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7. Ɇɟɬɨɞɢɱɟɫɤɢɟ ɭɤɚɡɚɧɢɹ ɞɥɹ ɨɛɭɱɚɸɳɢɯɫɹ ɩɨ ɨɫɜɨɟɧɢɸ ɞɢɫɰɢɩɥɢɧɵ 
ɉɪɢɫɬɭɩɚɹ ɤ ɢɡɭɱɟɧɢɸ ɭɱɟɛɧɨɣ ɞɢɫɰɢɩɥɢɧɵ, ɰɟɥɟɫɨɨɛɪɚɡɧɨ ɨɡɧɚɤɨɦɢɬɶɫɹ ɫ 

ɭɱɟɛɧɨɣ ɩɪɨɝɪɚɦɦɨɣ ɞɢɫɰɢɩɥɢɧɵ, ɷɥɟɤɬɪɨɧɧɵɣ ɜɚɪɢɚɧɬ ɤɨɬɨɪɨɣ ɪɚɡɦɟɳёɧ ɧɚ ɫɚɣɬɟ ȻɎ 
ȼȽɍ.  

Эɬɨ ɩɨɡɜɨɥɢɬ ɨɛɭɱɚɸɳɢɦɫɹ ɩɨɥɭɱɢɬɶ ɱɟɬɤɨɟ ɩɪɟɞɫɬɚɜɥɟɧɢɟ ɨ: 
 ɩɟɪɟɱɧɟ ɢ ɫɨɞɟɪɠɚɧɢɢ ɤɨɦɩɟɬɟɧɰɢɣ, ɧɚ ɮɨɪɦɢɪɨɜɚɧɢɟ ɤɨɬɨɪɵɯ ɧɚɩɪɚɜɥɟɧɚ 

ɞɢɫɰɢɩɥɢɧɚ; 
 ɨɫɧɨɜɧɵɯ ɰɟɥɹɯ ɢ ɡɚɞɚɱɚɯ ɞɢɫɰɢɩɥɢɧɵ; 
 ɩɥɚɧɢɪɭɟɦɵɯ ɪɟɡɭɥɶɬɚɬɚɯ, ɩɪɟɞɫɬɚɜɥɟɧɧɵɯ ɜ ɜɢɞɟ ɡɧɚɧɢɣ, ɭɦɟɧɢɣ ɢ ɧɚɜɵɤɨɜ, 

ɤɨɬɨɪɵɟ ɞɨɥɠɧɵ ɛɵɬɶ ɫɮɨɪɦɢɪɨɜɚɧɵ ɜ ɩɪɨɰɟɫɫɟ ɢɡɭɱɟɧɢɹ ɞɢɫɰɢɩɥɢɧɵ; 
 ɤɨɥɢɱɟɫɬɜɟ ɱɚɫɨɜ, ɩɪɟɞɭɫɦɨɬɪɟɧɧɵɯ ɭɱɟɛɧɵɦ ɩɥɚɧɨɦ ɧɚ ɢɡɭɱɟɧɢɟ ɞɢɫɰɢɩɥɢɧɵ, 

ɮɨɪɦɭ ɩɪɨɦɟɠɭɬɨɱɧɨɣ ɚɬɬɟɫɬɚɰɢɢ; 
 ɤɨɥɢɱɟɫɬɜɟ ɱɚɫɨɜ, ɨɬɜɟɞɟɧɧɵɯ ɧɚ ɚɭɞɢɬɨɪɧɵɟ ɡɚɧɹɬɢɹ ɢ ɧɚ ɫɚɦɨɫɬɨɹɬɟɥɶɧɭɸ 

ɪɚɛɨɬɭ; 
 ɮɨɪɦɚɯ ɚɭɞɢɬɨɪɧɵɯ ɡɚɧɹɬɢɣ ɢ ɫɚɦɨɫɬɨɹɬɟɥɶɧɨɣ ɪɚɛɨɬɵ; 
 ɫɬɪɭɤɬɭɪɟ ɞɢɫɰɢɩɥɢɧɵ, ɨɫɧɨɜɧɵɯ ɪɚɡɞɟɥɚɯ ɢ ɬɟɦɚɯ; 
 ɫɢɫɬɟɦɟ ɨɰɟɧɢɜɚɧɢɹ ɭɱɟɛɧɵɯ ɞɨɫɬɢɠɟɧɢɣ; 
 ɭɱɟɛɧɨ-ɦɟɬɨɞɢɱɟɫɤɨɦ ɢ ɢɧɮɨɪɦɚɰɢɨɧɧɨɦ ɨɛɟɫɩɟɱɟɧɢɢ ɞɢɫɰɢɩɥɢɧɵ.  
Ɂɧɚɧɢɟ ɨɫɧɨɜɧɵɯ ɩɨɥɨɠɟɧɢɣ, ɨɬɪɚɠɟɧɧɵɯ ɜ ɪɚɛɨɱɟɣ ɩɪɨɝɪɚɦɦɟ ɞɢɫɰɢɩɥɢɧɵ, 

ɩɨɦɨɠɟɬ ɨɛɭɱɚɸɳɢɦɫɹ ɨɪɢɟɧɬɢɪɨɜɚɬɶɫɹ ɜ ɢɡɭɱɚɟɦɨɦ ɤɭɪɫɟ, ɨɫɨɡɧɚɜɚɬɶ ɦɟɫɬɨ ɢ ɪɨɥɶ 
ɢɡɭɱɚɟɦɨɣ ɞɢɫɰɢɩɥɢɧɵ ɜ ɩɨɞɝɨɬɨɜɤɟ ɛɭɞɭɳɟɝɨ ɜɵɩɭɫɤɧɢɤɚ, ɫɬɪɨɢɬɶ ɫɜɨɸ ɪɚɛɨɬɭ ɜ 
ɫɨɨɬɜɟɬɫɬɜɢɢ ɫ ɬɪɟɛɨɜɚɧɢɹɦɢ, ɡɚɥɨɠɟɧɧɵɦɢ ɜ ɩɪɨɝɪɚɦɦɟ. 

Ɉɫɧɨɜɧɵɦɢ ɮɨɪɦɚɦɢ ɚɭɞɢɬɨɪɧɵɯ ɡɚɧɹɬɢɣ ɩɨ ɞɢɫɰɢɩɥɢɧɟ ɹɜɥɹɸɬɫɹ ɥɟɤɰɢɢ ɢ 
ɩɪɚɤɬɢɱɟɫɤɢɟ ɡɚɧɹɬɢɹ, ɩɨɫɟɳɟɧɢɟ ɤɨɬɨɪɵɯ ɨɛɹɡɚɬɟɥɶɧɨ ɞɥɹ ɜɫɟɯ ɫɬɭɞɟɧɬɨɜ (ɤɪɨɦɟ 
ɫɬɭɞɟɧɬɨɜ, ɨɛɭɱɚɸɳɢɯɫɹ ɩɨ ɢɧɞɢɜɢɞɭɚɥɶɧɨɦɭ ɩɥɚɧɭ). 

ɉɨɞɝɨɬɨɜɤɚ ɤ ɩɪɚɤɬɢɱɟɫɤɢɦ ɡɚɧɹɬɢɹɦ ɜɟɞɟɬɫɹ ɧɚ ɨɫɧɨɜɟ ɩɥɚɧɨɜ ɩɪɚɤɬɢɱɟɫɤɢɯ 
ɡɚɧɹɬɢɣ. ȼ ɯɨɞɟ ɩɨɞɝɨɬɨɜɤɢ ɤ ɩɪɚɤɬɢɱɟɫɤɢɦ ɡɚɧɹɬɢɹɦ ɧɟɨɛɯɨɞɢɦɨ ɢɡɭɱɢɬɶ ɜ 
ɫɨɨɬɜɟɬɫɬɜɢɢ ɫ ɜɨɩɪɨɫɚɦɢ ɞɥɹ ɩɨɜɬɨɪɟɧɢɹ ɤɨɧɫɩɟɤɬɵ ɥɟɤɰɢɣ, ɨɫɧɨɜɧɭɸ ɥɢɬɟɪɚɬɭɪɭ, 
ɨɡɧɚɤɨɦɢɬɶɫɹ ɫ ɞɨɩɨɥɧɢɬɟɥɶɧɨɣ ɥɢɬɟɪɚɬɭɪɨɣ. Ʉɪɨɦɟ ɬɨɝɨ, ɫɥɟɞɭɟɬ ɩɨɜɬɨɪɢɬɶ ɦɚɬɟɪɢɚɥ 
ɥɟɤɰɢɣ, ɨɬɜɟɬɢɬɶ ɧɚ ɤɨɧɬɪɨɥɶɧɵɟ ɜɨɩɪɨɫɵ, ɢɡɭɱɢɬɶ ɨɛɪɚɡɰɵ ɪɟɲɟɧɢɹ ɡɚɞɚɱ, ɜɵɩɨɥɧɢɬɶ 
ɭɩɪɚɠɧɟɧɢɹ (ɟɫɥɢ ɬɚɤɢɟ ɩɪɟɞɭɫɦɨɬɪɟɧɵ). 

ɉɪɢ ɩɨɞɝɨɬɨɜɤɟ ɤ ɩɪɨɦɟɠɭɬɨɱɧɨɣ ɚɬɬɟɫɬɚɰɢɢ ɧɟɨɛɯɨɞɢɦɨ ɩɨɜɬɨɪɢɬɶ ɩɪɨɣɞɟɧɧɵɣ 
ɦɚɬɟɪɢɚɥ ɜ ɫɨɨɬɜɟɬɫɬɜɢɢ ɫ ɭɱɟɛɧɨɣ ɩɪɨɝɪɚɦɦɨɣ, ɩɪɢɦɟɪɧɵɦ ɩɟɪɟɱɧɟɦ ɜɨɩɪɨɫɨɜ, 
ɜɵɧɨɫɹɳɢɯɫɹ ɧɚ ɡɚɱɟɬ. Ɋɟɤɨɦɟɧɞɭɟɬɫɹ ɢɫɩɨɥɶɡɨɜɚɬɶ ɤɨɧɫɩɟɤɬɵ ɥɟɤɰɢɣ ɢ ɢɫɬɨɱɧɢɤɢ, 
ɩɟɪɟɱɢɫɥɟɧɧɵɟ ɜ ɫɩɢɫɤɟ ɥɢɬɟɪɚɬɭɪɵ ɜ ɪɚɛɨɱɟɣ ɩɪɨɝɪɚɦɦɟ ɞɢɫɰɢɩɥɢɧɵ, ɚ ɬɚɤɠɟ 
ɪɟɫɭɪɫɵ ɷɥɟɤɬɪɨɧɧɨ-ɛɢɛɥɢɨɬɟɱɧɵɯ ɫɢɫɬɟɦ.  
8. Ɇɟɬɨɞɢɱɟɫɤɢɟ ɦɚɬɟɪɢɚɥɵ ɞɥɹ ɨɛɭɱɚɸɳɢɯɫɹ ɩɨ ɨɫɜɨɟɧɢɸ ɬɟɨɪɟɬɢɱɟɫɤɢɯ 
ɜɨɩɪɨɫɨɜ ɞɢɫɰɢɩɥɢɧɵ 
 

Ɍɟɦɚ. Ȼɢɧɚɪɧɵɟ ɨɬɧɨɲɟɧɢɹ 
ɉɥɚɧ 

1. Ɉɬɧɨɲɟɧɢɹ ɷɤɜɢɜɚɥɟɧɬɧɨɫɬɢ.  
2. Ɉɬɧɨɲɟɧɢɹ ɩɨɪɹɞɤɚ. ɍɩɨɪɹɞɨɱɟɧɧɵɟ ɦɧɨɠɟɫɬɜɚ. 
3. ɋɜɹɡɶ ɨɬɧɨɲɟɧɢɣ ɷɤɜɢɜɚɥɟɧɬɧɨɫɬɢ ɫ ɪɚɡɛɢɟɧɢɹɦɢ ɦɧɨɠɟɫɬɜɚ.  
1. Ɉɬɧɨɲɟɧɢɹ ɷɤɜɢɜɚɥɟɧɬɧɨɫɬɢ. Ɉɬɧɨɲɟɧɢɹ ɩɨɪɹɞɤɚ 
ɈɉɊȿȾȿɅȿɇɂȿ. Ⱦɟɤɚɪɬɨɜɵɦ ɩɪɨɢɡɜɟɞɟɧɢɟɦ ɦɧɨɠɟɫɬɜ Ⱥ ɢ ȼ ɧɚɡɵɜɚɟɬɫɹ 

ɦɧɨɠɟɫɬɜɨ, ɫɨɫɬɨɹɳɟɟ ɢɡ ɜɫɟɯ ɭɩɨɪɹɞɨɱɟɧɧɵɯ ɩɚɪ ɷɥɟɦɟɧɬɨɜ ɜɢɞɚ <a, b>, ɜ ɤɨɬɨɪɵɯ 
ɩɟɪɜɵɣ ɷɥɟɦɟɧɬ ɩɪɢɧɚɞɥɟɠɢɬ ɩɟɪɜɨɦɭ ɦɧɨɠɟɫɬɜɭ, ɚ ɜɬɨɪɨɣ – ɜɬɨɪɨɦɭ. 

Ɉɛɨɡɧɚɱɟɧɢɟ: A×B = {<a, b> / a  A, b  B }. 
ȿɫɥɢ ɦɧɨɠɟɫɬɜɚ Ⱥ ɢ ȼ ɫɨɜɩɚɞɚɸɬ, ɬɨ ɞɟɤɚɪɬɨɜɨ ɩɪɨɢɡɜɟɞɟɧɢɟ ɧɚɡɵɜɚɸɬ ɬɚɤɠɟ 

ɞɟɤɚɪɬɨɜɵɦ ɤɜɚɞɪɚɬɨɦ ɦɧɨɠɟɫɬɜɚ Ⱥ: Ⱥ×Ⱥ = Ⱥ². 
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ɈɉɊȿȾȿɅȿɇɂȿ. Ȼɢɧɚɪɧɵɦ ɨɬɧɨɲɟɧɢɟɦ, ɡɚɞɚɧɧɵɦ ɧɚ ɧɟɩɭɫɬɨɦ ɦɧɨɠɟɫɬɜɟ Ⱥ, 
ɧɚɡɵɜɚɟɬɫɹ ɜɫɹɤɨɟ ɩɨɞɦɧɨɠɟɫɬɜɨ ɞɟɤɚɪɬɨɜɚ ɤɜɚɞɪɚɬɚ ɦɧɨɠɟɫɬɜɚ Ⱥ. 

Ⱦɥɹ ɨɛɨɡɧɚɱɟɧɢɹ ɛɢɧɚɪɧɵɯ ɨɬɧɨɲɟɧɢɣ ɢɫɩɨɥɶɡɭɸɬ ɥɢɛɨ ɫɩɟɰɢɚɥɶɧɵɟ ɡɧɚɱɤɢ, 
ɨɛɳɟɩɪɢɧɹɬɵɟ, ɧɚɩɪɢɦɟɪ: =, ≤ , ≥ , ║ , ┴ ɢ ɬ.ɞ., ɥɢɛɨ ɛɭɤɜɵ ɝɪɟɱɟɫɤɨɝɨ ɚɥɮɚɜɢɬɚ: α, δ, σ, 
φ, ρ ɢ ɬ.ɞ. 

ȿɫɥɢ ɷɥɟɦɟɧɬɵ ɯ ɢ ɭ ɦɧɨɠɟɫɬɜɚ Ⱥ ɧɚɯɨɞɹɬɫɹ ɜ ɧɟɤɨɬɨɪɨɦ ɛɢɧɚɪɧɨɦ ɨɬɧɨɲɟɧɢɢ 
σ, ɬɨ ɷɬɨ ɦɨɠɟɬ ɨɛɨɡɧɚɱɚɬɶɫɹ ɨɞɧɢɦ ɢɡ ɫɥɟɞɭɸɳɢɯ ɨɛɪɚɡɨɜ: 

<x, y>  σ, ɥɢɛɨ x σ y. 
ɈɉɊȿȾȿɅȿɇɂȿ. Ȼɢɧɚɪɧɨɟ ɨɬɧɨɲɟɧɢɟ ρ, ɡɚɞɚɧɧɨɟ ɧɚ ɧɟɩɭɫɬɨɦ ɦɧɨɠɟɫɬɜɟ Ⱥ, 

ɧɚɡɵɜɚɟɬɫɹ: 
 ɪɟɮɥɟɤɫɢɜɧɵɦ, ɟɫɥɢ (ɚ  Ⱥ) ɫɩɪɚɜɟɞɥɢɜɨ <a, a>  ρ; 
 ɚɧɬɢɪɟɮɥɟɤɫɢɜɧɵɦ, ɟɫɥɢ (ɚ Ⱥ) ɫɩɪɚɜɟɞɥɢɜɨ <a, a>  ρ; 
 ɫɢɦɦɟɬɪɢɱɧɵɦ, ɟɫɥɢ (ɚ, bȺ) ɢɡ ɬɨɝɨ, ɱɬɨ ɩɚɪɚ <a, b>  ρ, ɫɥɟɞɭɟɬ, ɱɬɨ ɩɚɪɚ 

<b, a>  ρ; 
 ɬɪɚɧɡɢɬɢɜɧɵɦ, ɟɫɥɢ ɞɥɹ (ɚ, b, c  Ⱥ), ɢɡ ɬɨɝɨ, ɱɬɨ ɩɚɪɚ <a, b>  ρ ɢ ɩɚɪɚ <b, 

c>  ρ, ɫɥɟɞɭɟɬ, ɱɬɨ ɩɚɪɚ <a, c>  ρ; 
 ɚɧɬɢɫɢɦɦɟɬɪɢɱɧɵɦ, ɟɫɥɢ ɞɥɹ ɥɸɛɵɯ ɪɚɡɥɢɱɧɵɯ ɷɥɟɦɟɧɬɨɜ ɚ, b  Ⱥ ɢɡ ɬɨɝɨ, 

ɱɬɨ <a, b>  ρ ɢ <b, a>  ρ ɫɥɟɞɭɟɬ, ɱɬɨ ɚ = b; 

 ɚɫɢɦɦɟɬɪɢɱɧɵɦ, ɟɫɥɢ (ɚ, b  Ⱥ, a  b) ɭɫɥɨɜɢɟ <a, b>  ρ ɧɢɤɨɝɞɚ ɧɟ ɜɥɟɱɟɬ 
ɡɚ ɫɨɛɨɣ ɜɵɩɨɥɧɟɧɢɟ ɭɫɥɨɜɢɹ <b, a>  ρ; 

 ɨɬɧɨɲɟɧɢɟɦ ɷɤɜɢɜɚɥɟɧɬɧɨɫɬɢ, ɟɫɥɢ ɨɧɨ ɪɟɮɥɟɤɫɢɜɧɨ, ɫɢɦɦɟɬɪɢɱɧɨ ɢ 
ɬɪɚɧɡɢɬɢɜɧɨ ɨɞɧɨɜɪɟɦɟɧɧɨ; 

 ɨɬɧɨɲɟɧɢɟɦ ɩɨɪɹɞɤɚ, ɟɫɥɢ ɨɧɨ ɚɧɬɢɫɢɦɦɟɬɪɢɱɧɨ ɢ ɬɪɚɧɡɢɬɢɜɧɨ; 
2. Ɉɬɧɨɲɟɧɢɹ ɩɨɪɹɞɤɚ. ɍɩɨɪɹɞɨɱɟɧɧɵɟ ɦɧɨɠɟɫɬɜɚ. 
ȿɫɥɢ ɩɪɢ ɷɬɨɦ ɨɬɧɨɲɟɧɢɟ ρ ɨɛɥɚɞɚɟɬ ɫɜɨɣɫɬɜɨɦ ɚɧɬɢɪɟɮɥɟɤɫɢɜɧɨɫɬɢ, ɬɨ ɨɧɨ 

ɧɚɡɵɜɚɟɬɫɹ ɨɬɧɨɲɟɧɢɟɦ ɫɬɪɨɝɨɝɨ ɩɨɪɹɞɤɚ, ɟɫɥɢ ɠɟ ρ ɨɛɥɚɞɚɟɬ ɫɜɨɣɫɬɜɨɦ 
ɪɟɮɥɟɤɫɢɜɧɨɫɬɢ, ɬɨ – ɨɬɧɨɲɟɧɢɟɦ ɧɟɫɬɪɨɝɨɝɨ ɩɨɪɹɞɤɚ. 

ɈɉɊȿȾȿɅȿɇɂȿ. Ɉɬɧɨɲɟɧɢɟ ɩɨɪɹɞɤɚ ρ, ɡɚɞɚɧɧɨɟ ɧɚ ɦɧɨɠɟɫɬɜɟ Ⱥ, ɧɚɡɵɜɚɟɬɫɹ 
ɨɬɧɨɲɟɧɢɟɦ ɥɢɧɟɣɧɨɝɨ ɩɨɪɹɞɤɚ, ɟɫɥɢ ɞɥɹ ɥɸɛɵɯ ɞɜɭɯ ɷɥɟɦɟɧɬɨɜ ɚ, b  Ⱥ 
ɜɵɩɨɥɧɹɟɬɫɹ ɨɞɧɨ ɢ ɬɨɥɶɤɨ ɨɞɧɨ ɢɡ ɭɫɥɨɜɢɣ: 

ɚ = b ɢɥɢ <a, b>  ρ ɢɥɢ <b, a>  ρ. 
Ƚɨɜɨɪɹɬ ɬɚɤɠɟ, ɱɬɨ ɜ ɷɬɨɦ ɫɥɭɱɚɟ ɨɬɧɨɲɟɧɢɟ ρ ɨɛɥɚɞɚɟɬ ɫɜɨɣɫɬɜɨɦ ɫɜɹɡɧɨɫɬɢ. 
ȿɫɥɢ ɛɢɧɚɪɧɨɟ ɨɬɧɨɲɟɧɢɟ  ɡɚɞɚɧɨ ɧɚ ɤɨɧɟɱɧɨɦ ɦɧɨɠɟɫɬɜɟ, ɬɨ ɟɝɨ ɧɚɝɥɹɞɧɨ 

ɦɨɠɧɨ ɢɡɨɛɪɚɡɢɬɶ ɫ ɩɨɦɨɳɶɸ ɨɪɢɟɧɬɢɪɨɜɚɧɧɨɝɨ ɝɪɚɮɚ. ɉɪɢ ɷɬɨɦ ɷɥɟɦɟɧɬɵ ɫɚɦɨɝɨ 
ɦɧɨɠɟɫɬɜɚ ɢɡɨɛɪɚɠɚɸɬɫɹ ɬɨɱɤɚɦɢ ɧɚ ɩɥɨɫɤɨɫɬɢ.  

ȿɫɥɢ ɩɚɪɚ <a, b>  , ɬɨ ɫɨɨɬɜɟɬɫɬɜɭɸɳɢɟ ɬɨɱɤɢ ɫɨɟɞɢɧɹɸɬɫɹ ɨɪɢɟɧɬɢɪɨɜɚɧɧɵɦ 
ɪɟɛɪɨɦ ɨɬ a ɤ b. 

Ɍɚɤɠɟ ɦɨɠɧɨ ɩɨɫɬɪɨɢɬɶ ɝɪɚɮɢɤ ɛɢɧɚɪɧɨɝɨ ɨɬɧɨɲɟɧɢɹ. Ⱦɥɹ ɷɬɨɝɨ ɩɨ ɨɫɹɦ 
ɚɛɫɰɢɫɫ ɢ ɨɪɞɢɧɚɬ ɨɬɤɥɚɞɵɜɚɸɬɫɹ ɷɥɟɦɟɧɬɵ ɦɧɨɠɟɫɬɜɚ, ɚ ɧɚ ɤɨɨɪɞɢɧɚɬɧɨɣ ɩɥɨɫɤɨɫɬɢ 
ɫɬɪɨɹɬɫɹ ɬɨɱɤɢ, ɤɨɨɪɞɢɧɚɬɵ ɤɨɬɨɪɵɯ ɫɨɨɬɜɟɬɫɬɜɭɸɬ ɷɥɟɦɟɧɬɚɦ ɛɢɧɚɪɧɨɝɨ ɨɬɧɨɲɟɧɢɹ. 

ȼɟɪɧɨ ɢ ɨɛɪɚɬɧɨɟ. Ʌɸɛɨɣ ɨɪɢɟɧɬɢɪɨɜɚɧɧɵɣ ɝɪɚɮ, ɚ ɬɚɤɠɟ ɝɪɚɮɢɤ ɦɨɠɧɨ 
ɪɚɫɫɦɚɬɪɢɜɚɬɶ ɤɚɤ ɝɪɚɮ ɢɥɢ ɝɪɚɮɢɤ ɛɢɧɚɪɧɨɝɨ ɨɬɧɨɲɟɧɢɹ ɢ ɨɩɪɟɞɟɥɹɬɶ ɩɨ ɧɢɦ ɟɝɨ 
ɫɜɨɣɫɬɜɚ. 

ɉɊɂɆȿɊ 1. ɉɭɫɬɶ Ⱥ = {1, 2, 4, 6}.  
Ɍɨɝɞɚ ɞɟɤɚɪɬɨɜ ɤɜɚɞɪɚɬ ɦɧɨɠɟɫɬɜɚ Ⱥ ɛɭɞɟɬ ɪɚɜɟɧ:  

A×A = {<1, 1>; <2, 2>; <4, 4>; <6, 6>; <1, 2>; <2, 1>; <1, 4>; <4, 1>; 
<1, 6>; <6, 1>; <2, 4>; <4, 2>; <2, 6>; <6, 2>; <4, 6>; <6, 2>}. 

ɋɥɟɞɭɸɳɟɟ ɩɨɞɦɧɨɠɟɫɬɜɨ ρ ɦɧɨɠɟɫɬɜɚ A×A ɹɜɥɹɟɬɫɹ, ɫɨɝɥɚɫɧɨ ɨɩɪɟɞɟɥɟɧɢɸ, 
ɛɢɧɚɪɧɵɦ ɨɬɧɨɲɟɧɢɟɦ, ɡɚɞɚɧɧɵɦ ɧɚ ɦɧɨɠɟɫɬɜɟ Ⱥ: 

ρ = {<2, 2>; <4, 4>; <1, 2>; <2, 1>; <1, 4>; <6, 2>; <4, 6>}. 
Ⱦɚɧɧɨɟ ɨɬɧɨɲɟɧɢɟ ɧɟ ɨɛɥɚɞɚɟɬ ɫɜɨɣɫɬɜɨɦ ɪɟɮɥɟɤɫɢɜɧɨɫɬɢ, ɬɚɤ ɤɚɤ, ɧɚɩɪɢɦɟɪ, 

ɩɚɪɚ <1, 1> ɟɦɭ ɧɟ ɩɪɢɧɚɞɥɟɠɢɬ.  
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ɋ ɞɪɭɝɨɣ ɫɬɨɪɨɧɵ, ɨɧɨ ɧɟ ɨɛɥɚɞɚɟɬ ɢ ɫɜɨɣɫɬɜɨɦ ɚɧɬɢɪɟɮɥɟɤɫɢɜɧɨɫɬɢ, ɩɨɫɤɨɥɶɤɭ 
ɨɧɨ ɫɨɞɟɪɠɢɬ ɩɚɪɵ <2, 2> ɢ <4, 4>. 

Ɉɬɧɨɲɟɧɢɟ ρ ɧɟ ɫɢɦɦɟɬɪɢɱɧɨ, ɯɨɬɹ ɛɵ ɭɠɟ ɩɨɬɨɦɭ, ɱɬɨ ɨɧɨ ɫɨɞɟɪɠɢɬ ɩɚɪɭ <1, 
4>, ɧɨ ɧɟ ɫɨɞɟɪɠɢɬ ɩɚɪɵ <4, 1>. Ɉɞɧɚɤɨ, ɨɧɨ ɧɟ ɛɭɞɟɬ ɬɚɤɠɟ ɹɜɥɹɬɶɫɹ ɧɢ 
ɚɧɬɢɫɢɦɦɟɬɪɢɱɧɵɦ, ɧɢ ɚɫɢɦɦɟɬɪɢɱɧɵɦ, ɩɨɫɤɨɥɶɤɭ ɟɦɭ ɨɞɧɨɜɪɟɦɟɧɧɨ ɩɪɢɧɚɞɥɟɠɚɬ 
ɩɚɪɵ ɷɥɟɦɟɧɬɨɜ <1, 2> ɢ <2, 1>, ɩɪɢɱɟɦ 2  1. 

Ɉɬɧɨɲɟɧɢɟ ρ ɧɟ ɨɛɥɚɞɚɟɬ ɬɚɤɠɟ ɫɜɨɣɫɬɜɨɦ ɬɪɚɧɡɢɬɢɜɧɨɫɬɢ, ɬɚɤ ɤɚɤ, ɯɨɬɹ ɩɚɪɵ 
<1, 4> ɢ <4, 6> ɟɦɭ ɩɪɢɧɚɞɥɟɠɚɬ, ɩɚɪɚ <1, 6> ɨɬɧɨɲɟɧɢɸ ρ ɧɟ ɩɪɢɧɚɞɥɟɠɢɬ. 

ɉɨɫɬɪɨɢɦ ɝɪɚɮ ɢ ɝɪɚɮɢɤ ɷɬɨɝɨ ɛɢɧɚɪɧɨɝɨ ɨɬɧɨɲɟɧɢɹ: 

 
Ƚɪɚɮ ɨɬɧɨɲɟɧɢɹ  

 

 
Ƚɪɚɮɢɤ ɨɬɧɨɲɟɧɢɹ  

ɁȺɆȿɑȺɇɂə. 1. ɂɡ ɨɩɪɟɞɟɥɟɧɢɣ ɫɥɟɞɭɟɬ, ɱɬɨ ɧɢ ɨɞɧɨ ɛɢɧɚɪɧɨɟ ɨɬɧɨɲɟɧɢɟ ɧɟ 
ɦɨɠɟɬ ɨɛɥɚɞɚɬɶ ɨɞɧɨɜɪɟɦɟɧɧɨ ɫɜɨɣɫɬɜɚɦɢ ɪɟɮɥɟɤɫɢɜɧɨɫɬɢ ɢ ɚɧɬɢɪɟɮɥɟɤɫɢɜɧɨɫɬɢ ɢɥɢ 
ɫɜɨɣɫɬɜɚɦɢ ɫɢɦɦɟɬɪɢɱɧɨɫɬɢ ɢ ɚɧɬɢɫɢɦɦɟɬɪɢɱɧɨɫɬɢ (ɚɫɢɦɦɟɬɪɢɱɧɨɫɬɢ). ȼ ɬɨ ɠɟ ɜɪɟɦɹ 
ɢɡ ɩɪɢɦɟɪɚ ɫɥɟɞɭɟɬ, ɱɬɨ ɧɟɤɨɬɨɪɵɟ ɛɢɧɚɪɧɵɟ ɨɬɧɨɲɟɧɢɹ ɦɨɝɭɬ ɜɨɨɛɳɟ ɧɟ ɨɛɥɚɞɚɬɶ ɧɢ 
ɨɞɧɢɦ ɢɡ ɫɜɨɣɫɬɜ ɫɨɨɬɜɟɬɫɬɜɭɸɳɟɣ ɩɚɪɵ. 

2. ɉɪɢɦɟɪɚɦɢ ɨɬɧɨɲɟɧɢɹ ɷɤɜɢɜɚɥɟɧɬɧɨɫɬɢ ɦɨɝɭɬ ɫɥɭɠɢɬɶ: 
 ɨɬɧɨɲɟɧɢɟ ɪɚɜɟɧɫɬɜɚ « = » ɧɚ ɥɸɛɨɦ ɱɢɫɥɨɜɨɦ ɦɧɨɠɟɫɬɜɟ; 
 ɨɬɧɨɲɟɧɢɟ ɩɚɪɚɥɥɟɥɶɧɨɫɬɢ «║» ɧɚ ɦɧɨɠɟɫɬɜɟ ɜɫɟɯ ɩɪɹɦɵɯ ɩɥɨɫɤɨɫɬɢ; 

 ɨɬɧɨɲɟɧɢɟ ρ ɧɚ ɦɧɨɠɟɫɬɜɟ ɜɫɟɯ ɫɥɨɜ ɪɭɫɫɤɨɝɨ ɚɥɮɚɜɢɬɚ, ɟɫɥɢ ɞɜɚ ɫɥɨɜɚ u ɢ v 
ɧɚɯɨɞɹɬɫɹ ɜ ɨɬɧɨɲɟɧɢɢ ρ ɬɨɝɞɚ ɢ ɬɨɥɶɤɨ ɬɨɝɞɚ, ɤɨɝɞɚ ɨɧɢ ɧɚɱɢɧɚɸɬɫɹ ɫ ɨɞɧɨɣ ɢ ɬɨɣ ɠɟ 
ɛɭɤɜɵ, ɩɨɫɤɨɥɶɤɭ ɤɚɠɞɨɟ ɢɡ ɷɬɢɯ ɨɬɧɨɲɟɧɢɣ, ɨɱɟɜɢɞɧɨ, ɨɛɥɚɞɚɟɬ ɫɜɨɣɫɬɜɚɦɢ 
ɪɟɮɥɟɤɫɢɜɧɨɫɬɢ, ɫɢɦɦɟɬɪɢɱɧɨɫɬɢ ɢ ɬɪɚɧɡɢɬɢɜɧɨɫɬɢ. 

3. ɉɪɢɦɟɪɚɦɢ ɨɬɧɨɲɟɧɢɹ ɩɨɪɹɞɤɚ ɦɨɝɭɬ ɫɥɭɠɢɬɶ: 
 ɨɬɧɨɲɟɧɢɹ ɫɪɚɜɧɟɧɢɹ ɩɨ ɜɟɥɢɱɢɧɟ « < » ɢ « > » ɧɚ ɦɧɨɠɟɫɬɜɟ ɰɟɥɵɯ ɱɢɫɟɥ; 
 ɨɬɧɨɲɟɧɢɟ ɞɟɥɢɦɨɫɬɢ ɧɚɰɟɥɨ « : » ɧɚ ɦɧɨɠɟɫɬɜɟ ɧɚɬɭɪɚɥɶɧɵɯ ɱɢɫɟɥ. 
ɉɪɢ ɷɬɨɦ ɩɟɪɜɵɟ ɞɜɚ ɨɬɧɨɲɟɧɢɹ ɟɫɬɶ ɨɬɧɨɲɟɧɢɹ ɫɬɪɨɝɨɝɨ ɥɢɧɟɣɧɨɝɨ ɩɨɪɹɞɤɚ, 

ɩɨɫɤɨɥɶɤɭ ɨɧɢ ɨɛɥɚɞɚɸɬ ɫɜɨɣɫɬɜɨɦ ɚɧɬɢɪɟɮɥɟɤɫɢɜɧɨɫɬɢ ɢ ɫɜɹɡɧɨɫɬɢ (ɧɢ ɨɞɧɨ ɰɟɥɨɟ 
ɱɢɫɥɨ ɧɟ ɦɨɠɟɬ ɛɵɬɶ ɫɬɪɨɝɨ ɛɨɥɶɲɟ ɢɥɢ ɦɟɧɶɲɟ ɫɚɦɨɝɨ ɫɟɛɹ ɢ ɢɡ ɞɜɭɯ ɪɚɡɥɢɱɧɵɯ 
ɰɟɥɵɯ ɱɢɫɟɥ ɨɞɧɨ ɨɛɹɡɚɬɟɥɶɧɨ ɛɨɥɶɲɟ ɥɢɛɨ ɦɟɧɶɲɟ ɞɪɭɝɨɝɨ), ɚ ɩɨɫɥɟɞɧɟɟ – 
ɧɟɫɬɪɨɝɨɝɨ ɧɟɥɢɧɟɣɧɨɝɨ ɩɨɪɹɞɤɚ, ɬɚɤ ɤɚɤ ɨɧɨ, ɧɚɩɪɨɬɢɜ, ɪɟɮɥɟɤɫɢɜɧɨ ɢ ɧɟɫɜɹɡɧɨ 
(ɤɚɠɞɨɟ ɧɚɬɭɪɚɥɶɧɨɟ ɱɢɫɥɨ ɞɟɥɢɬɫɹ ɫɚɦɨ ɧɚ ɫɟɛɹ ɢ ɞɥɹ ɞɜɭɯ ɪɚɡɥɢɱɧɵɯ ɧɚɬɭɪɚɥɶɧɵɯ 
ɱɢɫɟɥ ɧɟ ɨɛɹɡɚɬɟɥɶɧɨ ɨɞɧɨ ɞɟɥɢɬɫɹ ɧɚ ɞɪɭɝɨɟ ɧɚɰɟɥɨ). 
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3. ɋɜɹɡɶ ɨɬɧɨɲɟɧɢɣ ɷɤɜɢɜɚɥɟɧɬɧɨɫɬɢ ɫ ɪɚɡɛɢɟɧɢɹɦɢ ɦɧɨɠɟɫɬɜɚ 
ɈɉɊȿȾȿɅȿɇɂȿ. Ƚɨɜɨɪɹɬ, ɱɬɨ ɧɚɛɨɪ ɩɨɞɦɧɨɠɟɫɬɜ ɦɧɨɠɟɫɬɜɚ Ⱥ ɨɛɪɚɡɭɟɬ 

ɪɚɡɛɢɟɧɢɟ ɷɬɨɝɨ ɦɧɨɠɟɫɬɜɚ, ɟɫɥɢ ɜɵɩɨɥɧɹɸɬɫɹ ɫɥɟɞɭɸɳɢɟ ɭɫɥɨɜɢɹ: 
1) ɯɨɬɹ ɛɵ ɨɞɧɨ ɢɡ ɩɨɞɦɧɨɠɟɫɬɜ ɧɟɩɭɫɬɨ, 
2) ɧɢɤɚɤɢɟ ɞɜɚ ɩɨɞɦɧɨɠɟɫɬɜɚ ɧɟ ɩɟɪɟɫɟɤɚɸɬɫɹ, 
3) ɨɛɴɟɞɢɧɟɧɢɟ ɜɫɟɯ ɩɨɞɦɧɨɠɟɫɬɜ ɫɨɜɩɚɞɚɟɬ ɫ ɦɧɨɠɟɫɬɜɨɦ Ⱥ. 
ɉɨɞɦɧɨɠɟɫɬɜɚ ɧɚɡɵɜɚɸɬɫɹ ɜ ɷɬɨɦ ɫɥɭɱɚɟ ɤɥɚɫɫɚɦɢ ɪɚɡɛɢɟɧɢɹ. 
Ɇɧɨɠɟɫɬɜɨ Ɩ , ɷɥɟɦɟɧɬɚɦɢ ɤɨɬɨɪɨɝɨ ɹɜɥɹɸɬɫɹ ɤɥɚɫɫɵ ɞɚɧɧɨɝɨ ɪɚɡɛɢɟɧɢɹ, 

ɧɚɡɵɜɚɸɬ ɮɚɤɬɨɪ-ɦɧɨɠɟɫɬɜɨɦ ɦɧɨɠɟɫɬɜɚ Ⱥ ɩɨ ɞɚɧɧɨɦɭ ɪɚɡɛɢɟɧɢɸ. 
ɋɭɳɟɫɬɜɭɟɬ ɫɚɦɚɹ ɬɟɫɧɚɹ ɫɜɹɡɶ ɦɟɠɞɭ ɪɚɡɛɢɟɧɢɹɦɢ ɧɟɤɨɬɨɪɨɝɨ ɦɧɨɠɟɫɬɜɚ ɢ 

ɨɬɧɨɲɟɧɢɹɦɢ ɷɤɜɢɜɚɥɟɧɬɧɨɫɬɢ, ɤɨɬɨɪɵɟ ɦɨɠɧɨ ɧɚ ɞɚɧɧɨɦ ɦɧɨɠɟɫɬɜɟ ɩɨɫɬɪɨɢɬɶ.  
ɌȿɈɊȿɆȺ. ɉɨ ɤɚɠɞɨɦɭ ɨɬɧɨɲɟɧɢɸ ɷɤɜɢɜɚɥɟɧɬɧɨɫɬɢ, ɡɚɞɚɧɧɨɦɭ ɧɚ 

ɦɧɨɠɟɫɬɜɟ Ⱥ, ɦɨɠɧɨ ɩɨɫɬɪɨɢɬɶ ɧɟɤɨɬɨɪɨɟ ɪɚɡɛɢɟɧɢɟ ɷɬɨɝɨ ɦɧɨɠɟɫɬɜɚ. ɂ ɨɛɪɚɬɧɨ, 
ɤɚɠɞɨɦɭ ɪɚɡɛɢɟɧɢɸ ɦɧɨɠɟɫɬɜɚ Ⱥ ɫɨɨɬɜɟɬɫɬɜɭɟɬ ɧɟɤɨɬɨɪɨɟ ɨɬɧɨɲɟɧɢɟ 
ɷɤɜɢɜɚɥɟɧɬɧɨɫɬɢ. 

ɁȺɆȿɑȺɇɂə 
1. ɋɥɟɞɫɬɜɢɟɦ ɷɬɨɣ ɬɟɨɪɟɦɵ, ɤɨɬɨɪɨɟ ɢɦɟɟɬ ɩɪɚɤɬɢɱɟɫɤɨɟ ɡɧɚɱɟɧɢɟ, ɹɜɥɹɟɬɫɹ 

ɬɨɬ ɮɚɤɬ, ɱɬɨ ɫɭɳɟɫɬɜɭɟɬ ɜɡɚɢɦɧɨ-ɨɞɧɨɡɧɚɱɧɨɟ ɫɨɨɬɜɟɬɫɬɜɢɟ ɦɟɠɞɭ ɦɧɨɠɟɫɬɜɨɦ ɜɫɟɯ 
ɪɚɡɥɢɱɧɵɯ ɪɚɡɛɢɟɧɢɣ ɦɧɨɠɟɫɬɜɚ Ⱥ ɢ ɦɧɨɠɟɫɬɜɨɦ ɜɫɟɯ ɪɚɡɥɢɱɧɵɯ ɨɬɧɨɲɟɧɢɣ 
ɷɤɜɢɜɚɥɟɧɬɧɨɫɬɢ, ɤɨɬɨɪɵɟ ɦɨɠɧɨ ɡɚɞɚɬɶ ɧɚ ɷɬɨɦ ɦɧɨɠɟɫɬɜɟ. Ɍɚɤɢɦ ɨɛɪɚɡɨɦ, 
ɪɚɡɥɢɱɧɵɯ ɨɬɧɨɲɟɧɢɣ ɷɤɜɢɜɚɥɟɧɬɧɨɫɬɢ ɧɚ ɞɚɧɧɨɦ ɦɧɨɠɟɫɬɜɟ ɛɭɞɟɬ ɪɨɜɧɨ «ɫɬɨɥɶɤɨ», 
«ɫɤɨɥɶɤɨ» ɪɚɡɥɢɱɧɵɯ ɪɚɡɛɢɟɧɢɣ ɷɬɨɝɨ ɦɧɨɠɟɫɬɜɚ ɦɨɠɧɨ ɩɨɫɬɪɨɢɬɶ. 

2. ɉɭɫɬɶ ɞɚɧɨ ɪɚɡɛɢɟɧɢɟ ɦɧɨɠɟɫɬɜɚ Ⱥ ɢ ɫɨɨɬɜɟɬɫɬɜɭɸɳɟɟ ɟɦɭ ɨɬɧɨɲɟɧɢɟ 
ɷɤɜɢɜɚɥɟɧɬɧɨɫɬɢ ρ. Ɍɨɝɞɚ ɮɚɤɬɨɪ-ɦɧɨɠɟɫɬɜɨ ɩɨ ɞɚɧɧɨɦɭ ɪɚɡɛɢɟɧɢɸ ɧɚɡɵɜɚɸɬ ɬɚɤɠɟ 
ɮɚɤɬɨɪ-ɦɧɨɠɟɫɬɜɨɦ ɩɨ ɨɬɧɨɲɟɧɢɸ ɷɤɜɢɜɚɥɟɧɬɧɨɫɬɢ ρ ɢ ɨɛɨɡɧɚɱɚɸɬ Ⱥ/ρ . 

ɉɊɂɆȿɊ 2. 
1. ɉɭɫɬɶ ɞɚɧɨ ɦɧɨɠɟɫɬɜɨ Ⱥ = {a, b, c, d} ɢ ɨɬɧɨɲɟɧɢɟ ɷɤɜɢɜɚɥɟɧɬɧɨɫɬɢ ɧɚ ɧɟɦ:  

ρ = {<a, a>; <d, d>; <a, d>; <d, a>; <c, c>; <b, b>}. 
ɑɬɨɛɵ ɩɨɫɬɪɨɢɬɶ ɩɨ ɨɬɧɨɲɟɧɢɸ ρ ɪɚɡɛɢɟɧɢɟ ɷɬɨɝɨ ɦɧɨɠɟɫɬɜɚ, ɞɨɫɬɚɬɨɱɧɨ ɜ ɨɞɢɧ 

ɤɥɚɫɫ ɪɚɡɛɢɟɧɢɹ ɩɨɦɟɫɬɢɬɶ ɬɟ ɢ ɬɨɥɶɤɨ ɬɟ ɷɥɟɦɟɧɬɵ ɦɧɨɠɟɫɬɜɚ Ⱥ, ɤɨɬɨɪɵɟ ɧɚɯɨɞɹɬɫɹ ɜ 
ɨɬɧɨɲɟɧɢɢ ρ: 

A = {a, d}; A = {c}; A = {b}. 
2. ɉɭɫɬɶ ɞɚɧɨ ɦɧɨɠɟɫɬɜɨ Ⱥ = {a, b, c, d}, ɧɚ ɤɨɬɨɪɨɦ ɡɚɞɚɧɨ ɪɚɡɛɢɟɧɢɟ: 

A = {a}; A = {b, c}; A = {d}. 
ɑɬɨɛɵ ɩɨɫɬɪɨɢɬɶ ɩɨ ɞɚɧɧɨɦɭ ɪɚɡɛɢɟɧɢɸ ɫɨɨɬɜɟɬɫɬɜɭɸɳɟɟ ɟɦɭ ɨɬɧɨɲɟɧɢɟ 

ɷɤɜɢɜɚɥɟɧɬɧɨɫɬɢ, ɞɨɫɬɚɬɨɱɧɨ ɨɬɧɟɫɬɢ ɤ ɷɬɨɦɭ ɨɬɧɨɲɟɧɢɸ ɬɟ ɢ ɬɨɥɶɤɨ ɬɟ ɩɚɪɵ 
ɷɥɟɦɟɧɬɨɜ, ɤɨɬɨɪɵɟ ɩɪɢɧɚɞɥɟɠɚɬ ɨɞɧɨɦɭ ɤɥɚɫɫɭ ɪɚɡɛɢɟɧɢɹ: ρ = {<a, a>; <b, b>; <c, c>; 
<.b, c>; <c, b>; <d, d>}. 

ɉɊɂɆȿɊ 3. Ɂɚɞɚɞɢɦ ɧɚ ɦɧɨɠɟɫɬɜɟ Z ɨɬɧɨɲɟɧɢɟ ≡ ɩɨ ɫɥɟɞɭɸɳɟɦɭ ɩɪɚɜɢɥɭ: 
b ≡ a (mod m) => b – a = m·q, q, m  Z, m > (1). 

Ƚɨɜɨɪɹɬ, ɱɬɨ ɚ ɫɪɚɜɧɢɦɨ ɫ b ɩɨ ɦɨɞɭɥɸ m. 
Ɉɱɟɜɢɞɧɨ, ɱɬɨ ɷɬɨ ɨɬɧɨɲɟɧɢɟ ɟɫɬɶ ɨɬɧɨɲɟɧɢɟ ɷɤɜɢɜɚɥɟɧɬɧɨɫɬɢ, ɬɚɤ ɤɚɤ ɨɧɨ 

ɪɟɮɥɟɤɫɢɜɧɨ, ɫɢɦɦɟɬɪɢɱɧɨ ɢ ɬɪɚɧɡɢɬɢɜɧɨ. Ɍɚɤɠɟ ɨɱɟɜɢɞɧɨ, ɱɬɨ ɱɢɫɥɚ ɚ ɢ b ɫɪɚɜɧɢɦɵ 
ɩɨ mod m ɬɨɝɞɚ ɢ ɬɨɥɶɤɨ ɬɨɝɞɚ, ɤɨɝɞɚ ɨɧɢ ɞɚɸɬ ɩɪɢ ɞɟɥɟɧɢɢ ɧɚ m ɨɞɢɧɚɤɨɜɵɟ ɨɫɬɚɬɤɢ. 

Ʉɥɚɫɫɚɦɢ ɪɚɡɛɢɟɧɢɹ ɩɨ ɞɚɧɧɨɦɭ ɨɬɧɨɲɟɧɢɸ   ɹɜɥɹɸɬɫɹ ɦɧɨɠɟɫɬɜɚ ɜɢɞɚ: 
{a+m·q | q - ɰɟɥɨɟ} = {…,-3m+a, -2m+a, -m+a, a, m+a, 2m+a, 3m+a,…}, 

ɤɨɬɨɪɵɟ ɨɛɨɡɧɚɱɚɸɬɫɹ ɱɟɪɟɡ a+mZ ɢɥɢ ɩɪɨɫɬɨ Ɨ ɢ ɧɚɡɵɜɚɸɬɫɹ ɤɥɚɫɫɚɦɢ 
ɜɵɱɟɬɨɜ ɢɥɢ ɩɪɨɫɬɨ ɜɵɱɟɬɚɦɢ. 

Ɏɚɤɬɨɪ-ɦɧɨɠɟɫɬɜɨ Z/ ≡ ɨɛɨɡɧɚɱɚɟɬɫɹ ɨɛɵɱɧɨ ɱɟɪɟɡ Zm ɢ ɧɚɡɵɜɚɟɬɫɹ 
ɦɧɨɠɟɫɬɜɨɦ ɜɵɱɟɬɨɜ ɢɥɢ ɦɧɨɠɟɫɬɜɨɦ ɰɟɥɵɯ ɱɢɫɟɥ ɩɨ ɦɨɞɭɥɸ m. 

ɁȺɆȿɑȺɇɂȿ. Ʉɚɠɞɵɣ ɤɥɚɫɫ ɪɚɡɛɢɟɧɢɹ ɩɨ ɨɬɧɨɲɟɧɢɸ ≡ ɫɨɞɟɪɠɢɬ ɛɟɫɤɨɧɟɱɧɨ 
ɦɧɨɝɨ ɷɥɟɦɟɧɬɨɜ. ɋɚɦɨ ɦɧɨɠɟɫɬɜɨ ɤɥɚɫɫɨɜ ɷɤɜɢɜɚɥɟɧɬɧɨɫɬɢ ɫɨɞɟɪɠɢɬ ɪɨɜɧɨ m 
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ɷɥɟɦɟɧɬɨɜ. Ɉɛɵɱɧɨ ɢɡ ɤɚɠɞɨɝɨ ɤɥɚɫɫɚ ɷɤɜɢɜɚɥɟɧɬɧɨɫɬɢ ɜɵɛɢɪɚɸɬ ɩɪɟɞɫɬɚɜɢɬɟɥɹ – 

ɧɟɨɬɪɢɰɚɬɟɥɶɧɨɟ ɱɢɫɥɨ, ɤɨɬɨɪɨɟ ɩɪɢ ɞɟɥɟɧɢɢ ɧɚ m ɞɚɟɬ ɨɫɬɚɬɨɤ r, ɝɞɟ 0  r < m. 
3. ɉɨɧɹɬɢɟ ɢ ɫɜɨɣɫɬɜɚ ɛɢɧɚɪɧɨɣ ɚɥɝɟɛɪɚɢɱɟɫɤɨɣ ɨɩɟɪɚɰɢɢ 
Ɉɬɨɛɪɚɠɟɧɢɹ ɢɥɢ ɮɭɧɤɰɢɢ 
ɈɉɊȿȾȿɅȿɇɂȿ. Ȼɢɧɚɪɧɨɟ ɨɬɧɨɲɟɧɢɟ ƒ, ɡɚɞɚɧɧɨɟ ɧɚ ɩɚɪɟ ɦɧɨɠɟɫɬɜ A ɢ B, 

ɧɚɡɵɜɚɟɬɫɹ ɨɬɨɛɪɚɠɟɧɢɟɦ ɢɥɢ ɮɭɧɤɰɢɟɣ ɢɡ A ɜ B, ɟɫɥɢ ɜɵɩɨɥɧɹɸɬɫɹ ɭɫɥɨɜɢɹ: 
1) ɞɥɹ ɥɸɛɨɝɨ ɷɥɟɦɟɧɬɚ ɚ  Ⱥ ɧɚɣɞɟɬɫɹ ɬɚɤɨɣ ɷɥɟɦɟɧɬ b  B, ɱɬɨ ɩɚɪɚ <a, b>  ƒ; 

2) ɞɥɹ ɥɸɛɨɝɨ ɷɥɟɦɟɧɬɚ ɚ  Ⱥ ɢ ɥɸɛɵɯ ɷɥɟɦɟɧɬɨɜ b, c  B ɢɡ ɬɨɝɨ, ɱɬɨ ɩɚɪɵ <a, 
b> ɢ <a, c> ɨɞɧɨɜɪɟɦɟɧɧɨ ɩɪɢɧɚɞɥɟɠɚɬ ɨɬɧɨɲɟɧɢɸ ƒ, ɫɥɟɞɭɟɬ, ɱɬɨ b = c. 

ȿɫɥɢ ɩɚɪɚ <a, b> ɩɪɢɧɚɞɥɟɠɢɬ ɨɬɧɨɲɟɧɢɸ ƒ, ɬɨ ɩɟɪɜɵɣ ɷɥɟɦɟɧɬ ɩɚɪɵ ɧɚɡɵɜɚɸɬ 
ɩɪɨɨɛɪɚɡɨɦ ɜɬɨɪɨɝɨ, ɚ ɜɬɨɪɨɣ – ɨɛɪɚɡɨɦ ɩɟɪɜɨɝɨ. 

ɁȺɆȿɑȺɇɂȿ. ɍɱɢɬɵɜɚɹ ɩɨɫɥɟɞɧɟɟ, ɨɩɪɟɞɟɥɟɧɢɟ ɤɨɪɨɱɟ ɦɨɠɧɨ ɫɮɨɪɦɭɥɢɪɨɜɚɬɶ 
ɫɥɟɞɭɸɳɢɦ ɨɛɪɚɡɨɦ: 

Ȼɢɧɚɪɧɨɟ ɨɬɧɨɲɟɧɢɟ ƒ, ɡɚɞɚɧɧɨɟ ɧɚ ɩɚɪɟ ɦɧɨɠɟɫɬɜ A ɢ B, ɧɚɡɵɜɚɟɬɫɹ 
ɨɬɨɛɪɚɠɟɧɢɟɦ ɢɥɢ ɮɭɧɤɰɢɟɣ ɢɡ A ɜ B, ɟɫɥɢ ɤɚɠɞɵɣ ɷɥɟɦɟɧɬ ɦɧɨɠɟɫɬɜɚ Ⱥ ɢɦɟɟɬ 
ɟɞɢɧɫɬɜɟɧɧɵɣ ɨɛɪɚɡ ɜ ɦɧɨɠɟɫɬɜɟ ȼ. 

Ɉɛɨɡɧɚɱɟɧɢɟ. ȿɫɥɢ ƒ ɟɫɬɶ ɨɬɨɛɪɚɠɟɧɢɟ ɢɡ A ɜ B ɢ ɩɚɪɚ <a, b>  ƒ, ɬɨ ɷɬɨ 
ɡɚɩɢɫɵɜɚɸɬ ɤɚɤ ƒ(ɚ) = b. 

ɈɉɊȿȾȿɅȿɇɂȿ. Ɉɬɨɛɪɚɠɟɧɢɟ ƒ ɢɡ A ɜ B ɧɚɡɵɜɚɟɬɫɹ ɢɧɴɟɤɬɢɜɧɵɦ (ɢɥɢ 
ɢɧɴɟɤɰɢɟɣ), ɟɫɥɢ ɞɥɹ ɥɸɛɵɯ ɷɥɟɦɟɧɬɨɜ a , b  Ⱥ ɜɵɩɨɥɧɹɟɬɫɹ ɭɫɥɨɜɢɟ: 

ƒ(a) = ƒ(b) => a = b. 
Ɉɬɨɛɪɚɠɟɧɢɟ ƒ ɢɡ A ɜ B ɧɚɡɵɜɚɟɬɫɹ ɫɸɪɴɟɤɬɢɜɧɵɦ (ɢɥɢ ɫɸɪɴɟɤɰɢɟɣ, ɢɥɢ 

ɨɬɨɛɪɚɠɟɧɢɟɦ «ɧɚ»), ɟɫɥɢ ɞɥɹ ɜɫɹɤɨɝɨ ɷɥɟɦɟɧɬɚ b  B ɧɚɣɞɟɬɫɹ ɬɚɤɨɣ ɷɥɟɦɟɧɬ a  A, 
ɞɥɹ ɤɨɬɨɪɨɝɨ ƒ(ɚ) = b (ɤɚɠɞɵɣ ɨɛɪɚɡ ɢɦɟɟɬ ɩɪɨɨɛɪɚɡ ɜ ɦɧɨɠɟɫɬɜɟ Ⱥ). 

Ɉɬɨɛɪɚɠɟɧɢɟ ƒ ɢɡ A ɧɚ B ɧɚɡɵɜɚɟɬɫɹ ɛɢɟɤɬɢɜɧɵɦ (ɢɥɢ ɛɢɟɤɰɢɟɣ ɢɥɢ ɜɡɚɢɦɧɨ-
ɨɞɧɨɡɧɚɱɧɵɦ, ɟɫɥɢ ɨɧɨ ɢɧɴɟɤɬɢɜɧɨ ɢ ɫɸɪɴɟɤɬɢɜɧɨ ɨɞɧɨɜɪɟɦɟɧɧɨ. 

ɉɊɂɆȿɊ 1. 

1. ɉɭɫɬɶ ƒ = {<x, y>  R  × R / x = y²}. Ⱦɚɧɧɨɟ ɨɬɧɨɲɟɧɢɟ ɨɬɨɛɪɚɠɟɧɢɟɦ ɧɟ 
ɹɜɥɹɟɬɫɹ, ɬɚɤ ɤɚɤ ɧɟ ɜɵɩɨɥɧɟɧɨ ɜɬɨɪɨɟ ɭɫɥɨɜɢɟ ɢɡ ɨɩɪɟɞɟɥɟɧɢɹ 8. ɇɚɩɪɢɦɟɪ, ɞɥɹ x = 4 

ɢɦɟɟɦ y = 4  = 2 ɢ y 1  = - 4  = -2. Ɍɚɤɢɦ ɨɛɪɚɡɨɦ, ɩɚɪɵ <4, 2> ɢ <4, -2> ɨɞɧɨɜɪɟɦɟɧɧɨ 
ɩɪɢɧɚɞɥɟɠɚɬ ɨɬɧɨɲɟɧɢɸ ƒ, ɯɨɬɹ 2 ≠ -2. 

2. ɉɭɫɬɶ ƒ = {<x, y>  R × R / x² = y}. Ɉɱɟɜɢɞɧɨ, ɱɬɨ ɜ ɷɬɨɦ ɫɥɭɱɚɟ ɤɚɠɞɨɟ 
ɞɟɣɫɬɜɢɬɟɥɶɧɨɟ ɱɢɫɥɨ x ɢɦɟɟɬ ɟɞɢɧɫɬɜɟɧɧɵɣ ɨɛɪɚɡ ɜ ɦɧɨɠɟɫɬɜɟ R, ɢ ɩɨɬɨɦɭ ƒ 
ɹɜɥɹɟɬɫɹ ɨɬɨɛɪɚɠɟɧɢɟɦ. 

Ɉɞɧɚɤɨ ɢɡ ɬɨɝɨ, ɱɬɨ ƒ(2) = ƒ(-2) = 4, ɧɟ ɫɥɟɞɭɟɬ, ɱɬɨ 2 = -2, ɩɨɬɨɦɭ ƒ ɧɟ 
ɢɧɴɟɤɬɢɜɧɨ.  

Ʉɪɨɦɟ ɬɨɝɨ, ɟɫɥɢ y < 0, ɬɨ ɧɟɥɶɡɹ ɧɚɣɬɢ ɧɢ ɨɞɧɨɝɨ ɷɥɟɦɟɧɬɚ ɯ  R, ɞɥɹ ɤɨɬɨɪɨɝɨ 
ɜɵɩɨɥɧɹɥɨɫɶ ɛɵ ɪɚɜɟɧɫɬɜɨ x² = y. ɋɥɟɞɨɜɚɬɟɥɶɧɨ, ɨɬɨɛɪɚɠɟɧɢɟ ƒ ɧɟ ɫɸɪɴɟɤɬɢɜɧɨ. 

3. ɉɭɫɬɶ ƒ = {<x, y>  R × R / y = 2x}. Ɉɱɟɜɢɞɧɨ, ɱɬɨ ɜ ɷɬɨɦ ɫɥɭɱɚɟ ƒ ɬɚɤɠɟ 
ɹɜɥɹɟɬɫɹ ɨɬɨɛɪɚɠɟɧɢɟɦ. Ȼɨɥɟɟ ɬɨɝɨ, ɬɚɤ ɤɚɤ ɞɥɹ ɥɸɛɵɯ ɞɟɣɫɬɜɢɬɟɥɶɧɵɯ ɱɢɫɟɥ x ɢ x 1 : 

ƒ(x) = ƒ(x 1 ) <=> 2x = 2 x 1  <=> x = x 1 ,  

ɬɨ ɨɬɨɛɪɚɠɟɧɢɟ ƒ ɢɧɴɟɤɬɢɜɧɨ, ɚ ɬɚɤ ɤɚɤ ɞɥɹ ɥɸɛɨɝɨ ɞɟɣɫɬɜɢɬɟɥɶɧɨɝɨ ɱɢɫɥɚ y 

ɫɭɳɟɫɬɜɭɟɬ ɬɚɤɨɟ ɱɢɫɥɨ ɯ = 
2

y
, ɱɬɨ: 

ƒ(x) = ƒ(
2

y
) =2*

2

y
 = y, 

ɬɨ ɨɬɨɛɪɚɠɟɧɢɟ ƒ ɫɸɪɴɟɤɬɢɜɧɨ. ɋɥɟɞɨɜɚɬɟɥɶɧɨ, ƒ ɹɜɥɹɟɬɫɹ ɛɢɟɤɰɢɟɣ. 
ɈɉɊȿȾȿɅȿɇɂȿ. ɉɭɫɬɶ ƒ - ɨɬɨɛɪɚɠɟɧɢɟ ɢɡ ɦɧɨɠɟɫɬɜɚ X ɜ ɦɧɨɠɟɫɬɜɨ Y: 

ƒ = {<x, y> / x  X, y  Y}. 
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ɋɨɨɬɜɟɬɫɬɜɢɟ ƒ 1  = {<y, x> / ɝɞɟ <x, y>  ƒ} ɧɚɡɵɜɚɟɬɫɹ ɨɛɪɚɬɧɵɦ ɤ 
ɨɬɨɛɪɚɠɟɧɢɸ ƒ. 

ɌȿɈɊȿɆȺ. ɋɨɨɬɜɟɬɫɬɜɢɟ ƒ 1 , ɨɛɪɚɬɧɨɟ ɤ ɨɬɨɛɪɚɠɟɧɢɸ ƒ, ɫɚɦɨ ɹɜɥɹɟɬɫɹ 
ɨɬɨɛɪɚɠɟɧɢɟɦ ɬɨɝɞɚ ɢ ɬɨɥɶɤɨ ɬɨɝɞɚ, ɤɨɝɞɚ ɨɬɨɛɪɚɠɟɧɢɟ ƒ ɛɢɟɤɬɢɜɧɨ. 
 

Ɍɟɦɚ. Ⱥɥɝɟɛɪɚɢɱɟɫɤɢɟ ɫɢɫɬɟɦɵ 
ɉɥɚɧ 

1. ɉɨɧɹɬɢɟ ɢ ɫɜɨɣɫɬɜɚ ɛɢɧɚɪɧɨɣ ɚɥɝɟɛɪɚɢɱɟɫɤɨɣ ɨɩɟɪɚɰɢɢ.  
2. ɋɬɪɭɤɬɭɪɵ ɫ ɨɞɧɨɣ ɛɢɧɚɪɧɨɣ ɨɩɟɪɚɰɢɟɣ. Ƚɪɭɩɩɵ. ɉɪɨɫɬɟɣɲɢɟ ɫɜɨɣɫɬɜɚ 
ɝɪɭɩɩ. 
3. ɇɨɪɦɚɥɶɧɵɟ ɞɟɥɢɬɟɥɢ. Ʉɨɧɟɱɧɵɟ ɝɪɭɩɩɵ.  
4. ɋɬɪɭɤɬɭɪɵ ɫ ɞɜɭɦɹ ɛɢɧɚɪɧɵɦɢ ɨɩɟɪɚɰɢɹɦɢ. Ʉɨɥɶɰɚ ɢ ɩɨɥɹ. ɉɪɨɫɬɟɣɲɢɟ 
ɫɜɨɣɫɬɜɚ ɤɨɥɟɰ ɢ ɩɨɥɟɣ. 
1. ɉɨɧɹɬɢɟ ɢ ɫɜɨɣɫɬɜɚ ɛɢɧɚɪɧɨɣ ɚɥɝɟɛɪɚɢɱɟɫɤɨɣ ɨɩɟɪɚɰɢɢ.  
ɈɉɊȿȾȿɅȿɇɂȿ. Ȼɢɧɚɪɧɨɣ ɚɥɝɟɛɪɚɢɱɟɫɤɨɣ ɨɩɟɪɚɰɢɟɣ, ɡɚɞɚɧɧɨɣ ɧɚ ɦɧɨɠɟɫɬɜɟ 

Ⱥ, ɧɚɡɵɜɚɟɬɫɹ ɨɬɨɛɪɚɠɟɧɢɟ ƒ: Ⱥ × Ⱥ → Ⱥ, ɤɨɬɨɪɨɟ ɤɚɠɞɨɣ ɩɚɪɟ ɷɥɟɦɟɧɬɨɜ ɢɡ 
ɦɧɨɠɟɫɬɜɚ Ⱥ ɫɬɚɜɢɬ ɜ ɫɨɨɬɜɟɬɫɬɜɢɟ ɧɟɤɨɬɨɪɵɣ ɷɥɟɦɟɧɬ ɷɬɨɝɨ ɠɟ ɦɧɨɠɟɫɬɜɚ: 

( Aba  , ) ( ɫȺ) ƒ: <a, b> → ɫ 

Ɉɛɨɡɧɚɱɟɧɢɟ: a ƒ b = c. Ⱦɥɹ ɨɛɨɡɧɚɱɟɧɢɹ ɛɢɧɚɪɧɵɯ ɨɩɟɪɚɰɢɣ ɨɛɵɱɧɨ ɢɫɩɨɥɶɡɭɸɬ 
ɧɟ ɛɭɤɜɵ, ɚ ɫɩɟɰɢɚɥɶɧɵɟ ɡɧɚɱɤɢ: « +», « * »,«-», « : », « ◦ » ɢ ɬ.ɞ. 

ɁȺɆȿɑȺɇɂȿ 
ɉɨɞɨɛɧɨɟ ɨɩɪɟɞɟɥɟɧɢɟ ɦɨɠɧɨ ɫɮɨɪɦɭɥɢɪɨɜɚɬɶ ɞɥɹ n-ɚɪɧɨɣ ɚɥɝɟɛɪɚɢɱɟɫɤɨɣ 

ɨɩɟɪɚɰɢɢ ɩɪɢ ɥɸɛɨɦ ɤɨɧɟɱɧɨɦ ɧɚɬɭɪɚɥɶɧɨɦ n. Ɉɞɧɚɤɨ ɜ ɚɛɫɬɪɚɤɬɧɨɣ ɚɥɝɟɛɪɟ 
ɧɚɢɛɨɥɟɟ ɱɚɫɬɨ, ɤɪɨɦɟ ɛɢɧɚɪɧɨɣ, ɢɫɩɨɥɶɡɭɸɬ ɩɨɧɹɬɢɹ ɭɧɚɪɧɨɣ ɢ ɧɭɥɶɚɪɧɨɣ ɨɩɟɪɚɰɢɣ. 

ɈɉɊȿȾȿɅȿɇɂȿ. ɍɧɚɪɧɨɣ ɚɥɝɟɛɪɚɢɱɟɫɤɨɣ ɨɩɟɪɚɰɢɟɣ, ɡɚɞɚɧɧɨɣ ɧɚ ɦɧɨɠɟɫɬɜɟ Ⱥ, 
ɧɚɡɵɜɚɟɬɫɹ ɨɬɨɛɪɚɠɟɧɢɟ ƒ: Ⱥ → Ⱥ, ɤɨɬɨɪɨɟ ɤɚɠɞɨɦɭ ɷɥɟɦɟɧɬɭ ɦɧɨɠɟɫɬɜɚ Ⱥ ɫɬɚɜɢɬ ɜ 
ɫɨɨɬɜɟɬɫɬɜɢɟ ɧɟɤɨɬɨɪɵɣ ɷɥɟɦɟɧɬ ɷɬɨɝɨ ɠɟ ɦɧɨɠɟɫɬɜɚ: 

( Aa ) ( ɫȺ): ƒ(a) = ɫ. 
ɇɭɥɶɚɪɧɨɣ ɚɥɝɟɛɪɚɢɱɟɫɤɨɣ ɨɩɟɪɚɰɢɟɣ, ɡɚɞɚɧɧɨɣ ɧɚ ɦɧɨɠɟɫɬɜɟ Ⱥ, ɧɚɡɵɜɚɟɬɫɹ 

ɜɵɞɟɥɟɧɢɟ ɜ ɷɬɨɦ ɦɧɨɠɟɫɬɜɟ ɧɟɤɨɬɨɪɨɝɨ ɮɢɤɫɢɪɨɜɚɧɧɨɝɨ ɷɥɟɦɟɧɬɚ. 
ɈɉɊȿȾȿɅȿɇɂȿ. Ɉɩɟɪɚɰɢɹ « * », ɡɚɞɚɧɧɚɹ ɧɚ ɧɟɩɭɫɬɨɦ ɦɧɨɠɟɫɬɜɟ Ⱥ, 

ɧɚɡɵɜɚɟɬɫɹ: 
 ɚɫɫɨɰɢɚɬɢɜɧɨɣ, ɟɫɥɢ: 

( a, b, c  A) a * ( b * c ) = ( a * b ) * c; 

 ɤɨɦɦɭɬɚɬɢɜɧɨɣ, ɟɫɥɢ: 
( a, b  A) a * b = b * a. 

ɈɉɊȿȾȿɅȿɇɂȿ. Ƚɨɜɨɪɹɬ, ɱɬɨ ɨɩɟɪɚɰɢɹ « * », ɡɚɞɚɧɧɚɹ ɧɚ ɧɟɩɭɫɬɨɦ ɦɧɨɠɟɫɬɜɟ 
Ⱥ, ɨɛɥɚɞɚɟɬ: 

 ɥɟɜɵɦ [ɩɪɚɜɵɦ] ɧɟɣɬɪɚɥɶɧɵɦ ɷɥɟɦɟɧɬɨɦ, ɟɫɥɢ: 
( Ae ) ( a  A)  e * a = a [a *e = a]; 

 ɞɜɭɫɬɨɪɨɧɧɢɦ ɧɟɣɬɪɚɥɶɧɵɦ ɷɥɟɦɟɧɬɨɦ (ɢɥɢ ɩɪɨɫɬɨ ɧɟɣɬɪɚɥɶɧɵɦ), ɟɫɥɢ ɨɧɚ 
ɨɛɥɚɞɚɟɬ ɢ ɥɟɜɵɦ ɢ ɩɪɚɜɵɦ ɧɟɣɬɪɚɥɶɧɵɦ ɷɥɟɦɟɧɬɚɦɢ, ɩɪɢɱɟɦ ɷɬɢ ɷɥɟɦɟɧɬɵ 
ɫɨɜɩɚɞɚɸɬ: 

( Ae )( a  A)  e * a = a *e = a. 
ɈɉɊȿȾȿɅȿɇɂȿ 
Ɉɩɟɪɚɰɢɹ « * », ɡɚɞɚɧɧɚɹ ɧɚ ɧɟɩɭɫɬɨɦ ɦɧɨɠɟɫɬɜɟ Ⱥ, ɧɚɡɵɜɚɟɬɫɹ: 
 ɨɛɪɚɬɢɦɨɣ ɫɥɟɜɚ [ɫɩɪɚɜɚ], ɟɫɥɢ: 

( a  A) (b  A) b * a = e, [ a *b = e], 
ɝɞɟ ɟ – ɥɟɜɵɣ [ɩɪɚɜɵɣ] ɧɟɣɬɪɚɥɶɧɵɣ ɷɥɟɦɟɧɬ ɦɧɨɠɟɫɬɜɚ Ⱥ ɩɨ ɨɩɟɪɚɰɢɢ « * ». 
 ɞɜɭɫɬɨɪɨɧɧɟ ɨɛɪɚɬɢɦɨɣ (ɢɥɢ ɩɪɨɫɬɨ ɨɛɪɚɬɢɦɨɣ), ɟɫɥɢ ɨɧɚ ɨɛɪɚɬɢɦɚ ɢ ɫɩɪɚɜɚ 

ɢ ɫɥɟɜɚ: 
( a  A) (b  A) a *b = b * a = e, 
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ɝɞɟ ɟ – ɧɟɣɬɪɚɥɶɧɵɣ ɷɥɟɦɟɧɬ ɦɧɨɠɟɫɬɜɚ Ⱥ ɩɨ ɨɩɟɪɚɰɢɢ « * ». 
 ɫɨɤɪɚɬɢɦɨɣ ɫɥɟɜɚ [ɫɩɪɚɜɚ], ɟɫɥɢ: 

( a, b, c  A) (c * a = c * b => a = b). 
[a * c = b * c => a = b]. 

 ɫɨɤɪɚɬɢɦɨɣ, ɟɫɥɢ ɨɧɚ ɫɨɤɪɚɬɢɦɚ ɢ ɫɥɟɜɚ ɢ ɫɩɪɚɜɚ. 
ɈɉɊȿȾȿɅȿɇɂȿ. ɉɭɫɬɶ ɧɚ ɦɧɨɠɟɫɬɜɟ Ⱥ ɡɚɞɚɧɵ ɞɜɟ ɛɢɧɚɪɧɵɟ ɚɥɝɟɛɪɚɢɱɟɫɤɢɟ 

ɨɩɟɪɚɰɢɢ - «* » ɢ « ◦ ». 
Ɉɩɟɪɚɰɢɹ « ◦ » ɧɚɡɵɜɚɟɬɫɹ ɞɢɫɬɪɢɛɭɬɢɜɧɨɣ ɫɥɟɜɚ [ɫɩɪɚɜɚ] ɨɬɧɨɫɢɬɟɥɶɧɨ 

ɨɩɟɪɚɰɢɢ « * », ɟɫɥɢ: 
( a, b, c  A) c ◦ (a * b) = (c ◦ a) * (c ◦ b) 

     [(a * b) ◦c = (a ◦ c) * (b ◦ c)]. 
Ɉɩɟɪɚɰɢɹ « ◦ » ɧɚɡɵɜɚɟɬɫɹ ɞɢɫɬɪɢɛɭɬɢɜɧɨɣ ɨɬɧɨɫɢɬɟɥɶɧɨ ɨɩɟɪɚɰɢɢ « * », ɟɫɥɢ 

ɨɧɚ ɞɢɫɬɪɢɛɭɬɢɜɧɚ ɨɬɧɨɫɢɬɟɥɶɧɨ ɞɚɧɧɨɣ ɨɩɟɪɚɰɢɢ ɢ ɫɥɟɜɚ ɢ ɫɩɪɚɜɚ. 
ɁȺɆȿɑȺɇɂə 
1. ɉɪɢ ɩɪɨɜɟɪɤɟ ɫɜɨɣɫɬɜ ɛɢɧɚɪɧɨɣ ɨɩɟɪɚɰɢɢ, ɡɚɞɚɧɧɨɣ ɧɚ ɧɟɤɨɬɨɪɨɦ ɦɧɨɠɟɫɬɜɟ, 

ɩɪɟɠɞɟ ɜɫɟɝɨ ɧɟɨɛɯɨɞɢɦɨ ɩɪɨɜɟɪɢɬɶ, ɹɜɥɹɟɬɫɹ ɥɢ ɞɚɧɧɚɹ ɨɩɟɪɚɰɢɹ ɚɥɝɟɛɪɚɢɱɟɫɤɨɣ ɧɚ 
ɞɚɧɧɨɦ ɦɧɨɠɟɫɬɜɟ. Ɍɚɤ, ɧɚɩɪɢɦɟɪ, ɨɩɟɪɚɰɢɹ ɜɵɱɢɬɚɧɢɹ ɧɟ ɹɜɥɹɟɬɫɹ ɚɥɝɟɛɪɚɢɱɟɫɤɨɣ 
ɧɚ ɦɧɨɠɟɫɬɜɟ N ɧɚɬɭɪɚɥɶɧɵɯ ɱɢɫɟɥ, ɬɚɤ ɤɚɤ ɞɥɹ ɫɥɭɱɚɹ, ɤɨɝɞɚ ɚ < b, ɪɟɡɭɥɶɬɚɬ ɷɬɨɣ 
ɨɩɟɪɚɰɢɢ a – b < 0 ɢ, ɫɥɟɞɨɜɚɬɟɥɶɧɨ, ɧɟ ɩɪɢɧɚɞɥɟɠɢɬ ɦɧɨɠɟɫɬɜɭ N. 

