʭ , )(2 ʭʨ  = 32-ʭ      (3). 
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ʀʟ (2) ʩʣʝʜʫʝʪ, ʯʪʦ 2  = g - ʩ 3                   (4). 

ʈʘʩʩʤʦʪʨʠʤ ʤʥʦʛʦʯʣʝʥ 

q(x) = ʨ1 (g - ʩʭ)     (5), 

ʢʦʵʬʬʠʮʠʝʥʪʳ ʢʦʪʦʨʦʛʦ ʧʨʠʥʘʜʣʝʞʘʪ ʧʦʣʶ Q(g). ʆʯʝʚʠʜʥʦ, ʯʪʦ 3  ʷʚʣʷʝʪʩʷ 

ʢʦʨʥʝʤ ʵʪʦʛʦ ʤʥʦʛʦʯʣʝʥʘ, ʪʘʢ ʢʘʢ 

q( 3) = ʨ1 ( g - ʩ 3) = ʨ1 ( 2 ) = 0. 

ʉ ʜʨʫʛʦʡ ʩʪʦʨʦʥʳ, 3  ʝʩʪʴ ʢʦʨʝʥʴ )(2 ʭʨ , ʢʦʵʬʬʠʮʠʝʥʪʳ ʢʦʪʦʨʦʛʦ 

ʧʨʠʥʘʜʣʝʞʘʪ ʧʦʣʶ Q, ʘ ʩʣʝʜʦʚʘʪʝʣʴʥʦ, ʠ ʧʦʣʶ Q(g). ʇʦʪʨʝʙʫʝʤ, ʯʪʦʙʳ ʤʥʦʛʦʯʣʝʥʳ 

q(x) ʠ )(2 ʭʨ  ʥʝ ʠʤʝʣʠ ʜʨʫʛʠʭ ʦʙʱʠʭ ʢʦʨʥʝʡ, ʢʨʦʤʝ ʯʠʩʣʘ 3 .  

ʊʘʢ ʢʘʢ ʤʥʦʛʦʯʣʝʥ )(2 ʭʨ  ʠʤʝʝʪ ʪʦʣʴʢʦ ʜʚʘ ʢʦʨʥʷ: 3  ʠ - 3, ʪʦ - 3  ʤʦʞʝʪ ʙʳʪʴ 

ʦʙʱʠʤ ʢʦʨʥʝʤ )(2 ʭʨ  ʠ q(x), ʪʦʣʴʢʦ ʝʩʣʠ ʯʠʩʣʦ 

g - ʩÖ(- 3 ) 

ʙʫʜʝʪ ʢʦʨʥʝʤ ʤʥʦʛʦʯʣʝʥʘ )(1 ʭʨ , ʪʦ ʝʩʪʴ, ʝʩʣʠ 

g - ʩÖ(- 3 ) = 2   (7) ʠʣʠ g - ʩÖ(- 3 ) = - 2   (7ô) 

ʇʦʵʪʦʤʫ, ʯʪʦʙʳ ʤʥʦʛʦʯʣʝʥʳ q(x) ʠ )(2 ʭʨ  ʥʝ ʠʤʝʣʠ ʜʨʫʛʠʭ ʦʙʱʠʭ ʢʦʨʥʝʡ, ʢʨʦʤʝ 

3, ʜʦʩʪʘʪʦʯʥʦ ʧʦʪʨʝʙʦʚʘʪʴ, ʯʪʦʙʳ 

ʩ ̧ 
32

22-°
, 

ʪ.ʝ., ʯʪʦʙʳ ʩ  ̧0 ʠ ʩ  ̧
3

2
- . 

ɺʦʟʴʤʝʤ, ʥʘʧʨʠʤʝʨ, ʩ = 1. ʊʦʛʜʘ ʠʟ ʨʘʚʝʥʩʪʚʘ (2) 

g= 2  + 3  ʠ Q( 2 , 3 ) = Q( 2  + 3 ). 

ʀʟ ʨʝʰʝʥʠʷ ʵʪʦʡ ʟʘʜʘʯʠ ʚʠʜʥʦ, ʯʪʦ, ʚʦʦʙʱʝ ʛʦʚʦʨʷ, ʯʠʩʣʦ g ʤʦʞʝʪ ʙʳʪʴ ʚʳʙʨʘʥʦ 
ʥʝʦʜʥʦʟʥʘʯʥʦ. 

2. ʇʦʣʷ ɻʘʣʫʘ. ʇʨʝʜʩʪʘʚʣʝʥʠʝ ʵʣʝʤʝʥʪʦʚ ʧʦʣʷ ɻʘʣʫʘ ʢʦʥʝʯʥʳʤʠ 
ʯʠʩʣʦʚʳʤʠ ʧʦʩʣʝʜʦʚʘʪʝʣʴʥʦʩʪʷʤʠ ʠ ʤʥʦʛʦʯʣʝʥʘʤʠ ʥʘʜ ʢʦʥʝʯʥʳʤ ʧʦʣʝʤ 

ɿʘʜʘʥʠʝ 1. ʇʦʩʪʨʦʠʪʴ ʧʦʣʝ ɻʘʣʫʘ GF(3). 
ʈʝʰʝʥʠʝ. 

ɿʜʝʩʴ 3=q . ɺʩʝ ʵʣʝʤʝʥʪʳ ʧʦʣʷ ɻʘʣʫʘ ʷʚʣʷʶʪʩʷ ʢʦʨʥʷʤʠ ʤʥʦʛʦʯʣʝʥʘ 

() ( )123 -=-= xxxxxf . ʂʦʨʥʠ ʤʥʦʛʦʯʣʝʥʘ ()xf  ʨʘʚʥʳ 1,1,0 321 -=== xxx . 

ʇʦʵʪʦʤʫ (){ }1,1,03 ==GF . ɿʘʜʘʜʠʤ ʩʣʦʞʝʥʠʝ ʠ ʫʤʥʦʞʝʥʠʝ ʪʘʢ, ʯʪʦʙʳ ʥʘ 

ʤʥʦʞʝʩʪʚʝ GF(3) ʙʳʣʠ ʛʨʫʧʧʦʚʳʤʠ ʦʧʝʨʘʮʠʷʤʠ: 

111

111
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0011

0011

1100

110

--

-

-¶

--

-

-+

. 

ʇʦʣʫʯʠʣʠ () >¶+< ,,3GF  ï ʧʦʣʝ ɻʘʣʫʘ. 

ɿʘʜʘʥʠʝ 2. ʇʦʩʪʨʦʠʪʴ ʧʦʣʝ GF(4) ʢʘʢ ʨʘʩʰʠʨʝʥʠʝ ʧʦʣʷ GF(2) ʧʦ ʤʦʜʫʣʶ 

ʤʥʦʛʦʯʣʝʥʘ p(x)=x 2 + x+1. 
ʈʝʰʝʥʠʝ. 

ʇʨʝʜʩʪʘʚʠʤ ʵʣʝʤʝʥʪʳ ʧʦʣʷ ʚ ʚʠʜʝ ʧʦʩʣʝʜʦʚʘʪʝʣʴʥʦʩʪʝʡ ʜʣʠʥʳ 2 (ʜʚʫʤʝʨʥʳʝ 
ʚʝʢʪʦʨʳ) ʠ ʢʘʢ ʤʥʦʛʦʯʣʝʥʳ ʩʪʝʧʝʥʠ 1 ʠ ʤʝʥʴʰʝ ʠ ʟʘʜʘʜʠʤ ʠʭ ʚ ʚʠʜʝ ʪʘʙʣʠʮʳ: 
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ʇʦʩʣʝʜʦʚʘʪʝʣʴʥʦʩʪʴ ʜʣʠʥʳ 2 ʄʥʦʛʦʯʣʝʥ 

00 0 

10 1 

01 a 

11 1 + a 

ʇʨʘʚʠʣʘ ʩʣʦʞʝʥʠʷ ʠ ʫʤʥʦʞʝʥʠʷ ʚ ʵʪʦʤ ʧʦʣʝ ʧʨʠʚʝʜʝʥʳ ʥʘ ʨʠʩʫʥʢʝ: 

 
 

ɿʘʜʘʥʠʷ 
1. ʅʘʡʪʠ ʟʥʘʯʝʥʠʷ ʚʩʝʭ ʵʣʝʤʝʥʪʦʚ ʧʦʣʷ ʢʘʢ ʨʘʩʰʠʨʝʥʠʝ: ʘ) GF(2) ʧʦ 

ʥʝʧʨʠʚʦʜʠʤʦʤʫ ʤʥʦʛʦʯʣʝʥʫ p(x)=x3+x+1; ʙ) GF(3) ʧʦ ʥʝʧʨʠʚʦʜʠʤʦʤʫ ʤʥʦʛʦʯʣʝʥʫ p(x) = 
x3+x+2.  

2. ʅʘʡʪʠ ʮʠʢʣʠʯʝʩʢʠʝ ʧʦʨʦʞʜʘʶʱʠʝ ʧʦʣʝʡ GF(4) ʠ GF(9). 
3. ʅʘʡʪʠ ʚʩʝ ʥʝʧʨʠʚʦʜʠʤʳʝ ʤʥʦʛʦʯʣʝʥʳ ʩʪʝʧʝʥʠ ʜʚʘ ʥʘʜ ʧʦʣʝʤ  GF(5). 

4. ʈʝʰʠʪʴ ʚ ʧʦʣʝ  GF(7)  ʫʨʘʚʥʝʥʠ ̫ x
4

= 3 ʠ x
2

+ x + 1 =0. 

5. ʀʟʙʘʚʠʪʴʩʷ ʦʪ ʠʨʨʘʮʠʦʥʘʣʴʥʦʩʪʠ ʚ ʟʥʘʤʝʥʘʪʝʣʝ ʚʳʨʘʞʝʥʠʷ .
221

5
4 +-

 

6. ʀʟʙʘʚʠʪʴʩʷ ʦʪ ʠʨʨʘʮʠʦʥʘʣʴʥʦʩʪʠ ʚ ʟʥʘʤʝʥʘʪʝʣʝ ʚʳʨʘʞʝʥʠʷ 

;043,
12

13 23

2

2

=+++
++

--
aaa

aa

aa
 

7. ʆʧʠʩʘʪʴ ʩʪʨʦʝʥʠʝ ʧʦʣʷ ʂ=Q(a), ʛʜʝ Q ï ʧʦʣʝ ʨʘʮʠʦʥʘʣʴʥʳʭ ʯʠʩʝʣ ʠ ʥʘʡʪʠ 

ʵʣʝʤʝʥʪ, ʦʙʨʘʪʥʳʡ ʜʣʷ ʵʣʝʤʝʥʪʘ b: .373,37 333 +-=+= ba  

 
ʊʝʤʘ. ʕʣʝʤʝʥʪʳ ʪʝʦʨʠʠ ʢʦʜʠʨʦʚʘʥʠ ̫

ʇʣʘʥ 
1. ʇʨʝʜʩʪʘʚʣʝʥʠʝ ʦʙ ʘʣʬʘʚʠʪʥʦʤ ʢʦʜʠʨʦʚʘʥʠʠ.  
2. ʉʞʘʪʠʝ. ʇʨʦʩʪʝʡʰʠʝ ʘʣʛʦʨʠʪʤʳ ʩʞʘʪʠʷ. 
3. ʇʦʤʝʭʦʫʩʪʦʡʯʠʚʳʝ ʢʦʜʳ ʢʘʢ ʧʨʠʤʝʨ ʦʧʪʠʤʘʣʴʥʳʭ ʢʦʜʦʚ. 
1. ʇʨʝʜʩʪʘʚʣʝʥʠʝ ʦʙ ʘʣʬʘʚʠʪʥʦʤ ʢʦʜʠʨʦʚʘʥʠʠ 
 

ʇʫʩʪʴ ʜʘʥʦ ʤʥʦʞʝʩʪʚʦ },,,{ 21 naaaA 2= , ʩʦʩʪʦʷʱʝʝ ʠʟ n ʵʣʝʤʝʥʪʦʚ. 

ʄʥʦʞʝʩʪʚʦ ɸ ʙʫʜʝʤ ʥʘʟʳʚʘʪʴ ʘʣʬʘʚʠʪʦʤ ʦʙʲʝʤʘ n, ʘ ʝʛʦ ʵʣʝʤʝʥʪʳ - ʩʠʤʚʦʣʘʤʠ ʠʣʠ 
ʙʫʢʚʘʤʠ ʘʣʬʘʚʠʪʘ. ʂʦʥʝʯʥʫʶ ʧʦʩʣʝʜʦʚʘʪʝʣʴʥʦʩʪʴ ʩʠʤʚʦʣʦʚ ʘʣʬʘʚʠʪʘ ʙʫʜʝʤ ʥʘʟʳʚʘʪʴ 
ʩʣʦʚʦʤ ʚ ʵʪʦʤ ʘʣʬʘʚʠʪʝ, ʘ ʢʦʣʠʯʝʩʪʚʦ ʩʠʤʚʦʣʦʚ ʚ ʩʣʦʚʝ ï ʝʛʦ ʜʣʠʥʦʡ. 

ʃʶʙʦʝ ʥʝʧʫʩʪʦʝ ʤʥʦʞʝʩʪʚʦ ʩʣʦʚ, ʟʘʧʠʩʘʥʥʦʝ ʚ ʘʣʬʘʚʠʪʝ ɸ, ʥʘʟʳʚʘʝʪʩʷ ʢʦʜʦʤ ʚ 
ʵʪʦʤ ʘʣʬʘʚʠʪʝ. ʄʦʱʥʦʩʪʴ ʵʪʦʛʦ ʤʥʦʞʝʩʪʚʘ ʩʣʦʚ ʥʘʟʳʚʘʝʪʩʷ ʦʙʲʝʤʦʤ ʢʦʜʘ, ʘ 
ʵʣʝʤʝʥʪʳ ʵʪʦʛʦ ʤʥʦʞʝʩʪʚʘ ï ʢʦʜʦʚʳʤʠ ʩʣʦʚʘʤʠ. 

ʂʦʜ ʥʘʟʳʚʘʝʪʩʷ ʨʘʚʥʦʤʝʨʥʳʤ, ɽʩʣʠ ʚʩʝ ʝʛʦ ʢʦʜʦʚʳʝ ʩʣʦʚʘ ʠʤʝʶʪ ʦʜʠʥʘʢʦʚʫʶ 
ʜʣʠʥʫ m. ɺ ʵʪʦʤ ʩʣʫʯʘʝ m ʥʘʟʳʚʘʝʪʩʷ ʜʣʠʥʦʡ ʨʘʚʥʦʤʝʨʥʦʛʦ ʢʦʜʘ. 