2. Ɉɱɟɜɢɞɧɨ, ɱɬɨ ɧɟ ɜɫɟ ɫɜɨɣɫɬɜɚ ɨɩɟɪɚɰɢɣ ɧɟɡɚɜɢɫɢɦɵ ɞɪɭɝ ɨɬ ɞɪɭɝɚ. Ɍɚɤ, ɟɫɥɢ 
ɩɨ ɞɚɧɧɨɣ ɨɩɟɪɚɰɢɢ ɜ ɞɚɧɧɨɦ ɦɧɨɠɟɫɬɜɟ ɧɟɬ ɧɟɣɬɪɚɥɶɧɨɝɨ ɷɥɟɦɟɧɬɚ, ɬɨ ɧɟ ɢɦɟɟɬ 
ɫɦɵɫɥɚ ɝɨɜɨɪɢɬɶ ɢ ɨɛ ɨɛɪɚɬɢɦɨɫɬɢ ɷɬɨɣ ɨɩɟɪɚɰɢɢ. 

3. ȿɫɥɢ ɨɩɟɪɚɰɢɹ « * » ɤɨɦɦɭɬɚɬɢɜɧɚ ɧɚ ɦɧɨɠɟɫɬɜɟ Ⱥ, ɬɨ ɥɸɛɨɟ ɢɡ ɫɜɨɣɫɬɜ, 
ɤɨɬɨɪɨɟ ɜɵɩɨɥɧɹɟɬɫɹ ɞɥɹ ɧɟɟ ɫɥɟɜɚ ɢɥɢ ɫɩɪɚɜɚ, ɨɱɟɜɢɞɧɨ, ɛɭɞɟɬ ɜɵɩɨɥɧɹɬɶɫɹ ɢ ɫ 
ɞɪɭɝɨɣ ɫɬɨɪɨɧɵ. 

2. ɋɬɪɭɤɬɭɪɵ ɫ ɨɞɧɨɣ ɛɢɧɚɪɧɨɣ ɨɩɟɪɚɰɢɟɣ. Ƚɪɭɩɩɵ. ɉɪɨɫɬɟɣɲɢɟ 
ɫɜɨɣɫɬɜɚ ɝɪɭɩɩ. 

ɝɪɭɩɩɵ ɢɝɪɚɸɬ ɜ ɫɨɜɪɟɦɟɧɧɨɣ ɚɛɫɬɪɚɤɬɧɨɣ ɚɥɝɟɛɪɟ ɧɚɫɬɨɥɶɤɨ ɜɚɠɧɭɸ ɪɨɥɶ ɢ ɢɯ 
ɩɪɢɥɨɠɟɧɢɹ ɢɦɟɸɬ ɧɚɫɬɨɥɶɤɨ ɲɢɪɨɤɢɣ ɫɩɟɤɬɪ, ɱɬɨ ɢɡɭɱɟɧɢɟ ɪɚɡɥɢɱɧɵɯ ɤɥɚɫɫɨɜ ɝɪɭɩɩ, 
ɝɪɭɩɩɨɜɵɯ ɤɨɧɫɬɪɭɤɰɢɣ ɢ ɢɯ ɫɜɨɣɫɬɜ ɜɵɪɨɫɥɨ ɜ ɫɚɦɨɫɬɨɹɬɟɥɶɧɭɸ ɧɚɭɱɧɭɸ ɬɟɨɪɢɸ – 
ɬɟɨɪɢɸ ɝɪɭɩɩ. ɉɨɷɬɨɦɭ ɜ ɚɥɝɟɛɪɟ ɱɚɳɟ ɢɫɩɨɥɶɡɭɸɬɫɹ ɧɟɫɤɨɥɶɤɨ ɨɬɥɢɱɧɵɟ ɨɬ 
ɩɪɢɜɟɞɟɧɧɨɝɨ ɜɵɲɟ ɨɩɪɟɞɟɥɟɧɢɹ ɝɪɭɩɩɵ ɱɟɪɟɡ ɬɚɤ ɧɚɡɵɜɚɟɦɵɟ ɝɪɭɩɩɨɜɵɟ ɚɤɫɢɨɦɵ. 

ɈɉɊȿȾȿɅȿɇɂȿ 1. Ƚɪɭɩɩɨɣ ɧɚɡɵɜɚɟɬɫɹ ɚɥɝɟɛɪɚɢɱɟɫɤɚɹ ɫɬɪɭɤɬɭɪɚ G = < G, * , 1 , 

e >, ɝɞɟ G ≠  - ɨɫɧɨɜɧɨɟ ɦɧɨɠɟɫɬɜɨ ɫɬɪɭɤɬɭɪɵ, ɧɚ ɤɨɬɨɪɨɦ ɡɚɞɚɧɵ: 
- ɨɞɧɚ ɛɢɧɚɪɧɚɹ ɚɥɝɟɛɪɚɢɱɟɫɤɚɹ ɨɩɟɪɚɰɢɹ « * »; 
- ɨɞɧɚ ɭɧɚɪɧɚɹ ɚɥɝɟɛɪɚɢɱɟɫɤɚɹ ɨɩɟɪɚɰɢɹ 1 ; 
- ɨɞɧɚ ɧɭɥɶɚɪɧɚɹ ɚɥɝɟɛɪɚɢɱɟɫɤɚɹ ɨɩɟɪɚɰɢɹ – ɜɵɞɟɥɟɧɢɟ ɧɟɣɬɪɚɥɶɧɨɝɨ ɷɥɟɦɟɧɬɚ 

e, ɭɞɨɜɥɟɬɜɨɪɹɸɳɢɟ ɫɥɟɞɭɸɳɢɦ ɚɤɫɢɨɦɚɦ: 
1) ɨɩɟɪɚɰɢɹ « * » ɚɫɫɨɰɢɚɬɢɜɧɚ: ( a, b, c  G) a*(b*c) = (a*b)*c; 
2) ɩɨ ɞɚɧɧɨɣ ɨɩɟɪɚɰɢɢ ɫɭɳɟɫɬɜɭɟɬ ɧɟɣɬɪɚɥɶɧɵɣ ɷɥɟɦɟɧɬ: 

(e  G) ( a  G)   e*a = a*e = a; 
3) ɨɩɟɪɚɰɢɹ « * » ɨɛɪɚɬɢɦɚ ɧɚ ɦ G: 

( a  G) (b  G)  a*b = b*a = e. 
ɈɉɊȿȾȿɅȿɇɂȿ 2. Ƚɪɭɩɩɨɣ ɧɚɡɵɜɚɟɬɫɹ ɚɥɝɟɛɪɚɢɱɟɫɤɚɹ ɫɬɪɭɤɬɭɪɚ G = < G, * >, 

ɝɞɟ G – ɧɟɩɭɫɬɨɟ ɨɫɧɨɜɧɨɟ ɦɧɨɠɟɫɬɜɨ ɫɬɪɭɤɬɭɪɵ, « * » - ɛɢɧɚɪɧɚɹ ɚɥɝɟɛɪɚɢɱɟɫɤɚɹ 
ɨɩɟɪɚɰɢɹ, ɡɚɞɚɧɧɚɹ ɧɚ G, ɩɪɢɱɟɦ ɜɵɩɨɥɧɹɸɬɫɹ ɫɥɟɞɭɸɳɢɟ ɚɤɫɢɨɦɵ: 

1) ɨɩɟɪɚɰɢɹ « * » ɚɫɫɨɰɢɚɬɢɜɧɚ: ( a, b, c  G) a*(b*c) = (a*b)*c; 
2) ( a, b  G) (x, y  G)  a*x = b ɢ y*a = b (ɬ.ɟ. ɜ ɝɪɭɩɩɟ ɪɚɡɪɟɲɢɦɵ ɭɪɚɜɧɟɧɢɹ 

ɬɚɤɨɝɨ ɜɢɞɚ). 
ɌȿɈɊȿɆȺ. Ɉɩɪɟɞɟɥɟɧɢɹ 1 ɢ 2 ɝɪɭɩɩɵ ɷɤɜɢɜɚɥɟɧɬɧɵ, ɬɨ ɟɫɬɶ, ɟɫɥɢ 

ɚɥɝɟɛɪɚɢɱɟɫɤɚɹ ɫɬɪɭɤɬɭɪɚ ɫ ɨɞɧɨɣ ɛɢɧɚɪɧɨɣ ɨɩɟɪɚɰɢɟɣ ɹɜɥɹɟɬɫɹ ɝɪɭɩɩɨɣ ɜ ɫɦɵɫɥɟ 
ɨɩɪɟɞɟɥɟɧɢɹ 1, ɬɨ ɨɧɚ ɹɜɥɹɟɬɫɹ ɝɪɭɩɩɨɣ ɢ ɜ ɫɦɵɫɥɟ ɨɩɪɟɞɟɥɟɧɢɹ 2, ɢ ɨɛɪɚɬɧɨ. 

ɁȺɆȿɑȺɇɂə 
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1. Ɍɚɤ ɤɚɤ ɜ ɨɩɪɟɞɟɥɟɧɢɢ ɝɪɭɩɩɵ ɨɬɫɭɬɫɬɜɭɟɬ ɬɪɟɛɨɜɚɧɢɟ ɤɨɦɦɭɬɚɬɢɜɧɨɫɬɢ 
ɛɢɧɚɪɧɨɣ ɨɩɟɪɚɰɢɢ, ɬɨ ɜ ɨɩɪɟɞɟɥɟɧɢɢ 1 ɧɟɨɛɯɨɞɢɦɨ ɬɪɟɛɨɜɚɬɶ ɫɭɳɟɫɬɜɨɜɚɧɢɹ 
ɪɟɲɟɧɢɹ ɨɛɨɢɯ ɭɪɚɜɧɟɧɢɣ, ɩɨɫɤɨɥɶɤɭ ɢɡ ɪɚɡɪɟɲɢɦɨɫɬɢ ɭɪɚɜɧɟɧɢɹ a*x = b ɜ ɷɬɨɦ ɫɥɭɱɚɟ 
ɧɟ ɫɥɟɞɭɟɬ ɪɚɡɪɟɲɢɦɨɫɬɶ ɭɪɚɜɧɟɧɢɹ y*a = b ɢ ɧɚɨɛɨɪɨɬ. ȿɫɥɢ ɠɟ ɨɩɟɪɚɰɢɹ ɜ ɝɪɭɩɩɟ 
ɤɨɦɦɭɬɚɬɢɜɧɚ, ɬɨ ɝɪɭɩɩɭ ɧɚɡɵɜɚɸɬ ɚɛɟɥɟɜɨɣ. 

2. ɑɚɳɟ ɜɫɟɝɨ ɨɩɟɪɚɰɢɸ ɜ ɝɪɭɩɩɟ ɨɛɨɡɧɚɱɚɸɬ ɫɢɦɜɨɥɚɦɢ « + » ɢɥɢ «  » ɢ 
ɧɚɡɵɜɚɸɬ ɫɥɨɠɟɧɢɟɦ ɢ ɭɦɧɨɠɟɧɢɟɦ ɫɨɨɬɜɟɬɫɬɜɟɧɧɨ. ȼ ɩɟɪɜɨɦ ɫɥɭɱɚɟ ɝɪɭɩɩɚ 
ɧɚɡɵɜɚɟɬɫɹ ɚɞɞɢɬɢɜɧɨɣ, ɧɟɣɬɪɚɥɶɧɵɣ ɷɥɟɦɟɧɬ – ɧɭɥɟɦ, ɨɛɪɚɬɧɵɣ ɷɥɟɦɟɧɬ – 
ɩɪɨɬɢɜɨɩɨɥɨɠɧɵɦ ɢ ɨɛɨɡɧɚɱɚɸɬɫɹ ɨɧɢ ɤɚɤ 0 ɢ -ɚ. ȼɨ ɜɬɨɪɨɦ ɫɥɭɱɚɟ ɝɪɭɩɩɭ ɧɚɡɵɜɚɸɬ 
ɦɭɥɶɬɢɩɥɢɤɚɬɢɜɧɨɣ. 

3. ɇɚɬɭɪɚɥɶɧɨɣ ɫɬɟɩɟɧɶɸ ɷɥɟɦɟɧɬɚ g ɦɭɥɶɬɢɩɥɢɤɚɬɢɜɧɨɣ ɝɪɭɩɩɵ  
< G, > ɧɚɡɵɜɚɟɬɫɹ ɷɥɟɦɟɧɬ g n  =  g g… g (n ɪɚɡ), n  N; 
ɋɬɟɩɟɧɶɸ ɫ ɨɬɪɢɰɚɬɟɥɶɧɵɦ ɩɨɤɚɡɚɬɟɥɟɦ ɧɚɡɵɜɚɟɬɫɹ ɷɥɟɦɟɧɬ  

g n  = g 1  g 1 … g 1  (n ɪɚɡ), n  N. 
4. ȿɫɥɢ ɝɪɭɩɩɚ ɤɨɧɟɱɧɚ, ɬɨ ɱɢɫɥɨ ɟɟ ɷɥɟɦɟɧɬɨɜ ɧɚɡɵɜɚɟɬɫɹ ɩɨɪɹɞɤɨɦ ɝɪɭɩɩɵ. ȼ 

ɩɪɨɬɢɜɧɨɦ ɫɥɭɱɚɟ ɝɪɭɩɩɚ ɧɚɡɵɜɚɟɬɫɹ ɝɪɭɩɩɨɣ ɛɟɫɤɨɧɟɱɧɨɝɨ ɩɨɪɹɞɤɚ. 
Ɉɛɨɡɧɚɱɟɧɢɟ: ɩɨɪɹɞɨɤ ɝɪɭɩɩɵ G ɨɛɨɡɧɚɱɚɟɬɫɹ ɤɚɤ G. 
5. ɑɚɫɬɨ ɝɪɭɩɩɚ ɨɛɨɡɧɚɱɚɟɬɫɹ ɨɞɧɨɣ ɛɭɤɜɨɣ G ɛɟɡ ɭɤɚɡɚɧɢɹ ɨɩɟɪɚɰɢɢ. 
ɉɊɂɆȿɊЫ 
1. Ⱥɞɞɢɬɢɜɧɵɦɢ ɚɛɟɥɟɜɵɦɢ ɝɪɭɩɩɚɦɢ ɹɜɥɹɸɬɫɹ, ɧɚɩɪɢɦɟɪ, ɫɬɪɭɤɬɭɪɵ:  

< Z, + >, < Q,, + >, < R, + >, 
ɝɞɟ Z, Q ɢ R - ɦɧɨɠɟɫɬɜɚ ɰɟɥɵɯ, ɪɚɰɢɨɧɚɥɶɧɵɯ ɢ ɞɟɣɫɬɜɢɬɟɥɶɧɵɯ ɱɢɫɟɥ 

ɫɨɨɬɜɟɬɫɬɜɟɧɧɨ.  
2. ɉɪɢɦɟɪɚɦɢ ɦɭɥɶɬɢɩɥɢɤɚɬɢɜɧɵɯ ɚɛɟɥɟɜɵɯ ɝɪɭɩɩ ɦɨɝɭɬ ɫɥɭɠɢɬɶ ɫɬɪɭɤɬɭɪɵ: < 

Q * , >, < R * , >, ɝɞɟ Q *  ɢ R *  - ɦɧɨɠɟɫɬɜɚ ɜɫɟɯ ɧɟɧɭɥɟɜɵɯ ɪɚɰɢɨɧɚɥɶɧɵɯ ɢ 
ɞɟɣɫɬɜɢɬɟɥɶɧɵɯ ɱɢɫɟɥ ɫɨɨɬɜɟɬɫɬɜɟɧɧɨ. 

3. ɉɪɢɦɟɪɨɦ ɧɟɤɨɦɦɭɬɚɬɢɜɧɨɣ ɝɪɭɩɩɵ ɦɨɠɟɬ ɫɥɭɠɢɬɶ ɦɧɨɠɟɫɬɜɨ ɜɫɟɯ 
ɤɜɚɞɪɚɬɧɵɯ ɧɟɜɵɪɨɠɞɟɧɧɵɯ ɦɚɬɪɢɰ ɩɨɪɹɞɤɚ n ɩɨ ɨɩɟɪɚɰɢɢ ɦɚɬɪɢɱɧɨɝɨ ɭɦɧɨɠɟɧɢɹ. 

4. ɇɚɢɛɨɥɶɲɢɣ ɬɟɨɪɟɬɢɱɟɫɤɢɣ ɢ ɩɪɢɤɥɚɞɧɨɣ ɢɧɬɟɪɟɫ ɩɪɟɞɫɬɚɜɥɹɟɬ ɝɪɭɩɩɚ 
ɫɢɦɦɟɬɪɢɣ ɩɪɚɜɢɥɶɧɨɝɨ n-ɭɝɨɥɶɧɢɤɚ, ɧɚɡɵɜɚɟɦɚɹ ɞɢɷɞɪɢɱɟɫɤɨɣ ɝɪɭɩɩɨɣ Dn ɢɥɢ 
ɝɪɭɩɩɨɣ ɞɢɷɞɪɚ.  

Эɥɟɦɟɧɬɚɦɢ Dn ɹɜɥɹɸɬɫɹ, ɜɨ-ɩɟɪɜɵɯ, n ɩɨɜɨɪɨɬɨɜ ɜɨɤɪɭɝ ɰɟɧɬɪɚ ɦɧɨɝɨɭɝɨɥɶɧɢɤɚ 

ɧɚ ɭɝɥɵ 
n

kk

 2
 , ɝɞɟ k = 0, 1, ..., (n - 1), ɜɨ-ɜɬɨɪɵɯ, n ɨɫɟɜɵɯ ɫɢɦɦɟɬɪɢɣ. Ɉɫɹɦɢ 

ɫɢɦɦɟɬɪɢɢ ɫɥɭɠɚɬ: ɜ ɫɥɭɱɚɟ ɱɟɬɧɨɝɨ n - n/2 ɞɢɚɝɨɧɚɥɟɣ, ɫɨɟɞɢɧɹɸɳɢɯ 
ɩɪɨɬɢɜɨɩɨɥɨɠɧɵɟ ɜɟɪɲɢɧɵ, ɢ (n/2) ɩɪɹɦɵɯ, ɫɨɟɞɢɧɹɸɳɢɯ ɫɟɪɟɞɢɧɵ ɩɪɨɬɢɜɨɩɨɥɨɠɧɵɯ 
ɫɬɨɪɨɧ; ɜ ɫɥɭɱɚɟ ɧɟɱɟɬɧɨɝɨ n - n ɜɵɫɨɬ ɦɧɨɝɨɭɝɨɥɶɧɢɤɚ (ɪɢɫ. 3). Ⱦɪɭɝɢɯ ɫɢɦɦɟɬɪɢɣ ɭ 
ɦɧɨɝɨɭɝɨɥɶɧɢɤɚ ɧɟɬ.  

 
Ɋɢɫ. 3. Ɉɫɢ ɫɢɦɦɟɬɪɢɣ ɩɪɚɜɢɥɶɧɵɯ ɦɧɨɝɨɭɝɨɥɶɧɢɤɨɜ  

ɂɫɩɨɥɶɡɭɹ ɝɪɭɩɩɵ ɫɢɦɦɟɬɪɢɣ, ȿ. ɋ. Ɏɟɞɨɪɨɜ ɜ 1890 ɝɨɞɭ ɪɟɲɢɥ ɡɚɞɚɱɭ 
ɤɥɚɫɫɢɮɢɤɚɰɢɢ ɩɪɚɜɢɥɶɧɵɯ ɩɪɨɫɬɪɚɧɫɬɜɟɧɧɵɯ ɫɢɫɬɟɦ ɬɨɱɟɤ, ɹɜɥɹɸɳɭɸɫɹ ɨɞɧɨɣ ɢɡ 
ɨɫɧɨɜɧɵɯ ɡɚɞɚɱ ɤɪɢɫɬɚɥɥɨɝɪɚɮɢɢ. ɋɭɳɟɫɬɜɭɟɬ ɜɫɟɝɨ 17 ɩɥɨɫɤɢɯ ɮɟɞɨɪɨɜɫɤɢɯ ɝɪɭɩɩ, 
ɨɧɢ ɛɵɥɢ ɧɚɣɞɟɧɵ ɧɟɩɨɫɪɟɞɫɬɜɟɧɧɨ; ɩɪɨɫɬɪɚɧɫɬɜɟɧɧɵɯ ɮɟɞɨɪɨɜɫɤɢɯ ɝɪɭɩɩ - 230, ɢ 
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ɬɨɥɶɤɨ ɬɟɨɪɢɹ ɝɪɭɩɩ ɩɨɡɜɨɥɢɥɚ ɩɪɨɜɟɫɬɢ ɢɯ ɢɫɱɟɪɩɵɜɚɸɳɭɸ ɤɥɚɫɫɢɮɢɤɚɰɢɸ. Эɬɨ ɛɵɥ 
ɢɫɬɨɪɢɱɟɫɤɢ ɩɟɪɜɵɣ ɫɥɭɱɚɣ ɩɪɢɦɟɧɟɧɢɹ ɬɟɨɪɢɢ ɝɪɭɩɩ ɧɟɩɨɫɪɟɞɫɬɜɟɧɧɨ ɜ 
ɟɫɬɟɫɬɜɨɡɧɚɧɢɢ.  

ɋɥɟɞɭɸɳɚɹ ɬɟɨɪɟɦɚ ɜɵɪɚɠɚɟɬ ɩɪɨɫɬɟɣɲɢɟ ɫɜɨɣɫɬɜɚ ɝɪɭɩɩ. 
ɌȿɈɊȿɆȺ. ȼɨ ɜɫɹɤɨɣ ɝɪɭɩɩɟ < G, > ɜɵɩɨɥɧɹɸɬɫɹ ɫɥɟɞɭɸɳɢɟ ɫɜɨɣɫɬɜɚ: 
1) ȼ G ɫɭɳɟɫɬɜɭɟɬ ɢ ɩɪɢɬɨɦ ɟɞɢɧɫɬɜɟɧɧɵɣ ɧɟɣɬɪɚɥɶɧɵɣ ɷɥɟɦɟɧɬ. 
2) Ⱦɥɹ ɜɫɹɤɨɝɨ ɷɥɟɦɟɧɬɚ ɚ ɝɪɭɩɩɵ G ɫɭɳɟɫɬɜɭɟɬ ɢ ɩɪɢɬɨɦ ɟɞɢɧɫɬɜɟɧɧɵɣ 

ɨɛɪɚɬɧɵɣ ɷɥɟɦɟɧɬ ɚ 1 . 
3) Ⱦɥɹ ɥɸɛɵɯ ɷɥɟɦɟɧɬɨɜ a ɢ b ɝɪɭɩɩɵ G ɫɩɪɚɜɟɞɥɢɜɵ ɪɚɜɟɧɫɬɜɚ: 

(a 1 ) 1  = a  ɢ  (ab) 1  = b 1  ɚ 1 . 

4) ȼ ɝɪɭɩɩɟ < G, > ɧɟɬ ɞɟɥɢɬɟɥɟɣ ɧɭɥɹ. 
5) ȼ ɝɪɭɩɩɟ G ɭɪɚɜɧɟɧɢɹ a*x = b ɢ y*a = b ɨɞɧɨɡɧɚɱɧɨ ɪɚɡɪɟɲɢɦɵ ɞɥɹ ɥɸɛɵɯ 

ɷɥɟɦɟɧɬɨɜ a ɢ b. 
6) ȼɨ ɜɫɹɤɨɣ ɝɪɭɩɩɟ ɨɩɟɪɚɰɢɹ ɞɜɭɫɬɨɪɨɧɧɟ ɫɨɤɪɚɬɢɦɚ. 
ɈɉɊȿȾȿɅȿɇɂȿ. ɉɨɞɦɧɨɠɟɫɬɜɨ H ɝɪɭɩɩɵ < G, > ɧɚɡɵɜɚɟɬɫɹ ɟɟ ɩɨɞɝɪɭɩɩɨɣ, 

ɟɫɥɢ ɨɧɨ ɫɚɦɨ ɹɜɥɹɟɬɫɹ ɝɪɭɩɩɨɣ ɨɬɧɨɫɢɬɟɥɶɧɨ ɨɩɟɪɚɰɢɢ «», ɨɩɪɟɞɟɥɟɧɧɨɣ ɜ ɝɪɭɩɩɟ G. 

ɌȿɈɊȿɆȺ (ɤɪɢɬɟɪɢɣ ɩɨɞɝɪɭɩɩɵ). ɉɨɞɦɧɨɠɟɫɬɜɨ H ɝɪɭɩɩɵ < G, > ɹɜɥɹɟɬɫɹ ɟɟ 
ɩɨɞɝɪɭɩɩɨɣ ɬɨɝɞɚ ɢ ɬɨɥɶɤɨ ɬɨɝɞɚ, ɤɨɝɞɚ ɜɵɩɨɥɧɹɟɬɫɹ ɭɫɥɨɜɢɟ: 

( a, b  H)   ab 1   H.  

ɁȺɆȿɑȺɇɂȿ. Ƚɨɜɨɪɹɬ, ɱɬɨ ɩɨɞɦɧɨɠɟɫɬɜɨ H ɝɪɭɩɩɵ < G, > ɹɜɥɹɟɬɫɹ ɟɟ 
ɩɨɞɝɪɭɩɩɨɣ, ɟɫɥɢ ɨɧɨ ɡɚɦɤɧɭɬɨ ɨɬɧɨɫɢɬɟɥɶɧɨ ɨɩɟɪɚɰɢɢ, ɨɩɪɟɞɟɥɟɧɧɨɣ ɜ ɝɪɭɩɩɟ G, ɢ 
ɨɬɧɨɫɢɬɟɥɶɧɨ ɨɩɟɪɚɰɢɢ ɜɡɹɬɢɹ ɨɛɪɚɬɧɨɝɨ ɷɥɟɦɟɧɬɚ. 

ɉɊɂɆȿɊЫ. 
1. ɉɨɞɝɪɭɩɩɚɦɢ ɜɫɹɤɨɣ ɝɪɭɩɩɵ < G,  > ɹɜɥɹɸɬɫɹ ɫɚɦɚ ɷɬɚ ɝɪɭɩɩɚ ɢ ɟɞɢɧɢɱɧɚɹ 

ɩɨɞɝɪɭɩɩɚ E, ɫɨɫɬɨɹɳɚɹ ɬɨɥɶɤɨ ɢɡ ɨɞɧɨɝɨ ɧɟɣɬɪɚɥɶɧɨɝɨ ɷɥɟɦɟɧɬɚ ɝɪɭɩɩɵ G : E = { e }. 
Эɬɢ ɩɨɞɝɪɭɩɩɵ ɧɚɡɵɜɚɸɬɫɹ ɧɟɫɨɛɫɬɜɟɧɧɵɦɢ. ȼɫɹɤɚɹ ɩɨɞɝɪɭɩɩɚ ɝɪɭɩɩɵ G, ɨɬɥɢɱɧɚɹ ɨɬ 
ɷɬɢɯ ɞɜɭɯ, ɧɚɡɵɜɚɟɬɫɹ ɫɨɛɫɬɜɟɧɧɨɣ. 

2. Ɇɧɨɠɟɫɬɜɨ ɜɫɟɯ ɱɟɬɧɵɯ ɱɢɫɟɥ ɹɜɥɹɟɬɫɹ ɩɨɞɝɪɭɩɩɨɣ ɚɞɞɢɬɢɜɧɨɣ ɝɪɭɩɩɵ ɜɫɟɯ 
ɰɟɥɵɯ ɱɢɫɟɥ < Z, + >, ɬɚɤ ɤɚɤ ɞɥɹ ɥɸɛɵɯ ɱɟɬɧɵɯ ɱɢɫɟɥ a ɢ b ɱɢɫɥɨ a + (-b) ɹɜɥɹɟɬɫɹ 
ɱɟɬɧɵɦ. 

3. Ɇɧɨɠɟɫɬɜɨ {-1, 1} ɨɛɪɚɡɭɟɬ ɩɨɞɝɪɭɩɩɭ ɦɭɥɶɬɢɩɥɢɤɚɬɢɜɧɨɣ ɝɪɭɩɩɵ ɜɫɟɯ 
ɧɟɧɭɥɟɜɵɯ ɞɟɣɫɬɜɢɬɟɥɶɧɵɯ ɱɢɫɟɥ < R,  >. 

4. ɋɨɜɨɤɭɩɧɨɫɬɶ <g> = {g n / n  Z} ɫɬɟɩɟɧɟɣ ɷɥɟɦɟɧɬɚ g ɝɪɭɩɩɵ G ɹɜɥɹɟɬɫɹ 
ɩɨɞɝɪɭɩɩɨɣ ɜ G.  

Ɉɬɦɟɬɢɦ ɧɟɤɨɬɨɪɵɟ ɩɪɨɫɬɟɣɲɢɟ ɫɜɨɣɫɬɜɚ ɩɨɞɝɪɭɩɩ. 
ɋȼɈɃɋɌȼɈ 1. ɉɟɪɟɫɟɱɟɧɢɟ ɩɪɨɢɡɜɨɥɶɧɨɣ ɫɨɜɨɤɭɩɧɨɫɬɢ ɩɨɞɝɪɭɩɩ ɝɪɭɩɩɵ G ɫɚɦɨ 

ɛɭɞɟɬ ɩɨɞɝɪɭɩɩɨɣ ɷɬɨɣ ɝɪɭɩɩɵ. 
ɋȼɈɃɋɌȼɈ 2. Ɉɛɴɟɞɢɧɟɧɢɟ ɞɜɭɯ ɩɨɞɝɪɭɩɩ ɝɪɭɩɩɵ G ɛɭɞɟɬ ɹɜɥɹɬɶɫɹ ɩɨɞɝɪɭɩɩɨɣ 

ɜ ɬɨɦ ɢ ɬɨɥɶɤɨ ɜ ɬɨɦ ɫɥɭɱɚɟ, ɤɨɝɞɚ ɨɞɧɚ ɢɡ ɧɢɯ ɫɨɞɟɪɠɢɬɫɹ ɜ ɞɪɭɝɨɣ. 
ɈɉɊȿȾȿɅȿɇɂȿ. ɉɨɞɝɪɭɩɩɚ <g> = {g n / n  Z} ɝɪɭɩɩɵ G ɧɚɡɵɜɚɟɬɫɹ ɰɢɤɥɢɱɟɫɤɨɣ 

ɩɨɞɝɪɭɩɩɨɣ, ɩɨɪɨɠɞɟɧɧɨɣ ɷɥɟɦɟɧɬɨɦ g. 
ɁȺɆȿɑȺɇɂȿ. ȿɫɥɢ ɜ ɝɪɭɩɩɟ ɩɪɢɧɹɬɚ ɚɞɞɢɬɢɜɧɚɹ ɮɨɪɦɚ ɡɚɩɢɫɢ ɨɩɟɪɚɰɢɢ, ɬɨ 

ɫɬɟɩɟɧɢ ɷɥɟɦɟɧɬɚ g ɝɪɭɩɩɵ G ɧɚɡɵɜɚɸɬɫɹ ɤɪɚɬɧɵɦɢ ɢ ɨɛɨɡɧɚɱɚɸɬɫɹ ng, (n  Z). 
ɌȿɈɊȿɆȺ 2. ɉɨɞɝɪɭɩɩɚ <g> ɝɪɭɩɩɵ G ɤɨɧɟɱɧɚ ɜ ɬɨɦ ɢ ɬɨɥɶɤɨ ɜ ɬɨɦ ɫɥɭɱɚɟ, ɤɨɝɞɚ  

( n  N) g n  = e. 

ɁȺɆȿɑȺɇɂȿ. ȿɫɥɢ n – ɦɢɧɢɦɚɥɶɧɨɟ ɱɢɫɥɨ ɫɨ ɫɜɨɣɫɬɜɨɦ g n  = e, ɬɨ ɨɧɨ 
ɧɚɡɵɜɚɟɬɫɹ ɩɨɪɹɞɤɨɦ ɷɥɟɦɟɧɬɚ g. ȿɫɥɢ ɠɟ ( n  N) g n  ≠ e, ɬɨ ɜɫɟ ɫɬɟɩɟɧɢ ɷɥɟɦɟɧɬɚ g 
ɛɭɞɭɬ ɪɚɡɥɢɱɧɵ ɦɟɠɞɭ ɫɨɛɨɣ, ɢ ɩɨɞɝɪɭɩɩɭ <g> ɧɚɡɵɜɚɸɬ ɛɟɫɤɨɧɟɱɧɨɣ ɰɢɤɥɢɱɟɫɤɨɣ, ɢ 
ɫɚɦ ɷɥɟɦɟɧɬ g – ɷɥɟɦɟɧɬɨɦ ɛɟɫɤɨɧɟɱɧɨɝɨ ɩɨɪɹɞɤɚ. 

3. ɇɨɪɦɚɥɶɧɵɟ ɞɟɥɢɬɟɥɢ. Ʉɨɧɟɱɧɵɟ ɝɪɭɩɩɵ.  
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ɈɉɊȿȾȿɅȿɇɂȿ. ɉɭɫɬɶ H – ɩɨɞɝɪɭɩɩɚ ɝɪɭɩɩɵ < G, >, g – ɩɪɨɢɡɜɨɥɶɧɵɣ ɷɥɟɦɟɧɬ 
ɝɪɭɩɩɵ G. Ɇɧɨɠɟɫɬɜɨ H g [gH] ɜɫɟɯ ɷɥɟɦɟɧɬɨɜ ɝɪɭɩɩɵ G, ɤɨɬɨɪɵɟ ɩɪɟɞɫɬɚɜɢɦɵ ɜ 
ɜɢɞɟ h g [g h], ɝɞɟ h ɩɪɨɛɟɝɚɟɬ ɦɧɨɠɟɫɬɜɨ ɷɥɟɦɟɧɬɨɜ ɩɨɞɝɪɭɩɩɵ H, ɬ. ɟ. 

Hg = {h  g / h  H} 

[ gH = {g  h / h  H} ] 
ɧɚɡɵɜɚɟɬɫɹ ɩɪɚɜɵɦ [ɥɟɜɵɦ] ɫɦɟɠɧɵɦ ɤɥɚɫɫɨɦ ɝɪɭɩɩɵ G ɩɨ ɩɨɞɝɪɭɩɩɟ H. 
ɌȿɈɊȿɆȺ. ɉɭɫɬɶ ɞɚɧɚ ɝɪɭɩɩɚ < G, >, ɜ ɧɟɣ ɩɨɞɝɪɭɩɩɚ H ɢ g – ɩɪɨɢɡɜɨɥɶɧɵɣ 

ɷɥɟɦɟɧɬ ɢɡ G. Ɍɨɝɞɚ ɜɵɩɨɥɧɹɸɬɫɹ ɫɥɟɞɭɸɳɢɟ ɫɜɨɣɫɬɜɚ: 
1) ɟɫɥɢ ɷɥɟɦɟɧɬ ɚ ɩɪɢɧɚɞɥɟɠɢɬ ɩɪɚɜɨɦɭ ɫɦɟɠɧɨɦɭ ɤɥɚɫɫɭ H g, ɬɨ  

H  ɚ = H g, 
ɬ.ɟ. ɜɫɹɤɢɣ ɩɪɚɜɵɣ ɫɦɟɠɧɵɣ ɤɥɚɫɫ ɝɪɭɩɩɵ G ɩɨ ɩɨɞɝɪɭɩɩɟ H ɡɚɞɚɟɬɫɹ ɥɸɛɵɦ ɢɡ 

ɫɜɨɢɯ ɷɥɟɦɟɧɬɨɜ, ɤɨɬɨɪɵɣ ɧɚɡɵɜɚɟɬɫɹ ɩɪɟɞɫɬɚɜɢɬɟɥɟɦ ɤɥɚɫɫɚ H g; 
2) ɞɜɚ ɥɸɛɵɯ ɫɦɟɠɧɵɯ ɤɥɚɫɫɚ ɝɪɭɩɩɵ G ɩɨ ɩɨɞɝɪɭɩɩɟ H ɥɢɛɨ ɧɟ ɩɟɪɟɫɟɤɚɸɬɫɹ, 

ɥɢɛɨ ɫɨɜɩɚɞɚɸɬ; 
3) ɨɞɧɢɦ ɢɡ ɩɪɚɜɵɯ ɫɦɟɠɧɵɯ ɤɥɚɫɫɨɜ ɝɪɭɩɩɵ G ɩɨ ɩɨɞɝɪɭɩɩɟ H ɹɜɥɹɟɬɫɹ ɫɚɦɚ 

ɩɨɞɝɪɭɩɩɚ H, ɢ ɞɪɭɝɢɯ ɩɨɞɝɪɭɩɩ ɫɪɟɞɢ ɩɪɚɜɵɯ ɫɦɟɠɧɵɯ ɤɥɚɫɫɨɜ ɝɪɭɩɩɵ G ɩɨ ɩɨɞɝɪɭɩɩɟ 
H ɧɟɬ; 

4) ɨɛɴɟɞɢɧɟɧɢɟ ɜɫɟɯ ɩɪɚɜɵɯ ɫɦɟɠɧɵɯ ɤɥɚɫɫɨɜ ɝɪɭɩɩɵ G ɩɨ ɩɨɞɝɪɭɩɩɟ H 
ɫɨɜɩɚɞɚɟɬ ɫ ɫɚɦɨɣ ɝɪɭɩɩɨɣ G. 

ɋɅȿȾɋɌȼɂȿ. 
Ɇɧɨɠɟɫɬɜɨ ɜɫɟɯ ɩɪɚɜɵɯ ɤɥɚɫɫɨɜ ɝɪɭɩɩɵ G ɩɨ ɩɨɞɝɪɭɩɩɟ H ɨɛɪɚɡɭɟɬ ɪɚɡɛɢɟɧɢɟ 

ɷɬɨɣ ɝɪɭɩɩɵ, ɤɨɬɨɪɨɟ ɧɚɡɵɜɚɸɬ ɩɪɚɜɨɫɬɨɪɨɧɧɢɦ ɪɚɡɥɨɠɟɧɢɟɦ ɝɪɭɩɩɵ G ɩɨ ɩɨɞɝɪɭɩɩɟ 
H: 

G = h 1  g  h 2 g  … h ò  g  (h i   H). 

ɁȺɆȿɑȺɇɂə 
1. Ⱥɧɚɥɨɝɢɱɧɵɟ ɫɜɨɣɫɬɜɚ ɦɨɠɧɨ ɫɮɨɪɦɭɥɢɪɨɜɚɬɶ ɢ ɞɥɹ ɥɟɜɵɯ ɫɦɟɠɧɵɯ ɤɥɚɫɫɨɜ. 

ɋɨɨɬɜɟɬɫɬɜɭɸɳɟɟ ɪɚɡɛɢɟɧɢɟ ɧɚɡɵɜɚɸɬ ɥɟɜɨɫɬɨɪɨɧɧɢɦ ɪɚɡɥɨɠɟɧɢɟɦ ɝɪɭɩɩɵ G ɩɨ 
ɩɨɞɝɪɭɩɩɟ H. Эɬɢ ɨɛɚ ɪɚɡɥɨɠɟɧɢɹ ɫɨɫɬɨɹɬ ɢɡ ɨɞɧɨɝɨ ɢ ɬɨɝɨ ɠɟ ɱɢɫɥɚ ɫɦɟɠɧɵɯ ɤɥɚɫɫɨɜ. 
ȿɫɥɢ ɷɬɨ ɱɢɫɥɨ ɤɨɧɟɱɧɨ, ɬɨ ɨɧɨ ɧɚɡɵɜɚɟɬɫɹ ɢɧɞɟɤɫɨɦ ɩɨɞɝɪɭɩɩɵ H ɜ ɝɪɭɩɩɟ G. 

2. ɉɭɫɬɶ G – ɤɨɧɟɱɧɚɹ ɝɪɭɩɩɚ ɩɨɪɹɞɤɚ n, H – ɟɟ ɩɨɞɝɪɭɩɩɚ ɩɨɪɹɞɤɚ n ɢ ɢɧɞɟɤɫɚ k. 
Ɍɨɝɞɚ ɢɡ ɫɥɟɞɫɬɜɢɹ ɩɪɟɞɵɞɭɳɟɣ ɬɟɨɪɟɦɵ ɩɨɥɭɱɚɟɦ ɪɚɜɟɧɫɬɜɨ: n = m  k. 

ɌȿɈɊȿɆȺ Ʌɚɝɪɚɧɠɚ.  
1. ɉɨɪɹɞɨɤ ɢ ɢɧɞɟɤɫ ɥɸɛɨɣ ɩɨɞɝɪɭɩɩɵ ɤɨɧɟɱɧɨɣ ɝɪɭɩɩɵ ɹɜɥɹɸɬɫɹ ɞɟɥɢɬɟɥɹɦɢ 

ɩɨɪɹɞɤɚ ɫɚɦɨɣ ɝɪɭɩɩɵ. 
2. ɉɨɪɹɞɨɤ ɥɸɛɨɝɨ ɷɥɟɦɟɧɬɚ ɤɨɧɟɱɧɨɣ ɝɪɭɩɩɵ ɹɜɥɹɟɬɫɹ ɞɟɥɢɬɟɥɟɦ ɩɨɪɹɞɤɚ 

ɝɪɭɩɩɵ. 
ɈɉɊȿȾȿɅȿɇɂȿ. ɉɨɞɝɪɭɩɩɚ H ɝɪɭɩɩɵ G ɧɚɡɵɜɚɟɬɫɹ ɧɨɪɦɚɥɶɧɨɣ ɩɨɞɝɪɭɩɩɨɣ ɢɥɢ 

ɧɨɪɦɚɥɶɧɵɦ ɞɟɥɢɬɟɥɟɦ ɝɪɭɩɩɵ G, ɟɫɥɢ ɞɥɹ ɥɸɛɨɝɨ ɷɥɟɦɟɧɬɚ g  G ɥɟɜɵɣ ɢ ɩɪɚɜɵɣ 
ɫɦɟɠɧɵɟ ɤɥɚɫɫɵ ɩɨ ɩɨɞɝɪɭɩɩɟ H ɫɨɜɩɚɞɚɸɬ: 

( g  G)  H g = gH. 
ȼ ɷɬɨɦ ɫɥɭɱɚɟ ɝɨɜɨɪɹɬ ɩɪɨɫɬɨ ɨ ɪɚɡɥɨɠɟɧɢɢ ɝɪɭɩɩɵ G ɩɨ ɧɨɪɦɚɥɶɧɨɦɭ 

ɞɟɥɢɬɟɥɸ H. Ɉɛɨɡɧɚɱɟɧɢɟ: H  G. 
ɁȺɆȿɑȺɇɂȿ. ɇɟɬɪɭɞɧɨ ɩɪɨɜɟɪɢɬɶ, ɱɬɨ ɩɟɪɟɫɟɱɟɧɢɟ ɥɸɛɨɝɨ ɱɢɫɥɚ ɧɨɪɦɚɥɶɧɵɯ 

ɞɟɥɢɬɟɥɟɣ ɝɪɭɩɩɵ < G, > ɫɚɦɨ ɹɜɥɹɟɬɫɹ ɧɨɪɦɚɥɶɧɵɦ ɞɟɥɢɬɟɥɟɦ ɷɬɨɣ ɝɪɭɩɩɵ. 
ɉɊɂɆȿɊ 1  
ȼ ɚɛɟɥɟɜɨɣ ɝɪɭɩɩɟ ɜɫɹɤɚɹ ɩɨɞɝɪɭɩɩɚ ɹɜɥɹɟɬɫɹ ɧɨɪɦɚɥɶɧɵɦ ɞɟɥɢɬɟɥɟɦ, ɩɨɷɬɨɦɭ, 

ɧɚɩɪɢɦɟɪ, ɩɨɞɝɪɭɩɩɚ ɜɫɟɯ ɱɟɬɧɵɯ ɱɢɫɟɥ ɛɭɞɟɬ ɧɨɪɦɚɥɶɧɵɦ ɞɟɥɢɬɟɥɟɦ ɚɞɞɢɬɢɜɧɨɣ 
ɝɪɭɩɩɵ ɜɫɟɯ ɰɟɥɵɯ ɱɢɫɟɥ < Z, + >. 

ɈɉɊȿȾȿɅȿɇɂȿ. Эɥɟɦɟɧɬɵ x ɢ y ɝɪɭɩɩɵ G ɧɚɡɵɜɚɸɬɫɹ ɫɨɩɪɹɠɟɧɧɵɦɢ ɜ G, ɟɫɥɢ: 
( g  G)  y = g 1  x g. 

ɌȿɈɊȿɆȺ (Ʉɪɢɬɟɪɢɣ ɧɨɪɦɚɥɶɧɨɝɨ ɞɟɥɢɬɟɥɹ) 
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ɉɨɞɝɪɭɩɩɚ H ɝɪɭɩɩɵ G ɬɨɝɞɚ ɢ ɬɨɥɶɤɨ ɬɨɝɞɚ ɛɭɞɟɬ ɧɨɪɦɚɥɶɧɵɦ ɞɟɥɢɬɟɥɟɦ ɜ 
< G, >, ɤɨɝɞɚ H ɜɦɟɫɬɟ ɫɨ ɜɫɹɤɢɦ ɫɜɨɢɦ ɷɥɟɦɟɧɬɨɦ ɛɭɞɟɬ ɫɨɞɟɪɠɚɬɶ ɢ ɜɫɟ ɷɥɟɦɟɧɬɵ, 
ɫɨɩɪɹɠɟɧɧɵɟ ɫ ɧɢɦ ɜ G. 

ɌȿɈɊȿɆȺ. ɉɭɫɬɶ H – ɧɨɪɦɚɥɶɧɚɹ ɩɨɞɝɪɭɩɩɚ ɝɪɭɩɩɵ < G, >. Ɇɧɨɠɟɫɬɜɨ ɜɫɟɯ 
ɪɚɡɥɢɱɧɵɯ ɫɦɟɠɧɵɯ ɤɥɚɫɫɨɜ ɝɪɭɩɩɵ G ɩɨ ɩɨɞɝɪɭɩɩɟ H ɫ ɨɩɟɪɚɰɢɟɣ ɭɦɧɨɠɟɧɢɹ: 

(Hg
1
) (H g 2 ) = H (g 1  g 2 )  

ɨɛɪɚɡɭɟɬ ɝɪɭɩɩɭ, ɤɨɬɨɪɚɹ ɧɚɡɵɜɚɟɬɫɹ ɮɚɤɬɨɪ-ɝɪɭɩɩɨɣ ɝɪɭɩɩɵ G ɩɨ ɩɨɞɝɪɭɩɩɟ H 
ɢ ɨɛɨɡɧɚɱɚɟɬɫɹ: 

G / H = {H g/ g  G}. 
Ƚɨɦɨɦɨɪɮɢɡɦɵ ɢ ɢɡɨɦɨɪɮɢɡɦɵ ɝɪɭɩɩ 
ɈɉɊȿȾȿɅȿɇɂȿ. Ɉɬɨɛɪɚɠɟɧɢɟ ɝɪɭɩɩɵ < G, > ɧɚ ɝɪɭɩɩɭ <S, * > ɧɚɡɵɜɚɟɬɫɹ 

ɝɨɦɨɦɨɪɮɢɡɦɨɦ ɝɪɭɩɩ, ɟɫɥɢ ɜɵɩɨɥɧɹɟɬɫɹ ɭɫɥɨɜɢɟ: 
( a, b  G)  ƒ(a b) = ƒ(a)* ƒ(b).   (1) 

ɋɚɦɢ ɝɪɭɩɩɵ ɧɚɡɵɜɚɸɬɫɹ ɩɪɢ ɷɬɨɦ ɝɨɦɨɦɨɪɮɧɵɦɢ. Ɍɚɤɠɟ ɝɨɜɨɪɹɬ, ɱɬɨ ɝɪɭɩɩɚ 
<S, * > ɟɫɬɶ ɝɨɦɨɦɨɪɮɧɵɣ ɨɛɪɚɡ ɝɪɭɩɩɵ < G, >. 

Ɉɛɨɡɧɚɱɟɧɢɟ: G  S. 
ɁȺɆȿɑȺɇɂȿ. ɍɫɥɨɜɢɟ (1) ɢɡ ɨɩɪɟɞɟɥɟɧɢɹ 1 ɧɚɡɵɜɚɸɬ ɬɚɤɠɟ ɬɪɟɛɨɜɚɧɢɟɦ 

ɫɨɯɪɚɧɟɧɢɹ ɝɪɭɩɩɨɜɨɣ ɨɩɟɪɚɰɢɢ. ɋɥɨɜɚɦɢ ɨɧɨ ɱɢɬɚɟɬɫɹ ɬɚɤ: ɨɛɪɚɡ ɩɪɨɢɡɜɟɞɟɧɢɹ 
ɷɥɟɦɟɧɬɨɜ ɝɪɭɩɩɵ < G, > ɪɚɜɟɧ ɩɪɨɢɡɜɟɞɟɧɢɸ ɢɯ ɨɛɪɚɡɨɜ ɜ ɝɪɭɩɩɟ <S, * >. 

ɉɨɷɬɨɦɭ ɜ ɩɪɚɜɨɣ ɱɚɫɬɢ ɪɚɜɟɧɫɬɜɚ (1) ɫɬɨɢɬ ɡɧɚɤ ɨɩɟɪɚɰɢɢ «  » ɝɪɭɩɩɵ G, ɚ ɜ 
ɥɟɜɨɣ – ɡɧɚɤ ɨɩɟɪɚɰɢɢ « * » ɝɪɭɩɩɵ S. 

ɈɉɊȿȾȿɅȿɇɂȿ. Ƚɨɦɨɦɨɪɮɢɡɦ ƒ ɝɪɭɩɩ G ɢ S ɧɚɡɵɜɚɟɬɫɹ ɢɡɨɦɨɪɮɢɡɦɨɦ, ɟɫɥɢ 
ɨɬɨɛɪɚɠɟɧɢɟ ƒ ɛɢɟɤɬɢɜɧɨ.  

ɋɚɦɢ ɝɪɭɩɩɵ ɧɚɡɵɜɚɸɬɫɹ ɩɪɢ ɷɬɨɦ ɢɡɨɦɨɪɮɧɵɦɢ, ɚ ɝɪɭɩɩɚ <S, * > - ɢɡɨɦɨɪɮɧɵɦ 
ɨɛɪɚɡɨɦ ɝɪɭɩɩɵ < G, >. Ɉɛɨɡɧɚɱɟɧɢɟ: G  S. 

Ɉɬɦɟɬɢɦ ɧɟɤɨɬɨɪɵɟ ɫɜɨɣɫɬɜɚ ɢɡɨɦɨɪɮɢɡɦɨɜ ɝɪɭɩɩ. 
ɋȼɈɃɋɌȼɈ 1. ɉɪɢ ɢɡɨɦɨɪɮɢɡɦɟ ɝɪɭɩɩ ɧɟɣɬɪɚɥɶɧɵɣ ɷɥɟɦɟɧɬ ɩɟɪɟɯɨɞɢɬ ɜ 

ɧɟɣɬɪɚɥɶɧɵɣ. 
ɋȼɈɃɋɌȼɈ 2. ɉɪɢ ɢɡɨɦɨɪɮɢɡɦɟ ɝɪɭɩɩ ɨɛɪɚɬɧɵɣ ɷɥɟɦɟɧɬ ɩɟɪɟɯɨɞɢɬ ɜ 

ɨɛɪɚɬɧɵɣ: 
( a  G) ƒ(a 1 ) = [ƒ(a)] 1 . 

ɋȼɈɃɋɌȼɈ 3. ɉɪɢ ɢɡɨɦɨɪɮɢɡɦɟ ɝɪɭɩɩ ɫɨɯɪɚɧɹɟɬɫɹ ɫɜɨɣɫɬɜɨ ɤɨɦɦɭɬɚɬɢɜɧɨɫɬɢ 
ɨɩɟɪɚɰɢɢ. 

ɋȼɈɃɋɌȼɈ 4. ɂɡɨɦɨɪɮɧɵɣ ɨɛɪɚɡ ɝɪɭɩɩɵ ɹɜɥɹɟɬɫɹ ɝɪɭɩɩɨɣ. 
ɉɊɂɆȿɊ 1. Ⱥɞɞɢɬɢɜɧɚɹ ɝɪɭɩɩɚ ɜɫɟɯ ɰɟɥɵɯ ɱɢɫɟɥ ɢɡɨɦɨɪɮɧɚ ɫɜɨɟɣ ɩɨɞɝɪɭɩɩɟ, 

ɫɨɫɬɨɹɳɟɣ ɢɡ ɱɟɬɧɵɯ ɱɢɫɟɥ, ɬɚɤ ɤɚɤ ɨɬɨɛɪɚɠɟɧɢɟ : Z → 2Z ɬɚɤɨɟ, ɱɬɨ:  
( x  Z)  (x) = 2x, 

ɹɜɥɹɟɬɫɹ ɢɡɨɦɨɪɮɢɡɦɨɦ ɝɪɭɩɩ, ɬɚɤ ɤɚɤ ɨɱɟɜɢɞɧɨ, ɱɬɨ  - ɛɢɟɤɬɢɜɧɨ ɢ ( x, y  Z)  

(x + y) = 2(x +y) = 2x + 2y = (x) + (y). 
ɉɊɂɆȿɊ 2. Ⱥɞɞɢɬɢɜɧɚɹ ɝɪɭɩɩɚ ɜɫɟɯ ɞɟɣɫɬɜɢɬɟɥɶɧɵɯ ɱɢɫɟɥ ɢɡɨɦɨɪɮɧɚ 

ɦɭɥɶɬɢɩɥɢɤɚɬɢɜɧɨɣ ɝɪɭɩɩɟ ɜɫɟɯ ɩɨɥɨɠɢɬɟɥɶɧɵɯ ɞɟɣɫɬɜɢɬɟɥɶɧɵɯ ɱɢɫɟɥ: 
<R, + >  <R  ,   >,  

ɬɚɤ ɤɚɤ ɨɬɨɛɪɚɠɟɧɢɟ : R → R  , ɩɪɢ ɤɨɬɨɪɨɦ: 
( x  R)  (x) = e x  

ɹɜɥɹɟɬɫɹ ɛɢɟɤɰɢɟɣ, ɩɨɫɤɨɥɶɤɭ: 
( x, y  R)  (x) = (y)  e x  = e y   x = y, 

( r  R  ) ( x  R): (x) = y, ɚ ɢɦɟɧɧɨ, x = ln y, ɬ.ɤ. (ln y) = e yln = y 
ɢ ɫɨɯɪɚɧɹɟɬ ɝɪɭɩɩɨɜɭɸ ɨɩɟɪɚɰɢɸ: 

( x, y  R) (x + y) = e yx  = e x    e y  = (x)   (y).  

ɌȿɈɊȿɆȺ (ɨ ɝɨɦɨɦɨɪɮɢɡɦɟ ɝɪɭɩɩ). ȿɫɥɢ : K → S ɟɫɬɶ ɝɨɦɨɦɨɪɮɢɡɦ ɝɪɭɩɩɵ G 

ɧɚ ɝɪɭɩɩɭ S, ɬɨ ɮɚɤɬɨɪ-ɝɪɭɩɩɚ G / Ker  ɢɡɨɦɨɪɮɧɚ ɝɪɭɩɩɟ S. 
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ɉɪɢ ɷɬɨɦ ɢɡɨɦɨɪɮɢɡɦ : S → G / Ker  ɦɨɠɧɨ ɜɵɛɪɚɬɶ ɬɚɤɢɦ ɨɛɪɚɡɨɦ, ɱɬɨ ɞɥɹ 
ɜɫɟɯ x  G ,ɛɭɞɟɬ ɜɵɩɨɥɧɹɬɶɫɹ ɪɚɜɟɧɫɬɜɨ ( (x) ) = (x), ɝɞɟ  - ɟɫɬɟɫɬɜɟɧɧɵɣ 
ɝɨɦɨɦɨɪɮɢɡɦ G ɧɚ G / Ker  . 

4. ɋɬɪɭɤɬɭɪɵ ɫ ɞɜɭɦɹ ɛɢɧɚɪɧɵɦɢ ɨɩɟɪɚɰɢɹɦɢ. Ʉɨɥɶɰɚ ɢ ɩɨɥɹ. 
ɉɪɨɫɬɟɣɲɢɟ ɫɜɨɣɫɬɜɚ ɤɨɥɟɰ ɢ ɩɨɥɟɣ. 

ɈɉɊȿȾȿɅȿɇɂȿ. 1. ɇɟɩɭɫɬɨɟ ɦɧɨɠɟɫɬɜɨ Ⱥ ɫ ɡɚɞɚɧɧɵɦɢ ɧɚ ɧɟɦ ɛɢɧɚɪɧɵɦɢ 
ɨɩɟɪɚɰɢɹɦɢ « ◦ » ɢ « * » ɧɚɡɵɜɚɟɬɫɹ ɩɨɥɭɤɨɥɶɰɨɦ < Ⱥ, *, ◦ >, ɟɫɥɢ: 

1) < A, * > - ɚɛɟɥɟɜɚ ɩɨɥɭɝɪɭɩɩɚ, ɬ.ɟ., ɨɩɟɪɚɰɢɹ « * » ɚɫɫɨɰɢɚɬɢɜɧɚ, ɤɨɦɦɭɬɚɬɢɜɧɚ 
ɢ ɨɛɥɚɞɚɟɬ ɧɟɣɬɪɚɥɶɧɵɦ ɷɥɟɦɟɧɬɨɦ; 

2) < A, ◦ > - ɝɪɭɩɩɨɢɞ; 
3) ɨɩɟɪɚɰɢɹ « ◦ » ɫɜɹɡɚɧɚ ɫ ɨɩɟɪɚɰɢɟɣ « * » ɥɟɜɵɦ ɢ ɩɪɚɜɵɦ ɡɚɤɨɧɚɦɢ 

ɞɢɫɬɪɢɛɭɬɢɜɧɨɫɬɢ, ɬ.ɟ. 
( a, b, c  A) c ◦ (a * b) = (c ◦ a) * (c ◦ b) 

    ɢ    (a * b) ◦c = (a ◦ c) * (b ◦ c). 
2. ɉɨɥɭɤɨɥɶɰɨ < Ⱥ, *, ◦ > ɧɚɡɵɜɚɟɬɫɹ ɤɨɥɶɰɨɦ, ɟɫɥɢ: 
1) < A, * > - ɚɛɟɥɟɜɚ ɝɪɭɩɩɚ, ɬ.ɟ. ɨɩɟɪɚɰɢɹ « * » ɚɫɫɨɰɢɚɬɢɜɧɚ, ɤɨɦɦɭɬɚɬɢɜɧɚ, 

ɨɛɥɚɞɚɟɬ ɧɟɣɬɪɚɥɶɧɵɦ ɷɥɟɦɟɧɬɨɦ ɢ ɨɛɪɚɬɢɦɚ; 
2) < A, ◦ > - ɝɪɭɩɩɨɢɞ; 
3) ɨɩɟɪɚɰɢɹ « ◦ » ɫɜɹɡɚɧɚ ɫ ɨɩɟɪɚɰɢɟɣ « * » ɥɟɜɵɦ ɢ ɩɪɚɜɵɦ ɡɚɤɨɧɚɦɢ 

ɞɢɫɬɪɢɛɭɬɢɜɧɨɫɬɢ, ɬ.ɟ., 
( a, b, c  A) c ◦ (a * b) = (c ◦ a) * (c ◦ b) 

         (a * b) ◦c = (a ◦ c) * (b ◦ c). 
3. Ʉɨɥɶɰɨ < Ⱥ, *, ◦ > ɧɚɡɵɜɚɟɬɫɹ ɩɨɥɟɦ, ɟɫɥɢ: 
1) < A, * > - ɚɛɟɥɟɜɚ ɝɪɭɩɩɚ, ɬ.ɟ. ɨɩɟɪɚɰɢɹ « * » ɚɫɫɨɰɢɚɬɢɜɧɚ, ɤɨɦɦɭɬɚɬɢɜɧɚ, 

ɨɛɥɚɞɚɟɬ ɧɟɣɬɪɚɥɶɧɵɦ ɷɥɟɦɟɧɬɨɦ ɢ ɨɛɪɚɬɢɦɚ; 
2) < A /{0}, ◦ > -- ɚɛɟɥɟɜɚ ɝɪɭɩɩɚ, ɬ.ɟ. ɨɩɟɪɚɰɢɹ « ◦ » ɚɫɫɨɰɢɚɬɢɜɧɚ, ɤɨɦɦɭɬɚɬɢɜɧɚ, 

ɨɛɥɚɞɚɟɬ ɧɟɣɬɪɚɥɶɧɵɦ ɷɥɟɦɟɧɬɨɦ ɢ ɨɛɪɚɬɢɦɚ; 
3) ɨɩɟɪɚɰɢɹ « ◦ » ɫɜɹɡɚɧɚ ɫ ɨɩɟɪɚɰɢɟɣ « * » ɥɟɜɵɦ ɢ ɩɪɚɜɵɦ ɡɚɤɨɧɚɦɢ 

ɞɢɫɬɪɢɛɭɬɢɜɧɨɫɬɢ, ɬ.ɟ. 
( a, b, c  A) c ◦ (a * b) = (c ◦ a) * (c ◦ b) 

         (a * b) ◦c = (a ◦ c) * (b ◦ c). 
ɁȺɆȿɑȺɇɂə 
1. ȼɨɨɛɳɟ, ɟɫɥɢ ɧɚ ɧɟɤɨɬɨɪɨɦ ɧɟɩɭɫɬɨɦ ɦɧɨɠɟɫɬɜɟ Ⱥ ɡɚɞɚɧɵ ɞɜɟ ɛɢɧɚɪɧɵɟ 

ɚɥɝɟɛɪɚɢɱɟɫɤɢɟ ɨɩɟɪɚɰɢɢ « * » ɢ « ◦ », ɬɨ ɝɨɜɨɪɹɬ, ɱɬɨ ɡɚɞɚɧɚ ɚɥɝɟɛɪɚɢɱɟɫɤɚɹ 
ɫɬɪɭɤɬɭɪɚ < Ⱥ, *, ◦ > ɫ ɞɜɭɦɹ ɛɢɧɚɪɧɵɦɢ ɨɩɟɪɚɰɢɹɦɢ. 

2. Ɍɚɤ ɤɚɤ ɩɨ ɨɩɪɟɞɟɥɟɧɢɸ ɨɩɟɪɚɰɢɹ « * » ɤɨɦɦɭɬɚɬɢɜɧɚ ɜ ɥɸɛɨɦ ɤɨɥɶɰɟ, ɬɨ 
ɤɨɦɦɭɬɚɬɢɜɧɵɦ ɤɨɥɶɰɨɦ ɧɚɡɵɜɚɟɬɫɹ ɬɚɤɨɟ ɤɨɥɶɰɨ, ɜ ɤɨɬɨɪɨɦ ɤɨɦɦɭɬɚɬɢɜɧɚ ɜɬɨɪɚɹ 
ɨɩɟɪɚɰɢɹ « ◦ ». Ɉɛɵɱɧɨ ɨɩɟɪɚɰɢɸ « ◦ » ɧɚɡɵɜɚɸɬ ɭɦɧɨɠɟɧɢɟɦ, ɚ ɨɩɟɪɚɰɢɸ « * » - 
ɫɥɨɠɟɧɢɟɦ ɧɟɡɚɜɢɫɢɦɨ ɨɬ ɢɯ ɩɪɢɪɨɞɵ. Ⱥɧɚɥɨɝɢɱɧɨ, ɟɫɥɢ ɪɟɱɶ ɢɞɟɬ ɨɛ ɚɫɫɨɰɢɚɬɢɜɧɨɦ 
ɤɨɥɶɰɟ, ɬɨ ɷɬɢɦ ɫɜɨɣɫɬɜɨɦ ɨɛɥɚɞɚɟɬ ɨɩɟɪɚɰɢɹ ɭɦɧɨɠɟɧɢɹ « ◦ ». ȿɫɥɢ ɩɨ ɨɩɟɪɚɰɢɢ 
ɭɦɧɨɠɟɧɢɹ ɜ ɤɨɥɶɰɟ ɫɭɳɟɫɬɜɭɟɬ ɧɟɣɬɪɚɥɶɧɵɣ ɷɥɟɦɟɧɬ, ɬɨ ɤɨɥɶɰɨ ɧɚɡɵɜɚɸɬ ɤɨɥɶɰɨɦ ɫ 
ɟɞɢɧɢɰɟɣ. 

ɈɉɊȿȾȿɅȿɇɂȿ. 1. ɉɭɫɬɶ ɧɚ ɦɧɨɠɟɫɬɜɟ Ⱥ ɫ ɷɥɟɦɟɧɬɨɦ 0 ɡɚɞɚɧɚ ɨɩɟɪɚɰɢɹ «◦».  
Эɥɟɦɟɧɬ x  A ɧɚɡɵɜɚɟɬɫɹ ɥɟɜɵɦ [ɩɪɚɜɵɦ] ɞɟɥɢɬɟɥɟɦ ɧɭɥɹ, ɟɫɥɢ: 
1) x ≠ 0;  
2) (ɚA)  a ≠ 0 ɢ x ◦ a = 0 [a ◦ x = 0]. 
ȿɫɥɢ ɷɥɟɦɟɧɬ x  A ɹɜɥɹɟɬɫɹ ɢ ɥɟɜɵɦ ɢ ɩɪɚɜɵɦ ɞɟɥɢɬɟɥɟɦ ɧɭɥɹ, ɬɨ ɟɝɨ 

ɧɚɡɵɜɚɸɬ ɞɜɭɫɬɨɪɨɧɧɢɦ (ɢɥɢ ɩɪɨɫɬɨ) ɞɟɥɢɬɟɥɟɦ ɧɭɥɹ. 
2. Ⱥɫɫɨɰɢɚɬɢɜɧɨ-ɤɨɦɦɭɬɚɬɢɜɧɨɟ ɤɨɥɶɰɨ ɛɟɡ ɞɟɥɢɬɟɥɟɣ ɧɭɥɹ ɧɚɡɵɜɚɟɬɫɹ 

ɨɛɥɚɫɬɶɸ ɰɟɥɨɫɬɧɨɫɬɢ. 
ɉɊɂɆȿɊ 2. 1. Ɇɧɨɠɟɫɬɜɨ N ɧɚɬɭɪɚɥɶɧɵɯ ɱɢɫɟɥ ɩɨ ɨɩɟɪɚɰɢɢ ɨɛɵɱɧɨɝɨ 

ɭɦɧɨɠɟɧɢɹ ɨɛɪɚɡɭɟɬ ɚɛɟɥɟɜ ɦɨɧɨɢɞ < N, >. 
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Ɇɧɨɠɟɫɬɜɨ N ɩɨ ɨɩɟɪɚɰɢɢ ɨɛɵɱɧɨɝɨ ɫɥɨɠɟɧɢɹ ɬɚɤɠɟ ɨɛɪɚɡɭɟɬ ɚɛɟɥɟɜ ɦɨɧɨɢɞ < 
N, + >, ɬɚɤ ɤɚɤ: 

( a, b  N)         a + b  N; 
( a, b, c  N)  a + (b + c) = (a + b) + c; 

( a, b  N)       a + b = b + a; 
( a  N)      a + 0 = 0 + a = a; 

ɨɞɧɚɤɨ ɨɩɟɪɚɰɢɹ ɫɥɨɠɟɧɢɹ ɧɟ ɨɛɪɚɬɢɦɚ ɧɚ N, ɬɚɤ ɤɚɤ, ɧɚɩɪɢɦɟɪ, ɞɥɹ ɱɢɫɥɚ 2 ɧɟ 
ɫɭɳɟɫɬɜɭɟɬ ɨɛɪɚɬɧɨɝɨ (ɩɪɨɬɢɜɨɩɨɥɨɠɧɨɝɨ) ɷɥɟɦɟɧɬɚ ɜ ɦɧɨɠɟɫɬɜɟ N. 

Ɍɚɤ ɤɚɤ ( a, b, c  N)  c(a + b) = ca + cb, ɬɨ ɭɦɧɨɠɟɧɢɟ ɧɚ N ɞɢɫɬɪɢɛɭɬɢɜɧɨ 
ɨɬɧɨɫɢɬɟɥɶɧɨ ɫɥɨɠɟɧɢɹ. 

ɂɡ ɫɤɚɡɚɧɧɨɝɨ ɫɥɟɞɭɟɬ, ɱɬɨ ɫɬɪɭɤɬɭɪɚ < N, +, > ɨɛɪɚɡɭɟɬ ɚɫɫɨɰɢɚɬɢɜɧɨ-
ɤɨɦɦɭɬɚɬɢɜɧɨɟ ɩɨɥɭɤɨɥɶɰɨ ɫ ɟɞɢɧɢɰɟɣ. 

2. Ɉɱɟɜɢɞɧɨ ɬɚɤɠɟ, ɱɬɨ ɭɦɧɨɠɟɧɢɟ ɧɚ ɦɧɨɠɟɫɬɜɟ Z ɜɫɟɯ ɰɟɥɵɯ ɱɢɫɟɥ ɨɛɥɚɞɚɟɬ 
ɬɚɤɢɦɢ ɠɟ ɫɜɨɣɫɬɜɚɦɢ, ɤɚɤ ɢ ɫɥɨɠɟɧɢɟ, ɤɪɨɦɟ ɫɜɨɣɫɬɜɚ ɨɛɪɚɬɢɦɨɫɬɢ, ɩɨɫɤɨɥɶɤɭ ɞɥɹ 
ɜɫɹɤɨɝɨ ɰɟɥɨɝɨ ɱɢɫɥɚ ɚ, ɡɚ ɢɫɤɥɸɱɟɧɢɟɦ 1 ɢ -1, ɨɛɪɚɬɧɵɣ ɷɥɟɦɟɧɬ ɚ 1  ɧɟ ɹɜɥɹɟɬɫɹ 
ɰɟɥɵɦ ɱɢɫɥɨɦ. ɉɨɷɬɨɦɭ ɫɬɪɭɤɬɭɪɚ < Z, > ɨɛɪɚɡɭɟɬ ɚɛɟɥɟɜɭ ɩɨɥɭɝɪɭɩɩɭ. Ʉɪɨɦɟ ɬɨɝɨ, 
ɨɱɟɜɢɞɧɨ, ɱɬɨ ɜ ɦɧɨɠɟɫɬɜɟ Z ɧɟɬ ɞɟɥɢɬɟɥɟɣ ɧɭɥɹ. ɋɥɟɞɨɜɚɬɟɥɶɧɨ, ɫɬɪɭɤɬɭɪɚ < Z, +, > 
ɹɜɥɹɟɬɫɹ ɨɛɥɚɫɬɶɸ ɰɟɥɨɫɬɧɨɫɬɢ. 

3. ɇɟɬɪɭɞɧɨ ɩɪɨɜɟɪɢɬɶ, ɱɬɨ ɧɚ ɦɧɨɠɟɫɬɜɟ ɜɫɟɯ ɞɟɣɫɬɜɢɬɟɥɶɧɵɯ ɱɢɫɟɥ ɫɥɨɠɟɧɢɟ 
ɢ ɭɦɧɨɠɟɧɢɟ ɨɛɥɚɞɚɸɬ ɫɜɨɣɫɬɜɚɦɢ ɚɫɫɨɰɢɚɬɢɜɧɨɫɬɢ, ɤɨɦɦɭɬɚɬɢɜɧɨɫɬɢ, ɜ ɤɚɱɟɫɬɜɟ 
ɧɟɣɬɪɚɥɶɧɵɯ ɷɥɟɦɟɧɬɨɜ ɜɵɫɬɭɩɚɸɬ 0 ɢ 1 ɫɨɨɬɜɟɬɫɬɜɟɧɧɨ, ɨɛɟ ɨɩɟɪɚɰɢɢ ɨɛɪɚɬɢɦɵ ɢ 
ɭɦɧɨɠɟɧɢɟ ɞɢɫɬɪɢɛɭɬɢɜɧɨ ɨɬɧɨɫɢɬɟɥɶɧɨ ɫɥɨɠɟɧɢɹ. ɋɥɟɞɨɜɚɬɟɥɶɧɨ, < R, +, > ɩɨ 
ɨɩɟɪɚɰɢɹɦ ɫɥɨɠɟɧɢɹ ɢ ɭɦɧɨɠɟɧɢɹ ɨɛɪɚɡɭɟɬ ɩɨɥɟ. 

Ɋɚɫɫɦɨɬɪɢɦ ɟɳɟ ɨɞɢɧ ɩɪɢɦɟɪ, ɤɨɬɨɪɵɣ ɛɭɞɟɬ ɢɦɟɬɶ ɨɫɨɛɨɟ ɡɧɚɱɟɧɢɟ ɜ 
ɞɚɥɶɧɟɣɲɟɦ. 

ɉɊɂɆȿɊ 3. ɇɚ ɦɧɨɠɟɫɬɜɟ Zm ɨɩɪɟɞɟɥɢɦ ɨɩɟɪɚɰɢɢ ɫɥɨɠɟɧɢɹ ɢ ɭɦɧɨɠɟɧɢɹ 
ɜɵɱɟɬɨɜ ɩɨ ɩɪɚɜɢɥɚɦ: 

baba  , 

baba  . 

ɇɟɬɪɭɞɧɨ ɩɪɨɜɟɪɢɬɶ, ɱɬɨ ɷɬɢ ɨɩɟɪɚɰɢɢ ɧɚ ɦɧɨɠɟɫɬɜɟ Z m  ɜɫɟɝɞɚ ɜɵɩɨɥɧɢɦɵ ɢ 
ɨɞɧɨɡɧɚɱɧɨ ɨɩɪɟɞɟɥɟɧɵ, ɬɨ ɟɫɬɶ ɪɟɡɭɥɶɬɚɬ ɜɵɩɨɥɧɟɧɢɹ ɨɩɟɪɚɰɢɢ ɧɟ ɡɚɜɢɫɢɬ ɨɬ 
ɜɵɛɨɪɚ ɩɪɟɞɫɬɚɜɢɬɟɥɹ ɤɥɚɫɫɚ ɜɵɱɟɬɨɜ. ȼ ɩɨɥɭɱɚɸɳɟɣɫɹ ɬɚɤɢɦ ɨɛɪɚɡɨɦ ɚɥɝɟɛɪɟ < Zm, 
+, > ɜɵɩɨɥɧɹɸɬɫɹ ɜɫɟ ɚɤɫɢɨɦɵ ɤɨɦɦɭɬɚɬɢɜɧɨɝɨ ɤɨɥɶɰɚ ɫ ɟɞɢɧɢɰɟɣ. Ʉɨɥɶɰɨ <Zm, +, > 
ɧɚɡɵɜɚɟɬɫɹ ɤɨɥɶɰɨɦ ɤɥɚɫɫɨɜ ɜɵɱɟɬɨɜ ɢɥɢ ɩɪɨɫɬɨ ɤɨɥɶɰɨɦ ɜɵɱɟɬɨɜ ɩɨ ɦɨɞɭɥɸ m. 

ɋɩɪɚɜɟɞɥɢɜɵ ɫɥɟɞɭɸɳɢɟ ɭɬɜɟɪɠɞɟɧɢɹ, ɤɨɬɨɪɵɟ ɛɭɞɭɬ ɧɚɦ ɩɨɥɟɡɧɵ ɜ 
ɞɚɥɶɧɟɣɲɟɦ. 

ɌȿɈɊȿɆȺ. Эɥɟɦɟɧɬ a ɤɨɥɶɰɚ Zm ɢɦɟɟɬ ɨɛɪɚɬɧɵɣ ɬɨɝɞɚ ɢ ɬɨɥɶɤɨ ɬɨɝɞɚ, ɤɨɝɞɚ  
ɇɈȾ(a, m) = 1. 

ɌȿɈɊȿɆȺ 

Ʉɨɥɶɰɨ ɜɵɱɟɬɨɜ < Zm, +, > ɬɨɝɞɚ ɢ ɬɨɥɶɤɨ ɬɨɝɞɚ ɹɜɥɹɟɬɫɹ ɩɨɥɟɦ, ɤɨɝɞɚ m – 
ɩɪɨɫɬɨɟ ɱɢɫɥɨ. 

Ƚɨɦɨɦɨɪɮɢɡɦɵ ɢ ɢɡɨɦɨɪɮɢɡɦɵ ɤɨɥɟɰ ɢ ɩɨɥɟɣ 
ɋȼɈɃɋɌȼɈ 1. ȼɫɹɤɚɹ ɚɞɞɢɬɢɜɧɚɹ ɚɛɟɥɟɜɚ ɝɪɭɩɩɚ <G, + > ɦɨɠɟɬ ɫɥɭɠɢɬɶ 

ɚɞɞɢɬɢɜɧɨɣ ɝɪɭɩɩɨɣ ɤɨɥɶɰɚ <G, + ,   >, ɝɞɟ ɭɦɧɨɠɟɧɢɟ «  » ɨɩɪɟɞɟɥɟɧɨ ɫɥɟɞɭɸɳɢɦ 
ɨɛɪɚɡɨɦ: 

( a, b  G) a  b = 0. 
ɋȼɈɃɋɌȼɈ 2. ȼ ɥɸɛɨɦ ɤɨɥɶɰɟ ɜɵɩɨɥɧɹɸɬɫɹ ɜɫɟ ɫɜɨɣɫɬɜɚ ɚɞɞɢɬɢɜɧɨɣ ɝɪɭɩɩɵ. 
ɋȼɈɃɋɌȼɈ 3. ȼɨ ɜɫɹɤɨɦ ɤɨɥɶɰɟ <K, + ,   > ɭɦɧɨɠɟɧɢɟ ɞɢɫɬɪɢɛɭɬɢɜɧɨ ɫɥɟɜɚ ɢ 

ɫɩɪɚɜɚ ɨɬɧɨɫɢɬɟɥɶɧɨ ɜɵɱɢɬɚɧɢɹ: 
( a, b, c  K) c (a – b) = c a - c b ɢ 

     (a – b)  c = a c - b c. 
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ɋȼɈɃɋɌȼɈ 4 
ȼɨ ɜɫɹɤɨɦ ɤɨɥɶɰɟ <K, + ,   > ɥɸɛɨɟ ɩɪɨɢɡɜɟɞɟɧɢɟ, ɜ ɤɨɬɨɪɨɦ ɯɨɬɹ ɛɵ ɨɞɢɧ ɢɡ 

ɫɨɦɧɨɠɢɬɟɥɟɣ ɪɚɜɟɧ ɧɭɥɸ, ɫɚɦɨ ɪɚɜɧɨ ɧɭɥɸ, ɬɨ ɟɫɬɶ: 
( a  K) a  0 = 0  a = 0. 