ʈʘʩʩʤʦʪʨʠʤ ʥʘ ʢʦʥʢʨʝʪʥʳʭ ʧʨʠʤʝʨʘʭ ʥʝʢʦʪʦʨʳʝ ʩʧʦʩʦʙʳ ʢʦʜʠʨʦʚʘʥʠʷ ʩʣʦʚ 
ʨʫʩʩʢʦʛʦ ʷʟʳʢʘ. 

ʇʦʜʩʪʘʥʦʚʦʯʥʳʝ ʰʠʬʨʳ 
ɺ ʨʫʩʩʢʦʤ ʘʣʬʘʚʠʪʝ ʦʪʦʞʜʝʩʪʚʠʤ ʙʫʢʚʳ çʝè ʠ çʸè, ʘ ʪʘʢʞʝ ʙʫʢʚʳ çʲè ʠ çʴè. 

ʇʦʣʫʯʠʤ ʘʣʬʘʚʠʪ ʠʟ 31 ʙʫʢʚʳ. ɼʦʙʘʚʠʤ ʢ ʥʠʤ ʥʦʚʳʡ, 32 ïʡ ʩʠʤʚʦʣ, ʦʟʥʘʯʘʶʱʠʡ 
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ʧʨʦʤʝʞʫʪʦʢ ʤʝʞʜʫ ʩʣʦʚʘʤʠ. ɽʩʣʠ ʪʝʧʝʨʴ ʨʘʩʩʤʦʪʨʝʪʴ ʠʥʲʝʢʪʠʚʥʦʝ ʦʪʦʙʨʘʞʝʥʠʝ 
ʧʨʝʦʙʨʘʟʦʚʘʥʥʦʛʦ ʚʳʰʝʫʢʘʟʘʥʥʳʤ ʦʙʨʘʟʦʤ ʨʫʩʩʢʦʛʦ ʘʣʬʘʚʠʪʘ ʚ ʧʨʦʠʟʚʦʣʴʥʦʝ 

ʤʥʦʞʝʩʪʚʦ ʄ ʤʦʱʥʦʩʪʠ ² 32, ʘ ʟʘʪʝʤ ʟʘʤʝʥʠʪʴ ʚ ʥʝʢʦʪʦʨʦʤ ʪʝʢʩʪʝ ʢʘʞʜʫʶ ʙʫʢʚʫ ʥʘ ʝʝ 
ʦʙʨʘʟ ʠʟ ʤʥʦʞʝʩʪʚʘ ʄ, ʪʦ ʧʦʣʫʯʠʪʩʷ ʥʘʙʦʨ ʩʣʦʚ ʚ ʘʣʬʘʚʠʪʝ ʄ, ʢʦʪʦʨʳʡ ʥʘʟʳʚʘʝʪʩʷ 
ʧʦʜʩʪʘʥʦʚʦʯʥʦʡ ʢʨʠʧʪʦʛʨʘʤʤʦʡ. 

ʏʪʦʙʳ ʨʘʩʰʠʬʨʦʚʘʪʴ ʧʦʜʦʙʥʫʶ ʢʨʠʧʪʦʛʨʘʤʤʫ, ʪʨʝʙʫʝʪʩʷ ʟʥʘʪʴ ʦʪʥʦʩʠʪʝʣʴʥʫʶ 
ʯʘʩʪʦʪʫ ʧʦʷʚʣʝʥʠʷ ʪʦʡ ʠʣʠ ʠʥʦʡ ʙʫʢʚʳ ʨʫʩʩʢʦʛʦ ʘʣʬʘʚʠʪʘ ʚ ʧʨʦʠʟʚʦʣʴʥʦʤ ʪʝʢʩʪʝ. ʕʪʦ 
ʤʦʞʥʦ ʩʜʝʣʘʪʴ ʩʣʝʜʫʶʱʠʤ ʦʙʨʘʟʦʤ: ʚʟʷʪʴ ʜʦʩʪʘʪʦʯʥʦ ʦʙʲʝʤʥʳʡ ʪʝʢʩʪ (ʥʘʧʨʠʤʝʨ, 
ʨʦʤʘʥ ʃ.ʅ. ʊʦʣʩʪʦʛʦ çɺʦʡʥʘ ʠ ʤʠʨè) ʠ ʧʦʜʩʯʠʪʘʪʴ ʯʘʩʪʦʪʫ ʚʭʦʞʜʝʥʠʷ ʚ ʥʝʛʦ ʢʘʞʜʦʡ 
ʙʫʢʚʳ. ʈʝʟʫʣʴʪʘʪʳ ʤʦʞʥʦ ʩʚʝʩʪʠ ʚ ʪʘʙʣʠʮʫ: 

ʊʘʢʠʤ ʩʧʦʩʦʙʦʤ, ʥʘʧʨʠʤʝʨ, ʟʥʘʤʝʥʠʪʳʡ ʩʳʱʠʢ ʐʝʨʣʦʢ ʍʦʣʤʩ ʨʘʩʰʠʬʨʦʚʘʣ 
ʪʘʠʥʩʪʚʝʥʥʦʝ ʧʦʩʣʘʥʠʝ ʚ ʨʦʤʘʥʝ ɸ. ʂʦʥʘʥ ɼʦʡʣʘ çʇʣʷʰʫʱʠʝ ʯʝʣʦʚʝʯʢʠè (ʩ ʪʦʡ 
ʨʘʟʥʠʮʝʡ, ʯʪʦ ʦʥ, ʢʦʥʝʯʥʦ ʩʦʩʪʘʚʣʷʣ ʧʦʜʦʙʥʫʶ ʪʘʙʣʠʮʫ ʜʣʷ ʙʫʢʚ ʘʥʛʣʠʡʩʢʦʛʦ 
ʘʣʬʘʚʠʪʘ). 

ɼʦʚʦʣʴʥʦ ʠʟʚʝʩʪʥʳʤ ʧʨʠʤʝʨʦʤ ʧʦʜʩʪʘʥʦʚʦʯʥʦʛʦ ʰʠʬʨʘ ʷʚʣʷʝʪʩʷ ʪʘʢ 
ʥʘʟʳʚʘʝʤʳʡ ʰʠʬʨ ʎʝʟʘʨʷ. ʆʥ ʩʦʩʪʦʠʪ ʚ ʪʦʤ, ʯʪʦ ʜʣʷ ʢʦʜʠʨʦʚʢʠ ʩʠʤʚʦʣʦʚ ʢʘʢʦʛʦ-ʣʠʙʦ 
ʘʣʬʘʚʠʪʘ (ʥʘʧʨʠʤʝʨ, ʨʫʩʩʢʦʛʦ) ʚʤʝʩʪʦ ʢʘʞʜʦʛʦ ʩʠʤʚʦʣʘ ʧʦʜʩʪʘʚʣʷʝʪʩʷ ʩʠʤʚʦʣ ʵʪʦʛʦ 
ʞʝ ʘʣʬʘʚʠʪʘ, ʧʨʝʜʰʝʩʪʚʫʶʱʠʡ ʜʘʥʥʦʤʫ (ʠʣʠ ʩʣʝʜʫʶʱʠʡ ʟʘ ʥʠʤ) ʥʘ ʥʝʩʢʦʣʴʢʦ 
ʧʦʟʠʮʠʡ. 

ɿʘʜʘʥʠʝ 1. ʈʘʩʩʤʦʪʨʠʤ ʰʠʬʨ ʎʝʟʘʨʷ ʩʦ ʩʜʚʠʛʦʤ ʥʘ ʜʚʝ ʧʦʟʠʮʠʠ ʚʥʠʟ 
ʧʨʠʤʝʥʠʪʝʣʴʥʦ ʢ ʨʫʩʩʢʦʤʫ ʘʣʬʘʚʠʪʫ, ʪ.ʝ.: 

ʘ  ʶ, ʙ  ʷ, ʚ  ʘ, ʛ  ʙ ʠ ʪ.ʜ. (1) 
ʠ ʟʘʢʦʜʠʨʫʝʤ ʩ ʝʛʦ ʧʦʤʦʱʴʶ ʬʨʘʟʫ: 

ɾʀɿʅʔ ɹɽɿ ʄɸʊɽʄɸʊʀʂʀ ʅɽɺʓʅʆʉʀʄʆ ʉʂʋʏʅɸ. 
ʈʝʰʝʥʠʝ. 

ʀʩʧʦʣʴʟʫʷ ʧʨʘʚʠʣʦ (1), ʧʦʣʫʯʠʤ ʩʣʝʜʫʶʱʫʶ ʬʨʘʟʫ: 
ɼɾɽʃʑ ʗɻɽ ʂʖʈɻʂʖʈɾʀɾ ʃɻɸʐʃʄʇʂʄ ʇʀʉʍʃʖ. 

ɼʣʷ ʪʦʛʦ, ʯʪʦʙʳ ʦʙʣʝʛʯʠʪʴ ʨʘʩʰʠʬʨʦʚʢʫ ʪʝʢʩʪʘ, ʟʘʢʦʜʠʨʦʚʘʥʥʦʛʦ ʰʠʬʨʦʤ 
ʎʝʟʘʨʷ, ʧʨʠʤʝʥʷʝʪʩʷ çʤʝʪʦʜ ʧʦʣʦʩʦʢè. ʂʘʞʜʘʷ ʧʦʣʦʩʢʘ ʩʦʩʪʦʠʪ ʠʟ ʚʳʧʠʩʘʥʥʳʭ 
ʚʝʨʪʠʢʘʣʴʥʦ ʧʦʜʨʷʜ ʙʫʢʚ ʨʫʩʩʢʦʛʦ ʘʣʬʘʚʠʪʘ. ɼʣʷ ʨʘʩʰʠʬʨʦʚʢʠ, ʥʘʧʨʠʤʝʨ, ʩʣʦʚʘ 
çɼɾɽʃʑè ʙʝʨʫʪʩʷ ʧʷʪʴ ʪʘʢʠʭ ʧʦʣʦʩʦʢ ʠ ʧʨʠʢʣʘʜʳʚʘʶʪʩʷ ʜʨʫʛ ʢ ʜʨʫʛʫ ʪʘʢ, ʯʪʦʙʳ 
ʧʦʣʫʯʠʣʦʩʴ ʵʪʦ ʩʣʦʚʦ. ʊʦʛʜʘ ʥʠʞʝ ʵʪʦʛʦ ʩʣʦʚʘ ʤʦʞʥʦ ʙʫʜʝʪ ʧʨʦʯʠʪʘʪʴ ʝʛʦ 
ʨʘʩʰʠʬʨʦʚʢʫ. 

ʇʝʨʝʩʪʘʥʦʚʦʯʥʳʝ ʰʠʬʨʳ 
ʉʘʤʳʡ ʧʨʦʩʪʦʡ ʩʧʦʩʦʙ ʠʩʧʦʣʴʟʦʚʘʥʠʷ ʧʝʨʝʩʪʘʥʦʚʦʯʥʦʛʦ ʰʠʬʨʘ ʟʘʢʣʶʯʘʝʪʩʷ ʚ 

ʪʦʤ, ʯʪʦ ʢʘʞʜʦʡ ʙʫʢʚʝ ʨʫʩʩʢʦʛʦ ʘʣʬʘʚʠʪʘ ʩʦʧʦʩʪʘʚʣʷʝʪʩʷ ʝʝ ʥʦʤʝʨ ʦʪ 1 ʜʦ 31 ʩʦʛʣʘʩʥʦ 
ʪʘʙʣʠʮʝ 1, ʘ ʧʨʦʙʝʣʫ ʤʝʞʜʫ ʩʣʦʚʘʤʠ ï ʥʦʤʝʨ 32. ʇʦʣʫʯʝʥʥʫʶ ʧʦʩʣʝʜʦʚʘʪʝʣʴʥʦʩʪʴ 

ʯʠʩʝʣ ʨʘʩʩʤʘʪʨʠʚʘʶʪ ʚ ʢʦʣʴʮʝ Z 32  ʢʣʘʩʩʦʚ ʚʳʯʝʪʦʚ ʧʦ mod 32. ɿʘʪʝʤ ʚ ʵʪʦʤ ʢʦʣʴʮʝ 

ʚʳʙʠʨʘʝʪʩʷ ʧʨʦʠʟʚʦʣʴʥʳʡ ʦʙʨʘʪʠʤʳʡ ʵʣʝʤʝʥʪ p  ʠ ʢʘʞʜʳʡ ʯʣʝʥ ʧʦʩʣʝʜʦʚʘʪʝʣʴʥʦʩʪʠ 

ʫʤʥʦʞʘʝʪʩʷ ʥʘ p. ɽʩʣʠ ʧʦʣʫʯʝʥʥʦʝ ʧʨʠ ʫʤʥʦʞʝʥʠʠ ʯʠʩʣʦ ʧʨʝʚʦʩʭʦʜʠʪ 32, ʪʦ ʦʥʦ 
ʟʘʤʝʥʷʝʪʩʷ ʥʘ ʩʦʦʪʚʝʪʩʪʚʫʶʱʝʝ ʯʠʩʣʦ ʧʦ mod 32, ʢʦʪʦʨʦʝ ʚ ʩʚʦʶ ʦʯʝʨʝʜʴ ʟʘʤʝʥʷʝʪʩʷ 
ʙʫʢʚʦʡ ʨʫʩʩʢʦʛʦ ʘʣʬʘʚʠʪʘ ʧʦ ʪʘʙʣʠʮʝ 1. 

ʏʪʦʙʳ ʨʘʩʰʠʬʨʦʚʘʪʴ ʧʦʣʫʯʝʥʥʦʝ ʩʦʦʙʱʝʥʠʝ, ʥʝʦʙʭʦʜʠʤʦ ʩʥʦʚʘ ʧʝʨʝʧʠʩʘʪʴ ʝʛʦ 

ʚ ʚʠʜʝ ʧʦʩʣʝʜʦʚʘʪʝʣʴʥʦʩʪʠ ʯʠʩʝʣ, ʫʤʥʦʞʠʪʴ ʢʘʞʜʦʝ ʠʟ ʯʠʩʝʣ ʥʘ ʵʣʝʤʝʥʪ, ʦʙʨʘʪʥʳʡ p  

ʚ ʢʦʣʴʮʝ Z 32, ʠ ʥʘʢʦʥʝʮ, ʟʘʤʝʥʠʪʴ ʥʦʚʫʶ ʧʦʩʣʝʜʦʚʘʪʝʣʴʥʦʩʪʴ ʯʠʩʝʣ ʙʫʢʚʘʤʠ ʧʦ 

ʪʘʙʣʠʮʝ 1. 
ɿʘʜʘʥʠʝ 2. ɿʘʢʦʜʠʨʦʚʘʪʴ ʩʦʦʙʱʝʥʠʝ: 

ʕʂɿɸʄɽʅ ʇʆ ʀʅʌʆʈʄɸʊʀʂɽ ʋʉʇɽʐʅʆ ʉɼɸʅ. 
ʈʝʰʝʥʠʝ. 