ɁȺɆȿɑȺɇɂȿ. Ɉɛɪɚɳɟɧɢɟ ɩɨɫɥɟɞɧɟɝɨ ɫɜɨɣɫɬɜɚ, ɜɨɨɛɳɟ ɝɨɜɨɪɹ, ɧɟɜɟɪɧɨ. Ⱥ 
ɢɦɟɧɧɨ, ɫɭɳɟɫɬɜɭɸɬ ɤɨɥɶɰɚ, ɧɚɩɪɢɦɟɪ, ɤɨɥɶɰɨ ɤɜɚɞɪɚɬɧɵɯ ɦɚɬɪɢɰ ɩɨɪɹɞɤɚ n, ɜ 
ɤɨɬɨɪɵɯ ɢɡ ɪɚɜɟɧɫɬɜɚ ɧɭɥɸ ɩɪɨɢɡɜɟɞɟɧɢɹ a  b = 0 ɧɟ ɫɥɟɞɭɟɬ ɪɚɜɟɧɫɬɜɨ ɧɭɥɸ 
ɫɨɦɧɨɠɢɬɟɥɟɣ. Ɍɨ ɟɫɬɶ, ɫɭɳɟɫɬɜɭɸɬ ɤɨɥɶɰɚ ɫ ɞɟɥɢɬɟɥɹɦɢ ɧɭɥɹ. 

ɈɉɊȿȾȿɅȿɇɂȿ. ɉɨɞɤɨɥɶɰɨɦ ɤɨɥɶɰɚ Ʉ ɧɚɡɵɜɚɟɬɫɹ ɜɫɹɤɨɟ ɩɨɞɦɧɨɠɟɫɬɜɨ Ʉ ɷɬɨɝɨ 
ɤɨɥɶɰɚ, ɤɨɬɨɪɨɟ ɫɚɦɨ ɹɜɥɹɟɬɫɹ ɤɨɥɶɰɨɦ ɨɬɧɨɫɢɬɟɥɶɧɨ ɨɩɟɪɚɰɢɣ, ɨɩɪɟɞɟɥɟɧɧɵɯ ɜ Ʉ. 

ɌȿɈɊȿɆȺ (ɤɪɢɬɟɪɢɣ ɩɨɞɤɨɥɶɰɚ) 
ɉɨɞɦɧɨɠɟɫɬɜɨ Ʉ ɤɨɥɶɰɚ <K, + ,   > ɛɭɞɟɬ ɟɝɨ ɩɨɞɤɨɥɶɰɨɦ ɬɨɝɞɚ ɢ ɬɨɥɶɤɨ ɬɨɝɞɚ, 

ɤɨɝɞɚ ɜɵɩɨɥɧɟɧɵ ɭɫɥɨɜɢɹ: 
1) ( a, b  K ) a + (-b)  Ʉ , ɬ.ɟ., < Ʉ , + > - ɩɨɞɝɪɭɩɩɚ ɚɞɞɢɬɢɜɧɨɣ ɝɪɭɩɩɵ ɤɨɥɶɰɚ; 

2) ( a, b  K )  a  b  Ʉ . 
ɋȼɈɃɋɌȼɈ 5. Ɍɚɤ ɤɚɤ ɜɫɹɤɨɟ ɩɨɥɟ ɹɜɥɹɟɬɫɹ ɤɨɥɶɰɨɦ, ɬɨ ɜɫɟ ɫɜɨɣɫɬɜɚ ɤɨɥɟɰ 

ɫɩɪɚɜɟɞɥɢɜɵ ɢ ɞɥɹ ɩɨɥɟɣ. 
ɈɉɊȿȾȿɅȿɇɂȿ. ɉɭɫɬɶ ɞɚɧɨ ɤɨɥɶɰɨ <K, + ,   >. Ɋɚɫɫɦɨɬɪɢɦ ɦɧɨɠɟɫɬɜɨ P ɜɫɟɯ 

ɬɚɤɢɯ ɭɩɨɪɹɞɨɱɟɧɧɵɯ ɩɚɪ ɷɥɟɦɟɧɬɨɜ ɤɨɥɶɰɚ K, ɭ ɤɨɬɨɪɵɯ ɜɬɨɪɨɣ ɷɥɟɦɟɧɬ ɧɟ ɪɚɜɟɧ 
ɧɭɥɸ: 

P = {<a, b>/ a, b  K, b ≠ 0}. 

Ȼɭɞɟɦ ɨɛɨɡɧɚɱɚɬɶ ɬɚɤɢɟ ɩɚɪɵ ɜ ɜɢɞɟ ɞɪɨɛɟɣ b

a
ɢ ɧɚɡɵɜɚɬɶ ɢɯ ɱɚɫɬɧɵɦɢ 

ɤɨɥɶɰɚ <K, + ,   >. Ɂɚɞɚɞɢɦ ɧɚ ɦɧɨɠɟɫɬɜɟ ɜɫɟɯ ɱɚɫɬɧɵɯ ɤɨɥɶɰɚ ɨɩɟɪɚɰɢɢ « + » ɢ « » 
ɫɥɟɞɭɸɳɢɦ ɨɛɪɚɡɨɦ: 

( a, b, c, d  K)   b

a
+ d

c
= db

bcda




, b ≠ 0, d ≠ 0; 

( a, b, c, d  K) b

a
 d

c
= db

ca




, b ≠ 0, d ≠ 0. 
ɈɉɊȿȾȿɅȿɇɂȿ. Ⱦɜɚ ɱɚɫɬɧɵɯ ɛɭɞɟɦ ɧɚɡɵɜɚɬɶ ɪɚɜɧɵɦɢ, ɟɫɥɢ ɜɵɩɨɥɧɹɟɬɫɹ 

ɪɚɜɟɧɫɬɜɨ: 

d

c

b

a
    a d = b c. 

Ɇɧɨɠɟɫɬɜɨ ɜɫɟɯ ɪɚɜɧɵɯ ɦɟɠɞɭ ɫɨɛɨɣ ɱɚɫɬɧɵɯ ɩɨɥɹ K ɛɭɞɟɦ ɨɛɴɟɞɢɧɹɬɶ ɜ ɨɞɢɧ 
ɤɥɚɫɫ ɢ ɜ ɤɚɱɟɫɬɜɟ ɩɪɟɞɫɬɚɜɢɬɟɥɹ ɷɬɨɝɨ ɤɥɚɫɫɚ ɨɛɵɱɧɨ ɪɚɫɫɦɚɬɪɢɜɚɟɬɫɹ ɧɟɫɨɤɪɚɬɢɦɚɹ 
ɞɪɨɛɶ, ɤɨɬɨɪɚɹ ɜ ɞɚɧɧɨɦ ɤɥɚɫɫɟ ɟɞɢɧɫɬɜɟɧɧɚ. 

ɇɟɬɪɭɞɧɨ ɩɪɨɜɟɪɢɬɶ, ɱɬɨ ɨɩɟɪɚɰɢɢ ɡɚɞɚɧɵ ɤɨɪɪɟɤɬɧɨ, ɬɨ ɟɫɬɶ ɪɟɡɭɥɶɬɚɬ ɢɯ 
ɜɵɩɨɥɧɟɧɢɹ ɧɟ ɡɚɜɢɫɢɬ ɨɬ ɜɵɛɨɪɚ ɩɪɟɞɫɬɚɜɢɬɟɥɹ ɤɥɚɫɫɚ. ɉɨɷɬɨɦɭ ɜ ɞɚɥɶɧɟɣɲɟɦ 
ɛɭɞɟɦ ɨɬɨɠɞɟɫɬɜɥɹɬɶ ɜɟɫɶ ɤɥɚɫɫ ɪɚɜɧɵɯ ɦɟɠɞɭ ɫɨɛɨɣ ɱɚɫɬɧɵɯ ɤɨɥɶɰɚ ɫ ɟɝɨ 
ɧɟɫɨɤɪɚɬɢɦɵɦ ɩɪɟɞɫɬɚɜɢɬɟɥɟɦ. 

ɋɥɟɞɭɸɳɢɟ ɫɜɨɣɫɬɜɚ ɦɧɨɠɟɫɬɜɚ ɜɫɟɯ ɱɚɫɬɧɵɯ ɤɨɥɶɰɚ K ɩɨɤɚɡɵɜɚɸɬ, ɱɬɨ ɩɨ 
ɡɚɞɚɧɧɵɦ ɨɩɟɪɚɰɢɹɦ ɷɬɨ ɦɧɨɠɟɫɬɜɨ ɨɛɪɚɡɭɟɬ ɩɨɥɟ, ɤɨɬɨɪɨɟ ɧɚɡɵɜɚɟɬɫɹ ɩɨɥɟɦ 
ɱɚɫɬɧɵɯ ɤɨɥɶɰɚ K. 

ɋȼɈɃɋɌȼɈ 6. Ɉɩɟɪɚɰɢɢ ɫɥɨɠɟɧɢɹ ɢ ɭɦɧɨɠɟɧɢɹ ɧɚ ɦɧɨɠɟɫɬɜɟ ɜɫɟɯ ɱɚɫɬɧɵɯ 
ɤɨɥɶɰɚ K ɨɛɥɚɞɚɸɬ ɫɜɨɣɫɬɜɚɦɢ ɚɫɫɨɰɢɚɬɢɜɧɨɫɬɢ ɢ ɤɨɦɦɭɬɚɬɢɜɧɨɫɬɢ. ɍɦɧɨɠɟɧɢɟ 
ɫɜɹɡɚɧɨ ɫɨ ɫɥɨɠɟɧɢɟɦ ɥɟɜɵɦ ɢ ɩɪɚɜɵɦ ɡɚɤɨɧɚɦɢ ɞɢɫɬɪɢɛɭɬɢɜɧɨɫɬɢ. 

ɋȼɈɃɋɌȼɈ 7. ɉɨ ɨɩɟɪɚɰɢɢ « + » ɫɭɳɟɫɬɜɭɟɬ ɧɟɣɬɪɚɥɶɧɵɣ ɷɥɟɦɟɧɬ, ɜ ɤɚɱɟɫɬɜɟ 
ɤɨɬɨɪɨɝɨ ɜɵɫɬɭɩɚɟɬ ɤɥɚɫɫ ɞɪɨɛɟɣ ɫ ɱɢɫɥɢɬɟɥɟɦ, ɪɚɜɧɵɦ ɧɭɥɸ, ɢ ɩɪɨɢɡɜɨɥɶɧɵɦ 
ɡɧɚɦɟɧɚɬɟɥɟɦ.  
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Ⱦɥɹ ɷɥɟɦɟɧɬɚ b

a

ɩɪɨɬɢɜɨɩɨɥɨɠɧɵɦ ɹɜɥɹɟɬɫɹ ɷɥɟɦɟɧɬ b

a
.
 

ɋȼɈɃɋɌȼɈ 8. ɉɨ ɨɩɟɪɚɰɢɢ «  » ɫɭɳɟɫɬɜɭɟɬ ɧɟɣɬɪɚɥɶɧɵɣ ɷɥɟɦɟɧɬ, ɜ ɤɚɱɟɫɬɜɟ 
ɤɨɬɨɪɨɝɨ ɜɵɫɬɭɩɚɟɬ ɤɥɚɫɫ ɞɪɨɛɟɣ ɫ ɱɢɫɥɢɬɟɥɟɦ, ɪɚɜɧɵɦ ɡɧɚɦɟɧɚɬɟɥɸ. Ⱦɥɹ ɜɫɹɤɨɝɨ 

ɧɟɧɭɥɟɜɨɝɨ ɷɥɟɦɟɧɬɚ b

a

 ɨɛɪɚɬɧɵɦ ɹɜɥɹɟɬɫɹ ɷɥɟɦɟɧɬ a

b

. 
ɋȼɈɃɋɌȼɈ 9. ȿɞɢɧɢɰɚ ɩɨɥɹ ɧɟ ɪɚɜɧɚ ɧɭɥɸ ɩɨɥɹ, ɫɥɟɞɨɜɚɬɟɥɶɧɨ, ɜɨ ɜɫɹɤɨɦ 

ɩɨɥɟ ɢɦɟɟɬɫɹ ɩɨ ɤɪɚɣɧɟɣ ɦɟɪɟ ɞɜɚ ɪɚɡɥɢɱɧɵɯ ɷɥɟɦɟɧɬɚ – 0 ɢ 1. 
ɋȼɈɃɋɌȼɈ 10. ɇɢɤɚɤɨɟ ɩɨɥɟ ɧɟ ɫɨɞɟɪɠɢɬ ɞɟɥɢɬɟɥɟɣ ɧɭɥɹ. 
ɈɉɊȿȾȿɅȿɇɂȿ. ɉɭɫɬɶ <K, + , > ɢ <S,  , > - ɞɜɚ ɤɨɥɶɰɚ. Ɉɬɨɛɪɚɠɟɧɢɟ : K → S 

ɧɚɡɵɜɚɟɬɫɹ ɝɨɦɨɦɨɪɮɢɡɦɨɦ ɤɨɥɟɰ, ɟɫɥɢ ɜɵɩɨɥɧɹɸɬɫɹ ɭɫɥɨɜɢɹ: 
1) ( a, b  K) (a + b) = (a)  (b); 

2) ( a, b  K) (a b) = (a)  (b). 

Ƚɨɦɨɦɨɪɮɢɡɦ  ɤɨɥɟɰ K ɢ S ɧɚɡɵɜɚɟɬɫɹ ɢɡɨɦɨɪɮɢɡɦɨɦ, ɟɫɥɢ ɨɬɨɛɪɚɠɟɧɢɟ  
ɛɢɟɤɬɢɜɧɨ. 

ɈɉɊȿȾȿɅȿɇɂȿ. əɞɪɨɦ ɝɨɦɨɦɨɪɮɢɡɦɚ ɤɨɥɟɰ K ɢ S ɧɚɡɵɜɚɟɬɫɹ ɦɧɨɠɟɫɬɜɨ ɜɫɟɯ 
ɷɥɟɦɟɧɬɨɜ ɤɨɥɶɰɚ K, ɤɨɬɨɪɵɟ ɨɬɨɛɪɚɠɚɸɬɫɹ ɜ ɧɭɥɶ ɤɨɥɶɰɚ S: 

Ker  = {x x  K, (x) = S0 . 

 
Ɍɟɦɚ. Ɍɟɨɪɢɹ ɞɟɥɢɦɨɫɬɢ ɜ ɤɨɥɶɰɟ ɰɟɥɵɯ ɱɢɫɟɥ 

ɉɥɚɧ 

1. Ⱦɟɥɟɧɢɟ ɰɟɥɵɯ ɱɢɫɟɥ ɫ ɨɫɬɚɬɤɨɦ.  
2. ɇɈȾ ɢ ɇɈɄ ɰɟɥɵɯ ɱɢɫɟɥ. Ⱥɥɝɨɪɢɬɦ ȿɜɤɥɢɞɚ. Ʉɚɧɨɧɢɱɟɫɤɨɟ ɩɪɟɞɫɬɚɜɥɟɧɢɟ 

ɰɟɥɵɯ ɱɢɫɟɥ.  
1. Ⱦɟɥɟɧɢɟ ɰɟɥɵɯ ɱɢɫɟɥ ɫ ɨɫɬɚɬɤɨɦ 
ɈɉɊȿȾȿɅȿɇɂȿ. Ƚɨɜɨɪɹɬ, ɱɬɨ ɰɟɥɨɟ ɱɢɫɥɨ ɚ ɞɟɥɢɬɫɹ ɧɚ ɰɟɥɨɟ ɱɢɫɥɨ b ≠ 0, ɟɫɥɢ 

ɧɚɣɞɟɬɫɹ ɬɚɤɨɟ ɰɟɥɨɟ ɱɢɫɥɨ ɫ, ɱɬɨ a = bc. 
ɑɢɫɥɨ a ɧɚɡɵɜɚɟɬɫɹ ɤɪɚɬɧɵɦ ɱɢɫɥɚ b, ɱɢɫɥɨ b – ɞɟɥɢɬɟɥɟɦ ɱɢɫɥɚ a, ɱɢɫɥɨ ɫ – 

ɱɚɫɬɧɵɦ ɨɬ ɞɟɥɟɧɢɹ a ɧɚ b. 
ɁȺɆȿɑȺɇɂȿ. Ɉɬɧɨɲɟɧɢɟ ɞɟɥɢɦɨɫɬɢ, ɤɚɤ ɜɢɞɧɨ ɢɡ ɨɩɪɟɞɟɥɟɧɢɹ, ɜɜɨɞɢɬɫɹ ɱɟɪɟɡ 

ɨɛɪɚɬɧɭɸ ɨɩɟɪɚɰɢɸ – ɭɦɧɨɠɟɧɢɟ ɰɟɥɵɯ ɱɢɫɟɥ. Ɉɞɧɚɤɨ, ɟɫɥɢ ɪɚɫɫɦɚɬɪɢɜɚɬɶ ɞɟɥɟɧɢɟ 
ɤɚɤ ɛɢɧɚɪɧɭɸ ɨɩɟɪɚɰɢɸ, ɤɨɬɨɪɚɹ ɩɚɪɟ ɰɟɥɵɯ ɱɢɫɟɥ <a, b>, b ≠ 0, ɫɬɚɜɢɬ ɜ ɫɨɨɬɜɟɬɫɬɜɢɟ 
ɱɢɫɥɨ ɚ  b, ɤɨɬɨɪɨɟ, ɜɨɨɛɳɟ ɝɨɜɨɪɹ, ɧɟ ɨɛɹɡɚɬɟɥɶɧɨ ɹɜɥɹɟɬɫɹ ɰɟɥɵɦ, ɬɨ ɨɩɟɪɚɰɢɹ 
ɞɟɥɟɧɢɹ ɧɚ ɦɧɨɠɟɫɬɜɟ Z ɛɭɞɟɬ ɱɚɫɬɢɱɧɨɣ ɨɩɟɪɚɰɢɟɣ. 

Ɉɬɦɟɬɢɦ ɨɫɧɨɜɧɵɟ ɫɜɨɣɫɬɜɚ ɨɬɧɨɲɟɧɢɹ ɞɟɥɢɦɨɫɬɢ ɜ ɤɨɥɶɰɟ Z. 
ɋȼɈɃɋɌȼɈ 1. ɉɭɫɬɶ ɚ ɢ b – ɰɟɥɵɟ ɱɢɫɥɚ, ɧɟ ɪɚɜɧɵɟ 0. ȿɫɥɢ ɨɞɧɨɜɪɟɦɟɧɧɨ 

ɜɵɩɨɥɧɹɸɬɫɹ ɭɫɥɨɜɢɹ: ɚ  b ɢ b  ɚ, ɬɨ ɚ =   b. 

ȿɫɥɢ ɚ  b, ɬɨ ɚ  -b ɢ - ɚ  b. ɐɟɥɨɟ ɱɢɫɥɨ 0 ɞɟɥɢɬɫɹ ɧɚ ɥɸɛɨɟ ɞɪɭɝɨɟ ɰɟɥɨɟ ɱɢɫɥɨ. 
ɋȼɈɃɋɌȼɈ 2. ȿɫɥɢ ɞɥɹ ɰɟɥɵɯ ɱɢɫɟɥ ɚ, b ɢ ɫ ≠ 0 ɜɵɩɨɥɧɹɸɬɫɹ ɭɫɥɨɜɢɹ: 

ɚ  b ɢ ɚ  ɫ, ɬɨ ɚ  (b   ɫ). 
ɁȺɆȿɑȺɇɂȿ. Ɉɛɪɚɬɧɨɟ ɭɬɜɟɪɠɞɟɧɢɟ ɜ ɨɛɳɟɦ ɫɥɭɱɚɟ ɧɟɜɟɪɧɨ, ɬɨ ɟɫɬɶ, ɟɫɥɢ ɞɥɹ 

ɰɟɥɵɯ ɱɢɫɟɥ ɚ, b ɢ ɫ ɜɵɩɨɥɧɹɟɬɫɹ ɞɟɥɢɦɨɫɬɶ ɚ  (b   ɫ), ɬɨ ɨɬɫɸɞɚ ɧɟ ɫɥɟɞɭɟɬ, ɱɬɨ 
ɱɢɫɥɨ ɚ ɞɟɥɢɬɫɹ ɧɚ ɤɚɠɞɨɟ ɢɡ ɫɥɚɝɚɟɦɵɯ. ɇɚɩɪɢɦɟɪ, 12  (5 + 7), ɧɨ ɩɪɢ ɷɬɨɦ 12 ɧɟ 
ɞɟɥɢɬɫɹ ɧɢ ɧɚ 5, ɧɢ ɧɚ 7. 

ɋȼɈɃɋɌȼɈ 3. Ɉɬɧɨɲɟɧɢɟ ɞɟɥɢɦɨɫɬɢ ɧɚ ɦɧɨɠɟɫɬɜɟ Z \ {0} ɪɟɮɥɟɤɫɢɜɧɨ ɢ 
ɬɪɚɧɡɢɬɢɜɧɨ, ɬɚɤ ɤɚɤ: 

( a  Z \ {0}) a    a     ɢ 

( a, b, c  Z \ {0}) (a  b ɢ b  c  b  c). 

Ɉɱɟɜɢɞɧɨ, ɱɬɨ ɧɚ ɦɧɨɠɟɫɬɜɟ Z   ɨɬɧɨɲɟɧɢɟ ɞɟɥɢɦɨɫɬɢ ɛɭɞɟɬ ɬɚɤɠɟ 
ɚɧɬɢɫɢɦɦɟɬɪɢɱɧɨ, ɬɚɤ ɤɚɤ: 
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( a, b  Z  ) (a  b ɢ b  a  a = b). 
ɉɨɷɬɨɦɭ ɧɚ ɦɧɨɠɟɫɬɜɟ ɜɫɟɯ ɩɨɥɨɠɢɬɟɥɶɧɵɯ ɰɟɥɵɯ ɱɢɫɟɥ ɨɬɧɨɲɟɧɢɟ ɞɟɥɢɦɨɫɬɢ 

ɹɜɥɹɟɬɫɹ ɨɬɧɨɲɟɧɢɟɦ ɧɟɫɬɪɨɝɨɝɨ ɩɨɪɹɞɤɚ. 
ɋȼɈɃɋɌȼɈ 4. ȿɫɥɢ ɞɥɹ ɰɟɥɵɯ ɚ ɢ b ≠ 0, ɚ  b, ɬɨ ɞɥɹ ɥɸɛɨɝɨ ɰɟɥɨɝɨ ɫ: ɚɫ  b. 
ɋȼɈɃɋɌȼɈ 5. ȿɫɥɢ ɤɚɠɞɨɟ ɢɡ ɞɜɭɯ ɰɟɥɵɯ ɱɢɫɟɥ ɚ ɢ b ɞɟɥɢɬɫɹ ɧɚ ɱɢɫɥɨ ɫ ≠ 0, ɬɨ: 

( n, m  Z)  (na   mb)  c. 
ɈɉɊȿȾȿɅȿɇɂȿ. Ƚɨɜɨɪɹɬ, ɱɬɨ ɰɟɥɨɟ ɱɢɫɥɨ ɚ ɞɟɥɢɬɫɹ ɫ ɨɫɬɚɬɤɨɦ ɧɚ ɰɟɥɨɟ 

ɱɢɫɥɨ b ≠ 0, ɟɫɥɢ ɫɭɳɟɫɬɜɭɸɬ ɬɚɤɢɟ ɰɟɥɵɟ ɱɢɫɥɚ p ɢ q, ɱɬɨ ɜɵɩɨɥɧɹɸɬɫɹ ɭɫɥɨɜɢɹ: 
a = bq + r,  0  r   b   (*). 

ɑɢɫɥɨ q ɧɚɡɵɜɚɟɬɫɹ ɧɟɩɨɥɧɵɦ ɱɚɫɬɧɵɦ, ɚ ɱɢɫɥɨ r – ɨɫɬɚɬɤɨɦ ɨɬ ɞɟɥɟɧɢɹ ɚ ɧɚ 
b. 

ɂɡ ɨɩɪɟɞɟɥɟɧɢɹ, ɜɨɨɛɳɟ ɝɨɜɨɪɹ, ɧɟɥɶɡɹ ɫɞɟɥɚɬɶ ɜɵɜɨɞɨɜ ɨ ɬɨɦ, ɜɫɟɝɞɚ ɥɢ 
ɫɭɳɟɫɬɜɭɟɬ ɬɚɤɚɹ ɩɚɪɚ ɰɟɥɵɯ ɱɢɫɟɥ q ɢ r ɢ ɨɞɧɨɡɧɚɱɧɨ ɥɢ ɨɧɢ ɨɩɪɟɞɟɥɟɧɵ ɞɥɹ ɞɚɧɧɵɯ 
ɚ ɢ b. Ɉɬɜɟɬ ɧɚ ɷɬɢ ɜɨɩɪɨɫɵ ɞɚɟɬ ɫɨɨɬɜɟɬɫɬɜɭɸɳɚɹ ɬɟɨɪɟɦɚ. 

ɌȿɈɊȿɆȺ (ɨ ɞɟɥɟɧɢɢ ɰɟɥɵɯ ɱɢɫɟɥ ɫ ɨɫɬɚɬɤɨɦ). Ⱦɥɹ ɜɫɹɤɢɯ ɰɟɥɵɯ ɱɢɫɟɥ ɚ ɢ b, 
ɝɞɟ b ≠ 0, ɞɟɥɟɧɢɟ ɫ ɨɫɬɚɬɤɨɦ ɜɫɟɝɞɚ ɜɵɩɨɥɧɢɦɨ ɢ ɨɞɧɨɡɧɚɱɧɨ ɨɩɪɟɞɟɥɟɧɨ. 

ɂɧɵɦɢ ɫɥɨɜɚɦɢ, ɞɥɹ ɜɫɹɤɢɯ ɰɟɥɵɯ ɱɢɫɟɥ ɚ ɢ b, ɝɞɟ b ≠ 0, ɜɫɟɝɞɚ ɫɭɳɟɫɬɜɭɟɬ ɢ 
ɩɪɢɬɨɦ ɟɞɢɧɫɬɜɟɧɧɚɹ ɩɚɪɚ ɰɟɥɵɯ ɱɢɫɟɥ q ɢ r, ɭɞɨɜɥɟɬɜɨɪɹɸɳɢɯ ɭɫɥɨɜɢɸ (*). 

ɁȺɆȿɑȺɇɂȿ. ȿɫɥɢ ɡɚɞɚɧɵ ɱɢɫɥɚ ɚ ɢ q ɢɥɢ ɚ ɢ r, ɬɨ ɞɪɭɝɭɸ ɩɚɪɭ ɱɢɫɟɥ ɢɡ 
ɭɫɥɨɜɢɹ (*) ɦɨɠɧɨ ɩɨɞɨɛɪɚɬɶ ɧɟ ɨɞɧɢɦ ɫɩɨɫɨɛɨɦ. 

ɋȼɈɃɋɌȼɈ 1. ɑɢɫɥɚ ɚ ɢ b ɞɚɸɬ ɨɞɢɧɚɤɨɜɵɟ ɨɫɬɚɬɤɢ ɩɪɢ ɞɟɥɟɧɢɢ ɧɚ ɧɟɤɨɬɨɪɨɟ 
ɰɟɥɨɟ ɱɢɫɥɨ m ɬɨɝɞɚ ɢ ɬɨɥɶɤɨ ɬɨɝɞɚ, ɤɨɝɞɚ ɪɚɡɧɨɫɬɶ (a – b) ɞɟɥɢɬɫɹ ɧɚ m ɧɚɰɟɥɨ. 

ɉɭɫɬɶ m – ɧɟɤɨɬɨɪɨɟ ɰɟɥɨɟ ɱɢɫɥɨ, m ≠ 0, m ≠ 1. Ɋɚɫɫɦɨɬɪɢɦ ɧɚ ɦɧɨɠɟɫɬɜɟ Z 

ɛɢɧɚɪɧɨɟ ɨɬɧɨɲɟɧɢɟ  : 

( ɚ, b  Z) <a, b>     ɱɢɫɥɚ a ɢ b ɩɪɢ ɞɟɥɟɧɢɢ ɧɚ m ɞɚɸɬ ɨɞɢɧɚɤɨɜɵɟ 
ɨɫɬɚɬɤɢ. 

Ɍɨɝɞɚ ɫɩɪɚɜɟɞɥɢɜɨ ɫɥɟɞɭɸɳɟɟ ɫɜɨɣɫɬɜɨ. 
ɋȼɈɃɋɌȼɈ 2. Ɉɬɧɨɲɟɧɢɟ  ɧɚ ɦɧɨɠɟɫɬɜɟ ɰɟɥɵɯ ɱɢɫɟɥ ɹɜɥɹɟɬɫɹ ɨɬɧɨɲɟɧɢɟɦ 

ɷɤɜɢɜɚɥɟɧɬɧɨɫɬɢ. Ɉɧɨ ɪɚɡɛɢɜɚɟɬ ɜɫɟ ɦɧɨɠɟɫɬɜɨ Z ɧɚ ɤɥɚɫɫɵ ɷɤɜɢɜɚɥɟɧɬɧɨɫɬɢ, ɜ 
ɤɚɠɞɵɣ ɢɡ ɤɨɬɨɪɵɯ ɩɨɩɚɞɚɸɬ ɬɟ ɢ ɬɨɥɶɤɨ ɬɟ ɰɟɥɵɟ ɱɢɫɥɚ, ɤɨɬɨɪɵɟ ɩɪɢ ɞɟɥɟɧɢɢ ɧɚ m 
ɞɚɸɬ ɨɞɢɧ ɢ ɬɨɬ ɠɟ ɨɫɬɚɬɨɤ r. Ɍɚɤ ɤɚɤ ɪɚɡɥɢɱɧɵɦɢ ɨɫɬɚɬɤɚɦɢ ɩɪɢ ɞɟɥɟɧɢɢ ɧɚ m ɦɨɝɭɬ 
ɛɵɬɶ ɱɢɫɥɚ 0, 1, 2, … m – 1, ɬɨ ɫɭɳɟɫɬɜɭɟɬ ɪɨɜɧɨ m ɪɚɡɥɢɱɧɵɯ ɤɥɚɫɫɨɜ ɪɚɡɛɢɟɧɢɹ ɩɨ 
ɞɚɧɧɨɦɭ ɨɬɧɨɲɟɧɢɸ : 

K r  = {a  Z / a = xq + r, x, q  Z}. 

Ʌɸɛɨɟ ɰɟɥɨɟ ɱɢɫɥɨ, ɩɪɢɧɚɞɥɟɠɚɳɟɟ ɤɥɚɫɫɭ K r , ɧɚɡɵɜɚɸɬ ɟɝɨ ɩɪɟɞɫɬɚɜɢɬɟɥɟɦ. 
Ɉɛɨɡɧɚɱɢɦ ɦɧɨɠɟɫɬɜɨ ɜɟɯ ɤɥɚɫɫɨɜ ɪɚɡɛɢɟɧɢɹ ɩɨ ɨɬɧɨɲɟɧɢɸ ɷɤɜɢɜɚɥɟɧɬɧɨɫɬɢ  

ɱɟɪɟɡ Z /  : 

Z /  = {K 0 , K 1 , …, K ê , …, K 1m } 

ɢ ɡɚɞɚɞɢɦ ɧɚ ɷɬɨɦ ɦɧɨɠɟɫɬɜɟ ɨɩɟɪɚɰɢɢ ɫɥɨɠɟɧɢɹ ɢ ɭɦɧɨɠɟɧɢɹ ɤɥɚɫɫɨɜ: 
K r  + K s  = K sr ; 

          K r K s  = K rs , ɝɞɟ r, s  {0, 1, …, m-1}. 

ɇɟɬɪɭɞɧɨ ɩɪɨɜɟɪɢɬɶ, ɱɬɨ ɨɩɟɪɚɰɢɢ ɨɩɪɟɞɟɥɟɧɵ ɤɨɪɪɟɤɬɧɨ ɢ ɪɟɡɭɥɶɬɚɬ ɢɯ 
ɜɵɩɨɥɧɟɧɢɹ ɧɟ ɡɚɜɢɫɢɬ ɨɬ ɜɵɛɨɪɚ ɩɪɟɞɫɬɚɜɢɬɟɥɹ ɤɥɚɫɫɚ. Ɍɨɝɞɚ ɦɨɠɧɨ 
ɫɮɨɪɦɭɥɢɪɨɜɚɬɶ ɫɥɟɞɭɸɳɢɟ ɫɜɨɣɫɬɜɚ. 

ɋȼɈɃɋɌȼɈ 3. Ɉɩɟɪɚɰɢɹ ɫɥɨɠɟɧɢɹ ɧɚ ɦɧɨɠɟɫɬɜɟ Z /  ɚɫɫɨɰɢɚɬɢɜɧɚ ɢ 
ɤɨɦɦɭɬɚɬɢɜɧɚ. ɇɟɣɬɪɚɥɶɧɵɦ ɷɥɟɦɟɧɬɨɦ ɹɜɥɹɟɬɫɹ ɤɥɚɫɫ K 0 , ɩɪɨɬɢɜɨɩɨɥɨɠɧɵɦ 
ɷɥɟɦɟɧɬɨɦ ɞɥɹ ɤɥɚɫɫɚ K r  ɹɜɥɹɟɬɫɹ ɤɥɚɫɫ K s , ɝɞɟ s – ɧɚɢɦɟɧɶɲɟɟ ɰɟɥɨɟ 
ɩɨɥɨɠɢɬɟɥɶɧɨɟ ɱɢɫɥɨ ɫɨ ɫɜɨɣɫɬɜɨɦ: ɫɭɦɦɚ (r + s) ɞɟɥɢɬɫɹ ɧɚ m ɧɚɰɟɥɨ. 

ɋȼɈɃɋɌȼɈ 4. Ɉɩɟɪɚɰɢɹ ɭɦɧɨɠɟɧɢɹ ɧɚ ɦɧɨɠɟɫɬɜɟ Z/ ɚɫɫɨɰɢɚɬɢɜɧɚ, 
ɤɨɦɦɭɬɚɬɢɜɧɚ ɢ ɨɛɥɚɞɚɟɬ ɟɞɢɧɢɰɟɣ, ɤɨɬɨɪɨɣ ɹɜɥɹɟɬɫɹ ɤɥɚɫɫ K 1 . 
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ɋȼɈɃɋɌȼɈ 5. ɍɦɧɨɠɟɧɢɟ ɤɥɚɫɫɨɜ ɫɜɹɡɚɧɨ ɫɨ ɫɥɨɠɟɧɢɟɦ ɡɚɤɨɧɚɦɢ 
ɞɢɫɬɪɢɛɭɬɢɜɧɨɫɬɢ: 

K r  (K s  + K t ) = K r K ts  = K )( tsr   = K rtrs  = K rs  + K rt  = K r K s  + K r K t . 

ɋȼɈɃɋɌȼɈ 6 

ɂɡ ɫɜɨɣɫɬɜ 4 – 6 ɫɥɟɞɭɟɬ, ɱɬɨ ɦɧɨɠɟɫɬɜɨ Z /  ɩɨ ɨɩɟɪɚɰɢɹɦ ɫɥɨɠɟɧɢɹ ɢ 
ɭɦɧɨɠɟɧɢɹ ɤɥɚɫɫɨɜ ɨɛɪɚɡɭɟɬ ɤɨɥɶɰɨ, ɤɨɬɨɪɨɟ ɧɚɡɵɜɚɟɬɫɹ ɤɨɥɶɰɨɦ ɤɥɚɫɫɨɜ ɜɵɱɟɬɨɜ ɩɨ 
ɦɨɞɭɥɸ m. 

ɁȺɆȿɑȺɇɂȿ. Ɇɨɠɧɨ ɩɨɤɚɡɚɬɶ, ɱɬɨ ɮɚɤɬɨɪ-ɤɨɥɶɰɨ ɤɨɥɶɰɚ Z ɢɡ ɩɪɢɦɟɪɚ 2 
ɩɚɪɚɝɪɚɮɚ 2.6 ɜɢɞɚ Z / mZ ɛɭɞɟɬ ɢɡɨɦɨɪɮɧɨ ɤɨɥɶɰɭ ɤɥɚɫɫɨɜ ɜɵɱɟɬɨɜ ɩɨ ɦɨɞɭɥɸ m. 
ɉɨɷɬɨɦɭ ɤɨɥɶɰɚ ɜɢɞɚ Z / mZ ɬɚɤɠɟ ɧɚɡɵɜɚɸɬ ɤɨɥɶɰɚɦɢ ɤɥɚɫɫɨɜ ɜɵɱɟɬɨɜ ɩɨ ɦɨɞɭɥɸ m. 

2. ɇɈȾ ɢ ɇɈɄ ɰɟɥɵɯ ɱɢɫɟɥ. Ⱥɥɝɨɪɢɬɦ ȿɜɤɥɢɞɚ. Ʉɚɧɨɧɢɱɟɫɤɨɟ 
ɩɪɟɞɫɬɚɜɥɟɧɢɟ ɰɟɥɵɯ ɱɢɫɟɥ 

ɇɈȾ ɢ ɇɈɄ ɰɟɥɵɯ ɱɢɫɟɥ  
ɈɉɊȿȾȿɅȿɇɂȿ. ɐɟɥɨɟ ɱɢɫɥɨ d ≠ 0 ɧɚɡɵɜɚɟɬɫɹ ɨɛɳɢɦ ɞɟɥɢɬɟɥɟɦ ɰɟɥɵɯ ɱɢɫɟɥ 

a ɢ b, ɟɫɥɢ ɤɚɠɞɨɟ ɢɡ ɷɬɢɯ ɱɢɫɟɥ ɞɟɥɢɬɫɹ ɧɚ ɱɢɫɥɨ d. 
Ɉɛɳɢɣ ɞɟɥɢɬɟɥɶ ɱɢɫɟɥ a ɢ b ɧɚɡɵɜɚɟɬɫɹ ɢɯ ɧɚɢɛɨɥɶɲɢɦ ɨɛɳɢɦ ɞɟɥɢɬɟɥɟɦ, 

ɟɫɥɢ ɨɧ ɞɟɥɢɬɫɹ ɧɚ ɥɸɛɨɣ ɞɪɭɝɨɣ ɢɯ ɨɛɳɢɣ ɞɟɥɢɬɟɥɶ. 
Ɉɛɨɡɧɚɱɟɧɢɟ:     d = ɇɈȾ (a, b) ɢɥɢ d = (a, b). 
Ɉɬɦɟɬɢɦ ɧɟɤɨɬɨɪɵɟ ɫɜɨɣɫɬɜɚ ɇɈȾ ɰɟɥɵɯ ɱɢɫɟɥ, ɤɨɬɨɪɵɟ ɛɭɞɭɬ ɜɚɠɧɵ ɜ 

ɞɚɥɶɧɟɣɲɟɦ. 
ɋȼɈɃɋɌȼɈ 1. ȿɫɥɢ d = ɇɈȾ (a, b) ɢ d 1  = ɇɈȾ (a, b), ɬɨ d 1  =   d. 

ɋȼɈɃɋɌȼɈ 2. ȿɫɥɢ ɱɢɫɥɨ a ɞɟɥɢɬɫɹ ɧɚ ɱɢɫɥɨ b ≠ 0 ɧɚɰɟɥɨ, ɬɨ ɇɈȾ (a, b) = b. 

ɋȼɈɃɋɌȼɈ 3. ɉɭɫɬɶ d 1  = ɇɈȾ (a, b), d = ɇɈȾ (d 1 , ɫ), ɬɨɝɞɚ d = ɇɈȾ (a, b, ɫ). 
ɋȼɈɃɋɌȼɈ 4. ȿɫɥɢ ɱɢɫɥɨ ɚ ɞɟɥɢɬɫɹ ɧɚ ɱɢɫɥɨ b ɫ ɨɫɬɚɬɤɨɦ, ɬɨ ɟɫɬɶ 

a = bq + r, 0  r   b , ɬɨ ɇɈȾ (a, b) = ɇɈȾ (b, r). 
ɁȺɆȿɑȺɇɂə 
1. ɉɟɪɜɨɟ ɫɜɨɣɫɬɜɨ ɨɡɧɚɱɚɟɬ, ɱɬɨ ɇɈȾ ɞɜɭɯ ɰɟɥɵɯ ɱɢɫɟɥ ɨɩɪɟɞɟɥɟɧ ɫ ɬɨɱɧɨɫɬɶɸ 

ɞɨ ɡɧɚɤɚ. Ɉɛɵɱɧɨ ɩɪɢɧɹɬɨ ɩɪɨɜɨɞɢɬɶ ɪɚɫɫɭɠɞɟɧɢɹ ɫ ɩɨɥɨɠɢɬɟɥɶɧɵɦ ɡɧɚɱɟɧɢɟɦ ɇɈȾ 
ɰɟɥɵɯ ɱɢɫɟɥ. 

2. Ɍɪɟɬɶɟ ɫɜɨɣɫɬɜɨ ɮɚɤɬɢɱɟɫɤɢ ɭɬɜɟɪɠɞɚɟɬ, ɱɬɨ ɨɩɟɪɚɰɢɹ ɧɚɯɨɠɞɟɧɢɹ ɇɈȾ 
ɰɟɥɵɯ ɱɢɫɟɥ ɚɫɫɨɰɢɚɬɢɜɧɚ, ɬɚɤ ɤɚɤ: 

ɇɈȾ (ɇɈȾ (a, b), c) = ɇɈȾ (a, (ɇɈȾ (b, c)) = ɇɈȾ (a, b, c). 
Эɬɨ ɨɡɧɚɱɚɟɬ, ɱɬɨ ɜɵɱɢɫɥɹɬɶ ɇɈȾ ɧɟɫɤɨɥɶɤɢɯ ɰɟɥɵɯ ɱɢɫɟɥ ɦɨɠɧɨ ɜ 

ɩɪɨɢɡɜɨɥɶɧɨɦ ɩɨɪɹɞɤɟ. 
ɈɉɊȿȾȿɅȿɇɂȿ. ɐɟɥɨɟ ɱɢɫɥɨ h ɧɚɡɵɜɚɟɬɫɹ ɨɛɳɢɦ ɤɪɚɬɧɵɦ ɧɟɧɭɥɟɜɵɯ ɰɟɥɵɯ 

ɱɢɫɟɥ a ɢ b, ɟɫɥɢ h ɞɟɥɢɬɫɹ ɧɚ ɤɚɠɞɨɟ ɢɡ ɷɬɢɯ ɱɢɫɟɥ. 
Ɉɛɳɟɟ ɤɪɚɬɧɨɟ ɰɟɥɵɯ ɱɢɫɟɥ a ɢ b ɧɚɡɵɜɚɟɬɫɹ ɢɯ ɧɚɢɦɟɧɶɲɢɦ ɨɛɳɢɦ ɤɪɚɬɧɵɦ, 

ɟɫɥɢ ɧɚ ɧɟɝɨ ɞɟɥɢɬɫɹ ɥɸɛɨɟ ɞɪɭɝɨɟ ɢɯ ɨɛɳɟɟ ɤɪɚɬɧɨɟ. Ɉɛɨɡɧɚɱɟɧɢɟ: h = ɇɈɄ (a, b) ɢɥɢ 
h = [a, b]. 

Ɉɬɦɟɬɢɦ ɧɟɤɨɬɨɪɵɟ ɫɜɨɣɫɬɜɚ ɇɈɄ ɰɟɥɵɯ ɱɢɫɟɥ, ɤɨɬɨɪɵɟ ɫɯɨɠɢ ɫɨ ɫɜɨɣɫɬɜɚɦɢ 
ɧɚɢɛɨɥɶɲɟɝɨ ɨɛɳɟɝɨ ɞɟɥɢɬɟɥɹ. 

ɋȼɈɃɋɌȼɈ 1. ȿɫɥɢ h = ɇɈɄ (a, b) ɢ h 1  = ɇɈɄ (a, b), ɬɨ h 1  =   h. 

ɋȼɈɃɋɌȼɈ 2. ȿɫɥɢ ɱɢɫɥɨ a ɞɟɥɢɬɫɹ ɧɚ ɱɢɫɥɨ b ≠ 0 ɧɚɰɟɥɨ, ɬɨ ɇɈɄ (a, b) = ɚ. 
ɋȼɈɃɋɌȼɈ 3. ɉɭɫɬɶ h 1  = ɇɈɄ (a, b) ɢ h = ɇɈɄ (h 1 , ɫ), ɬɨɝɞɚ h = ɇɈɄ (a, b, ɫ). 
ɁȺɆȿɑȺɇɂə 
1. ɉɟɪɜɨɟ ɫɜɨɣɫɬɜɨ ɨɡɧɚɱɚɟɬ, ɱɬɨ ɇɈɄ ɞɜɭɯ ɰɟɥɵɯ ɱɢɫɟɥ ɨɩɪɟɞɟɥɟɧɨ ɫ 

ɬɨɱɧɨɫɬɶɸ ɞɨ ɡɧɚɤɚ.  
2. Ɍɪɟɬɶɟ ɫɜɨɣɫɬɜɨ ɭɬɜɟɪɠɞɚɟɬ ɚɫɫɨɰɢɚɬɢɜɧɨɫɬɶ ɨɩɟɪɚɰɢɢ ɧɚɯɨɠɞɟɧɢɹ ɇɈɄ 

ɰɟɥɵɯ ɱɢɫɟɥ: ɇɈɄ ɧɟɫɤɨɥɶɤɢɯ ɰɟɥɵɯ ɱɢɫɟɥ ɦɨɠɧɨ ɜɵɱɢɫɥɹɬɶ ɜ ɩɪɨɢɡɜɨɥɶɧɨɦ ɩɨɪɹɞɤɟ. 
ɇɈɄ (ɇɈɄ (a, b), c) = ɇɈɄ (a, (ɇɈɄ (b, c)) = ɇɈɄ (a, b, c). 

Ⱥɥɝɨɪɢɬɦ ȿɜɤɥɢɞɚ. Ɍɟɨɪɟɦɚ Ʌɚɦɟ 
Ɂɚɦɟɬɢɦ, ɱɬɨ ɢɡ ɨɩɪɟɞɟɥɟɧɢɹ ɢ ɫɜɨɣɫɬɜ ɧɚɢɛɨɥɶɲɟɝɨ ɨɛɳɟɝɨ ɞɟɥɢɬɟɥɹ ɢ 
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ɧɚɢɦɟɧɶɲɟɝɨ ɨɛɳɟɝɨ ɤɪɚɬɧɨɝɨ ɰɟɥɵɯ ɱɢɫɟɥ ɧɟ ɫɥɟɞɭɟɬ, ɱɬɨ ɇɈȾ ɢ ɇɈɄ ɞɜɭɯ ɱɢɫɟɥ 
ɜɫɟɝɞɚ ɫɭɳɟɫɬɜɭɸɬ. ɂɯ ɫɭɳɟɫɬɜɨɜɚɧɢɟ ɧɭɠɧɨ ɞɨɤɚɡɵɜɚɬɶ ɨɬɞɟɥɶɧɨ. 

ɉɭɫɬɶ a, b ≠ 0 – ɰɟɥɵɟ ɱɢɫɥɚ. ɉɨɫɬɪɨɢɦ ɞɥɹ ɧɢɯ ɬɚɤ ɧɚɡɵɜɚɟɦɭɸ 
ɩɨɫɥɟɞɨɜɚɬɟɥɶɧɨɫɬɶ ȿɜɤɥɢɞɚ, ɜɵɩɨɥɧɹɹ ɩɨɫɥɟɞɨɜɚɬɟɥɶɧɨ ɞɟɥɟɧɢɟ ɫ ɨɫɬɚɬɤɨɦ. 

1) ȿɫɥɢ ɚ ɞɟɥɢɬɫɹ ɧɚ b ɧɚɰɟɥɨ, ɬɨ ɩɨɫɥɟɞɨɜɚɬɟɥɶɧɨɫɬɶ ȿɜɤɥɢɞɚ ɢɦɟɟɬ ɜɢɞ: ɚ, b. 

2) ɉɭɫɬɶ ɚ  b ɢ ɚ ɧɟ ɞɟɥɢɬɫɹ ɧɚ b ɧɚɰɟɥɨ. Ɍɨɝɞɚ, ɜɵɩɨɥɧɹɹ ɞɟɥɟɧɢɟ ɚ ɧɚ b ɫ 
ɨɫɬɚɬɤɨɦ, ɩɨɥɭɱɢɦ: 

a = bq 0  + r 0 ,  0  r 0    b . 
Ɂɚɬɟɦ ɞɟɥɢɦ ɱɢɫɥɨ b ɧɚ ɩɨɥɭɱɟɧɧɵɣ ɨɫɬɚɬɨɤ r 0 : 

b = r 0 q 1  + r 1 ,  0 ≤ r 1   r 0 . 

ɋɧɨɜɚ ɞɟɥɢɦ ɬɟɩɟɪɶ ɭɠɟ r 0  ɧɚ ɨɫɬɚɬɨɤ r 1 : 

r 0  = r 1 q 2  + r 2 ,  0 ≤ r 2   r 1 . 

ɉɪɨɞɨɥɠɚɟɦ ɩɪɨɰɟɫɫ ɞɟɥɟɧɢɹ ɫ ɨɫɬɚɬɤɨɦ ɞɨ ɬɟɯ ɩɨɪ, ɩɨɤɚ ɧɚ ɧɟɤɨɬɨɪɨɦ ɲɚɝɟ ɧɟ 
ɩɨɥɭɱɢɦ ɨɫɬɚɬɨɤ, ɪɚɜɧɵɣ ɧɭɥɸ: 

r 2n  = r 1n q n  + r n ,  0 ≤ r n   r 1n , 

         r 1n  = r n q 1n  + 0. 

ɉɨɫɥɟɞɨɜɚɬɟɥɶɧɨɫɬɶ, ɩɨɥɭɱɟɧɧɚɹ ɜ ɯɨɞɟ ɷɬɢɯ ɨɩɟɪɚɰɢɣ: 
a  b  r 0   r 1   …  r 1n   r n   r 1n  = 0   (**), 

ɢ ɛɭɞɟɬ ɩɨɫɥɟɞɨɜɚɬɟɥɶɧɨɫɬɶɸ ȿɜɤɥɢɞɚ ɞɥɹ ɫɥɭɱɚɹ 2). 
ɉɨɫɥɟɞɨɜɚɬɟɥɶɧɨɫɬɶ (**) ɨɛɹɡɚɬɟɥɶɧɨ ɨɛɨɪɜɟɬɫɹ ɧɚ ɧɭɥɟ ɱɟɪɟɡ ɤɨɧɟɱɧɨɟ ɱɢɫɥɨ 

ɲɚɝɨɜ, ɬɚɤ ɤɚɤ ɨɧɚ ɹɜɥɹɟɬɫɹ ɫɬɪɨɝɨ ɭɛɵɜɚɸɳɟɣ ɩɨɫɥɟɞɨɜɚɬɟɥɶɧɨɫɬɶɸ ɧɚɬɭɪɚɥɶɧɵɯ 
ɱɢɫɟɥ (ɧɚɱɢɧɚɹ ɫ r 0 ). Ɇɧɨɠɟɫɬɜɨ ɧɚɬɭɪɚɥɶɧɵɯ ɱɢɫɟɥ ɨɝɪɚɧɢɱɟɧɨ ɫɧɢɡɭ ɧɭɥɟɦ, ɩɨɷɬɨɦɭ 
ɩɨɫɥɟɞɨɜɚɬɟɥɶɧɨɫɬɶ (**) ɧɟ ɦɨɠɟɬ ɭɛɵɜɚɬɶ ɛɟɫɤɨɧɟɱɧɨ.  

Ⱥɥɝɨɪɢɬɦ ɩɨɫɬɪɨɟɧɢɹ ɩɨɫɥɟɞɨɜɚɬɟɥɶɧɨɫɬɢ ȿɜɤɥɢɞɚ ɧɚɡɵɜɚɟɬɫɹ ɚɥɝɨɪɢɬɦɨɦ 
ȿɜɤɥɢɞɚ, ɤɨɬɨɪɵɣ ɢɫɩɨɥɶɡɭɟɬɫɹ ɩɪɢ ɞɨɤɚɡɚɬɟɥɶɫɬɜɟ ɫɭɳɟɫɬɜɨɜɚɧɢɹ ɇɈȾ ɞɜɭɯ ɰɟɥɵɯ 
ɱɢɫɟɥ. 

ɌȿɈɊȿɆȺ (ɨ ɫɭɳɟɫɬɜɨɜɚɧɢɢ ɇɈȾ ɰɟɥɵɯ ɱɢɫɟɥ). ɉɭɫɬɶ ɚ ɢ b ≠ 0 – ɰɟɥɵɟ ɱɢɫɥɚ. 
Ⱥɥɝɨɪɢɬɦ ȿɜɤɥɢɞɚ ɞɨɫɬɚɜɥɹɟɬ ɇɈȾ ɱɢɫɟɥ ɚ ɢ b, ɤɨɬɨɪɵɣ ɪɚɜɟɧ ɩɨɫɥɟɞɧɟɦɭ ɧɟ ɪɚɜɧɨɦɭ 
ɧɭɥɸ ɨɫɬɚɬɤɭ ɜ ɩɨɫɥɟɞɨɜɚɬɟɥɶɧɨɫɬɢ ȿɜɤɥɢɞɚ (**): 

ɇɈȾ (a, b) = r n . 

ɌȿɈɊȿɆȺ (ɨ ɫɭɳɟɫɬɜɨɜɚɧɢɢ ɇɈɄ ɰɟɥɵɯ ɱɢɫɟɥ). ɉɭɫɬɶ a ɢ b – ɧɟ ɪɚɜɧɵɟ ɧɭɥɸ 
ɰɟɥɵɟ ɱɢɫɥɚ. Ɍɨɝɞɚ ɫɩɪɚɜɟɞɥɢɜɨ ɫɨɨɬɧɨɲɟɧɢɟ: 

ɇɈɄ (a, b) = ),( baɇɈȾ
ab

   (***). 

ɁȺɆȿɑȺɇɂȿ. ȼ ɫɜɹɡɢ ɫ ɢɫɩɨɥɶɡɨɜɚɧɢɟɦ ɚɥɝɨɪɢɬɦɚ ȿɜɤɥɢɞɚ ɜɨɡɧɢɤɚɟɬ ɜɨɩɪɨɫ: 
ɫɤɨɥɶɤɨ ɲɚɝɨɜ ɧɟɨɛɯɨɞɢɦɨ ɜɵɩɨɥɧɢɬɶ ɞɥɹ ɜɵɱɢɫɥɟɧɢɹ ɇɈȾ? Ɉɬɜɟɬ ɧɚ ɷɬɨɬ ɜɨɩɪɨɫ 
ɞɚɟɬ ɬɟɨɪɟɦɚ, ɞɨɤɚɡɚɧɧɚɹ ɮɪɚɧɰɭɡɫɤɢɦ ɦɚɬɟɦɚɬɢɤɨɦ, ɮɢɡɢɤɨɦ ɢ ɢɧɠɟɧɟɪɨɦ 
Ƚɚɛɪɢɷɥɟɦ Ʌɚɦɟ (1795-1870).  

ɌȿɈɊȿɆȺ (Ʌɚɦɟ). ɉɭɫɬɶ ɚ ɢ b - ɧɚɬɭɪɚɥɶɧɵɟ ɱɢɫɥɚ. ɑɢɫɥɨ ɲɚɝɨɜ ɜ ɚɥɝɨɪɢɬɦɟ 
ȿɜɤɥɢɞɚ ɞɥɹ ɱɢɫɟɥ ɚ ɢ b ɧɟ ɩɪɟɜɨɫɯɨɞɢɬ 5k, ɝɞɟ k - ɱɢɫɥɨ ɞɟɫɹɬɢɱɧɵɯ ɰɢɮɪ ɦɟɧɶɲɟɝɨ 
ɢɡ ɱɢɫɟɥ ɚ ɢ b. 

ɌȿɈɊȿɆȺ. ɉɭɫɬɶ d = ɇɈȾ (a, b). Ɍɨɝɞɚ ɫɭɳɟɫɬɜɭɸɬ ɬɚɤɢɟ ɰɟɥɵɟ ɱɢɫɥɚ x ɢ y, ɱɬɨ 
d ɥɢɧɟɣɧɨ ɜɵɪɚɠɚɟɬɫɹ ɱɟɪɟɡ ɫɚɦɢ ɱɢɫɥɚ a ɢ b: 

d = xa+yb, x, y  Z.      (1) 
Ⱥɥɝɨɪɢɬɦ, ɩɨɡɜɨɥɹɸɳɢɣ ɜɵɱɢɫɥɹɬɶ ɱɢɫɥɚ x ɢ y, ɭɞɨɜɥɟɬɜɨɪɹɸɳɢɟ ɪɚɜɟɧɫɬɜɭ (1) 

ɞɥɹ ɞɚɧɧɵɯ ɱɢɫɟɥ a ɢ b ɢ ɢɯ ɧɚɢɛɨɥɶɲɟɝɨ ɨɛɳɟɝɨ ɞɟɥɢɬɟɥɹ d, ɩɨɥɭɱɢɥ ɧɚɡɜɚɧɢɟ 
ɪɚɫɲɢɪɟɧɧɨɝɨ ɚɥɝɨɪɢɬɦɚ ȿɜɤɥɢɞɚ, ɤɨɬɨɪɵɣ ɡɚɤɥɸɱɚɟɬɫɹ ɜ ɫɥɟɞɭɸɳɟɦ. 

ɂɡ ɤɚɠɞɨɝɨ ɪɚɜɟɧɫɬɜɚ, ɤɨɬɨɪɵɟ ɩɨɥɭɱɚɸɬɫɹ ɩɪɢ ɩɨɫɬɪɨɟɧɢɢ ɩɨɫɥɟɞɨɜɚɬɟɥɶɧɨɫɬɢ 
ȿɜɤɥɢɞɚ, ɜɵɪɚɡɢɦ ɨɫɬɚɬɨɤ ɢ ɩɨɞɫɬɚɜɢɦ ɟɝɨ ɜ ɫɥɟɞɭɸɳɟɟ ɪɚɜɟɧɫɬɜɨ, ɩɨɤɚ ɧɟ ɞɨɣɞɟɦ ɞɨ 
ɇɈȾ ɱɢɫɟɥ a ɢ b. ȼ ɩɨɫɥɟɞɧɟɦ ɪɚɜɟɧɫɬɜɟ ɩɪɢɜɟɞɟɦ ɩɨɞɨɛɧɵɟ ɫɥɚɝɚɟɦɵɟ ɩɪɢ ɷɬɢɯ 
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ɱɢɫɥɚɯ. ɉɨɥɭɱɟɧɧɵɟ ɤɨɷɮɮɢɰɢɟɧɬɵ ɢ ɛɭɞɭɬ ɱɢɫɥɟɧɧɵɦɢ ɡɧɚɱɟɧɢɹɦɢ x ɢ y: 

r 0  = a - bq 0 , r 1  = b - r 0 q 1 , => r 1  = b – (a - bq 0 ) q 1 , ɢ ɬ.ɞ. 
ɈɉɊȿȾȿɅȿɇɂȿ. ɇɚɬɭɪɚɥɶɧɨɟ ɱɢɫɥɨ p ɧɚɡɵɜɚɟɬɫɹ ɩɪɨɫɬɵɦ, ɟɫɥɢ ɨɧɨ ɧɟ ɢɦɟɟɬ 

ɞɪɭɝɢɯ ɞɟɥɢɬɟɥɟɣ, ɤɪɨɦɟ ɫɟɛɹ ɢ ɟɞɢɧɢɰɵ. ȿɫɥɢ ɠɟ ɱɢɫɥɨ ɢɦɟɟɬ ɞɟɥɢɬɟɥɢ, ɨɬɥɢɱɧɵɟ ɨɬ 
ɫɟɛɹ ɢ ɟɞɢɧɢɰɵ, ɬɨ ɨɧɨ ɧɚɡɵɜɚɟɬɫɹ ɫɨɫɬɚɜɧɵɦ. 

ɉɊɂɆȿɊ 1. ɑɢɫɥɚ 2, 3, 19, 31 ɹɜɥɹɸɬɫɹ ɩɪɨɫɬɵɦɢ, ɚ ɱɢɫɥɚ 6, 222, 18, 864 – 
ɫɨɫɬɚɜɧɵɦɢ. 

ɁȺɆȿɑȺɇɂȿ. ȿɞɢɧɢɰɚ, ɨɱɟɜɢɞɧɨ, ɧɟ ɹɜɥɹɟɬɫɹ ɧɢ ɩɪɨɫɬɵɦ, ɧɢ ɫɨɫɬɚɜɧɵɦ 
ɱɢɫɥɨɦ. Ɇɨɠɧɨ ɫɤɚɡɚɬɶ, ɱɬɨ ɦɧɨɠɟɫɬɜɨ ɜɫɟɯ ɧɚɬɭɪɚɥɶɧɵɯ ɱɢɫɟɥ ɪɚɡɛɢɜɚɟɬɫɹ ɧɚ ɬɪɢ 
ɧɟɩɟɪɟɫɟɤɚɸɳɢɯɫɹ ɤɥɚɫɫɚ: ɤɥɚɫɫ ɩɪɨɫɬɵɯ ɱɢɫɟɥ, ɤɥɚɫɫ ɫɨɫɬɚɜɧɵɯ ɱɢɫɟɥ ɢ ɤɥɚɫɫ, 
ɫɨɞɟɪɠɚɳɢɣ ɬɨɥɶɤɨ ɟɞɢɧɢɰɭ. 

ɋȼɈɃɋɌȼɈ 1. ȼɫɹɤɨɟ ɫɨɫɬɚɜɧɨɟ ɱɢɫɥɨ ɚ ɢɦɟɟɬ ɯɨɬɹ ɛɵ ɨɞɢɧ ɩɪɨɫɬɨɣ ɞɟɥɢɬɟɥɶ 
p, ɧɟ ɩɪɟɜɨɫɯɨɞɹɳɢɣ a : p ≤ a . 

ɋȼɈɃɋɌȼɈ 2. ȿɫɥɢ ɩɪɨɢɡɜɟɞɟɧɢɟ ɞɜɭɯ ɰɟɥɵɯ ɱɢɫɟɥ ɞɟɥɢɬɫɹ ɧɚ ɩɪɨɫɬɨɟ ɱɢɫɥɨ 
ɪ, ɬɨ ɯɨɬɹ ɛɵ ɨɞɢɧ ɢɡ ɫɨɦɧɨɠɢɬɟɥɟɣ ɞɟɥɢɬɫɹ ɧɚ ɷɬɨ ɱɢɫɥɨ: 

ab  p    a  p ɢɥɢ  b  p. 

ɋȼɈɃɋɌȼɈ 3. ȿɫɥɢ p ɢ q – ɩɪɨɫɬɵɟ ɱɢɫɥɚ ɢ p  q, ɬɨ p = q. 
ɉɪɨɫɬɵɟ ɱɢɫɥɚ ɢɝɪɚɸɬ ɨɫɨɛɭɸ ɪɨɥɶ ɫɪɟɞɢ ɜɫɟɯ ɧɚɬɭɪɚɥɶɧɵɯ, ɢ ɞɚɠɟ ɰɟɥɵɯ 

ɱɢɫɟɥ, ɤɨɬɨɪɚɹ ɜɵɪɚɠɚɟɬɫɹ ɫɥɟɞɭɸɳɟɣ ɬɟɨɪɟɦɨɣ. 
ɌȿɈɊȿɆȺ (ɨɫɧɨɜɧɚɹ ɬɟɨɪɟɦɚ ɚɪɢɮɦɟɬɢɤɢ). ȼɫɹɤɨɟ ɧɚɬɭɪɚɥɶɧɨɟ ɱɢɫɥɨ ɦɨɠɟɬ 

ɛɵɬɶ ɩɪɟɞɫɬɚɜɥɟɧɨ ɜ ɜɢɞɟ ɩɪɨɢɡɜɟɞɟɧɢɹ ɩɪɨɫɬɵɯ ɫɨɦɧɨɠɢɬɟɥɟɣ ɟɞɢɧɫɬɜɟɧɧɵɦ 
ɨɛɪɚɡɨɦ ɫ ɬɨɱɧɨɫɬɶɸ ɞɨ ɩɨɪɹɞɤɚ ɫɥɟɞɨɜɚɧɢɹ ɫɨɦɧɨɠɢɬɟɥɟɣ. 

ɁȺɆȿɑȺɇɂə 
1. Ɍɟɨɪɟɦɚ ɫɩɪɚɜɟɞɥɢɜɚ ɢ ɞɥɹ ɰɟɥɵɯ ɱɢɫɟɥ, ɬɚɤ ɤɚɤ ɜɫɹɤɨɟ ɰɟɥɨɟ ɱɢɫɥɨ ɚ ɦɨɠɧɨ 

ɩɪɟɞɫɬɚɜɢɬɶ ɜ ɜɢɞɟ: 

a = a a – ɝɞɟ a  - ɡɧɚɤ, ɚ a  - ɧɚɬɭɪɚɥɶɧɨɟ ɱɢɫɥɨ. 
2. ȿɫɥɢ ɜ ɪɚɡɥɨɠɟɧɢɢ ɰɟɥɨɝɨ ɱɢɫɥɚ ɚ ɧɚ ɩɪɨɫɬɵɟ ɦɧɨɠɢɬɟɥɢ ɫɨɛɪɚɬɶ ɜɦɟɫɬɟ ɜ 

ɜɢɞɟ ɫɬɟɩɟɧɢ ɨɞɢɧɚɤɨɜɵɟ ɩɪɨɫɬɵɟ ɱɢɫɥɚ, ɬɨ ɩɨɥɭɱɟɧɧɨɟ ɪɚɡɥɨɠɟɧɢɟ ɧɚɡɵɜɚɟɬɫɹ 
ɤɚɧɨɧɢɱɟɫɤɨɣ ɮɨɪɦɨɣ ɡɚɩɢɫɢ ɱɢɫɥɚ ɚ: 

a = a  p 1

1

 p 2

2
 …p k

k

 ,         (2)  

ɝɞɟ p 1 , p 2 ,…, p k  - ɪɚɡɥɢɱɧɵɟ ɩɪɨɫɬɵɟ ɦɧɨɠɢɬɟɥɢ. 
Ɉɫɧɨɜɧɚɹ ɬɟɨɪɟɦɚ ɚɪɢɮɦɟɬɢɤɢ ɬɚɤɠɟ ɦɨɠɟɬ ɢɫɩɨɥɶɡɨɜɚɬɶɫɹ ɞɥɹ ɧɚɯɨɠɞɟɧɢɹ 

ɇɈȾ ɢ ɇɈɄ ɰɟɥɵɯ ɱɢɫɟɥ ɩɨ ɫɥɟɞɭɸɳɢɦ ɩɪɚɜɢɥɚɦ, ɤɨɬɨɪɵɟ ɫɥɟɞɭɸɬ ɢɡ ɨɩɪɟɞɟɥɟɧɢɹ ɢ 
ɫɜɨɣɫɬɜ ɞɟɥɢɦɨɫɬɢ ɢ ɫɜɨɣɫɬɜ ɩɪɨɫɬɵɯ ɱɢɫɟɥ. 

ɉɊȺȼɂɅɈ 1. ɑɬɨɛɵ ɧɚɣɬɢ ɇɈȾ ɞɜɭɯ (ɢɥɢ ɧɟɫɤɨɥɶɤɢɯ) ɰɟɥɵɯ ɱɢɫɟɥ, ɧɭɠɧɨ ɜ ɢɯ 
ɤɚɧɨɧɢɱɟɫɤɨɦ ɪɚɡɥɨɠɟɧɢɢ ɧɚ ɩɪɨɫɬɵɟ ɦɧɨɠɢɬɟɥɢ ɜɵɛɪɚɬɶ ɜɫɟ ɦɧɨɠɢɬɟɥɢ, ɤɨɬɨɪɵɟ 
ɜɯɨɞɹɬ ɜ ɪɚɡɥɨɠɟɧɢɹ ɤɚɠɞɨɝɨ ɢɡ ɱɢɫɟɥ, ɩɪɢɱɟɦ ɜ ɧɚɢɦɟɧɶɲɟɣ ɫɬɟɩɟɧɢ, ɢ ɩɟɪɟɦɧɨɠɢɬɶ 
ɢɯ. 

ɉɊȺȼɂɅɈ 2. ɑɬɨɛɵ ɧɚɣɬɢ ɇɈɄ ɞɜɭɯ (ɢɥɢ ɧɟɫɤɨɥɶɤɢɯ) ɰɟɥɵɯ ɱɢɫɟɥ, ɧɭɠɧɨ ɜ ɢɯ 
ɤɚɧɨɧɢɱɟɫɤɨɦ ɪɚɡɥɨɠɟɧɢɢ ɧɚ ɩɪɨɫɬɵɟ ɦɧɨɠɢɬɟɥɢ ɜɵɛɪɚɬɶ ɜɫɟ ɦɧɨɠɢɬɟɥɢ, ɤɨɬɨɪɵɟ 
ɜɯɨɞɹɬ ɜ ɪɚɡɥɨɠɟɧɢɟ ɯɨɬɹ ɛɵ ɨɞɧɨɝɨ ɢɡ ɱɢɫɟɥ, ɩɪɢɱɟɦ ɜ ɧɚɢɛɨɥɶɲɟɣ ɫɬɟɩɟɧɢ, ɢ 
ɩɟɪɟɦɧɨɠɢɬɶ ɢɯ. 

Ɉɫɧɨɜɧɨɣ ɮɚɤɬ, ɤɨɬɨɪɵɣ ɛɵɥ ɭɫɬɚɧɨɜɥɟɧ ɨ ɦɧɨɠɟɫɬɜɟ ɩɪɨɫɬɵɯ ɱɢɫɟɥ, 
ɜɵɪɚɠɚɟɬɫɹ ɫɥɟɞɭɸɳɟɣ ɬɟɨɪɟɦɨɣ. 

ɌȿɈɊȿɆȺ. Ɇɧɨɠɟɫɬɜɨ ɩɪɨɫɬɵɯ ɱɢɫɟɥ ɛɟɫɤɨɧɟɱɧɨ. 
ɈɉɊȿȾȿɅȿɇɂȿ. Ⱦɜɚ ɰɟɥɵɯ ɱɢɫɥɚ a ɢ b ɧɚɡɵɜɚɸɬɫɹ ɜɡɚɢɦɧɨ-ɩɪɨɫɬɵɦɢ, ɟɫɥɢ 

ɨɧɢ ɧɟ ɢɦɟɸɬ ɞɪɭɝɢɯ ɨɛɳɢɯ ɞɟɥɢɬɟɥɟɣ ɤɪɨɦɟ ɟɞɢɧɢɰɵ. 
ɋȼɈɃɋɌȼɈ 4. ɑɢɫɥɚ a ɢ b ɜɡɚɢɦɧɨ-ɩɪɨɫɬɵ ɬɨɝɞɚ ɢ ɬɨɥɶɤɨ ɬɨɝɞɚ, ɤɨɝɞɚ ɢɯ ɇɈȾ 

ɪɚɜɟɧ ɟɞɢɧɢɰɟ: ɇɈȾ (a, b) = 1. 
ɋȼɈɃɋɌȼɈ 5. ȿɫɥɢ ɱɢɫɥɚ a ɢ b ɜɡɚɢɦɧɨ-ɩɪɨɫɬɵ, ɬɨ ɫɭɳɟɫɬɜɭɸɬ ɬɚɤɢɟ ɰɟɥɵɟ 
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ɱɢɫɥɚ ɯ ɢ ɭ, ɱɬɨ: ɚɯ + bɭ = 1. 
ɋȼɈɃɋɌȼɈ 6. ȿɫɥɢ ɱɢɫɥɚ a ɢ b ɜɡɚɢɦɧɨ-ɩɪɨɫɬɵ, ɬɨ ɇɈɄ(a, b) = ab. 
 

Ɍɟɦɚ. ȼɟɤɬɨɪɧɨɟ ɩɪɨɫɬɪɚɧɫɬɜɨ. ɉɨɞɩɪɨɫɬɪɚɧɫɬɜɨ.  
ɋɭɦɦɚ ɢ ɩɪɹɦɚɹ ɫɭɦɦɚ ɩɨɞɩɪɨɫɬɪɚɧɫɬɜ 

ɉɥɚɧ 

1. Ɉɩɪɟɞɟɥɟɧɢɟ ɢ ɫɜɨɣɫɬɜɚ ɥɢɧɟɣɧɨɝɨ (ɜɟɤɬɨɪɧɨɝɨ) ɩɪɨɫɬɪɚɧɫɬɜɚ. 
2. ɉɨɞɩɪɨɫɬɪɚɧɫɬɜɚ ɥɢɧɟɣɧɨɝɨ ɩɪɨɫɬɪɚɧɫɬɜɚ 
3. Ʌɢɧɟɣɧɚɹ ɨɛɨɥɨɱɤɚ ɫɢɫɬɟɦɵ ɜɟɤɬɨɪɨɜ. 
4. ɋɭɦɦɵ ɥɢɧɟɣɧɵɯ ɩɪɨɫɬɪɚɧɫɬɜ. 
5. ɂɡɨɦɨɪɮɢɡɦ ɥɢɧɟɣɧɵɯ ɩɪɨɫɬɪɚɧɫɬɜ. 
1. Ɉɩɪɟɞɟɥɟɧɢɟ ɢ ɫɜɨɣɫɬɜɚ  ɥɢɧɟɣɧɨɝɨ ɩɪɨɫɬɪɚɧɫɬɜɚ 

Ɉɩɪɟɞɟɥɟɧɢɟ. ɉɭɫɬɶ L ɟɫɬɶ ɧɟɤɨɬɨɪɨɟ ɧɟɩɭɫɬɨɟ ɦɧɨɠɟɫɬɜɨ ɢ P – ɱɢɫɥɨɜɨɟ ɩɨɥɟ. 
ȼ L ɨɩɪɟɞɟɥɟɧɨ ɞɟɣɫɬɜɢɟ, ɧɚɡɵɜɚɟɦɨɟ ɫɥɨɠɟɧɢɟɦ, ɫɨɝɥɚɫɧɨ ɤɨɬɨɪɨɦɭ ɤɚɠɞɨɣ ɩɚɪɟ 
ɷɥɟɦɟɧɬɨɜ u, v  L ɫɨɩɨɫɬɚɜɥɹɟɬɫɹ ɬɪɟɬɢɣ ɷɥɟɦɟɧɬ ɢɡ L, ɨɛɨɡɧɚɱɚɟɦɵɣ ɱɟɪɟɡ u + v. 
Ɍɚɤɠɟ ɨɩɪɟɞɟɥɟɧɨ ɞɟɣɫɬɜɢɟ ɭɦɧɨɠɟɧɢɹ ɷɥɟɦɟɧɬɨɜ ɢɡ L ɧɚ ɱɢɫɥɚ ɢɡ P, ɫɨɝɥɚɫɧɨ 
ɤɨɬɨɪɨɦɭ ɤɚɠɞɨɣ ɩɚɪɟ, ɫɨɫɬɨɹɳɟɣ ɢɡ ɷɥɟɦɟɧɬɚ u  L ɢ ɱɢɫɥɚ   P, ɫɨɩɨɫɬɚɜɥɟɧ 
ɷɥɟɦɟɧɬ ɢɡ L, ɨɛɨɡɧɚɱɚɟɦɵɣ ɱɟɪɟɡ u. 

ȿɫɥɢ ɩɪɢ ɷɬɨɦ ɜɵɩɨɥɧɟɧɵ ɫɥɟɞɭɸɳɢɟ ɫɟɦɶ ɚɤɫɢɨɦ, ɬɨ ɦɧɨɠɟɫɬɜɨ L, 
ɪɚɫɫɦɚɬɪɢɜɚɟɦɨɟ ɜɦɟɫɬɟ ɫ ɭɤɚɡɚɧɧɵɦɢ ɞɜɭɦɹ ɨɩɟɪɚɰɢɹɦɢ, ɧɚɡɵɜɚɟɬɫɹ ɥɢɧɟɣɧɵɦ 
ɩɪɨɫɬɪɚɧɫɬɜɨɦ ɧɚɞ ɩɨɥɟɦ P. 

Ʉɨɦɦɭɬɚɬɢɜɧɨɫɬɶ ɫɥɨɠɟɧɢɹ: 
 u, v  L  u + v = v + u. 
2) Ⱥɫɫɨɰɢɚɬɢɜɧɨɫɬɶ ɫɥɨɠɟɧɢɹ: 
 u, v, w  L  (u + v) + w = u + (v + w). 
Ɉɛɪɚɬɢɦɨɫɬɶ ɫɥɨɠɟɧɢɹ: 
 u, v  L ɜɫɟɝɞɚ ɧɚɣɞɟɬɫɹ ɬɚɤɨɣ x  L, ɱɬɨ u + x = v 

(ɩɪɢ ɷɬɨɦ ɷɥɟɦɟɧɬ x ɧɚɡɵɜɚɟɬɫɹ ɪɚɡɧɨɫɬɶɸ ɦɟɠɞɭ v ɢ u ɢ ɨɛɨɡɧɚɱɚɟɬɫɹ:  x = v - u). 
Ⱥɫɫɨɰɢɚɬɢɜɧɨɫɬɶ ɭɦɧɨɠɟɧɢɹ ɧɚ ɱɢɫɥɚ ɢɡ P: 
 u  L   ,   P   (u) = ()u. 
ɋɜɨɣɫɬɜɨ ɞɢɫɬɪɢɛɭɬɢɜɧɨɫɬɢ ɨɬɧɨɫɢɬɟɥɶɧɨ ɫɥɨɠɟɧɢɹ ɱɢɫɟɥ ɢɡ Ɋ: 
 u  L   ,   P   ( + )u = u + u. 
ɋɜɨɣɫɬɜɨ ɞɢɫɬɪɢɛɭɬɢɜɧɨɫɬɢ ɨɬɧɨɫɢɬɟɥɶɧɨ ɫɥɨɠɟɧɢɹ ɷɥɟɦɟɧɬɨɜ ɢɡ L: 
 u, v  L     P   (u + v) = u + v. 
ɋɜɨɣɫɬɜɨ ɟɞɢɧɢɱɧɨɝɨ ɦɧɨɠɢɬɟɥɹ: 
ɞɥɹ ɱɢɫɥɚ 1  P ɢ  u  L  ɜɵɩɨɥɧɟɧɨ 1u = u. 
Эɥɟɦɟɧɬɵ ɥɸɛɨɝɨ ɥɢɧɟɣɧɨɝɨ ɩɪɨɫɬɪɚɧɫɬɜɚ ɛɭɞɟɦ ɧɚɡɵɜɚɬɶ ɜɟɤɬɨɪɚɦɢ. 
ɉɪɢɦɟɪɵ.  
1. Ʉɨɨɪɞɢɧɚɬɧɨɟ ɜɟɤɬɨɪɧɨɟ ɩɪɨɫɬɪɚɧɫɬɜɨ. 
Ɋɚɫɫɦɨɬɪɢɦ ɞɟɤɚɪɬɨɜɨ ɩɪɨɢɡɜɟɞɟɧɢɟ ɦɧɨɠɟɫɬɜɚ ɜɟɳɟɫɬɜɟɧɧɵɯ ɱɢɫɟɥ 


ɪɚɡn

n
RRRV  ...)(

, ɧɚ ɤɨɬɨɪɨɦ ɜɜɟɞɟɧɵ ɞɟɣɫɬɜɢɹ ɫɥɨɠɟɧɢɹ ɢ ɭɦɧɨɠɟɧɢɹ ɧɚ ɷɥɟɦɟɧɬ ɢɡ 
R ɩɨ ɫɥɟɞɭɸɳɢɦ ɩɪɚɜɢɥɚɦ: 

 x , y  V(n)   ɟɫɥɢ x = (x1, x2, …, xn) ɢ  y = (y1, y2, …, yn), ɬɨ  
1) x + y = (x1 + y1, x2 + y2, …, xn + yn), 

2)    R   x = (x1, x2, …, xn). 
ɇɚɩɨɦɧɢɦ, ɱɬɨ ɦɧɨɠɟɫɬɜɨ V(n) ɧɚɡɵɜɚɸɬ n-ɦɟɪɧɵɦ ɤɨɨɪɞɢɧɚɬɧɵɦ ɜɟɤɬɨɪɧɵɦ 

ɩɪɨɫɬɪɚɧɫɬɜɨɦ, ɚ ɟɝɨ ɷɥɟɦɟɧɬɵ ɧɚɡɵɜɚɸɬ n-ɦɟɪɧɵɦɢ ɜɟɤɬɨɪɚɦɢ ɢɥɢ n-ɜɟɤɬɨɪɚɦɢ.  
2. Ɇɧɨɠɟɫɬɜɨ  Ɇm×n  ɜɫɟɯ ɦɚɬɪɢɰ ɪɚɡɦɟɪɧɨɫɬɢ m×n ɧɚɞ ɩɨɥɟɦ R. 
ȼɜɟɞɟɦ ɧɚ ɦɧɨɠɟɫɬɜɟ Ɇm×n ɞɟɣɫɬɜɢɹ ɫɥɨɠɟɧɢɹ ɢ ɭɦɧɨɠɟɧɢɹ ɧɚ ɷɥɟɦɟɧɬ ɢɡ R ɩɨ 

ɫɥɟɞɭɸɳɢɦ ɩɪɚɜɢɥɚɦ: 
 A, B  Ɇm×n  ɟɫɥɢ A = (aij)m×n  ɢ  B = (bij)m×n, ɬɨ  
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1) A + B = (aij + bij)m×n, 
2)    R   A = (aij)m×n. 
3. Ɇɧɨɠɟɫɬɜɨ FR ɜɫɟɯ ɦɧɨɝɨɱɥɟɧɨɜ ɩɪɨɢɡɜɨɥɶɧɨɣ ɫɬɟɩɟɧɢ ɨɬ ɨɞɧɨɣ 

ɩɟɪɟɦɟɧɧɨɣ  ɧɚɞ ɩɨɥɟɦ R. 
ȼɜɟɞɟɦ ɧɚ ɦɧɨɠɟɫɬɜɟ  FR  ɞɟɣɫɬɜɢɹ ɫɥɨɠɟɧɢɹ ɢ ɭɦɧɨɠɟɧɢɹ ɧɚ ɷɥɟɦɟɧɬ ɢɡ R ɩɨ 

ɫɥɟɞɭɸɳɢɦ ɩɪɚɜɢɥɚɦ:   f(x), g(x)  FR     R 

1)  x  C   (f + g)(x) = f(x) + g(x) , 

2)  x  C   (f)(x) = (f(x)). 
Cɥɟɞɫɬɜɢɹ ɢɡ ɚɤɫɢɨɦ ɥɢɧɟɣɧɨɝɨ ɩɪɨɫɬɪɚɧɫɬɜɚ 
ɋɜɨɣɫɬɜɨ 1. 
ȼ ɩɪɨɢɡɜɨɥɶɧɨɦ ɥɢɧɟɣɧɨɦ ɩɪɨɫɬɪɚɧɫɬɜɟ L ɫɭɳɟɫɬɜɭɟɬ ɟɞɢɧɫɬɜɟɧɧɵɣ ɷɥɟɦɟɧɬ , 

ɬɚɤɨɣ, ɱɬɨ u +  = u ɩɪɢ ɥɸɛɨɦ u  L. Эɥɟɦɟɧɬ  ɧɚɡɵɜɚɟɬɫɹ ɧɭɥɟɜɵɦ ɷɥɟɦɟɧɬɨɦ ɜ L. 
ɉɪɢ ɧɟɨɛɯɨɞɢɦɨɫɬɢ ɜ ɡɚɩɢɫɢ ɧɭɥɟɜɨɝɨ ɷɥɟɦɟɧɬɚ ɭɤɚɡɵɜɚɟɬɫɹ ɥɢɧɟɣɧɨɟ ɩɪɨɫɬɪɚɧɫɬɜɨ, 
ɨɬɧɨɫɢɬɟɥɶɧɨ ɤɨɬɨɪɨɝɨ ɩɪɨɜɨɞɹɬɫɹ ɪɚɫɫɭɠɞɟɧɢɹ:  = L. 

Ⱦɨɤɚɡɚɬɟɥɶɫɬɜɨ: ɉɨɤɚɠɟɦ ɫɭɳɟɫɬɜɨɜɚɧɢɟ ɧɭɥɟɜɨɝɨ ɷɥɟɦɟɧɬɚ . Ⱦɥɹ 
ɩɪɨɢɡɜɨɥɶɧɨɝɨ ɷɥɟɦɟɧɬɚ u L ɩɨ ɚɤɫɢɨɦɟ 3) ɥɢɧɟɣɧɨɝɨ ɩɪɨɫɬɪɚɧɫɬɜɚ (ɞɥɹ ɫɥɭɱɚɹ v = u) 

ɫɭɳɟɫɬɜɭɟɬ ɷɥɟɦɟɧɬ y L, ɬɚɤɨɣ, ɱɬɨ u + y = u. Ɋɚɫɫɦɨɬɪɢɦ ɩɪɨɢɡɜɨɥɶɧɵɣ ɷɥɟɦɟɧɬ 
w L. ɉɨ ɬɨɣ ɠɟ ɚɤɫɢɨɦɟ 3) ɢɦɟɟɦ: u + t = w ɞɥɹ ɧɟɤɨɬɨɪɨɝɨ t L. Ɍɨɝɞɚ, ɢɫɩɨɥɶɡɭɹ 
ɚɤɫɢɨɦɵ 1) ɢ 2) ɢɡ ɨɩɪɟɞɟɥɟɧɢɹ ɥɢɧɟɣɧɨɝɨ ɩɪɨɫɬɪɚɧɫɬɜɚ, ɩɨɥɭɱɚɟɦ:  

w +y = (u + t) + y = (t + u) + y = t + (u + y) = t + u = u + t = w. 

Ɍɚɤɢɦ ɨɛɪɚɡɨɦ, ɫɭɳɟɫɬɜɭɟɬ ɷɥɟɦɟɧɬ y L, ɬɚɤɨɣ, ɱɬɨ u + y = u ɩɪɢ ɥɸɛɨɦ u  L. 

Ɉɛɨɡɧɚɱɢɦ  = y. 

ɉɪɨɜɟɪɢɦ ɟɞɢɧɫɬɜɟɧɧɨɫɬɶ . ɉɭɫɬɶ ɜ ɩɪɨɫɬɪɚɧɫɬɜɟ L ɫɭɳɟɫɬɜɭɸɬ ɞɜɚ ɧɭɥɟɜɵɯ 
ɷɥɟɦɟɧɬɚ 1 ɢ 2, ɬɨɝɞɚ ɫɭɦɦɚ 1 + 2 ɪɚɜɧɚ, ɫ ɨɞɧɨɣ ɫɬɨɪɨɧɵ, ɷɥɟɦɟɧɬɭ 1 (ɟɫɥɢ ɜ 
ɤɚɱɟɫɬɜɟ ɧɭɥɟɜɨɝɨ ɫɱɢɬɚɬɶ 2), ɚ, ɫ ɞɪɭɝɨɣ ɫɬɨɪɨɧɵ, ɪɚɜɧɚ 2 (ɟɫɥɢ ɜ ɤɚɱɟɫɬɜɟ ɧɭɥɟɜɨɝɨ 
ɫɱɢɬɚɬɶ 1), ɬ.ɟ. 1 = 2. 

ɋɜɨɣɫɬɜɨ 2. 
Ⱦɥɹ ɜɫɹɤɨɝɨ u  L ɫɭɳɟɫɬɜɭɟɬ ɜ L ɟɞɢɧɫɬɜɟɧɧɵɣ ɷɥɟɦɟɧɬ, ɧɚɡɵɜɚɟɦɵɣ 

ɩɪɨɬɢɜɨɩɨɥɨɠɧɵɦ ɤ u ɢ ɨɛɨɡɧɚɱɚɟɦɵɣ –u, ɬɚɤɨɣ ɱɬɨ u + (–u) = . ɉɨ ɨɬɧɨɲɟɧɢɸ ɤ –u 
ɷɥɟɦɟɧɬ u ɹɜɥɹɟɬɫɹ ɩɪɨɬɢɜɨɩɨɥɨɠɧɵɦ, ɬ.ɟ.      u = –(–u). 

Ⱦɨɤɚɡɚɬɟɥɶɫɬɜɨ:  ɫɭɳɟɫɬɜɨɜɚɧɢɟ ɬɚɤɨɝɨ ɷɥɟɦɟɧɬɚ –u ɫɥɟɞɭɟɬ ɢɡ ɚɤɫɢɨɦɵ 3) 
ɥɢɧɟɣɧɨɝɨ ɩɪɨɫɬɪɚɧɫɬɜɚ (ɞɥɹ ɫɥɭɱɚɹ v = ). ɉɪɨɜɟɪɢɦ ɟɞɢɧɫɬɜɟɧɧɨɫɬɶ –u. ɉɭɫɬɶ ɞɥɹ 
u  L ɫɭɳɟɫɬɜɭɸɬ ɞɜɚ ɩɪɨɬɢɜɨɩɨɥɨɠɧɵɯ ɷɥɟɦɟɧɬɚ  w1 ɢ  w2, ɬɨɝɞɚ  u + w1 = u + w2 =   

ɢ, ɫɥɟɞɨɜɚɬɟɥɶɧɨ,  w1 = w1+ = w1+(u+w2) = (w1+u)+w2 = (u+w1)+w2 = +w2 = w2. Ɍ.ɟ. 
ɩɪɨɬɢɜɨɩɨɥɨɠɧɵɣ ɷɥɟɦɟɧɬ ɞɥɹ ɷɥɟɦɟɧɬɚ u ɫɭɳɟɫɬɜɭɟɬ ɟɞɢɧɫɬɜɟɧɧɵɣ. 

ɋɜɨɣɫɬɜɨ 3. 
0u =  ɞɥɹ ɥɸɛɨɝɨ u  L. 
Ⱦɨɤɚɡɚɬɟɥɶɫɬɜɨ:  ɡɚɦɟɬɢɦ, ɱɬɨ ɞɥɹ ɩɪɨɢɡɜɨɥɶɧɨɝɨ u ɜɵɩɨɥɧɟɧɨ  0u+0u = 

(0+0)u = 0u. Ɍɨɝɞɚ  = 0u+(–(0u)) = (0u+0u)+(–(0u)) =        0u+(0u+(–(0u)) = 0u+ = 0u. 
ɋɜɨɣɫɬɜɨ 4. 
 =  ɞɥɹ ɥɸɛɨɝɨ   P. 

Ⱦɨɤɚɡɚɬɟɥɶɫɬɜɨ:  ɪɚɫɫɦɨɬɪɢɦ  ɩɪɨɢɡɜɨɥɶɧɵɣ ɷɥɟɦɟɧɬ u  L. ɉɨ ɫɜɨɣɫɬɜɭ 3) 
ɢɦɟɟɦ  0u = , ɬɨɝɞɚ ɞɥɹ ɥɸɛɨɝɨ   P   = (0u) = (0)u = 0u = . 

 
ɋɜɨɣɫɬɜɨ 5. 
ȿɫɥɢ u =  (u  L,   P), ɬɨ  = 0 ɢɥɢ u = . 

Ⱦɨɤɚɡɚɬɟɥɶɫɬɜɨ:  ɟɫɥɢ  = 0, ɬɨ ɡɚɤɥɸɱɟɧɢɟ ɜɵɩɨɥɧɟɧɨ. ɉɭɫɬɶ    0, ɬɨɝɞɚ 


1

(u) = 
1

, ɨɬɤɭɞɚ ɩɨ ɚɤɫɢɨɦɟ 4 ɢ ɫɜɨɣɫɬɜɭ 4) ɩɨɥɭɱɚɟɦ ( 
1

)u = , ɚ ɡɧɚɱɢɬ, u = . 
ɋɜɨɣɫɬɜɨ 6. 
(– 1)u = – u  ɩɪɢ ɥɸɛɨɦ u  L. 
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Ⱦɨɤɚɡɚɬɟɥɶɫɬɜɨ:  ɇɭɠɧɨ ɩɨɤɚɡɚɬɶ, ɱɬɨ ɷɥɟɦɟɧɬ (– 1)u ɹɜɥɹɟɬɫɹ 
ɩɪɨɬɢɜɨɩɨɥɨɠɧɵɦ ɤ ɷɥɟɦɟɧɬɭ u. Ⱦɟɣɫɬɜɢɬɟɥɶɧɨ, (– 1)u + u = ((– 1) + 1)u = 0u = , ɱɬɨ ɢ 
ɬɪɟɛɨɜɚɥɨɫɶ ɞɨɤɚɡɚɬɶ. 

ɋɜɨɣɫɬɜɨ 7. 
–(x) = (–) x = (–x) ɩɪɢ ɥɸɛɵɯ u  L,   P. 
2. ɉɨɞɩɪɨɫɬɪɚɧɫɬɜɚ ɥɢɧɟɣɧɨɝɨ ɩɪɨɫɬɪɚɧɫɬɜɚ 

Ɉɩɪɟɞɟɥɟɧɢɟ. ɉɭɫɬɶ L – ɥɢɧɟɣɧɨɟ ɩɪɨɫɬɪɚɧɫɬɜɨ ɧɚɞ ɩɨɥɟɦ P. ɇɟɩɭɫɬɨɟ 
ɩɨɞɦɧɨɠɟɫɬɜɨ  L’ ɩɪɨɫɬɪɚɧɫɬɜɚ L ɧɚɡɵɜɚɟɬɫɹ ɩɨɞɩɪɨɫɬɪɚɧɫɬɜɨɦ ɩɪɨɫɬɪɚɧɫɬɜɚ L, 
ɟɫɥɢ ɜɵɩɨɥɧɟɧɵ ɫɥɟɞɭɸɳɢɟ ɭɫɥɨɜɢɹ:  

 u, v  L’    u + v  L’, 
 u  L’     P    u  L’, 

ɬ.ɟ. L’ ɡɚɦɤɧɭɬɨ ɨɬɧɨɫɢɬɟɥɶɧɨ ɫɥɨɠɟɧɢɹ ɢ ɨɬɧɨɫɢɬɟɥɶɧɨ ɭɦɧɨɠɟɧɢɹ ɧɚ ɱɢɫɥɨ. 
ɋɜɨɣɫɬɜɚ ɩɨɞɩɪɨɫɬɪɚɧɫɬɜ 
ɋɜɨɣɫɬɜɨ 1. 
ɇɟɩɭɫɬɨɟ ɩɨɞɦɧɨɠɟɫɬɜɨ N ɥɢɧɟɣɧɨɝɨ ɩɪɨɫɬɪɚɧɫɬɜɚ L ɧɚɞ ɩɨɥɟɦ P ɹɜɥɹɟɬɫɹ 

ɩɨɞɩɪɨɫɬɪɚɧɫɬɜɨɦ ɩɪɨɫɬɪɚɧɫɬɜɚ L ɬɨɝɞɚ ɢ ɬɨɥɶɤɨ ɬɨɝɞɚ, ɤɨɝɞɚ N ɹɜɥɹɟɬɫɹ ɥɢɧɟɣɧɵɦ 
ɩɪɨɫɬɪɚɧɫɬɜɨɦ ɧɚɞ ɩɨɥɟɦ P. 

Ⱦɨɤɚɡɚɬɟɥɶɫɬɜɨ:  Ⱦɨɫɬɚɬɨɱɧɨɫɬɶ ɫɥɟɞɭɟɬ ɢɡ ɨɩɪɟɞɟɥɟɧɢɹ ɥɢɧɟɣɧɨɝɨ 
ɩɪɨɫɬɪɚɧɫɬɜɚ. 

ɇɟɨɛɯɨɞɢɦɨɫɬɶ. ɉɭɫɬɶ N – ɩɨɞɩɪɨɫɬɪɚɧɫɬɜɨ ɩɪɨɫɬɪɚɧɫɬɜɚ L; ɡɧɚɱɢɬ, ɧɚ N 
ɨɩɪɟɞɟɥɟɧɵ ɫɥɨɠɟɧɢɟ ɢ ɭɦɧɨɠɟɧɢɟ ɧɚ ɱɢɫɥɨ ɢɡ ɩɨɥɹ P. ɇɭɠɧɨ ɩɪɨɜɟɪɢɬɶ ɜɵɩɨɥɧɟɧɢɟ 
ɧɚ N ɫɟɦɢ ɚɤɫɢɨɦ ɥɢɧɟɣɧɨɝɨ ɩɪɨɫɬɪɚɧɫɬɜɚ. Ⱥɤɫɢɨɦɵ 1), 2), 4), 5), 6), 7) ɨɱɟɜɢɞɧɨ 
ɜɵɩɨɥɧɹɸɬɫɹ ɜɫɥɟɞɫɬɜɢɟ ɜɤɥɸɱɟɧɢɹ NL. Ʉɪɨɦɟ ɬɨɝɨ, ɞɥɹ ɥɸɛɵɯ u, v N ɧɚɣɞɟɬɫɹ 
ɬɚɤɨɣ x N, ɱɬɨ u + x = v (ɜ ɤɚɱɟɫɬɜɟ x ɪɚɫɫɦɨɬɪɢɦ x = v + (-1)u. ɂɡ ɡɚɦɤɧɭɬɨɫɬɢ N 
ɨɬɧɨɫɢɬɟɥɶɧɨ ɭɦɧɨɠɟɧɢɹ ɧɚ ɱɢɫɥɨ ɢɡ ɩɨɥɹ P ɢ ɨɬɧɨɫɢɬɟɥɶɧɨ ɫɥɨɠɟɧɢɹ ɩɨɥɭɱɚɟɦ, ɱɬɨ, 
ɞɟɣɫɬɜɢɬɟɥɶɧɨ, x N). 

ɋɜɨɣɫɬɜɨ 2. 
ɉɟɪɟɫɟɱɟɧɢɟ ɥɸɛɨɣ ɫɨɜɨɤɭɩɧɨɫɬɢ ɩɨɞɩɪɨɫɬɪɚɧɫɬɜ ɥɢɧɟɣɧɨɝɨ ɩɪɨɫɬɪɚɧɫɬɜɚ L 

ɹɜɥɹɟɬɫɹ ɩɨɞɩɪɨɫɬɪɚɧɫɬɜɨɦ L. 
ɉɪɢɦɟɪɵ.  
1) ȼ ɥɸɛɨɦ ɥɢɧɟɣɧɨɦ ɩɪɨɫɬɪɚɧɫɬɜɟ L ɫɚɦɨ ɩɪɨɫɬɪɚɧɫɬɜɨ L ɹɜɥɹɟɬɫɹ ɫɜɨɢɦ 

ɩɨɞɩɪɨɫɬɪɚɧɫɬɜɨɦ, ɢ ɩɨɞɦɧɨɠɟɫɬɜɨ, ɫɨɫɬɨɹɳɟɟ ɢɡ ɨɞɧɨɝɨ ɧɭɥɟɜɨɝɨ ɷɥɟɦɟɧɬɚ {}, ɬɚɤɠɟ 
ɹɜɥɹɟɬɫɹ ɩɨɞɩɪɨɫɬɪɚɧɫɬɜɨɦ L. Эɬɢ ɞɜɚ ɩɨɞɩɪɨɫɬɪɚɧɫɬɜɚ ɧɚɡɵɜɚɸɬɫɹ ɬɪɢɜɢɚɥɶɧɵɦɢ, 
ɢɥɢ ɧɟɫɨɛɫɬɜɟɧɧɵɦɢ. ɉɨɞɩɪɨɫɬɪɚɧɫɬɜɚ ɥɢɧɟɣɧɨɝɨ ɩɪɨɫɬɪɚɧɫɬɜɚ L, ɨɬɥɢɱɧɵɟ ɨɬ ɫɚɦɨɝɨ 
L ɢ ɨɬ {}, ɧɚɡɵɜɚɸɬɫɹ ɫɨɛɫɬɜɟɧɧɵɦɢ. 

2) ȼ ɤɨɨɪɞɢɧɚɬɧɨɦ ɜɟɤɬɨɪɧɨɦ ɩɪɨɫɬɪɚɧɫɬɜɟ V(3) = {(a1, a2, a3)| ai  R, i = 13} 

ɧɚɞ ɩɨɥɟɦ R ɦɧɨɠɟɫɬɜɨ L’ = {(a1, a2, 0) | ai  R, i = 12} ɹɜɥɹɟɬɫɹ ɩɨɞɩɪɨɫɬɪɚɧɫɬɜɨɦ. 
Ⱦɟɣɫɬɜɢɬɟɥɶɧɨ,  x , y  L’  ɟɫɥɢ x = (x1, x2, 0) ɢ  y = (y1, y2, 0), ɬɨ 
x + y = (x1+y1, x2+y2, 0) L’ ɢ   R x = (x1, x2, 0) L’. 

3) ȼ ɩɪɨɫɬɪɚɧɫɬɜɟ Ɇn×n ɜɫɟɯ ɦɚɬɪɢɰ ɪɚɡɦɟɪɧɨɫɬɢ n×n ɧɚɞ ɩɨɥɟɦ R ɦɧɨɠɟɫɬɜɨ 
ɜɫɟɯ ɜɟɪɯɧɢɯ ɬɪɟɭɝɨɥɶɧɵɯ ɦɚɬɪɢɰ ɪɚɡɦɟɪɧɨɫɬɢ n×n ɧɚɞ ɩɨɥɟɦ R ɹɜɥɹɟɬɫɹ 
ɩɨɞɩɪɨɫɬɪɚɧɫɬɜɨɦ. (ɉɪɨɜɟɪɶɬɟ!) 

4) ȼ ɩɪɨɫɬɪɚɧɫɬɜɟ FR ɜɫɟɯ ɩɨɥɢɧɨɦɨɜ ɩɪɨɢɡɜɨɥɶɧɨɣ ɫɬɟɩɟɧɢ ɨɬ ɨɞɧɨɣ 
ɩɟɪɟɦɟɧɧɨɣ ɧɚɞ ɩɨɥɟɦ R ɦɧɨɠɟɫɬɜɚ Lk’ = {f(x)  FR | deg f(x)k, ɝɞɟ kN} ɹɜɥɹɸɬɫɹ 
ɩɨɞɩɪɨɫɬɪɚɧɫɬɜɚɦɢ FR. (ɉɪɨɜɟɪɶɬɟ!) 

3. Ʌɢɧɟɣɧɚɹ ɨɛɨɥɨɱɤɚ 

Ɉɩɪɟɞɟɥɟɧɢɟ. ɉɭɫɬɶ L – ɥɢɧɟɣɧɨɟ ɩɪɨɫɬɪɚɧɫɬɜɨ ɧɚɞ ɩɨɥɟɦ P ɢ M – ɧɟɩɭɫɬɨɟ 
ɩɨɞɦɧɨɠɟɫɬɜɨ L. Ʌɢɧɟɣɧɨɣ ɨɛɨɥɨɱɤɨɣ ɦɧɨɠɟɫɬɜɚ M, ɢɥɢ ɩɨɞɩɪɨɫɬɪɚɧɫɬɜɨɦ, 
ɧɚɬɹɧɭɬɵɦ ɧɚ ɦɧɨɠɟɫɬɜɨ M, ɧɚɡɵɜɚɟɬɫɹ ɦɧɨɠɟɫɬɜɨ, ɨɛɨɡɧɚɱɚɟɦɨɟ [M], ɹɜɥɹɸɳɟɟɫɹ 
ɩɟɪɟɫɟɱɟɧɢɟɦ ɜɫɟɯ ɩɨɞɩɪɨɫɬɪɚɧɫɬɜ ɩɪɨɫɬɪɚɧɫɬɜɚ L, ɫɨɞɟɪɠɚɳɢɯ M. 

Ɂɚɦɟɱɚɧɢɟ. [M] ɹɜɥɹɟɬɫɹ ɧɚɢɦɟɧɶɲɢɦ ɩɨ ɜɤɥɸɱɟɧɢɸ ɩɨɞɩɪɨɫɬɪɚɧɫɬɜɨɦ 
ɩɪɨɫɬɪɚɧɫɬɜɚ L, ɫɨɞɟɪɠɚɳɢɦ M, ɬ.ɟ. ɥɸɛɨɟ ɩɨɞɩɪɨɫɬɪɚɧɫɬɜɨ ɩɪɨɫɬɪɚɧɫɬɜɚ L, 
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ɫɨɞɟɪɠɚɳɟɟ M, ɫɨɞɟɪɠɢɬ ɢ [M]. Ⱦɟɣɫɬɜɢɬɟɥɶɧɨ, ɩɨ ɜɬɨɪɨɦɭ ɫɜɨɣɫɬɜɭ ɩɨɞɩɪɨɫɬɪɚɧɫɬɜ 
[M] ɹɜɥɹɟɬɫɹ ɩɨɞɩɪɨɫɬɪɚɧɫɬɜɨɦ ɩɪɨɫɬɪɚɧɫɬɜɚ L, ɢ M   [M] ɩɨ ɨɩɪɟɞɟɥɟɧɢɸ ɥɢɧɟɣɧɨɣ 
ɨɛɨɥɨɱɤɢ. Ʉɪɨɦɟ ɬɨɝɨ, ɟɫɥɢ ɤɚɤɨɟ-ɥɢɛɨ ɩɨɞɩɪɨɫɬɪɚɧɫɬɜɨ L’ ɩɪɨɫɬɪɚɧɫɬɜɚ L ɫɨɞɟɪɠɢɬ 
ɦɧɨɠɟɫɬɜɨ M, ɬɨ L’ – ɷɬɨ ɨɞɧɨ ɢɡ ɩɨɞɩɪɨɫɬɪɚɧɫɬɜ, ɩɟɪɟɫɟɱɟɧɢɟɦ ɤɨɬɨɪɵɯ ɹɜɥɹɟɬɫɹ [M], 
ɚ ɡɧɚɱɢɬ, ɩɨ ɨɩɪɟɞɟɥɟɧɢɸ ɩɟɪɟɫɟɱɟɧɢɹ  [M]   L’. 

Ɍɟɨɪɟɦɚ (ɨ ɫɬɪɨɟɧɢɢ ɥɢɧɟɣɧɨɣ ɨɛɨɥɨɱɤɢ)  
ɉɭɫɬɶ M – ɧɟɩɭɫɬɨɟ ɩɨɞɦɧɨɠɟɫɬɜɨ ɥɢɧɟɣɧɨɝɨ ɩɪɨɫɬɪɚɧɫɬɜɚ L ɧɚɞ ɩɨɥɟɦ P. Ɍɨɝɞɚ  

[M] = {Ȝ1u1+Ȝ2u2+…+Ȝkuk | ȜiP, ui M, k N}. 
4. ɋɭɦɦɵ ɥɢɧɟɣɧɵɯ ɩɪɨɫɬɪɚɧɫɬɜ 

Ɉɩɪɟɞɟɥɟɧɢɟ. ɉɭɫɬɶ L1, L2 – ɩɨɞɩɪɨɫɬɪɚɧɫɬɜɚ ɥɢɧɟɣɧɨɝɨ ɩɪɨɫɬɪɚɧɫɬɜɚ L ɧɚɞ 
ɩɨɥɟɦ P. ɋɭɦɦɨɣ ɩɨɞɩɪɨɫɬɪɚɧɫɬɜ L1 ɢ L2 ɧɚɡɵɜɚɟɬɫɹ ɦɧɨɠɟɫɬɜɨ  
L1+L2 = {z = x+y | xL1, yL2}. ȿɫɥɢ ɩɟɪɟɫɟɱɟɧɢɟ ɩɨɞɩɪɨɫɬɪɚɧɫɬɜ L1 ɢ L2 ɫɨɫɬɨɢɬ 
ɬɨɥɶɤɨ ɢɡ ɧɭɥɟɜɨɝɨ ɷɥɟɦɟɧɬɚ , ɬɨ ɫɭɦɦɚ L1 ɢ L2 ɧɚɡɵɜɚɟɬɫɹ ɩɪɹɦɨɣ ɢ ɨɛɨɡɧɚɱɚɟɬɫɹ 
L1 L2. 

ɉɪɟɞɥɨɠɟɧɢɟ 1. ɋɭɦɦɚ ɩɨɞɩɪɨɫɬɪɚɧɫɬɜ ɥɢɧɟɣɧɨɝɨ ɩɪɨɫɬɪɚɧɫɬɜɚ L ɧɚɞ ɩɨɥɟɦ P 
ɹɜɥɹɟɬɫɹ ɥɢɧɟɣɧɵɦ ɩɨɞɩɪɨɫɬɪɚɧɫɬɜɨɦ L.  

Ɍɟɨɪɟɦɚ 1. ɉɭɫɬɶ L – ɤɨɧɟɱɧɨɦɟɪɧɨɟ ɥɢɧɟɣɧɨɟ ɩɪɨɫɬɪɚɧɫɬɜɨ ɧɚɞ ɩɨɥɟɦ  P  ɢ L1, 
L2 – ɩɨɞɩɪɨɫɬɪɚɧɫɬɜɚ L. Ɍɨɝɞɚ  

dim (L1+L2) = dim L1 + dim L2 – dim (L1∩L2). 
Ⱦɨɤɚɡɚɬɟɥɶɫɬɜɨ: ɉɭɫɬɶ z1, z2, …, zd – ɛɚɡɢɫ L1∩L2, ɞɨɩɨɥɧɢɦ z1, z2, …, zd ɞɨ 

ɛɚɡɢɫɚ L1: z1, z2, …, zd, u1, …, up ɢ ɞɨ ɛɚɡɢɫɚ L2: z1, z2, …, zd, v1, …, vq  (ɷɬɨ ɦɨɠɧɨ 
ɫɞɟɥɚɬɶ ɫɨɝɥɚɫɧɨ ɬɟɨɪɟɦɟ 1.1.9). Ⱦɨɤɚɠɟɦ, ɱɬɨ ɷɥɟɦɟɧɬɵ 
z1, z2, …, zd, u1, …, up, v1, …, vq  ɨɛɪɚɡɭɸɬ ɛɚɡɢɫ L1+L2. 

1) ɉɨɤɚɠɟɦ, ɱɬɨ ɥɸɛɨɣ ɷɥɟɦɟɧɬ ɢɡ L1+L2 ɥɢɧɟɣɧɨ ɜɵɪɚɠɚɟɬɫɹ ɱɟɪɟɡ 
z1, z2, …, zd, u1, …, up, v1, …, vq. ɉɭɫɬɶ w  L1+L2, ɬɨɝɞɚ w = x+y, ɝɞɟ xL1, yL2. ɇɨ 
ɷɥɟɦɟɧɬ x ɥɢɧɟɣɧɨ ɜɵɪɚɠɚɟɬɫɹ ɱɟɪɟɡ ɛɚɡɢɫ z1, z2, …, zd, u1, …, up ɩɨɞɩɪɨɫɬɪɚɧɫɬɜɚ 
L1: 

x = Ȗ1z1+Ȗ2z2+…+Ȗdzd+Ȗd+1u1+…+Ȗd+pup    (ȖiP, i=1 (d+p)),  ɚ ɷɥɟɦɟɧɬ y 
ɥɢɧɟɣɧɨ ɜɵɪɚɠɚɟɬɫɹ ɱɟɪɟɡ ɛɚɡɢɫ z1, z2, …, zd, v1, …, vq ɩɨɞɩɪɨɫɬɪɚɧɫɬɜɚ L2: 

y = ȝ1z1+ȝ2z2+…+ȝdzd+ȝd+1v1+…+ȝd+qvq    (ȝiP, i=1  (d+q)). 
Ɍɨɝɞɚ ɩɨɥɭɱɚɟɦ, ɱɬɨ w ɥɢɧɟɣɧɨ ɜɵɪɚɠɚɟɬɫɹ ɱɟɪɟɡ 

z1, z2, …, zd, u1, …, up, v1, …, vq. 
2) ɉɨɤɚɠɟɦ, ɱɬɨ ɷɥɟɦɟɧɬɵ z1, z2, …, zd, u1, …, up, v1, …, vq ɥɢɧɟɣɧɨ 

ɧɟɡɚɜɢɫɢɦɵɟ. ɉɪɟɞɩɨɥɨɠɢɦ ɩɪɨɬɢɜɧɨɟ, ɩɭɫɬɶ ɫɭɳɟɫɬɜɭɸɬ ɬɚɤɢɟ ɱɢɫɥɚ αi, ȕj, Ȗk  P, 
ɫɪɟɞɢ ɤɨɬɨɪɵɯ ɟɫɬɶ ɨɬɥɢɱɧɵɟ ɨɬ ɧɭɥɹ, ɱɬɨ ɜɵɩɨɥɧɹɟɬɫɹ ɪɚɜɟɧɫɬɜɨ 

α1z1+α2z2+…+αdzd+ȕ1u1+…+ȕpup+Ȗ1v1+…+Ȗqvq =  
(i=1 d, j=1p, k=1q). ȼɫɟ ȕj  (j=1p) ɧɟ ɦɨɝɭɬ ɨɞɧɨɜɪɟɦɟɧɧɨ ɪɚɜɧɹɬɶɫɹ ɧɭɥɸ, 

ɬ.ɤ. ɬɨɝɞɚ ɛɵ ɷɥɟɦɟɧɬɵ z1, z2, …, zd, v1, …, vq ɛɵɥɢ ɥɢɧɟɣɧɨ ɡɚɜɢɫɢɦɵɦɢ, ɱɬɨ 
ɧɟɜɨɡɦɨɠɧɨ, ɩɨɫɤɨɥɶɤɭ ɨɧɢ ɨɛɪɚɡɭɸɬ ɛɚɡɢɫ ɩɨɞɩɪɨɫɬɪɚɧɫɬɜɚ L2. Ⱥɧɚɥɨɝɢɱɧɨ ɜɫɟ Ȗk 
(k=1q) ɧɟ ɦɨɝɭɬ ɨɞɧɨɜɪɟɦɟɧɧɨ ɪɚɜɧɹɬɶɫɹ ɧɭɥɸ. Ɂɧɚɱɢɬ, ɫɭɳɟɫɬɜɭɟɬ ȕj’  0 ɢ  
ɫɭɳɟɫɬɜɭɟɬ Ȗk’ 0. 

Ɍɨɝɞɚ ɩɨɥɭɱɚɟɦ  
α1z1+α2z2+…+αdzd+ȕ1u1+…+ȕpup = (–Ȗ1)v1 +…+(–Ȗq)vq. 
ɇɨ ɷɥɟɦɟɧɬ α1z1+α2z2+…+αdzd+ȕ1u1+…+ȕpup ɩɪɢɧɚɞɥɟɠɢɬ ɩɨɞɩɪɨɫɬɪɚɧɫɬɜɭ 

L1, a ɷɥɟɦɟɧɬ (–Ȗ1)v1+…+(–Ȗq)vq ɩɪɢɧɚɞɥɟɠɢɬ ɩɨɞɩɪɨɫɬɪɚɧɫɬɜɭ L2. Ɍɚɤɢɦ ɨɛɪɚɡɨɦ, ɦɵ 
ɢɦɟɟɦ ɷɥɟɦɟɧɬ, ɩɪɢɧɚɞɥɟɠɚɳɢɣ ɨɞɧɨɜɪɟɦɟɧɧɨ L1 ɢ L2, ɬ.ɟ. ɩɪɢɧɚɞɥɟɠɚɳɢɣ 
ɩɟɪɟɫɟɱɟɧɢɸ L1∩L2. Ɂɧɚɱɢɬ, ɷɬɨɬ ɷɥɟɦɟɧɬ ɥɢɧɟɣɧɨ ɜɵɪɚɠɚɟɬɫɹ ɱɟɪɟɡ ɛɚɡɢɫ L1∩L2: 

(–Ȗ1)v1+ …+(–Ȗq)vq = δ1z1+δ2z2+ …+δdzd 

ɞɥɹ ɧɟɤɨɬɨɪɵɯ δ1, δ2, …, δd  P. Ɉɬɤɭɞɚ ɩɨɥɭɱɚɟɦ 

δ1z1+δ2z2+…+δdzd+Ȗ1v1+…+Ȗqvq =     (Ȗk’ 0), 
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ɬ.ɟ. ɷɥɟɦɟɧɬɵ z1, z2, …, zd, v1, …, vq ɥɢɧɟɣɧɨ ɡɚɜɢɫɢɦɵɟ, ɱɬɨ ɧɟɜɨɡɦɨɠɧɨ. 
ɉɨɥɭɱɟɧɧɨɟ ɩɪɨɬɢɜɨɪɟɱɢɟ ɨɡɧɚɱɚɟɬ, ɱɬɨ ɧɚɲɟ ɩɪɟɞɩɨɥɨɠɟɧɢɟ ɧɟɜɟɪɧɨ, ɢ ɷɥɟɦɟɧɬɵ 
z1, z2, …, zd, u1, …, up, v1, …, vq ɹɜɥɹɸɬɫɹ ɥɢɧɟɣɧɨ ɧɟɡɚɜɢɫɢɦɵɦɢ. 

ɋɥɟɞɫɬɜɢɟ. Ɋɚɡɦɟɪɧɨɫɬɶ ɩɪɹɦɨɣ ɫɭɦɦɵ ɩɨɞɩɪɨɫɬɪɚɧɫɬɜ ɪɚɜɧɚ ɫɭɦɦɟ 
ɪɚɡɦɟɪɧɨɫɬɟɣ ɷɬɢɯ ɩɨɞɩɪɨɫɬɪɚɧɫɬɜ. 

ɉɪɢɦɟɪ. Ɋɚɫɫɦɨɬɪɢɦ ɜ ɩɪɨɫɬɪɚɧɫɬɜɟ V(3) ɩɨɞɩɪɨɫɬɪɚɧɫɬɜɚ 
L1 = {(a1, a2, 0) | ai  R, i = 1, 2} ɢ L2 = {(0, b2, b3) | bi  R, i = 2, 3} (ɫɦ. ɩɪɢɦɟɪ 1.2.2).  

L1∩L2 = {(0, d, 0) | d  R}. dim L1 = 2, dim L2 = 2, dim (L1∩L2) = 1. Ɍɨɝɞɚ  dim (L1+L2) = 3. 
Ɂɚɦɟɱɚɧɢɟ. ȿɫɥɢ {e1, e2, …, en} – ɛɚɡɢɫ ɥɢɧɟɣɧɨɝɨ ɩɪɨɫɬɪɚɧɫɬɜɚ L ɧɚɞ ɩɨɥɟɦ Ɋ, 

ɬɨ L ɦɨɠɧɨ ɪɚɫɫɦɚɬɪɢɜɚɬɶ ɤɚɤ ɩɪɹɦɭɸ ɫɭɦɦɭ ɩɨɞɩɪɨɫɬɪɚɧɫɬɜ [ei] = {Ȝei | ȜP}, ɬ.ɟ. 
L = [e1] [e2]… [en].  

Ɍɟɨɪɟɦɚ 2. ɉɭɫɬɶ L1, L2 – ɩɨɞɩɪɨɫɬɪɚɧɫɬɜɚ ɥɢɧɟɣɧɨɝɨ ɩɪɨɫɬɪɚɧɫɬɜɚ L ɧɚɞ ɩɨɥɟɦ 
P. Ɍɨɝɞɚ L ɩɪɟɞɫɬɚɜɢɦɨ ɜ ɜɢɞɟ ɩɪɹɦɨɣ ɫɭɦɦɵ ɩɨɞɩɪɨɫɬɪɚɧɫɬɜ L1 ɢ L2 ɬɨɝɞɚ ɢ ɬɨɥɶɤɨ 
ɬɨɝɞɚ, ɤɨɝɞɚ ɥɸɛɨɣ ɜɟɤɬɨɪ wL ɩɪɟɞɫɬɚɜɢɦ ɜ ɜɢɞɟ w = v1+v2 (ɝɞɟ vi Li, i=1, 2) 
ɟɞɢɧɫɬɜɟɧɧɵɦ ɨɛɪɚɡɨɦ. 

Ⱦɨɤɚɡɚɬɟɥɶɫɬɜɨ: ɇɟɨɛɯɨɞɢɦɨɫɬɶ. ɉɭɫɬɶ L = L1 L2, ɬɨɝɞɚ L1∩L2 = {}. 

ɉɪɟɞɩɨɥɨɠɢɦ, ɱɬɨ ɫɭɳɟɫɬɜɭɟɬ ɷɥɟɦɟɧɬ wL, ɤɨɬɨɪɵɣ ɩɪɟɞɫɬɚɜɢɦ ɜ ɜɢɞɟ ɫɭɦɦɵ 
ɷɥɟɦɟɧɬɨɜ ɢɡ L1 ɢ L2 ɞɜɭɦɹ ɫɩɨɫɨɛɚɦɢ: w = x1+y1 ɢ w = x2+y2 (ɝɞɟ xiL1, yiL2, i=1, 2). 
Ɍɨɝɞɚ  x1+y1 = x2+y2  ɢ  x1–x2 = y2–y1, ɥɟɜɚɹ ɱɚɫɬɶ ɩɨɥɭɱɟɧɧɨɝɨ ɪɚɜɟɧɫɬɜɚ 
ɩɪɢɧɚɞɥɟɠɢɬ ɩɨɞɩɪɨɫɬɪɚɧɫɬɜɭ L1, a ɩɪɚɜɚɹ – ɩɨɞɩɪɨɫɬɪɚɧɫɬɜɭ L2. ɇɨ L1∩L2 = {}, 

ɫɥɟɞɨɜɚɬɟɥɶɧɨ, x1–x2 =  ɢ  y2–y1 = , ɚ ɡɧɚɱɢɬ, x1=x2 ɢ y2=y1. 
Ⱦɨɫɬɚɬɨɱɧɨɫɬɶ. ɉɭɫɬɶ ɥɸɛɨɣ ɷɥɟɦɟɧɬ wL ɩɪɟɞɫɬɚɜɢɦ ɜ ɜɢɞɟ w = v1+v2 (ɝɞɟ 

viLi, i=1, 2) ɟɞɢɧɫɬɜɟɧɧɵɦ ɨɛɪɚɡɨɦ, ɢ  L1∩L2   {}. Ɍɨɝɞɚ ɫɭɳɟɫɬɜɭɟɬ ɷɥɟɦɟɧɬ  
v  L1∩L2, v . ɇɨ ɬɨɝɞɚ ɩɨɥɭɱɚɟɦ ɞɜɚ ɪɚɡɥɢɱɧɵɯ ɩɪɟɞɫɬɚɜɥɟɧɢɹ v:  v = v +  (vL1, 

L2) ɢ  v =  + v (L1, vL2), ɱɬɨ ɩɪɨɬɢɜɨɪɟɱɢɬ ɭɫɥɨɜɢɸ. 
ɂɡɨɦɨɪɮɢɡɦ ɥɢɧɟɣɧɵɯ ɩɪɨɫɬɪɚɧɫɬɜ 
Ɉɩɪɟɞɟɥɟɧɢɟ1. ɉɭɫɬɶ L1, L2 – ɥɢɧɟɣɧɵɟ ɩɪɨɫɬɪɚɧɫɬɜɚ ɧɚɞ ɩɨɥɟɦ P. 

Ɉɬɨɛɪɚɠɟɧɢɟ φ: L1 → L2 ɧɚɡɵɜɚɟɬɫɹ ɢɡɨɦɨɪɮɢɡɦɨɦ ɥɢɧɟɣɧɵɯ ɩɪɨɫɬɪɚɧɫɬɜ, ɟɫɥɢ 
ɜɵɩɨɥɧɹɸɬɫɹ ɫɥɟɞɭɸɳɢɟ ɭɫɥɨɜɢɹ: 

1) φ – ɛɢɟɤɰɢɹ, 
2)  u, v  L1   φ(u+v) = φ(u)+φ(v), 

3)  u  L1    P    φ(u) = φ(u). 
Ɉɩɪɟɞɟɥɟɧɢɟ. ɉɭɫɬɶ L1, L2 – ɥɢɧɟɣɧɵɟ ɩɪɨɫɬɪɚɧɫɬɜɚ ɧɚɞ ɩɨɥɟɦ P. L1 ɢ L2 

ɧɚɡɵɜɚɸɬɫɹ ɢɡɨɦɨɪɮɧɵɦɢ ɩɪɨɫɬɪɚɧɫɬɜɚɦɢ, ɟɫɥɢ ɫɭɳɟɫɬɜɭɟɬ ɢɡɨɦɨɪɮɢɡɦ ɢɡ L1 ɜ L2. 
Ɉɛɨɡɧɚɱɚɟɬɫɹ: L1   L2 ɢɥɢ L1   L2. 

ɋɜɨɣɫɬɜɚ ɢɡɨɦɨɪɮɢɡɦɚ 
ɋɜɨɣɫɬɜɨ 1. 
Ɉɬɧɨɲɟɧɢɟ   “ɛɵɬɶ ɢɡɨɦɨɪɮɧɵɦɢ” ɧɚ ɦɧɨɠɟɫɬɜɟ ɥɢɧɟɣɧɵɯ ɩɪɨɫɬɪɚɧɫɬɜ ɧɚɞ 

ɩɨɥɟɦ P ɟɫɬɶ ɨɬɧɨɲɟɧɢɟ ɷɤɜɢɜɚɥɟɧɬɧɨɫɬɢ. 
Ɂɚɦɟɱɚɧɢɟ. ɂɡ ɫɜɨɣɫɬɜɚ  1 ɫɥɟɞɭɟɬ, ɱɬɨ ɦɧɨɠɟɫɬɜɨ ɜɫɟɯ ɥɢɧɟɣɧɵɯ ɩɪɨɫɬɪɚɧɫɬɜ 

ɧɚɞ ɧɟɤɨɬɨɪɵɦ ɩɨɥɟɦ P ɪɚɡɛɢɜɚɟɬɫɹ ɧɚ ɤɥɚɫɫɵ ɢɡɨɦɨɪɮɧɵɯ ɥɢɧɟɣɧɵɯ ɩɪɨɫɬɪɚɧɫɬɜ. 
ɋɜɨɣɫɬɜɨ 2. 
ɂɡɨɦɨɪɮɢɡɦ ɥɢɧɟɣɧɵɯ ɩɪɨɫɬɪɚɧɫɬɜ L1 ɢ L2 ɨɬɨɛɪɚɠɚɟɬ ɧɭɥɟɜɨɣ ɷɥɟɦɟɧɬ 1 

ɥɢɧɟɣɧɨɝɨ ɩɪɨɫɬɪɚɧɫɬɜɚ L1  ɜ ɧɭɥɟɜɨɣ ɷɥɟɦɟɧɬ 2 ɩɪɨɫɬɪɚɧɫɬɜɚ L2. 
ɋɜɨɣɫɬɜɨ 3. 
ɉɪɢ ɢɡɨɦɨɪɮɢɡɦɟ ɥɢɧɟɣɧɵɯ ɩɪɨɫɬɪɚɧɫɬɜ ɨɛɪɚɡɵ ɥɢɧɟɣɧɨ ɧɟɡɚɜɢɫɢɦɵɯ 

ɷɥɟɦɟɧɬɨɜ ɹɜɥɹɸɬɫɹ ɥɢɧɟɣɧɨ ɧɟɡɚɜɢɫɢɦɵɦɢ ɷɥɟɦɟɧɬɚɦɢ. 
ɋɜɨɣɫɬɜɨ 4. 
ȿɫɥɢ ɷɥɟɦɟɧɬɵ u1, …, un ɨɛɪɚɡɭɸɬ ɛɚɡɢɫ ɥɢɧɟɣɧɨɝɨ ɩɪɨɫɬɪɚɧɫɬɜɚ L1 ɢ 

φ: L1 → L2 – ɢɡɨɦɨɪɮɢɡɦ, ɬɨ ɷɥɟɦɟɧɬɵ φ(u1), …, φ(un) ɨɛɪɚɡɭɸɬ ɛɚɡɢɫ ɥɢɧɟɣɧɨɝɨ 
ɩɪɨɫɬɪɚɧɫɬɜɚ L2. 
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Ɍɟɦɚ. Ʌɢɧɟɣɧɚɹ ɡɚɜɢɫɢɦɨɫɬɶ ɢ ɧɟɡɚɜɢɫɢɦɨɫɬɶ ɫɢɫɬɟɦ ɜɟɤɬɨɪɨɜ.  

Ȼɚɡɢɫ ɢ ɪɚɡɦɟɪɧɨɫɬɶ  
ɉɥɚɧ 

1. Ʌɢɧɟɣɧɚɹ ɡɚɜɢɫɢɦɨɫɬɶ ɢ ɧɟɡɚɜɢɫɢɦɨɫɬɶ ɫɢɫɬɟɦ ɜɟɤɬɨɪɨɜ. 
2. ɋɜɨɣɫɬɜɚ ɥɢɧɟɣɧɨɣ ɡɚɜɢɫɢɦɨɫɬɢ. 
3. Ȼɚɡɢɫ ɦɧɨɠɟɫɬɜɚ ɜɟɤɬɨɪɨɜ ɥɢɧɟɣɧɨɝɨ ɩɪɨɫɬɪɚɧɫɬɜɚ. 
4. Ɍɟɨɪɟɦɚ ɨ ɛɚɡɢɫɟ. Ʉɨɨɪɞɢɧɚɬɵ ɜɟɤɬɨɪɚ  ɜ ɡɚɞɚɧɧɨɦ ɛɚɡɢɫɟ. 

1. Ʌɢɧɟɣɧɚɹ ɡɚɜɢɫɢɦɨɫɬɶ ɢ ɧɟɡɚɜɢɫɢɦɨɫɬɶ ɫɢɫɬɟɦ ɜɟɤɬɨɪɨɜ 
Ɉɩɪɟɞɟɥɟɧɢɟ. Ƚɨɜɨɪɹɬ, ɱɬɨ ɜɟɤɬɨɪ v ɥɢɧɟɣɧɨɝɨ ɩɪɨɫɬɪɚɧɫɬɜɚ L ɧɚɞ ɩɨɥɟɦ P 

ɥɢɧɟɣɧɨ ɜɵɪɚɠɚɟɬɫɹ ɱɟɪɟɡ ɜɟɤɬɨɪɵ u1, u2, …, um  L, ɟɫɥɢ ɫɭɳɟɫɬɜɭɸɬ ɬɚɤɢɟ ɱɢɫɥɚ 
1, 2, …, m  P, ɱɬɨ  

v = 1u1 + 2u2 + ... + mum. 
ȼɵɪɚɠɟɧɢɟ, ɫɬɨɹɳɟɟ ɜ ɩɪɚɜɨɣ ɱɚɫɬɢ, ɧɚɡɵɜɚɸɬ ɥɢɧɟɣɧɨɣ ɤɨɦɛɢɧɚɰɢɟɣ ɜɟɤɬɨɪɨɜ 

u1, u1, u2, …, um . 
ȼɟɤɬɨɪɵ u1, u2, ..., um ɧɚɡɵɜɚɸɬɫɹ ɥɢɧɟɣɧɨ ɡɚɜɢɫɢɦɵɦɢ, ɟɫɥɢ ɫɭɳɟɫɬɜɭɸɬ 

ɬɚɤɢɟ ɱɢɫɥɚ 1, 2, …, m  P, ɫɪɟɞɢ ɤɨɬɨɪɵɯ ɟɫɬɶ ɨɬɥɢɱɧɵɟ ɨɬ ɧɭɥɹ, ɱɬɨ 

1u1 + 2u2 + ... + mum = . 
ȿɫɥɢ ɜɟɤɬɨɪɵ u1, u2, ..., um ɧɟ ɹɜɥɹɸɬɫɹ ɥɢɧɟɣɧɨ ɡɚɜɢɫɢɦɵɦɢ ɦɟɠɞɭ ɫɨɛɨɣ, ɬɨ 

ɨɧɢ ɧɚɡɵɜɚɸɬɫɹ ɥɢɧɟɣɧɨ ɧɟɡɚɜɢɫɢɦɵɦɢ. Эɬɨ ɨɡɧɚɱɚɟɬ, ɱɬɨ ɫɨɨɬɧɨɲɟɧɢɟ 

1u1 + 2u2 + ... + mum =  

ɜɵɩɨɥɧɹɟɬɫɹ ɬɨɥɶɤɨ ɩɪɢ 1 = 2 = … = m = 0. 

Ɍɟɨɪɟɦɚ 1. ȿɫɥɢ ɜɟɤɬɨɪɵ u1, u2, …, um   L (m  2) ɥɢɧɟɣɧɨ ɡɚɜɢɫɢɦɵ, ɬɨ ɯɨɬɹ ɛɵ 
ɨɞɢɧ ɢɡ ɧɢɯ ɜɵɪɚɠɚɟɬɫɹ ɥɢɧɟɣɧɨ ɱɟɪɟɡ ɞɪɭɝɢɟ. ȿɫɥɢ ɠɟ ɷɬɢ ɷɥɟɦɟɧɬɵ ɥɢɧɟɣɧɨ 
ɧɟɡɚɜɢɫɢɦɵ, ɬɨ ɧɢ ɨɞɢɧ ɢɡ ɧɢɯ ɧɟ ɦɨɠɟɬ ɛɵɬɶ ɜɵɪɚɠɟɧ ɥɢɧɟɣɧɨ ɱɟɪɟɡ ɞɪɭɝɢɟ. 

Ⱦɨɤɚɡɚɬɟɥɶɫɬɜɨ. 
1. ɉɪɟɞɩɨɥɨɠɢɦ, ɱɬɨ u1, u2, …, um  ɦɟɠɞɭ ɫɨɛɨɣ ɥɢɧɟɣɧɨ ɡɚɜɢɫɢɦɵ. Эɬɨ ɨɡɧɚɱɚɟɬ, 

ɱɬɨ ɧɚɣɞɭɬɫɹ ɬɚɤɢɟ ɱɢɫɥɚ 1, 2, …, m  P, ɫɪɟɞɢ ɤɨɬɨɪɵɯ ɟɫɬɶ ɨɬɥɢɱɧɵɟ ɨɬ ɧɭɥɹ, ɱɬɨ 

1u1 + 2u2 + ... + mum = . 

ɉɭɫɬɶ k ɨɬɥɢɱɟɧ ɨɬ ɧɭɥɹ. Ɍɨɝɞɚ 
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2. Ɍɟɩɟɪɶ ɩɪɟɞɩɨɥɨɠɢɦ, ɱɬɨ u1, u2, …, um  ɦɟɠɞɭ ɫɨɛɨɣ ɥɢɧɟɣɧɨ ɧɟɡɚɜɢɫɢɦɵ. 

Ʌɢɧɟɣɧɨɟ ɜɵɪɚɠɟɧɢɟ ɨɞɧɨɝɨ ɢɡ ɧɢɯ ɱɟɪɟɡ ɞɪɭɝɢɟ ɜ ɷɬɨɦ ɫɥɭɱɚɟ ɧɟɜɨɡɦɨɠɧɨ, ɬɚɤ ɤɚɤ ɢɡ 
ɪɚɜɟɧɫɬɜɚ 

mmkkkkk uuuuu    ...... 111111 , 
ɨɱɟɜɢɞɧɨ, ɩɨɥɭɱɢɥɚɫɶ ɛɵ ɥɢɧɟɣɧɚɹ ɡɚɜɢɫɢɦɨɫɬɶ: 

   mmkkkkk uuuuu ...)1(... 111111  
(ɤɨɷɮɮɢɰɢɟɧɬ ɩɪɢ uk ɨɬɥɢɱɟɧ ɨɬ ɧɭɥɹ). 
2. ɋɜɨɣɫɬɜɚ ɥɢɧɟɣɧɨɣ ɡɚɜɢɫɢɦɨɫɬɢ 

ɋɜɨɣɫɬɜɨ 1. ɋɢɫɬɟɦɚ, ɫɨɫɬɨɹɳɚɹ ɢɡ ɨɞɧɨɝɨ ɷɥɟɦɟɧɬɚ u, ɛɭɞɟɬ ɥɢɧɟɣɧɨ 
ɡɚɜɢɫɢɦɨɣ ɬɨɝɞɚ ɢ ɬɨɥɶɤɨ ɬɨɝɞɚ, ɤɨɝɞɚ u ɹɜɥɹɟɬɫɹ ɧɭɥɟɜɵɦ ɷɥɟɦɟɧɬɨɦ: u = . 

ɋɜɨɣɫɬɜɨ 2. ȿɫɥɢ ɜɟɤɬɨɪ v ɥɢɧɟɣɧɨ ɜɵɪɚɠɚɟɬɫɹ ɱɟɪɟɡ ɜɟɤɬɨɪɵ u1, u2, …, um : 

v = 1u1 + 2u2 + ... + mum , 
ɬɨ, ɞɨɛɚɜɥɹɹ ɩɪɨɢɡɜɨɥɶɧɵɟ ɜɟɤɬɨɪɵ w1, w2, …,wk ɤ ɢɫɯɨɞɧɨɣ ɫɨɜɨɤɭɩɧɨɫɬɢ ɷɥɟɦɟɧɬɨɜ, 
ɩɨɥɭɱɚɟɦ ɫɨɜɨɤɭɩɧɨɫɬɶ ɜɟɤɬɨɪɨɜ u1, u2, …, um , w1, w2, …,wk, ɱɟɪɟɡ ɤɨɬɨɪɵɟ v ɬɨɠɟ 
ɥɢɧɟɣɧɨ ɜɵɪɚɠɚɟɬɫɹ. 

ɋɜɨɣɫɬɜɨ 3. ɉɭɫɬɶ ɤɚɠɞɵɣ ɢɡ ɷɥɟɦɟɧɬɨɜ u1, u2, …, um  ɥɢɧɟɣɧɨ ɜɵɪɚɠɚɟɬɫɹ 
ɱɟɪɟɡ ɷɥɟɦɟɧɬɵ v1, v2, …, vk, ɚ ɤɚɠɞɵɣ ɢɡ ɧɢɯ ɜ ɫɜɨɸ ɨɱɟɪɟɞɶ ɥɢɧɟɣɧɨ ɜɵɪɚɠɚɟɬɫɹ 
ɱɟɪɟɡ ɷɥɟɦɟɧɬɵ w1, w2, …,wn. Ɍɨɝɞɚ ɤɚɠɞɵɣ ɢɡ ɷɥɟɦɟɧɬɨɜ u1, u2, …, um  ɥɢɧɟɣɧɨ 
ɜɵɪɚɠɚɟɬɫɹ ɱɟɪɟɡ w1, w2, …,wn.  
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ɋɜɨɣɫɬɜɨ 4. ɉɭɫɬɶ ɷɥɟɦɟɧɬɵ u1, u2, …, um  ɦɟɠɞɭ ɫɨɛɨɣ ɥɢɧɟɣɧɨ ɧɟɡɚɜɢɫɢɦɵ. 
ȿɫɥɢ ɞɥɹ ɤɚɤɨɝɨ-ɧɢɛɭɞɶ ɷɥɟɦɟɧɬɚ v ɜɟɤɬɨɪɵ v, u1, u2, …, um  ɥɢɧɟɣɧɨ ɡɚɜɢɫɢɦɵ, ɬɨ v 
ɥɢɧɟɣɧɨ ɜɵɪɚɠɚɟɬɫɹ ɱɟɪɟɡ u1, u2, …, um . 

Ɍɟɨɪɟɦɚ (ɱɟɬɵɪɟ ɞɨɫɬɚɬɨɱɧɵɯ ɭɫɥɨɜɢɹ ɥɢɧɟɣɧɨɣ ɡɚɜɢɫɢɦɨɫɬɢ). 
1) ȿɫɥɢ ɫɪɟɞɢ ɜɟɤɬɨɪɨɜ u1, u2, …, um  L ɟɫɬɶ ɧɭɥɟɜɨɣ ɜɟɤɬɨɪ, ɬɨ ɜɟɤɬɨɪɵ 

u1, u2, …, um  ɥɢɧɟɣɧɨ ɡɚɜɢɫɢɦɵ. 
2) ȿɫɥɢ ɱɚɫɬɶ ɜɟɤɬɨɪɨɜ u1, u2, …, um  L ɥɢɧɟɣɧɨ ɡɚɜɢɫɢɦɚ, ɬɨ ɢ ɜɫɟ ɜɟɤɬɨɪɵ 

ɫɢɫɬɟɦɵ u1, u2, …, um  ɦɟɠɞɭ ɫɨɛɨɣ ɥɢɧɟɣɧɨ ɡɚɜɢɫɢɦɵ. 
3) ȿɫɥɢ ɤɚɠɞɵɣ ɢɡ ɜɟɤɬɨɪɨɜ u1, u2, …, um  L ɦɨɠɟɬ ɛɵɬɶ ɜɵɪɚɠɟɧ ɥɢɧɟɣɧɨ 

ɱɟɪɟɡ ɜɟɤɬɨɪɵ v1, v2, …, vk  L, ɱɢɫɥɨ ɤɨɬɨɪɵɯ k ɦɟɧɶɲɟ m, ɬɨ u1, u2, …, um ɥɢɧɟɣɧɨ 
ɡɚɜɢɫɢɦɵ. 

4) ȿɫɥɢ ɤɚɠɞɵɣ ɢɡ ɷɥɟɦɟɧɬɨɜ u1, u2, …, um  L ɦɨɠɟɬ ɛɵɬɶ ɜɵɪɚɠɟɧ ɥɢɧɟɣɧɨ 
ɱɟɪɟɡ ɷɥɟɦɟɧɬɵ v1, v2, …, vm, ɤɨɬɨɪɵɟ ɦɟɠɞɭ ɫɨɛɨɣ ɥɢɧɟɣɧɨ ɡɚɜɢɫɢɦɵ, ɬɨ ɢ  u1, u2, …, 
um ɥɢɧɟɣɧɨ ɡɚɜɢɫɢɦɵ. 

Ⱦɨɤɚɡɚɬɟɥɶɫɬɜɨ. 
ɉɭɫɬɶ m > k  ɢ 

u1 = 11v1 + 12v2 + … + 1kvk, 

u2 = 21v1 + 22v2 + … + 2kvk, 
………………………………... 

um = m1v1 + m2v2 + … + mkvk. 

ɍɦɧɨɠɢɦ ɷɬɢ ɪɚɜɟɧɫɬɜɚ ɫɨɨɬɜɟɬɫɬɜɟɧɧɨ ɧɚ 1, 2, …, m ɢ ɫɥɨɠɢɦ ɢɯ. ɉɪɢ ɷɬɨɦ 
ɜ ɤɚɱɟɫɬɜɟ 1, 2, …, m ɜɨɡɶɦɟɦ ɧɟɧɭɥɟɜɨɟ ɪɟɲɟɧɢɟ ɫɥɟɞɭɸɳɟɣ ɫɢɫɬɟɦɵ ɥɢɧɟɣɧɵɯ 
ɭɪɚɜɧɟɧɢɣ: 

111 + 212 + … + m1m = 0, 

121 + 22v2 + … + m2m = 0, 
………………………………... 
1k1 + 2k2 + … + mkm = 0 

(ɬɚɤ ɤɚɤ m > k, ɬɨ ɧɟɧɭɥɟɜɨɟ ɪɟɲɟɧɢɟ ɫɭɳɟɫɬɜɭɟɬ ɫɨɝɥɚɫɧɨ ɫɥɟɞɫɬɜɢɸ 3.3.). 
ɉɪɢ ɬɚɤɨɦ ɜɵɛɨɪɟ ɱɢɫɟɥ i (i=1m) ɦɵ ɩɨɥɭɱɚɟɦ ɪɚɜɟɧɫɬɜɨ: 

1u1 + 2u2 + … +mum = 0v1 + 0v2 + … +0vk = . 
4. ȿɫɥɢ ɜɟɤɬɨɪɵ v1, v2, …, vm ɥɢɧɟɣɧɨ ɡɚɜɢɫɢɦɵ, ɬɨ ɩɨ ɬɟɨɪɟɦɟ 5.3 ɨɞɢɧ ɢɡ 

ɧɢɯ, ɩɭɫɬɶ ɞɥɹ ɨɩɪɟɞɟɥɟɧɧɨɫɬɢ vm, ɜɵɪɚɠɚɟɬɫɹ ɥɢɧɟɣɧɨ ɱɟɪɟɡ ɨɫɬɚɥɶɧɵɟ 

vm = 1v1 + 2v2 + … +m-1vm-1. 
ȼ ɥɢɧɟɣɧɨɟ ɜɵɪɚɠɟɧɢɟ ɜɟɤɬɨɪɨɜ u1, u2, …, um ɱɟɪɟɡ v1, v2, …, vm ɩɨɞɫɬɚɜɢɦ 

ɜɦɟɫɬɨ vm ɫɭɦɦɭ 1v1 + 2v2 + … +m-1vm-1. ɋɝɪɭɩɩɢɪɨɜɚɜ ɫɥɚɝɚɟɦɵɟ ɫ ɨɞɢɧɚɤɨɜɵɦɢ vi, 
ɩɨɥɭɱɢɦ ɫɢɫɬɟɦɭ ɥɢɧɟɣɧɵɯ ɜɵɪɚɠɟɧɢɣ ɜɟɤɬɨɪɨɜ u1, u2, …, um ɱɟɪɟɡ v1, v2, …, vm-1. Ɍɚɤ 
ɤɚɤ m > m – 1, ɬɨ ɫɨɝɥɚɫɧɨ ɩɪɟɞɵɞɭɳɟɦɭ ɩɭɧɤɬɭ ɨɬɫɸɞɚ ɜɵɬɟɤɚɟɬ ɥɢɧɟɣɧɚɹ 
ɡɚɜɢɫɢɦɨɫɬɶ u1, u2, …, um.  

3. Ȼɚɡɢɫ ɦɧɨɠɟɫɬɜɚ ɜɟɤɬɨɪɨɜ ɥɢɧɟɣɧɨɝɨ ɩɪɨɫɬɪɚɧɫɬɜɚ 

Ɉɩɪɟɞɟɥɟɧɢɟ. ȼɟɤɬɨɪɵ u1, u2, …, ur ɢɡ ɩɨɞɦɧɨɠɟɫɬɜɚ M ɥɢɧɟɣɧɨɝɨ ɩɪɨɫɬɪɚɧɫɬɜɚ 
L ɧɚɡɵɜɚɸɬɫɹ ɛɚɡɢɫɨɦ ɦɧɨɠɟɫɬɜɚ M, ɟɫɥɢ ɜɵɩɨɥɧɹɸɬɫɹ ɫɥɟɞɭɸɳɢɟ ɭɫɥɨɜɢɹ: 

1) ȼɟɤɬɨɪɵ u1, u2, …, ur ɥɢɧɟɣɧɨ ɧɟɡɚɜɢɫɢɦɵ ɦɟɠɞɭ ɫɨɛɨɣ. 
2) ȼɫɹɤɢɣ ɜɟɤɬɨɪ ɢɡ M ɦɨɠɟɬ ɛɵɬɶ ɥɢɧɟɣɧɨ ɜɵɪɚɠɟɧ ɱɟɪɟɡ u1, u2, …, ur. 

ɉɪɢɦɟɪ. ɉɨɤɚɠɟɦ, ɱɬɨ ɜ ɤɨɨɪɞɢɧɚɬɧɨɦ ɜɟɤɬɨɪɧɨɦ ɩɪɨɫɬɪɚɧɫɬɜɟ V(n), 
ɪɚɫɫɦɨɬɪɟɧɧɨɦ ɧɚɦɢ ɜ ɩɪɢɦɟɪɟ 4.3, ɨɞɢɧ ɢɡ ɛɚɡɢɫɨɜ ɨɛɪɚɡɭɸɬ ɜɟɤɬɨɪɵ e1=(1, 0, …, 0), 
e2=(0, 1, …, 0), …, en=(0, 0, …, 1). Эɬɨɬ ɛɚɡɢɫ ɧɚɡɵɜɚɟɬɫɹ ɝɥɚɜɧɵɦ. 

Ⱦɟɣɫɬɜɢɬɟɥɶɧɨ, ɩɭɫɬɶ 1e1+2e2+…+nen=. ɋɨɝɥɚɫɧɨ ɩɪɚɜɢɥɚɦ ɞɟɣɫɬɜɢɣ ɫ 
ɜɟɤɬɨɪɚɦɢ ɜ ɩɪɨɫɬɪɚɧɫɬɜɟ V(n) ɷɬɨ ɨɡɧɚɱɚɟɬ (1, 2, …, n)=(0, 0, …, 0), ɬ.ɟ. 
1=2=…=n=0. Ⱦɚɥɟɟ, ɩɭɫɬɶ x=(x1, x2, …, xn) V(n). Ɍɨɝɞɚ ɞɥɹ ɱɢɫɟɥ x1, x2, …, xnR ɢɦɟɟɬ 
ɦɟɫɬɨ x1e1+x2e2+…+xnen=x.  
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ȼ ɱɚɫɬɧɨɫɬɢ, ɜ ɜɟɤɬɨɪɧɨɦ ɩɪɨɫɬɪɚɧɫɬɜɟ V(2) (ɜɟɤɬɨɪɚ ɧɚ ɩɥɨɫɤɨɫɬɢ) ɛɚɡɢɫ 
ɨɛɪɚɡɭɸɬ ɜɟɤɬɨɪɚ e1 = (1, 0) ɢ e2 = (0, 1). ȼ ɜɟɤɬɨɪɧɨɦ ɩɪɨɫɬɪɚɧɫɬɜɟ V(3) (ɜɟɤɬɨɪɚ ɜ 
ɩɪɨɫɬɪɚɧɫɬɜɟ) ɛɚɡɢɫ ɨɛɪɚɡɭɟɬ ɜɟɤɬɨɪɚ e1 = (1, 0, 0), e2 = (0, 1, 0) ɢ e3 = (0, 0, 1). 

ɋɥɟɞɭɟɬ ɢɦɟɬɶ ɜ ɜɢɞɭ, ɱɬɨ ɜ ɩɪɨɢɡɜɨɥɶɧɨɦ ɥɢɧɟɣɧɨɦ ɩɪɨɫɬɪɚɧɫɬɜɟ ɧɟ ɤɚɠɞɨɟ 
ɦɧɨɠɟɫɬɜɨ ɢɦɟɟɬ ɛɚɡɢɫ. 

ɉɪɢɦɟɪ. ɉɨɤɚɠɟɦ, ɱɬɨ ɜ ɥɢɧɟɣɧɨɦ ɩɪɨɫɬɪɚɧɫɬɜɟ ɜɫɟɯ ɛɟɫɤɨɧɟɱɧɵɯ 
ɩɨɫɥɟɞɨɜɚɬɟɥɶɧɨɫɬɟɣ ɱɢɫɟɥ ɢɡ ɩɨɥɹ P (ɦɧɨɠɟɫɬɜɨ ɫ ɛɟɫɤɨɧɟɱɧɵɦɢ 
ɩɨɫɥɟɞɨɜɚɬɟɥɶɧɨɫɬɹɦɢ ɱɢɫɟɥ ɬɚɤɠɟ ɹɜɥɹɟɬɫɹ ɥɢɧɟɣɧɵɦ ɩɪɨɫɬɪɚɧɫɬɜɨɦ ɚɧɚɥɨɝɢɱɧɨ n-
ɦɟɪɧɨɦɭ ɤɨɨɪɞɢɧɚɬɧɨɦɭ ɩɪɨɫɬɪɚɧɫɬɜɭ) ɧɟ ɫɭɳɟɫɬɜɭɟɬ ɛɚɡɢɫɚ. 

Ⱦɟɣɫɬɜɢɬɟɥɶɧɨ, ɩɪɟɞɩɨɥɨɠɢɦ, ɱɬɨ ɷɥɟɦɟɧɬɵ u1, u2, …, un ɷɬɨɝɨ ɥɢɧɟɣɧɨɝɨ 
ɩɪɨɫɬɪɚɧɫɬɜɚ ɨɛɪɚɡɭɸɬ ɛɚɡɢɫ. Ɍɨɝɞɚ (n + 1) ɷɥɟɦɟɧɬɨɜ 
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ɜɵɪɚɠɚɸɳɢɯɫɹ ɥɢɧɟɣɧɨ ɱɟɪɟɡ u1, u2, …, un, ɞɨɥɠɧɵ ɛɵɥɢ ɛɵ ɛɵɬɶ ɫɨɝɥɚɫɧɨ 3-ɨɦɭ 
ɭɫɥɨɜɢɸ ɥɢɧɟɣɧɨɣ ɡɚɜɢɫɢɦɨɫɬɢ ɥɢɧɟɣɧɨ ɡɚɜɢɫɢɦɵɦɢ ɦɟɠɞɭ ɫɨɛɨɣ. Ɉɞɧɚɤɨ, ɟɫɥɢ ɯɨɬɹ 
ɛɵ ɨɞɧɨ ɢɡ ɱɢɫɟɥ i  P ɨɬɥɢɱɧɨ ɨɬ ɧɭɥɹ, ɬɨ 

1v1 + 2v2 + … + ivi + … +n+1vn+1 = (1, 2, …, i, …, n+1, 0, 0,…)  

 (0, 0, …, 0, …) = . 
Ɂɚɦɟɬɢɦ, ɱɬɨ ɟɫɥɢ ɜ ɥɢɧɟɣɧɨɦ ɩɪɨɫɬɪɚɧɫɬɜɟ L ɛɚɡɢɫ ɫɭɳɟɫɬɜɭɟɬ, ɬɨ ɢɯ ɦɨɠɟɬ 

ɛɵɬɶ ɛɟɫɤɨɧɟɱɧɨ ɦɧɨɝɨ. ȼɵɲɟɫɤɚɡɚɧɧɨɟ ɢɥɥɸɫɬɪɢɪɭɟɬ ɫɥɟɞɭɸɳɚɹ ɬɟɨɪɟɦɚ.  
Ɍɟɨɪɟɦɚ ɨ ɛɚɡɢɫɟ. Ʉɨɨɪɞɢɧɚɬɵ ɜɟɤɬɨɪɚ  ɜ ɡɚɞɚɧɧɨɦ ɛɚɡɢɫɟ 

Ɍɟɨɪɟɦɚ (ɨ ɛɚɡɢɫɚɯ). ȿɫɥɢ ɩɨɞɦɧɨɠɟɫɬɜɨ Ɇ ɥɢɧɟɣɧɨɝɨ ɩɪɨɫɬɪɚɧɫɬɜɚ L ɢɦɟɟɬ 
ɛɚɡɢɫɵ, ɬɨ ɨɧɢ  ɨɛɥɚɞɚɸɬ ɫɥɟɞɭɸɳɢɦɢ ɫɜɨɣɫɬɜɚɦɢ: 

1. ȼɫɟ ɛɚɡɢɫɵ Ɇ ɫɨɫɬɨɹɬ ɢɡ ɨɞɧɨɝɨ ɢ ɬɨɝɨ ɠɟ ɤɨɥɢɱɟɫɬɜɚ ɜɟɤɬɨɪɨɜ. 
2. ȼɫɹɤɢɟ ɥɢɧɟɣɧɨ ɧɟɡɚɜɢɫɢɦɵɟ ɦɟɠɞɭ ɫɨɛɨɣ ɜɟɤɬɨɪɵ ɢɡ Ɇ ɦɨɝɭɬ ɛɵɬɶ 

ɜɤɥɸɱɟɧɵ ɜ ɧɟɤɨɬɨɪɵɣ ɛɚɡɢɫ ɫɨɜɨɤɭɩɧɨɫɬɢ Ɇ. 
3. ȼɫɹɤɢɟ ɥɢɧɟɣɧɨ ɧɟɡɚɜɢɫɢɦɵɟ ɦɟɠɞɭ ɫɨɛɨɣ ɷɥɟɦɟɧɬɵ ɢɡ Ɇ ɜ ɤɨɥɢɱɟɫɬɜɟ, 

ɪɚɜɧɨɦ ɱɢɫɥɭ ɷɥɟɦɟɧɬɨɜ ɜ ɛɚɡɢɫɟ, ɫɚɦɢ ɨɛɪɚɡɭɸɬ ɛɚɡɢɫ Ɇ. 
Ⱦɨɤɚɡɚɬɟɥɶɫɬɜɨ.  
1. ɉɭɫɬɶ ɫɢɫɬɟɦɵ ɜɟɤɬɨɪɨɜ u1, u2, …, ur ɢ v1, v2, …, vs ɹɜɥɹɸɬɫɹ ɛɚɡɢɫɚɦɢ 

ɫɨɜɨɤɭɩɧɨɫɬɢ M. ɋɨɨɬɧɨɲɟɧɢɟ r<s ɧɟɜɨɡɦɨɠɧɨ, ɬɚɤ ɤɚɤ ɜ ɩɪɨɬɢɜɧɨɦ ɫɥɭɱɚɟ ɩɨ ɬɪɟɬɶɟɦɭ 
ɞɨɫɬɚɬɨɱɧɨɦɭ ɭɫɥɨɜɢɸ ɥɢɧɟɣɧɨɣ ɡɚɜɢɫɢɦɨɫɬɢ ɜɟɤɬɨɪɵ v1, v2, …, vs ɞɨɥɠɧɵ ɛɵɬɶ 
ɥɢɧɟɣɧɨ ɡɚɜɢɫɢɦɵ, ɤɚɤ ɜɵɪɚɠɚɸɳɢɟɫɹ ɱɟɪɟɡ r (ɝɞɟ r<s) ɜɟɤɬɨɪɨɜ. Ⱥɧɚɥɨɝɢɱɧɨ 
ɧɟɜɨɡɦɨɠɧɨ s<r. Ɂɧɚɱɢɬ, r=s. 