ʇʝʨʚʳʡ ʩʧʦʩʦʙ 
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ɿʘʤʝʥʷʷ ʙʫʢʚʳ ʥʘ ʠʭ ʧʦʨʷʜʢʦʚʳʝ ʥʦʤʝʨʘ ʚ ʨʫʩʩʢʦʤ ʘʣʬʘʚʠʪʝ, ʧʦʣʫʯʠʤ 
ʧʦʩʣʝʜʦʚʘʪʝʣʴʥʦʩʪʴ ʯʠʩʝʣ: 

29, 11, 8, 1, 13, 6, 14, 32, 16, 15, 32, 9, 14, 21, 15, 17, 13, 1, 19, 9, 11, 6, 32, 18, 5, 1, 
14, 32, 20, 18, 16, 6, 25, 14, 15.          (*) 

ɺ ʢʘʯʝʩʪʚʝ ʦʙʨʘʪʠʤʦʛʦ ʵʣʝʤʝʥʪʘ ʢʦʣʴʮʘ Z 32  ʚʦʟʴʤʝʤ, ʥʘʧʨʠʤʝʨ, ʚʳʯʝʪ 3 : 

311113 Ö=Ö   

ʠ ʫʤʥʦʞʠʤ ʥʘ 3 ʚʩʝ ʯʠʩʣʘ ʧʦʩʣʝʜʦʚʘʪʝʣʴʥʦʩʪʠ (*): 
23, 1, 24, 3, 7, 18, 10, 32, 16, 13, 32, 27, 10, 31, 13, 19, 7, 3, 25, 27, 1, 18, 32, 22, 15, 

3, 10, 32, 28, 22, 16, 18, 11, 10, 13.    (**) 
ɿʘʤʝʥʠʤ ʯʠʩʣʘ ʧʦʩʣʝʜʦʚʘʣʴʥʦʩʪʠ (**) ʙʫʢʚʘʤʠ ʧʦ ʪʘʙʣʠʮʝ 1: 

çʑɸʏɺɾʉʁ ʇʄ ʓʁʗʄʊɾɺʐʓɸʉ ʍʆɺʁ ʒʍʇʉʂʁʄè. 
ʏʪʦʙʳ ʨʘʩʰʠʬʨʦʚʘʪʴ ʵʪʫ ʬʨʘʟʫ, ʚʝʨʥʝʤʩʷ ʢ ʧʦʩʣʝʜʦʚʘʪʝʣʴʥʦʩʪʠ (**) ʠ ʫʤʥʦʞʠʤ 

ʢʘʞʜʦʝ ʝʝ ʯʠʩʣʦ ʥʘ ʵʣʝʤʝʥʪ, ʦʙʨʘʪʥʳʡ ʢ 3, ʢʦʪʦʨʳʡ ʨʘʚʝʥ 11: 

29, 11, 8, 1, 13, 6, 14, 32, 16, 15, 32, 9, 14, 21, 15, 17, 13, 1, 19, 9, 11, 6, 32, 18, 5, 1, 
14, 32, 20, 18, 16, 6, 25, 14, 15, 

ʪ.ʝ. ʧʦʣʫʯʠʣʠ ʧʦʩʣʝʜʦʚʘʪʝʣʴʥʦʩʪʴ (*), ʟʘʤʝʥʷʷ ʯʠʩʣʘ ʢʦʪʦʨʦʡ ʩʦʦʪʚʝʪʩʪʚʫʶʱʠʤʠ 
ʙʫʢʚʘʤʠ ʧʦ ʪʘʙʣʠʮʝ 1, ʧʦʣʫʯʠʤ ʠʩʭʦʜʥʫʶ ʬʨʘʟʫ. 

ɺʪʦʨʦʡ ʩʧʦʩʦʙ. 
ɹʦʣʝʝ ʩʣʦʞʥʳʡ ʩʧʦʩʦʙ ʠʩʧʦʣʴʟʦʚʘʥʠʷ ʧʝʨʝʩʪʘʥʦʚʦʯʥʦʛʦ ʰʠʬʨʘ ʟʘʢʣʶʯʘʝʪʩʷ ʚ 

ʠʩʧʦʣʴʟʦʚʘʥʠʠ ʥʝʚʳʨʦʞʜʝʥʥʳʭ ʤʘʪʨʠʮ ʥʘʜ ʢʦʣʴʮʦʤ Z 32 . 

ʇʦʣʫʯʝʥʥʫʶ ʧʦʩʣʝʜʦʚʘʪʝʣʴʥʦʩʪʴ ʯʠʩʝʣ (*) ʨʘʟʦʙʴʝʤ ʥʘ ʧʘʨʳ. ʊʘʢ ʢʘʢ ʚ ʵʪʦʡ 
ʧʦʩʣʝʜʦʚʘʪʝʣʴʥʦʩʪʠ ʥʝʯʝʪʥʦʝ ʢʦʣʠʯʝʩʪʚʦ ʯʠʩʝʣ, ʪʦ ʜʦʙʘʚʠʤ ʚ ʢʦʥʮʝ 
ʧʦʩʣʝʜʦʚʘʪʝʣʴʥʦʩʪʠ ʧʨʦʙʝʣ, ʢʦʪʦʨʳʡ ʢʦʜʠʨʫʝʪʩʷ ʯʠʩʣʦʤ 32: 
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ɿʘʤʝʥʷʷ ʢʘʞʜʦʝ ʯʠʩʣʦ ʙʫʢʚʦʡ ʧʦ ʪʘʙʣ. 1, ʧʦʣʫʯʠʤ ʟʘʢʦʜʠʨʦʚʘʥʥʫʶ ʠʥʬʦʨʤʘʮʠʶ 
ʚ ʚʠʜʝ ʬʨʘʟʳ: 

ɾʁʎʅɻʕʒʍʀʁʗʍʆʋʌʐɸʗɼʕ 32 ʃʈʎʒʍɽʇʁʋʎʖʊ. 
ʏʪʦʙʳ ʨʘʩʰʠʬʨʦʚʘʪʴ ʵʪʫ ʬʨʘʟʫ, ʥʫʞʥʦ ʚʤʝʩʪʦ ʙʫʢʚ ʧʦʜʩʪʘʚʠʪʴ ʚ ʥʝʝ ʠʭ ʥʦʤʝʨʘ 

ʠ ʨʘʟʙʠʪʴ ʥʘ ʧʘʨʳ. ʇʦʣʫʯʠʪʩʷ ʧʦʩʣʝʜʦʚʘʪʝʣʴʥʦʩʪʴ ʩʪʦʣʙʮʦʚ (****). ʋʤʥʦʞʘʷ ʤʘʪʨʠʮʫ 

ɸ 1-  ʥʘ ʢʘʞʜʳʡ ʩʪʦʣʙʝʮ ʠʟ ʵʪʦʡ ʧʦʩʣʝʜʦʚʘʪʝʣʴʥʦʩʪʠ ʠ ʟʘʤʝʥʷʷ ʚʥʦʚʴ ʧʦʣʫʯʝʥʥʳʝ 
ʥʦʤʝʨʘ ʩʦʦʪʚʝʪʩʪʚʫʶʱʠʤʠ ʙʫʢʚʘʤʠ, ʚʦʩʩʪʘʥʦʚʠʤ ʠʩʭʦʜʥʫʶ ʬʨʘʟʫ. ɽʩʪʝʩʪʚʝʥʥʦ, ʯʪʦ 
ʜʣʷ ʠʩʧʦʣʴʟʦʚʘʥʠʷ ʵʪʦʛʦ ʩʧʦʩʦʙʘ ʥʝʦʙʭʦʜʠʤʦ ʟʥʘʪʴ ʤʘʪʨʠʮʫ ɸ. 
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ɿʘʜʘʥʠʝ 3. ɿʘʢʦʜʠʨʦʚʘʪʴ ʬʨʘʟʫ: 
ɾʀɿʅʔ ʉʊʋɼɽʅʊɸ ʇʆʃʅɸ ʆʇɸʉʅʆʉʊɽʁ 

ʩ ʠʩʧʦʣʴʟʦʚʘʥʠʝʤ ʢʣʶʯʝʚʦʛʦ ʩʣʦʚʘ. 
ʄʦʞʥʦ ʩʯʠʪʘʪʴ ʵʪʦʪ ʩʧʦʩʦʙ ʢʦʜʠʨʦʚʘʥʠʷ ʪʨʝʪɹʠʤ ʩʧʦʩʦʙʦʤ. 

ʈʝʰʝʥʠʝ. 
ɺ ʢʘʯʝʩʪʚʝ ʢʣʶʯʝʚʦʛʦ ʩʣʦʚʘ ʤʦʞʝʪ ʙʳʪʴ ʠʩʧʦʣʴʟʦʚʘʥʦ ʣʶʙʦʝ ʩʣʦʚʦ, ʚ ʢʦʪʦʨʦʤ 

ʙʫʢʚʳ ʥʝ ʧʦʚʪʦʨʷʶʪʩʷ, ʥʘʧʨʠʤʝʨ, ʩʣʦʚʦ ɼɽʂɸʅ. 
ɺʝʩʴ ʪʝʢʩʪ ʚʤʝʩʪʝ ʩ ʢʣʶʯʝʚʳʤ ʩʣʦʚʦʤ ʧʦʤʝʩʪʠʤ ʚ ʪʘʙʣʠʮʫ: 

ɼ ɽ ʂ ɸ ʅ 

2 3 4 1 5 

ɾ ʀ ɿ ʅ ʔ 

ʉ ʊ ʋ ɼ ɽ 

ʅ ʊ ɸ ʇ ʆ 

ʃ ʅ ɸ ʆ ʇ 

ɸ ʉ ʅ ʆ ʉ 

ʊ ɽ ʁ   

ʏʠʩʣʘ, ʟʘʧʠʩʘʥʥʳʝ ʥʠʞʝ ʢʣʶʯʝʚʦʛʦ ʩʣʦʚʘ, ʦʟʥʘʯʘʶʪ ʧʦʨʷʜʦʢ ʩʣʝʜʦʚʘʥʠʷ ʙʫʢʚ 
ʵʪʦʛʦ ʩʣʦʚʘ ʚ ʘʣʬʘʚʠʪʝ. ʏʪʦʙʳ ʟʘʢʦʜʠʨʦʚʘʪʴ ʥʘʰʫ ʬʨʘʟʫ ʩ ʧʦʤʦʱʴʶ ʪʘʙʣʠʮʳ 2, ʙʫʜʝʤ 
ʚʳʧʠʩʳʚʘʪʴ ʠʟ ʥʝʝ ʙʫʢʚʳ ʚ ʩʣʝʜʫʶʱʝʤ ʧʦʨʷʜʢʝ: ʩʥʘʯʘʣʘ ʚʩʝ ʙʫʢʚʳ, ʟʘʧʠʩʘʥʥʳʝ 
(ʩʚʝʨʭʫ ʚʥʠʟ) ʚ ʩʪʦʣʙʮʝ ʧʦʜ ʥʦʤʝʨʦʤ 1. ʟʘʪʝʤ ʚ ʩʪʦʣʙʮʝ ʧʦʜ ʥʦʤʝʨʦʤ 2 ʠ ʪ.ʜ.: 

ʅɼʇʆʆɾʉʅʃɸʊʀʊʊʅʉɽɿʋɸɸʅʁʔɽʆʇʉ.     (1) 
ɼʣʷ ʜʝʢʦʜʠʨʦʚʘʥʠʷ ʧʦʣʫʯʝʥʥʦʡ ʬʨʘʟʳ ʥʫʞʥʦ ʟʥʘʪʴ ʣʠʙʦ ʢʣʶʯʝʚʦʝ ʩʣʦʚʦ, ʣʠʙʦ 

ʯʠʩʣʦ 23415.  
ɽʩʣʠ ʯʠʩʣʦ ʙʫʢʚ ʚ ʟʘʢʦʜʠʨʦʚʘʥʥʦʡ ʬʨʘʟʝ ʥʘʮʝʣʦ ʜʝʣʠʪʩʷ ʥʘ ʯʠʩʣʦ ʙʫʢʚ 

ʢʣʶʯʝʚʦʛʦ ʩʣʦʚʘ, ʪʦ ʩʪʨʦʠʤ ʪʘʙʣʠʮʫ ʩʦʦʪʚʝʪʩʪʚʫʶʱʝʡ ʨʘʟʤʝʨʥʦʩʪʠ ʠ ʟʘʧʦʣʥʷʝʤ ʝʝ 
ʙʫʢʚʘʤʠ (ʥʘʯʠʥʘʷ ʩ ʧʦʩʣʝʜʥʝʡ ʚ ʬʨʘʟʝ ʠ ʜʚʠʛʘʷʩʴ ʢ ʝʝ ʥʘʯʘʣʫ): ʩʥʘʯʘʣʘ ʩʪʦʣʙʝʮ ʩ 
ʩʘʤʳʤ ʙʦʣʴʰʠʤ ʥʦʤʝʨʦʤ ʠ ʜʘʣʝʝ ʧʦ ʫʙʳʚʘʥʠʶ. ɽʩʣʠ ʞʝ ʯʠʩʣʦ ʙʫʢʚ ʬʨʘʟʳ ʥʝ ʜʝʣʠʪʩʷ 
ʥʘʮʝʣʦ ʥʘ ʯʠʩʣʦ ʙʫʢʚ ʢʣʶʯʝʚʦʛʦ ʩʣʦʚʘ, ʪʦ ʙʝʨʝʤ ʩʘʤʦʝ ʙʣʠʟʢʦʝ ʢ ʥʝʤʫ ʯʠʩʣʦ, ʢʦʪʦʨʦʝ 
ʫʞʝ ʜʝʣʠʪʩʷ ʥʘ ʥʝʛʦ ʥʘʮʝʣʦ ʠ ʩʪʨʦʠʤ ʪʘʙʣʠʮʫ. 

ʅʘʧʨʠʤʝʨ, ʚ ʥʘʰʝʤ ʩʣʫʯʘʝ ʯʠʩʣʦ ʙʫʢʚ ʢʣʶʯʝʚʦʛʦ ʩʣʦʚʘ ʨʘʚʥʦ 5, ʘ ʚʩʝʡ ʬʨʘʟʳ ï 

28. ʇʦʵʪʦʤʫ ʙʝʨʝʤ ʯʠʩʣʦ 30 ʠ ʩʪʨʦʠʤ ʪʘʙʣʠʮʫ ʨʘʟʤʝʨʥʦʩʪʠ 5 ³ 6, ʚ ʢʦʪʦʨʦʡ ʜʚʝ 
ʧʦʩʣʝʜʥʠʝ ʷʯʝʡʢʠ ʙʫʜʫʪ ʣʠʰʥʠʤʠ. 