2. ɉɭɫɬɶ u1, u2, …, uk – ɩɪɨɢɡɜɨɥɶɧɵɟ ɥɢɧɟɣɧɨ ɧɟɡɚɜɢɫɢɦɵɟ ɜɟɤɬɨɪɵ ɢɡ M. 
(Ɍɚɤɢɟ ɫɨɜɨɤɭɩɧɨɫɬɢ ɫɭɳɟɫɬɜɭɸɬ, ɧɚɩɪɢɦɟɪ: ɫɨɜɨɤɭɩɧɨɫɬɶ, ɫɨɫɬɨɹɳɚɹ ɢɡ ɨɞɧɨɝɨ 
ɧɟɧɭɥɟɜɨɝɨ ɜɟɤɬɨɪɚ.) Ȼɭɞɟɦ ɞɨɛɚɜɥɹɬɶ ɜɟɤɬɨɪɵ uk+1, uk+2, …, um ɬɚɤ, ɱɬɨɛɵ ɜɟɤɬɨɪɵ 
ɫɨɜɨɤɭɩɧɨɫɬɢ u1, u2, …, uk, uk+1, uk+2, …, um ɨɫɬɚɜɚɥɢɫɶ ɥɢɧɟɣɧɨ ɧɟɡɚɜɢɫɢɦɵɦɢ. Ⱦɥɢɧɚ 
ɬɚɤɨɣ ɩɨɫɥɟɞɨɜɚɬɟɥɶɧɨɫɬɢ ɨɝɪɚɧɢɱɟɧɚ (ɨɧɚ ɧɟ ɦɨɠɟɬ ɩɪɟɜɵɲɚɬɶ ɤɨɥɢɱɟɫɬɜɚ 
ɷɥɟɦɟɧɬɨɜ ɜ ɛɚɡɢɫɟ M). ɉɨɷɬɨɦɭ ɫɪɟɞɢ ɬɚɤɢɯ ɩɨɫɥɟɞɨɜɚɬɟɥɶɧɨɫɬɟɣ ɧɚɣɞɭɬɫɹ ɢɦɟɸɳɢɟ 
ɦɚɤɫɢɦɚɥɶɧɭɸ ɞɥɢɧɭ, ɬ.ɟ. ɦɚɤɫɢɦɚɥɶɧɵɟ ɥɢɧɟɣɧɨ ɧɟɡɚɜɢɫɢɦɵɟ ɫɢɫɬɟɦɵ ɢɥɢ ɛɚɡɢɫɵ. 

3. ɉɭɫɬɶ ɤɚɠɞɵɣ ɛɚɡɢɫ ɫɨɜɨɤɭɩɧɨɫɬɢ M ɫɨɫɬɨɢɬ ɢɡ r ɜɟɤɬɨɪɨɜ ɢ v1, v2, …, vr –
ɥɢɧɟɣɧɨ ɧɟɡɚɜɢɫɢɦɵɟ ɷɥɟɦɟɧɬɵ ɢɡ M. ɂɡ ɜɬɨɪɨɝɨ ɭɫɥɨɜɢɹ ɬɟɨɪɟɦɵ ɫɥɟɞɭɟɬ, ɱɬɨ 
ɫɢɫɬɟɦɭ v1, v2, …, vr ɦɨɠɧɨ ɞɨɩɨɥɧɢɬɶ ɞɨ ɛɚɡɢɫɚ: v1, v2, …, vr, vr+1, …, vm. ɇɨ ɩɨ ɩɟɪɜɨɦɭ 
ɭɫɥɨɜɢɸ ɫɥɭɱɚɣ m>r ɧɟɜɨɡɦɨɠɟɧ, ɬ.ɟ. m=r. Ⱥ ɡɧɚɱɢɬ, v1, v2, …, vr – ɛɚɡɢɫ M. 
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Ɉɩɪɟɞɟɥɟɧɢɟ. ȿɫɥɢ ɩɨɞɦɧɨɠɟɫɬɜɨ Ɇ ɥɢɧɟɣɧɨɝɨ ɩɪɨɫɬɪɚɧɫɬɜɚ L ɨɛɥɚɞɚɟɬ 
ɛɚɡɢɫɨɦ, ɬɨ ɤɨɥɢɱɟɫɬɜɨ ɷɥɟɦɟɧɬɨɜ ɜ ɛɚɡɢɫɟ ɧɚɡɵɜɚɟɬɫɹ ɪɚɧɝɨɦ M ɢ ɨɛɨɡɧɚɱɚɟɬɫɹ rang 
M. 

ȿɫɥɢ Ɇ ɫɨɞɟɪɠɢɬ ɟɞɢɧɫɬɜɟɧɧɵɣ ɷɥɟɦɟɧɬ , ɬɨ ɪɚɧɝ Ɇ ɫɱɢɬɚɟɬɫɹ ɪɚɜɧɵɦ ɧɭɥɸ. 
Ɉɩɪɟɞɟɥɟɧɢɟ. ȿɫɥɢ ɥɢɧɟɣɧɨɟ ɩɪɨɫɬɪɚɧɫɬɜɨ L ɫɚɦɨ ɨɛɥɚɞɚɟɬ ɪɚɧɝɨɦ (ɬ.ɟ. 

ɫɭɳɟɫɬɜɭɸɬ ɛɚɡɢɫɵ ɜɫɟɝɨ ɥɢɧɟɣɧɨɝɨ ɩɪɨɫɬɪɚɧɫɬɜɚ L), ɬɨ L ɧɚɡɵɜɚɟɬɫɹ ɤɨɧɟɱɧɨɦɟɪɧɵɦ, 
ɚ ɟɝɨ ɪɚɧɝ – ɪɚɡɦɟɪɧɨɫɬɶɸ L. ȼ ɫɨɨɬɜɟɬɫɬɜɢɢ ɫ ɬɟɪɦɢɧɨɦ «ɪɚɡɦɟɪɧɨɫɬɶ» ɭɩɨɬɪɟɛɥɹɸɬ 
ɨɛɨɡɧɚɱɟɧɢɟ: dim L = rang L. 

ȿɫɥɢ ɥɢɧɟɣɧɨɟ ɩɪɨɫɬɪɚɧɫɬɜɨ ɧɟ ɢɦɟɟɬ ɪɚɧɝɚ, ɬɨ ɟɝɨ ɧɚɡɵɜɚɸɬ 
ɛɟɫɤɨɧɟɱɧɨɦɟɪɧɵɦ ɢ ɝɨɜɨɪɹɬ, ɱɬɨ ɟɝɨ ɪɚɡɦɟɪɧɨɫɬɶ ɛɟɫɤɨɧɟɱɧɚ. 

Ɂɚɦɟɱɚɧɢɟ. ȿɫɥɢ ɷɥɟɦɟɧɬ ɩɨɞɦɧɨɠɟɫɬɜɚ ɥɢɧɟɣɧɨɝɨ ɩɪɨɫɬɪɚɧɫɬɜɚ ɥɢɧɟɣɧɨ 
ɜɵɪɚɠɚɟɬɫɹ ɱɟɪɟɡ ɥɢɧɟɣɧɨ ɧɟɡɚɜɢɫɢɦɵɟ ɷɥɟɦɟɧɬɵ ɷɬɨɝɨ ɩɨɞɦɧɨɠɟɫɬɜɚ, ɬɨ ɬɚɤɨɟ 
ɜɵɪɚɠɟɧɢɟ ɟɞɢɧɫɬɜɟɧɧɨɟ. 

Ⱦɟɣɫɬɜɢɬɟɥɶɧɨ, ɩɪɟɞɩɨɥɨɠɢɦ ɩɪɨɬɢɜɧɨɟ. ɉɭɫɬɶ ɜ ɩɨɞɦɧɨɠɟɫɬɜɟ M ɥɢɧɟɣɧɨɝɨ 
ɩɪɨɫɬɪɚɧɫɬɜɚ L ɧɚɞ ɩɨɥɟɦ P ɜɟɤɬɨɪɵ u1, u2, …, um ɥɢɧɟɣɧɨ ɧɟɡɚɜɢɫɢɦɵ ɢ ɧɟɤɨɬɨɪɵɣ 
ɜɟɤɬɨɪ v  M ɥɢɧɟɣɧɨ ɜɵɪɚɠɚɟɬɫɹ ɱɟɪɟɡ u1, u2, …, um ɞɜɭɦɹ ɪɚɡɧɵɦɢ ɫɩɨɫɨɛɚɦɢ: 

v = 1u1 + 2u2 + ... + mum,    (1) 
v = ȕ1u1 + ȕ2u2 + ... + ȕmum,     (2) 

ɝɞɟ 1, 2, …, m  P, ȕ1, ȕ2, …, ȕ m  P ɢ ɫɭɳɟɫɬɜɭɟɬ i  {1,2,…,m}: i ȕi. Ɍɨɝɞɚ, 
ɪɚɫɫɦɨɬɪɟɜ ɪɚɡɧɨɫɬɶ ɪɚɜɟɧɫɬɜ (1) ɢ (2), ɩɨɥɭɱɚɟɦ  

(1-ȕ1)u1 + (2-ȕ2)u2 + ... + (m-ȕm)um = , 

ɩɪɢɱɟɦ ɤɨɷɮɮɢɰɢɟɧɬ (i-ȕi) ɨɬɥɢɱɟɧ ɨɬ ɧɭɥɹ. ɋɥɟɞɨɜɚɬɟɥɶɧɨ, ɷɥɟɦɟɧɬɵ u1, u2, …, um 
ɹɜɥɹɸɬɫɹ ɥɢɧɟɣɧɨ ɡɚɜɢɫɢɦɵɦɢ, ɱɬɨ ɩɪɨɬɢɜɨɪɟɱɢɬ ɭɫɥɨɜɢɸ. 

ɋɥɟɞɫɬɜɢɟ. Эɥɟɦɟɧɬ ɩɨɞɦɧɨɠɟɫɬɜɚ ɥɢɧɟɣɧɨɝɨ ɩɪɨɫɬɪɚɧɫɬɜɚ ɥɢɧɟɣɧɨ 
ɜɵɪɚɠɚɟɬɫɹ ɱɟɪɟɡ ɛɚɡɢɫ ɷɬɨɝɨ ɩɨɞɦɧɨɠɟɫɬɜɚ ɟɞɢɧɫɬɜɟɧɧɵɦ ɨɛɪɚɡɨɦ. 

Ɉɩɪɟɞɟɥɟɧɢɟ. ɉɭɫɬɶ ɷɥɟɦɟɧɬɵ u1, u2, …, um ɨɛɪɚɡɭɸɬ ɛɚɡɢɫ ɩɨɞɦɧɨɠɟɫɬɜɚ M 

ɥɢɧɟɣɧɨɝɨ ɩɪɨɫɬɪɚɧɫɬɜɚ L ɧɚɞ ɩɨɥɟɦ P .  Ʉɨɨɪɞɢɧɚɬɚɦɢ ɷɥɟɦɟɧɬɚ v  M ɜ ɛɚɡɢɫɟ 

u1, u2, …, um ɧɚɡɵɜɚɸɬɫɹ ɱɢɫɥɚ 1, 2, …, m  P, ɫ ɩɨɦɨɳɶɸ ɤɨɬɨɪɵɯ v ɥɢɧɟɣɧɨ 
ɜɵɪɚɠɚɟɬɫɹ ɱɟɪɟɡ u1, u2, …, um, ɬ.ɟ. ɞɥɹ ɤɨɬɨɪɵɯ ɜɵɩɨɥɧɹɟɬɫɹ ɪɚɜɟɧɫɬɜɨ 

v = 1u1 + 2u2 + ... + mum. 
 

Ɍɟɦɚ. Ʌɢɧɟɣɧɵɣ ɨɩɟɪɚɬɨɪ. ɋɨɛɫɬɜɟɧɧɵɟ ɜɟɤɬɨɪɵ 
ɢ ɫɨɛɫɬɜɟɧɧɵɟ ɡɧɚɱɟɧɢɹ ɥɢɧɟɣɧɵɯ ɨɩɟɪɚɬɨɪɨɜ 

ɉɥɚɧ 
1. Ʌɢɧɟɣɧɵɟ ɨɩɟɪɚɬɨɪɵ. Ɇɚɬɪɢɰɚ ɥɢɧɟɣɧɨɝɨ ɨɩɟɪɚɬɨɪɚ ɜ ɡɚɞɚɧɧɨɦ ɛɚɡɢɫɟ. 
2. Ɇɚɬɪɢɰɵ ɥɢɧɟɣɧɨɝɨ ɨɩɟɪɚɬɨɪɚ ɜ ɪɚɡɧɵɯ ɛɚɡɢɫɚɯ. 
3. Ⱦɟɣɫɬɜɢɹ ɫ ɥɢɧɟɣɧɵɦɢ ɨɩɟɪɚɬɨɪɚɦɢ. 
4. ɋɨɛɫɬɜɟɧɧɵɟ ɜɟɤɬɨɪɵ ɢ ɫɨɛɫɬɜɟɧɧɵɟ ɡɧɚɱɟɧɢɹ ɥɢɧɟɣɧɵɯ ɨɩɟɪɚɬɨɪɨɜ. 
5. Ɋɚɧɝ ɢ ɞɟɮɟɤɬ ɥɢɧɟɣɧɨɝɨ ɨɩɟɪɚɬɨɪɚ. 
1. Ʌɢɧɟɣɧɵɟ ɨɩɟɪɚɬɨɪɵ. Ɇɚɬɪɢɰɚ ɥɢɧɟɣɧɨɝɨ ɨɩɟɪɚɬɨɪɚ ɜ ɡɚɞɚɧɧɨɦ 

ɛɚɡɢɫɟ 

Ɉɩɪɟɞɟɥɟɧɢɟ. ɉɭɫɬɶ L – ɥɢɧɟɣɧɨɟ ɩɪɨɫɬɪɚɧɫɬɜɨ ɧɚɞ ɩɨɥɟɦ P. Ʌɢɧɟɣɧɵɦ 
ɨɩɟɪɚɬɨɪɨɦ, ɢɥɢ ɥɢɧɟɣɧɵɦ ɩɪɟɨɛɪɚɡɨɜɚɧɢɟɦ, ɩɪɨɫɬɪɚɧɫɬɜɚ L ɧɚɡɵɜɚɟɬɫɹ 
ɨɬɨɛɪɚɠɟɧɢɟ  φ: L → L, ɞɥɹ ɤɨɬɨɪɨɝɨ ɜɵɩɨɥɧɹɸɬɫɹ ɫɥɟɞɭɸɳɢɟ ɭɫɥɨɜɢɹ: 

1)  u, v  L    φ(u+v) = φ(u)+φ(v), 

2)  u  L    P    φ(u) = φ(u). 
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ɉɪɢɦɟɪ. ȼ ɤɨɨɪɞɢɧɚɬɧɨɦ ɜɟɤɬɨɪɧɨɦ ɩɪɨɫɬɪɚɧɫɬɜɟ V2 ɧɚɞ ɩɨɥɟɦ R ɩɪɟɨɛɪɚɡɨɜɚɧɢɟ 
ɫɢɦɦɟɬɪɢɢ ɨɬɧɨɫɢɬɟɥɶɧɨ ɩɪɹɦɨɣ y=x ɹɜɥɹɟɬɫɹ ɥɢɧɟɣɧɵɦ ɨɩɟɪɚɬɨɪɨɦ. 
Ⱦɟɣɫɬɜɢɬɟɥɶɧɨ, ɫɢɦɦɟɬɪɢɹ φ ɨɬɧɨɫɢɬɟɥɶɧɨ ɩɪɹɦɨɣ y=x ɜ ɩɪɨɫɬɪɚɧɫɬɜɟ V2 ɞɟɣɫɬɜɭɟɬ 
ɩɨ ɩɪɚɜɢɥɭ: φ((x, y)) = (y, x). Ɍɨɝɞɚ ɞɥɹ  (x, y), (x’, y’)  V2 φ((x, y)+(x’, y’)) = 
φ((x+x’, y+y’)) = (y+y’, x+x’) = (y, x)+(y’, x’) = φ((x, y))+φ((x’, y’))  ɢ  φ(Ȝ(x, y)) = 

φ((Ȝx, Ȝy)) = (Ȝy, Ȝx)) = Ȝ(y, x) = Ȝφ((x, y)) ɞɥɹ    R. 
ɉɪɟɞɥɨɠɟɧɢɟ 1. ȿɫɥɢ ɜ ɥɢɧɟɣɧɨɦ ɩɪɨɫɬɪɚɧɫɬɜɟ L ɧɚɞ ɩɨɥɟɦ P ɨɬɨɛɪɚɠɟɧɢɟ 

φ: L → L ɹɜɥɹɟɬɫɹ ɥɢɧɟɣɧɵɦ ɨɩɟɪɚɬɨɪɨɦ, ɬɨ φ() = , ɝɞɟ  – ɧɟɣɬɪɚɥɶɧɵɣ ɷɥɟɦɟɧɬ ɩɨ 
ɫɥɨɠɟɧɢɸ ɜ L. 

Ⱦɨɤɚɡɚɬɟɥɶɫɬɜɨ: ɂɫɩɨɥɶɡɭɟɦ ɫɜɨɣɫɬɜɨ ɥɢɧɟɣɧɵɯ ɩɪɨɫɬɪɚɧɫɬɜ: 0u =  ɞɥɹ 
ɥɸɛɨɝɨ u  L (ɫɦ. §1). ɂɦɟɟɦ φ() = φ(0u) = 0φ(u) = . 

Ɍɟɨɪɟɦɚ 1. ɉɭɫɬɶ ɜ ɥɢɧɟɣɧɨɦ ɩɪɨɫɬɪɚɧɫɬɜɟ L ɧɚɞ ɩɨɥɟɦ P ɡɚɞɚɧ ɛɚɡɢɫ 
U = {u1, …, un}. Ⱦɥɹ ɩɪɨɢɡɜɨɥɶɧɵɯ ɷɥɟɦɟɧɬɨɜ v1, …, vn  L ɫɭɳɟɫɬɜɭɟɬ ɢ ɟɞɢɧɫɬɜɟɧɧɵɣ 
ɥɢɧɟɣɧɵɣ ɨɩɟɪɚɬɨɪ φ: L → L, ɬɚɤɨɣ, ɱɬɨ v1=φ(u1), …, vn=φ(un). 

Ⱦɨɤɚɡɚɬɟɥɶɫɬɜɨ: Ɋɚɫɫɦɨɬɪɢɦ ɩɪɨɢɡɜɨɥɶɧɵɣ ɷɥɟɦɟɧɬ w  L, ɩɭɫɬɶ 
w = b1u1+b2u2+…+bnun, ɝɞɟ bi  P, i=1n, ɬɨɝɞɚ ɩɨɥɨɠɢɦ ɩɨ ɨɩɪɟɞɟɥɟɧɢɸ 
φ(w) = b1v1+b2v2+…+bnvn. 

ɉɪɨɜɟɪɢɦ, ɱɬɨ φ – ɥɢɧɟɣɧɵɣ ɨɩɟɪɚɬɨɪ. ɉɭɫɬɶ w, v  L ɢ ɩɭɫɬɶ 
w = b1u1+b2u2+…+bnun, v = c1u1+c2u2+…+cnun, ɝɞɟ bi, ci  P, i=1n. Ɍɨɝɞɚ L    
φ(w+v) = φ((b1u1+b2u2+…+bnun)+(c1u1+c2u2+…+cnun)) = 
φ((b1+c1)u1+(b2+c2)u2+…+(bn+cn)un) = (b1+c1)v1+(b2+c2)v2+…+(bn+cn)vn = 
(b1v1+b2v2+…+bnvn)+(c1v1+c2v2+…+cnvn) = φ(b1u1+b2u2+…+bnun)+ φ(c1u1+c2u2+…+cnun) = 

φ(w)+φ(v). Ɋɚɜɟɧɫɬɜɨ φ(w) = φ(w) ɞɥɹ    P ɩɪɨɜɟɪɶɬɟ ɫɚɦɨɫɬɨɹɬɟɥɶɧɨ. 
ɉɨɤɚɠɟɦ, ɱɬɨ vi=φ(ui)  (i=1n). Ⱦɟɣɫɬɜɢɬɟɥɶɧɨ, u1 = 1u1+0u2+…+0un, ɬɨɝɞɚ φ(u1) = 

1v1+0v2+…+0vn = v1  ɢ ɚɧɚɥɨɝɢɱɧɨ ɞɥɹ u2, …, un. 
Ɍɚɤɢɦ ɨɛɪɚɡɨɦ, ɦɵ ɩɨɫɬɪɨɢɥɢ ɥɢɧɟɣɧɵɣ ɨɩɟɪɚɬɨɪ, ɨɩɢɫɚɧɧɵɣ ɜ ɭɫɥɨɜɢɢ 

ɬɟɨɪɟɦɵ. Ⱦɨɤɚɠɟɦ, ɱɬɨ ɬɚɤɨɣ ɨɩɟɪɚɬɨɪ ɟɞɢɧɫɬɜɟɧɧɵɣ. 
ɉɪɟɞɩɨɥɨɠɢɦ, ɱɬɨ ɫɭɳɟɫɬɜɭɟɬ ɟɳё ɥɢɧɟɣɧɵɣ ɨɩɟɪɚɬɨɪ ψ: L → L, ɬɚɤɨɣ, ɱɬɨ 

v1=ψ(u1), …, vn=ψ(un). ɉɨɤɚɠɟɦ, ɱɬɨ φ = ψ, ɬ.ɟ.  w  L φ(w) = ψ(w). 
ψ(w) = ψ(b1u1+b2u2+…+bnun) = ψ(b1u1)+ψ(b2u2)+…+ψ(bnun) = 
b1ψ(u1)+b2ψ(u2)+…+bnψ(un) = b1v1+b2v2+…+bnvn = φ(b1u1+b2u2+…+bnun) = φ(w). 

Ɇɚɬɪɢɰɚ ɥɢɧɟɣɧɨɝɨ ɨɩɟɪɚɬɨɪɚ 
Ɉɩɪɟɞɟɥɟɧɢɟ. ɉɭɫɬɶ ɜ ɥɢɧɟɣɧɨɦ ɩɪɨɫɬɪɚɧɫɬɜɟ L ɧɚɞ ɩɨɥɟɦ P ɡɚɞɚɧ ɛɚɡɢɫ 

U = {u1, u2, …, un} ɢ ɡɚɞɚɧ ɥɢɧɟɣɧɵɣ ɨɩɟɪɚɬɨɪ φ: L → L. ɉɭɫɬɶ ɷɥɟɦɟɧɬɵ 
φ(u1), φ(u2), …, φ(un) ɥɢɧɟɣɧɨ ɜɵɪɚɠɚɸɬɫɹ ɱɟɪɟɡ ɛɚɡɢɫ U ɫɥɟɞɭɸɳɢɦ ɨɛɪɚɡɨɦ:  

φ(u1) = α11u1+α12u2+…+α1nun, 
φ(u2) = α21u1+α22u2+…+α2nun, 

················································· 
φ(un) = αn1u1+αn2u2+…+αnnun, 

ɝɞɟ  αij  P, i=1n, j=1n. Ɍɨɝɞɚ ɦɚɬɪɢɰɚ ɥɢɧɟɣɧɨɝɨ ɜɵɪɚɠɟɧɢɹ ɨɛɪɚɡɨɜ 
φ(u1), φ(u2), …, φ(un) ɛɚɡɢɫɧɵɯ ɷɥɟɦɟɧɬɨɜ ɱɟɪɟɡ ɷɬɨɬ ɛɚɡɢɫ u1, u2, …, un  

AU(φ) = 
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ɧɚɡɵɜɚɟɬɫɹ ɦɚɬɪɢɰɟɣ ɥɢɧɟɣɧɨɝɨ ɨɩɟɪɚɬɨɪɚ φ ɜ ɛɚɡɢɫɟ U.  
ɇɚɣɞɟɦ ɫɜɹɡɶ ɦɟɠɞɭ ɤɨɨɪɞɢɧɚɬɚɦɢ ɷɥɟɦɟɧɬɚ ɥɢɧɟɣɧɨɝɨ ɩɪɨɫɬɪɚɧɫɬɜɚ ɢ 

ɤɨɨɪɞɢɧɚɬɚɦɢ ɟɝɨ ɨɛɪɚɡɚ ɩɪɢ ɩɪɟɨɛɪɚɡɨɜɚɧɢɢ φ. 
Ɍɟɨɪɟɦɚ 2.  ɉɭɫɬɶ ɜ ɥɢɧɟɣɧɨɦ ɩɪɨɫɬɪɚɧɫɬɜɟ L ɧɚɞ ɩɨɥɟɦ P ɡɚɞɚɧ ɛɚɡɢɫ 
U = {u1, …, un} ɢ ɩɭɫɬɶ AU(φ) – ɦɚɬɪɢɰɚ ɥɢɧɟɣɧɨɝɨ ɨɩɟɪɚɬɨɪɚ φ: L → L ɜ ɛɚɡɢɫɟ U. 
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Ɍɨɝɞɚ ɟɫɥɢ (c1, c2, …, cn) – ɤɨɨɪɞɢɧɚɬɵ ɧɟɤɨɬɨɪɨɝɨ ɷɥɟɦɟɧɬɚ w  L ɜ ɛɚɡɢɫɟ U, a 
(b1, b2, …, bn) – ɤɨɨɪɞɢɧɚɬɵ φ(w) ɜ ɛɚɡɢɫɟ U, ɬɨ ɜɵɩɨɥɧɹɟɬɫɹ ɪɚɜɟɧɫɬɜɨ 
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Ⱦɨɤɚɡɚɬɟɥɶɫɬɜɨ: ɉɭɫɬɶ ɦɚɬɪɢɰɚ AU(φ) ɢɦɟɟɬ ɜɢɞ AU(φ) = 
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. Ɍɨɝɞɚ 

ɞɥɹ w = c1u1+c2u2+…+cnun (ɝɞɟ ci  P, i=1n) ɜɵɩɨɥɧɟɧɨ:  
φ(w) = φ(c1u1+c2u2+…+cnun) = c1φ(u1)+c2φ(u2)+…+cnφ(un) = 
c1(α11u1+α12u2+…+α1nun)+c2(α21u1+α22u2+…+α2nun)+… 
+cn(αn1u1+αn2u2+…+αnnun) = (c1α11+c2α21+…+cnαn1)u1 + 
(c1α12+c2α22+…+cnαn2)u2 + … +(c1α1n+c2α2n+…+cnαnn)un. ɉɨɫɤɨɥɶɤɭ ɱɟɪɟɡ ɛɚɡɢɫ 
ɷɥɟɦɟɧɬ ɩɪɨɫɬɪɚɧɫɬɜɚ ɜɵɪɚɠɚɟɬɫɹ ɟɞɢɧɫɬɜɟɧɧɵɦ ɫɩɨɫɨɛɨɦ, ɦɵ ɢɦɟɟɦ ɫɥɟɞɭɸɳɢɟ 
ɪɚɜɟɧɫɬɜɚ:  

c1α11+c2α21+…+cnαn1=b1, 
c1α12+c2α22+…+cnαn2=b2, 

········································· 
c1α1n+c2α2n+…+cnαnn=bn. 

ɉɨɥɭɱɟɧɧɚɹ ɫɢɫɬɟɦɚ ɪɚɜɟɧɫɬɜ ɷɤɜɢɜɚɥɟɧɬɧɚ ɦɚɬɪɢɱɧɨɦɭ ɪɚɜɟɧɫɬɜɭ 
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)( , ɱɬɨ ɢ ɬɪɟɛɨɜɚɥɨɫɶ ɞɨɤɚɡɚɬɶ. 

Ʌɟɦɦɚ 1. ɉɭɫɬɶ A, B – ɦɚɬɪɢɰɵ ɪɚɡɦɟɪɧɨɫɬɢ nn ɧɚɞ ɩɨɥɟɦ P. ȿɫɥɢ ɞɥɹ ɜɫɟɯ 
ɷɥɟɦɟɧɬɨɜ w=(c1, c2, …cn) (ci  P, i=1 n) ɥɢɧɟɣɧɨɝɨ ɩɪɨɫɬɪɚɧɫɬɜɚ L ɧɚɞ ɩɨɥɟɦ P 

ɜɵɩɨɥɧɹɟɬɫɹ ɪɚɜɟɧɫɬɜɨ 
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, ɬɨ A=B. 

Ⱦɨɤɚɡɚɬɟɥɶɫɬɜɨ: ɉɭɫɬɶ A = (aij)n×n  ɢ  B = (bij)n×n, ɬɨɝɞɚ, ɪɚɫɫɦɨɬɪɟɜ ɜ ɤɚɱɟɫɬɜɟ w 

ɷɥɟɦɟɧɬ (1,0,0,…,0), ɩɨɥɭɱɚɟɦ ɪɚɜɟɧɫɬɜɨ 
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BA , ɨɬɤɭɞɚ ɢɦɟɟɦ ai1 = bi1 ɞɥɹ ɜɫɟɯ 

i=1n. Ⱥɧɚɥɨɝɢɱɧɨ, ɪɚɫɫɦɚɬɪɢɜɚɹ ɜ ɤɚɱɟɫɬɜɟ w ɷɥɟɦɟɧɬɵ (0,1,0,…,0), …, (0,0,0,…,1), 
ɩɨɥɭɱɢɦ ai2 = bi2, …, ain = bin ɞɥɹ ɜɫɟɯ i=1 n, ɬ.ɟ. A=B. 

2. Ɇɚɬɪɢɰɵ ɥɢɧɟɣɧɨɝɨ ɨɩɟɪɚɬɨɪɚ ɜ ɪɚɡɧɵɯ ɛɚɡɢɫɚɯ 

Ɍɟɨɪɟɦɚ 3. ɉɭɫɬɶ ɜ ɥɢɧɟɣɧɨɦ ɩɪɨɫɬɪɚɧɫɬɜɟ L ɧɚɞ ɩɨɥɟɦ P ɡɚɞɚɧɵ ɞɜɚ ɛɚɡɢɫɚ 
U = {u1, …, un} ɢ V = {v1, …, vn}, ɢ ɩɭɫɬɶ S – ɦɚɬɪɢɰɚ ɩɟɪɟɯɨɞɚ ɨɬ ɛɚɡɢɫɚ U ɤ ɛɚɡɢɫɭ V. 
ɉɭɫɬɶ ɥɢɧɟɣɧɵɣ ɨɩɟɪɚɬɨɪ φ: L → L ɜ ɛɚɡɢɫɟ U ɢɦɟɟɬ ɦɚɬɪɢɰɭ AU(φ), ɚ ɜ ɛɚɡɢɫɟ V – 
ɦɚɬɪɢɰɭ AV(φ). Ɍɨɝɞɚ  

AV(φ) = S -1AU(φ)S. 
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Ⱦɨɤɚɡɚɬɟɥɶɫɬɜɨ: Ɋɚɫɫɦɨɬɪɢɦ ɩɪɨɢɡɜɨɥɶɧɵɣ ɷɥɟɦɟɧɬ w  L. ɉɭɫɬɶ 
w = b1u1+b2u2+…+bnun  ɢ  w = c1v1+c2v2+…+cnvn  (bi, ci  P, i=1n), ɢ ɩɭɫɬɶ 
φ(w) = ȕ1u1+ȕ2u2+…+ȕnun  ɢ  φ(w) = Ȗ1v1+Ȗ2v2+…+Ȗnvn (ȕi, Ȗi  P, i=1n). 

Ɍɨɝɞɚ ɩɨ ɬɟɨɪɟɦɟ 1.5.4 ɩɨɥɭɱɚɟɦ: 
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ɚ ɩɨ ɫɥɟɞɫɬɜɢɸ 1.5.5 ɩɨɥɭɱɚɟɦ: 
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ɉɨ ɬɟɨɪɟɦɟ 1.6.7 ɢɦɟɟɦ: 
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ɋɥɟɞɨɜɚɬɟɥɶɧɨ, 
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ɉɨɫɤɨɥɶɤɭ ɩɨɥɭɱɟɧɧɨɟ ɪɚɜɟɧɫɬɜɨ ɜɵɩɨɥɧɹɟɬɫɹ ɞɥɹ ɩɪɨɢɡɜɨɥɶɧɨɝɨ w  L, ɬ.ɟ. ɞɥɹ 

ɩɪɨɢɡɜɨɥɶɧɨɣ ɦɚɬɪɢɰɵ 
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, ɬɨ ɩɨ ɥɟɦɦɟ 1.6.8 ɢɦɟɟɦ ɪɚɜɟɧɫɬɜɨ 

S -1AU(φ)S = AV(φ), 
ɱɬɨ ɢ ɬɪɟɛɨɜɚɥɨɫɶ ɞɨɤɚɡɚɬɶ. 
3. Ⱦɟɣɫɬɜɢɹ ɫ ɥɢɧɟɣɧɵɦɢ ɨɩɟɪɚɬɨɪɚɦɢ 

Ɉɩɪɟɞɟɥɢɦ ɧɚ ɦɧɨɠɟɫɬɜɟ ɜɫɟɯ ɥɢɧɟɣɧɵɯ ɨɩɟɪɚɬɨɪɨɜ ɩɪɨɫɬɪɚɧɫɬɜɚ L ɧɚɞ ɩɨɥɟɦ 
P ɞɟɣɫɬɜɢɹ ɫɥɨɠɟɧɢɟ, ɭɦɧɨɠɟɧɢɟ ɧɚ ɱɢɫɥɨ ɢɡ ɩɨɥɹ P ɢ ɤɨɦɩɨɡɢɰɢɸ. ɉɭɫɬɶ φ, ψ – 

ɥɢɧɟɣɧɵɟ ɨɩɟɪɚɬɨɪɵ ɩɪɨɫɬɪɚɧɫɬɜɚ L ɢ   P, ɬɨɝɞɚ  
1) φ+ψ: L → L ɩɨ ɩɪɚɜɢɥɭ  u  L  (φ+ψ)(u) = φ(u)+ψ(u), 

2) φ: L → L ɩɨ ɩɪɚɜɢɥɭ  u  L  (φ)(u) = φ(u), 

3) φ◦ψ: L → L ɩɨ ɩɪɚɜɢɥɭ  u  L  (φ◦ψ)(u) = φ(ψ(u)). 
ɉɪɨɜɟɪɢɦ, ɱɬɨ φ+ψ ɹɜɥɹɟɬɫɹ ɥɢɧɟɣɧɵɦ ɨɩɟɪɚɬɨɪɨɦ ɩɪɨɫɬɪɚɧɫɬɜɚ L. 

Ⱦɟɣɫɬɜɢɬɟɥɶɧɨ,  u, v  L  (φ+ψ)(u+v) = φ(u+v)+ψ(u+v) = φ(u)+φ(v)+ψ(u)+ψ(v) = 
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φ(u)+ψ(u)+φ(v)+ψ(v) = (φ+ψ)(u)+(φ+ψ)(v)  ɢ   u  L    P  (φ+ψ)(u) = φ(u)+ψ(u) = 

φ(u)+ψ(u) = (φ(u)+ψ(u)) = (φ+ψ)(u).  
Ɍɟɨɪɟɦɚ 4. ɉɭɫɬɶ ɜ ɥɢɧɟɣɧɨɦ ɩɪɨɫɬɪɚɧɫɬɜɟ L ɧɚɞ ɩɨɥɟɦ P ɡɚɞɚɧ ɛɚɡɢɫ 

U = {u1, …, un}, ɢ ɩɭɫɬɶ ɥɢɧɟɣɧɵɟ ɨɩɟɪɚɬɨɪɵ φ: L → L ɢ ψ: L → L ɜ ɛɚɡɢɫɟ U ɢɦɟɸɬ 
ɦɚɬɪɢɰɵ AU(φ) ɢ AU(ψ) ɫɨɨɬɜɟɬɫɬɜɟɧɧɨ. Ɍɨɝɞɚ ɢɦɟɸɬ ɦɟɫɬɨ ɫɨɨɬɧɨɲɟɧɢɹ:  

1. AU(φ+ψ) = AU(φ)+AU(ψ), 

2. AU(Ȝφ) = ȜAU(φ)   (  P), 
3. AU(φ◦ψ) = AU(φ)·AU(ψ). 

4. ɋɨɛɫɬɜɟɧɧɵɟ ɜɟɤɬɨɪɵ ɢ ɫɨɛɫɬɜɟɧɧɵɟ ɡɧɚɱɟɧɢɹ ɥɢɧɟɣɧɵɯ ɨɩɟɪɚɬɨɪɨɜ 

Ɂɚɦɟɬɢɦ, ɱɬɨ ɟɫɥɢ A = (aij)n×n – ɦɚɬɪɢɰɚ ɧɚɞ ɩɨɥɟɦ P, ɬɨ ɨɩɪɟɞɟɥɢɬɟɥɶ |A – ȜE| 
(ɝɞɟ E – ɟɞɢɧɢɱɧɚɹ ɦɚɬɪɢɰɚ ɪɚɡɦɟɪɧɨɫɬɢ n×n) ɹɜɥɹɟɬɫɹ ɦɧɨɝɨɱɥɟɧɨɦ ɧɚɞ ɩɨɥɟɦ P 
ɨɬɧɨɫɢɬɟɥɶɧɨ ɩɟɪɟɦɟɧɧɨɣ Ȝ, ɩɪɢɧɢɦɚɸɳɟɣ ɡɧɚɱɟɧɢɹ ɢɡ P. 

 

Ɉɩɪɟɟɥɟɧɢɟ. ɉɭɫɬɶ A = (aij)n×n – ɦɚɬɪɢɰɚ ɧɚɞ ɩɨɥɟɦ P ɢ Ȝ  P. Ɇɧɨɝɨɱɥɟɧ 
f(Ȝ) = |A – ȜE| ɧɚɡɵɜɚɟɬɫɹ ɯɚɪɚɤɬɟɪɢɫɬɢɱɟɫɤɢɦ ɦɧɨɝɨɱɥɟɧɨɦ ɦɚɬɪɢɰɵ A, ɚ ɤɨɪɧɢ 
ɞɚɧɧɨɝɨ ɦɧɨɝɨɱɥɟɧɚ ɧɚɡɵɜɚɸɬɫɹ ɯɚɪɚɤɬɟɪɢɫɬɢɱɟɫɤɢɦɢ ɱɢɫɥɚɦɢ ɦɚɬɪɢɰɵ A. 

 
ɉɪɟɞɥɨɠɟɧɢɟ 2. ȿɫɥɢ ɞɥɹ ɦɚɬɪɢɰ A ɢ B ɜɵɩɨɥɧɹɟɬɫɹ ɪɚɜɟɧɫɬɜɨ B = Q-1AQ, ɝɞɟ 

Q – ɧɟɤɨɬɨɪɚɹ ɦɚɬɪɢɰɚ, ɬɨ A ɢ B ɨɛɥɚɞɚɸɬ ɨɞɢɧɚɤɨɜɵɦɢ ɯɚɪɚɤɬɟɪɢɫɬɢɱɟɫɤɢɦɢ 
ɱɢɫɥɚɦɢ. 

Ⱦɨɤɚɡɚɬɟɥɶɫɬɜɨ: ɋɨɫɬɚɜɢɦ ɯɚɪɚɤɬɟɪɢɫɬɢɱɟɫɤɢɣ ɦɧɨɝɨɱɥɟɧ ɦɚɬɪɢɰɵ B:  |B –
 ȜE| = |Q-1AQ – ȜE| = |Q-1AQ – ȜEQ-1Q| = |Q-1AQ – ȜQ-1EQ| =  

|Q-1AQ – Q-1ȜEQ| = |Q-1(A – ȜE)Q| = |Q-1||A – ȜE||Q| = |A – ȜE||Q-1||Q| = 
|A – ȜE||E| = |A – ȜE|. 
Ɂɚɦɟɱɚɧɢɟ. Ɍ.ɤ. ɞɥɹ ɦɚɬɪɢɰ ɩɪɨɢɡɜɨɥɶɧɨɝɨ ɥɢɧɟɣɧɨɝɨ ɨɩɟɪɚɬɨɪɚ φ ɜ ɪɚɡɥɢɱɧɵɯ 

ɛɚɡɢɫɚɯ ɜɵɩɨɥɧɹɟɬɫɹ ɪɚɜɟɧɫɬɜɨ AV(φ) = S -1AU(φ)S (ɬɟɨɪɟɦɚ 1.6.9.), ɬɨ ɢɡ 
ɩɪɟɞɥɨɠɟɧɢɹ 1.7.2. ɩɨɥɭɱɚɟɦ, ɱɬɨ ɜɫɟ ɦɚɬɪɢɰɵ ɥɢɧɟɣɧɨɝɨ ɨɩɟɪɚɬɨɪɚ ɢɦɟɸɬ ɨɞɢɧ ɢ ɬɨɬ 
ɠɟ ɯɚɪɚɤɬɟɪɢɫɬɢɱɟɫɤɢɣ ɦɧɨɝɨɱɥɟɧ ɢ ɨɞɢɧ ɢ ɬɨɬ ɠɟ ɧɚɛɨɪ ɯɚɪɚɤɬɟɪɢɫɬɢɱɟɫɤɢɯ ɱɢɫɟɥ. 
ɉɨɷɬɨɦɭ ɯɚɪɚɤɬɟɪɢɫɬɢɱɟɫɤɢɣ ɦɧɨɝɨɱɥɟɧ ɦɚɬɪɢɰɵ ɥɢɧɟɣɧɨɝɨ ɨɩɟɪɚɬɨɪɚ ɦɨɠɧɨ ɧɚɡɜɚɬɶ 
ɯɚɪɚɤɬɟɪɢɫɬɢɱɟɫɤɢɦ ɦɧɨɝɨɱɥɟɧɨɦ ɥɢɧɟɣɧɨɝɨ ɨɩɟɪɚɬɨɪɚ, ɚ ɯɚɪɚɤɬɟɪɢɫɬɢɱɟɫɤɢɟ 
ɱɢɫɥɚ ɦɚɬɪɢɰɵ ɥɢɧɟɣɧɨɝɨ ɨɩɟɪɚɬɨɪɚ ɦɨɠɧɨ ɧɚɡɜɚɬɶ ɯɚɪɚɤɬɟɪɢɫɬɢɱɟɫɤɢɦɢ ɱɢɫɥɚɦɢ 
ɥɢɧɟɣɧɨɝɨ ɨɩɟɪɚɬɨɪɚ. 

Ɉɩɪɟɞɟɥɟɧɢɟ. ɉɭɫɬɶ L – ɥɢɧɟɣɧɨɟ ɩɪɨɫɬɪɚɧɫɬɜɨ ɧɚɞ ɩɨɥɟɦ P ɢ φ: L → L – 

ɥɢɧɟɣɧɵɣ ɨɩɟɪɚɬɨɪ. Эɥɟɦɟɧɬ w  L ɧɚɡɵɜɚɟɬɫɹ ɫɨɛɫɬɜɟɧɧɵɦ ɜɟɤɬɨɪɨɦ ɨɩɟɪɚɬɨɪɚ 
φ, ɟɫɥɢ w     ɢ  ɫɭɳɟɫɬɜɭɟɬ   P, ɬɚɤɨɟ, ɱɬɨ φ(w) = w. ɉɪɢ ɷɬɨɦ  ɧɚɡɵɜɚɟɬɫɹ 
ɫɨɛɫɬɜɟɧɧɵɦ ɡɧɚɱɟɧɢɟɦ ɨɩɟɪɚɬɨɪɚ φ, ɫɨɨɬɜɟɬɫɬɜɭɸɳɢɦ ɜɟɤɬɨɪɭ w. 

ɉɪɟɞɥɨɠɟɧɢɟ 3. ɉɭɫɬɶ L – ɥɢɧɟɣɧɨɟ ɩɪɨɫɬɪɚɧɫɬɜɨ ɧɚɞ ɩɨɥɟɦ P ɢ φ: L → L – 

ɥɢɧɟɣɧɵɣ ɨɩɟɪɚɬɨɪ. ȿɫɥɢ w – ɫɨɛɫɬɜɟɧɧɵɣ ɜɟɤɬɨɪ ɨɩɟɪɚɬɨɪɚ φ ɢ  – ɫɨɛɫɬɜɟɧɧɨɟ 
ɡɧɚɱɟɧɢɟ φ, ɫɨɨɬɜɟɬɫɬɜɭɸɳɟɟ ɜɟɤɬɨɪɭ w, ɬɨ ɞɥɹ ɥɸɛɨɝɨ ȝ  P (ȝ   0)  ɜɟɤɬɨɪ ȝw 
ɹɜɥɹɟɬɫɹ ɫɨɛɫɬɜɟɧɧɵɦ ɜɟɤɬɨɪɨɦ ɨɩɟɪɚɬɨɪɚ φ, ɢ ɫɨɨɬɜɟɬɫɬɜɭɸɳɟɟ ɟɦɭ ɫɨɛɫɬɜɟɧɧɨɟ 
ɡɧɚɱɟɧɢɟ ɪɚɜɧɨ . 

Ⱦɨɤɚɡɚɬɟɥɶɫɬɜɨ: ɉɭɫɬɶ φ(w) = w. Ɋɚɫɫɦɨɬɪɢɦ φ(ȝw) = ȝφ(w) = 

ȝ(w) = (ȝ)w = (ȝ)w = (ȝw).  
Ɍɟɨɪɟɦɚ 5. ɋɨɛɫɬɜɟɧɧɵɦɢ ɡɧɚɱɟɧɢɹɦɢ ɥɢɧɟɣɧɨɝɨ ɨɩɟɪɚɬɨɪɚ ɹɜɥɹɸɬɫɹ ɟɝɨ 

ɯɚɪɚɤɬɟɪɢɫɬɢɱɟɫɤɢ ɱɢɫɥɚ, ɢ ɬɨɥɶɤɨ ɨɧɢ. 
Ⱦɨɤɚɡɚɬɟɥɶɫɬɜɨ: ɉɭɫɬɶ L – ɥɢɧɟɣɧɨɟ ɩɪɨɫɬɪɚɧɫɬɜɨ ɧɚɞ ɩɨɥɟɦ P ɢ ɩɭɫɬɶ 

ɥɢɧɟɣɧɵɣ ɨɩɟɪɚɬɨɪ φ: L → L ɜ ɛɚɡɢɫɟ U = {u1, …, un} ɢɦɟɟɬ ɦɚɬɪɢɰɭ AU(φ) = (aij)n×n. 

ɉɭɫɬɶ w – ɫɨɛɫɬɜɟɧɧɵɣ ɜɟɤɬɨɪ φ ɢ  – ɫɨɛɫɬɜɟɧɧɨɟ ɡɧɚɱɟɧɢɟ φ, ɬ.ɟ. φ(w) = w 

(  P) ɢ w   . ɉɭɫɬɶ w = b1u1+b2u2+…+bnun, (bi  P, i=1n). ɉɨ ɬɟɨɪɟɦɟ 1.6.7. 
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φ(w) = AU(φ)
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. Ɂɚɩɢɲɟɦ ɩɨɫɥɟɞɧɟɟ ɪɚɜɟɧɫɬɜɨ ɜ ɜɢɞɟ 

ɫɢɫɬɟɦɵ ɪɚɜɟɧɫɬɜ 
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, ɨɬɤɭɞɚ ɩɨɥɭɱɚɟɦ 
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.  Ɍɨɝɞɚ ɜɟɤɬɨɪ (b1, b2, …, bn) ɹɜɥɹɟɬɫɹ ɪɟɲɟɧɢɟɦ 

ɨɞɧɨɪɨɞɧɨɣ ɫɢɫɬɟɦɵ ɥɢɧɟɣɧɵɯ ɭɪɚɜɧɟɧɢɣ 
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  (*). ɉɨɫɤɨɥɶɤɭ 

w   , ɬɨ ɫɭɳɟɫɬɜɭɟɬ bi   0  (i=1n), ɚ ɡɧɚɱɢɬ, ɫɢɫɬɟɦɚ (*) ɢɦɟɟɬ ɧɟɧɭɥɟɜɨɟ ɪɟɲɟɧɢɟ, 
ɬɨɝɞɚ ɨɩɪɟɞɟɥɢɬɟɥɶ ɦɚɬɪɢɰɵ ɫɢɫɬɟɦɵ (*) ɪɚɜɟɧ ɧɭɥɸ (ɜ ɩɪɨɬɢɜɧɨɦ ɫɥɭɱɚɟ ɩɨ ɬɟɨɪɟɦɟ 
Ʉɪɚɦɟɪɚ ɫɭɳɟɫɬɜɨɜɚɥɨ ɛɵ ɬɨɥɶɤɨ ɨɞɧɨ ɪɟɲɟɧɢɟ (ɧɭɥɟɜɨɟ)). Ɍɚɤɢɦ ɨɛɪɚɡɨɦ, 
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, ɬ.ɟ.  – ɯɚɪɚɤɬɟɪɢɫɬɢɱɟɫɤɨɟ ɱɢɫɥɨ φ. 

ɉɭɫɬɶ ɬɟɩɟɪɶ  – ɯɚɪɚɤɬɟɪɢɫɬɢɱɟɫɤɨɟ ɱɢɫɥɨ ɨɩɟɪɚɬɨɪɚ φ, ɡɧɚɱɢɬ, 
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. Ɍɨɝɞɚ ɫɢɫɬɟɦɚ ɥɢɧɟɣɧɵɯ ɭɪɚɜɧɟɧɢɣ 
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 ɢɦɟɟɬ ɧɟɧɭɥɟɜɨɟ ɪɟɲɟɧɢɟ, ɩɭɫɬɶ ɷɬɢɦ ɪɟɲɟɧɢɟɦ 

ɹɜɥɹɟɬɫɹ ɜɟɤɬɨɪ (ɫ1, ɫ2, …, ɫn). Ɍɨɝɞɚ 
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, ɨɬɤɭɞɚ ɩɨɥɭɱɚɟɦ φ((ɫ1, ɫ2, …, ɫn)) = (ɫ1, ɫ2, …, ɫn). Ɂɧɚɱɢɬ, 
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ɜɟɤɬɨɪ (ɫ1, ɫ2, …, ɫn) – ɫɨɛɫɬɜɟɧɧɵɣ ɜɟɤɬɨɪ ɥɢɧɟɣɧɨɝɨ ɨɩɟɪɚɬɨɪɚ φ, ɚ  – ɫɨɛɫɬɜɟɧɧɨɟ 
ɡɧɚɱɟɧɢɟ ɨɩɟɪɚɬɨɪɚ φ. 

Ɂɚɦɟɱɚɧɢɟ.  ɂɡ ɬɟɨɪɟɦɵ 1.7.6 ɫɥɟɞɭɟɬ, ɱɬɨ ɞɥɹ ɧɚɯɨɠɞɟɧɢɹ ɫɨɛɫɬɜɟɧɧɵɯ 
ɜɟɤɬɨɪɨɜ w = (b1, b2, …, bn) ɥɢɧɟɣɧɨɝɨ ɨɩɟɪɚɬɨɪɚ ɧɭɠɧɨ ɧɚɣɬɢ ɯɚɪɚɤɬɟɪɢɫɬɢɱɟɫɤɢɟ 

ɱɢɫɥɚ  ɷɬɨɝɨ ɨɩɟɪɚɬɨɪɚ, ɚ ɡɚɬɟɦ ɧɚɣɬɢ w, ɪɟɲɢɜ ɭɪɚɜɧɟɧɢɟ  AU(φ)
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, ɝɞɟ 

AU(φ) – ɦɚɬɪɢɰɚ ɨɩɟɪɚɬɨɪɚ ɜ ɧɟɤɨɬɨɪɨɦ ɛɚɡɢɫɟ U. 
Ɍɟɨɪɟɦɚ 6. ɋɨɛɫɬɜɟɧɧɵɟ ɜɟɤɬɨɪɵ ɥɢɧɟɣɧɨɝɨ ɨɩɟɪɚɬɨɪɚ, ɫɨɨɬɜɟɬɫɬɜɭɸɳɢɟ 

ɩɨɩɚɪɧɨ ɪɚɡɥɢɱɧɵɦ ɫɨɛɫɬɜɟɧɧɵɦ ɡɧɚɱɟɧɢɹɦ, ɥɢɧɟɣɧɨ ɧɟɡɚɜɢɫɢɦɵ. 
Ɍɟɨɪɟɦɚ 7. ȿɫɥɢ ɦɚɬɪɢɰɚ ɥɢɧɟɣɧɨɝɨ ɨɩɟɪɚɬɨɪɚ φ ɹɜɥɹɟɬɫɹ ɞɢɚɝɨɧɚɥɶɧɨɣ ɜ 

ɧɟɤɨɬɨɪɨɦ ɛɚɡɢɫɟ V, ɬɨ ɜɫɟ ɷɥɟɦɟɧɬɵ ɛɚɡɢɫɚ V ɹɜɥɹɸɬɫɹ ɫɨɛɫɬɜɟɧɧɵɦɢ ɜɟɤɬɨɪɚɦɢ 
ɨɩɟɪɚɬɨɪɚ φ, ɚ ɞɢɚɝɨɧɚɥɶ ɦɚɬɪɢɰɵ ɫɨɫɬɚɜɥɟɧɚ ɢɡ ɫɨɨɬɜɟɬɫɬɜɭɸɳɢɯ ɷɬɢɦ ɜɟɤɬɨɪɚɦ 
ɫɨɛɫɬɜɟɧɧɵɯ ɡɧɚɱɟɧɢɣ ɨɩɟɪɚɬɨɪɚ. 

Ⱦɨɤɚɡɚɬɟɥɶɫɬɜɨ: ɉɭɫɬɶ L – ɥɢɧɟɣɧɨɟ ɩɪɨɫɬɪɚɧɫɬɜɨ ɧɚɞ ɩɨɥɟɦ P ɢ 
V = {v1, v2, …, vn} – ɛɚɡɢɫ L, ɜ ɤɨɬɨɪɨɦ ɦɚɬɪɢɰɚ ɥɢɧɟɣɧɨɝɨ ɨɩɟɪɚɬɨɪɚ φ: L → L 

ɞɢɚɝɨɧɚɥɶɧɚɹ: AV(φ) = 
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, αii  P, i=1n. ɉɨɫɤɨɥɶɤɭ ɜ ɛɚɡɢɫɟ 

V = {v1, v2, …, vn} ɦɵ ɢɦɟɟɦ v1 = (1, 0, 0, …, 0), v2 = (0, 1, 0, …, 0), …, vn = (0, 0, 0, …, 1), 
ɬɨ, ɭɱɢɬɵɜɚɹ ɨɩɪɟɞɟɥɟɧɢɟ 1.6.5 ɦɚɬɪɢɰɵ ɥɢɧɟɣɧɨɝɨ ɨɩɟɪɚɬɨɪɚ, ɩɨɥɭɱɚɟɦ: 

φ(v1) = 11 v1+0v2+…+0vn, 

φ(v2) = 0v1+ 22 v2+…+0vn, 

…………………………… 

φ(vn) = 0v1+0v2+…+ nn vn. 

Ɍɨ ɟɫɬɶ φ(v1)= 11 v1, φ(v2)= 22 v2, …, φ(vn)= nn vn. Ⱥ ɡɧɚɱɢɬ, ɷɥɟɦɟɧɬɵ v1, v2, …, vn 

ɹɜɥɹɸɬɫɹ ɫɨɛɫɬɜɟɧɧɵɦɢ ɜɟɤɬɨɪɚɦɢ ɥɢɧɟɣɧɨɝɨ ɨɩɟɪɚɬɨɪɚ φ, ɢ ɨɧɢ ɫɨɨɬɜɟɬɫɬɜɭɸɬ 
ɫɨɛɫɬɜɟɧɧɵɦ ɡɧɚɱɟɧɢɹɦ 11 , 22 , …, nn  ɷɬɨɝɨ ɨɩɟɪɚɬɨɪɚ. 

5. Ɋɚɧɝ ɢ ɞɟɮɟɤɬ ɥɢɧɟɣɧɨɝɨ ɨɩɟɪɚɬɨɪɚ 

Ɉɩɪɟɞɟɥɟɧɢɟ. ɉɭɫɬɶ L – ɥɢɧɟɣɧɨɟ ɩɪɨɫɬɪɚɧɫɬɜɨ ɧɚɞ ɩɨɥɟɦ P ɢ φ: L → L – 
ɥɢɧɟɣɧɵɣ ɨɩɟɪɚɬɨɪ. əɞɪɨɦ ɥɢɧɟɣɧɨɝɨ ɨɩɟɪɚɬɨɪɚ φ ɧɚɡɵɜɚɟɬɫɹ ɦɧɨɠɟɫɬɜɨ 
(ɨɛɨɡɧɚɱɚɟɦɨɟ Ker φ) ɷɥɟɦɟɧɬɨɜ ɩɪɨɫɬɪɚɧɫɬɜɚ L, ɨɛɪɚɡɨɦ ɤɨɬɨɪɵɯ ɹɜɥɹɟɬɫɹ ɧɭɥɟɜɨɣ 
ɷɥɟɦɟɧɬ , ɬ.ɟ. 

Ker φ = {u  L | φ(u) = }. 
Ɉɩɪɟɞɟɥɟɧɢɟ. ɉɭɫɬɶ L – ɥɢɧɟɣɧɨɟ ɩɪɨɫɬɪɚɧɫɬɜɨ ɧɚɞ ɩɨɥɟɦ P ɢ φ: L → L – 

ɥɢɧɟɣɧɵɣ ɨɩɟɪɚɬɨɪ. Ɉɛɪɚɡɨɦ ɥɢɧɟɣɧɨɝɨ ɨɩɟɪɚɬɨɪɚ φ ɧɚɡɵɜɚɟɬɫɹ ɦɧɨɠɟɫɬɜɨ 
(ɨɛɨɡɧɚɱɚɟɦɨɟ Im φ) ɷɥɟɦɟɧɬɨɜ ɩɪɨɫɬɪɚɧɫɬɜɚ L, ɢɦɟɸɳɢɯ ɩɪɨɨɛɪɚɡɵ ɩɪɢ 
ɩɪɟɨɛɪɚɡɨɜɚɧɢɢ φ, ɬ.ɟ. 

Im φ = {u  L |  vL φ(v) = u}. 
ɉɪɟɞɥɨɠɟɧɢɟ 4. ɉɭɫɬɶ L – ɥɢɧɟɣɧɨɟ ɩɪɨɫɬɪɚɧɫɬɜɨ ɧɚɞ ɩɨɥɟɦ P ɢ φ: L → L – 

ɥɢɧɟɣɧɵɣ ɨɩɟɪɚɬɨɪ. Ɇɧɨɠɟɫɬɜɚ Ker φ ɢ Im φ ɹɜɥɹɸɬɫɹ ɩɨɞɩɪɨɫɬɪɚɧɫɬɜɚɦɢ 
ɩɪɨɫɬɪɚɧɫɬɜɚ L. 

ɉɪɟɞɥɨɠɟɧɢɟ5. ɉɭɫɬɶ L – ɥɢɧɟɣɧɨɟ ɩɪɨɫɬɪɚɧɫɬɜɨ ɧɚɞ ɩɨɥɟɦ P ɢ φ: L → L – 
ɥɢɧɟɣɧɵɣ ɨɩɟɪɚɬɨɪ. 

1) φ ɹɜɥɹɟɬɫɹ ɢɧɴɟɤɬɢɜɧɵɦ ɨɬɨɛɪɚɠɟɧɢɟɦ ɬɨɝɞɚ ɢ ɬɨɥɶɤɨ ɬɨɝɞɚ, ɤɨɝɞɚ Ker φ = {}. 
2) φ ɹɜɥɹɟɬɫɹ ɫɸɪɴɟɤɬɢɜɧɵɦ ɨɬɨɛɪɚɠɟɧɢɟɦ ɬɨɝɞɚ ɢ ɬɨɥɶɤɨ ɬɨɝɞɚ, ɤɨɝɞɚ Im φ = L. 
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Ɉɩɪɟɞɟɥɟɧɢɟ. ɉɭɫɬɶ L – ɥɢɧɟɣɧɨɟ ɩɪɨɫɬɪɚɧɫɬɜɨ ɧɚɞ ɩɨɥɟɦ P ɢ φ: L → L – 
ɥɢɧɟɣɧɵɣ ɨɩɟɪɚɬɨɪ. Ɋɚɡɦɟɪɧɨɫɬɶ ɩɨɞɩɪɨɫɬɪɚɧɫɬɜɚ Ker φ (ɨɛɨɡɧɚɱɚɟɬɫɹ dim Ker φ) 
ɧɚɡɵɜɚɟɬɫɹ ɞɟɮɟɤɬɨɦ ɨɩɟɪɚɬɨɪɚ φ. Ɋɚɡɦɟɪɧɨɫɬɶ ɩɨɞɩɪɨɫɬɪɚɧɫɬɜɚ Im φ 
(ɨɛɨɡɧɚɱɚɟɬɫɹ dim Im φ) ɧɚɡɵɜɚɟɬɫɹ ɪɚɧɝɨɦ ɨɩɟɪɚɬɨɪɚ φ.  

 
Ɍɟɨɪɟɦɚ 8. Ɋɚɧɝ ɥɢɧɟɣɧɨɝɨ ɨɩɟɪɚɬɨɪɚ ɪɚɜɟɧ ɪɚɧɝɭ ɦɚɬɪɢɰɵ ɷɬɨɝɨ ɨɩɟɪɚɬɨɪɚ.  
Ⱦɨɤɚɡɚɬɟɥɶɫɬɜɨ: ɉɭɫɬɶ L – ɥɢɧɟɣɧɨɟ ɩɪɨɫɬɪɚɧɫɬɜɨ ɧɚɞ ɩɨɥɟɦ P ɢ φ: L → L – 

ɥɢɧɟɣɧɵɣ ɨɩɟɪɚɬɨɪ. ɉɭɫɬɶ U = {u1, u2, …, un} – ɛɚɡɢɫ ɩɪɨɫɬɪɚɧɫɬɜɚ L.  
ɉɨɤɚɠɟɦ ɫɧɚɱɚɥɚ, ɱɬɨ Im φ = [φ(u1), φ(u2), …, φ(un)]. 

Ɋɚɫɫɦɨɬɪɢɦ ɩɪɨɢɡɜɨɥɶɧɵɣ ɷɥɟɦɟɧɬ w  Im φ, ɬɨɝɞɚ w = φ(u), u  L. ɉɭɫɬɶ 
u = b1u1+b2u2+…+bnun   (bi  P,  i=1n), ɬɨɝɞɚ w   =   φ(u) = 

b1φ(u1)+b2φ(u2)+…+bnφ(un)  [φ(u1), φ(u2), …, φ(un)] (ɫɦ. ɬɟɨɪɟɦɭ 1.2.5). Ɂɧɚɱɢɬ, 
Im φ   [φ(u1), φ(u2), …, φ(un)]. ɋ ɞɪɭɝɨɣ ɫɬɨɪɨɧɵ, ɫɨɝɥɚɫɧɨ ɩɪɟɞɥɨɠɟɧɢɸ 1.8.4, Im φ 
ɹɜɥɹɟɬɫɹ ɩɨɞɩɪɨɫɬɪɚɧɫɬɜɨɦ ɩɪɨɫɬɪɚɧɫɬɜɚ L, ɬɨɝɞɚ, ɩɨɫɤɨɥɶɤɭ 
φ(u1), φ(u2), …, φ(un)  Im φ, ɬɨ [φ(u1), φ(u2), …, φ(un)]   Im φ.  ɂɬɚɤ, 
Im φ = [φ(u1), φ(u2), …, φ(un)]. 

ɋɥɟɞɨɜɚɬɟɥɶɧɨ, ɩɨ ɬɟɨɪɟɦɟ 1.2.7  ɩɨɥɭɱɚɟɦ: dim Im φ = 
rang{φ(u1), φ(u2), …, φ(un)}.  

ɉɭɫɬɶ  
φ(u1) = α11u1+α12u2+…+α1nun, 
φ(u2) = α21u1+α22u2+…+α2nun, 

················································· 
φ(un) = αn1u1+αn2u2+…+αnnun, 

ɝɞɟ  αij  P, i=1n, j=1n. Ɍɨɝɞɚ rang{φ(u1), φ(u2), …, φ(un)} = 

rang



















nnnn

n

n














21

22212

12111

, ɧɨ  



















nnnn

n

n














21

22212

12111

 = AU(φ). Ɂɧɚɱɢɬ, dim Im φ = rangAU(φ). 

 
Ɍɟɨɪɟɦɚ 9.  ɉɭɫɬɶ L – ɥɢɧɟɣɧɨɟ ɩɪɨɫɬɪɚɧɫɬɜɨ ɧɚɞ ɩɨɥɟɦ P ɢ φ: L → L  – 

ɥɢɧɟɣɧɵɣ ɨɩɟɪɚɬɨɪ. Ɍɨɝɞɚ 
dim Ker φ + dim Im φ = dim L. 

Ⱦɨɤɚɡɚɬɟɥɶɫɬɜɨ:  Ɉɛɨɡɧɚɱɢɦ dim Ker φ = d, dim Im φ = r, dim L = n ɢ ɞɨɤɚɠɟɦ, 
ɱɬɨ n = d+r. Ɋɚɫɫɦɨɬɪɢɦ ɛɚɡɢɫ ɩɨɞɩɪɨɫɬɪɚɧɫɬɜɚ Im φ: v1, v2, …, vr. Ɍɨɝɞɚ ɩɨ 
ɨɩɪɟɞɟɥɟɧɢɸ Im φ ɫɭɳɟɫɬɜɭɸɬ ɷɥɟɦɟɧɬɵ u1, u2, …, ur  L, ɬɚɤɢɟ, ɱɬɨ vi = φ(ui) (i=1 r). 
ɉɨɤɚɠɟɦ, ɱɬɨ u1, u2, …, ur ɥɢɧɟɣɧɨ ɧɟɡɚɜɢɫɢɦɵ. Ⱦɟɣɫɬɜɢɬɟɥɶɧɨ, ɪɚɫɫɦɨɬɪɢɦ ɪɚɜɟɧɫɬɜɨ  
α1u1+α2u2+…+αrur =   (αi  P,  i=1 r), ɬɨɝɞɚ φ(α1u1+α2u2+…+αrur) = φ() = , ɚ  ɡɧɚɱɢɬ, 
α1φ(u1)+α2φ(u2)+…+αrφ(ur) = , ɬ.ɟ. α1v1+α2v2+…+αrvr = . ɇɨ v1, v2, …, vr ɥɢɧɟɣɧɨ 
ɧɟɡɚɜɢɫɢɦɵ (ɤɚɤ ɛɚɡɢɫ Im φ), ɫɥɟɞɨɜɚɬɟɥɶɧɨ, α1=α2=…=αr=0, ɬ.ɟ. u1, u2, …, ur  ɥɢɧɟɣɧɨ 
ɧɟɡɚɜɢɫɢɦɵ. 

Ⱦɚɥɟɟ, ɪɚɫɫɦɨɬɪɢɦ  N = [u1, u2, …, ur], ɡɚɦɟɬɢɦ, ɱɬɨ dim N = r (ɫɦ. 
ɡɚɦɟɱɚɧɢɟ 1.2.8). Ⱦɨɤɚɠɟɦ, ɱɬɨ  L = NKer φ  (ɫɦ. ɨɩɪɟɞɟɥɟɧɢɟ 1.3.1). 

1) ɉɪɨɜɟɪɢɦ, ɱɬɨ N ∩ Ker φ = {}. ɉɭɫɬɶ w  N∩Ker φ, ɬɨɝɞɚ (ɩɨɫɤɨɥɶɤɭ w  N)  

w = ȕ1u1+ȕ2u2+…+ȕrur. ɂɡ ɬɨɝɨ, ɱɬɨ w  Ker φ, ɩɨɥɭɱɚɟɦ φ(w) = . Ɂɧɚɱɢɬ, 
φ(ȕ1u1+ȕ2u2+…+ȕrur) = φ(), ɬɨɝɞɚ, ɤɚɤ ɛɵɥɨ ɩɨɤɚɡɚɧɨ ɜɵɲɟ, ɢɦɟɟɦ ȕ1v1+ȕ2v2+…+ȕrvr =   

ɢ  ȕ1=ȕ2=…=ȕr=0. Ɉɬɫɸɞɚ w = 0u1+0u2+…+0ur = . 
2) ɉɪɨɜɟɪɢɦ, ɱɬɨ ɤɚɠɞɵɣ ɷɥɟɦɟɧɬ w ɩɪɨɫɬɪɚɧɫɬɜɚ L ɦɨɠɟɬ ɛɵɬɶ ɩɪɟɞɫɬɚɜɥɟɧ ɜ 

ɜɢɞɟ  w = w1+w2, ɝɞɟ w1  N, w2  Ker φ. 

Ɋɚɫɫɦɨɬɪɢɦ φ(w)  Im φ, ɬɨɝɞɚ φ(w) = α1v1+α2v2+…+αrvr  (αi  P,  i=1 r). 

Ɉɛɨɡɧɚɱɢɦ w1 = α1u1+α2u2+…+αrur, ɨɱɟɜɢɞɧɨ w1  N. Ɉɛɨɡɧɚɱɢɦ w2 = w – w1. ɉɨɤɚɠɟɦ, 
ɱɬɨ w2  Ker φ. Ⱦɟɣɫɬɜɢɬɟɥɶɧɨ, φ(w2) = φ(w – w1) = φ(w) – φ(w1) = (α1v1+α2v2+…+αrvr) –
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 φ(α1u1+α2u2+…+αrur) = (α1v1+α2v2+…+αrvr) – (α1φ(u1)+α2φ(u2)+…+αrφ(ur)) = 

(α1v1+α2v2+…+αrvr) – (α1v1+α2v2+…+αrvr) = , ɡɧɚɱɢɬ, w2  Ker φ. Ⱥ ɬɨɝɞɚ w = w1+w2, ɝɞɟ 
w1  N, w2  Ker φ. 

ɂɬɚɤ, L = NKer φ. Ɍɨɝɞɚ ɩɨ ɫɥɟɞɫɬɜɢɸ 1.3.4 ɢɦɟɟɦ n = r+d, ɱɬɨ ɢ ɬɪɟɛɨɜɚɥɨɫɶ 
ɞɨɤɚɡɚɬɶ. 

Ɉɩɪɟɞɟɥɟɧɢɟ. Ʌɢɧɟɣɧɵɣ ɨɩɟɪɚɬɨɪ φ ɥɢɧɟɣɧɨɝɨ ɩɪɨɫɬɪɚɧɫɬɜɚ L ɧɚɞ ɩɨɥɟɦ P 
ɧɚɡɵɜɚɟɬɫɹ ɧɟɜɵɪɨɠɞɟɧɧɵɦ ɨɩɟɪɚɬɨɪɨɦ, ɟɫɥɢ φ – ɛɢɟɤɬɢɜɧɨɟ ɨɬɨɛɪɚɠɟɧɢɟ. ȼ 
ɩɪɨɬɢɜɧɨɦ ɫɥɭɱɚɟ φ ɧɚɡɵɜɚɟɬɫɹ ɜɵɪɨɠɞɟɧɧɵɦ ɨɩɟɪɚɬɨɪɨɦ. 

Ɍɟɨɪɟɦɚ 10.  ɉɭɫɬɶ L – ɥɢɧɟɣɧɨɟ ɩɪɨɫɬɪɚɧɫɬɜɨ ɧɚɞ ɩɨɥɟɦ P ɢ φ: L → L – 
ɥɢɧɟɣɧɵɣ ɨɩɟɪɚɬɨɪ. ɋɥɟɞɭɸɳɢɟ ɭɫɥɨɜɢɹ ɷɤɜɢɜɚɥɟɧɬɧɵ: 

1) φ – ɧɟɜɵɪɨɠɞɟɧɧɵɣ ɨɩɟɪɚɬɨɪ, 
2) Ker φ = {}, 
3) dim Im φ = dim L, 
4) rang AU(φ) = dim L, ɝɞɟ U – ɧɟɤɨɬɨɪɵɣ ɛɚɡɢɫ L. 
5) |AU(φ)| 0. 
 

Ɍɟɦɚ. Ʉɨɥɶɰɨ ɦɧɨɝɨɱɥɟɧɨɜ ɨɬ ɨɞɧɨɣ ɩɟɪɟɦɟɧɧɨɣ 
ɉɥɚɧ 

1. Ɉɫɧɨɜɧɵɟ ɩɨɧɹɬɢɹ ɢ ɨɩɪɟɞɟɥɟɧɢɹ. ɉɨɫɬɪɨɟɧɢɟ ɤɨɥɶɰɚ ɦɧɨɝɨɱɥɟɧɨɜ ɨɬ 
ɨɞɧɨɣ ɩɟɪɟɦɟɧɧɨɣ ɧɚɞ ɨɛɥɚɫɬɶɸ ɰɟɥɨɫɬɧɨɫɬɢ. 

2. Ⱦɟɥɟɧɢɟ ɦɧɨɝɨɱɥɟɧɨɜ ɫ ɨɫɬɚɬɤɨɦ. Ⱦɟɥɟɧɢɟ ɦɧɨɝɨɱɥɟɧɚ ɧɚ ɞɜɭɱɥɟɧ. Ʉɨɪɧɢ 
ɦɧɨɝɨɱɥɟɧɚ. Ʉɪɚɬɧɵɟ ɤɨɪɧɢ. 

3. ɇɈȾ ɢ ɇɈɄ ɦɧɨɝɨɱɥɟɧɨɜ. Ⱥɥɝɨɪɢɬɦ ȿɜɤɥɢɞɚ ɢ ɬɟɨɪɟɦɚ Ʌɚɦɟ ɞɥɹ 
ɦɧɨɝɨɱɥɟɧɨɜ. 

4. ɉɪɨɢɡɜɨɞɧɚɹ ɦɧɨɝɨɱɥɟɧɚ. Ɉɬɞɟɥɟɧɢɟ ɤɪɚɬɧɵɯ ɦɧɨɠɢɬɟɥɟɣ ɦɧɨɝɨɱɥɟɧɚ. 
1. Ɉɫɧɨɜɧɵɟ ɩɨɧɹɬɢɹ ɢ ɨɩɪɟɞɟɥɟɧɢɹ. ɉɨɫɬɪɨɟɧɢɟ ɤɨɥɶɰɚ ɦɧɨɝɨɱɥɟɧɨɜ ɨɬ 

ɨɞɧɨɣ ɩɟɪɟɦɟɧɧɨɣ ɧɚɞ ɨɛɥɚɫɬɶɸ ɰɟɥɨɫɬɧɨɫɬɢ 

ɈɉɊȿȾȿɅȿɇɂȿ 
ɉɭɫɬɶ  Ɋ – ɧɟɤɨɬɨɪɨɟ ɩɨɥɟ. Ɇɧɨɝɨɱɥɟɧɨɦ ɨɬ ɨɞɧɨɣ ɩɟɪɟɦɟɧɧɨɣ ɧɚɞ ɩɨɥɟɦ  Ɋ  

ɛɭɞɟɦ ɧɚɡɵɜɚɬɶ ɮɨɪɦɚɥɶɧɭɸ ɫɭɦɦɭ ɜɢɞɚ: 
f(x) = 01

1
1 ... axaxaxa

n

n

n

n  
 , ɝɞɟ  a i   P,  i  {0, 1, …, n},  n  N.    (1) 

ɑɢɫɥɚ a i  ɧɚɡɵɜɚɸɬ ɤɨɷɮɮɢɰɢɟɧɬɚɦɢ ɦɧɨɝɨɱɥɟɧɚ f(x). ȿɫɥɢ 0na , ɬɨ ɱɢɫɥɨ n 

ɧɚɡɵɜɚɸɬ ɫɬɟɩɟɧɶɸ ɦɧɨɝɨɱɥɟɧɚ f(x), a n  - ɫɬɚɪɲɢɦ ɤɨɷɮɮɢɰɢɟɧɬɨɦ, a 0  – ɫɜɨɛɨɞɧɵɦ 
ɱɥɟɧɨɦ ɦɧɨɝɨɱɥɟɧɚ f(x). Ɉɞɧɨɱɥɟɧ a n x n  ɧɚɡɵɜɚɟɬɫɹ ɜ ɷɬɨɦ ɫɥɭɱɚɟ ɫɬɚɪɲɢɦ ɱɥɟɧɨɦ. 