ɿʘʜʘʥʠʝ 4. ɿʘʢʦʜʠʨʦʚʘʪʴ ʰʠʬʨʦʤ ʊʨʠʪʝʤʠʫʩʘ ʬʨʘʟʫ: 
ʂɸɾɼʓʁ ɼʆʃɾɽʅ ʋʄɽʊʔ ʉʏʀʊɸʊʔ. 

ʈʝʰʝʥʠʝ. 
ʐʠʬʨ ʊʨʠʪʝʤʠʫʩʘ ʪʘʢʞʝ ʦʩʥʦʚʘʥ ʥʘ ʠʩʧʦʣʴʟʦʚʘʥʠʠ ʢʣʶʯʝʚʦʛʦ ʩʣʦʚʘ. 

ʂʦʜʠʨʫʝʤʫʶ ʬʨʘʟʫ ʟʘʧʠʩʳʚʘʶʪ ʧʦʜʨʷʜ ʙʝʟ ʧʨʦʙʝʣʦʚ. ʇʦʜ ʥʝʡ ʟʘʧʠʩʳʚʘʶʪ ʪʘʢʞʝ ʙʝʟ 
ʧʨʦʙʝʣʦʚ ʢʣʶʯʝʚʦʝ ʩʣʦʚʦ ʩʪʦʣʴʢʦ ʨʘʟ, ʩʢʦʣʴʢʦ ʦʥʦ ʫʤʝʩʪʠʪʩʷ (ʙʫʢʚʳ ʢʣʶʯʝʚʦʛʦ ʩʣʦʚʘ 
ʥʝ ʜʦʣʞʥʳ ʧʦʚʪʦʨʷʪʴʩʷ). ɿʘʪʝʤ ʟʘʤʝʥʷʶʪ ʙʫʢʚʳ ʚʝʨʭʥʝʛʦ ʠ ʥʠʞʥʝʛʦ ʨʷʜʘ ʯʠʩʣʘʤʠ ʧʦ 
ʪʘʙʣʠʮʝ 1 ʠ ʩʢʣʘʜʳʚʘʶʪ ʚʝʨʭʥʝʝ ʯʠʩʣʦ ʩ ʥʠʞʥʠʤ, ʧʨʠʚʦʜʷ ʨʝʟʫʣʴʪʘʪ ʧʦ mod 31. 
ʇʦʣʫʯʝʥʥʫʶ ʧʦʩʣʝʜʦʚʘʪʝʣʴʥʦʩʪʴ ʯʠʩʝʣ ʟʘʤʝʥʷʶʪ ʩʦʦʪʚʝʪʩʪʚʫʶʱʠʤʠ ʙʫʢʚʘʤʠ. 
ʇʦʣʫʯʘʝʪʩʷ ʟʘʢʦʜʠʨʦʚʘʥʥʘʷ ʬʨʘʟʘ. 

ɺ ʢʘʯʝʩʪʚʝ ʢʣʶʯʝʚʦʛʦ ʩʣʦʚʘ ʚʦʟʴʤʝʤ ʩʣʦʚʦ çʃʆɻʀʂɸè. 
ɿʘʧʠʩʳʚʘʝʤ ʧʦʜ ʥʘʰʝʡ ʬʨʘʟʦʡ ʢʣʶʯʝʚʦʝ ʩʣʦʚʦ: 

ʂɸɾɼʓʁɼʆʃɾɽʅʋʄɽʊʔʉʏʀʊɸʊʔ 
                                 ʃʆɻʀʂ ɸʃʆɻʀʂɸʃʆɻʀʂɸʃʆɻʀʂɸʃʆ 
ɿʘʤʝʥʠʤ ʙʫʢʚʳ ʚ ʚʝʨʭʥʝʤ ʠ ʥʠʞʥʝʤ ʨʷʜʫ ʠʭ ʥʦʤʝʨʘʤʠ, ʧʦʩʣʝ ʯʝʛʦ, ʩʢʣʘʜʳʚʘʷ 

ʯʠʩʣʘ ʧʝʨʚʦʡ ʠ ʚʪʦʨʦʡ ʩʪʨʦʢ ʠ ʧʨʠʚʦʜʷ ʨʝʟʫʣʴʪʘʪ ʧʦ mod 31, ʧʦʣʫʯʠʤ: 
2, 16, 11, 14, 7, 11, 17, 30, 16, 16, 17, 15, 1, 28, 10, 28, 8, 19, 5, 24, 23, 10, 30, 29. 
ɿʘʤʝʥʷʝʤ ʢʘʞʜʦʝ ʯʠʩʣʦ ʙʫʢʚʦʡ: 

ɹʇʂʅɾʂʈʖʇʇʈʆɸʒʁʒɿʊɼʏʎʁʖʕ      (2). 
ʏʪʦʙʳ ʨʘʩʰʠʬʨʦʚʘʪʴ ʧʦʣʫʯʝʥʥʫʶ ʬʨʘʟʫ, ʥʫʞʥʦ ʟʥʘʪʴ ʟʘʧʠʩʴ ʢʣʶʯʝʚʦʛʦ ʩʣʦʚʘ ʚ 

ʢʦʣʴʮʝ Z 31 (ʚ ʥʘʰʝʤ ʩʣʫʯʘʝ ï 12, 15, 4, 9, 11, 1), ʧʝʨʝʡʪʠ ʦʪ ʟʘʢʦʜʠʨʦʚʘʥʥʦʛʦ ʪʝʢʩʪʘ (2) 
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ʢ ʯʠʩʣʦʚʦʡ ʟʘʧʠʩʠ ʠ ʚʳʯʝʩʪʴ ʠʟ ʢʘʞʜʦʛʦ ʯʠʩʣʘ ( ʧʦ mod 31) ʥʦʤʝʨ ʩʦʦʪʚʝʪʩʪʚʫʶʱʝʡ 
ʢʣʶʯʝʚʦʡ ʙʫʢʚʳ. 

ɿʘʜʘʥʠʝ 4. ɿʘʢʦʜʠʨʦʚʘʪʴ ʩʣʦʚʦ çʀʅʉʊʀʊʋʊè ʪʘʙʣʠʯʥʳʤ ʩʧʦʩʦʙʦʤ. 
ʈʝʰʝʥʠʝ. 

ʈʘʩʩʤʦʪʨʠʤ ʧʨʦʠʟʚʦʣʴʥʦʝ ʠʥʲʝʢʪʠʚʥʦʝ ʦʪʦʙʨʘʞʝʥʠʝ j ʨʫʩʩʢʦʛʦ ʘʣʬʘʚʠʪʘ ʚ 

ʤʥʦʞʝʩʪʚʦ N³N. ʂʦʜʠʨʦʚʘʥʠʝ ʩʣʦʚ ʟʘʢʣʶʯʘʝʪʩʷ ʚ ʟʘʤʝʥʝ ʢʘʞʜʦʡ ʙʫʢʚʳ ʝʝ ʦʙʨʘʟʦʤ ï 

ʪʦ ʝʩʪʴ ʥʝʢʦʪʦʨʦʡ ʧʘʨʦʡ ʥʘʪʫʨʘʣʴʥʳʭ ʯʠʩʝʣ. ʆʪʦʙʨʘʞʝʥʠʝ j ʫʜʦʙʥʦ ʟʘʜʘʚʘʪʴ ʚ ʚʠʜʝ 

ʪʘʙʣʠʮʳ. ʇʫʩʪʴ ʦʪʦʙʨʘʞʝʥʠʝ j ʟʘʜʘʥʦ ʪʘʙʣʠʮʝʡ 3 (6³6): 

 1 2 3 4 5 6 

1 ʘ ʦ ʥ ʣ ʤ ʢ 

2 ʧ ʙ    ʡ 

3 ʨ  ̫ ʚ  ɦ  ʠ 

4 ʩ  ʁ  r ʛ  h ʟ 

5 ʪ  ɻ  ɹ ʯ ʜ ʞ 

6 ʫ ʬ ʭ ʮ  ʝ 

ʊʦʛʜʘ ʩʣʦʚʫ çʀʅʉʊʀʊʋʊè ʩʦʦʪʚʝʪʩʪʚʫʝʪ ʥʘʙʦʨ ʫʧʦʨʷʜʦʯʝʥʥʳʭ ʧʘʨ: 
<3, 6>; <1, 3>; <4, 1>; <5, 1>; <3, 6>; <5, 1>; <6, 1>; <5, 1>  

ʠʣʠ ʯʠʩʣʦ 36 13 41 51 36 51 61 51. 
ɿʥʘʷ ʪʘʙʣʠʮʫ, ʧʦ ʜʘʥʥʦʤʫ ʯʠʩʣʫ ʠʩʭʦʜʥʦʝ ʩʣʦʚʦ ʜʝʢʦʜʠʨʫʝʪʩʷ ʦʜʥʦʟʥʘʯʥʦ. 
ʈʘʩʩʤʦʪʨʝʥʥʳʝ ʩʧʦʩʦʙʳ ʘʣʬʘʚʠʪʥʦʛʦ ʢʦʜʠʨʦʚʘʥʠʷ ʷʚʣʷʶʪʩʷ ʧʨʦʩʪʳʤʠ. 

ɽʩʪʝʩʪʚʝʥʥʦ, ʠʤʠ ʥʝ ʠʩʯʝʨʧʳʚʘʶʪʩʷ ʚʩʝ ʩʧʦʩʦʙʳ ʘʣʬʘʚʠʪʥʦʛʦ ʢʦʜʠʨʦʚʘʥʠʷ. 
ʉʫʱʝʩʪʚʫʶʪ ʜʦʩʪʘʪʦʯʥʦ ʩʣʦʞʥʳʝ ʩʧʦʩʦʙʳ, ʪʨʝʙʫʶʱʠʝ ʟʥʘʥʠʷ ʪʝʦʨʠʠ ʩʨʘʚʥʝʥʠʡ ʠ 
ʜʨʫʛʠʭ ʨʘʟʜʝʣʦʚ ʘʙʩʪʨʘʢʪʥʦʡ ʘʣʛʝʙʨʳ. 

2. ʉʞʘʪʠʝ. ʇʨʦʩʪʝʡʰʠʝ ʘʣʛʦʨʠʪʤʳ ʩʞʘʪʠʷ  
ɿʘʜʘʥʠʝ 1. ʉʞʘʪʴ ʤʝʪʦʜʦʤ ʐʝʥʥʦʥʘ-ʌʘʥʦ ʬʘʡʣ ʩʦʩʪʦʠʪ ʠʟ ʥʝʢʦʪʦʨʦʡ 

ʩʠʤʚʦʣʴʥʦʡ ʩʪʨʦʢʠ: aaaaaaaaaabbbbbbbbccccccdddddeeeefff. 
ʈʝʰʝʥʠʝ. 

ʂʘʞʜʳʡ ʩʠʤʚʦʣ ʵʪʦʡ ʩʪʨʦʢʠ ʤʦʞʥʦ ʟʘʢʦʜʠʨʦʚʘʪʴ, ʢʘʢ ʧʦʢʘʟʘʥʦ ʚ ʪʘʙʣʠʮʝ 1.  
ʊʘʙʣʠʮʘ 1. ʇʨʠʤʝʨ ʧʦʩʪʨʦʝʥʠʷ ʢʦʜʘ ʐʝʥʥʦʥʘ-ʌʘʥʦ 

ʉʠʤʚʦʣ ʏʘʩʪʦʪʘ ʧʦʷʚʣʝʥʠʷ ʂʦʜ 

a 10 11 

b 8 10 

c 6 011 

d 5 010 

e 4 001 

f 3 000 

ʀʪʘʢ, ʝʩʣʠ ʦʙʳʯʥʦ ʢʘʞʜʳʡ ʩʠʤʚʦʣ ʢʦʜʠʨʦʚʘʣʩʷ 7ð8 ʙʠʪʘʤʠ, ʪʦ ʪʝʧʝʨʴ 
ʪʨʝʙʫʝʪʩʷ ʤʘʢʩʠʤʫʤ 3 ʙʠʪʘ.  

ɿʘʜʘʥʠʝ 2. ɿʘʢʦʜʠʨʦʚʘʪʴ ʤʝʪʦʜʦʤ ʍʘʬʬʤʝʥʘ ʩʠʤʚʦʣʴʥʫ  ʁʩʪʨʦʢʫ,  ʫ ʢʦʪʦʨʦʡ 
ʯʘʩʪʦʪʘ ʧʦʷʚʣʝʥʠʷ ʩʠʤʚʦʣʦʚ ʟʘʜʘʥʘ ʪʘʙʣʠʮʝʡ 2. 

ʈʝʰʝʥʠʝ. 
ʊʘʙʣʠʮʘ2. ʂʦʜʠʨʦʚʘʥʠʝ ʤʝʪʦʜʦʤ ʍʘʬʬʤʝʥʘ. 
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ʉʠʤʚʦʣ ʏʘʩʪʦʪʘ  
ʧʦʷʚʣʝʥʠʷ 

ɺʩʧʦʤʦʛʘʪʝʣʴʥʳʝ ʩʪʦʣʙʮʳ 

c 22 22 22 26 32 42 58 100 

e 20 20 20 22 26 32 42  

h 16 16 16 20 22 26   

l 16 16 16 16 20    

a 10 10 16 16     

k 10 10 10      

m 4 6       

b 2        

ɹʦʣʝʝ ʥʘʛʣʷʜʥʦ ʧʨʠʥʮʠʧ ʜʝʡʩʪʚʠʷ ʤʝʪʦʜʘ ʍʘʬʬʤʝʥʘ ʤʦʞʥʦ ʧʨʝʜʩʪʘʚʠʪʴ ɺ ʚʠʜʝ 
ʢʦʜʦʚʦʛʦ ʜʝʨʝʚʘ (ʨʠʩ. 1) ʥʘ ʦʩʥʦʚʝ ʪʘʙʣ. 2.  

ʀʟ ʪʦʯʢʠ, ʩʦʦʪʚʝʪʩʪʚʫʶʱʝʡ ʩʫʤʤʝ ʚʩʝʭ ʚʝʨʦʷʪʥʦʩʪʝʡ (ʚ ʜʘʥʥʦʤ ʩʣʫʯʘʝ ʦʥʘ 
ʨʘʚʥʘ 100), ʥʘʧʨʘʚʣʷʶʪʩʷ ʜʚʝ ʚʝʪʚʠ. ɺʝʪʚʠ ʩ ʙʦʣʴʰʝʡ ʚʝʨʦʷʪʥʦʩʪʴʶ ʧʨʠʩʚʘʠʚʘʝʪʩʷ 
ʝʜʠʥʠʮʘ, ʩ ʤʝʥʴʰʝʡ ð ʥʫʣʴ. ʇʨʦʜʦʣʞʘʷ ʧʦʩʣʝʜʦʚʘʪʝʣʴʥʦ ʨʘʟʚʝʪʚʣʷʪʴ ʜʝʨʝʚʦ, 
ʜʦʭʦʜʠʤ ʜʦ ʚʝʨʦʷʪʥʦʩʪʠ ʢʘʞʜʦʛʦ ʩʠʤʚʦʣʘ.  