ȿɫɥɢ ɫɬɚɪɲɢɣ ɤɨɷɮɮɢɰɢɟɧɬ ɦɧɨɝɨɱɥɟɧɚ ɪɚɜɟɧ ɟɞɢɧɢɰɟ, ɬɨ ɦɧɨɝɨɱɥɟɧ 
ɧɚɡɵɜɚɟɬɫɹ ɧɨɪɦɢɪɨɜɚɧɧɵɦ. 

ɁȺɆȿɑȺɇɂə 
1. ȼɫɹɤɢɣ ɷɥɟɦɟɧɬ ɩɨɥɹ P ɛɭɞɟɦ ɫɱɢɬɚɬɶ ɦɧɨɝɨɱɥɟɧɨɦ ɧɭɥɟɜɨɣ ɫɬɟɩɟɧɢ, 

ɦɧɨɝɨɱɥɟɧ ɩɪɨɢɡɜɨɥɶɧɨɣ ɫɬɟɩɟɧɢ ɫ ɧɭɥɟɜɵɦɢ ɤɨɷɮɮɢɰɢɟɧɬɚɦɢ – ɧɭɥɟɜɵɦ 
ɦɧɨɝɨɱɥɟɧɨɦ, ɟɞɢɧɢɰɭ ɩɨɥɹ P – ɟɞɢɧɢɱɧɵɦ ɦɧɨɝɨɱɥɟɧɨɦ ɢ ɨɛɨɡɧɚɱɚɬɶ ɢɯ (ɯ) ɢ ȿ(ɯ) 
ɫɨɨɬɜɟɬɫɬɜɟɧɧɨ.  

ɇɟ ɫɥɟɞɭɟɬ ɩɭɬɚɬɶ ɦɧɨɝɨɱɥɟɧ ɧɭɥɟɜɨɣ ɫɬɟɩɟɧɢ ɫ ɧɭɥɟɜɵɦ ɦɧɨɝɨɱɥɟɧɨɦ! 
2. ȼɦɟɫɬɨ ɡɚɩɢɫɢ (1) ɢɧɨɝɞɚ ɛɭɞɟɦ ɢɫɩɨɥɶɡɨɜɚɬɶ ɡɚɩɢɫɶ: 

f(x) = 
i

i

n

i

xa
0

  (1) 

ɇɚ ɦɧɨɠɟɫɬɜɟ ɜɫɟɯ ɦɧɨɝɨɱɥɟɧɨɜ ɨɬ ɨɞɧɨɣ ɩɟɪɟɦɟɧɧɨɣ ɧɚɞ ɩɨɥɟɦ P ɦɨɠɧɨ 
ɡɚɞɚɬɶ ɨɩɟɪɚɰɢɢ ɫɥɨɠɟɧɢɹ ɢ ɭɦɧɨɠɟɧɢɹ ɦɧɨɝɨɱɥɟɧɨɜ ɩɨ ɫɥɟɞɭɸɳɢɦ ɩɪɚɜɢɥɚɦ. ɉɭɫɬɶ 
f(x) – ɦɧɨɝɨɱɥɟɧ ɜɢɞɚ (1) ɢ g(x) = ,... 01

1
1 bxbxbxb

m

m

m

m  
  ɝɞɟ  

b j   P, j  {0, 1, …, m}, m  N – ɦɧɨɝɨɱɥɟɧ ɜɢɞɚ (2). 
ɈɉɊȿȾȿɅȿɇɂȿ 
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ɋɭɦɦɨɣ ɦɧɨɝɨɱɥɟɧɨɜ f(x) ɢ g(x) ɧɚɡɨɜɟɦ ɦɧɨɝɨɱɥɟɧ h(x) ɜɢɞɚ: 
h(x) = ,01

1
1 ... cxcxcxc

k

k

k

k  
 ,  

ɝɞɟ c i  = a i  + b i , i  {0, 1, …, k}, k = max {n, m}.   (3) 

ɁȺɆȿɑȺɇɂȿ 
Ⱦɥɹ ɭɞɨɛɫɬɜɚ ɜ ɦɧɨɝɨɱɥɟɧɟ ɦɟɧɶɲɟɣ ɫɬɟɩɟɧɢ ɛɭɞɟɦ ɩɪɟɞɫɬɚɜɥɹɬɶ ɧɟɞɨɫɬɚɸɳɢɟ 

ɫɬɟɩɟɧɢ ɜ ɜɢɞɟ ɨɞɧɨɱɥɟɧɨɜ ɫ ɧɭɥɟɜɵɦɢ ɤɨɷɮɮɢɰɢɟɧɬɚɦɢ, ɬ.ɟ., ɟɫɥɢ f(x) = i

i

i

xa


6

1

, g(x) 

= j

j

j

xb


4

1

, ɬɨ ɩɪɟɞɫɬɚɜɢɦ g(x) ɜ ɜɢɞɟ: g(x) = 

01
2

2
3

3
4

4
56 00 bxbxbxbxbxx  . 

ɈɉɊȿȾȿɅȿɇɂȿ 
ɉɪɨɢɡɜɟɞɟɧɢɟɦ ɦɧɨɝɨɱɥɟɧɨɜ f(x) ɢ g(x) ɛɭɞɟɦ ɧɚɡɵɜɚɬɶ ɦɧɨɝɨɱɥɟɧ h(x) ɜɢɞɚ: h(x) 

= (
i

i

n

i

xa
0

) ( j

j

m

j

xb
0

) = 
k

k

mn

k

xc


0

, ɝɞɟ 022110 ... babababac kkkkk   . 

ɂɧɵɦɢ ɫɥɨɜɚɦɢ, ɱɬɨɛɵ ɧɚɣɬɢ ɩɪɨɢɡɜɟɞɟɧɢɟ ɞɜɭɯ ɦɧɨɝɨɱɥɟɧɨɜ, ɧɭɠɧɨ ɤɚɠɞɵɣ 
ɨɞɧɨɱɥɟɧ ɩɟɪɜɨɝɨ ɫɨɦɧɨɠɢɬɟɥɹ ɭɦɧɨɠɢɬɶ ɧɚ ɤɚɠɞɵɣ ɨɞɧɨɱɥɟɧ ɜɬɨɪɨɝɨ ɢ ɡɚɬɟɦ 
ɩɪɢɜɟɫɬɢ ɩɨɞɨɛɧɵɟ ɫɥɚɝɚɟɦɵɟ. 

ɁȺɆȿɑȺɇɂȿ 
Ɍɚɤ ɤɚɤ ɦɵ ɪɚɫɫɦɚɬɪɢɜɚɟɦ ɦɧɨɝɨɱɥɟɧɵ ɧɚɞ ɩɨɥɟɦ, ɚ ɜ ɩɨɥɟ ɧɟɬ ɞɟɥɢɬɟɥɟɣ ɧɭɥɹ, 

ɬɨ ɫɬɚɪɲɢɣ ɱɥɟɧ ɩɪɨɢɡɜɟɞɟɧɢɹ ɞɜɭɯ ɦɧɨɝɨɱɥɟɧɨɜ ɜɫɟɝɞɚ ɛɭɞɟɬ ɪɚɜɟɧ ɩɪɨɢɡɜɟɞɟɧɢɸ ɢɯ 
ɫɬɚɪɲɢɯ ɱɥɟɧɨɜ. ȼ ɨɛɳɟɦ ɠɟ ɫɥɭɱɚɟ ɷɬɨ ɧɟ ɬɚɤ. ȿɫɥɢ ɤɨɷɮɮɢɰɢɟɧɬɵ ɜɡɹɬɵ ɢɡ 
ɩɪɨɢɡɜɨɥɶɧɨɝɨ ɤɨɥɶɰɚ, ɬɨ ɦɨɠɟɬ ɨɤɚɡɚɬɶɫɹ, ɱɬɨ ɩɪɨɢɡɜɟɞɟɧɢɟ ɞɜɭɯ ɫɬɚɪɲɢɯ ɧɟɧɭɥɟɜɵɯ 
ɤɨɷɮɮɢɰɢɟɧɬɨɜ, ɬɟɦ ɧɟ ɦɟɧɟɟ, ɪɚɜɧɨ ɧɭɥɸ. 

ɇɟɬɪɭɞɧɨ ɩɪɨɜɟɪɢɬɶ, ɱɬɨ ɫɥɨɠɟɧɢɟ ɢ ɭɦɧɨɠɟɧɢɟ ɦɧɨɝɨɱɥɟɧɨɜ ɧɚɞ ɩɨɥɟɦ 
ɨɛɥɚɞɚɸɬ ɫɜɨɣɫɬɜɚɦɢ ɤɨɦɦɭɬɚɬɢɜɧɨɫɬɢ ɢ ɚɫɫɨɰɢɚɬɢɜɧɨɫɬɢ, ɭɦɧɨɠɟɧɢɟ ɞɢɫɬɪɢɛɭɬɢɜɧɨ 
ɨɬɧɨɫɢɬɟɥɶɧɨ ɫɥɨɠɟɧɢɹ, ɧɟɣɬɪɚɥɶɧɵɦ ɷɥɟɦɟɧɬɨɦ ɩɨ ɫɥɨɠɟɧɢɸ ɹɜɥɹɟɬɫɹ ɧɭɥɟɜɨɣ 
ɦɧɨɝɨɱɥɟɧ (ɯ), ɚ ɷɥɟɦɟɧɬɨɦ, ɩɪɨɬɢɜɨɩɨɥɨɠɧɵɦ ɦɧɨɝɨɱɥɟɧɭ f(x), – ɦɧɨɝɨɱɥɟɧ, 
ɤɨɷɮɮɢɰɢɟɧɬɵ ɤɨɬɨɪɨɝɨ ɟɫɬɶ ɱɢɫɥɚ, ɩɪɨɬɢɜɨɩɨɥɨɠɧɵɟ (ɜ ɩɨɥɟ P) ɤɨɷɮɮɢɰɢɟɧɬɚɦ 
ɞɚɧɧɨɝɨ ɦɧɨɝɨɱɥɟɧɚ. ɉɨɷɬɨɦɭ ɫɩɪɚɜɟɞɥɢɜɚ ɬɟɨɪɟɦɚ. 

ɌȿɈɊȿɆȺ 
Ɇɧɨɠɟɫɬɜɨ ɜɫɟɯ ɦɧɨɝɨɱɥɟɧɨɜ ɨɬ ɨɞɧɨɣ ɩɟɪɟɦɟɧɨɣ ɧɚɞ ɩɨɥɟɦ P ɩɨ ɡɚɞɚɧɧɵɦ 

ɨɩɟɪɚɰɢɹɦ ɫɥɨɠɟɧɢɹ ɢ ɭɦɧɨɠɟɧɢɹ ɦɧɨɝɨɱɥɟɧɨɜ ɨɛɪɚɡɭɟɬ ɤɨɥɶɰɨ, ɤɨɬɨɪɨɟ ɧɚɡɵɜɚɟɬɫɹ 
ɤɨɥɶɰɨɦ ɦɧɨɝɨɱɥɟɧɨɜ ɨɬ ɨɞɧɨɣ ɩɟɪɟɦɟɧɧɨɣ ɢ ɨɛɨɡɧɚɱɚɟɬɫɹ  Ɋ[x]. 

ɁȺɆȿɑȺɇɂȿ 
ɂɡ ɩɪɟɞɵɞɭɳɟɝɨ ɡɚɦɟɱɚɧɢɹ ɫɥɟɞɭɟɬ, ɱɬɨ ɤɨɥɶɰɨ  Ɋ[x] ɧɚɞ ɩɨɥɟɦ P ɹɜɥɹɟɬɫɹ 

ɨɛɥɚɫɬɶɸ ɰɟɥɨɫɬɧɨɫɬɢ. 
ɈɉɊȿȾȿɅȿɇɂȿ 

ɑɢɫɥɨ 0x  ɧɚɡɵɜɚɟɬɫɹ ɤɨɪɧɟɦ ɦɧɨɝɨɱɥɟɧɚ f(x), ɟɫɥɢ: 0)( 0
0

0 


i

i

n

i

xaxf  

ɁȺɆȿɑȺɇɂȿ 

ȿɫɥɢ ɩɨɞɫɬɚɜɢɬɶ ɜ ɜɵɪɚɠɟɧɢɟ (1) ɜɦɟɫɬɨ ɩɟɪɟɦɟɧɨɣ ɯ ɧɟɤɨɬɨɪɨɟ ɱɢɫɥɨ  ɢɡ ɩɨɥɹ 
P ɢ ɩɪɨɢɡɜɟɫɬɢ ɧɟɨɛɯɨɞɢɦɵɟ ɞɟɣɫɬɜɢɹ, ɬɨ ɩɨɥɭɱɟɧɧɨɟ ɜ ɪɟɡɭɥɶɬɚɬɟ ɱɢɫɥɨ ɧɚɡɵɜɚɟɬɫɹ 
ɡɧɚɱɟɧɢɟɦ ɦɧɨɝɨɱɥɟɧɚ f(x) ɩɪɢ ɯ = .  

ɍɱɢɬɵɜɚɹ ɷɬɨ, ɤɨɪɟɧɶ ɦɧɨɝɨɱɥɟɧɚ ɦɨɠɧɨ ɨɩɪɟɞɟɥɢɬɶ ɤɚɤ ɱɢɫɥɨ, ɧɚ ɤɨɬɨɪɨɦ 
ɦɧɨɝɨɱɥɟɧ ɩɪɢɧɢɦɚɟɬ ɡɧɚɱɟɧɢɟ, ɪɚɜɧɨɟ ɧɭɥɸ. 

ȼ ɤɨɥɶɰɟ ɦɧɨɝɨɱɥɟɧɨɜ Ɋ[x] ɧɚɞ ɩɨɥɟɦ P ɦɨɠɧɨ ɡɚɞɚɬɶ ɱɚɫɬɢɱɧɭɸ ɨɩɟɪɚɰɢɸ – 
ɞɟɥɟɧɢɟ ɦɧɨɝɨɱɥɟɧɨɜ, ɩɨɞɨɛɧɨ ɬɨɦɭ, ɤɚɤ ɷɬɨ ɛɵɥɨ ɫɞɟɥɚɧɨ ɜ ɤɨɥɶɰɟ ɰɟɥɵɯ ɱɢɫɟɥ. 

ɈɉɊȿȾȿɅȿɇɂȿ 
Ƚɨɜɨɪɹɬ, ɱɬɨ ɦɧɨɝɨɱɥɟɧ f(x) ɜɢɞɚ (1) ɞɟɥɢɬɫɹ ɧɚ ɦɧɨɝɨɱɥɟɧ g(x) ɜɢɞɚ (2), ɟɫɥɢ 

ɧɚɣɞɟɬɫɹ ɬɚɤɨɣ ɦɧɨɝɨɱɥɟɧ h(x) ɧɚɞ ɩɨɥɟɦ P, ɱɬɨ f(x) = g(x)h(x). 
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Ⱦɟɥɟɧɢɟ ɦɧɨɝɨɱɥɟɧɨɜ ɭɞɨɛɧɨ ɩɪɨɢɡɜɨɞɢɬɶ «ɭɝɨɥɤɨɦ». 
ɉɊɂɆȿɊ 1 
 

10 234  xxxx  100 23  xxx  

xxxx  234 00   1x  

- 13 x  

- 13 x  

0 

Ɂɞɟɫɶ f(x) = 10 234  xxxx , g(x) = 13 x , h(x) = 1x . ɇɭɥɟɜɵɟ 
ɤɨɷɮɮɢɰɢɟɧɬɵ ɜ ɡɚɩɢɫɢ ɦɧɨɝɨɱɥɟɧɨɜ ɩɨɹɜɢɥɢɫɶ ɞɥɹ ɭɞɨɛɫɬɜɚ ɜɵɱɢɫɥɟɧɢɹ. 

Ɉɬɦɟɬɢɦ ɧɟɤɨɬɨɪɵɟ ɩɪɨɫɬɟɣɲɢɟ ɫɜɨɣɫɬɜɚ ɞɟɥɢɦɨɫɬɢ ɦɧɨɝɨɱɥɟɧɨɜ, ɚɧɚɥɨɝɢɱɧɵɟ 
ɫɜɨɣɫɬɜɚɦ ɞɟɥɢɦɨɫɬɢ ɰɟɥɵɯ ɱɢɫɟɥ. 

ɋȼɈɃɋɌȼɈ 1 
ȿɫɥɢ ɨɞɧɨɜɪɟɦɟɧɧɨ ɜɵɩɨɥɧɹɟɬɫɹ ɞɟɥɢɦɨɫɬɶ ɦɧɨɝɨɱɥɟɧɚ f(x) ɧɚ g(x) ɢ ɨɛɪɚɬɧɨ, 

ɬɨ ɦɧɨɝɨɱɥɟɧɵ ɨɬɥɢɱɚɸɬɫɹ ɬɨɥɶɤɨ ɧɚ ɦɧɨɠɢɬɟɥɶ ɧɭɥɟɜɨɣ ɫɬɟɩɟɧɢ ɢɥɢ, ɢɧɵɦɢ ɫɥɨɜɚɦɢ, 
ɩɪɨɫɬɨ ɧɚ ɱɢɫɥɨɜɨɣ ɦɧɨɠɢɬɟɥɶ ɫ: f(x) = ɫ g(x). 

Ɇɧɨɝɨɱɥɟɧɵ f(x) ɢ g(x) ɧɚɡɵɜɚɸɬɫɹ ɜ ɷɬɨɦ ɫɥɭɱɚɟ ɚɫɫɨɰɢɢɪɨɜɚɧɧɵɦɢ. 
Ɉɱɟɜɢɞɧɨ, ɱɬɨ ɫɪɟɞɢ ɦɧɨɝɨɱɥɟɧɨɜ, ɚɫɫɨɰɢɢɪɨɜɚɧɧɵɯ ɫ ɞɚɧɧɵɦ ɧɟɧɭɥɟɜɵɦ 

ɦɧɨɝɨɱɥɟɧɨɦ, ɢɦɟɟɬɫɹ ɪɨɜɧɨ ɨɞɢɧ ɧɨɪɦɢɪɨɜɚɧɧɵɣ ɦɧɨɝɨɱɥɟɧ. 
ɋȼɈɃɋɌȼɈ 2 
ȿɫɥɢ ɦɧɨɝɨɱɥɟɧ f(x) ɞɟɥɢɬɫɹ ɧɚ ɤɚɠɞɵɣ ɢɡ ɞɜɭɯ ɦɧɨɝɨɱɥɟɧɨɜ g(x) ɢ h(x), ɬɨ ɨɧ 

ɞɟɥɢɬɫɹ ɢ ɧɚ ɢɯ ɩɪɨɢɡɜɟɞɟɧɢɟ. 
ɋȼɈɃɋɌȼɈ 3 
Ɉɬɧɨɲɟɧɢɟ ɞɟɥɢɦɨɫɬɢ ɦɧɨɝɨɱɥɟɧɨɜ ɜ ɤɨɥɶɰɟ Ɋ[x] ɪɟɮɥɟɤɫɢɜɧɨ ɢ ɬɪɚɧɡɢɬɢɜɧɨ. 
ɋȼɈɃɋɌȼɈ 4 
ȿɫɥɢ ɦɧɨɝɨɱɥɟɧ f(x) ɞɟɥɢɬɫɹ ɧɚ ɧɟɧɭɥɟɜɨɣ ɦɧɨɝɨɱɥɟɧ g(x), ɬɨ ɢ ɥɸɛɨɣ ɦɧɨɝɨɱɥɟɧ, 

ɚɫɫɨɰɢɢɪɨɜɚɧɧɵɣ ɫ f(x), ɛɭɞɟɬ ɞɟɥɢɬɶɫɹ ɧɚ g(x). 
ɋȼɈɃɋɌȼɈ 5 
ȿɫɥɢ ɤɚɠɞɵɣ ɢɡ ɞɜɭɯ ɦɧɨɝɨɱɥɟɧɨɜ f(x) ɢ g(x) ɞɟɥɢɬɫɹ ɧɚ ɧɟɧɭɥɟɜɨɣ ɦɧɨɝɨɱɥɟɧ 

h(x), ɬɨ ɢ ɥɸɛɚɹ ɢɯ ɥɢɧɟɣɧɚɹ ɤɨɦɛɢɧɚɰɢɹ ɞɟɥɢɬɫɹ ɧɚ h(x). 
2. Ⱦɟɥɟɧɢɟ ɦɧɨɝɨɱɥɟɧɨɜ ɫ ɨɫɬɚɬɤɨɦ. Ⱦɟɥɟɧɢɟ ɦɧɨɝɨɱɥɟɧɚ ɧɚ ɞɜɭɱɥɟɧ. 

Ʉɨɪɧɢ ɦɧɨɝɨɱɥɟɧɚ. Ʉɪɚɬɧɵɟ ɤɨɪɧɢ. 
ɈɉɊȿȾȿɅȿɇɂȿ. ɉɭɫɬɶ Ɋ – ɧɟɤɨɬɨɪɨɟ ɩɨɥɟ. Ɇɧɨɝɨɱɥɟɧɨɦ ɨɬ ɨɞɧɨɣ ɩɟɪɟɦɟɧɧɨɣ 

ɧɚɞ ɩɨɥɟɦ Ɋ ɛɭɞɟɦ ɧɚɡɵɜɚɬɶ ɮɨɪɦɚɥɶɧɭɸ ɫɭɦɦɭ ɜɢɞɚ: 
f(x) = 01

1
1 ... axaxaxa

n

n

n

n  
 , ɝɞɟ a i   P, i  {0, 1, …, n}, n  N. (1) 

ɑɢɫɥɚ a i  ɧɚɡɵɜɚɸɬ ɤɨɷɮɮɢɰɢɟɧɬɚɦɢ ɦɧɨɝɨɱɥɟɧɚ f(x). ȿɫɥɢ 0na , ɬɨ ɱɢɫɥɨ n 

ɧɚɡɵɜɚɸɬ ɫɬɟɩɟɧɶɸ ɦɧɨɝɨɱɥɟɧɚ f(x), a n  - ɫɬɚɪɲɢɦ ɤɨɷɮɮɢɰɢɟɧɬɨɦ, a 0  - ɫɜɨɛɨɞɧɵɦ 
ɱɥɟɧɨɦ ɦɧɨɝɨɱɥɟɧɚ f(x). Ɉɞɧɨɱɥɟɧ a n x n  ɧɚɡɵɜɚɟɬɫɹ ɜ ɷɬɨɦ ɫɥɭɱɚɟ ɫɬɚɪɲɢɦ ɱɥɟɧɨɦ. 

ȿɫɥɢ ɫɬɚɪɲɢɣ ɤɨɷɮɮɢɰɢɟɧɬ ɦɧɨɝɨɱɥɟɧɚ ɪɚɜɟɧ ɟɞɢɧɢɰɟ, ɬɨ ɦɧɨɝɨɱɥɟɧ 
ɧɚɡɵɜɚɟɬɫɹ ɧɨɪɦɢɪɨɜɚɧɧɵɦ. 

ɁȺɆȿɑȺɇɂə 
1. ȼɫɹɤɢɣ ɷɥɟɦɟɧɬ ɩɨɥɹ P ɛɭɞɟɦ ɫɱɢɬɚɬɶ ɦɧɨɝɨɱɥɟɧɨɦ ɧɭɥɟɜɨɣ ɫɬɟɩɟɧɢ, 

ɦɧɨɝɨɱɥɟɧ ɩɪɨɢɡɜɨɥɶɧɨɣ ɫɬɟɩɟɧɢ ɫ ɧɭɥɟɜɵɦɢ ɤɨɷɮɮɢɰɢɟɧɬɚɦɢ – ɧɭɥɟɜɵɦ 
ɦɧɨɝɨɱɥɟɧɨɦ, ɟɞɢɧɢɰɭ ɩɨɥɹ P – ɟɞɢɧɢɱɧɵɦ ɦɧɨɝɨɱɥɟɧɨɦ ɢ ɨɛɨɡɧɚɱɚɬɶ ɢɯ (ɯ) ɢ ȿ(ɯ) 
ɫɨɨɬɜɟɬɫɬɜɟɧɧɨ.  

ɇɟ ɫɥɟɞɭɟɬ ɩɭɬɚɬɶ ɦɧɨɝɨɱɥɟɧ ɧɭɥɟɜɨɣ ɫɬɟɩɟɧɢ ɫ ɧɭɥɟɜɵɦ ɦɧɨɝɨɱɥɟɧɨɦ! 

2. ȼɦɟɫɬɨ ɡɚɩɢɫɢ (1) ɢɧɨɝɞɚ ɛɭɞɟɦ ɢɫɩɨɥɶɡɨɜɚɬɶ ɡɚɩɢɫɶ: f(x) = 
i

i

n

i

xa
0

 (2) 

ɇɚ ɦɧɨɠɟɫɬɜɟ ɜɫɟɯ ɦɧɨɝɨɱɥɟɧɨɜ ɨɬ ɨɞɧɨɣ ɩɟɪɟɦɟɧɧɨɣ ɧɚɞ ɩɨɥɟɦ P ɦɨɠɧɨ 
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ɡɚɞɚɬɶ ɨɩɟɪɚɰɢɢ ɫɥɨɠɟɧɢɹ ɢ ɭɦɧɨɠɟɧɢɹ ɦɧɨɝɨɱɥɟɧɨɜ ɩɨ ɫɥɟɞɭɸɳɢɦ ɩɪɚɜɢɥɚɦ. ɉɭɫɬɶ 
f(x) – ɦɧɨɝɨɱɥɟɧ ɜɢɞɚ (1) ɢ g(x) = ,... 01

1
1 bxbxbxb

m

m

m

m  
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ɁȺɆȿɑȺɇɂȿ. Ⱦɥɹ ɭɞɨɛɫɬɜɚ ɜ ɦɧɨɝɨɱɥɟɧɟ ɦɟɧɶɲɟɣ ɫɬɟɩɟɧɢ ɛɭɞɟɦ ɩɪɟɞɫɬɚɜɥɹɬɶ 
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ɈɉɊȿȾȿɅȿɇɂȿ. ɉɪɨɢɡɜɟɞɟɧɢɟɦ ɦɧɨɝɨɱɥɟɧɨɜ f(x) ɢ g(x) ɛɭɞɟɦ ɧɚɡɵɜɚɬɶ 
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ɂɧɵɦɢ ɫɥɨɜɚɦɢ, ɱɬɨɛɵ ɧɚɣɬɢ ɩɪɨɢɡɜɟɞɟɧɢɟ ɞɜɭɯ ɦɧɨɝɨɱɥɟɧɨɜ, ɧɭɠɧɨ ɤɚɠɞɵɣ 
ɨɞɧɨɱɥɟɧ ɩɟɪɜɨɝɨ ɫɨɦɧɨɠɢɬɟɥɹ ɭɦɧɨɠɢɬɶ ɧɚ ɤɚɠɞɵɣ ɨɞɧɨɱɥɟɧ ɜɬɨɪɨɝɨ ɢ ɡɚɬɟɦ 
ɩɪɢɜɟɫɬɢ ɩɨɞɨɛɧɵɟ ɫɥɚɝɚɟɦɵɟ. 

ɁȺɆȿɑȺɇɂȿ. Ɍɚɤ ɤɚɤ ɦɵ ɪɚɫɫɦɚɬɪɢɜɚɟɦ ɦɧɨɝɨɱɥɟɧɵ ɧɚɞ ɩɨɥɟɦ, ɚ ɜ ɩɨɥɟ ɧɟɬ 
ɞɟɥɢɬɟɥɟɣ ɧɭɥɹ, ɬɨ ɫɬɚɪɲɢɣ ɱɥɟɧ ɩɪɨɢɡɜɟɞɟɧɢɹ ɞɜɭɯ ɦɧɨɝɨɱɥɟɧɨɜ ɜɫɟɝɞɚ ɛɭɞɟɬ ɪɚɜɟɧ 
ɩɪɨɢɡɜɟɞɟɧɢɸ ɢɯ ɫɬɚɪɲɢɯ ɱɥɟɧɨɜ. ȼ ɨɛɳɟɦ ɠɟ ɫɥɭɱɚɟ ɷɬɨ ɧɟ ɬɚɤ. ȿɫɥɢ ɤɨɷɮɮɢɰɢɟɧɬɵ 
ɜɡɹɬɵ ɢɡ ɩɪɨɢɡɜɨɥɶɧɨɝɨ ɤɨɥɶɰɚ, ɬɨ ɦɨɠɟɬ ɨɤɚɡɚɬɶɫɹ, ɱɬɨ ɩɪɨɢɡɜɟɞɟɧɢɟ ɞɜɭɯ ɫɬɚɪɲɢɯ 
ɧɟɧɭɥɟɜɵɯ ɤɨɷɮɮɢɰɢɟɧɬɨɜ, ɬɟɦ ɧɟ ɦɟɧɟɟ, ɪɚɜɧɨ ɧɭɥɸ. 

ɇɟɬɪɭɞɧɨ ɩɪɨɜɟɪɢɬɶ, ɱɬɨ ɫɥɨɠɟɧɢɟ ɢ ɭɦɧɨɠɟɧɢɟ ɦɧɨɝɨɱɥɟɧɨɜ ɧɚɞ ɩɨɥɟɦ 
ɨɛɥɚɞɚɸɬ ɫɜɨɣɫɬɜɚɦɢ ɤɨɦɦɭɬɚɬɢɜɧɨɫɬɢ ɢ ɚɫɫɨɰɢɚɬɢɜɧɨɫɬɢ, ɭɦɧɨɠɟɧɢɟ ɞɢɫɬɪɢɛɭɬɢɜɧɨ 
ɨɬɧɨɫɢɬɟɥɶɧɨ ɫɥɨɠɟɧɢɹ, ɧɟɣɬɪɚɥɶɧɵɦ ɷɥɟɦɟɧɬɨɦ ɩɨ ɫɥɨɠɟɧɢɸ ɹɜɥɹɟɬɫɹ ɧɭɥɟɜɨɣ 
ɦɧɨɝɨɱɥɟɧ (ɯ), ɚ ɷɥɟɦɟɧɬɨɦ, ɩɪɨɬɢɜɨɩɨɥɨɠɧɵɦ ɦɧɨɝɨɱɥɟɧɭ f(x), – ɦɧɨɝɨɱɥɟɧ, 
ɤɨɷɮɮɢɰɢɟɧɬɵ ɤɨɬɨɪɨɝɨ ɟɫɬɶ ɱɢɫɥɚ, ɩɪɨɬɢɜɨɩɨɥɨɠɧɵɟ (ɜ ɩɨɥɟ P) ɤɨɷɮɮɢɰɢɟɧɬɚɦ 
ɞɚɧɧɨɝɨ ɦɧɨɝɨɱɥɟɧɚ. ɉɨɷɬɨɦɭ ɫɩɪɚɜɟɞɥɢɜɚ ɬɟɨɪɟɦɚ. 

ɌȿɈɊȿɆȺ. Ɇɧɨɠɟɫɬɜɨ ɜɫɟɯ ɦɧɨɝɨɱɥɟɧɨɜ ɨɬ ɨɞɧɨɣ ɩɟɪɟɦɟɧɨɣ ɧɚɞ ɩɨɥɟɦ P ɩɨ 
ɡɚɞɚɧɧɵɦ ɨɩɟɪɚɰɢɹɦ ɫɥɨɠɟɧɢɹ ɢ ɭɦɧɨɠɟɧɢɹ ɦɧɨɝɨɱɥɟɧɨɜ ɨɛɪɚɡɭɟɬ ɤɨɥɶɰɨ, ɤɨɬɨɪɨɟ 
ɧɚɡɵɜɚɟɬɫɹ ɤɨɥɶɰɨɦ ɦɧɨɝɨɱɥɟɧɨɜ ɨɬ ɨɞɧɨɣ ɩɟɪɟɦɟɧɧɨɣ ɢ ɨɛɨɡɧɚɱɚɟɬɫɹ Ɋ[x]. 

ɁȺɆȿɑȺɇɂȿ. ɂɡ ɩɪɟɞɵɞɭɳɟɝɨ ɡɚɦɟɱɚɧɢɹ ɫɥɟɞɭɟɬ, ɱɬɨ ɤɨɥɶɰɨ Ɋ[x] ɧɚɞ ɩɨɥɟɦ P 
ɹɜɥɹɟɬɫɹ ɨɛɥɚɫɬɶɸ ɰɟɥɨɫɬɧɨɫɬɢ. 

ɈɉɊȿȾȿɅȿɇɂȿ. ɑɢɫɥɨ 0x  ɧɚɡɵɜɚɟɬɫɹ ɤɨɪɧɟɦ ɦɧɨɝɨɱɥɟɧɚ f(x), ɟɫɥɢ: 
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ɁȺɆȿɑȺɇɂȿ. ȿɫɥɢ ɩɨɞɫɬɚɜɢɬɶ ɜ ɜɵɪɚɠɟɧɢɟ (1) ɜɦɟɫɬɨ ɩɟɪɟɦɟɧɨɣ ɯ ɧɟɤɨɬɨɪɨɟ 
ɱɢɫɥɨ  ɢɡ ɩɨɥɹ P ɢ ɩɪɨɢɡɜɟɫɬɢ ɧɟɨɛɯɨɞɢɦɵɟ ɞɟɣɫɬɜɢɹ, ɬɨ ɩɨɥɭɱɟɧɧɨɟ ɜ ɪɟɡɭɥɶɬɚɬɟ 
ɱɢɫɥɨ ɧɚɡɵɜɚɟɬɫɹ ɡɧɚɱɟɧɢɟɦ ɦɧɨɝɨɱɥɟɧɚ f(x) ɩɪɢ ɯ = .  

ɍɱɢɬɵɜɚɹ ɷɬɨ, ɤɨɪɟɧɶ ɦɧɨɝɨɱɥɟɧɚ ɦɨɠɧɨ ɨɩɪɟɞɟɥɢɬɶ ɤɚɤ ɱɢɫɥɨ, ɧɚ ɤɨɬɨɪɨɦ 
ɦɧɨɝɨɱɥɟɧ ɩɪɢɧɢɦɚɟɬ ɡɧɚɱɟɧɢɟ, ɪɚɜɧɨɟ ɧɭɥɸ. 

3. ɇɈȾ ɢ ɇɈɄ ɦɧɨɝɨɱɥɟɧɨɜ. Ⱥɥɝɨɪɢɬɦ ȿɜɤɥɢɞɚ ɢ ɬɟɨɪɟɦɚ Ʌɚɦɟ ɞɥɹ 
ɦɧɨɝɨɱɥɟɧɨɜ. 

ȼ ɤɨɥɶɰɟ ɦɧɨɝɨɱɥɟɧɨɜ Ɋ[x] ɧɚɞ ɩɨɥɟɦ P ɦɨɠɧɨ ɡɚɞɚɬɶ ɱɚɫɬɢɱɧɭɸ ɨɩɟɪɚɰɢɸ – 
ɞɟɥɟɧɢɟ ɦɧɨɝɨɱɥɟɧɨɜ, ɩɨɞɨɛɧɨ ɬɨɦɭ, ɤɚɤ ɷɬɨ ɛɵɥɨ ɫɞɟɥɚɧɨ ɜ ɤɨɥɶɰɟ ɰɟɥɵɯ ɱɢɫɟɥ. 

ɈɉɊȿȾȿɅȿɇɂȿ. Ƚɨɜɨɪɹɬ, ɱɬɨ ɦɧɨɝɨɱɥɟɧ f(x) ɜɢɞɚ (1) ɞɟɥɢɬɫɹ ɧɚ ɦɧɨɝɨɱɥɟɧ g(x) 

ɜɢɞɚ (2), ɟɫɥɢ ɧɚɣɞɟɬɫɹ ɬɚɤɨɣ ɦɧɨɝɨɱɥɟɧ h(x) ɧɚɞ ɩɨɥɟɦ P, ɱɬɨ f(x) = g(x)h(x). 
ɇɭɥɟɜɵɟ ɤɨɷɮɮɢɰɢɟɧɬɵ ɜ ɡɚɩɢɫɢ ɦɧɨɝɨɱɥɟɧɨɜ ɩɨɹɜɢɥɢɫɶ ɞɥɹ ɭɞɨɛɫɬɜɚ 

ɜɵɱɢɫɥɟɧɢɹ. 
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Ɉɬɦɟɬɢɦ ɧɟɤɨɬɨɪɵɟ ɩɪɨɫɬɟɣɲɢɟ ɫɜɨɣɫɬɜɚ ɞɟɥɢɦɨɫɬɢ ɦɧɨɝɨɱɥɟɧɨɜ, ɚɧɚɥɨɝɢɱɧɵɟ 
ɫɜɨɣɫɬɜɚɦ ɞɟɥɢɦɨɫɬɢ ɰɟɥɵɯ ɱɢɫɟɥ. 

ɋȼɈɃɋɌȼɈ 1. ȿɫɥɢ ɨɞɧɨɜɪɟɦɟɧɧɨ ɜɵɩɨɥɧɹɟɬɫɹ ɞɟɥɢɦɨɫɬɶ ɦɧɨɝɨɱɥɟɧɚ f(x) ɧɚ 
g(x) ɢ ɨɛɪɚɬɧɨ, ɬɨ ɦɧɨɝɨɱɥɟɧɵ ɨɬɥɢɱɚɸɬɫɹ ɬɨɥɶɤɨ ɧɚ ɦɧɨɠɢɬɟɥɶ ɧɭɥɟɜɨɣ ɫɬɟɩɟɧɢ ɢɥɢ, 
ɢɧɵɦɢ ɫɥɨɜɚɦɢ, ɩɪɨɫɬɨ ɧɚ ɱɢɫɥɨɜɨɣ ɦɧɨɠɢɬɟɥɶ ɫ: f(x) = ɫ g(x). 

Ɇɧɨɝɨɱɥɟɧɵ f(x) ɢ g(x) ɧɚɡɵɜɚɸɬɫɹ ɜ ɷɬɨɦ ɫɥɭɱɚɟ ɚɫɫɨɰɢɢɪɨɜɚɧɧɵɦɢ. 
Ɉɱɟɜɢɞɧɨ, ɱɬɨ ɫɪɟɞɢ ɦɧɨɝɨɱɥɟɧɨɜ, ɚɫɫɨɰɢɢɪɨɜɚɧɧɵɯ ɫ ɞɚɧɧɵɦ ɧɟɧɭɥɟɜɵɦ 

ɦɧɨɝɨɱɥɟɧɨɦ, ɢɦɟɟɬɫɹ ɪɨɜɧɨ ɨɞɢɧ ɧɨɪɦɢɪɨɜɚɧɧɵɣ ɦɧɨɝɨɱɥɟɧ. 
ɋȼɈɃɋɌȼɈ 2. ȿɫɥɢ ɦɧɨɝɨɱɥɟɧ f(x) ɞɟɥɢɬɫɹ ɧɚ ɤɚɠɞɵɣ ɢɡ ɞɜɭɯ ɦɧɨɝɨɱɥɟɧɨɜ g(x) 

ɢ h(x), ɬɨ ɨɧ ɞɟɥɢɬɫɹ ɢ ɧɚ ɢɯ ɩɪɨɢɡɜɟɞɟɧɢɟ. 
ɋȼɈɃɋɌȼɈ 3. Ɉɬɧɨɲɟɧɢɟ ɞɟɥɢɦɨɫɬɢ ɦɧɨɝɨɱɥɟɧɨɜ ɜ ɤɨɥɶɰɟ Ɋ[x] ɪɟɮɥɟɤɫɢɜɧɨ ɢ 

ɬɪɚɧɡɢɬɢɜɧɨ. 
ɋȼɈɃɋɌȼɈ 4. ȿɫɥɢ ɦɧɨɝɨɱɥɟɧ f(x) ɞɟɥɢɬɫɹ ɧɚ ɧɟɧɭɥɟɜɨɣ ɦɧɨɝɨɱɥɟɧ g(x), ɬɨ ɢ 

ɥɸɛɨɣ ɦɧɨɝɨɱɥɟɧ, ɚɫɫɨɰɢɢɪɨɜɚɧɧɵɣ ɫ f(x), ɛɭɞɟɬ ɞɟɥɢɬɶɫɹ ɧɚ g(x). 
ɋȼɈɃɋɌȼɈ 5. ȿɫɥɢ ɤɚɠɞɵɣ ɢɡ ɞɜɭɯ ɦɧɨɝɨɱɥɟɧɨɜ f(x) ɢ g(x) ɞɟɥɢɬɫɹ ɧɚ 

ɧɟɧɭɥɟɜɨɣ ɦɧɨɝɨɱɥɟɧ h(x), ɬɨ ɢ ɥɸɛɚɹ ɢɯ ɥɢɧɟɣɧɚɹ ɤɨɦɛɢɧɚɰɢɹ ɞɟɥɢɬɫɹ ɧɚ h(x). 
ɈɉɊȿȾȿɅȿɇɂȿ. Ƚɨɜɨɪɹɬ, ɱɬɨ ɦɧɨɝɨɱɥɟɧ f(x) ɞɟɥɢɬɫɹ ɫ ɨɫɬɚɬɤɨɦ ɧɚ ɧɟɧɭɥɟɜɨɣ 

ɦɧɨɝɨɱɥɟɧ g(x), ɟɫɥɢ ɧɚɣɞɟɬɫɹ ɬɚɤɚɹ ɩɚɪɚ ɦɧɨɝɨɱɥɟɧɨɜ q(x) ɢ r(x), ɞɥɹ ɤɨɬɨɪɵɯ 
ɜɵɩɨɥɧɹɟɬɫɹ ɪɚɜɟɧɫɬɜɨ: 

f(x) = g(x)q(x) + r(x), ɩɪɢɱɟɦ ɫɬɟɩɟɧɶ r(x)  ɫɬɟɩɟɧɢ g(x) ɢɥɢ r(x) = (ɯ)    (1) 
ȼ ɤɨɥɶɰɟ ɦɧɨɝɨɱɥɟɧɨɜ, ɬɚɤɠɟ ɤɚɤ ɢ ɜ ɤɨɥɶɰɟ ɰɟɥɵɯ ɱɢɫɟɥ, ɦɨɠɧɨ ɞɨɤɚɡɚɬɶ 

ɬɟɨɪɟɦɭ ɨ ɞɟɥɟɧɢɢ ɫ ɨɫɬɚɬɤɨɦ. 
ɌȿɈɊȿɆȺ (ɨ ɞɟɥɟɧɢɢ ɫ ɨɫɬɚɬɤɨɦ). Ⱦɥɹ ɜɫɹɤɨɣ ɩɚɪɵ ɦɧɨɝɨɱɥɟɧɨɜ f(x) ɢ g(x), ɝɞɟ 

g(x) - ɧɟɧɭɥɟɜɨɣ ɦɧɨɝɨɱɥɟɧ, ɫɭɳɟɫɬɜɭɟɬ ɢ ɩɪɢɬɨɦ ɟɞɢɧɫɬɜɟɧɧɚɹ ɩɚɪɚ ɦɧɨɝɨɱɥɟɧɨɜ q(x) 
ɢ r(x), ɤɨɬɨɪɵɟ ɭɞɨɜɥɟɬɜɨɪɹɸɬ ɭɫɥɨɜɢɹɦ (1). 

Ɋɚɫɫɦɨɬɪɢɦ ɛɨɥɟɟ ɩɨɞɪɨɛɧɨ ɱɚɫɬɧɵɣ ɫɥɭɱɚɹ ɞɟɥɟɧɢɹ ɦɧɨɝɨɱɥɟɧɨɜ: ɞɟɥɟɧɢɟ 
ɦɧɨɝɨɱɥɟɧɚ ɧɚ ɞɜɭɱɥɟɧ, ɬɚɤ ɤɚɤ ɨɧ ɞɚɟɬ ɧɟɤɨɬɨɪɵɟ ɢɧɬɟɪɟɫɧɵɟ ɢ ɩɨɥɟɡɧɵɟ ɧɚ ɩɪɚɤɬɢɤɟ 
ɪɟɡɭɥɶɬɚɬɵ. 

ɌȿɈɊȿɆȺ. Ɉɫɬɚɬɨɤ ɨɬ ɞɟɥɟɧɢɹ ɦɧɨɝɨɱɥɟɧɚ f(x) ɧɚ ɞɜɭɱɥɟɧ x – c ɪɚɜɟɧ ɡɧɚɱɟɧɢɸ 
ɦɧɨɝɨɱɥɟɧɚ f(x) ɩɪɢ x = c: f(x) = (x – c)q(x) + f(c). 

ɉɭɫɬɶ ɦɧɨɝɨɱɥɟɧ f(x) ɡɚɩɢɫɚɧ ɜ ɫɥɟɞɭɸɳɟɦ ɜɢɞɟ: 
f(x) = )0(... 0,1

1
10  


aaxaxaxa nn

nn
     (1). 

ɉɪɟɞɫɬɚɜɢɦ ɟɝɨ ɜ ɜɢɞɟ: 
f(x) = (x – c)( 12

2
1

1
0 ... 

  nn

nn
bxbxbxb ) + r  (2) 

Ɋɚɫɤɪɵɜɚɹ ɦɵɫɥɟɧɧɨ ɫɤɨɛɤɢ ɜ ɩɪɚɜɨɣ ɱɚɫɬɢ ɪɚɜɟɧɫɬɜɚ ɢ ɩɪɢɪɚɜɧɢɜɚɹ 
ɤɨɷɮɮɢɰɢɟɧɬɵ ɩɪɢ ɨɞɢɧɚɤɨɜɵɯ ɫɬɟɩɟɧɹɯ ɜ ɪɚɜɟɧɫɬɜɚɯ (1) ɢ (2), ɩɨɥɭɱɢɦ: 
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




nn

nnn

kkk

cbar

cbab

cbab

cbab

cbab

ab

     (3) 

ȼɵɱɢɫɥɟɧɢɹ (3) ɨɛɵɱɧɨ ɡɚɩɢɫɵɜɚɸɬ ɜ ɜɢɞɟ ɬɚɛɥɢɰɵ ɢ ɧɚɡɵɜɚɸɬ ɫɯɟɦɨɣ Ƚɨɪɧɟɪɚ: 
 a 0  a 1  … a k  … a n  

x = c b 0  b 1 = a 1 + cb 0  … b k = a k + cb 1k  … r = a n + cb 1n  

Ɉɱɟɜɢɞɧɨ, ɱɬɨ r = f(c), ɤɨɷɮɮɢɰɢɟɧɬɵ b i  ɟɫɬɶ ɤɨɷɮɮɢɰɢɟɧɬɵ ɱɚɫɬɧɨɝɨ q(x) ɨɬ 
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ɞɟɥɟɧɢɹ f(x) ɧɚ x – c. 
ɋɯɟɦɭ Ƚɨɪɧɟɪɚ ɭɞɨɛɧɨ ɢɫɩɨɥɶɡɨɜɚɬɶ ɬɚɤɠɟ ɞɥɹ ɪɚɡɥɨɠɟɧɢɹ ɦɧɨɝɨɱɥɟɧɚ f(x) ɩɨ 

ɫɬɟɩɟɧɹɦ ɪɚɡɧɨɫɬɢ x – c. 
ɌȿɈɊȿɆȺ. Ⱦɥɹ ɥɸɛɨɝɨ ɱɢɫɥɚ ɫ ɢɡ ɩɨɥɹ Ɋ ɦɧɨɝɨɱɥɟɧ f(x) ɜɢɞɚ (1) ɫɬɟɩɟɧɢ n 

ɜɫɟɝɞɚ ɦɨɠɧɨ ɩɪɟɞɫɬɚɜɢɬɶ ɢ ɩɪɢɬɨɦ ɟɞɢɧɫɬɜɟɧɧɵɦ ɨɛɪɚɡɨɦ ɜ ɜɢɞɟ:  
f(x)= )0(,)(...)()( 2

210  n

n

n bcxbcxbcxbb .   (4) 

ɉɪɟɞɫɬɚɜɥɟɧɢɟ ɜ ɜɢɞɟ (4) ɢ ɧɚɡɵɜɚɟɬɫɹ ɪɚɡɥɨɠɟɧɢɟɦ f(x) ɩɨ ɫɬɟɩɟɧɹɦ ɪɚɡɧɨɫɬɢ 
x – c. 

ɂɫɩɨɥɶɡɭɹ ɮɨɪɦɭɥɭ Ɍɟɣɥɨɪɚ ɢ ɫɯɟɦɭ Ƚɨɪɧɟɪɚ, ɦɨɠɧɨ ɬɚɤɠɟ ɧɚɯɨɞɢɬɶ ɡɧɚɱɟɧɢɹ 
ɩɪɨɢɡɜɨɞɧɵɯ ɪɚɡɥɢɱɧɵɯ ɩɨɪɹɞɤɨɜ ɞɥɹ ɦɧɨɝɨɱɥɟɧɚ f(x) ɜ ɬɨɱɤɟ x = c. 

ɌȿɈɊȿɆȺ. ȼ ɪɚɡɥɨɠɟɧɢɢ (4) ɦɧɨɝɨɱɥɟɧɚ f(x) ɩɨ ɫɬɟɩɟɧɹɦ ɪɚɡɧɨɫɬɢ x – c, 

ɤɨɷɮɮɢɰɢɟɧɬɵ b k  ɨɩɪɟɞɟɥɹɸɬɫɹ ɫɥɟɞɭɸɳɢɦ ɨɛɪɚɡɨɦ: 

b k  = 
!

)()(

k

cf
k

, (k  {0, 1, 2, …, n})   (5). 

Ʉɨɪɧɢ ɦɧɨɝɨɱɥɟɧɚ 
ɍɱɢɬɵɜɚɹ ɩɨɧɹɬɢɟ ɤɪɚɬɧɨɫɬɢ ɤɨɪɧɹ, ɦɨɠɧɨ ɫɮɨɪɦɭɥɢɪɨɜɚɬɶ ɫɥɟɞɭɸɳɢɟ 

ɭɬɜɟɪɠɞɟɧɢɹ ɨ ɱɢɫɥɟ ɤɨɪɧɟɣ ɦɧɨɝɨɱɥɟɧɚ f(x). 
ɅȿɆɆȺ 
ȼɫɹɤɢɣ ɧɟɧɭɥɟɜɨɣ ɦɧɨɝɨɱɥɟɧ ɦɨɠɟɬ ɛɵɬɶ ɩɪɟɞɫɬɚɜɥɟɧ ɜ ɜɢɞɟ: 

f(x)=  mk

m

kk
xxxxxx )(...)()( 21

21 )(xg    (1). 

ɝɞɟ mxxx ,...,, 21  - ɪɚɡɥɢɱɧɵɟ ɱɢɫɥɚ, ɚ )(xg  - ɦɧɨɝɨɱɥɟɧ, ɧɟ ɢɦɟɸɳɢɣ ɤɨɪɧɟɣ.  

ɅȿɆɆȺ. ȿɫɥɢ ɦɧɨɝɨɱɥɟɧ f(x) ɩɪɟɞɫɬɚɜɥɟɧ ɜ ɜɢɞɟ (1), ɬɨ mxxx ,...,, 21  - ɷɬɨ ɜɫɟ ɟɝɨ 
ɤɨɪɧɢ, ɩɪɢɱɟɦ ɤɪɚɬɧɨɫɬɶ ɤɨɪɧɹ x i  ɪɚɜɧɚ k i . 

ɌȿɈɊȿɆȺ. ɋɭɦɦɚ ɤɪɚɬɧɨɫɬɟɣ ɜɫɟɯ ɤɨɪɧɟɣ ɧɟɧɭɥɟɜɨɝɨ ɦɧɨɝɨɱɥɟɧɚ f(x) ɧɟ 
ɩɪɟɜɨɫɯɨɞɢɬ ɟɝɨ ɫɬɟɩɟɧɢ, ɩɪɢɱɟɦ ɪɚɜɟɧɫɬɜɨ ɢɦɟɟɬ ɦɟɫɬɨ ɬɨɝɞɚ ɢ ɬɨɥɶɤɨ ɬɨɝɞɚ, ɤɨɝɞɚ 
ɦɧɨɝɨɱɥɟɧ ɦɨɠɧɨ ɩɪɟɞɫɬɚɜɢɬɶ ɜ ɜɢɞɟ ɩɪɨɢɡɜɟɞɟɧɢɹ ɦɧɨɠɢɬɟɥɟɣ ɩɟɪɜɨɣ ɫɬɟɩɟɧɢ. 

ɋɭɳɟɫɬɜɭɸɬ ɪɚɜɟɧɫɬɜɚ, ɜɵɪɚɠɚɸɳɢɟ ɫɜɹɡɶ ɤɨɪɧɟɣ ɦɧɨɝɨɱɥɟɧɚ ɫ ɟɝɨ 
ɤɨɷɮɮɢɰɢɟɧɬɚɦɢ. ɉɭɫɬɶ ɦɧɨɝɨɱɥɟɧ f(x) = )0(... 0,1

1
10  


aaxaxaxa nn

nn
 ɢɦɟɟɬ 

ɤɨɪɧɢ nxxx ,...,, 21 , ɩɪɢɱɟɦ ɨɧɢ ɧɟ ɨɛɹɡɚɬɟɥɶɧɨ ɪɚɡɥɢɱɧɵ. Ɍɨɝɞɚ ɫɩɪɚɜɟɞɥɢɜɵ 
ɪɚɜɟɧɫɬɜɚ: 

....)1(

........................................................

),...(

),...(

210

1312102

2101

n

n

n

nn

n

xxxaa

xxxxxxaa

xxxaa







    (6) 

Ɋɚɜɟɧɫɬɜɚ (6) ɧɚɡɵɜɚɸɬɫɹ ɮɨɪɦɭɥɚɦɢ ȼɢɟɬɚ, ɜɵɪɚɠɚɸɳɢɦɢ ɤɨɷɮɮɢɰɢɟɧɬɵ 
ɦɧɨɝɨɱɥɟɧɚ f(x) ɱɟɪɟɡ ɟɝɨ ɤɨɪɧɢ ɢ ɫɬɚɪɲɢɣ ɤɨɷɮɮɢɰɢɟɧɬ. 

Ɉɩɪɟɞɟɥɟɧɢɟ ɢ ɩɪɨɫɬɟɣɲɢɟ ɫɜɨɣɫɬɜɚ ɧɚɢɛɨɥɶɲɟɝɨ ɨɛɳɟɝɨ ɞɟɥɢɬɟɥɹ ɢ 
ɧɚɢɦɟɧɶɲɟɝɨ ɨɛɳɟɝɨ ɤɪɚɬɧɨɝɨ ɦɧɨɝɨɱɥɟɧɨɜ ɚɧɚɥɨɝɢɱɧɵ ɩɪɨɫɬɟɣɲɢɦ ɫɜɨɣɫɬɜɚɦ 
ɧɚɢɛɨɥɶɲɟɝɨ ɨɛɳɟɝɨ ɞɟɥɢɬɟɥɹ ɢ ɧɚɢɦɟɧɶɲɟɝɨ ɨɛɳɟɝɨ ɤɪɚɬɧɨɝɨ ɰɟɥɵɯ ɱɢɫɟɥ 
(ɫɮɨɪɦɭɥɢɪɨɜɚɬɶ ɫɚɦɨɫɬɨɹɬɟɥɶɧɨ). 

Ɉɫɬɚɧɨɜɢɦɫɹ ɧɚ ɧɟɤɨɬɨɪɵɯ ɨɫɨɛɟɧɧɨɫɬɹɯ, ɩɪɢɫɭɳɢɯ ɇɈȾ ɢ ɇɈɄ ɦɧɨɝɨɱɥɟɧɨɜ. 
ɁȺɆȿɑȺɇɂȿ. ɇɈȾ ɰɟɥɵɯ ɱɢɫɟɥ, ɤɚɤ ɢɡɜɟɫɬɧɨ, ɨɩɪɟɞɟɥɟɧ ɨɞɧɨɡɧɚɱɧɨ ɫ 

ɬɨɱɧɨɫɬɶɸ ɞɨ ɡɧɚɤɚ. ɇɈȾ ɦɧɨɝɨɱɥɟɧɨɜ ɨɩɪɟɞɟɥɟɧ ɨɞɧɨɡɧɚɱɧɨ ɫ ɬɨɱɧɨɫɬɶɸ ɞɨ 
ɦɧɨɠɢɬɟɥɹ ɧɭɥɟɜɨɣ ɫɬɟɩɟɧɢ, ɩɨɫɤɨɥɶɤɭ ɨɱɟɜɢɞɧɨ, ɱɬɨ ɟɫɥɢ d(x) = ɇɈȾ (f(x), g(x)), ɬɨ ɢ 
ɥɸɛɨɣ ɚɫɫɨɰɢɢɪɨɜɚɧɧɵɣ ɫ d(x) ɦɧɨɝɨɱɥɟɧ ɬɚɤɠɟ ɛɭɞɟɬ ɹɜɥɹɬɶɫɹ ɇɈȾ (f(x), g(x)). 

ɉɨɫɤɨɥɶɤɭ ɜ ɤɨɥɶɰɟ ɦɧɨɝɨɱɥɟɧɨɜ ɧɚɞ ɩɨɥɟɦ ɜɵɩɨɥɧɢɦɨ ɞɟɥɟɧɢɟ ɫ ɨɫɬɚɬɤɨɦ, ɬɨ 
ɞɨɤɚɡɚɬɶ ɫɭɳɟɫɬɜɨɜɚɧɢɟ ɇɈȾ ɦɧɨɝɨɱɥɟɧɨɜ ɬɚɤɠɟ ɦɨɠɧɨ ɫ ɩɨɦɨɳɶɸ ɚɥɝɨɪɢɬɦɚ 
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ȿɜɤɥɢɞɚ. 
ɌȿɈɊȿɆȺ. Ⱦɥɹ ɜɫɹɤɢɯ ɞɜɭɯ ɦɧɨɝɨɱɥɟɧɨɜ f(x) ɢ g(x) ɫɭɳɟɫɬɜɭɟɬ ɢɯ ɇɈȾ, ɤɨɬɨɪɵɣ 

ɪɚɜɟɧ ɩɨɫɥɟɞɧɟɦɭ ɧɟɧɭɥɟɜɨɦɭ ɨɫɬɚɬɤɭ ɜ ɩɨɫɥɟɞɨɜɚɬɟɥɶɧɨɫɬɢ ȿɜɤɥɢɞɚ. 
ɁȺɆȿɑȺɇɂȿ. ɂɡ ɩɪɟɞɵɞɭɳɟɝɨ ɡɚɦɟɱɚɧɢɹ ɫɥɟɞɭɟɬ, ɱɬɨ ɞɥɹ ɭɞɨɛɫɬɜɚ 

ɜɵɱɢɫɥɟɧɢɣ ɩɪɢ ɧɚɯɨɠɞɟɧɢɢ ɇɈȾ ɞɜɭɯ ɦɧɨɝɨɱɥɟɧɨɜ ɦɨɠɧɨ ɞɨɦɧɨɠɚɬɶ ɨɫɬɚɬɤɢ, 
ɞɟɥɢɦɵɟ ɢɥɢ ɞɟɥɢɬɟɥɢ, ɤɨɬɨɪɵɟ ɩɨɥɭɱɚɸɬɫɹ ɜ ɩɪɨɰɟɫɫɟ ɩɨɫɥɟɞɨɜɚɬɟɥɶɧɵɯ ɞɟɥɟɧɢɣ ɧɚ 
ɥɸɛɨɟ ɧɟɧɭɥɟɜɨɟ ɱɢɫɥɨ. 

ɁȺɆȿɑȺɇɂȿ. ȼ ɤɨɥɶɰɟ ɦɧɨɝɨɱɥɟɧɨɜ ɧɚɞ ɩɨɥɟɦ ɬɚɤɠɟ ɜɵɩɨɥɧɹɟɬɫɹ ɪɚɫɲɢɪɟɧɧɵɣ 
ɚɥɝɨɪɢɬɦ ȿɜɤɥɢɞɚ, ɤɨɬɨɪɵɣ ɩɨɡɜɨɥɹɟɬ ɜɵɱɢɫɥɢɬɶ ɬɚɤɢɟ ɦɧɨɝɨɱɥɟɧɵ u(x) ɢ v(x), ɤɨɬɨɪɵɟ 
ɭɞɨɜɥɟɬɜɨɪɹɸɬ ɪɚɜɟɧɫɬɜɭ: ɇɈȾ (f(x), g(x)) = u(x)f(x) + v(x)g(x)  (7) 

ɈɉɊȿȾȿɅȿɇɂȿ. Ɇɧɨɝɨɱɥɟɧɵ f(x) ɢ g(x) ɧɚɡɵɜɚɸɬɫɹ ɜɡɚɢɦɧɨ ɩɪɨɫɬɵɦɢ, ɟɫɥɢ ɨɧɢ 
ɧɟ ɢɦɟɸɬ ɞɪɭɝɢɯ ɨɛɳɢɯ ɞɟɥɢɬɟɥɟɣ ɤɪɨɦɟ ɦɧɨɝɨɱɥɟɧɨɜ ɧɭɥɟɜɨɣ ɫɬɟɩɟɧɢ, ɢɥɢ, ɢɧɚɱɟ 
ɝɨɜɨɪɹ, ɤɪɨɦɟ ɩɨɫɬɨɹɧɧɵɯ ɢɡ ɩɨɥɹ Ɋ. 

Ɇɧɨɝɨɱɥɟɧɵ )(),...,(),( 21 xfxfxf k  ɧɚɡɵɜɚɸɬɫɹ ɜɡɚɢɦɧɨ ɩɪɨɫɬɵɦɢ ɜ ɫɨɜɨɤɭɩɧɨɫɬɢ, 

ɟɫɥɢ ɨɧɢ ɩɨɩɚɪɧɨ ɜɡɚɢɦɧɨ ɩɪɨɫɬɵ. 
ɋȼɈɃɋɌȼɈ 1. Ɇɧɨɝɨɱɥɟɧɵ f(x) ɢ g(x), ɡɚɞɚɧɧɵɟ ɧɚɞ ɩɨɥɟɦ Ɋ ɜɡɚɢɦɧɨ ɩɪɨɫɬɵ ɬɨɝɞɚ 

ɢ ɬɨɥɶɤɨ ɬɨɝɞɚ, ɤɨɝɞɚ ɧɚɣɞɭɬɫɹ ɬɚɤɢɟ ɦɧɨɝɨɱɥɟɧɵ u(x) ɢ v(x), ɞɥɹ ɤɨɬɨɪɵɯ: 
u(x)f(x) + v(x)g(x) = 1      (8) 

ɋȼɈɃɋɌȼɈ 2. Ɇɧɨɝɨɱɥɟɧ g(x) ɬɨɝɞɚ ɢ ɬɨɥɶɤɨ ɬɨɝɞɚ ɜɡɚɢɦɧɨ ɩɪɨɫɬ ɫ ɩɪɨɢɡɜɟɞɟɧɢɟɦ 
ɦɧɨɝɨɱɥɟɧɨɜ )(...)()( 21 xfxfxf k , ɤɨɝɞɚ ɨɧ ɜɡɚɢɦɧɨ ɩɪɨɫɬ ɫ ɤɚɠɞɵɦ ɢɡ ɫɨɦɧɨɠɢɬɟɥɟɣ. 

ɋȼɈɃɋɌȼɈ 3. ȿɫɥɢ ɩɪɨɢɡɜɟɞɟɧɢɟ ɦɧɨɝɨɱɥɟɧɨɜ )()( 21 xfxf   ɞɟɥɢɬɫɹ ɧɚ ɦɧɨɝɨɱɥɟɧ 
g(x), ɩɪɢɱɟɦ f 1 (x) ɢ g(x) ɜɡɚɢɦɧɨ ɩɪɨɫɬɵ, ɬɨ f 2 (x) ɞɟɥɢɬɫɹ ɧɚ g(x). 

ɋȼɈɃɋɌȼɈ 4. ȿɫɥɢ ɦɧɨɝɨɱɥɟɧɵ )(...)()( 21 xfxfxf k  ɩɨɩɚɪɧɨ ɜɡɚɢɦɧɨ ɩɪɨɫɬɵ ɢ 
ɦɧɨɝɨɱɥɟɧ f(x) ɞɟɥɢɬɫɹ ɧɚ ɤɚɠɞɵɣ ɢɡ ɧɢɯ, ɬɨ ɨɧ ɞɟɥɢɬɫɹ ɢ ɧɚ ɢɯ ɩɪɨɢɡɜɟɞɟɧɢɟ. 

ɋȼɈɃɋɌȼɈ 5. Ɇɧɨɝɨɱɥɟɧɵ )(...)()( 21 xfxfxf k  ɜɡɚɢɦɧɨ ɩɪɨɫɬɵ ɬɨɝɞɚ ɢ ɬɨɥɶɤɨ 
ɬɨɝɞɚ, ɤɨɝɞɚ ɭ ɧɢɯ ɧɟɬ ɤɨɪɧɹ, ɨɛɳɟɝɨ ɞɥɹ ɜɫɟɯ. 

Ɋɚɡɥɨɠɟɧɢɟ ɦɧɨɝɨɱɥɟɧɨɜ ɧɚ ɧɟɩɪɢɜɨɞɢɦɵɟ ɦɧɨɠɢɬɟɥɢ 
ɈɉɊȿȾȿɅȿɇɂȿ. Ɇɧɨɝɨɱɥɟɧ ɪ(ɯ) ɧɚɡɵɜɚɟɬɫɹ ɧɟɩɪɢɜɨɞɢɦɵɦ ɧɚɞ ɩɨɥɟɦ Ɋ, ɟɫɥɢ ɨɧ 

ɧɟ ɪɚɫɤɥɚɞɵɜɚɟɬɫɹ ɜ ɩɪɨɢɡɜɟɞɟɧɢɟ ɞɜɭɯ ɦɧɨɝɨɱɥɟɧɨɜ ɩɨɥɨɠɢɬɟɥɶɧɨɣ ɫɬɟɩɟɧɢ ɧɚɞ ɷɬɢ 
ɩɨɥɟɦ. 

ɁȺɆȿɑȺɇɂȿ. Ʉɨɝɞɚ ɪɟɱɶ ɢɞɟɬ ɨ ɧɟɩɪɢɜɨɞɢɦɵɯ ɦɧɨɝɨɱɥɟɧɚɯ, ɬɨ ɜɚɠɧɨ, ɧɚɞ ɤɚɤɢɦ 
ɩɨɥɟɦ ɨɧɢ ɪɚɫɫɦɚɬɪɢɜɚɸɬɫɹ, ɬɚɤ ɤɚɤ ɨɞɢɧ ɢ ɬɨɬ ɠɟ ɦɧɨɝɨɱɥɟɧ ɦɨɠɟɬ ɛɵɬɶ ɧɟɩɪɢɜɨɞɢɦ ɧɚɞ 
ɨɞɧɢɦ ɩɨɥɟɦ ɢ ɩɪɢɜɨɞɢɦ ɧɚɞ ɞɪɭɝɢɦ. ɇɚɩɪɢɦɟɪ, ɦɧɨɝɨɱɥɟɧ f(x) = 32 x  ɧɟɩɪɢɜɨɞɢɦ ɧɚɞ 
ɩɨɥɟɦ ɪɚɰɢɨɧɚɥɶɧɵɯ ɱɢɫɟɥ, ɧɨ ɩɪɢɜɨɞɢɦ ɧɚɞ ɩɨɥɟɦ ɞɟɣɫɬɜɢɬɟɥɶɧɵɯ ɱɢɫɟɥ, ɬɚɤ ɤɚɤ f(x) = 

)3()3(  xx  - ɟɝɨ ɪɚɡɥɨɠɟɧɢɟ ɜ ɩɪɨɢɡɜɟɞɟɧɢɟ ɞɜɭɯ ɦɧɨɝɨɱɥɟɧɨɜ ɩɟɪɜɨɣ ɫɬɟɩɟɧɢ ɫ 
ɞɟɣɫɬɜɢɬɟɥɶɧɵɦɢ ɤɨɷɮɮɢɰɢɟɧɬɚɦɢ. 

Ɉɬɦɟɬɢɦ ɫɜɨɣɫɬɜɚ ɧɟɩɪɢɜɨɞɢɦɵɯ ɦɧɨɝɨɱɥɟɧɨɜ, ɤɨɬɨɪɵɟ ɜɵɩɨɥɧɹɸɬɫɹ ɧɚɞ ɥɸɛɵɦ 
ɩɨɥɟɦ Ɋ. 

ɋȼɈɃɋɌȼɈ 1. Ʌɸɛɨɣ ɦɧɨɝɨɱɥɟɧ ɩɟɪɜɵɣ ɫɬɟɩɟɧɢ ɧɟɩɪɢɜɨɞɢɦ ɧɚɞ ɥɸɛɵɦ ɩɨɥɟɦ. 
ɋȼɈɃɋɌȼɈ 2. ȼɫɹɤɢɣ ɦɧɨɝɨɱɥɟɧ ɫɬɟɩɟɧɢ  2, ɢɦɟɸɳɢɣ ɤɨɪɟɧɶ ɜ ɩɨɥɟ Ɋ, ɩɪɢɜɨɞɢɦ 

ɧɚɞ ɷɬɢɦ ɩɨɥɟɦ. 
ɁȺɆȿɑȺɇɂȿ. Ɉɛɪɚɬɧɨɟ ɧɟ ɜɫɟɝɞɚ ɜɟɪɧɨ, ɧɚɩɪɢɦɟɪ, ɦɧɨɝɨɱɥɟɧ 

f(x) = 
22 )1(12  xxx  ɩɪɢɜɨɞɢɦ ɧɚɞ ɩɨɥɟɦ ɞɟɣɫɬɜɢɬɟɥɶɧɵɯ ɱɢɫɟɥ, ɯɨɬɹ ɧɟ ɢɦɟɟɬ ɜ 

ɧɟɦ ɤɨɪɧɟɣ. 
ɋȼɈɃɋɌȼɈ 3. ȿɫɥɢ ɦɧɨɝɨɱɥɟɧ f(x) ɧɟɧɭɥɟɜɨɣ ɫɬɟɩɟɧɢ ɧɚɞ ɩɨɥɟɦ Ɋ ɹɜɥɹɟɬɫɹ 

ɞɟɥɢɬɟɥɟɦ ɧɟɩɪɢɜɨɞɢɦɨɝɨ ɦɧɨɝɨɱɥɟɧɚ ɪ(ɯ) ɧɚɞ ɷɬɢɦ ɠɟ ɩɨɥɟɦ, ɬɨ f(x) ɚɫɫɨɰɢɢɪɨɜɚɧ ɫ ɪ(ɯ): 
f(x) = ɫ ɪ(ɯ). 

ɋȼɈɃɋɌȼɈ 4. ɉɭɫɬɶ f(x) – ɩɪɨɢɡɜɨɥɶɧɵɣ ɦɧɨɝɨɱɥɟɧ ɧɚɞ ɩɨɥɟɦ Ɋ ɢ ɪ(ɯ) – 
ɧɟɩɪɢɜɨɞɢɦɵɣ ɦɧɨɝɨɱɥɟɧ ɧɚɞ ɷɬɢɦ ɠɟ ɩɨɥɟɦ. Ʌɢɛɨ f(x) ɞɟɥɢɬɫɹ ɧɚ ɪ(ɯ), ɥɢɛɨ ɨɧɢ ɜɡɚɢɦɧɨ 
ɩɪɨɫɬɵ. 
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ɋȼɈɃɋɌȼɈ 5. ȿɫɥɢ ɩɪɨɢɡɜɟɞɟɧɢɟ ɦɧɨɝɨɱɥɟɧɨɜ )(...)()( 21 xfxfxf k  ɧɚɞ ɩɨɥɟɦ Ɋ 
ɞɟɥɢɬɫɹ ɧɚ ɧɟɩɪɢɜɨɞɢɦɵɣ ɧɚɞ Ɋ ɦɧɨɝɨɱɥɟɧ ɪ(ɯ), ɬɨ ɯɨɬɹ ɛɵ ɨɞɢɧ ɢɡ ɫɨɦɧɨɠɢɬɟɥɟɣ 
ɞɟɥɢɬɫɹ ɧɚ ɪ(ɯ). 

ɂɡ ɩɪɟɞɵɞɭɳɢɯ ɩɚɪɚɝɪɚɮɨɜ ɜɢɞɧɨ, ɱɬɨ ɬɟɨɪɢɹ ɞɟɥɢɦɨɫɬɢ ɦɧɨɝɨɱɥɟɧɨɜ ɢɦɟɟɬ 
ɝɥɭɛɨɤɨɟ ɫɯɨɞɫɬɜɨ ɫ ɬɟɨɪɢɟɣ ɞɟɥɢɦɨɫɬɢ ɰɟɥɵɯ ɱɢɫɟɥ. Ɋɨɥɶ, ɚɧɚɥɨɝɢɱɧɭɸ ɪɨɥɢ ɩɪɨɫɬɵɯ 
ɱɢɫɟɥ, ɢɝɪɚɸɬ ɧɟɩɪɢɜɨɞɢɦɵɟ ɦɧɨɝɨɱɥɟɧɵ, ɱɬɨ ɩɨɞɬɜɟɪɠɞɚɟɬɫɹ ɫɥɟɞɭɸɳɟɣ ɬɟɨɪɟɦɨɣ. 

ɌȿɈɊȿɆȺ. Ʉɚɠɞɵɣ ɦɧɨɝɨɱɥɟɧ ɧɟɧɭɥɟɜɨɣ ɫɬɟɩɟɧɢ ɧɚɞ ɩɨɥɟɦ Ɋ ɦɨɠɟɬ ɛɵɬɶ 
ɩɪɟɞɫɬɚɜɥɟɧ ɢ ɩɪɢɬɨɦ ɟɞɢɧɫɬɜɟɧɧɵɦ ɨɛɪɚɡɨɦ (ɫ ɬɨɱɧɨɫɬɶɸ ɞɨ ɩɨɪɹɞɤɚ ɫɥɟɞɨɜɚɧɢɹ 
ɦɧɨɠɢɬɟɥɟɣ) ɜ ɜɢɞɟ ɩɪɨɢɡɜɟɞɟɧɢɹ ɦɧɨɝɨɱɥɟɧɨɜ, ɧɟɩɪɢɜɨɞɢɦɵɯ ɧɚɞ Ɋ: 

f(x)= )(...)()( 21 xpxpxp n  ,         (9) 

ɝɞɟ   0  Ɋ, )(xpi  , i  {1, 2, …, n} - ɧɟɩɪɢɜɨɞɢɦɵɟ ɧɚɞ Ɋ ɦɧɨɝɨɱɥɟɧɵ ɫɨ ɫɬɚɪɲɢɦɢ 
ɤɨɷɮɮɢɰɢɟɧɬɚɦɢ, ɪɚɜɧɵɦɢ ɟɞɢɧɢɰɟ. 

ɁȺɆȿɑȺɇɂə 
1. ȿɫɥɢ ɜ ɪɚɡɥɨɠɟɧɢɢ (1) ɫɨɛɪɚɬɶ ɜɦɟɫɬɟ ɨɞɢɧɚɤɨɜɵɟ ɦɧɨɠɢɬɟɥɢ (ɟɫɥɢ ɬɚɤɨɜɵɟ 

ɢɦɟɸɬɫɹ) ɜ ɜɢɞɟ ɫɬɟɩɟɧɢ, ɬɨ ɨɧɨ ɩɪɢɦɟɬ ɜɢɞ: 
f(x) = )(...)()( 21

21 xpxpxp mk

m

kk  , k i   N, i  {1, 2, …, m},  (10) 

ɝɞɟ ɜɫɟ ɧɟɩɪɢɜɨɞɢɦɵɟ ɦɧɨɠɢɬɟɥɢ ɭɠɟ ɪɚɡɥɢɱɧɵ ɦɟɠɞɭ ɫɨɛɨɣ. 
2. Ɉɱɟɜɢɞɧɨ, ɱɬɨ ɟɫɥɢ ɞɥɹ ɦɧɨɝɨɱɥɟɧɨɜ f(x) ɢ g(x) ɢɡɜɟɫɬɧɵ ɢɯ ɪɚɡɥɨɠɟɧɢɹ ɧɚ 

ɧɟɩɪɢɜɨɞɢɦɵɟ ɦɧɨɠɢɬɟɥɢ (ɢɥɢ ɬɚɤɢɟ ɪɚɡɥɨɠɟɧɢɹ ɥɟɝɤɨ ɩɨɥɭɱɢɬɶ), ɬɨ, ɤɚɤ ɢ ɜ ɫɥɭɱɚɟ 
ɰɟɥɵɯ ɱɢɫɟɥ, ɨɧɢ ɦɨɝɭɬ ɛɵɬɶ ɢɫɩɨɥɶɡɨɜɚɧɵ ɞɥɹ ɧɚɯɨɠɞɟɧɢɹ ɇɈȾ ɢ ɇɈɄ ɷɬɢɯ 
ɦɧɨɝɨɱɥɟɧɨɜ. (Ɉɩɢɲɢɬɟ ɷɬɢ ɚɥɝɨɪɢɬɦɵ ɫɚɦɨɫɬɨɹɬɟɥɶɧɨ). 

3. ȿɫɥɢ ɝɨɜɨɪɢɬɶ ɨɛ ɚɧɚɥɨɝɢɢ ɦɟɠɞɭ ɤɨɥɶɰɨɦ ɰɟɥɵɯ ɱɢɫɟɥ ɢ ɤɨɥɶɰɨɦ ɦɧɨɝɨɱɥɟɧɨɜ 
ɨɬ ɨɞɧɨɣ ɩɟɪɟɦɟɧɧɨɣ, ɬɨ ɧɟ ɫɥɟɞɭɟɬ ɡɚɛɵɜɚɬɶ ɢ ɨ ɩɨɧɹɬɢɢ ɢɞɟɚɥɚ. ɇɚɩɪɢɦɟɪ. ɨɱɟɜɢɞɧɨ, 
ɱɬɨ ɫɨɜɨɤɭɩɧɨɫɬɶ ɜɫɟɯ ɦɧɨɝɨɱɥɟɧɨɜ ɤɨɥɶɰɚ Ɋ[x], ɢɦɟɸɳɢɯ  ɫɜɨɢɦ ɤɨɪɧɟɦ, ɛɭɞɟɬ ɹɜɥɹɬɶɫɹ 
ɢɞɟɚɥɨɦ, ɩɪɢɱɟɦ ɝɥɚɜɧɵɦ. ɉɨɪɨɠɞɚɟɬɫɹ ɷɬɨɬ ɢɞɟɚɥ ɦɧɨɝɨɱɥɟɧɨɦ ɧɚɢɦɟɧɶɲɟɣ 
ɩɨɥɨɠɢɬɟɥɶɧɨɣ ɫɬɟɩɟɧɢ ɢɡ ɜɫɟɯ ɦɧɨɝɨɱɥɟɧɨɜ ɞɚɧɧɨɣ ɫɨɜɨɤɭɩɧɨɫɬɢ. 

4. ɉɪɨɢɡɜɨɞɧɚɹ ɦɧɨɝɨɱɥɟɧɚ. Ɉɬɞɟɥɟɧɢɟ ɤɪɚɬɧɵɯ ɦɧɨɠɢɬɟɥɟɣ 
ɦɧɨɝɨɱɥɟɧɚ. 

ɈɉɊȿȾȿɅȿɇɂȿ. Ⱦɥɹ ɦɧɨɝɨɱɥɟɧɚ f(x) = 01
1

1 ... axaxaxa
n

n

n

n  
  ɛɭɞɟɦ ɧɚɡɵɜɚɬɶ 

ɟɝɨ ɩɪɨɢɡɜɨɞɧɨɣ f’(x) ɮɨɪɦɚɥɶɧɨɟ ɜɵɪɚɠɟɧɢɟ ɜɢɞɚ: 

f’(x) = 12
2

1
1 2...)1( axaxanxna

n

n

n

n  



    (11) 

ɁȺɆȿɑȺɇɂə 
1. Ƚɨɜɨɪɹ ɨ ɮɨɪɦɚɥɶɧɨɦ ɜɵɪɚɠɟɧɢɢ, ɦɵ ɢɦɟɟɦ ɜɜɢɞɭ, ɱɬɨ ɨɩɪɟɞɟɥɟɧɢɟ 

ɩɪɨɢɡɜɨɞɧɨɣ ɦɧɨɝɨɱɥɟɧɚ ɤɚɤ ɧɟɤɨɬɨɪɨɣ ɮɭɧɤɰɢɢ ɫɜɹɡɚɧɨ ɫ ɩɨɧɹɬɢɟɦ ɩɪɟɞɟɥɚ, ɤɨɬɨɪɨɟ 
ɦɨɠɟɬ ɨɤɚɡɚɬɶɫɹ ɧɟɩɪɢɦɟɧɢɦɵɦ ɤ ɷɥɟɦɟɧɬɚɦ ɩɪɨɢɡɜɨɥɶɧɨɝɨ ɩɨɥɹ Ɋ. ɉɨɷɬɨɦɭ ɜɵɪɚɠɟɧɢɟ 
na n  ɧɭɠɧɨ ɩɨɧɢɦɚɬɶ ɤɚɤ: 

n

ɪɚɡnɪɚɡn

nnn aaaa 
  

)1...11(... .  (12) 

ȿɫɥɢ ɜ ɩɨɥɟ Ɋ ɞɥɹ ɥɸɛɨɝɨ ɧɚɬɭɪɚɥɶɧɨɝɨ ɱɢɫɥɚ k : 

01...11  
ɪɚɡk

, 

ɬɨ ɫɨɨɬɜɟɬɫɬɜɭɸɳɢɟ ɤɨɷɮɮɢɰɢɟɧɬɵ ɜ ɜɵɪɚɠɟɧɢɢ (3) ɧɟ ɪɚɜɧɵ ɧɭɥɸ ɢ f’(x) ɦɨɠɧɨ 
ɬɚɤɠɟ ɫɱɢɬɚɬɶ ɦɧɨɝɨɱɥɟɧɨɦ ɧɚɞ ɩɨɥɟɦ Ɋ ɫɬɟɩɟɧɢ n - 1. ɉɨɥɟ Ɋ ɫɨ ɫɜɨɣɫɬɜɨɦ (4) ɧɚɡɵɜɚɸɬ 
ɩɨɥɟɦ ɧɭɥɟɜɨɣ ɯɚɪɚɤɬɟɪɢɫɬɢɤɢ. 

2. ɇɟɬɪɭɞɧɨ ɩɪɨɜɟɪɢɬɶ, ɱɬɨ ɞɥɹ ɩɪɨɢɡɜɨɞɧɵɯ ɦɧɨɝɨɱɥɟɧɨɜ, ɨɩɪɟɞɟɥɟɧɧɵɯ ɬɚɤɢɦ 
ɨɛɪɚɡɨɦ, ɜɵɩɨɥɧɹɸɬɫɹ ɨɫɧɨɜɧɵɟ ɫɜɨɣɫɬɜɚ ɩɪɨɢɡɜɨɞɧɵɯ ɮɭɧɤɰɢɣ, ɚ ɢɦɟɧɧɨ: 

 ɱɢɫɥɨɜɨɣ ɦɧɨɠɢɬɟɥɶ ɦɨɠɧɨ ɜɵɧɨɫɢɬɶ ɡɚ ɡɧɚɤ ɩɪɨɢɡɜɨɞɧɨɣ; 
 ɩɪɨɢɡɜɨɞɧɚɹ ɫɭɦɦɵ ɦɧɨɝɨɱɥɟɧɨɜ ɪɚɜɧɚ ɫɭɦɦɟ ɢɯ ɩɪɨɢɡɜɨɞɧɵɯ; 
 ɩɪɨɢɡɜɨɞɧɚɹ ɩɪɨɢɡɜɟɞɟɧɢɹ ɞɜɭɯ ɦɧɨɝɨɱɥɟɧɨɜ ɧɚɯɨɞɢɬɫɹ ɩɨ ɮɨɪɦɭɥɟ: (f(x)g(x))’ = 
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f’(x)g(x) + g’(x)f(x). 
ɈɉɊȿȾȿɅȿɇɂȿ. ɉɪɨɢɡɜɨɞɧɚɹ ɨɬ ɩɪɨɢɡɜɨɞɧɨɣ ɦɧɨɝɨɱɥɟɧɚ f(x) ɧɚɡɵɜɚɟɬɫɹ ɟɝɨ 

ɜɬɨɪɨɣ ɩɪɨɢɡɜɨɞɧɨɣ ɢ ɨɛɨɡɧɚɱɚɟɬɫɹ ɤɚɤ f”(x). 

Ⱥɧɚɥɨɝɢɱɧɨ ɨɩɪɟɞɟɥɹɟɬɫɹ ɢ ɩɪɨɢɡɜɨɞɧɚɹ k – ɝɨ ɩɨɪɹɞɤɚ f )(k (x). 
ɇɚɣɬɢ ɪɚɡɥɨɠɟɧɢɟ ɦɧɨɝɨɱɥɟɧɚ f(x) ɜ ɩɪɨɢɡɜɟɞɟɧɢɟ ɧɟɩɪɢɜɨɞɢɦɵɯ ɧɚɞ ɩɨɥɟɦ Ɋ 

ɦɧɨɠɢɬɟɥɟɣ ɜ ɨɛɳɟɦ ɫɥɭɱɚɟ ɧɟ ɬɚɤ ɩɪɨɫɬɨ, ɤɚɤ ɪɚɡɥɨɠɟɧɢɟ ɰɟɥɨɝɨ ɱɢɫɥɚ ɧɚ ɩɪɨɫɬɵɟ 
ɦɧɨɠɢɬɟɥɢ. ȼ ɷɬɨɦ ɫɭɳɟɫɬɜɟɧɧɭɸ ɩɨɦɨɳɶ ɦɨɠɟɬ ɨɤɚɡɚɬɶ ɜɜɟɞɟɧɧɨɟ ɩɨɧɹɬɢɟ ɩɪɨɢɡɜɨɞɧɨɣ. 

ɌȿɈɊȿɆȺ. ɉɭɫɬɶ Ɋ – ɩɨɥɟ ɧɭɥɟɜɨɣ ɯɚɪɚɤɬɟɪɢɫɬɢɤɢ, ɪ(ɯ) – ɧɟɩɪɢɜɨɞɢɦɵɣ ɞɟɥɢɬɟɥɶ 
ɦɧɨɝɨɱɥɟɧɚ f(x) ɧɚɞ Ɋ ɤɪɚɬɧɨɫɬɢ k. ȼ ɷɬɨɦ ɫɥɭɱɚɟ ɪ(ɯ) ɛɭɞɟɬ ɧɟɩɪɢɜɨɞɢɦɵɦ ɞɟɥɢɬɟɥɟɦ 
ɩɪɨɢɡɜɨɞɧɨɣ ɦɧɨɝɨɱɥɟɧɚ f(x) ɤɪɚɬɧɨɫɬɢ (k – 1).  

ȼ ɱɚɫɬɧɨɫɬɢ, ɟɫɥɢ k = 1, ɬɨ f’(x) ɧɟ ɞɟɥɢɬɫɹ ɧɚ ɪ(ɯ). 
ɋɅȿȾɋɌȼɂȿ. ȿɫɥɢ ɯ 0  - ɤɨɪɟɧɶ ɤɪɚɬɧɨɫɬɢ k ɦɧɨɝɨɱɥɟɧɚ f(x), ɬɨ ɨɧ ɛɭɞɟɬ ɤɨɪɧɟɦ 

ɤɪɚɬɧɨɫɬɢ (k – 1) ɞɥɹ ɟɝɨ ɩɪɨɢɡɜɨɞɧɨɣ. 
Ɋɟɲɢɦ ɡɚɞɚɱɭ ɪɚɡɥɨɠɟɧɢɹ ɦɧɨɝɨɱɥɟɧɚ f(x) ɧɚ ɧɟɩɪɢɜɨɞɢɦɵɟ ɦɧɨɠɢɬɟɥɢ ɫ ɩɨɦɨɳɶɸ 

ɩɨɫɥɟɞɧɟɣ ɬɟɨɪɟɦɵ. 
ɉɭɫɬɶ ɪɚɡɥɨɠɟɧɢɟ f(x) ɧɚɞ ɩɨɥɟɦ Ɋ ɢɦɟɟɬ ɜɢɞ (10). Ɍɨɝɞɚ ɦɧɨɝɨɱɥɟɧɵ 

)(),...,(),( 21 xpxpxp m  ɹɜɥɹɸɬɫɹ ɧɟɩɪɢɜɨɞɢɦɵɦɢ ɞɟɥɢɬɟɥɹɦɢ ɩɪɨɢɡɜɨɞɧɨɣ f’(x) ɤɪɚɬɧɨɫɬɢ 
k 1  -1, k 2 - 1,…, k ü  - 1 ɫɨɨɬɜɟɬɫɬɜɟɧɧɨ. 

Ɉɬɫɸɞɚ ɫɥɟɞɭɟɬ, ɱɬɨ d(x) = ɇɈȾ (f(x), f’(x)) ɢɦɟɟɬ ɜɢɞ: 
d(x)= )(...)( 11

1
1 xpxpb mk

m

k   ,( b  0  P).  (13) 

ɉɨɥɭɱɢɥɢ, ɱɬɨ ɧɟɩɪɢɜɨɞɢɦɵɟ ɦɧɨɠɢɬɟɥɢ d(x) = ɇɈȾ (f(x), f’(x)) – ɷɬɨ ɜ ɬɨɱɧɨɫɬɢ 
ɤɪɚɬɧɵɟ ɧɟɩɪɢɜɨɞɢɦɵɟ ɦɧɨɠɢɬɟɥɢ f(x). Ⱦɥɹ ɧɚɯɨɠɞɟɧɢɹ d(x) ɦɨɠɧɨ ɢɫɩɨɥɶɡɨɜɚɬɶ 
ɚɥɝɨɪɢɬɦ ȿɜɤɥɢɞɚ. 

ɉɪɨɰɟɞɭɪɚ ɨɬɵɫɤɚɧɢɹ ɇɈȾ (f(x), f’(x)) ɩɨɥɭɱɢɥɚ ɧɚɡɜɚɧɢɟ ɨɬɞɟɥɟɧɢɹ ɤɪɚɬɧɵɯ 
ɧɟɩɪɢɜɨɞɢɦɵɯ ɦɧɨɠɢɬɟɥɟɣ ɦɧɨɝɨɱɥɟɧɚ f(x). 

 
Ɍɟɦɚ. Ɇɧɨɝɨɱɥɟɧɵ ɨɬ ɧɟɫɤɨɥɶɤɢɯ ɩɟɪɟɦɟɧɧɵɯ 

ɉɥɚɧ 

1. ɉɨɫɬɪɨɟɧɢɟ ɤɨɥɶɰɚ ɦɧɨɝɨɱɥɟɧɨɜ ɨɬ ɧɟɫɤɨɥɶɤɢɯ ɩɟɪɟɦɟɧɧɵɯ ɧɚɞ ɨɛɥɚɫɬɶɸ 
ɰɟɥɨɫɬɧɨɫɬɢ. ɋɬɟɩɟɧɶ ɦɧɨɝɨɱɥɟɧɚ ɨɬ ɧɟɫɤɨɥɶɤɢɯ ɩɟɪɟɦɟɧɧɵɯ. 

2. ɋɢɦɦɟɬɪɢɱɟɫɤɢɟ ɦɧɨɝɨɱɥɟɧɵ ɨɬ ɧɟɫɤɨɥɶɤɢɯ ɩɟɪɟɦɟɧɧɵɯ ɢ ɢɯ ɫɜɨɣɫɬɜɚ. 
3. Ɉɫɧɨɜɧɚɹ ɬɟɨɪɟɦɚ ɨ ɫɢɦɦɟɬɪɢɱɟɫɤɢɯ ɦɧɨɝɨɱɥɟɧɚɯ. 
1. ɉɨɫɬɪɨɟɧɢɟ ɤɨɥɶɰɚ ɦɧɨɝɨɱɥɟɧɨɜ ɨɬ ɧɟɫɤɨɥɶɤɢɯ ɩɟɪɟɦɟɧɧɵɯ ɧɚɞ 

ɨɛɥɚɫɬɶɸ ɰɟɥɨɫɬɧɨɫɬɢ. ɋɬɟɩɟɧɶ ɦɧɨɝɨɱɥɟɧɚ ɨɬ ɧɟɫɤɨɥɶɤɢɯ ɩɟɪɟɦɟɧɧɵɯ. 
ɈɉɊȿȾȿɅȿɇɂȿ 

Ɉɞɧɨɱɥɟɧɨɦ ɨɬ  n  ɩɟɪɟɦɟɧɧɵɯ  nxxx ,...,, 21   ɧɚɞ ɩɨɥɟɦ  Ɋ  ɧɚɡɵɜɚɟɬɫɹ 

ɩɪɨɢɡɜɟɞɟɧɢɟ ɜɢɞɚ:  nk

n

kk
xxxa ...21

21 , ɝɞɟ  ɚ  Ɋ – ɤɨɷɮɮɢɰɢɟɧɬ ɨɞɧɨɱɥɟɧɚ, nkkk ,...,, 21   N    

(1). 
ɈɉɊȿȾȿɅȿɇɂȿ 

Ɇɧɨɝɨɱɥɟɧɨɦ ɨɬ n  ɩɟɪɟɦɟɧɧɵɯ  nxxx ,...,, 21   ɧɚɞ ɩɨɥɟɦ  Ɋ  ɧɚɡɵɜɚɟɬɫɹ ɮɨɪɦɚɥɶɧɚɹ 
ɫɭɦɦɚ ɨɞɧɨɱɥɟɧɨɜ ɜɢɞɚ  (1): 

f( nxxx ,...,, 21 ) =  
i

k

n

kk

i
nxxxa ...21

21 ,          (2) 

ɝɞɟ ɫɭɦɦɢɪɨɜɚɧɢɟ ɢɞɟɬ ɩɨ ɜɫɟɦ ɪɚɡɥɢɱɧɵɦ ɨɞɧɨɱɥɟɧɚɦ (ɤɨɬɨɪɵɟ ɧɟ ɹɜɥɹɸɬɫɹ 
ɩɨɞɨɛɧɵɦɢ ɫɥɚɝɚɟɦɵɦɢ). 

ɉɊɂɆȿɊ 1 f( 2
3
1

3
3

2
2

2
13

3
2321 32),, xxxxxxxxxx   

ɇɚ ɦɧɨɠɟɫɬɜɟ ɜɫɟɯ ɦɧɨɝɨɱɥɟɧɨɜ ɨɬ n  ɩɟɪɟɦɟɧɧɵɯ  nxxx ,...,, 21   ɧɚɞ ɩɨɥɟɦ  Ɋ  
ɦɨɠɧɨ ɡɚɞɚɬɶ ɟɫɬɟɫɬɜɟɧɧɵɦ ɨɛɪɚɡɨɦ ɨɩɟɪɚɰɢɢ ɫɥɨɠɟɧɢɹ ɢ ɭɦɧɨɠɟɧɢɹ ɦɧɨɝɨɱɥɟɧɨɜ ɩɨ 
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ɚɧɚɥɨɝɢɢ ɫ ɫɨɨɬɜɟɬɫɬɜɭɸɳɢɦɢ ɨɩɟɪɚɰɢɹɦɢ ɧɚ ɦɧɨɠɟɫɬɜɟ ɜɫɟɯ ɦɧɨɝɨɱɥɟɧɨɜ ɨɬ ɨɞɧɨɣ 
ɩɟɪɟɦɟɧɧɨɣ. 

ɇɟɬɪɭɞɧɨ ɩɪɨɜɟɪɢɬɶ, ɱɬɨ ɜɫɟ ɫɜɨɣɫɬɜɚ ɨɩɟɪɚɰɢɣ ɫɥɨɠɟɧɢɹ ɢ ɭɦɧɨɠɟɧɢɹ 
ɦɧɨɝɨɱɥɟɧɨɜ, ɤɨɬɨɪɵɟ ɜɵɩɨɥɧɹɸɬɫɹ ɞɥɹ ɦɧɨɝɨɱɥɟɧɨɜ ɨɬ ɨɞɧɨɣ ɩɟɪɟɦɟɧɧɨɣ, ɜɵɩɨɥɧɹɸɬɫɹ 
ɢ ɞɥɹ ɦɧɨɝɨɱɥɟɧɨɜ ɨɬ  ɧɟɫɤɨɥɶɤɢɯ ɩɟɪɟɦɟɧɧɵɯ. ɋɥɟɞɨɜɚɬɟɥɶɧɨ, ɦɵ ɢɦɟɟɦ ɩɪɚɜɨ ɝɨɜɨɪɢɬɶ 
ɨ ɤɨɥɶɰɟ ɦɧɨɝɨɱɥɟɧɨɜ ɨɬ  n  ɩɟɪɟɦɟɧɧɵɯ  nxxx ,...,, 21   ɧɚɞ ɩɨɥɟɦ  Ɋ, ɤɨɬɨɪɨɟ ɩɪɢɧɹɬɨ 

ɨɛɨɡɧɚɱɚɬɶ ɤɚɤ: Ɋ[ nxxx ,...,, 21 ]. 

ɉɨɧɹɬɢɟ ɫɬɟɩɟɧɢ ɦɧɨɝɨɱɥɟɧɚ ɨɬ ɧɟɫɤɨɥɶɤɢɯ ɩɟɪɟɦɟɧɧɵɯ ɫɥɨɠɧɟɟ, ɱɟɦ ɜ ɫɥɭɱɚɟ 
ɨɞɧɨɣ ɩɟɪɟɦɟɧɧɨɣ. ȼ ɦɧɨɝɨɱɥɟɧɟ ɢɡ ɩɪɢɦɟɪɚ 1, ɩɟɪɜɵɣ ɢ ɩɨɫɥɟɞɧɢɣ ɨɞɧɨɱɥɟɧɵ ɢɦɟɸɬ ɩɨ 
ɫɨɜɨɤɭɩɧɨɫɬɢ ɩɟɪɟɦɟɧɧɵɯ ɨɞɢɧɚɤɨɜɭɸ ɫɬɟɩɟɧɶ. ɉɨɷɬɨɦɭ ɜɜɨɞɹɬɫɹ ɫɥɟɞɭɸɳɢɟ ɩɨɧɹɬɢɹ. 

ɈɉɊȿȾȿɅȿɇɂȿ 

ɋɬɟɩɟɧɶɸ ɧɟɧɭɥɟɜɨɝɨ ɨɞɧɨɱɥɟɧɚ  (1)  ɦɧɨɝɨɱɥɟɧɚ  f( nxxx ,...,, 21 )  ɩɨ ɫɨɜɨɤɭɩɧɨɫɬɢ 
ɩɟɪɟɦɟɧɧɵɯ ɧɚɡɵɜɚɟɬɫɹ ɱɢɫɥɨ  nkkk  ...21 , ɪɚɜɧɨɟ ɫɭɦɟ ɩɨɤɚɡɚɬɟɥɟɣ ɫɬɟɩɟɧɧɟɣ, ɫ 

ɤɨɬɨɪɵɦɢ ɩɟɪɟɦɟɧɧɵɟ nxxx ,...,, 21   ɜɯɨɞɹɬ ɜ ɩɪɨɢɡɜɟɞɟɧɢɟ  (1). 

ɋɬɟɩɟɧɶɸ ɧɟɧɭɥɟɜɨɝɨ ɦɧɨɝɨɱɥɟɧɚ  f( nxxx ,...,, 21 )  ɩɨ ɫɨɜɨɤɭɩɧɨɫɬɢ ɩɟɪɟɦɟɧɧɵɯ 

ɧɚɡɵɜɚɟɬɫɹ  ɦɚɤɫɢɦɚɥɶɧɚɹ ɢɡ ɫɬɟɩɟɧɟɣ ɟɝɨ ɱɥɟɧɨɜ. 
ɋɬɟɩɟɧɶɸ ɧɟɧɭɥɟɜɨɝɨ ɦɧɨɝɨɱɥɟɧɚ  f( nxxx ,...,, 21 )  ɩɨ ɩɟɪɟɦɟɧɧɨɣ  ɯ i   ɧɚɡɵɜɚɟɬɫɹ 

ɦɚɤɫɢɦɚɥɶɧɚɹ ɢɡ ɫɬɟɩɟɧɟɣ, ɫ ɤɨɬɨɪɨɣ ɞɚɧɧɚɹ ɩɟɪɟɦɟɧɧɚɹ ɜɨɞɢɬ ɜ ɤɚɤɨɣ-ɥɢɛɨ ɢɡ 
ɨɞɧɨɱɥɟɧɨɜ ɦɧɨɝɨɱɥɟɧɚ  f( nxxx ,...,, 21 ). 

ɉɊɂɆȿɊ 2. Ⱦɥɹ ɦɧɨɝɨɱɥɟɧɚ  f( 2
3
1

3
3

2
2

2
13

3
2321 32),, xxxxxxxxxx    ɢɡ ɩɪɢɦɟɪɚ 1: 

 ɫɬɟɩɟɧɶ ɩɨ ɩɟɪɟɦɟɧɧɨɣ  1x   ɪɚɜɧɚ  3, ɩɨ ɩɟɪɟɦɟɧɧɨɣ  2x  ɪɚɜɧɚ  3, ɩɨ 
ɩɟɪɟɦɟɧɧɨɣ  3x  - ɬɚɤɠɟ  3; 

 ɫɬɟɩɟɧɶ ɷɬɨɝɨ ɦɧɨɝɨɱɥɟɧɚ ɩɨ ɫɨɜɨɤɭɩɧɨɫɬɢ ɩɟɪɟɦɟɧɧɵɯ ɪɚɜɧɚ  7. 
ɈɉɊȿȾȿɅȿɇɂȿ 
Ɇɧɨɝɨɱɥɟɧ ɧɚɡɵɜɚɟɬɫɹ ɨɞɧɨɪɨɞɧɵɦ ɩɨ ɫɬɟɩɟɧɢ  m, ɟɫɥɢ ɜɫɟ ɟɝɨ ɨɞɧɨɱɥɟɧɵ ɢɦɟɸɬ 

ɫɬɟɩɟɧɶ, ɪɚɜɧɭɸ  m. 

Ɍɟ ɱɥɟɧɵ ɦɧɨɝɨɱɥɟɧɚ  f( nxxx ,...,, 21 ), ɤɨɬɨɪɵɟ ɢɦɟɸɬ ɨɞɢɧɚɤɨɜɵɟ ɫɬɟɩɟɧɢ ɩɨ 
ɫɨɜɨɤɭɩɧɨɫɬɢ ɩɟɪɟɦɟɧɧɵɯ, ɧɚɡɵɜɚɸɬɫɹ ɟɝɨ ɨɞɧɨɪɨɞɧɵɦɢ ɤɨɦɩɨɧɟɧɬɚɦɢ. 

ɍɠɟ ɢɡ ɷɬɨɝɨ ɨɩɪɟɞɟɥɟɧɢɹ ɜɢɞɧɨ, ɱɬɨ ɨɩɪɟɞɟɥɢɬɶ ɫɬɟɩɟɧɶ ɦɧɨɝɨɱɥɟɧɚ ɨɬ n  
ɩɟɪɟɦɟɧɧɵɯ ɤɚɤ ɦɚɤɫɢɦɚɥɶɧɭɸ ɢɡ ɫɬɟɩɟɧɟɣ ɟɝɨ ɨɞɧɨɱɥɟɧɨɜ, ɧɟɥɶɡɹ, ɩɨɫɤɨɥɶɤɭ ɬɚɤɢɯ 
ɨɞɧɨɱɥɟɧɨɜ ɦɨɠɟɬ ɛɵɬɶ ɧɟɫɤɨɥɶɤɨ. 

ɑɬɨɛɵ ɨɩɪɟɞɟɥɢɬɶ ɫɬɟɩɟɧɶ ɦɧɨɝɨɱɥɟɧɚ ɨɬ ɧɟɫɤɨɥɶɤɢɯ ɩɟɪɟɦɟɧɧɵɯ, ɜɜɨɞɹɬ ɩɨɧɹɬɢɟ 
ɥɟɤɫɢɤɨɝɪɚɮɢɱɟɫɤɨɝɨ ɭɩɨɪɹɞɨɱɟɧɢɹ ɧɟɧɭɥɟɜɵɯ ɨɞɧɨɱɥɟɧɨɜ. 

ɈɉɊȿȾȿɅȿɇɂȿ. Ɉɞɧɨɱɥɟɧ u = 
nk

n

kk
xxxa ...21

21  ɫɱɢɬɚɟɬɫɹ ɫɬɚɪɲɟ ɨɞɧɨɱɥɟɧɚ  v = 

nm

n

mm
xxxb ...21

21  ɜ ɫɦɵɫɥɟ ɥɟɤɫɢɤɨɝɪɚɮɢɱɟɫɤɨɝɨ ɩɨɪɹɞɤɚ, ɟɫɥɢ ɧɚɣɞɟɬɫɹ ɬɚɤɨɣ ɢɧɞɟɤɫ  i  {1, 

2, …,n}, ɱɬɨ: iiii mkɧɨmkmk   ......,,..., 1111 . 

ȼ ɷɬɨɦ ɫɥɭɱɚɟ ɩɢɲɭɬ:    vu  . 
ɉɊɂɆȿɊ 3 
Ɋɚɫɩɨɥɨɠɢɬɶ ɨɞɧɨɱɥɟɧɵ ɦɧɨɝɨɱɥɟɧɚ 

2
3232

2
21321

4
2321 23),,( xxxxxxxxxxxxxf   

ɜ ɩɨɪɹɞɤɟ ɥɟɤɫɢɤɨɝɪɚɮɢɱɟɫɤɨɝɨ ɭɛɵɜɚɧɢɹ: 

32
2
32

4
2321

2
21321 23),,( xxxxxxxxxxxxxf  . 

ɈɉɊȿȾȿɅȿɇɂȿ. Ɉɞɧɨɱɥɟɧ ɦɧɨɝɨɱɥɟɧɚ ɨɬ ɧɟɫɤɨɥɶɤɢɯ ɩɟɪɟɦɟɧɧɵɯ, ɤɨɬɨɪɵɣ ɫɬɚɪɲɟ 



47 

ɜɫɟɯ ɨɫɬɚɥɶɧɵɯ ɟɝɨ ɨɞɧɨɱɥɟɧɨɜ ɜ ɫɦɵɫɥɟ ɥɟɤɫɢɤɨɝɪɚɮɢɱɟɫɤɨɝɨ ɩɨɪɹɞɤɚ, ɧɚɡɵɜɚɟɬɫɹ 
ɫɬɚɪɲɢɦ ɱɥɟɧɨɦ ɦɧɨɝɨɱɥɟɧɚ f( nxxx ,...,, 21 ). 

ɁȺɆȿɑȺɇɂə 
1. Ɉɱɟɜɢɞɧɨ, ɱɬɨ ɨɬɧɨɲɟɧɢɟ ɥɟɤɫɢɤɨɝɪɚɮɢɱɟɫɤɨɝɨ ɩɨɪɹɞɤɚ ɪɟɮɥɟɤɫɢɜɧɨ, 

ɫɢɦɦɟɬɪɢɱɧɨ ɢ ɬɪɚɧɡɢɬɢɜɧɨ, ɬɨ ɟɫɬɶ ɹɜɥɹɟɬɫɹ ɨɬɧɨɲɟɧɢɟɦ ɷɤɜɢɜɚɥɟɧɬɧɨɫɬɢ. 
2. ȿɫɥɢ  vu   ɢ  w – ɧɟɧɭɥɟɜɨɣ ɨɞɧɨɱɥɟɧ, ɬɨ  uw   vw. 

3. ȿɫɥɢ  vu    ɢ  w   t, ɬɨ  uw   vt. 
ɂɡ ɫɜɨɣɫɬɜ ɨɬɧɨɲɟɧɢɹ ɥɟɤɫɢɤɨɝɪɚɮɢɱɟɫɤɨɝɨ ɩɨɪɹɞɤɚ, ɩɪɢɜɟɞɟɧɧɵɯ ɜ ɡɚɦɟɱɚɧɢɢ  

ɫɥɟɞɭɟɬ ɫɩɪɚɜɟɞɥɢɜɨɫɬɶ ɫɥɟɞɭɸɳɢɯ ɬɟɨɪɟɦ. 
ɌȿɈɊȿɆȺ 1 
ɋɬɚɪɲɢɣ ɱɥɟɧ ɩɪɨɢɡɜɟɞɟɧɢɹ ɞɜɭɯ ɧɟɧɭɥɟɜɵɯ ɦɧɨɝɨɱɥɟɧɨɜ ɨɬ  n  ɩɟɪɟɦɟɧɧɵɯ  ɧɚɞ 

ɩɨɥɟɦ  Ɋ  ɪɚɜɟɧ ɩɪɨɢɡɜɟɞɟɧɢɸ ɢɯ ɫɬɚɪɲɢɯ ɱɥɟɧɨɜ. 
ɌȿɈɊȿɆȺ 2 
Ʉɨɥɶɰɨ ɦɧɨɝɨɱɥɟɧɨɜ ɨɬ  n  ɩɟɪɟɦɟɧɧɵɯ  ɧɚɞ ɩɨɥɟɦ  Ɋ  ɹɜɥɹɟɬɫɹ ɨɛɥɚɫɬɶɸ 

ɰɟɥɨɫɬɧɨɫɬɢ. 
 
2. ɋɢɦɦɟɬɪɢɱɟɫɤɢɟ ɦɧɨɝɨɱɥɟɧɵ ɨɬ ɧɟɫɤɨɥɶɤɢɯ ɩɟɪɟɦɟɧɧɵɯ ɢ ɢɯ ɫɜɨɣɫɬɜɚ 
ɈɉɊȿȾȿɅȿɇɂȿ. Ɇɧɨɝɨɱɥɟɧ f (ɯ,ɭ) ɧɚɡɵɜɚɸɬ ɫɢɦɦɟɬɪɢɱɟɫɤɢɦ, ɟɫɥɢ ɨɧ ɧɟ 

ɢɡɦɟɧɹɟɬɫɹ ɩɪɢ ɡɚɦɟɧɟ x ɧɚ  y,ɚ y ɧɚ x. 

Ɇɧɨɝɨɱɥɟɧ 
22

xyyx  - ɫɢɦɦɟɬɪɢɱɟɫɤɢɣ. ɇɚɩɪɨɬɢɜ ɦɧɨɝɨɱɥɟɧ 
23 3yx  ɧɟ ɹɜɥɹɟɬɫɹ 

ɫɢɦɦɟɬɪɢɱɟɫɤɢɦ: ɩɪɢ ɡɚɦɟɧɟ x ɧɚ y , ɚ y  ɧɚ x  ɨɧ ɩɪɟɜɪɚɳɚɟɬɫɹ ɜ ɦɧɨɝɨɱɥɟɧ
23 3xy  , 

ɤɨɬɨɪɵɣ ɧɟ ɫɨɜɩɚɞɚɟɬ ɫ ɩɟɪɜɨɧɚɱɚɥɶɧɵɦ. 
ɉɪɢɜɟɞɟɦ ɩɪɢɦɟɪɵ ɫɢɦɦɟɬɪɢɱɟɫɤɢɯ ɦɧɨɝɨɱɥɟɧɨɜ. Ʉɚɤ ɢɡɜɟɫɬɧɨ ɢɡ ɚɪɢɮɦɟɬɢɤɢ, 

ɫɭɦɦɚ ɞɜɭɯ ɱɢɫɟɥ ɧɟ ɦɟɧɹɟɬɫɹ ɩɪɢ ɩɟɪɟɫɬɚɧɨɜɤɟ ɫɥɚɝɚɟɦɵɯ, ɬ.ɟ. 
xyyx   ɞɥɹ ɥɸɛɵɯ ɱɢɫɟɥ x   ɢ y . Эɬɨ ɪɚɜɟɧɫɬɜɨ ɩɨɤɚɡɵɜɚɟɬ, ɱɬɨ ɦɧɨɝɨɱɥɟɧ 

yx   ɹɜɥɹɟɬɫɹ ɫɢɦɦɟɬɪɢɱɟɫɤɢɦ. 
Ɍɨɱɧɨ ɬɚɤ ɠɟ ɢɡ ɡɚɤɨɧɚ ɤɨɦɦɭɬɚɬɢɜɧɨɫɬɢ ɭɦɧɨɠɟɧɢɹ  yxxy   

ɋɥɟɞɭɟɬ, ɱɬɨ ɩɪɨɢɡɜɟɞɟɧɢɟ xy  ɹɜɥɹɟɬɫɹ ɫɢɦɦɟɬɪɢɱɟɫɤɢɦ ɦɧɨɝɨɱɥɟɧɨɦ. 
Ɋɚɫɫɦɨɬɪɟɧɧɵɟ ɩɪɢɦɟɪɵ ɫɢɦɦɟɬɪɢɱɟɫɤɢɯ ɦɧɨɝɨɱɥɟɧɨɜ ɹɜɥɹɸɬɫɹ ɫɚɦɵɦɢ 

ɩɪɨɫɬɵɦɢ. ɂɯ ɧɚɡɵɜɚɸɬ ɷɥɟɦɟɧɬɚɪɧɵɦɢ ɫɢɦɦɟɬɪɢɱɟɫɤɢɦɢ ɦɧɨɝɨɱɥɟɧɚɦɢ ɨɬ x ɢ y . Ⱦɥɹ 
ɧɢɯ ɢɫɩɨɥɶɡɭɟɬɫɹ ɫɩɟɰɢɚɥɶɧɨɟ ɨɛɨɡɧɚɱɟɧɢɟ: 

yx 1 , xy2  

Ʉɪɨɦɟ 1 ɢ 2 ,ɱɚɫɬɨ ɜɫɬɪɟɱɚɬɸɫɹ ɬɚɤ ɧɚɡɵɜɚɟɦɵɟ ɫɬɟɩɟɧɧɵɟ ɫɭɦɦɵ, ɬ.ɟ. 

ɦɧɨɝɨɱɥɟɧɵ ,....,...,, 3322 nn
yxyxyx  ɉɪɢɧɹɬɨ ɨɛɨɡɧɚɱɚɬɶ ɦɧɨɝɨɱɥɟɧ 

nn
yx   ɱɟɪɟɡ ns

. 
Ɍɚɤɢɦ  ɨɛɪɚɡɨɦ, 

                                                         yxs 1 , 

,22
2 yxs   

,33
3 yxs 

 
44

4 yxs  , 
……………. 
ɋɭɳɟɫɬɜɭɟɬ ɩɪɨɫɬɨɣ ɩɪɢɟɦ, ɩɨɡɜɨɥɹɸɳɢɣ ɩɨɥɭɱɚɬɶ ɫɢɦɦɟɬɪɢɱɟɫɤɢɟ 

ɦɧɨɝɨɱɥɟɧɵ. ȼɨɡɶɦɟɦ ɥɸɛɨɣ (ɜɨɨɛɳɟ ɝɨɜɨɪɹ, ɧɟ ɫɢɦɦɟɬɪɢɱɟɫɤɢɣ) ɦɧɨɝɨɱɥɟɧ ɨɬ  1 ɢ 
 2 ɢ ɩɨɞɫɬɚɜɢɦ ɜ ɧɟɝɨ ɜɦɟɫɬɨ  1 ɢ  2  ɢɯ ɜɵɪɚɠɟɧɢɹ ɱɟɪɟɡ x ɢ ɭ. əɫɧɨ, ɱɬɨ ɩɪɢ ɷɬɨɦ 
ɦɵ ɩɨɥɭɱɢɦ ɫɢɦɦɟɬɪɢɱɟɫɤɢɣ ɦɧɨɝɨɱɥɟɧ ɨɬ x ɢ  ɭ 

ȿɫɥɢ ɜɡɹɬɶ ɥɸɛɨɣ ɦɧɨɝɨɱɥɟɧ ɨɬ  1 ɢ  2 ɢ ɩɨɞɫɬɚɜɢɬɶ ɜ ɧɟɝɨ ɜɦɟɫɬɨ 1  ɢ  2  
ɢɯ ɜɵɪɚɠɟɧɢɟ  1 = ɯ+ɭ,  2=ɯɭ, ɬɨ ɩɨɥɭɱɢɬɫɹ ɫɢɦɦɟɬɪɢɱɟɫɤɢɣ ɦɧɨɝɨɱɥɟɧ f (ɯ, ɭ).  
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ɌȿɈɊȿɆȺ. Ʌɸɛɨɣ ɫɢɦɦɟɬɪɢɱɟɫɤɢɣ ɦɧɨɝɨɱɥɟɧ ɨɬ x ɢ y ɦɨɠɧɨ ɩɪɟɞɫɬɚɜɢɬɶ ɜ ɜɢɞɟ 

ɦɧɨɝɨɱɥɟɧɚ ɨɬ  1=ɯ + y  ɢ  2 =xy.  
Ⱦɨɤɚɡɚɬɟɥɶɫɬɜɨ: ɋɧɚɱɚɥɚ  ɞɨɤɚɠɟɦ ɬɟɨɪɟɦɭ ɧɟ ɞɥɹ ɥɸɛɵɯ ɫɢɦɦɟɬɪɢɱɟɫɤɢɯ 

ɦɧɨɝɨɱɥɟɧɨɜ, ɚ ɥɢɲɶ ɞɥɹ ɫɬɟɩɟɧɧɵɯ ɫɭɦɦ. ɂɧɵɦɢ ɫɥɨɜɚɦɢ, ɦɵ ɭɫɬɚɧɨɜɢɦ, ɱɬɨ ɤɚɠɞɭɸ 

ɫɬɟɩɟɧɧɭɸ ɫɭɦɦɭ sn=xn+yn ɦɨɠɧɨ ɩɪɟɞɫɬɚɜɢɬɶ  ɜ  ɜɢɞɟ ɦɧɨɝɨɱɥɟɧɚ ɨɬ 1 ɢ 2 .  
ɋ ɷɬɨɣ ɰɟɥɶɸ ɭɦɧɨɠɢɦ ɨɛɟ ɱɚɫɬɢ ɪɚɜɟɧɫɬɜɚ 
sk-1= ɯk-1 + ɭɤ-1 ɧɚ  1= x+y. 
 ɉɨɥɭɱɢɦ:  
 1sk-1=(ɯ+ y)(ɯɤ-1+yɤ-1)=ɯɤ+ ɯyk-1+x ɤ-1ɭ+ɭk= ɯɤ + yk + ɯɭ (ɯk-2 + ɭk-2) = 
   = sk +  k+ 2sk-2 
Ɍɚɤɢɦ ɨɛɪɚɡɨɦ,  
sk= 1sk-1- 2sk-2   (1) 
Ⱦɨɤɚɠɟɦ ɪɚɜɟɧɫɬɜɨ (1) ɦɟɬɨɞɨɦ ɦɚɬɟɦɚɬɢɱɟɫɤɨɣ ɢɧɞɭɤɰɢɢ. 
ɉɪɢ ɤ=1 s1=x+y= 1  ɮɨɪɦɭɥɚ ɜɟɪɧɚ. ɉɪɟɞɩɨɥɨɠɢɦ, ɱɬɨ ɨɧɚ ɜɟɪɧɚ ɩɪɢ k=n-1 ɬ.ɟ.  

sn ɜɵɪɚɠɚɟɬɫɹ ɱɟɪɟɡ  1 ɢ 2 , ɩɪɨɜɟɪɢɦ ɜɵɩɨɥɧɢɦɨɫɬɶ ɮɨɪɦɭɥɵ ɩɪɢ k=n   sn= 1sn-1-

 2sn-2 , ɩɨ ɩɪɟɞɩɨɥɨɠɟɧɢɸ sn-1,sn-2  ɜɵɪɚɠɚɸɬɫɹ ɱɟɪɟɡ 1 ɢ 2 , ɫɥɟɞɨɜɚɬɟɥɶɧɨ ɢ  sn 

ɜɵɪɚɠɚɸɬɫɹ ɱɟɪɟɡ 1 ɢ 2 .ɍɫɥɨɜɢɹ ɬɟɨɪɟɦɵ ɦɚɬɟɦɚɬɢɱɟɫɤɨɣ  ɢɧɞɭɤɰɢɢ ɜɵɩɨɥɧɹɸɬɫɹ, 
ɡɧɚɱɢɬ sk= 1sk-1- 2sk-2   ɜɟɪɧɚ ɞɥɹ ɥɸɛɨɝɨ k. 

Ʌɸɛɨɣ ɫɢɦɦɟɬɪɢɱɟɫɤɢɣ ɦɧɨɝɨɱɥɟɧ ɨɬ ɯ ɢ y ɫɨɞɟɪɠɢɬ (ɩɨɫɥɟ ɩɪɢɜɟɞɟɧɢɹ 
ɩɨɞɨɛɧɵɯ ɱɥɟɧɨɜ) ɫɥɚɝɚɟɦɵɟ ɞɜɭɯ ɜɢɞɨɜ. 

ȼɨ-ɩɟɪɜɵɯ, ɦɨɝɭɬ ɜɫɬɪɟɱɚɬɶɫɹ ɨɞɧɨɱɥɟɧɵ, ɜ ɤɨɬɨɪɵɟ ɯ ɢ ɭ ɜɯɨɞɹɬ ɜ ɨɞɢɧɚɤɨɜɵɯ 
ɫɬɟɩɟɧɹɯ, ɬ.ɟ. ɨɞɧɨɱɥɟɧɵ ɜɢɞɚ ɚɯkɭk. əɫɧɨ, ɱɬɨ ɚɯkɭk = ɚ (ɯɭ)k= ɚ k2, ɬ. ɟ. ɨɞɧɨɱɥɟɧɵ 
ɷɬɨɝɨ ɜɢɞɚ ɧɟɩɨɫɪɟɞɫɬɜɟɧɧɨ ɜɵɪɚɠɚɸɬɫɹ ɱɟɪɟɡ 2 . 

ȼɨ-ɜɬɨɪɵɯ, ɦɨɝɭɬ ɜɫɬɪɟɬɢɬɶɫɹ ɨɞɧɨɱɥɟɧɵ, ɢɦɟɸɳɢɟ  ɪɚɡɧɵɟ ɫɬɟɩɟɧɢ 
ɨɬɧɨɫɢɬɟɥɶɧɨ ɯ ɢ ɭ, ɬ. ɟ, ɨɞɧɨɱɥɟɧɵ ɜɢɞɚ bɯkɭl, ɝɞɟ k.  l. əɫɧɨ, ɱɬɨ ɜɦɟɫɬɟ ɫ ɨɞɧɨɱɥɟɧɨɦ 
bɯkɭl  ɫɢɦɦɟɬɪɢɱɟɫɤɢɣ ɦɧɨɝɨɱɥɟɧ ɫɨɞɟɪɠɢɬ ɬɚɤɠɟ ɢ ɨɞɧɨɱɥɟɧ bɯlɭk ɩɨɥɭɱɚɟɦɵɣ ɢɡ 
bɯkɭl  ɩɟɪɟɫɬɚɧɨɜɤɨɣ ɛɭɤɜ ɯ ɢ ɭ. Ⱦɪɭɝɢɦɢ ɫɥɨɜɚɦɢ, ɜ ɫɢɦɦɟɬɪɢɱɟɫɤɢɣ ɦɧɨɝɨɱɥɟɧ ɜɯɨɞɢɬ 
ɞɜɭɱɥɟɧ ɜɢɞɚ b(ɯkɭl + ɯlɭk) 

ɉɪɟɞɩɨɥɚɝɚɹ ɞɥɹ ɨɩɪɟɞɟɥɟɧɧɨɫɬɢ lk, ɦɨɠɧɨ ɩɟɪɟɩɢɫɚɬɶ ɷɬɨɬ ɞɜɭɱɥɟɧ 
ɫɥɟɞɭɸɳɢɦ ɨɛɪɚɡɨɦ: b(ɯkɭl + ɯlɭk)=bxkyk(yl-k+xl-k)=b k2sl-k.. Ⱥ ɬ. ɤ. ɩɨ ɞɨɤɚɡɚɧɧɨɦɭ 
ɫɬɟɩɟɧɧɚɹ ɫɭɦɦɚ sl-k  ɩɪɟɞɫɬɚɜɥɹɟɬɫɹ ɜ ɜɢɞɟ ɦɧɨɝɨɱɥɟɧɚ ɨɬ 1  ɢ  2, ɬɨ ɢ 
ɪɚɫɫɦɚɬɪɢɜɚɟɦɵɣ ɞɜɭɱɥɟɧ ɜɵɪɚɠɚɟɬɫɹ ɱɟɪɟɡ   1  ɢ  2. 

ɂɬɚɤ, ɤɚɠɞɵɣ ɫɢɦɦɟɬɪɢɱɟɫɤɢɣ ɦɧɨɝɨɱɥɟɧ ɩɪɟɞɫɬɚɜɥɹɟɬɫɹ ɜ ɜɢɞɟ ɫɭɦɦɵ 

ɨɞɧɨɱɥɟɧɚ ɜɢɞɚ ɚɯkɭk ɢ ɞɜɭɱɥɟɧɚ ɜɢɞɚ  )( kllk
yxyxb  , ɤɚɠɞɵɣ ɢɡ ɤɨɬɨɪɵɯ ɜɵɪɚɠɚɟɬɫɹ 

ɱɟɪɟɡ  1  ɢ  2 . ɋɥɟɞɨɜɚɬɟɥɶɧɨ, ɥɸɛɨɣ ɫɢɦɦɟɬɪɢɱɟɫɤɢɣ ɦɧɨɝɨɱɥɟɧ ɩɪɟɞɫɬɚɜɥɹɟɬɫɹ ɜ 
ɜɢɞɟ ɦɧɨɝɨɱɥɟɧɚ ɨɬ  1  ɢ  2. Ɍɟɨɪɟɦɚ ɩɨɥɧɨɫɬɶɸ ɞɨɤɚɡɚɧɚ.[6, ɫ. 9-13] 

ɋɢɦɦɟɬɪɢɱɟɫɤɢɟ ɦɧɨɝɨɱɥɟɧɵ ɨɬ ɬɪɟɯ ɩɟɪɟɦɟɧɧɵɯ 
Ɇɵ ɪɚɫɫɦɨɬɪɟɥɢ ɫɢɦɦɟɬɪɢɱɟɫɤɢɟ ɦɧɨɝɨɱɥɟɧɵ ɨɬ ɞɜɭɯ ɩɟɪɟɦɟɧɧɵɯ ɯ, ɭ, ɬ. ɟ. 

ɦɧɨɝɨɱɥɟɧɵ, ɤɨɬɨɪɵɟ ɧɟ ɦɟɧɹɸɬɫɹ ɩɪɢ ɩɟɪɟɫɬɚɧɨɜɤɟ ɦɟɫɬɚɦɢ ɯ ɢ ɭ. ȼ ɦɧɨɝɨɱɥɟɧɟ ɨɬ 
ɬɪɟɯ ɩɟɪɟɦɟɧɧɵɯ ɯ, ɭ, z  ɬɚɤɢɯ ɩɟɪɟɫɬɚɧɨɜɨɤ ɦɨɠɧɨ ɫɞɟɥɚɬɶ ɧɟ ɨɞɧɭ, ɚ ɬɪɢ: ɦɨɠɧɨ 
ɩɨɦɟɧɹɬɶ ɦɟɫɬɚɦɢ ɯ ɢ ɭ ɢɥɢ ɯ ɢ z, ɢɥɢ, ɧɚɤɨɧɟɰ, ɭ ɢ z. 

ɈɉɊȿȾȿɅȿɇɂȿ. Ɇɧɨɝɨɱɥɟɧ f (ɯ, ɭ, z) ɧɚɡɵɜɚɟɬɫɹ  ɫɢɦɦɟɬɪɢɱɟɫɤɢɦ, ɟɫɥɢ ɩɪɢ 
ɥɸɛɨɣ ɩɟɪɟɫɬɚɧɨɜɤɟ ɩɟɪɟɦɟɧɧɵɯ ɨɧ ɨɫɬɚɟɬɫɹ ɧɟɢɡɦɟɧɧɵɦ [1, ɫ. 47]. 

ɍɫɥɨɜɢɟ ɫɢɦɦɟɬɪɢɱɧɨɫɬɢ ɦɧɨɝɨɱɥɟɧɚ f (ɯ, ɭ, z) ɡɚɩɢɫɵɜɚɟɬɫɹ ɫɥɟɞɭɸɳɢɦ 
ɨɛɪɚɡɨɦ:  

f (ɯ, ɭ, z)=f(ɭ, ɯ, z)=f(z, y, ɯ)=f(ɯ, z, ɭ). 
ɂɡ ɤɨɦɦɭɬɚɬɢɜɧɨɫɬɢ ɫɥɨɠɟɧɢɹ ɜɵɬɟɤɚɟɬ, ɱɬɨ ɫɢɦɦɟɬɪɢɱɧɵɦ ɹɜɥɹɟɬɫɹ ɦɧɨɝɨɱɥɟɧ 

x+y+z, ɚ ɢɡ ɤɨɦɦɭɬɚɬɢɜɧɨɫɬɢ ɭɦɧɨɠɟɧɢɹ ɫɥɟɞɭɟɬ ɫɢɦɦɟɬɪɢɱɧɨɫɬɶ ɦɧɨɝɨɱɥɟɧɚ xyz. 
ɋɢɦɦɟɬɪɢɱɧɵ ɢ  ɫɬɟɩɟɧɧɵɟ ɫɭɦɦɵ, ɬ. ɟ. ɦɧɨɝɨɱɥɟɧɵ, ɜɢɞɚ 
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kkk
k zyxs 

. 
ȼɨɬ ɟɳɟ ɩɪɢɦɟɪɵ  ɫɢɦɦɟɬɪɢɱɟɫɤɨɝɨ ɦɧɨɝɨɱɥɟɧɚ ɨɬ ɬɪɟɯ ɩɟɪɟɦɟɧɧɵɯ: 
ɯɭ +yz+xz, 

xyzzyx 3333  , 
),)()(( zyzxyx   

)()()( 444444
yxzzxyzyx   

ɇɚɩɪɨɬɢɜ, ɦɧɨɝɨɱɥɟɧ ɯ2z + ɭ2z  ɧɟ ɹɜɥɹɟɬɫɹ ɫɢɦɦɟɬɪɢɱɟɫɤɢɦ. ɉɪɚɜɞɚ, ɩɪɢ 
ɩɟɪɟɫɬɚɧɨɜɤɟ ɩɟɪɟɦɟɧɧɵɯ ɯ ɢ y ɨɧ ɧɟ ɦɟɧɹɟɬɫɹ: ɯ2z + ɭ2ɯ = ɭ2z + ɯ2z.ɇɨ ɩɟɪɟɫɬɚɧɨɜɤɚ 
ɩɟɪɟɦɟɧɧɵɯ x ɢ z ɦɟɧɹɟɬ ɜɢɞ ɷɬɨɝɨ ɦɧɨɝɨɱɥɟɧɚ – ɨɧ ɩɟɪɟɯɨɞɢɬ ɜ ɦɧɨɝɨɱɥɟɧ 

zyzxxyxz
2222   

ɇɚɢɛɨɥɟɟ ɩɪɨɫɬɵɦɢ ɹɜɥɹɸɬɫɹ ɫɢɦɦɟɬɪɢɱɟɫɤɢɟ ɦɧɨɝɨɱɥɟɧɵ  zyx  , 
yzxzxy  , xyz . 

 ɂɯ ɧɚɡɵɜɚɸɬ ɷɥɟɦɟɧɬɚɪɧɵɦɢ ɫɢɦɦɟɬɪɢɱɟɫɤɢɦɢ ɦɧɨɝɨɱɥɟɧɚɦɢ ɨɬ ɬɪɟɯ 

ɩɟɪɟɦɟɧɧɵɯ x,y,z ɢ ɨɛɨɡɧɚɱɚɸɬ ɱɟɪɟɡ 321 ,, 
: 

1 zyx   
2 yzxzxy   
3 xyz . 

Ɂɚɦɟɬɢɦ, ɱɬɨ ɦɧɨɝɨɱɥɟɧ 1  - ɦɧɨɝɨɱɥɟɧ ɩɟɪɜɨɣ ɫɬɟɩɟɧɢ, 2 - ɜɬɨɪɨɣ ɫɬɟɩɟɧɢ ɢ 3
 

- ɦɧɨɝɨɱɥɟɧ ɬɪɟɬɢɣ ɫɬɟɩɟɧɢ. 
Ʉɚɤ ɢ ɜ ɫɥɭɱɚɟ ɞɜɭɯ ɩɟɪɟɦɟɧɧɵɯ, ɦɨɠɧɨ ɩɨɫɬɪɨɢɬɶ ɫɢɦɦɟɬɪɢɱɟɫɤɢɟ ɦɧɨɝɨɱɥɟɧɵ 

ɨɬ ɬɪɟɯ ɩɟɪɟɦɟɧɧɵɯ.  ȼɨɡɶɦɟɦ  ɥɸɛɨɣ  ɦɧɨɝɨɱɥɟɧ ɨɬ ɩɟɪɟɦɟɧɧɵɯ, 321 ,, 
 ɢ ɡɚɦɟɧɢɦ 

ɜ ɧɟɦ 1  ɧɚ x+y+z, 2 -ɧɚ xy+xz+yz ɢ 3
- ɧɚ xyz. ȼ ɪɟɡɭɥɶɬɚɬɟ ɦɵ ɩɨɥɭɱɢɦ ɦɧɨɝɨɱɥɟɧ, 

ɫɢɦɦɟɬɪɢɱɧɨ ɡɚɜɢɫɹɳɢɣ ɨɬ ɯ, ɭ, z.  
ɌȿɈɊȿɆȺ. Ʌɸɛɨɣ ɫɢɦɦɟɬɪɢɱɟɫɤɢɣ ɦɧɨɝɨɱɥɟɧ ɨɬ ɯ, ɭ, z  ɦɨɠɧɨ ɩɪɟɞɫɬɚɜɢɬɶ ɜ 

ɜɢɞɟ ɦɧɨɝɨɱɥɟɧɚ ɨɬ 1 zyx  , 2 yzxzxy  ,
3 xyz . 

Ⱦɨɤɚɡɚɬɟɥɶɫɬɜɨ ɨɫɧɨɜɧɨɣ ɬɟɨɪɟɦɵ ɨ ɫɢɦɦɟɬɪɢɱɟɫɤɢɯ ɦɧɨɝɨɱɥɟɧɚɯ ɨɬ ɬɪɟɯ 
ɩɟɪɟɦɟɧɧɵɯ ɧɟɫɤɨɥɶɤɨ ɫɥɨɠɧɟɟ, ɱɟɦ ɞɥɹ ɫɥɭɱɚɹ ɞɜɭɯ ɩɟɪɟɦɟɧɧɵɯ, ɩɨɷɬɨɦɭ ɨɩɭɫɬɢɦ 
ɟɝɨ. (ɉɪɢɥɨɠɟɧɢɟ 3). 

ɦɧɨɝɨɱɥɟɧɚ ɨɬ m ɩɟɪɟɦɟɧɧɵɯ.  ɋɜɨɣɫɬɜɚ ɫɢɦɦɟɬɪɢɱɟɫɤɢɯ  ɦɧɨɝɨɱɥɟɧɨɜ. 
Ɉɫɧɨɜɧɚɹ ɬɟɨɪɟɦɚ ɨ ɫɢɦɦɟɬɪɢɱɟɫɤɢɯ ɦɧɨɝɨɱɥɟɧɚɯ 

Ɉɩɪɟɞɟɥɟɧɢɟ. Ɇɧɨɝɨɱɥɟɧ ɨɬ m ɩɟɪɟɦɟɧɧɵɯ ɧɚɡɵɜɚɟɬɫɹ ɫɢɦɦɟɬɪɢɱɟɫɤɢɦ 
ɦɧɨɝɨɱɥɟɧɨɦ, ɟɫɥɢ ɨɧ ɧɟ ɢɡɦɟɧɹɟɬɫɹ ɩɪɢ ɥɸɛɨɣ ɩɟɪɟɫɬɚɧɨɜɤɟ ɩɟɪɟɦɟɧɧɵɯ.  

ɉɊɂɆȿɊ. Ɇɧɨɝɨɱɥɟɧ  f(x1,x2,x3)=x12+x22+x32 ɹɜɥɹɟɬɫɹ ɫɢɦɦɟɬɪɢɱɟɫɤɢɦ ɬ.ɤ.  
f(x2,x1,x3)=x23+x13+x33= f(x3,x2,x1)= f(x1,x2,x3)    

Ɇɧɨɝɨɱɥɟɧ g(x1,x2,x3)=3x13+x23+3x33 ɫɢɦɦɟɬɪɢɱɟɫɤɢɦ ɧɟ ɹɜɥɹɟɬɫɹ ɬ.ɤ. 
g(x2,x1,x3)=3x23+x13+3x33   g(x1,x2,x3) 

ɉɊɂɆȿɊ. Ɇɧɨɝɨɱɥɟɧ x12+…+xm2+x1+x2+…+xm ɩɟɪɟɯɨɞɢɬ ɜ ɫɟɛɹ ɩɪɢ ɥɸɛɨɣ 
ɩɨɞɫɬɚɧɨɜɤɟ ɷɥɟɦɟɧɬɨɜ x1,…,xm. 

ɈɉɊȿȾȿɅȿɇɂȿ. Эɥɟɦɟɧɬɚɪɧɵɦɢ ɫɢɦɦɟɬɪɢɱɟɫɤɢɦɢ ɦɧɨɝɨɱɥɟɧɚɦɢ ɨɬ x1,…,xm 
ɧɚɡɵɜɚɸɬɫɹ ɦɧɨɝɨɱɥɟɧɵ[19, c. 496] 

1=x1+x2+…+xm;  
2=x1x2+x1x3+…+xm-1xm; 

3=x1x2 x3+…+xm-2xm-1xm; 
……………………………… 

m=x1x2…xm. 
Эɥɟɦɟɧɬɚɪɧɵɟ ɫɢɦɦɟɬɪɢɱɟɫɤɢɟ ɦɧɨɝɨɱɥɟɧɵ ɩɨɥɭɱɚɸɬɫɹ, ɟɫɥɢ ɪɚɫɫɦɨɬɪɟɬɶ 

ɦɧɨɝɨɱɥɟɧɚ =(z-x1)(z-x2)…(z-xm), ɤɨɬɨɪɵɣ ɪɚɜɟɧ ɦɧɨɝɨɱɥɟɧɭ  
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zm-(x1+x2+…+xm)zm-1+(x1x2+…+xm-1xm)zm-2+…+(-1)mx 1...xm. 

Ɍɚɤɢɦ ɨɛɪɚɡɨɦ, =zm-1zm-1+2zm-2-…+(-1)mm. 
ɋɜɨɣɫɬɜɚ ɫɢɦɦɟɬɪɢɱɟɫɤɢɯ  ɦɧɨɝɨɱɥɟɧɨɜ 
1. ɋɭɦɦɚ, ɪɚɡɧɨɫɬɶ, ɩɪɨɢɡɜɟɞɟɧɢɟ ɫɢɦɦɟɬɪɢɱɟɫɤɢɯ ɦɧɨɝɨɱɥɟɧɨɜ ɹɜɥɹɟɬɫɹ 

ɫɢɦɦɟɬɪɢɱɟɫɤɢɦ ɦɧɨɝɨɱɥɟɧɨɦ, ɬ.ɟ. ɦɧɨɠɟɫɬɜɨ ɫɢɦɦɟɬɪɢɱɟɫɤɢɯ ɦɧɨɝɨɱɥɟɧɨɜ ɹɜɥɹɟɬɫɹ 
ɤɨɥɶɰɨɦ.   

2. ȼɫɹɤɢɣ ɫɢɦɦɟɬɪɢɱɟɫɤɢɣ ɦɧɨɝɨɱɥɟɧ ɦɨɠɧɨ ɩɪɟɞɫɬɚɜɢɬɶ ɜ ɜɢɞɟ ɫɭɦɦɵ 
ɨɞɧɨɪɨɞɧɵɯ ɦɧɨɝɨɱɥɟɧɨɜ. 

3. ȿɫɥɢ ɨɞɧɨɱɥɟɧ axn1 xn2…xnn ɜɯɨɞɢɬ ɜ ɫɢɦɦɟɬɪɢɱɟɫɤɢɣ ɦɧɨɝɨɱɥɟɧ, ɬɨ ɜ  
ɷɬɨɬ ɫɢɦɦɟɬɪɢɱɟɫɤɢɣ ɦɧɨɝɨɱɥɟɧ ɜɯɨɞɹɬ ɢ ɨɞɧɨɱɥɟɧɵ, ɩɨɥɭɱɟɧɧɵɟ ɢɡ ɞɚɧɧɨɝɨ ɥɸɛɨɣ 
ɩɟɪɟɫɬɚɧɨɜɤɨɣ ɩɟɪɟɦɟɧɧɵɯ. 

4. ɉɨɤɚɡɚɬɟɥɢ ɫɬɟɩɟɧɟɣ ɩɟɪɟɦɟɧɧɵɯ ɜ ɜɵɫɲɟɦ ɱɥɟɧɟ ɫɢɦɦɟɬɪɢɱɟɫɤɨɝɨ 
ɦɧɨɝɨɱɥɟɧɚ ɨɛɪɚɡɭɸɬ ɧɟ ɜɨɡɪɚɫɬɚɸɳɭɸ ɩɨɫɥɟɞɨɜɚɬɟɥɶɧɨɫɬɶ. 

5. ɉɭɫɬɶ ax1k1x2k2…xmkm- ɜɵɫɲɢɣ ɱɥɟɧ ɧɟɧɭɥɟɜɨɝɨ ɫɢɦɦɟɬɪɢɱɟɫɤɨɝɨ 
ɦɧɨɝɨɱɥɟɧɚ  f(x1,…,xm) K[x1,…,xm].Ɍɨɝɞɚ ɜɵɫɲɢɟ ɱɥɟɧɵ ɦɧɨɝɨɱɥɟɧɨɜ f(x1,…,xm) ɢ 
a1k1-k22k2-k3…mkm ɫɨɜɩɚɞɚɸɬ. 

6. ɍɛɵɜɚɸɳɚɹ ɰɟɩɨɱɤɚ ɧɟɧɭɥɟɜɵɯ ɫɢɦɦɟɬɪɢɱɟɫɤɢɯ ɦɧɨɝɨɱɥɟɧɨɜ ɤɨɥɶɰɚ 
ɦɧɨɝɨɱɥɟɧɨɜ  K[x1,…,xm] ɧɟ ɦɨɠɟɬ ɛɵɬɶ ɛɟɫɤɨɧɟɱɧɨɣ. 

3. Ɉɫɧɨɜɧɚɹ ɬɟɨɪɟɦɚ ɨ ɫɢɦɦɟɬɪɢɱɟɫɤɢɯ ɦɧɨɝɨɱɥɟɧɚɯ 

ɌȿɈɊȿɆȺ. ȼɫɹɤɢɣ ɫɢɦɦɟɬɪɢɱɟɫɤɢɣ ɦɧɨɝɨɱɥɟɧ ɢɡ ɤɨɥɶɰɚ  ɦɧɨɝɨɱɥɟɧɨɜ  
K[x1,…,xm] ɦɨɠɧɨ ɩɪɟɞɫɬɚɜɢɬɶ ɜ ɜɢɞɟ ɦɧɨɝɨɱɥɟɧɚ ɧɚɞ K ɨɬ ɷɥɟɦɟɧɬɚɪɧɵɯ 
ɫɢɦɦɟɬɪɢɱɟɫɤɢɯ ɦɧɨɝɨɱɥɟɧɨɜ . 

Ⱦɨɤɚɡɚɬɟɥɶɫɬɜɨ. ɉɭɫɬɶ ɦɧɨɝɨɱɥɟɧɚ f(x1,…,xm) -ɧɟ ɧɭɥɟɜɨɣ ɫɢɦɦɟɬɪɢɱɟɫɤɢɣ 
ɦɧɨɝɨɱɥɟɧ ɧɚɞ K ɢ a0x1k1x2k2…xmkm  -ɟɝɨ ɜɵɫɲɢɣ ɱɥɟɧ. Ɇɧɨɝɨɱɥɟɧ (1) f1= f- a0k1-

k2…mkm  -ɫɢɦɦɟɬɪɢɱɟɫɤɢɣ, ɤɚɤ ɪɚɡɧɨɫɬɶ ɫɢɦɦɟɬɪɢɱɟɫɤɢɯ ɦɧɨɝɨɱɥɟɧɨɜ, ɩɪɢɱɟɦ, ɩɨ 
ɫɜɨɣɫɬɜɭ 50,  f   f1. ɉɭɫɬɶ a1x1l1 …xm lm  - ɜɵɫɲɢɣ ɱɥɟɧ ɦɧɨɝɨɱɥɟɧɚ f1. Ⱥɧɚɥɨɝɢɱɧɨ, 
ɦɧɨɝɨɱɥɟɧ (2) f2= f1- a1 l1- l2…m lm  ɹɜɥɹɟɬɫɹ ɫɢɦɦɟɬɪɢɱɟɫɤɢɦ, ɩɪɢɱɟɦ f1 f2  ɢ ɬ.ɞ. 
ȼ ɪɟɡɭɥɶɬɚɬɟ ɩɨɥɭɱɚɟɬɫɹ ɭɛɵɜɚɸɳɚɹ ɰɟɩɨɱɤɚ ɫɢɦɦɟɬɪɢɱɟɫɤɢɯ ɦɧɨɝɨɱɥɟɧɨɜ f f1 f2 
…..ɉɨ ɫɜɨɣɫɬɜɭ 60, ɷɬɚ ɰɟɩɨɱɤɚ ɧɟ ɦɨɠɟɬ ɛɵɬɶ ɛɟɫɤɨɧɟɱɧɨɣ. ɉɪɟɞɩɨɥɨɠɢɦ, ɱɬɨ ɨɧɚ 
ɨɛɪɵɜɚɟɬɫɹ ɧɚ (s+1)-ɦ ɲɚɝɟ, ɬ.ɟ. (s+1) fs+1= fs- asn1-n2…mnm  =0. ɋɤɥɚɞɵɜɚɹ 
ɩɨɱɥɟɧɧɨ ɪɚɜɟɧɫɬɜɚ (1),(2),…,(s+1), ɩɨɥɭɱɢɦ  

f= a0k1-k2…mkm  + a1 l1- l2…m lm + …+ asn1-n2…mnm  . 
Эɬɨ ɪɚɜɟɧɫɬɜɨ ɞɚɟɬ ɢɫɤɨɦɨɟ ɩɪɟɞɫɬɚɜɥɟɧɢɟ ɫɢɦɦɟɬɪɢɱɟɫɤɨɝɨ  ɦɧɨɝɨɱɥɟɧɚ f ɜ 

ɜɢɞɟ ɦɧɨɝɨɱɥɟɧɚ ɧɚɞ K ɨɬ ɷɥɟɦɟɧɬɚɪɧɵɯ ɫɢɦɦɟɬɪɢɱɟɫɤɢɯ ɦɧɨɝɨɱɥɟɧɨɜ 1,…,m. 

ɋɅȿȾɋɌȼɂȿ. ɉɭɫɬɶ  = zm+a1zm-1+…+am- ɦɧɨɝɨɱɥɟɧ ɧɚɞ ɱɢɫɥɨɜɵɦ  ɤɨɥɶɰɨɦ K 
ɢ  = (z-c1)(z-c2)…(z-cm), ɝɞɟ c1,…,cmC. ȿɫɥɢ f(x1,…,xm)- ɫɢɦɦɟɬɪɢɱɟɫɤɢɣ ɦɧɨɝɨɱɥɟɧ 
ɨɬ x1,…,xm  ɫ ɤɨɷɮɮɢɰɢɟɧɬɚɦɢ ɢɡ K, ɬɨ f(ɫ1,…,ɫm) K. 

Ⱦɨɤɚɡɚɬɟɥɶɫɬɜɨ: ɂɡ ɪɚɜɟɧɫɬɜɚ  
(z-c1)(z-c2)… (z-cm) = zm+a1zm-1+ a2zm-2+…+am 
ɜɵɬɟɤɚɸɬ  ɫɥɟɞɭɸɳɢɟ ɮɨɪɦɭɥɵ (ɮɨɪɦɭɥɵ ȼɢɟɬɚ), ɜɵɪɚɠɚɸɳɢɟ ɫɜɹɡɶ ɦɟɠɞɭ 

ɤɨɪɧɹɦɢ ɢ ɤɨɷɮɮɢɰɢɟɧɬɚɦɢ ɦɧɨɝɨɱɥɟɧɚ: 
ɫ1+…+ɫm= -a1; 
c1c2+…+cm-1cm= a2; 
……………………. 
c1c2…cm= (-1)mam. 
Эɬɢ ɪɚɜɟɧɫɬɜɚ ɦɨɠɧɨ ɡɚɩɢɫɚɬɶ ɜ ɜɢɞɟ 

1( ɫ1,…,ɫm) = -a1; 

2( ɫ1,…,ɫm) = a2; 
                                                 ………………..                      (1)      
             m ( ɫ1,…,ɫm) = (-1)mam. ; 
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ȼ ɫɢɥɭ ɨɫɧɨɜɧɨɣ ɬɟɨɪɟɦɵ ɨ ɫɢɦɦɟɬɪɢɱɟɫɤɢɯ ɦɧɨɝɨɱɥɟɧɚɯ ɫɢɦɦɟɬɪɢɱɟɫɤɢɣ 
ɦɧɨɝɨɱɥɟɧ f ɢɡ K[x1,…,xm] ɦɨɠɧɨ ɩɪɟɞɫɬɚɜɢɬɶ ɜ ɜɢɞɟ ɦɧɨɝɨɱɥɟɧɚ g ɨɬ ɷɥɟɦɟɧɬɚɪɧɵɯ 
ɫɢɦɦɟɬɪɢɱɟɫɤɢɯ ɦɧɨɝɨɱɥɟɧɨɜ 1,…,m ɫ ɤɨɷɮɮɢɰɢɟɧɬɚɦɢ ɢɡ K, ɬ.ɟ.  

f(x1,…,xm)= g(1(x1,…,xm),…,m(x1,…,xm)). (2) 
ɉɨɥɚɝɚɹ ɜ ɪɚɜɟɧɫɬɜɟ (2) x1=c1,…,xm=cm ɢ ɭɱɢɬɵɜɚɹ ɪɚɜɟɧɫɬɜɚ (1), ɩɨɥɭɱɢɦ  
                     f(c1,…,cm)= g(-a1, a2,…, (-1)mam)               (3) 

Ʉɪɨɦɟ ɬɨɝɨ, g K[x1,…,xm] ɢ a1,…,am K, ɫɥɟɞɨɜɚɬɟɥɶɧɨ, f(c1,…,cm)  K. 
 

Ɍɟɦɚ. Ɇɧɨɝɨɱɥɟɧɵ ɧɚɞ ɩɨɥɟɦ ɞɟɣɫɬɜɢɬɟɥɶɧɵɯ ɢ ɤɨɦɩɥɟɤɫɧɵɯ ɱɢɫɟɥ 
ɉɥɚɧ 

1. Ʌɟɦɦɚ ɨ ɧɟɩɪɟɪɵɜɧɨɫɬɢ ɦɧɨɝɨɱɥɟɧɚ ɫ ɤɨɦɩɥɟɤɫɧɵɦɢ ɤɨɷɮɮɢɰɢɟɧɬɚɦɢ. 
Ʌɟɦɦɚ ɨ ɦɨɞɭɥɟ ɫɬɚɪɲɟɝɨ ɱɥɟɧɚ ɦɧɨɝɨɱɥɟɧɚ ɫ ɤɨɦɩɥɟɤɫɧɵɦɢ ɤɨɷɮɮɢɰɢɟɧɬɚɦɢ.  

2. Ɍɟɨɪɟɦɚ ɨ ɫɭɳɟɫɬɜɨɜɚɧɢɢ ɤɨɪɧɹ ɦɧɨɝɨɱɥɟɧɚ ɫ ɤɨɦɩɥɟɤɫɧɵɦɢ 
ɤɨɷɮɮɢɰɢɟɧɬɚɦɢ (ɨɫɧɨɜɧɚɹ ɬɟɨɪɟɦɚ ɚɥɝɟɛɪɵ). 

3. Ɋɚɡɥɨɠɟɧɢɟ ɦɧɨɝɨɱɥɟɧɚ ɫ ɤɨɦɩɥɟɤɫɧɵɦɢ ɤɨɷɮɮɢɰɢɟɧɬɚɦɢ ɜ ɩɪɨɢɡɜɟɞɟɧɢɟ 
ɥɢɧɟɣɧɵɯ ɦɧɨɠɢɬɟɥɟɣ. 

1. Ʌɟɦɦɚ ɨ ɧɟɩɪɟɪɵɜɧɨɫɬɢ ɦɧɨɝɨɱɥɟɧɚ ɫ ɤɨɦɩɥɟɤɫɧɵɦɢ ɤɨɷɮɮɢɰɢɟɧɬɚɦɢ. 
Ʌɟɦɦɚ ɨ ɦɨɞɭɥɟ ɫɬɚɪɲɟɝɨ ɱɥɟɧɚ ɦɧɨɝɨɱɥɟɧɚ ɫ ɤɨɦɩɥɟɤɫɧɵɦɢ ɤɨɷɮɮɢɰɢɟɧɬɚɦɢ.  

ȼɩɟɪɜɵɟ ɞɨɤɚɡɚɧɧɚɹ ɜ 1799 ɝ. ɜɟɥɢɤɢɦ ɧɟɦɟɰɤɢɦ ɦɚɬɟɦɚɬɢɤɨɦ Ƚɚɭɫɫɨɦ, ɷɬɚ 
ɬɟɨɪɟɦɚ ɢɡɜɟɫɬɧɚ ɤɚɤ «ɨɫɧɨɜɧɚɹ ɬɟɨɪɟɦɚ ɚɥɝɟɛɪɵ». 

ɌȿɈɊȿɆȺ. ȼɫɹɤɢɣ ɦɧɨɝɨɱɥɟɧ ɩɨɥɨɠɢɬɟɥɶɧɨɣ ɫɬɟɩɟɧɢ ɫ ɤɨɦɩɥɟɤɫɧɵɦɢ 
ɤɨɷɮɮɢɰɢɟɧɬɚɦɢ ɢɦɟɟɬ ɤɨɪɟɧɶ ɜ ɩɨɥɟ ɤɨɦɩɥɟɤɫɧɵɯ ɱɢɫɟɥ. 

ɋɮɨɪɦɭɥɢɪɭɟɦ ɞɜɟ ɥɟɦɦɵ, ɤɨɬɨɪɵɟ ɩɨɬɪɟɛɭɸɬɫɹ ɞɥɹ ɞɨɤɚɡɚɬɟɥɶɫɬɜɚ ɬɟɨɪɟɦɵ.  
ɉɭɫɬɶ 1,,)( 1

1  
nCaaxaxxf in

nn                      (1) –  

ɦɧɨɝɨɱɥɟɧ ɫ ɤɨɦɩɥɟɤɫɧɵɦɢ ɤɨɷɮɮɢɰɢɟɧɬɚɦɢ. 