100 

 
ʈʠʩ.1. ʂʦʜʦʚʦʝ ʜʝʨʝʚʦ ʜʣʷ ʢʦʜʘ ʍʘʬʬʤʝʥʘ  

ʊʝʧʝʨʴ, ʜʚʠʛʘʷʩʴ ʧʦ ʢʦʜʦʚʦʤʫ ʜʝʨʝʚʫ ʩʚʝʨʭʫ ʚʥʠʟ, ʤʦʞʝʤ ʟʘʧʠʩʘʪʴ ʜʣʷ ʢʘʞʜʦʛʦ 
ʩʠʤʚʦʣʘ ʩʦʦʪʚʝʪʩʪʚʫʶʱʠʡ ʢʦʜ (ʪʘʙʣ. 3).  

ʊʘʙʣʠʮʘ 3. ʂʦʜʳ ʩʠʤʚʦʣʦʚ ʜʣʷ ʢʦʜʦʚʦʛʦ ʜʝʨʝʚʘ. 

ʉʠʤʚʦʣ ʂʦʜ 

c 01 

e 00 

h 111 

l 110 

a 100 

k 1011 

m 10101 

b 10100 

ɿʘʜʘʥʠʝ 3. ʆʧʨʝʜʝʣʠʪʴ ʯʘʩʪʦʪʳ ʧʦʷʚʣʝʥʠʷ ʙʫʢʚ, ʧʦʩʪʨʦʠʪʴ ʢʦʜʦʚʦʝ ʜʝʨʝʚʦ ʠ 
ʢʦʜ ʍʘʬʬʤʝʥʘ, ʥʘʡʪʠ ʩʨʝʜʥʶʶ ʜʣʠʥʫ ʢʦʜʦʚʳʭ ʩʣʦʚ ʜʣʷ ʧʦʛʦʚʦʨʢʠ: 

ʏɽʊʓʈɽ ʏɽʈʊɽʅʂɸ ʏɽʈʊʀʃʀ ʏɽʈʅʓʄʀ ʏɽʈʅʀʃɸʄʀ ʏɽʈʊɽɾ. 
ʈʝʰʝʥʠʝ. 

ɺʩʝʛʦ ʚ ʵʪʦʡ ʬʨʘʟʝ 43 ʙʫʢʚʳ, ʧʦʜʩʯʠʪʘʝʤ ʯʘʩʪʦʪʫ ʧʦʷʚʣʝʥʠʷ ʢʘʞʜʦʡ ʠʟ ʥʠʭ, ʠ 
ʨʝʟʫʣʴʪʘʪ ʟʘʧʠʰʝʤ ʚ ʪʘʙʣʠʮʫ 4.  

ʊʘʙʣʠʮʘ 4. ʇʦʩʪʨʦʝʥʠʝ ʢʦʜʘ ʍʘʬʬʤʝʥʘ. 
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ɹʫʢʚʘ ʏʘʩʪʦʪʘ ɺʩʧʦʤʦʛʘʪʝʣʴʥʳʝ ʩʪʦʣʙʮʳ 

ɽ 9 9 9 9 9 9 9 11 14 18 25 43 

ʏ 6 6 6 6 6 8 9 9 11 14 18  

ʈ 6 6 6 6 6 6 8 9 9 11   

ʀ 5 5 5 5 5 6 6 8 9    

ʊ 4 4 4 4 5 5 6 6     

ʅ 3 3 4 4 4 5 5      

ʓ 2 2 3 4 4 4       

ɸ 2 2 2 3 4        

ʃ 2 2 2 2         

ʄ 2 2 2          

ʂ 1 2           

ɾ 1            

ä 43  

ɺʩʧʦʤʦʛʘʪʝʣʴʥʳʝ ʩʪʦʣʙʮʳ ʧʦʣʫʯʘʶʪʩʷ ʩʣʝʜʫʶʱʠʤ ʦʙʨʘʟʦʤ: 

¶ ʩʥʘʯʘʣʘ ʩʢʣʘʜʳʚʘʝʤ ʯʘʩʪʦʪʳ ʧʦʷʚʣʝʥʠʷ ʙʫʢʚ çʂè ʠ çɾè, ʠ ʩʫʤʤʘʨʥʫʶ ʯʘʩʪʦʪʫ 
ʟʘʧʠʩʳʚʘʝʤ ʚ ʧʝʨʚʦʤ ʚʩʧʦʤʦʛʘʪʝʣʴʥʦʤ ʩʪʦʣʙʮʝ ʚʤʝʩʪʝ ʩ ʦʩʪʘʣʴʥʳʤʠ ʯʘʩʪʦʪʘʤʠ (ʚ 
ʧʦʨʷʜʢʝ ʫʙʳʚʘʥʠʷ ʩʚʝʨʭʫ ʚʥʠʟ); 

¶ ʩʥʦʚʘ ʩʢʣʘʜʳʚʘʝʤ ʜʚʝ ʧʦʩʣʝʜʥʠʝ ʚ ʧʦʣʫʯʝʥʥʦʤ ʚʩʧʦʤʦʛʘʪʝʣʴʥʦʤ ʩʪʦʣʙʮʝ 
ʯʘʩʪʦʪʳ ʠ ʟʘʧʠʩʳʚʘʝʤ ʚʦ ʚʪʦʨʦʡ ʚʩʧʦʤʦʛʘʪʝʣʴʥʳʡ ʩʪʦʣʙʝʮ ʪʘʢʞʝ ʚ ʧʦʨʷʜʢʝ ʫʙʳʚʘʥʠʷ 
(ʚ ʩʪʨʦʢʝ ʙʫʢʚʳ çʅè ʧʦʷʚʠʣʘʩʴ ʮʠʬʨʘ 4) ʠ ʪ.ʜ. 

ɽʩʣʠ ʚʩʝ ʜʝʡʩʪʚʠʷ ʚʳʧʦʣʥʝʥʳ ʧʨʘʚʠʣʴʥʦ, ʪʦ ʚ ʧʦʩʣʝʜʥʝʤ ʚʩʧʦʤʦʛʘʪʝʣʴʥʦʤ 
ʩʪʦʣʙʮʝ ʧʦʣʫʯʠʪʩʷ ʯʠʩʣʦ, ʨʘʚʥʦʝ ʦʙʱʝʤʫ ʢʦʣʠʯʝʩʪʚʫ ʙʫʢʚ ʚ ʧʦʛʦʚʦʨʢʝ (ʚ ʜʘʥʥʦʤ 
ʩʣʫʯʘʝ ï 43). 

ʊʝʧʝʨʴ ʤʦʞʥʦ ʩʪʨʦʠʪʴ ʢʦʜʦʚʦʝ ʜʝʨʝʚʦ. ʀʟ ʪʦʯʢʠ, ʩʦʦʪʚʝʪʩʪʚʫʶʱʝʡ ʩʫʤʤʝ ʚʩʝʭ 
ʯʘʩʪʦʪ (ʚ ʜʘʥʥʦʤ ʩʣʫʯʘʝ ʦʥʘ ʨʘʚʥʘ 43), ʥʘʧʨʘʚʣʷʶʪʩʷ ʜʚʝ ʚʝʪʚʠ. ɺʝʪʚʠ ʩ ʙʦʣʴʰʝʡ 
ʯʘʩʪʦʪʦʡ ʧʨʠʩʚʘʠʚʘʝʪʩʷ ʝʜʠʥʠʮʘ, ʩ ʤʝʥʴʰʝʡ ð ʥʫʣʴ. ʇʨʦʜʦʣʞʘʷ ʧʦʩʣʝʜʦʚʘʪʝʣʴʥʦ 
ʨʘʟʚʝʪʚʣʷʪʴ ʜʝʨʝʚʦ, ʜʦʭʦʜʠʤ ʜʦ ʯʘʩʪʦʪʳ ʧʦʷʚʣʝʥʠʷ ʢʘʞʜʦʡ ʙʫʢʚʳ (ʨʠʩ. 2).  

 

 
ʈʠʩ. 2. ʂʦʜʦʚʦʝ ʜʝʨʝʚʦ ʜʣʷ ʬʨʘʟʳ çʏʝʪʳʨʝ ʯʝʨʪʝʥʢʘ ʯʝʨʪʠʣʠ ʯʝʨʥʳʤʠ 

ʯʝʨʥʠʣʘʤʠ ʯʝʨʪʝʞè. 
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ʇʦ ʢʦʜʦʚʦʤʫ ʜʝʨʝʚʫ ʩʪʨʦʠʤ ʢʦʜ ʍʘʬʬʤʝʥʘ ʜʣʷ ʥʘʰʝʡ ʧʦʛʦʚʦʨʢʠ, ʢʦʪʦʨʳʡ 
ʟʘʧʠʰʝʤ ʚ ʪʘʙʣʠʮʫ 6.5 

ʊʘʙʣʠʮʘ 5. ʂʦʜ ʍʘʬʬʤʝʥʘ ʜʣʷ ʬʨʘʟʳ çʏʝʪʳʨʝ ʯʝʨʪʝʥʢʘ ʯʝʨʪʠʣʠ ʯʝʨʥʳʤʠ 
ʯʝʨʥʠʣʘʤʠ ʯʝʨʪʝʞè. 

ɹʫʢʚʘ ʂʦʜ 

ɽ 01 

ʏ 110 

ʈ 101 

ʀ 100 

ʊ 000 

ʅ 0011 

ʓ 0010 

ɸ 11101 

ʃ 11100 

ʄ 11111 

ʂ 111101 

ɾ 111100 

ʇʦʜʩʯʠʪʘʝʤ ʩʨʝʜʥʶʶ ʜʣʠʥʫ ʢʦʜʦʚʳʭ ʩʣʦʚ ʢʘʢ ʩʨʝʜʥʝʝ ʘʨʠʬʤʝʪʠʯʝʩʢʦʝ ʜʣʠʥ 
ʚʩʝʭ ʢʦʜʦʚʳʭ ʩʣʦʚ ʠʟ ʪʘʙʣʠʮʳ 5: 

08,4
12

49

12

625342342
º=

Ö+Ö+Ö+Ö+
=ʩʨl . 

 
ɿʘʜʘʥʠʷ 

1. ɿʘʰʠʬʨʦʚʘʪʴ, ʠʩʧʦʣʴʟʫʷ: ʘ) ʰʠʬʨ ʎʝʟʘʨʷ ʩʦ ʩʜʚʠʛʦʤ ʚʥʠʟ ʥʘ 2 ʧʦʟʠʮʠʠ; ʙ) 
ʢʦʣʴʮʦ ʢʣʘʩʩʦʚ ʚʳʯʝʪʦʚ ʧʦ mod32; ʚ) ʢʣʶʯʝʚʦʝ ʩʣʦʚʦ ʠʟ 6 ʙʫʢʚ; ʛ) ʰʠʬʨ ʊʨʠʪʝʤʠʫʩʘ ʩ 
ʢʣʶʯʝʚʳʤ ʩʣʦʚʦʤ ʠʟ ʟʘʜʘʥʠʷ ʚ), ʬʨʘʟʫ ʏʝʣʦʚʝʢʫ ʥʝ ʭʚʘʪʘʝʪ ʤʫʜʨʦʩʪʠ ʫʩʧʦʢʦʠʪʴʩʷ 
ʥʘ ʜʦʩʪʠʛʥʫʪʦʤ. 

2. ʇʦʩʪʨʦʠʪʴ ʜʣʷ ʬʨʘʟʳ ɿʘʙʦʪʘ ʦʙ ʠʟʣʠʰʥʝʤ ʯʘʩʪʦ ʩʦʝʜʠʥʷʝʪʩʷ ʩ ʧʦʪʝʨʝʡ 
ʥʝʦʙʭʦʜʠʤʦʛʦ  ʢʦʜ ʐʝʥʥʦʥʘ-ʌʘʥʦ. 

3. ɿʘʰʠʬʨʦʚʘʪʴ ʪʝʢʩʪ, ʠʩʧʦʣʴʟʫʷ ʧʦʜʩʪʘʥʦʚʦʯʥʳʝ ʰʠʬʨʳ: 
ʏʪʦʙ ʤʫʜʨʦ ʞʠʟʥʴ ʧʨʦʞʠʪʴ, ʟʥʘʪʴ ʥʘʜʦʙʥʦ ʥʝʤʘʣʦ, 
ɼʚʘ ʚʘʞʥʳʭ ʧʨʘʚʠʣʘ ʟʘʧʦʤʥʠ ʜʣʷ ʥʘʯʘʣʘ: 
ʊʳ ʣʫʯʰʝ ʛʦʣʦʜʘʡ, ʯʝʤ ʯʪʦ ʧʦʧʘʣʦ ʝʩʪʴ, 
ʀ ʣʫʯʰʝ ʙʫʜʴ ʦʜʠʥ, ʯʝʤ ʚʤʝʩʪʝ ʩ ʢʝʤ ʧʦʧʘʣʦ. 

4. ʇʦʩʪʨʦʠʪʴ ʢʦʜ ʐʝʥʥʦʥʘ-ʌʘʥʦ ʜʣʷ ʬʨʘʟʳ ʂʫʢʫʰʢʘ ʢʫʢʫʰʦʥʢʫ ʢʫʧʠʣʘ ʢʘʧʶʰʦʥ, 
ʢʘʢ ʚ ʢʘʧʶʰʦʥʝ ʢʫʢʫʰʦʥʦʢ ʩʤʝʰʦʥ. 

5. ʆʧʨʝʜʝʣʠʪʴ ʯʘʩʪʦʪʳ ʧʦʷʚʣʝʥʠʷ ʙʫʢʚ ʚ ʧʦʛʦʚʦʨʢʝ, ʧʦʩʪʨʦʠʪʴ ʢʦʜʦʚʦʝ ʜʝʨʝʚʦ ʠ 
ʢʦʜ ʍʘʬʬʤʝʥʘ, ʥʘʡʪʠ ʩʨʝʜʥʶʶ ʜʣʠʥʫ ʢʦʜʦʚʳʭ ʩʣʦʚ ʜʣʷ ʬʨʘʟʳ ɼʚʘ ʱʝʥʢʘ ʱʝʢʘ ʢ 
ʱʝʢʝ ʛʨʳʟʣʠ ʱʝʪʢʫ ʚ ʫʛʦʣʢʝ. 

3. ʇʦʤʝʭʦʫʩʪʦʡʯʠʚʳʝ ʢʦʜʳ ʢʘʢ ʧʨʠʤʝʨ ʦʧʪʠʤʘʣʴʥʳʭ ʢʦʜʦʚ 
 

ʇʨʠʤʝʨ 1. ɺ ʪʘʙʣʠʮʝ 1 ʧʨʝʜʩʪʘʚʣʝʥʳ ʚʩʝ ʢʦʜʦʚʳʝ ʩʣʦʚʘ (5,3)-ʢʦʜʘ (ai ï 
ʠʥʬʦʨʤʘʮʠʦʥʥʳʝ; bi - ʧʨʦʚʝʨʦʯʥʳʝ ʩʠʤʚʦʣʳ).  

ʊʘʙʣʠʮʘ 1. ʂʦʜʦʚʳʝ ʩʣʦʚʘ (5,3)-ʢʦʜʘ. 

ˉ ʧ/ʧ a1 a2 a3 b1 b2 

1 0 0 1 1 0 

2 0 1 0 1 1 

3 0 1 1 0 1 

4 1 0 0 0 1 



66 

5 1 0 1 1 1 

6 1 1 0 1 0 

7 1 1 1 0 0 

8 0 0 0 0 0 

 
ʇʨʠʤʝʨ 2. ɼʣʷ (5,3)-ʢʦʜʘ ʧʨʦʚʝʨʦʯʥʳʝ ʫʨʘʚʥʝʥʠʷ ʠʤʝʶʪ ʚʠʜ:  

b1= a2 + a3; 
b2= a1 + a2. 

ʇʨʠʤʝʨ 3. (5,3)-ʢʦʜ, ʢʦʪʦʨʳʡ ʙʳʣ ʧʨʝʜʩʪʘʚʣʝʥ ʚ ʪʘʙʣʠʮʝ 1, ʤʦʞʝʪ ʙʳʪʴ ʟʘʜʘʥ 
ʧʦʨʦʞʜʘʶʱʝʡ ʤʘʪʨʠʮʝʡ: 

 
ʇʨʠʤʝʨ 4. ʇʦʨʦʞʜʘʶʱʘʷ ʤʘʪʨʠʮʘ ʜʣʷ (5,3)-ʢʦʜʘ ʚ ʩʠʩʪʝʤʘʪʠʯʝʩʢʦʤ ʚʠʜʝ: 
 

 
ʇʨʠʤʝʨ 5. ʇʨʦʚʝʨʦʯʥʘʷ ʤʘʪʨʠʮʘ (5,3) ï ʢʦʜʘ: 

 
ʇʨʠʤʝʨ 6. ɼʣʷ ʢʦʜʘ (5,3) 

 
ʇʨʠʤʝʨ 7. ɼʣʷ ʢʦʜʘ (5, 3): 

 
ʜʣʷ ʢʦʜʘ (5, 2): 

 
ʇʨʠʤʝʨ 8. ɼʣʷ ʢʦʜʘ (5, 3): 

 
ɿʘʜʘʥʠʝ 1. ʅʘʡʪʠ ʝʛʦ ʩʪʘʥʜʘʨʪʥʦʝ ʨʘʩʧʦʣʦʞʝʥʠʝ (5, 2)-ʢʦʜʘ, ʟʘʜʘʥʥʦʛʦ 

ʤʘʪʨʠʮʘʤʠ: 
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ʈʝʰʝʥʠʝ. 

ɺʩʝʛʦ ʩʫʱʝʩʪʚʫʝʪ 32 ʩʣʦʚʘ ʜʣʠʥʳ 5, ʩʦʩʪʦʷʱʠʭ ʠʟ 0 ʠ 1, ʢʦʪʦʨʳʝ ʦʙʨʘʟʫʶʪ 
ʘʙʝʣʝʚʫ ʛʨʫʧʧʫ ʦʪʥʦʩʠʪʝʣʴʥʦ ʩʣʦʞʝʥʠʷ ʧʦ mod 2. ʀʟ ʥʠʭ ʢʦʜʦʚʳʤʠ ʷʚʣʷʶʪʩʷ ʜʣʷ (5, 2) 

ʢʦʜʘ 2k = 2 2= 4 ʩʣʦʚʘ: 

.11010,01101,10111,00000 3210 ==== vvvv  

ʅʝʪʨʫʜʥʦ ʧʨʦʚʝʨʠʪʴ, ʯʪʦ ʵʪʠ ʩʣʦʚʘ ʦʙʨʘʟʫʶʪ ʦʪʥʦʩʠʪʝʣʴʥʦ ʩʣʦʞʝʥʠʷ ʧʦ mod2 
ʧʦʜʛʨʫʧʧʫ ʚ ʛʨʫʧʧʝ ʚʩʝʭ ʩʣʦʚ ʜʣʠʥʳ 5 (ʪʘʙʣ. 6). 

ʊʘʙʣʠʮʘ 6. ʇʦʜʛʨʫʧʧʘ ʢʦʜʦʚʳʭ ʩʣʦʚ (5, 2)-ʢʦʜʘ. 

+ mod 2 v 0  v 1  v 2  v 3  

v 0  v 0  v 1  v 2  v 3  

v 1  v 1  v 0  v 3  v 2  

v 2  v 2  v 3  v 0  v 1  

v 3  v 3  v 2  v 1  v 0  

ʅʘʧʨʠʤʝʨ, v1 +v 1 =10111+10111=00000=v 0 , v 2 +v 3 =01101+11010= 0111=v 1  ʠ ʪ.ʜ. 

ʇʨʠʯʝʤ, ʪʘʢ ʢʘʢ ʛʨʫʧʧʘ ʚʩʝʭ ʩʣʦʚ ʜʣʠʥʳ 5 ʘʙʝʣʝʚʘ, ʪʦ ʧʦʜʛʨʫʧʧʘ ʢʦʜʦʚʳʭ ʩʣʦʚ ʙʫʜʝʪ 
ʷʚʣʷʪʴʩʷ ʚ ʥʝʡ ʥʦʨʤʘʣʴʥʳʤ ʜʝʣʠʪʝʣʝʤ. ʇʦʵʪʦʤʫ ʤʦʞʥʦ ʨʘʟʣʦʞʠʪʴ ʛʨʫʧʧʫ ʚʩʝʭ ʩʣʦʚ 
ʜʣʠʥʳ 5 ʥʘ ʩʤʝʞʥʳʝ ʢʣʘʩʩʳ ʧʦ ʧʦʜʛʨʫʧʧʝ ʢʦʜʦʚʳʭ ʩʣʦʚ. 

ʇʦ ʪʝʦʨʝʤʝ ʃʘʛʨʘʥʞʘ, ʠʥʜʝʢʩ ʵʪʦʡ ʧʦʜʛʨʫʧʧʳ ʙʫʜʝʪ ʨʘʚʝʥ 32:4 = 8, ʪ.ʝ. ʩʤʝʞʥʳʭ 
ʢʣʘʩʩʦʚ ʙʫʜʝʪ 8, ʚ ʢʘʞʜʦʤ ʧʦ 4 ʵʣʝʤʝʥʪʘ (ʩʣʦʚʘ). ʉʦʦʪʚʝʪʩʪʚʫʶʱʝʝ ʨʘʟʣʦʞʝʥʠʝ 
ʧʨʠʚʝʜʝʥʦ ʚ ʪʘʙʣʠʮʝ 7. 

ʊʘʙʣʠʮʘ 7. ʉʪʘʥʜʘʨʪʥʦʝ ʨʘʩʧʦʣʦʞʝʥʠʝ (5, 2)-ʢʦʜʘ. 

v 0 = 00000 v 1 = 10111 v 2 = 01101 v 3 = 11010 

1l  = 00001 1l + v 1 = 10110 1l + v 2 = 01100 1l + v 3 = 11011 

2l  = 00010 
2l + v 1 = 10101 2l + v 2 = 01111 2l + v 3 = 11000 

3l  = 00100 
3l + v 1 = 10011 3l + v 2 = 01001 3l + v 3 = 11110 

4l  = 01000 4l + v 1 = 11111 4l + v 2 = 00101 4l + v 3 = 10010 

5l  = 10000 
5l + v 1 = 00111 5l + v 2 = 11101 5l + v 3 = 01010 

6l  = 00011 
6l + v 1 = 10100 6l + v 2 = 01110 6l + v 3 = 11001 

7l  = 10001 
7l + v 1 = 00110 7l + v 2 = 11100 7l + v 3 = 01011 

ʕʪʦʪ ʢʦʜ ʠʤʝʝʪ d0 = 3. ʆʥ ʛʘʨʘʥʪʠʨʫʝʪ ʠʩʧʨʘʚʣʝʥʠʝ ʦʜʠʥʦʯʥʳʭ ʦʰʠʙʦʢ, 
ʢʦʥʬʠʛʫʨʘʮʠʷ ʢʦʪʦʨʳʭ ʜʘʥʘ ʚ ʧʝʨʚʦʤ ʩʪʦʣʙʮʝ.  

ʇʨʦʮʝʜʫʨʘ ʠʩʧʨʘʚʣʝʥʠʷ ʦʰʠʙʦʢ ʩʣʝʜʫʶʱʘʷ. ʇʨʠʥʷʪʦʝ ʢʦʜʦʚʦʝ ʩʣʦʚʦ 
ʘʥʘʣʠʟʠʨʫʶʪ ʠ ʦʧʨʝʜʝʣʷʶʪ, ʚ ʢʘʢʦʤ ʩʪʦʣʙʮʝ ʦʥʦ ʥʘʭʦʜʠʪʩʷ, ʚ ʢʘʯʝʩʪʚʝ ʠʩʧʨʘʚʣʝʥʥʦʛʦ 
ʢʦʜʦʚʦʛʦ ʩʣʦʚʘ ʙʝʨʫʪ ʩʣʦʚʦ, ʥʘʭʦʜʷʱʝʝʩʷ ʚ ʚʝʨʭʥʝʡ ʩʪʨʦʢʝ. ʆʜʥʘʢʦ, ʝʩʣʠ ʜʣʠʥʘ ʢʦʜʘ 
ʙʦʣʴʰʘʷ, ʧʦʣʴʟʦʚʘʪʴʩʷ ʪʘʢʠʤ ʘʣʛʦʨʠʪʤʦʤ ʥʝʫʜʦʙʥʦ. ʇʦʵʪʦʤʫ ʧʨʠ ʜʝʢʦʜʠʨʦʚʘʥʠʠ 
ʠʩʧʦʣʴʟʫʶʪ ʪʘʙʣʠʮʫ ʩʠʥʜʨʦʤʦʚ (ʜʝʢʦʜʠʨʦʚʘʥʠʷ), ʧʨʝʜʩʪʘʚʣʷʶʱʫʶ ʩʦʙʦʡ ʩʧʠʩʦʢ 
ʦʙʨʘʟʮʦʚ ʦʰʠʙʦʢ (ʩʤ. ʧʝʨʚʳʡ ʩʪʦʣʙʝʮ ʩʪʘʥʜʘʨʪʥʦʛʦ ʨʘʩʧʦʣʦʞʝʥʠʷ) ʠ ʩʧʠʩʦʢ 
ʩʦʦʪʚʝʪʩʪʚʫʶʱʠʭ ʩʠʥʜʨʦʤʦʚ. 
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ɿʘʜʘʥʠʝ 2. ʇʦʩʪʨʦʠʪʴ ʪʘʙʣʠʮʳ ʜʝʢʦʜʠʨʦʚʘʥʠʷ ʜʣʷ ʣʠʥʝʡʥʦʛʦ ʛʨʫʧʧʦʚʦʛʦ ʢʦʜʘ, 
ʠʤʝʶʱʝʛʦ ʧʦʚʝʨʦʯʥʫʶ ʤʘʪʨʠʮʫ: 
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ʈʝʰʝʥʠʝ. 

ɺ ʜʘʥʥʦʤ ʩʣʫʯʘʝ n = 5, k = 3, Ý r = n ï k = 2. ʇʦʵʪʦʤʫ ʤʳ ʠʤʝʝʤ ʛʨʫʧʧʦʚʦʡ 5, 2) ï 

ʢʦʜ. ɺ ʪʘʙʣ. 4 ʧʨʝʜʩʪʘʚʣʝʥ ʩʧʠʩʦʢ ʦʙʨʘʟʮʦʚ ʦʰʠʙʦʢ (1l ,é, 7l ).ʅʘʡʜʝʤ ʜʣʷ ʢʘʞʜʦʡ 

ʦʰʠʙʢʠ ʩʦʦʪʚʝʪʩʪʚʫʶʱʠʡ ʩʠʥʜʨʦʤ: 
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ʊʘʢ ʢʘʢ S 1= (001), ʪʦ ʧʝʨʝʚʦʜʷ ʵʪʫ ʟʘʧʠʩʴ ʚ ʜʝʩʷʪʠʯʥʫʶ ʩʠʩʪʝʤʫ ʩʯʠʩʣʝʥʠʷ, 

ʧʦʣʫʯʠʤ ʯʠʩʣʦ 1, ʯʪʦ ʦʟʥʘʯʘʝʪ ʦʰʠʙʢʫ ʚ ʧʝʨʚʦʡ ʧʦʟʠʮʠʠ. ɼʣʷ S 4= (101) ʘʥʘʣʦʛʠʯʥʦ 

ʧʦʣʫʯʠʤ: 1012= 5, ʪ.ʝ. ʦʰʠʙʢʘ ʩʦʚʝʨʰʝʥʘ ʚ ʧʷʪʦʡ ʧʦʟʠʮʠʠ, ʠ ʪ.ʜ. ʅʘ ʦʩʥʦʚʘʥʠʠ 

ʧʦʣʫʯʝʥʥʳʭ ʜʘʥʥʳʭ ʩʪʨʦʠʤ ʪʘʙʣʠʮʫ ʜʝʢʦʜʠʨʦʚʘʥʠʷ: 
ʊʘʙʣʠʮʘ 8. ʊʘʙʣʠʮʘ ʜʝʢʦʜʠʨʦʚʘʥʠʷ. 
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ʉʧʠʩʦʢ ʦʙʨʘʟʮʦʚ 
ʦʰʠʙʦʢ 

ʉʠʥʜʨʦʤ 
ˉ ʧʦʟʠʮʠʠ ʩ 
ʦʰʠʙʢʦʡ 

1l  = 00001 001 ˉ 1 

2l  = 00010 010 ˉ 2 

3l  = 00100 100 ˉ 4 

4l  = 01000 101 ˉ 5 

5l  = 10000 111 ˉ 7 

6l  = 00011 011 ˉ 3 

7l  = 10001 110 ˉ 6 

 
ʇʨʠʤʝʨ 9. ɼʣʷ (7,4)-ʢʦʜʘ ʍʵʤʤʠʥʛʘ ʧʨʦʚʝʨʦʯʥʘʷ ʤʘʪʨʠʮʘ ʚ ʫʧʦʨʷʜʦʯʝʥʥʦʤ ʚʠʜʝ 

ʠʤʝʝʪ ʚʠʜ: 

 
ʇʫʩʪʴ ʧʝʨʝʜʘʥʥʦʝ ʢʦʜʦʚʦʝ ʩʣʦʚʦ - 1101001)0,1( =v , ʘ ʧʨʠʥʷʪʦʝ ʩʣʦʚʦ ï 

1101101)0,1(' =v . 

ʉʠʥʜʨʦʤ, ʩʦʦʪʚʝʪʩʪʚʫʶʱʠʡ ʧʨʠʥʷʪʦʤʫ ʩʣʦʚʫ ʙʫʜʝʪ ʨʘʚʝʥ: 

 
ɺʳʯʠʩʣʝʥʥʳʡ ʩʠʥʜʨʦʤ ʫʢʘʟʳʚʘʝʪ ʥʘ ʦʰʠʙʢʫ ʚ ʧʷʪʦʡ ʧʦʟʠʮʠʠ.  
ʇʨʦʚʝʨʦʯʥʘʷ ʤʘʪʨʠʮʘ ʚ ʫʧʦʨʷʜʦʯʝʥʥʦʤ ʚʠʜʝ ʧʨʝʜʩʪʘʚʣʷʝʪ ʩʦʚʦʢʫʧʥʦʩʪʴ 

ʧʨʦʚʝʨʦʯʥʳʭ ʫʨʘʚʥʝʥʠʡ, ʚ ʢʦʪʦʨʳʭ ʧʨʦʚʝʨʦʯʥʳʝ ʩʠʤʚʦʣʳ ʟʘʥʠʤʘʶʪ ʧʦʟʠʮʠʠ ʩ 
ʥʦʤʝʨʘʤʠ 2i (i=0,1,2...).  

ɼʣʷ (7,4)-ʢʦʜʘ ʍʵʤʤʠʥʛʘ ʧʨʦʚʝʨʦʯʥʳʤʠ ʫʨʘʚʥʝʥʠʷʤʠ ʙʫʜʫʪ: 

 

ʛʜʝ 421 ,, vvv  - ʧʨʦʚʝʨʦʯʥʳʝ ʩʠʤʚʦʣʳ. 

ʕʣʝʤʝʥʪʳ ʩʠʥʜʨʦʤʘ ʦʧʨʝʜʝʣʷʶʪʩʷ ʠʟ ʚʳʨʘʞʝʥʠʡ:  

 
ʂʦʨʨʝʢʪʠʨʫʶʱʘʷ ʩʧʦʩʦʙʥʦʩʪʴ ʢʦʜʘ ʍʵʤʤʠʥʛʘ ʤʦʞʝʪ ʙʳʪʴ ʫʚʝʣʠʯʝʥʘ ʚʚʝʜʝʥʠʝʤ 

ʜʦʧʦʣʥʠʪʝʣʴʥʦʡ ʧʨʦʚʝʨʢʠ ʥʘ ʯʝʪʥʦʩʪʴ. ɺ ʵʪʦʤ ʩʣʫʯʘʝ ʧʨʦʚʝʨʦʯʥʘʷ ʤʘʪʨʠʮʘ ʜʣʷ 
ʨʘʩʩʤʦʪʨʝʥʥʦʛʦ (7,4)-ʢʦʜʘ ʙʫʜʝʪ ʠʤʝʪʴ ʚʠʜ:  
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ʘ ʢʦʜʦʚʦʝ ʨʘʩʩʪʦʷʥʠʝ ʢʦʜʘ d0 = 4.  

ʇʨʦʚʝʨʦʯʥʳʝ ʫʨʘʚʥʝʥʠʷ ʠʩʧʦʣʴʟʫʶʪʩʷ ʜʣʷ ʧʦʩʪʨʦʝʥʠʷ ʢʦʜʝʨʘ, ʘ ʩʠʥʜʨʦʤʥʳʝ - 
ʜʝʢʦʜʝʨʘ ʢʦʜʘ ʍʵʤʤʠʥʛʘ. 

ʇʨʠʤʝʨ 10. ʇʫʩʪʴ ʢʦʜʦʚʦʝ ʩʣʦʚʦ ʮʠʢʣʠʯʝʩʢʦʛʦ ʢʦʜʘ  ʠʤʝʝʪ ʚʠʜ: 

 
ʪʦʛʜʘ ʩʦʦʪʚʝʪʩʪʚʫʶʱʠʡ ʝʤʫ ʤʥʦʛʦʯʣʝʥ ʙʫʜʝʪ ʨʘʚʝʥ: 

 
ʅʘʧʨʠʤʝʨ, ʝʩʣʠ ʢʦʜ ʧʦʩʪʨʦʝʥ ʥʘʜ ʧʦʣʝʤ GF(q)=GF(23), ʢʦʪʦʨʦʝ ʷʚʣʷʝʪʩʷ 

ʨʘʩʰʠʨʝʥʠʝʤ ʧʦʣʷ GF(2) ʧʦ ʤʦʜʫʣʶ ʥʝʧʨʠʚʦʜʠʤʦʛʦ ʤʥʦʛʦʯʣʝʥʘ f(z)=z3+z+1, ʘ 
ʵʣʝʤʝʥʪʳ ʵʪʦʛʦ ʧʦʣʷ ʠʤʝʶʪ ʚʠʜ, ʧʨʝʜʩʪʘʚʣʝʥʥʳʡ ʚ ʪʘʙʣʠʮʝ 9. 

ʊʘʙʣʠʮʘ 9. ʕʣʝʤʝʥʪʳ ʧʦʣʷ GF(23). 

0 000 0 a
3 011 Z+1 

a
0 001 1 a

4 110 Z2+Z 

a
1 010 Z a

5 111 Z2+Z+1 

a
2 100 Z2 a

6 101 Z2+1 

ʪʦ ʢʦʵʬʬʠʮʠʝʥʪʳ iv  ʧʨʠʥʠʤʘʶʪ ʟʥʘʯʝʥʠʷ ʵʣʝʤʝʥʪʦʚ ʵʪʦʛʦ ʧʦʣʷ ʠ ʧʦʵʪʦʤʫ ʦʥʠ ʩʘʤʠ 

ʦʪʦʙʨʘʞʘʶʪʩʷ ʚ ʚʠʜʝ ʤʥʦʛʦʯʣʝʥʦʚ ʩʣʝʜʫʶʱʝʛʦ ʚʠʜʘ  

 
ʛʜʝ m ï ʩʪʝʧʝʥʴ ʤʥʦʛʦʯʣʝʥʘ, ʧʦ ʢʦʪʦʨʦʤʫ ʧʦʣʫʯʝʥʦ ʨʘʩʰʠʨʝʥʠʝ ʧʦʣʷ GF(2); ai ï 
ʢʦʵʬʬʠʮʠʝʥʪʳ, ʧʨʠʥʠʤʘʶʱʠʝ ʟʥʘʯʝʥʠʝ ʵʣʝʤʝʥʪʦʚ GF(2), ʪ.ʝ. 0 ʠ 1.  

ʊʘʢʦʡ ʢʦʜ ʥʘʟʳʚʘʝʪʩʷ q-ʠʯʥʳʤ.  
ɿʘʜʘʥʠʝ 3. ʆʩʫʱʝʩʪʚʠʪʴ ʝʜʠʥʠʯʥʳʡ ʧʨʘʚʳʡ ʮʠʢʣʠʯʝʩʢʠʡ ʩʜʚʠʛ ʢʦʜʦʚʦʛʦ ʩʣʦʚʘ 

[1011], ʠʩʧʦʣʴʟʫʷ ʧʦʣʠʥʦʤʠʘʣʴʥʫʶ ʠʥʪʝʨʧʨʝʪʘʮʠʶ. 
ʈʝʰʝʥʠʝ. 

ɺʝʢʪʦʨʫ [1011] ʩʦʦʪʚʝʪʩʪʚʫʝʪ ʤʥʦʛʦʯʣʝʥ 1 + x2 + x3. ʋʤʥʦʞʠʤ ʝʛʦ ʥʘ x, ʯʪʦ ʜʘʝʪ: x 
+ x3 + x4.  ɼʘʣʝʝ, ʥʘʡʜʝʤ ʦʩʪʘʪʦʢ ʦʪ ʜʝʣʝʥʠʷ ʥʘ xn + 1. ɺ ʥʘʰʝʤ ʩʣʫʯʘʝ n = 4, ʪʘʢ ʢʘʢ 
ʢʦʜʦʚʦʝ ʩʣʦʚʦ ʠʤʝʝʪ ʜʣʠʥʫ 4, ʧʦʵʪʦʤʫ xn + 1 = x4 + 1: 

x + x3 + x4 ¹ 1 + x + x3 (mod x4 + 1), 
ʧʦʵʪʦʤʫ ʦʩʪʘʪʦʢ ʨʘʚʝʥ: 1 + x + x3. 

ʄʥʦʛʦʯʣʝʥ 1 + x + x3 ʩʦʦʪʚʝʪʩʪʚʫʝʪ ʚʝʢʪʦʨʫ [1101], ʢʦʪʦʨʳʡ ʧʦʣʫʯʘʝʪʩʷ ʠʟ 
ʚʝʢʪʦʨʘ [1011] ʧʨʘʚʳʤ ʮʠʢʣʠʯʝʩʢʠʤ ʩʜʚʠʛʦʤ ʥʘ ʦʜʥʫ ʧʦʟʠʮʠʶ.  

ʆʪʚʝʪ: [1101]. 
ʇʨʠʤʝʨ 11. ʘ) ʉʫʤʤʘ ʤʥʦʛʦʯʣʝʥʦʚ: 

. 

ʊʘʢ ʢʘʢ ʚ ʩʫʤʤʝ ʤʥʦʛʦʯʣʝʥʦʚ ʢʦʵʬʬʠʮʠʝʥʪ ʧʨʠ 
3x ʦʢʘʟʘʣʩʷ ʨʘʚʥʳʤ 2, ʪʦ 

ʧʨʠʚʦʜʷ ʝʛʦ ʧʦ mod 2, ʧʦʣʫʯʘʝʤ 0. 
ʙ) ʇʨʦʠʟʚʝʜʝʥʠʝ ʤʥʦʛʦʯʣʝʥʦʚ: 
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. 
ɸʥʘʣʦʛʠʯʥʦ ʧʫʥʢʪʫ ʘ), ʚ ʤʥʦʛʦʯʣʝʥʝ, ʨʘʚʥʦʤ ʧʨʦʠʟʚʝʜʝʥʠʶ ʠʩʭʦʜʥʳʭ, ʥʝ 

ʦʢʘʟʘʣʦʩʴ ʩʣʘʛʘʝʤʳʭ ʚ ʰʝʩʪʦʡ ʠ ʪʨʝʪʴʝʡ ʩʪʝʧʝʥʠ. ɼʘʣʝʝ, ʝʩʣʠ ʜʣʠʥʘ ʢʦʜʘ ʨʘʚʥʘ, 
ʥʘʧʨʠʤʝʨ, 7, ʪʦ ʨʝʟʫʣʴʪʘʪ ʧʨʠʚʦʜʠʤ ʧʦ mod x7+1.  

 
ʇʨʠ ʧʦʩʪʨʦʝʥʠʠ ʠ ʜʝʢʦʜʠʨʦʚʘʥʠʠ ʮʠʢʣʠʯʝʩʢʠʭ ʢʦʜʦʚ ʚ ʨʝʟʫʣʴʪʘʪʝ ʜʝʣʝʥʠʷ 

ʤʥʦʛʦʯʣʝʥʦʚ ʦʙʳʯʥʦ ʥʝʦʙʭʦʜʠʤʦ ʠʤʝʪʴ ʥʝ ʯʘʩʪʥʦʝ, ʘ ʦʩʪʘʪʦʢ ʦʪ ʜʝʣʝʥʠʷ. ʇʦʵʪʦʤʫ 
ʨʝʢʦʤʝʥʜʫʝʪʩʷ ʙʦʣʝʝ ʧʨʦʩʪʦʡ ʩʧʦʩʦʙ ʜʝʣʝʥʠʷ, ʠʩʧʦʣʴʟʫʷ ʥʝ ʤʥʦʛʦʯʣʝʥʳ, ʘ ʪʦʣʴʢʦ ʝʛʦ 
ʢʦʵʬʬʠʮʠʝʥʪʳ (ʚʘʨʠʘʥʪ 2 ʚ ʧʨʠʤʝʨʝ 4).  

ʇʨʠʤʝʨ 12. 

   

 
 

ɿʘʜʘʥʠʷ 
1. ʅʘʡʪʠ ʧʨʦʚʝʨʦʯʥʳʝ ʫʨʘʚʥʝʥʠʷ, ʧʦʩʪʨʦʠʪʴ ʩʭʝʤʳ ʢʦʜʠʨʫʶʱʝʛʦ ʠ 

ʜʝʢʦʜʠʨʫʶʱʝʛʦ ʫʩʪʨʦʡʩʪʚ ʜʣʷ ʢʦʜʦʚ ʍʵʤʤʠʥʛʘ ʩʦ ʩʣʝʜʫʶʱʠʤʠ ʧʘʨʘʤʝʪʨʘʤʠ (9,5). 
2. ʅʘʡʪʠ ʧʨʦʚʝʨʦʯʥʫʶ ʤʘʪʨʠʮʫ ʜʣʷ ʢʦʜʘ ʍʵʤʤʠʥʛʘ ʜʣʠʥʳ 11, ʦʙʝʩʧʝʯʠʚʘʶʱʝʛʦ 

ʢʦʜʦʚʦʝ ʨʘʩʩʪʦʷʥʠʝ ʨʘʚʥʦʝ 4. 
3. ʇʦʩʪʨʦʠʪʴ ʩʪʘʥʜʘʨʪʥʦʝ ʨʘʩʧʦʣʦʞʝʥʠʝ ʢʦʜʘ ʍʵʤʤʠʥʛʘ, ʢʦʜʦʚʳʝ ʩʣʦʚʘ 

ʢʦʪʦʨʦʛʦ ʠʤʝʶʪ ʜʣʠʥʫ, ʨʘʚʥʫʶ ʩʝʤʠ. 
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4. ʆʩʫʝɦʩʪʚʠʪʴ ʝʜʠʥʠʯʥʳʡ ʧʨʘʚʳʡ ʮʠʢʣʠʯʝʩʢʠʡ ʩʜʚʠʛ ʢʦʜʦʚʦʛʦ ʩʣʦʚʘ [1011], 
ʠʩʧʦʣʴʟʫʷ ʧʦʣʠʥʦʤʠʘʣʴʥʫʶ ʠʥʪʝʨʧʨʝʪʘʮʠʶ. 

5. ʄʥʦʛʦʯʣʝʥ g(x)=x8+ x7+ x6+ x4+1 ʧʦʨʦʞʜʘʝʪ ʮʠʢʣʠʯʝʩʢʠʡ ʢʦʜ ʥʘʜ GF(2) ʜʣʠʥʳ 
15. ʉʢʦʣʴʢʦ ʦʰʠʙʦʢ ʠ ʩʪʠʨʘʥʠʡ ʤʦʞʝʪ ʠʩʧʨʘʚʣʷʪʴ ʢʦʜ? 

6. ʅʘʡʪʠ ʧʦʨʦʞʜʘʶʱʠʡ ʤʥʦʛʦʯʣʝʥ ʣʠʥʝʡʥʦʛʦ ʮʠʢʣʠʯʝʩʢʦʛʦ ʢʦʜʘ ʜʣʠʥʳ n=15, 
ʢʦʪʦʨʳʡ ʦʩʫʱʝʩʪʚʣʷʝʪ ʢʦʜʠʨʦʚʘʥʠʝ ʩʦʦʙʱʝʥʠʡ ʜʣʠʥʳ k=7 ʝʩʣʠ ʜʘʥʦ ʨʘʟʣʦʞʝʥʠʝ 
ʤʥʦʛʦʯʣʝʥʘ x15+1 ʥʘ ʤʥʦʞʠʪʝʣʠ: 

7. x15+1=(1+x)(1+x+x2)(1+x+x2+x3+x4)(1+x+x4)(1+x3+x4),  
8. ʧʦʵʪʦʤʫ ʤʦʞʥʦ ʚʟʷʪʴ g(x)=(1+x+x2+x3+x4)(1+x+x4)=1+x4+x6+x7+x8. ʂʦʜʠʨʦʚʘʪʴ 

ʩʦʦʙʱʝʥʠʝ [0110110]. 
9. ɼʝʢʦʜʠʨʦʚʘʪʴ ʧʦʣʫʯʝʥʥʦʝ ʩʣʦʚʦ [011010111010010], ʢʦʪʦʨʦʝ ʙʳʣʦ 

ʦʪʧʨʘʚʣʝʥʦ ʧʦʩʣʝ ʢʦʜʠʨʦʚʘʥʠʷ ʢʦʜʦʤ ʠʟ ʧʨʝʜʳʜʫʱʝʡ ʟʘʜʘʯʠ. ʉʦʦʪʚʝʪʩʪʚʫʶʱʠʡ 
ʚʝʢʪʦʨʫ [011010111010010] ʤʥʦʛʦʯʣʝʥ ʠʤʝʝʪ ʚʠʜ: x + x2 + x4 + x6 + x7 + x8 + x10 + x13 

10. ʃʠʥʝʡʥʳʡ (5, 3)-ʢʦʜ ʥʘʜ GF(4) ʠʤʝʝʪ ʧʦʨʦʞʜʘʶʱʫʶ ʤʘʪʨʠʮʫ 

 
ʘ) ʥʘʡʪʠ ʧʨʦʚʝʨʦʯʥʫʶ ʤʘʪʨʠʮʫ; 
ʙ) ʜʦʢʘʟʘʪʴ, ʯʪʦ ʵʪʦʪ ʢʦʜ ʠʩʧʨʘʚʣʷʝʪ ʦʜʠʥʦʯʥʳʝ ʦʰʠʙʢʠ. 
ʚ) ʜʦʢʘʟʘʪʴ, ʯʪʦ ʵʪʦʪ ʢʦʜ ʠʩʧʨʘʚʣʷʝʪ ʜʚʘ ʩʪʠʨʘʥʠʷ. 
ʛ) ʩʦʩʪʘʚʠʪʴ ʪʘʙʣʠʮʫ ʢʦʜʘ. 

ʊʝʤʘʪʠʢʘ ʨʝʬʝʨʘʪʦʚ/ʜʦʢʣʘʜʦʚ/ʵʩʩʝ, ʤʝʪʦʜʠʯʝʩʢʠʝ ʨʝʢʦʤʝʥʜʘʮʠʠ ʧʦ ʚʳʧʦʣʥʝʥʠʶ 
ʢʦʥʪʨʦʣʴʥʳʭ ʠ ʢʫʨʩʦʚʳʭ ʨʘʙʦʪ, ʠʥʳʝ ʤʘʪʝʨʠʘʣʳ  

ʊʝʤʳ ʜʦʢʣʘʜʦʚ (ʩʦʦʙʱʝʥʠʡ) ʧʦ ʜʠʩʮʠʧʣʠʥʝ ʕʣʝʤʝʥʪʳ ʘʙʩʪʨʘʢʪʥʦʡ ʠ 
ʢʦʤʧʴʶʪʝʨʥʦʡ ʘʣʛʝʙʨʳ 

1 ʂʣʘʩʩʠʬʠʢʘʮʠʷ ʧʦʤʝʭʦʫʩʪʦʡʯʠʚʳʭ ʢʦʜʦʚ 
2 ʕʣʝʤʝʥʪʳ ʪʝʦʨʠʠ ɻʘʣʫʘ 
3 ʆʧʠʩʘʥʠʝ ʠ ʧʨʠʥʮʠʧʳ ʨʘʙʦʪʳ ʥʦʨʤʘʣʴʥʳʭ ʘʣʛʦʨʠʪʤʦʚ ʄʘʨʢʦʚʘ (ʅɸʄ) 
4 ʈʘʟʙʠʝʥʠʝ ʤʥʦʞʝʩʪʚʘ. ʌʘʢʪʦʨ-ʤʥʦʞʝʩʪʚʦ. ʂʣʘʩʩʠʬʠʢʘʮʠʠ. 
5. ʆʪʥʦʰʝʥʠʷ ʧʦʨʷʜʢʘ. ʆʪʥʦʰʝʥʠʷ ʩʪʨʦʛʦʛʦ, ʥʝʩʪʨʦʛʦʛʦ ʠ ʣʠʥʝʡʥʦʛʦ ʧʦʨʷʜʢʘ. 
6. ʋʧʦʨʷʜʦʯʝʥʥʳʝ ʤʥʦʞʝʩʪʚʘ. 
7. ɸʣʛʝʙʨʘʠʯʝʩʢʠʝ ʩʪʨʫʢʪʫʨʳ ʩ ʦʜʥʦʡ ʙʠʥʘʨʥʦʡ ʦʧʝʨʘʮʠʝʡ. ʇʦʣʫʛʨʫʧʧʳ. 
8. ɻʦʤʦʤʦʨʬʠʟʤʳ ʠ ʠʟʦʤʦʨʬʠʟʤʳ ʛʨʫʧʧ.  
9. ɻʦʤʦʤʦʨʬʠʟʤʳ ʠ ʠʟʦʤʦʨʬʠʟʤʳ ʢʦʣʝʮ ʠ ʧʦʣʝʡ. 
10. ʈʘʟʣʠʯʥʳʝ ʬʦʨʤʳ ʧʨʝʜʩʪʘʚʣʝʥʠʷ ʢʦʤʧʣʝʢʩʥʳʭ ʯʠʩʝʣ. 
11. ʆʧʝʨʘʮʠʠ ʥʘʜ ʢʦʤʧʣʝʢʩʥʳʤʠ ʯʠʩʣʘʤʠ ʚ ʪʨʠʛʦʥʦʤʝʪʨʠʯʝʩʢʦʡ ʬʦʨʤʝ. 
12. ʄʥʦʛʦʯʣʝʥʳ ʦʪ ʥʝʩʢʦʣʴʢʠʭ ʧʝʨʝʤʝʥʥʳʭ. ʕʣʝʤʝʥʪʘʨʥʳʝ ʩʠʤʤʝʪʨʠʯʝʩʢʠʝ 

ʤʥʦʛʦʯʣʝʥʳ. 
13. ʌʦʨʤʫʣʳ ɺʠʝʪʘ ʜʣʷ ʤʥʦʛʦʯʣʝʥʘ ʧʨʦʠʟʚʦʣʴʥʦʡ ʩʪʝʧʝʥʠ. ʉʚʷʟʴ ʵʣʝʤʝʥʪʘʨʥʳʭ 

ʩʠʤʤʝʪʨʠʯʝʩʢʠʭ ʤʥʦʛʦʯʣʝʥʦʚ ʩ ʬʦʨʤʫʣʘʤʠ ɺʠʝʪʘ. 
14. ʀʟ ʠʩʪʦʨʠʠ ʘʣʬʘʚʠʪʥʦʛʦ ʢʦʜʠʨʦʚʘʥʠʷ. 
15. ʊʝʦʨʝʤʳ ʐʝʥʥʦʥʘ ʠ ʨʦʣʴ ʚ ʨʘʟʚʠʪʠʠ ʪʝʦʨʠʠ ʢʦʜʠʨʦʚʘʥʠʷ. 
 
ʈʘʟʥʦʫʨʦʚʥʝʚʳʝ ʟʘʜʘʥʠʷ ʧʦ ʜʠʩʮʠʧʣʠʥʝ ʕʣʝʤʝʥʪʳ ʘʙʩʪʨʘʢʪʥʦʡ ʠ 

ʢʦʤʧʴʶʪʝʨʥʦʡ ʘʣʛʝʙʨʳ 
1 ʉʦʩʪʘʚʣʝʥʠʝ ʛʣʦʩʩʘʨʠʷ ʠ ʢʣʘʩʪʝʨʘ ʦʩʥʦʚʥʳʭ ʪʝʨʤʠʥʦʚ ʨʘʟʜʝʣʘ (ʥʝʩʢʦʣʴʢʠʭ 

ʨʘʟʜʝʣʦʚ) ʜʠʩʮʠʧʣʠʥʳ (ʨʝʢʦʥʩʪʨʫʢʪʠʚʥʳʡ ʫʨʦʚʝʥʴ) 
2 ʉʦʩʪʘʚʣʝʥʠʝ ʩʨʘʚʥʠʪʝʣʴʥʳʭ, ʢʦʥʮʝʧʪʫʘʣʴʥʳʭ ʪʘʙʣʠʮ ʧʦ ʟʘʜʘʥʥʦʡ ʪʝʤʝ 

(ʪʚʦʨʯʝʩʢʠʡ ʫʨʦʚʝʥʴ) 
3 ʉʦʩʪʘʚʣʝʥʠʝ, ʢʦʨʨʝʢʮʠʷ ʩʠʥʢʚʝʡʥʦʚ ʠ ʜʝʥʦʪʘʪʥʳʭ ʛʨʘʬʦʚ ʩ ʦʩʥʦʚʥʳʤʠ 

ʧʦʥʷʪʠʷʤʠ (ʪʚʦʨʯʝʩʢʠʡ ʫʨʦʚʝʥʴ) 
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4 ʉʦʩʪʘʚʣʝʥʠʝ ʘʥʥʦʪʠʨʦʚʘʥʥʦʛʦ ʧʝʨʝʯʥʷ ʠʩʪʦʯʥʠʢʦʚ ʩʝʪʠ ʀʥʪʝʨʥʝʪ 
(ʨʝʢʦʥʩʪʨʫʢʪʠʚʥʳʡ ʫʨʦʚʝʥʴ) 

5 ʅʘʧʠʩʘʥʠʝ ʨʝʮʝʥʟʠʡ ʥʘ ʛʦʪʦʚʳʝ ʨʝʬʝʨʘʪʳ ʧʦ ʨʘʟʜʝʣʘʤ ʜʠʩʮʠʧʣʠʥʳ, 
ʩʢʘʯʘʥʥʳʝ ʩ ʨʘʟʣʠʯʥʳʭ ʩʘʡʪʦʚ (ʪʚʦʨʯʝʩʢʠʡ ʫʨʦʚʝʥʴ) 

6 ʉʦʩʪʘʚʣʝʥʠʝ ʪʘʙʣʠʮʳ ʪʦʣʩʪʳʭ ʠ ʪʦʥʢʠʭ ʚʦʧʨʦʩʦʚ ʧʦ ʨʘʟʜʝʣʘʤ ʜʠʩʮʠʧʣʠʥʳ 
(ʨʝʢʦʥʩʪʨʫʢʪʠʚʥʳʡ ʫʨʦʚʝʥʴ) 

7 ʉʦʩʪʘʚʣʝʥʠʝ ʚʦʧʨʦʩʦʚ ʢ ʨʦʤʘʰʢʝ ɹʣʫʤʘ (ʪʘʢʩʦʥʦʤʠʷ ʮʝʣʝʡ) ʢ ʨʘʟʜʝʣʘʤ 
ʜʠʩʮʠʧʣʠʥʳ (ʪʚʦʨʯʝʩʢʠʡ ʫʨʦʚʝʥʴ) 

 
ʇʨʝʟʝʥʪʘʮʠʠ ʧʦ ʜʠʩʮʠʧʣʠʥʝ ʕʣʝʤʝʥʪʳ ʘʙʩʪʨʘʢʪʥʦʡ ʠ ʢʦʤʧʴʶʪʝʨʥʦʡ 

ʘʣʛʝʙʨʳ 
1. ɹʠʥʘʨʥʳʝ ʦʧʝʨʘʮʠʠ ʠ ʘʣʛʝʙʨʘʠʯʝʩʢʠʝ ʩʪʨʫʢʪʫʨʳ 
2. ɻʨʫʧʧʳ, ʢʦʣʴʮʘ, ʧʦʣʷ 
3. ʇʦʜʛʨʫʧʧʳ. ʇʦʨʷʜʦʢ ʵʣʝʤʝʥʪʘ ʛʨʫʧʧʳ. 
4. ʂʦʣʴʮʘ ʠ ʧʦʣʷ 
5. ʂʦʥʝʯʥʳʝ ʛʨʫʧʧʳ 
6. ɸʣʬʘʚʠʪʥʦʝ ʢʦʜʠʨʦʚʘʥʠʝ 
7. ʇʨʦʩʪʝʡʰʠʝ ʘʣʛʦʨʠʪʤʳ ʩʞʘʪʠ̫ ʠʥʬʦʨʤʘʮʠʠ 
 
ʄʘʪʝʨʠʘʣʳ ʜʣʷ ʧʨʦʚʝʜʝʥʠʷ ʪʝʢʫʱʝʡ ʠ ʧʨʦʤʝʞʫʪʦʯʥʦʡ ʘʪʪʝʩʪʘʮʠʡ 

ʧʨʝʜʩʪʘʚʣʝʥʳ ʚ ʬʦʥʜʘʭ ʦʮʝʥʦʯʥʳʭ ʩʨʝʜʩʪʚ ʧʦ ʜʠʩʮʠʧʣʠʥʝ ʕʣʝʤʝʥʪʳ 
ʘʙʩʪʨʘʢʪʥʦʡ ʠ ʢʦʤʧʴʶʪʝʨʥʦʡ ʘʣʛʝʙʨʳ 