ɅȿɆɆȺ 1. ɋɭɳɟɫɬɜɭɟɬ ɬɚɤɨɟ ɩɨɥɨɠɢɬɟɥɶɧɨɟ ɱɢɫɥɨ Ⱥ, ɱɬɨ ɞɥɹ ɜɫɟɯ Cx 0 , 

ɭɞɨɜɥɟɬɜɨɪɹɸɳɢɯ ɧɟɪɚɜɟɧɫɬɜɭ Ax 0 , ɜɵɩɨɥɧɹɟɬɫɹ ɧɟɪɚɜɟɧɫɬɜɨ )0()( 0 fxf  . 

ɅȿɆɆȺ 2. (Ⱦɚɥɚɦɛɟɪɚ). ȿɫɥɢ ɦɧɨɝɨɱɥɟɧ )(xf  ɧɟ ɨɛɪɚɳɚɟɬɫɹ ɜ ɧɭɥɶ ɜ ɬɨɱɤɟ 

Cx 0 , ɬɨ ɞɥɹ ɥɸɛɨɝɨ 0  ɫɭɳɟɫɬɜɭɟɬ ɬɚɤɨɟ Cu , ɱɬɨ 

.)()( 00 xfuxfɢu    

2. Ɍɟɨɪɟɦɚ ɨ ɫɭɳɟɫɬɜɨɜɚɧɢɢ ɤɨɪɧɹ ɦɧɨɝɨɱɥɟɧɚ ɫ ɤɨɦɩɥɟɤɫɧɵɦɢ 
ɤɨɷɮɮɢɰɢɟɧɬɚɦɢ (ɨɫɧɨɜɧɚɹ ɬɟɨɪɟɦɚ ɚɥɝɟɛɪɵ) 

Ⱦɨɤɚɡɚɬɟɥɶɫɬɜɨ ɨɫɧɨɜɧɨɣ ɬɟɨɪɟɦɵ. 
ɉɭɫɬɶ Ⱥ – ɱɢɫɥɨ, ɨɩɪɟɞɟɥɟɧɧɨɟ ɩɨ ɥɟɦɦɟ 1. ȼɨɡɶɦɟɦ ɧɚ ɤɨɦɩɥɟɤɫɧɨɣ ɩɥɨɫɤɨɫɬɢ 

ɡɚɦɤɧɭɬɵɣ ɤɪɭɝ Ʉ ɪɚɞɢɭɫɨɦ Ⱥ ɫ ɰɟɧɬɪɨɦ ɜ ɧɚɱɚɥɟ ɤɨɨɪɞɢɧɚɬ. ɉɨ ɥɟɦɦɟ ɜɧɟ ɷɬɨɝɨ ɤɪɭɝɚ 
ɦɧɨɝɨɱɥɟɧ )(xf  ɩɪɢɧɢɦɚɟɬ ɡɧɚɱɟɧɢɹ ɩɨ ɦɨɞɭɥɸ ɛɨɥɶɲɢɟ, ɱɟɦ )0(f . (Ɉɬɫɸɞɚ, ɜ 
ɱɚɫɬɧɨɫɬɢ, ɫɥɟɞɭɟɬ, ɱɬɨ ɷɬɨɬ ɦɧɨɝɨɱɥɟɧ ɦɨɠɟɬ ɨɛɪɚɳɚɬɶɫɹ ɜ 0 ɬɨɥɶɤɨ ɜɧɭɬɪɢ ɤɪɭɝɚ Ʉ). 

Ɋɚɫɫɦɨɬɪɢɦ ɮɭɧɤɰɢɸ )(),( ivufvu   ɨɬ ɞɜɭɯ ɞɟɣɫɬɜɢɬɟɥɶɧɵɯ ɩɟɪɟɦɟɧɧɵɯ u, 

v. (Ɂɞɟɫɶ ɩɟɪɟɦɟɧɧɚɹ x ɤɚɤ ɤɨɦɩɥɟɤɫɧɚɹ ɩɟɪɟɦɟɧɧɚɹ ɩɪɟɞɫɬɚɜɥɟɧɚ ɜ ɚɥɝɟɛɪɚɢɱɟɫɤɨɣ 
ɮɨɪɦɟ ɫ ɜɵɞɟɥɟɧɢɟɦ ɞɟɣɫɬɜɢɬɟɥɶɧɨɣ ɢ ɦɧɢɦɨɣ ɱɚɫɬɟɣ). ȿɫɥɢ ɩɨɞɫɬɚɜɢɬɶ ɜ ɜɵɪɚɠɟɧɢɟ 
(1) ɞɥɹ )(xf  ɜɦɟɫɬɨ ivux  , ɜɦɟɫɬɨ ɤɨɦɩɥɟɤɫɧɵɯ ɤɨɷɮɮɢɰɢɟɧɬɨɜ ɢɯ ɩɪɟɞɫɬɚɜɥɟɧɢɟ 
ɜ ɚɥɝɟɛɪɚɢɱɟɫɤɨɣ ɮɨɪɦɟ jjj icba  , ɜɵɩɨɥɧɢɬɶ ɜɫɟ ɞɟɣɫɬɜɢɹ ɢ ɫɝɪɭɩɩɢɪɨɜɚɬɶ 
ɫɥɚɝɚɟɦɵɟ ɫ ɦɧɢɦɨɣ ɟɞɢɧɢɰɟɣ ɢ ɛɟɡ ɧɟɟ, ɬɨ ɩɨɥɭɱɢɦ, ɱɬɨ ɷɬɚ ɮɭɧɤɰɢɹ ɩɪɟɞɫɬɚɜɢɦɚ ɜ 
ɜɢɞɟ ɫɭɦɦɵ ɞɜɭɯ ɮɭɧɤɰɢɣ (ɦɧɨɝɨɱɥɟɧɨɜ ɫ ɞɟɣɫɬɜɢɬɟɥɶɧɵɦɢ ɤɨɷɮɮɢɰɢɟɧɬɚɦɢ): 

),(),(),( 21 vuivuvu   . 
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Ɍɚɤ ɤɚɤ ɦɨɞɭɥɶ ɤɨɦɩɥɟɤɫɧɨɝɨ ɱɢɫɥɚ biaz   ɧɚɯɨɞɢɬɫɹ ɩɨ ɮɨɪɦɭɥɟ: 
22

babiaz  , ɬɨ ɩɨɥɭɱɚɟɦ, ɱɬɨ 2
2

2
1 ),(),(),( vuvuvu   . 

Ɍ.ɤ. ɦɧɨɝɨɱɥɟɧɵ 21  ɢ  ɧɟɩɪɟɪɵɜɧɵ ɤɚɤ ɮɭɧɤɰɢɢ, ɬɨ ɢ ɮɭɧɤɰɢɹ   ɧɟɩɪɟɪɵɜɧɚ 
ɢ ɨɩɪɟɞɟɥɟɧɚ ɧɚ ɜɫɟɣ ɤɨɦɩɥɟɤɫɧɨɣ ɩɥɨɫɤɨɫɬɢ.  

ɂɡɜɟɫɬɧɨ, ɱɬɨ ɜɫɹɤɚɹ ɮɭɧɤɰɢɹ ɞɟɣɫɬɜɢɬɟɥɶɧɵɯ ɩɟɪɟɦɟɧɧɵɯ, ɨɩɪɟɞɟɥɟɧɧɚɹ ɢ 
ɧɟɩɪɟɪɵɜɧɚɹ ɜɧɭɬɪɢ ɧɟɤɨɬɨɪɨɝɨ ɡɚɦɤɧɭɬɨɝɨ ɨɝɪɚɧɢɱɟɧɧɨɝɨ ɦɧɨɠɟɫɬɜɚ, ɞɨɫɬɢɝɚɟɬ 
ɦɢɧɢɦɭɦɚ ɜ ɧɟɤɨɬɨɪɨɣ ɬɨɱɤɟ ɷɬɨɝɨ ɦɧɨɠɟɫɬɜɚ. Ɉɬɫɸɞɚ ɫɥɟɞɭɟɬ, ɱɬɨ ɞɥɹ ɮɭɧɤɰɢɢ   ɜ 

ɤɪɭɝɟ Ʉ ɫɭɳɟɫɬɜɭɟɬ ɬɨɱɤɚ 000 ivux  , ɜ ɤɨɬɨɪɨɣ ɷɬɚ ɮɭɧɤɰɢɹ ɞɨɫɬɢɝɚɟɬ ɦɢɧɢɦɭɦɚ. 

Ɍɨɝɞɚ ɩɨ ɨɩɪɟɞɟɥɟɧɢɸ ɬɨɱɤɢ ɦɢɧɢɦɭɦɚ, ɞɥɹ ɜɫɟɯ Kx 1 , )()( 10 xfxf  .   (2) 

Ɍ.ɤ. 0Ʉ, ɬɨ, ɜ ɱɚɫɬɧɨɫɬɢ, )0()( 0 fxf  . 

ɋɨɝɥɚɫɧɨ ɩɨɫɬɪɨɟɧɢɸ ɤɪɭɝɚ Ʉ, ɡɧɚɱɟɧɢɹ ɦɧɨɝɨɱɥɟɧɚ )(xf  ɜɧɟ ɷɬɨɝɨ ɤɪɭɝɚ ɩɨ 
ɦɨɞɭɥɸ ɛɨɥɶɲɟ, ɱɟɦ )0(f , ɢ ɬɟɦ ɛɨɥɟɟ, ɛɨɥɶɲɟ, ɱɟɦ )( 0xf : 

)()0()( 0 xffxf  . 

ɋɥɟɞɨɜɚɬɟɥɶɧɨ, ɧɟɪɚɜɟɧɫɬɜɨ (2) ɜɵɩɨɥɧɹɟɬɫɹ ɞɥɹ ɜɫɟɯ ɬɨɱɟɤ ɤɨɦɩɥɟɤɫɧɨɣ 
ɩɥɨɫɤɨɫɬɢ. Ɉɬɫɸɞɚ, ɭɱɢɬɵɜɚɹ ɥɟɦɦɭ Ⱦɚɥɚɦɛɟɪɚ, ɩɨɥɭɱɚɟɦ, ɱɬɨ )(xf  ɞɨɥɠɟɧ 

ɨɛɪɚɳɚɬɶɫɹ ɜ 0 ɜ ɬɨɱɤɟ 0x , ɫɥɟɞɨɜɚɬɟɥɶɧɨ, 0x  – ɤɨɪɟɧɶ )(xf . Ɍɟɨɪɟɦɚ ɞɨɤɚɡɚɧɚ. 
ɋɥɟɞɫɬɜɢɟɦ ɷɬɨɣ ɬɟɨɪɟɦɵ ɹɜɥɹɟɬɫɹ ɝɨɪɚɡɞɨ ɛɨɥɟɟ ɫɢɥɶɧɨɟ ɭɬɜɟɪɠɞɟɧɢɟ ɨ ɬɨɦ, 

ɱɬɨ ɜɫɹɤɢɣ ɦɧɨɝɨɱɥɟɧ ɫɬɟɩɟɧɢ n ɫ ɤɨɦɩɥɟɤɫɧɵɦɢ ɤɨɷɮɮɢɰɢɟɧɬɚɦɢ ɢɦɟɟɬ ɜ ɩɨɥɟ 
ɤɨɦɩɥɟɤɫɧɵɯ ɱɢɫɟɥ ɪɨɜɧɨ n ɤɨɪɧɟɣ (ɫ ɭɱɟɬɨɦ ɤɪɚɬɧɨɫɬɟɣ). 

ɇɚɩɨɦɧɢɦ, ɱɬɨ ɤɨɦɩɥɟɤɫɧɨɟ ɱɢɫɥɨ biaz   ɧɚɡɵɜɚɟɬɫɹ ɤɨɦɩɥɟɤɫɧɨ 

ɫɨɩɪɹɠɟɧɧɵɦ ɤ ɱɢɫɥɭ biaz   ɢ ɨɛɨɡɧɚɱɚɟɬɫɹ z . 

Ɍɟɨɪɟɦɚ 1. ȿɫɥɢ ɤɨɦɩɥɟɤɫɧɨɟ ɱɢɫɥɨ 0x  ɹɜɥɹɟɬɫɹ ɤɨɪɧɟɦ ɦɧɨɝɨɱɥɟɧɚ ɫ 

ɞɟɣɫɬɜɢɬɟɥɶɧɵɦɢ ɤɨɷɮɮɢɰɢɟɧɬɚɦɢ, ɬɨ ɫɨɩɪɹɠɟɧɧɨɟ ɱɢɫɥɨ 0x  ɬɚɤɠɟ ɹɜɥɹɟɬɫɹ ɤɨɪɧɟɦ 
ɷɬɨɝɨ ɦɧɨɝɨɱɥɟɧɚ. 

Ⱦɨɤɚɡɚɬɟɥɶɫɬɜɨ. ɉɭɫɬɶ 1,,)( 1
1  

nRaaxaxxf in

nn   – ɦɧɨɝɨɱɥɟɧ ɫ 

ɞɟɣɫɬɜɢɬɟɥɶɧɵɦɢ ɤɨɷɮɮɢɰɢɟɧɬɚɦɢ ɢ 0x  – ɟɝɨ ɤɨɪɟɧɶ, ɬ.ɟ. 

0)( 01
1

0100  


nn

nn
axaxaxxf  .  

Ⱦɥɹ ɜɵɱɢɫɥɟɧɢɹ )( 0xf  ɜɨɫɩɨɥɶɡɭɟɦɫɹ ɫɜɨɣɫɬɜɚɦɢ ɤɨɦɩɥɟɤɫɧɨɝɨ ɫɨɩɪɹɠɟɧɢɹ: 

21212121 , zzzzzzzz  , ɚ ɬɚɤɠɟ ɬɟɦ, ɱɬɨ ɞɟɣɫɬɜɢɬɟɥɶɧɨɟ ɱɢɫɥɨ ɫɨɜɩɚɞɚɟɬ ɫɨ 
ɫɜɨɢɦ ɫɨɩɪɹɠɟɧɧɵɦ: 
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Ɍ.ɟ. 0x  ɬɚɤɠɟ ɟɫɬɶ ɤɨɪɟɧɶ )(xf . 

3. Ɋɚɡɥɨɠɟɧɢɟ ɦɧɨɝɨɱɥɟɧɚ ɫ ɤɨɦɩɥɟɤɫɧɵɦɢ ɤɨɷɮɮɢɰɢɟɧɬɚɦɢ ɜ 
ɩɪɨɢɡɜɟɞɟɧɢɟ ɥɢɧɟɣɧɵɯ ɦɧɨɠɢɬɟɥɟɣ 

ɈɉɊȿȾȿɅȿɇɂȿ. Ɇɧɨɝɨɱɥɟɧ )(xf  ɧɚɡɵɜɚɟɬɫɹ ɧɟɩɪɢɜɨɞɢɦɵɦ ɧɚɞ ɧɟɤɨɬɨɪɵɦ 
ɩɨɥɟɦ, ɟɫɥɢ ɨɧ ɧɟ ɪɚɫɤɥɚɞɵɜɚɟɬɫɹ ɜ ɩɪɨɢɡɜɟɞɟɧɢɟ ɞɜɭɯ ɦɧɨɝɨɱɥɟɧɨɜ ɦɟɧɶɲɟɣ ɫɬɟɩɟɧɢ 
ɧɚɞ ɷɬɢɦ ɠɟ ɩɨɥɟɦ. 
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ɌȿɈɊȿɆȺ 2. ȼ ɤɨɥɶɰɟ ɦɧɨɝɨɱɥɟɧɨɜ ɧɚɞ ɩɨɥɟɦ ɞɟɣɫɬɜɢɬɟɥɶɧɵɯ ɱɢɫɟɥ 
ɧɟɩɪɢɜɨɞɢɦɵ ɬɨɥɶɤɨ ɦɧɨɝɨɱɥɟɧɵ ɩɟɪɜɨɣ ɫɬɟɩɟɧɢ ɢ ɦɧɨɝɨɱɥɟɧɵ ɜɬɨɪɨɣ ɫɬɟɩɟɧɢ, ɧɟ 
ɢɦɟɸɳɢɟ ɞɟɣɫɬɜɢɬɟɥɶɧɵɯ ɤɨɪɧɟɣ. 

Ⱦɨɤɚɡɚɬɟɥɶɫɬɜɨ. ɉɭɫɬɶ )(xf  – ɦɧɨɝɨɱɥɟɧ ɫɬɟɩɟɧɢ n 3 ɧɚɞ ɩɨɥɟɦ 

ɞɟɣɫɬɜɢɬɟɥɶɧɵɯ ɱɢɫɟɥ ɢ 0x  – ɤɚɤɨɣ-ɧɢɛɭɞɶ ɟɝɨ ɤɨɦɩɥɟɤɫɧɵɣ ɤɨɪɟɧɶ. ȿɫɥɢ ɷɬɨɬ ɤɨɪɟɧɶ – 

ɞɟɣɫɬɜɢɬɟɥɶɧɨɟ ɱɢɫɥɨ, ɬɨ )(xf  ɩɨ ɬɟɨɪɟɦ Ȼɟɡɭ ɞɟɥɢɬɫɹ ɧɚ ɞɜɭɱɥɟɧ 0xx   ɧɚɞ ɩɨɥɟɦ R, 
ɢ, ɫɥɟɞɨɜɚɬɟɥɶɧɨ, ɩɪɢɜɨɞɢɦ. 

ɉɭɫɬɶ 0x  – ɦɧɢɦɵɣ ɤɨɪɟɧɶ, ɬɨɝɞɚ ɩɨ ɬɟɨɪɟɦɟ 1, 0x  ɬɚɤɠɟ ɹɜɥɹɟɬɫɹ ɟɝɨ ɤɨɪɧɟɦ. 
Ɍɨɝɞɚ ɧɚɞ ɩɨɥɟɦ ɤɨɦɩɥɟɤɫɧɵɯ ɱɢɫɟɥ )(xf  ɞɟɥɢɬɫɹ ɧɚ ɩɪɨɢɡɜɟɞɟɧɢɟ 

000
2

00 )()()( xxxxxxxxxx  . Ɍɚɤ ɤɚɤ 00 xxɢxx   – ɞɟɣɫɬɜɢɬɟɥɶɧɵɟ 

ɱɢɫɥɚ, ɬɨ )(xf  ɞɟɥɢɬɫɹ ɧɚ ɤɜɚɞɪɚɬɧɵɣ ɬɪɟɯɱɥɟɧ ɫ ɞɟɣɫɬɜɢɬɟɥɶɧɵɦɢ ɤɨɷɮɮɢɰɢɟɧɬɚɦɢ. 
ɋɥɟɞɨɜɚɬɟɥɶɧɨ, ɧɚɞ ɩɨɥɟɦ R ɜɫɹɤɢɣ ɦɧɨɝɨɱɥɟɧ ɫɬɟɩɟɧɢ, ɛɨɥɶɲɟɣ 2, ɩɪɢɜɨɞɢɦ. 

ɂɡ ɦɧɨɝɨɱɥɟɧɨɜ 2–ɣ ɫɬɟɩɟɧɢ ɧɟɩɪɢɜɨɞɢɦɵ ɬɨɥɶɤɨ ɬɟ, ɤɨɬɨɪɵɟ ɧɟ ɢɦɟɸɬ 
ɞɟɣɫɬɜɢɬɟɥɶɧɵɯ ɤɨɪɧɟɣ. Ɍɟɨɪɟɦɚ ɞɨɤɚɡɚɧɚ. 
 

Ɍɟɦɚ. Ɇɧɨɝɨɱɥɟɧɵ ɧɚɞ ɩɨɥɟɦ ɪɚɰɢɨɧɚɥɶɧɵɯ ɱɢɫɟɥ ɢ ɚɥɝɟɛɪɚɢɱɟɫɤɢɟ ɱɢɫɥɚ 
ɉɥɚɧ 

1. ɉɨɧɹɬɢɟ ɪɚɫɲɢɪɟɧɢɹ ɩɨɥɹ. Ⱥɥɝɟɛɪɚɢɱɟɫɤɢɟ ɢ ɬɪɚɧɫɰɟɧɞɟɧɬɧɵɟ ɱɢɫɥɚ. 
2. Ɇɢɧɢɦɚɥɶɧɵɣ ɦɧɨɝɨɱɥɟɧ ɚɥɝɟɛɪɚɢɱɟɫɤɨɝɨ ɱɢɫɥɚ ɢ ɟɝɨ ɫɜɨɣɫɬɜɚ.  
3. ɉɪɨɫɬɨɟ ɢ ɫɨɫɬɚɜɧɨɟ ɚɥɝɟɛɪɚɢɱɟɫɤɢɟ ɪɚɫɲɢɪɟɧɢɹ. 
1. ɉɨɧɹɬɢɟ ɪɚɫɲɢɪɟɧɢɹ ɩɨɥɹ. Ⱥɥɝɟɛɪɚɢɱɟɫɤɢɟ ɢ ɬɪɚɧɫɰɟɧɞɟɧɬɧɵɟ ɱɢɫɥɚ 
ɈɉɊȿȾȿɅȿɇɂȿ. ɉɭɫɬɶ Ʉ ɢ Ɋ – ɧɟɤɨɬɨɪɵɟ ɩɨɥɹ, ɩɪɢɱɟɦ ɩɨɥɟ Ʉ ɫɨɞɟɪɠɢɬɫɹ ɜ 

ɩɨɥɟ Ɋ: Ʉ  Ɋ. Ɍɨɝɞɚ Ʉ ɧɚɡɵɜɚɟɬɫɹ ɩɨɞɩɨɥɟɦ ɩɨɥɹ Ɋ, ɚ Ɋ – ɧɚɞɩɨɥɟɦ ɢɥɢ ɪɚɫɲɢɪɟɧɢɟɦ 
ɩɨɥɹ Ʉ. 

ɉɭɫɬɶ Ɋ ɟɫɬɶ ɪɚɫɲɢɪɟɧɢɟ ɩɨɥɹ Ʉ ɢ  – ɩɪɨɢɡɜɨɥɶɧɵɣ ɷɥɟɦɟɧɬ ɩɨɥɹ Ɋ. Ɉɱɟɜɢɞɧɨ, 
ɱɬɨ ɫɭɳɟɫɬɜɭɸɬ ɩɨɥɹ, ɤɨɬɨɪɵɟ ɫɨɞɟɪɠɚɬ ɢ ɩɨɥɟ Ʉ, ɢ ɷɥɟɦɟɧɬ . ɇɚɩɪɢɦɟɪ, ɨɞɧɢɦ ɢɡ 
ɬɚɤɢɯ ɩɨɥɟɣ ɹɜɥɹɟɬɫɹ ɫɚɦɨ ɩɨɥɟ Ɋ.  

Ɍɨɝɞɚ ɫɩɪɚɜɟɞɥɢɜɨ ɍɌȼȿɊɀȾȿɇɂȿ: 
ɉɟɪɟɫɟɱɟɧɢɟ ɜɫɟɯ ɩɨɥɟɣ, ɫɨɞɟɪɠɚɳɢɯ ɩɨɥɟ Ʉ ɢ ɷɥɟɦɟɧɬ , ɫɚɦɨ ɹɜɥɹɟɬɫɹ ɩɨɥɟɦ, 

ɫɨɞɟɪɠɚɳɢɦ Ʉ ɢ , ɤɨɬɨɪɨɟ ɨɛɨɡɧɚɱɚɟɬɫɹ ɤɚɤ Ʉ(): Ʉ  Ʉ()  Ɋ. Ɉɱɟɜɢɞɧɨ ɬɚɤɠɟ, ɱɬɨ 
Ʉ() – ɧɚɢɦɟɧɶɲɟɟ ɫɪɟɞɢ ɜɫɟɯ ɩɨɞɩɨɥɟɣ ɩɨɥɹ Ɋ, ɫɨɞɟɪɠɚɳɢɯ ɩɨɥɟ Ʉ ɢ ɷɥɟɦɟɧɬ  
ɨɞɧɨɜɪɟɦɟɧɧɨ. 

ɁȺɆȿɑȺɇɂȿ. ɂɧɨɝɞɚ ɝɨɜɨɪɹɬ, ɱɬɨ ɷɥɟɦɟɧɬ  ɩɪɢɫɨɟɞɢɧɟɧ ɤ ɩɨɥɸ Ʉ. 
Ɋɚɫɲɢɪɟɧɢɟ Ɋ ɩɨɥɹ Ʉ ɦɨɠɟɬ ɛɵɬɶ ɩɨɥɭɱɟɧɨ ɩɪɢɫɨɟɞɢɧɟɧɢɟɦ ɥɸɛɨɝɨ ɤɨɧɟɱɧɨɝɨ 

(ɢ ɞɚɠɟ ɛɟɫɤɨɧɟɱɧɨɝɨ) ɱɢɫɥɚ ɷɥɟɦɟɧɬɨɜ ,...,...,, 21 n . 

ȿɫɥɢ ɪɚɫɲɢɪɟɧɢɟ ɩɨɥɭɱɟɧɨ ɩɪɢɫɨɟɞɢɧɟɧɢɟɦ ɨɞɧɨɝɨ ɷɥɟɦɟɧɬɚ, ɬɨ ɨɧɨ 
ɧɚɡɵɜɚɟɬɫɹ ɩɪɨɫɬɵɦ. 

Ɍɚɤ ɤɚɤ Ʉ() – ɩɨɥɟ, ɬɨ ɧɚɪɹɞɭ ɫ ɷɥɟɦɟɧɬɚɦɢ ɩɨɥɹ Ʉ ɢ ɫɚɦɢɦ ɷɥɟɦɟɧɬɨɦ  ɨɧɨ, 
ɨɱɟɜɢɞɧɨ, ɫɨɞɟɪɠɢɬ ɜɫɟɜɨɡɦɨɠɧɵɟ ɷɥɟɦɟɧɬɵ, ɩɨɥɭɱɚɟɦɵɟ ɩɪɢ ɢɯ ɫɥɨɠɟɧɢɢ, 
ɜɵɱɢɬɚɧɢɢ, ɭɦɧɨɠɟɧɢɢ ɢ ɞɟɥɟɧɢɢ. 

ɌȿɈɊȿɆȺ. ɉɨɥɟ Ʉ() ɫɨɫɬɨɢɬ ɢɡ ɪɚɰɢɨɧɚɥɶɧɵɯ ɤɨɦɛɢɧɚɰɢɣ ɷɥɟɦɟɧɬɨɜ ɢɡ Ʉ ɫ 
ɷɥɟɦɟɧɬɚɦɢ, ɩɪɟɞɫɬɚɜɥɹɸɳɢɦɢ ɫɬɟɩɟɧɢ ɢ ɤɪɚɬɧɵɟ ɷɥɟɦɟɧɬɚ . 

ɉɭɫɬɶ ɞɚɧɨ ɩɪɨɫɬɨɟ ɪɚɫɲɢɪɟɧɢɟ ɩɨɥɹ Ʉ ɷɥɟɦɟɧɬɨɦ : Ʉ(). 

Ɍɨɝɞɚ ɨɧɨ ɫɨɞɟɪɠɢɬ ɤɨɥɶɰɨ ɜɫɟɯ ɦɧɨɝɨɱɥɟɧɨɜ ɨɬ  ɜɢɞɚ: 
Kaaaaa k

n

n  ...,...2
210      (14) 

Ɂɚɩɢɲɟɦ ɜɵɪɚɠɟɧɢɟ (1) ɜ ɜɢɞɟ ɫɭɦɦɵ 

 k

ka  = f()        (15) 
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ɢ ɫɪɚɜɧɢɦ ɟɝɨ ɫ ɷɥɟɦɟɧɬɚɦɢ ɤɨɥɶɰɚ ɦɧɨɝɨɱɥɟɧɨɜ  ɨɬ ɨɞɧɨɣ ɩɟɪɟɦɟɧɧɨɣ ɧɚɞ 
ɬɟɦ ɠɟ ɩɨɥɟɦ Ʉ – Ʉ[x]: 

f(x) = 
n

nxaxaxaa  ..2
210 =  k

k xa      (16) 

Ɍɨɝɞɚ ɧɟɬɪɭɞɧɨ ɩɪɨɜɟɪɢɬɶ, ɱɬɨ ɨɬɨɛɪɚɠɟɧɢɟ : Ʉ[x]  , ɡɚɞɚɧɧɨɟ ɫɥɟɞɭɸɳɢɦ 
ɨɛɪɚɡɨɦ: 

:  k

k xa   k

ka        (17) 

ɹɜɥɹɟɬɫɹ ɝɨɦɨɦɨɪɮɢɡɦɨɦ ɤɨɥɟɰ. 
ɁȺɆȿɑȺɇɂə 

1. ɂɡ (4) ɢ ɬɟɨɪɟɦɵ ɨ ɝɨɦɨɦɨɪɮɢɡɦɟ ɫɥɟɞɭɟɬ, ɱɬɨ ɤɨɥɶɰɨ  ɢɡɨɦɨɪɮɧɨ ɮɚɤɬɨɪ-

ɤɨɥɶɰɭ Ʉ[x] / Ker , ɩɪɢɱɟɦ ɹɞɪɨ ɝɨɦɨɦɨɪɮɢɡɦɚ ɫɨɫɬɨɢɬ ɢɡ ɜɫɟɯ ɬɚɤɢɯ ɦɧɨɝɨɱɥɟɧɨɜ f(x) 

 Ʉ[x], ɤɨɬɨɪɵɟ ɩɪɢ ɝɨɦɨɦɨɪɮɢɡɦɟ  ɨɬɨɛɪɚɠɚɸɬɫɹ ɜ ɧɭɥɶ ɤɨɥɶɰɚ : ( f(x)) = f() = 0  , 

ɬ.ɟ., ɨɧɨ ɫɨɫɬɨɢɬ ɢɡ ɬɚɤɢɯ ɦɧɨɝɨɱɥɟɧɨɜ, ɞɥɹ ɤɨɬɨɪɵɯ  ɹɜɥɹɟɬɫɹ ɤɨɪɧɟɦ. 
Ɉɱɟɜɢɞɧɨ, ɱɬɨ Ker  ɟɫɬɶ ɢɞɟɚɥ ɜ ɤɨɥɶɰɟ Ʉ[x]. 

ɉɨɫɤɨɥɶɤɭ ɜ ɤɨɥɶɰɚɯ ɦɧɨɝɨɱɥɟɧɨɜ ɧɚɞ ɩɨɥɟɦ ɧɟɬ ɞɟɥɢɬɟɥɟɣ ɧɭɥɹ, ɬɨ ɢɞɟɚɥ Ker  
ɹɜɥɹɟɬɫɹ ɩɪɨɫɬɵɦ, ɬ.ɟ. ɧɟ ɫɨɞɟɪɠɚɳɢɦ ɫɨɛɫɬɜɟɧɧɵɯ ɢɞɟɚɥɨɜ. Ɉɧ ɧɟ ɦɨɠɟɬ ɛɵɬɶ 
ɟɞɢɧɢɱɧɵɦ ɢɞɟɚɥɨɦ, ɤɨɬɨɪɵɣ ɩɪɢ ɝɨɦɨɦɨɪɮɢɡɦɟ ɩɟɪɟɯɨɞɢɬ ɬɚɤɠɟ ɜ ɟɞɢɧɢɱɧɵɣ ɢɞɟɚɥ, 
ɚ ɧɟ ɜ ɧɭɥɟɜɨɣ. Ɍɚɤ ɤɚɤ ɜ ɤɨɥɶɰɟ ɦɧɨɝɨɱɥɟɧɨɜ ɧɚɞ ɩɨɥɟɦ ɤɚɠɞɵɣ ɢɞɟɚɥ ɹɜɥɹɟɬɫɹ 
ɝɥɚɜɧɵɦ, ɬɨ ɨɫɬɚɸɬɫɹ ɬɨɥɶɤɨ ɞɜɟ ɜɨɡɦɨɠɧɨɫɬɢ. 

2. Ker  = (g(x)), ɝɞɟ g(x) – ɧɟɩɪɢɜɨɞɢɦɵɣ ɧɚɞ Ʉ ɦɧɨɝɨɱɥɟɧ. ȼ ɫɢɥɭ ɩɪɨɫɬɨɬɵ 
ɢɞɟɚɥɚ (g(x)), g(x) – ɦɧɨɝɨɱɥɟɧ ɧɚɢɦɟɧɶɲɟɣ ɫɬɟɩɟɧɢ ɫɨ ɫɜɨɣɫɬɜɨɦ g() = 0. ȼ ɷɬɨɦ 
ɫɥɭɱɚɟ   Ʉ[x] / (g(x)). 

Ʉɨɥɶɰɨ ɤɥɚɫɫɨɜ ɜɵɱɟɬɨɜ Ʉ[x]/(g(x)) ɹɜɥɹɟɬɫɹ ɩɨɥɟɦ (ɩɨɫɤɨɥɶɤɭ ɢɞɟɚɥ ɩɪɨɫɬɨɣ); 
ɢɡɨɦɨɪɮɧɨɟ ɟɦɭ ɤɨɥɶɰɨ  ɬɚɤɠɟ ɛɭɞɟɬ ɩɨɥɟɦ, ɤɨɬɨɪɨɟ ɜ ɞɚɧɧɨɦ ɫɥɭɱɚɟ ɢ ɹɜɥɹɟɬɫɹ 
ɩɪɨɫɬɵɦ ɪɚɫɲɢɪɟɧɢɟɦ ɤɨɥɶɰɚ Ʉ[x]. 

3. Ker  = {0}, ɬɨɝɞɚ ɜ ɤɨɥɶɰɟ Ʉ[x] ɧɟ ɫɭɳɟɫɬɜɭɟɬ ɞɪɭɝɢɯ ɦɧɨɝɨɱɥɟɧɨɜ, ɤɪɨɦɟ ɧɭɥɹ, 
ɤɨɬɨɪɵɟ ɨɬɨɛɪɚɠɚɥɢɫɶ ɛɵ ɜ ɧɭɥɶ ɤɨɥɶɰɚ . ȼ ɷɬɨɦ ɫɥɭɱɚɟ  ɹɜɥɹɟɬɫɹ ɢɡɨɦɨɪɮɢɡɦɨɦ 
ɤɨɥɟɰ.  

4. ȼ ɫɥɭɱɚɟ 2, ɤɨɝɞɚ ɷɥɟɦɟɧɬ  ɭɞɨɜɥɟɬɜɨɪɹɟɬ ɧɟɤɨɬɨɪɨɦɭ ɚɥɝɟɛɪɚɢɱɟɫɤɨɦɭ 
ɭɪɚɜɧɟɧɢɸ g() = 0 ɧɚɞ Ʉ, ɫɚɦ ɷɥɟɦɟɧɬ  ɧɚɡɵɜɚɟɬɫɹ ɚɥɝɟɛɪɚɢɱɟɫɤɢɦ ɧɚɞ ɩɨɥɟɦ Ʉ, ɚ 
ɩɨɥɟ Ʉ() – ɩɪɨɫɬɵɦ ɚɥɝɟɛɪɚɢɱɟɫɤɢɦ ɪɚɫɲɢɪɟɧɢɟɦ ɩɨɥɹ Ʉ.  

ȼ ɫɥɭɱɚɟ 3, ɤɨɝɞɚ ɢɡ ɪɚɜɟɧɫɬɜɚ f() = 0 ɫɥɟɞɭɟɬ, ɱɬɨ f(x) =0, ɷɥɟɦɟɧɬ  ɧɚɡɵɜɚɟɬɫɹ 
ɬɪɚɧɫɰɟɧɞɟɧɬɧɵɦ ɧɚɞ Ʉ, ɚ ɫɚɦɨ ɩɨɥɟ Ʉ() – ɩɪɨɫɬɵɦ ɬɪɚɧɫɰɟɧɞɟɧɬɧɵɦ 
ɪɚɫɲɢɪɟɧɢɟɦ ɩɨɥɹ Ʉ. Ɉɱɟɜɢɞɧɨ, ɱɬɨ ɜɨ ɜɬɨɪɨɦ ɫɥɭɱɚɟ ɧɟ ɫɭɳɟɫɬɜɭɟɬ ɦɧɨɝɨɱɥɟɧɚ ɫ 
ɤɨɷɮɮɢɰɢɟɧɬɚɦɢ ɢɡ Ʉ, ɤɨɪɧɟɦ ɤɨɬɨɪɨɝɨ ɹɜɥɹɥɨɫɶ ɛɵ ɱɢɫɥɨ . 

ȼɨɨɛɳɟ ɝɨɜɨɪɹ, ɤ ɩɨɧɹɬɢɸ ɚɥɝɟɛɪɚɢɱɟɫɤɢɯ ɢ ɬɪɚɧɫɰɟɧɞɟɧɬɧɵɯ ɱɢɫɟɥ ɩɨɞɯɨɞɹɬ 
ɨɛɵɱɧɨ ɫɥɟɞɭɸɳɢɦ ɨɛɪɚɡɨɦ. 

ɈɉɊȿȾȿɅȿɇɂȿ. ɑɢɫɥɨ  ɧɚɡɵɜɚɟɬɫɹ ɚɥɝɟɛɪɚɢɱɟɫɤɢɦ ɧɚɞ ɩɨɥɟɦ Ɋ, ɟɫɥɢ ɨɧɨ 
ɹɜɥɹɟɬɫɹ ɤɨɪɧɟɦ ɤɚɤɨɝɨ-ɥɢɛɨ ɦɧɨɝɨɱɥɟɧɚ ɫ ɤɨɷɮɮɢɰɢɟɧɬɚɦɢ ɢɡ ɷɬɨɝɨ ɩɨɥɹ. ȼ 
ɩɪɨɬɢɜɧɨɦ ɫɥɭɱɚɟ ɱɢɫɥɨ  ɧɚɡɵɜɚɟɬɫɹ ɬɪɚɧɫɰɟɧɞɟɧɬɧɵɦ ɧɚɞ ɩɨɥɟɦ Ɋ. 

ɁȺɆȿɑȺɇɂȿ. ɉɭɫɬɶ  ɟɫɬɶ ɱɢɫɥɨ, ɚɥɝɟɛɪɚɢɱɟɫɤɨɟ ɧɚɞ ɩɨɥɟɦ Ɋ. ȿɫɥɢ Ʉ ɟɫɬɶ 
ɩɨɞɩɨɥɟ ɩɨɥɹ Ɋ, ɬɨ  ɦɨɠɟɬ ɭɠɟ ɢ ɧɟ ɛɵɬɶ ɚɥɝɟɛɪɚɢɱɟɫɤɢɦ ɧɚɞ ɷɬɢɦ ɩɨɥɟɦ. ɇɚɩɪɢɦɟɪ, 
ɱɢɫɥɨ  =  ɛɭɞɟɬ ɚɥɝɟɛɪɚɢɱɟɫɤɢɦ ɧɚɞ ɩɨɥɟɦ ɞɟɣɫɬɜɢɬɟɥɶɧɵɯ ɱɢɫɟɥ, ɬɚɤ ɤɚɤ ɨɧɨ ɟɫɬɶ 
ɤɨɪɟɧɶ ɦɧɨɝɨɱɥɟɧɚ f(x) = x - , ɧɨ ɧɟ ɛɭɞɟɬ ɚɥɝɟɛɪɚɢɱɟɫɤɢɦ ɧɚɞ ɩɨɥɟɦ ɪɚɰɢɨɧɚɥɶɧɵɯ 
ɱɢɫɟɥ. 

2. Ɇɢɧɢɦɚɥɶɧɵɣ ɦɧɨɝɨɱɥɟɧ ɚɥɝɟɛɪɚɢɱɟɫɤɨɝɨ ɱɢɫɥɚ ɢ ɟɝɨ ɫɜɨɣɫɬɜɚ 
ɈɉɊȿȾȿɅȿɇɂȿ. ɉɨɥɟ Ɋ ɧɚɡɵɜɚɟɬɫɹ ɤɨɧɟɱɧɵɦ ɪɚɫɲɢɪɟɧɢɟɦ ɩɨɥɹ Ʉ, ɟɫɥɢ ɥɸɛɨɣ 

ɷɥɟɦɟɧɬ w  Ɋ ɹɜɥɹɟɬɫɹ ɥɢɧɟɣɧɨɣ ɤɨɦɛɢɧɚɰɢɟɣ ɤɨɧɟɱɧɨɝɨ ɱɢɫɥɚ ɷɥɟɦɟɧɬɨɜ 

nuuu ,...,, 21  ɫ ɤɨɷɮɮɢɰɢɟɧɬɚɦɢ ɢɡ ɩɨɥɹ Ʉ: nnuauauaw  ...2211 . 

ɁȺɆȿɑȺɇɂȿ. Ɉɱɟɜɢɞɧɨ, ɱɬɨ ɩɨɥɟ Ɋ ɦɨɠɧɨ ɪɚɫɫɦɚɬɪɢɜɚɬɶ ɤɚɤ ɤɨɧɟɱɧɨɦɟɪɧɨɟ 
ɜɟɤɬɨɪɧɨɟ ɩɪɨɫɬɪɚɧɫɬɜɨ ɧɚɞ Ʉ. Ȼɚɡɢɫɨɦ ɷɬɨɝɨ ɩɪɨɫɬɪɚɧɫɬɜɚ ɹɜɥɹɟɬɫɹ ɦɚɤɫɢɦɚɥɶɧɚɹ 
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ɥɢɧɟɣɧɨ ɧɟɡɚɜɢɫɢɦɚɹ ɩɨɞɫɢɫɬɟɦɚ ɷɥɟɦɟɧɬɨɜ ɜ ɫɢɫɬɟɦɟ nuuu ,...,, 21 . ɑɢɫɥɨ ɷɥɟɦɟɧɬɨɜ 
ɛɚɡɢɫɚ, ɬ.ɟ. ɪɚɡɦɟɪɧɨɫɬɶ ɩɪɨɫɬɪɚɧɫɬɜɚ Ɋ ɧɚɞ Ʉ, ɧɚɡɵɜɚɟɬɫɹ ɫɬɟɩɟɧɶɸ ɪɚɫɲɢɪɟɧɢɹ Ɋ 
ɧɚɞ Ʉ ɢ ɨɛɨɡɧɚɱɚɟɬɫɹ ɱɟɪɟɡ [P : K]. 

ɉɭɫɬɶ Ɋ – ɩɪɨɫɬɨɟ ɚɥɝɟɛɪɚɢɱɟɫɤɨɟ ɪɚɫɲɢɪɟɧɢɟ ɩɨɥɹ Ʉ ɫ ɩɨɦɨɳɶɸ ɷɥɟɦɟɧɬɚ , 
ɫɬɟɩɟɧɶ ɤɨɬɨɪɨɝɨ ɧɚɞ Ʉ ɪɚɜɧɚ n. 

Ɍɨɝɞɚ ɷɥɟɦɟɧɬɵ 12,...,,,1 n  (18) ɨɛɪɚɡɭɸɬ ɛɚɡɢɫ ɩɨɥɹ Ɋ = Ʉ(), ɬ.ɟ. Ʉ() ɢɦɟɟɬ 
ɤɨɧɟɱɧɭɸ ɫɬɟɩɟɧɶ n ɧɚɞ Ʉ. 

ɉɭɫɬɶ ɩɨɥɟ L – ɩɪɨɦɟɠɭɬɨɱɧɨɟ ɦɟɠɞɭ ɩɨɥɹɦɢ Ʉ ɢ Ɋ, ɬ.ɟ., Ʉ  L  Ɋ. Ɍɨɝɞɚ 
ɫɩɪɚɜɟɞɥɢɜɚ ɬɟɨɪɟɦɚ. 

ɌȿɈɊȿɆȺ (ɨ ɫɬɟɩɟɧɹɯ). ȿɫɥɢ Ɋ ɤɨɧɟɱɧɨ ɧɚɞ Ʉ, ɬɨ ɢ L ɤɨɧɟɱɧɨ ɧɚɞ Ʉ, ɚ Ɋ ɤɨɧɟɱɧɨ 
ɧɚɞ L. Ɉɛɪɚɬɧɨ, ɟɫɥɢ L ɤɨɧɟɱɧɨ ɧɚɞ Ʉ, ɚ Ɋ ɤɨɧɟɱɧɨ ɧɚɞ L, ɬɨ Ɋ ɤɨɧɟɱɧɨ ɧɚɞ Ʉ, ɩɪɢɱɟɦ 

[P : K] = [P : L][L : K].   (19) 
ɁȺɆȿɑȺɇɂȿ. ȼɬɨɪɭɸ ɱɚɫɬɶ ɷɬɨɣ ɬɟɨɪɟɦɵ ɧɚɡɵɜɚɸɬ ɬɚɤɠɟ ɫɜɨɣɫɬɜɨɦ 

ɬɪɚɧɡɢɬɢɜɧɨɫɬɢ ɤɨɧɟɱɧɵɯ ɪɚɫɲɢɪɟɧɢɣ. 
ɋɅȿȾɋɌȼɂȿ 1. ȿɫɥɢ Ʉ  L  Ɋ ɢ [P : K] = [L : K], ɬɨ Ɋ = L. 

ɋɅȿȾɋɌȼɂȿ 2. ȿɫɥɢ Ʉ  L  Ɋ ɢ [P : L] = [P : K], ɬɨ L = Ʉ. 
ɋɅȿȾɋɌȼɂȿ 3. ȿɫɥɢ Ʉ  L  Ɋ, ɬɨ ɫɬɟɩɟɧɶ [L : K] ɹɜɥɹɟɬɫɹ ɞɟɥɢɬɟɥɟɦ ɫɬɟɩɟɧɢ [P 

: K]. 
ɍɫɬɚɧɨɜɢɦ ɜɡɚɢɦɨɫɜɹɡɶ ɦɟɠɞɭ ɪɚɫɲɢɪɟɧɢɹɦɢ ɤɨɧɟɱɧɨɣ ɫɬɟɩɟɧɢ ɢ 

ɚɥɝɟɛɪɚɢɱɧɨɫɬɶɸ ɱɢɫɥɚ ɧɚɞ ɩɨɥɟɦ. 
ɌȿɈɊȿɆȺ. ɑɢɫɥɨ  ɹɜɥɹɟɬɫɹ ɚɥɝɟɛɪɚɢɱɟɫɤɢɦ ɧɚɞ ɩɨɥɟɦ Ɋ ɬɨɝɞɚ ɢ ɬɨɥɶɤɨ ɬɨɝɞɚ, 

ɤɨɝɞɚ ɜɟɤɬɨɪɧɨɟ ɩɪɨɫɬɪɚɧɫɬɜɨ Ɋ() ɤɨɧɟɱɧɨɦɟɪɧɨ ɧɚɞ ɩɨɥɟɦ Ɋ. ɉɪɢ ɷɬɨɦ ɫɬɟɩɟɧɶ ɱɢɫɥɚ 
 ɧɚɞ Ɋ ɪɚɜɧɚ ɪɚɡɦɟɪɧɨɫɬɢ ɷɬɨɝɨ ɩɪɨɫɬɪɚɧɫɬɜɚ. 

ɋɅȿȾɋɌȼɂȿ. ɉɭɫɬɶ Ʉ – ɧɟɤɨɬɨɪɨɟ ɤɨɥɶɰɨ, ɫɨɞɟɪɠɚɳɟɟ ɩɨɥɟ Ɋ. ȿɫɥɢ 
ɩɪɨɫɬɪɚɧɫɬɜɨ Ʉ ɤɨɧɟɱɧɨɦɟɪɧɨ ɧɚɞ Ɋ, ɬɨ ɜɫɹɤɨɟ ɱɢɫɥɨ ɢɡ ɤɨɥɶɰɚ Ʉ ɚɥɝɟɛɪɚɢɱɧɨ ɧɚɞ Ɋ. 

ɌȿɈɊȿɆȺ. ɋɨɜɨɤɭɩɧɨɫɬɶ ɜɫɟɯ ɱɢɫɟɥ, ɚɥɝɟɛɪɚɢɱɟɫɤɢɯ ɧɚɞ ɞɚɧɧɵɦ ɩɨɥɟɦ Ɋ, 
ɹɜɥɹɟɬɫɹ ɩɨɥɟɦ, ɤɨɬɨɪɨɟ ɧɚɡɵɜɚɟɬɫɹ ɩɨɥɟɦ ɚɥɝɟɛɪɚɢɱɟɫɤɢɯ ɱɢɫɟɥ. 

ɈɉɊȿȾȿɅȿɇɂȿ. ɉɨɥɟ ɧɚɡɵɜɚɟɬɫɹ ɚɥɝɟɛɪɚɢɱɟɫɤɢ ɡɚɦɤɧɭɬɵɦ, ɟɫɥɢ ɥɸɛɨɣ 
ɦɧɨɝɨɱɥɟɧ ɩɨɥɨɠɢɬɟɥɶɧɨɣ ɫɬɟɩɟɧɢ ɫ ɤɨɷɮɮɢɰɢɟɧɬɚɦɢ ɢɡ ɷɬɨɝɨ ɩɨɥɹ ɢɦɟɟɬ ɤɨɪɧɢ ɜ 
ɷɬɨɦ ɩɨɥɟ. 

Ɍɚɤ ɤɚɤ ɥɸɛɨɣ ɦɧɨɝɨɱɥɟɧ ɫ ɤɨɦɩɥɟɤɫɧɵɦɢ ɤɨɷɮɮɢɰɢɟɧɬɚɦɢ ɢɦɟɟɬ ɤɨɪɟɧɶ ɜ ɩɨɥɟ 
ɤɨɦɩɥɟɤɫɧɵɯ ɱɢɫɟɥ, ɬɨ ɩɨɥɟ ɋ ɹɜɥɹɟɬɫɹ ɚɥɝɟɛɪɚɢɱɟɫɤɢ ɡɚɦɤɧɭɬɵɦ. 

ɌȿɈɊȿɆȺ. ȼɫɹɤɨɟ ɤɨɧɟɱɧɨɟ ɪɚɫɲɢɪɟɧɢɟ ɱɢɫɥɨɜɨɝɨ ɩɨɥɹ ɹɜɥɹɟɬɫɹ ɩɪɨɫɬɵɦ 
ɚɥɝɟɛɪɚɢɱɟɫɤɢɦ ɪɚɫɲɢɪɟɧɢɟɦ ɷɬɨɝɨ ɩɨɥɹ. 

Эɬɚ ɬɟɨɪɟɦɚ ɨɡɧɚɱɚɟɬ, ɱɬɨ ɟɫɥɢ ɩɨɥɟ ),...,,( 21 n  ɟɫɬɶ ɤɨɧɟɱɧɨɟ ɪɚɫɲɢɪɟɧɢɟ 
ɱɢɫɥɨɜɨɝɨ ɩɨɥɹ Ɋ, ɬɨ ɦɨɠɧɨ ɩɨɞɨɛɪɚɬɶ ɬɚɤɨɟ ɱɢɫɥɨ , ɱɬɨ ),...,,( 21 n =Ɋ(). 

ɈɉɊȿȾȿɅȿɇɂȿ. Ɋɚɫɲɢɪɟɧɢɟ Ɋ ɩɨɥɹ Ʉ ɧɚɡɵɜɚɟɬɫɹ ɚɥɝɟɛɪɚɢɱɟɫɤɢɦ ɧɚɞ Ʉ, ɟɫɥɢ 
ɤɚɠɞɵɣ ɷɥɟɦɟɧɬ ɢɡ Ɋ ɹɜɥɹɟɬɫɹ ɚɥɝɟɛɪɚɢɱɟɫɤɢɦ ɧɚɞ Ʉ. 

Ɇɟɠɞɭ ɤɨɧɟɱɧɵɦɢ ɢ ɚɥɝɟɛɪɚɢɱɟɫɤɢɦɢ ɪɚɫɲɢɪɟɧɢɹɦɢ ɩɨɥɟɣ ɫɭɳɟɫɬɜɭɟɬ ɬɟɫɧɚɹ 
ɜɡɚɢɦɨɫɜɹɡɶ. 

ɌȿɈɊȿɆȺ. Ʉɚɠɞɨɟ ɤɨɧɟɱɧɨɟ ɪɚɫɲɢɪɟɧɢɟ ɩɨɥɹ Ɋ ɚɥɝɟɛɪɚɢɱɧɨ ɢ ɩɨɥɭɱɚɟɬɫɹ ɢɡ Ɋ 
ɩɪɢɫɨɟɞɢɧɟɧɢɟɦ ɤɨɧɟɱɧɨɝɨ ɱɢɫɥɚ ɚɥɝɟɛɪɚɢɱɟɫɤɢɯ ɷɥɟɦɟɧɬɨɜ. 

ɁȺɆȿɑȺɇɂȿ. Эɬɚ ɬɟɨɪɟɦɚ ɩɨɡɜɨɥɹɟɬ ɝɨɜɨɪɢɬɶ ɨ «ɤɨɧɟɱɧɵɯ ɚɥɝɟɛɪɚɢɱɟɫɤɢɯ 
ɪɚɫɲɢɪɟɧɢɹɯ» ɜɦɟɫɬɨ «ɤɨɧɟɱɧɵɯ ɪɚɫɲɢɪɟɧɢɣ». 

ɋɩɪɚɜɟɞɥɢɜɚ ɢ ɨɛɪɚɬɧɚɹ 
ɌȿɈɊȿɆȺ. Ʉɚɠɞɨɟ ɪɚɫɲɢɪɟɧɢɟ ɩɨɥɹ Ɋ, ɤɨɬɨɪɨɟ ɩɨɥɭɱɚɟɬɫɹ ɩɪɢɫɨɟɞɢɧɟɧɢɟɦ 

ɤɨɧɟɱɧɨɝɨ ɦɧɨɠɟɫɬɜɚ ɚɥɝɟɛɪɚɢɱɟɫɤɢɯ ɱɢɫɟɥ ɤ ɩɨɥɸ Ɋ, ɤɨɧɟɱɧɨ (ɢ, ɫɥɟɞɨɜɚɬɟɥɶɧɨ, 
ɚɥɝɟɛɪɚɢɱɧɨ). 

Ⱦɥɹ ɪɟɲɟɧɢɹ ɧɟɤɨɬɨɪɵɯ ɡɚɞɚɱ ɩɨɥɟɡɧɚ ɫɥɟɞɭɸɳɚɹ  
ɌȿɈɊȿɆȺ. ȿɫɥɢ ɷɥɟɦɟɧɬ  ɚɥɝɟɛɪɚɢɱɟɧ ɧɚɞ ɩɨɥɟɦ Ɋ, ɤɨɬɨɪɨɟ ɹɜɥɹɟɬɫɹ 

ɚɥɝɟɛɪɚɢɱɟɫɤɢɦ ɪɚɫɲɢɪɟɧɢɟɦ ɩɨɥɹ Ʉ, ɬɨ  ɚɥɝɟɛɪɚɢɱɟɧ ɢ ɧɚɞ ɩɨɥɟɦ Ʉ. 
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ɋɪɟɞɢ ɜɫɟɯ ɤɨɧɟɱɧɵɯ ɚɥɝɟɛɪɚɢɱɟɫɤɢɯ ɪɚɫɲɢɪɟɧɢɣ ɨɫɨɛɭɸ ɪɨɥɶ ɢɝɪɚɸɬ ɬɚɤ 
ɧɚɡɵɜɚɟɦɵɟ ɩɨɥɹ ɪɚɡɥɨɠɟɧɢɹ ɦɧɨɝɨɱɥɟɧɚ f(x). 

ɈɉɊȿȾȿɅȿɇɂȿ. ɉɨɥɟɦ ɪɚɡɥɨɠɟɧɢɹ ɦɧɨɝɨɱɥɟɧɚ f(x), ɡɚɞɚɧɧɨɝɨ ɧɚɞ ɩɨɥɟɦ Ɋ, 
ɧɚɡɵɜɚɟɬɫɹ ɩɨɥɟ, ɩɨɥɭɱɟɧɧɨɟ ɩɪɢɫɨɟɞɢɧɟɧɢɟɦ ɤ Ɋ ɜɫɟɯ ɤɨɪɧɟɣ ɭɪɚɜɧɟɧɢɹ f(x)=0.  

ɁȺɆȿɑȺɇɂȿ. Ɋɟɱɶ ɜ ɨɩɪɟɞɟɥɟɧɢɢ ɢɞɟɬ ɨ ɩɨɥɹɯ Ɋ( n ,...,, 21 ), ɜ ɤɨɬɨɪɵɯ 
ɦɧɨɝɨɱɥɟɧ f(x) ɢɡ ɤɨɥɶɰɚ Ɋ[x] ɩɨɥɧɨɫɬɶɸ ɪɚɡɥɚɝɚɟɬɫɹ ɧɚ ɥɢɧɟɣɧɵɟ ɦɧɨɠɢɬɟɥɢ: f(x)=(x - 

 1 )(x -  2 )…(x -  n ) ɢ ɤɨɬɨɪɵɟ ɩɨɥɭɱɚɸɬɫɹ ɩɪɢɫɨɟɞɢɧɟɧɢɟɦ ɤ Ɋ ɤɨɪɧɟɣ  i  ɷɬɢɯ 
ɥɢɧɟɣɧɵɯ ɦɧɨɠɢɬɟɥɟɣ. 

ȼ ɬɟɨɪɢɢ ɩɨɥɟɣ ɞɨɤɚɡɵɜɚɟɬɫɹ  
ɌȿɈɊȿɆȺ. Ⱦɥɹ ɤɚɠɞɨɝɨ ɦɧɨɝɨɱɥɟɧɚ f(x) ɢɡ ɤɨɥɶɰɚ ɦɧɨɝɨɱɥɟɧɨɜ Ɋ[x] ɫɭɳɟɫɬɜɭɟɬ 

ɧɟɤɨɬɨɪɨɟ ɩɨɥɟ ɪɚɡɥɨɠɟɧɢɹ. 
 

Ɍɟɦɚ. ȼɚɠɧɟɣɲɢɟ ɮɭɧɤɰɢɢ ɜ ɬɟɨɪɢɢ ɱɢɫɟɥ 
ɉɥɚɧ 

1. Ɏɭɧɤɰɢɢ    xx , , .mod  ɢ ɢɯ ɫɜɨɣɫɬɜɚ.  

2. Ɇɭɥɶɬɢɩɥɢɤɚɬɢɜɧɵɟ ɮɭɧɤɰɢɢ 
3. Ɏɭɧɤɰɢɹ Эɣɥɟɪɚ. 
1. Ɏɭɧɤɰɢɢ    xx ,  ɢ ɢɯ ɫɜɨɣɫɬɜɚ 

ɈɉɊȿȾȿɅȿɇɂȿ 
ɉɭɫɬɶ x - ɩɪɨɢɡɜɨɥɶɧɨɟ ɞɟɣɫɬɜɢɬɟɥɶɧɨɟ ɱɢɫɥɨ. Ɍɨɝɞɚ: 
 x  ɪɚɜɧɨ ɧɚɢɛɨɥɶɲɟɦɭ ɰɟɥɨɦɭ ɱɢɫɥɭ, ɧɟ ɩɪɟɜɨɫɯɨɞɹɳɟɦɭ x  (ɱɢɬɚɟɬɫɹ ɮɭɧɤɰɢɹ 

«ɩɨɥ»); 
 x  ɪɚɜɧɨ ɧɚɢɦɟɧɶɲɟɦɭ ɰɟɥɨɦɭ ɱɢɫɥɭ, ɛɨɥɶɲɟɦɭ ɢɥɢ ɪɚɜɧɨɦɭ x ( ɱɢɬɚɟɬɫɹ 

ɮɭɧɤɰɢɹ «ɩɨɬɨɥɨɤ»). 

Ɍɚɤɢɦ ɨɛɪɚɡɨɦ, 
 
  .,,,

;,,,

ɧɚɢɦеɧɶшееbxbZbbx

ɧɚɢɛɨɥɶшееaxaZaax




 

Ɉɬɦɟɬɢɦ ɧɟɤɨɬɨɪɵɟ ɫɜɨɣɫɬɜɚ ɷɬɢɯ ɮɭɧɤɰɢɣ. 
ɋȼɈɃɋɌȼɈ 1 

    .Zxxxx   

ɋȼɈɃɋɌȼɈ 2 

    .1,  xxɬɨZxȿɫɥɢ  

ɋȼɈɃɋɌȼɈ 3 

    .11()(  xxxxxRx  

ɋȼɈɃɋɌȼɈ 4 

       .xxɢxx   

ɋȼɈɃɋɌȼɈ 5 

 
 
 
  .1)

;1)

;1)

;1)

:)()(








xnxnxd

nxnnxc

xnxnxb

nxnnxa

ZnRx

 

ɋȼɈɃɋɌȼɈ 6 

   
    ,

()()(

nxnx

ɢnxnxZnRx



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ɬɨ ɟɫɬɶ ɰɟɥɨɱɢɫɥɟɧɧɨɟ ɫɥɚɝɚɟɦɨɟ ɦɨɠɧɨ ɜɵɧɨɫɢɬɶ ɢ ɜɧɨɫɢɬɶ ɡɚ ɫɤɨɛɤɢ ɮɭɧɤɰɢɣ 
«ɩɨɥ» ɢ «ɩɨɬɨɥɨɤ». 

ɋȼɈɃɋɌȼɈ 7 

 
 

 
 .)

;)

;)

;)

:)()(

xnxnd

nxnxc

xnxnb

nxnxa

ZnRx









 

Эɬɢ ɧɟɪɚɜɟɧɫɬɜɚ ɩɨɡɜɨɥɹɸɬ ɜɫɬɚɜɥɹɬɶ ɢɥɢ ɨɩɭɫɤɚɬɶ ɫɤɨɛɤɢ ɮɭɧɤɰɢɣ «ɩɨɥ» ɢ 
«ɩɨɬɨɥɨɤ». 

ɋȼɈɃɋɌȼɈ 8 

       
       .

;

)(

xxx

xxx

Rx






 

ɈɉɊȿȾȿɅȿɇɂȿ. Ɋɚɡɧɨɫɬɶ ɦɟɠɞɭ ɱɢɫɥɨɦ x  ɢ ɮɭɧɤɰɢɟɣ  x  ɧɚɡɵɜɚɟɬɫɹ ɞɪɨɛɧɨɣ 
ɱɚɫɬɶɸ ɱɢɫɥɚ x  ɢ ɨɛɨɡɧɚɱɚɟɬɫɹ 

 xxx }{ . 

ɋȼɈɃɋɌȼɈ 9. ɉɭɫɬɶ )(xf  - ɧɟɤɨɬɨɪɚɹ ɧɟɩɪɟɪɵɜɧɚɹ, ɦɨɧɨɬɨɧɧɨ ɜɨɡɪɚɫɬɚɸɳɚɹ 
ɮɭɧɤɰɢɹ, ɬɚɤɚɹ, ɱɬɨ ɟɫɥɢ )(xf  - ɰɟɥɨɟ ɱɢɫɥɨ, ɬɨ x  - ɬɨɠɟ ɰɟɥɨɟ ɱɢɫɥɨ. Ɍɨɝɞɚ: 

    
     ).2()()(

);1()()(

xfxf

xfxf




 

Ⱦɨɤɚɡɚɬɟɥɶɫɬɜɨ. 

ȿɫɥɢ  xx  , ɬɨ ɪɚɜɟɧɫɬɜɨ (2) ɨɱɟɜɢɞɧɨ. ɉɭɫɬɶ  xx  , ɬɨɝɞɚ ɢɡ ɨɩɪɟɞɟɥɟɧɢɹ 

ɮɭɧɤɰɢɢ «ɩɨɬɨɥɨɤ» ɫɥɟɞɭɟɬ, ɱɬɨ  .xx   Ɍɚɤ ɤɚɤ )(xf  - ɜɨɡɪɚɫɬɚɸɳɚɹ ɮɭɧɤɰɢɹ, ɬɨ 

      )()()()( xfxfɢxfxf  , ɩɨɫɤɨɥɶɤɭ ɮɭɧɤɰɢɢ «ɩɨɬɨɥɨɤ» 
ɧɟɜɨɡɪɚɫɬɚɸɳɚɹ.  

Ⱦɟɣɫɬɜɢɬɟɥɶɧɨ, ɟɫɥɢ ɛɵ ɜɵɩɨɥɧɹɥɨɫɶ ɧɟɪɚɜɟɧɫɬɜɨ     )()( xfxf  , ɬɨ 
ɞɨɥɠɧɨ ɧɚɣɬɢɫɶ ɬɚɤɨɟ ɱɢɫɥɨ y , ɞɥɹ ɤɨɬɨɪɨɝɨ: 

   )()( xfyfɢxyx  , 

ɱɬɨ ɫɥɟɞɭɟɬ ɢɡ ɧɟɩɪɟɪɵɜɧɨɫɬɢ ɮɭɧɤɰɢɢ )(xf . ɉɨ ɫɜɨɣɫɬɜɭ ɷɬɨɣ ɮɭɧɤɰɢɢ, y  ɞɨɥɠɧɨ 

ɛɵɬɶ ɰɟɥɵɦ ɱɢɫɥɨɦ. ɇɨ ɩɨ ɨɩɪɟɞɟɥɟɧɢɸ ɮɭɧɤɰɢɢ  x , ɦɟɠɞɭ ɱɢɫɥɚɦɢ x  ɢ  x  ɧɟ 

ɦɨɠɟɬ ɧɚɣɬɢɫɶ ɰɟɥɨɝɨ ɱɢɫɥɚ, ɨɬɥɢɱɧɨɝɨ ɨɬ  x . ɉɨɥɭɱɟɧɧɨɟ ɩɪɨɬɢɜɨɪɟɱɢɟ ɞɨɤɚɡɵɜɚɟɬ 
ɪɚɜɟɧɫɬɜɨ (2).  

Ɋɚɜɟɧɫɬɜɨ (1) ɞɨɤɚɡɵɜɚɟɬɫɹ ɚɧɚɥɨɝɢɱɧɨ. 
ɋɥɟɞɫɬɜɢɟɦ ɷɬɨɝɨ ɫɜɨɣɫɬɜɚ ɹɜɥɹɟɬɫɹ ɫɥɟɞɭɸɳɟɟ ɫɜɨɣɫɬɜɨ. 
ɋȼɈɃɋɌȼɈ 10 
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 

  ).2(

);1(

)()()(





 





 





 





 



n

mx

n

mx

n

mx

n

mx

NnZmRx

 

ɋȼɈɃɋɌȼɈ 11. ɉɭɫɬɶ   ɢ   - ɩɪɨɢɡɜɨɥɶɧɵɟ ɞɟɣɫɬɜɢɬɟɥɶɧɵɟ ɱɢɫɥɚ. 
Ʉɨɥɢɱɟɫɬɜɨ ɡɚɤɥɸɱɟɧɧɵɯ ɦɟɠɞɭ ɧɢɦɢ ɰɟɥɵɯ ɱɢɫɟɥ ɪɚɜɧɨ: 

   
   
   
    .,:),()

;,:],()

;,:),[)

;,1:],[)













ɧɚd

ɧɚc

ɧɚb

ɧɚa

 

Ɏɭɧɤɰɢɹ mod ɢ ɟɟ ɫɜɨɣɫɬɜɚ 
ȿɫɥɢ nm, - ɰɟɥɵɟ ɱɢɫɥɚ, ɬɨ ɱɚɫɬɧɨɟ ɨɬ ɞɟɥɟɧɢɹ n  ɧɚ m  ɪɚɜɧɨ ɡɧɚɱɟɧɢɸ 

ɮɭɧɤɰɢɢ «ɩɨɥ» ɨɬ ɪɚɰɢɨɧɚɥɶɧɨɝɨ ɱɢɫɥɚ 
m

n
, ɬɨ ɟɫɬɶ, ɪɚɜɧɨ 




m

n
. ɂɫɩɨɥɶɡɭɹ ɡɚɩɢɫɶ 

ɞɟɥɟɧɢɹ ɫ ɨɫɬɚɬɤɨɦ: 

,rq
m

n
n 



  

ɝɞɟ r  ɟɫɬɶ ɨɫɬɚɬɨɤ ɨɬ ɞɟɥɟɧɢɹ. Ⱦɥɹ ɨɛɨɡɧɚɱɟɧɢɹ ɨɫɬɚɬɤɚ ɢɫɩɨɥɶɡɭɸɬ ɫɩɟɰɢɚɥɶɧɭɸ 
ɮɭɧɤɰɢɸ mnr mod . ɑɢɬɚɟɬɫɹ ɤɚɤ « r  ɟɫɬɶ ɨɫɬɚɬɨɤ ɨɬ ɞɟɥɟɧɢɹ n  ɧɚ m »: 

).1(modmnm
m

n
n 



  

ɂɡ (1) ɫɥɟɞɭɟɬ, ɱɬɨ ).2(mod m
m

n
nmn 



  

ȼ ɜɵɪɚɠɟɧɢɢ (2) ɦɨɠɧɨ ɫɱɢɬɚɬɶ n  ɢ m  ɥɸɛɵɦɢ ɞɟɣɫɬɜɢɬɟɥɶɧɵɦɢ ɱɢɫɥɚɦɢ, 
.0m  
ɉɪɢɦɟɪ. 

.2135
3

5
)3(5)3mod(5

;1)2(35
3

5
353mod5

;1)2(35
3

5
)3(5)3mod(5

;2135
3

5
353mod5
































 

Ɉɬɦɟɬɢɦ ɧɟɤɨɬɨɪɵɟ ɫɜɨɣɫɬɜɚ ɮɭɧɤɰɢɢ .mod  
ɋȼɈɃɋɌȼɈ 1 
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2. Ɇɭɥɶɬɢɩɥɢɤɚɬɢɜɧɵɟ ɮɭɧɤɰɢɢ 

Ɏɭɧɤɰɢɹ Θ(a) ɧɚɡɵɜɚɟɬɫɹ ɦɭɥɶɬɢɩɥɢɤɚɬɢɜɧɨɣ, ɟɫɥɢ: 
 ɨɧɚ ɨɩɪɟɞɟɥɟɧɚ ɞɥɹ  Za , ɢ ɩɪɢ ɷɬɨɦ a1:Θ(a1)≠0; 
 

Zaa 21, : (a1,a2)=1  Θ(a1∙a2)=Θ(a1)∙Θ(a2).  

ɉɪɢɦɟɪ. ɋɬɟɩɟɧɧɚɹ ɮɭɧɤɰɢɹ 
s

a  – ɦɭɥɶɬɢɩɥɢɤɚɬɢɜɧɚɹ ɮɭɧɤɰɢɹ. 
ɋɜɨɣɫɬɜɚ ɦɭɥɶɬɢɩɥɢɤɚɬɢɜɧɵɯ ɮɭɧɤɰɢɣ: 
1. ȿɫɥɢ Θ(a) – ɦɭɥɶɬɢɩɥɢɤɚɬɢɜɧɚɹ ɮɭɧɤɰɢɹ, ɬɨ Θ(1)=1. 

Ⱦɨɤɚɡɚɬɟɥɶɫɬɜɨ: 
ɉɨ ɨɩɪɟɞɟɥɟɧɢɸ ɦɭɥɶɬɢɩɥɢɤɚɬɢɜɧɨɣ ɮɭɧɤɰɢɢ, ɧɚɣɞɟɬɫɹ a1: Θ(a1)≠0. 
Ɍɨɝɞɚ  Θ(a1)=Θ(a1∙1)=Θ(a1) ∙ Θ(1). Ɉɬɫɸɞɚ  Θ(1)=1. 
2. ȿɫɥɢ Θ – ɦɭɥɶɬɢɩɥɢɤɚɬɢɜɧɚɹ ɮɭɧɤɰɢɹ, ɬɨ ɞɥɹ ɩɨɩɚɪɧɨ ɩɪɨɫɬɵɯ ɱɢɫɟɥ 

a1,a2,…,ak ɜɵɩɨɥɧɹɟɬɫɹ Θ(a1∙a2∙…∙ak)= Θ(a1)∙Θ(a2)∙…∙Θ(ak). 

ȼ ɱɚɫɬɧɨɫɬɢ,        ....... 2121

2121
kk

kk pppppp
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(Ⱦɨɤɚɡɚɬɟɥɶɫɬɜɨ ɨɱɟɜɢɞɧɵɦ ɨɛɪɚɡɨɦ ɫɥɟɞɭɟɬ ɢɡ 2-ɝɨ ɭɫɥɨɜɢɹ ɧɚ 
ɦɭɥɶɬɢɩɥɢɤɚɬɢɜɧɭɸ ɮɭɧɤɰɢɸ.) 

ȿɫɥɢ ɮɭɧɤɰɢɢ Θ1, Θ2, … ,Θk – ɦɭɥɶɬɢɩɥɢɤɚɬɢɜɧɵɟ, ɬɨ ɢɯ ɩɪɨɢɡɜɟɞɟɧɢɟ 
Θ=Θ1∙Θ2∙…∙Θk  – ɬɚɤɠɟ ɦɭɥɶɬɢɩɥɢɤɚɬɢɜɧɚɹ ɮɭɧɤɰɢɹ. 

ȿɫɥɢ Θ(a) – ɦɭɥɶɬɢɩɥɢɤɚɬɢɜɧɚɹ ɮɭɧɤɰɢɹ, 
k

kpppa
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21  – ɤɚɧɨɧɢɱɟɫɤɨɟ 

ɪɚɡɥɨɠɟɧɢɟ ɚ, ɬɨ, ɨɛɨɡɧɚɱɢɜ ɡɧɚɤɨɦ ad \

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(Ⱦɨɤɚɡɵɜɚɟɦ, ɪɚɫɤɪɵɜɚɹ ɫɤɨɛɤɢ ɜ ɩɪɚɜɨɣ ɱɚɫɬɢ). 
3. Ɏɭɧɤɰɢɹ Эɣɥɟɪɚ 

Ɏɭɧɤɰɢɹ Эɣɥɟɪɚ φ(a) ɟɫɬɶ ɤɨɥɢɱɟɫɬɜɨ ɱɢɫɟɥ ɪɹɞɚ 0, 1, …, ɚ–1, ɜɡɚɢɦɧɨ ɩɪɨɫɬɵɯ ɫ  

ɚ ( Za
). 

φ(1)=1,  φ(2)=1, φ(3)=2, φ(4)=2, φ(5)=4, φ(6)=2 ɢ ɬ. ɞ. 
ɋɜɨɣɫɬɜɚ ɮɭɧɤɰɢɢ Эɣɥɟɪɚ: 
1) φ(1)=1;  
Ⱦɨɤɚɡɚɬɟɥɶɫɬɜɨ ɫɥɟɞɭɟɬ ɢɡ ɨɩɪɟɞɟɥɟɧɢɹ. 
2) φ(p)=p–1, ɝɞɟ ɪ – ɩɪɨɫɬɨɟ;  
Ⱦɨɤɚɡɚɬɟɥɶɫɬɜɨ: 
Ⱦɟɣɫɬɜɢɬɟɥɶɧɨ ɟɫɥɢ ɪ – ɩɪɨɫɬɨɟ, ɜ ɪɹɞɭ ɱɢɫɟɥ 0, 1, …, p–1 ɧɟ ɹɜɥɹɟɬɫɹ ɜɡɚɢɦɧɨ 

ɩɪɨɫɬɵɦ ɫ p ɬɨɥɶɤɨ «0». Ɉɫɬɚɥɶɧɵɟ p–1 ɱɢɫɟɥ ɹɜɥɹɸɬɫɹ ɜɡɚɢɦɧɨ ɩɪɨɫɬɵɦɢ ɫ p ɜ ɫɢɥɭ 
ɟɝɨ ɩɪɨɫɬɨɬɵ. ȼɨɫɩɨɥɶɡɨɜɚɜɲɢɫɶ ɨɩɪɟɞɟɥɟɧɢɟɦ ɮɭɧɤɰɢɢ Эɣɥɟɪɚ, ɩɨɥɭɱɢɦ ɢɫɤɨɦɨɟ. 

3)φ(pα)=pα–1(p–1) , ɝɞɟ ɪ – ɩɪɨɫɬɨɟ; 
Ⱦɨɤɚɡɚɬɟɥɶɫɬɜɨ: 

Ɋɚɫɫɦɨɬɪɢɦ ɪɹɞ ɱɢɫɟɥ  0, 1, … , p, … , 2p, … , 3p, … , p2, … ,(p+1)p, …  
ȼ ɷɬɨɦ ɪɹɞɭ ɧɟ ɜɡɚɢɦɧɨ ɩɪɨɫɬɵɦɢ ɫ pα ɹɜɥɹɸɬɫɹ ɬɨɥɶɤɨ ɬɟ ɱɢɫɥɚ, ɤɨɬɨɪɵɟ 

ɤɪɚɬɧɵ p, ɬɨ ɟɫɬɶ ɱɢɫɥɚ 0, p, 2p, …, (pα–1–1)p. Ɍɚɤɢɯ ɱɢɫɟɥ ɛɭɞɟɬ pα–1. ȼɫɟɝɨ ɠɟ ɱɢɫɟɥ 
ɜ ɷɬɨɦ ɪɹɞɭ ɛɭɞɟɬ pα.  

Ɍɚɤɢɦ ɨɛɪɚɡɨɦ, ɤɨɥɢɱɟɫɬɜɨ ɱɢɫɟɥ ɜ ɪɚɫɫɦɚɬɪɢɜɚɟɦɨɦ ɪɹɞɭ, ɜɡɚɢɦɧɨ ɩɪɨɫɬɵɯ ɫ 
pα ɛɭɞɟɬ pα–pα–1= pα–1(p–1). ɂɬɚɤ, φ(pα)=pα–1(p–1). 

4)φ(a) – ɦɭɥɶɬɢɩɥɢɤɚɬɢɜɧɚɹ ɮɭɧɤɰɢɹ. 
Ⱦɨɤɚɡɚɬɟɥɶɫɬɜɨ: 

Ⱦɟɣɫɬɜɢɬɟɥɶɧɨ, ɩɨ ɨɩɪɟɞɟɥɟɧɢɸ ɮɭɧɤɰɢɢ Эɣɥɟɪɚ, ɨɧɚ ɡɚɞɚɧɚ ɞɥɹ ɜɫɟɯ 
ɩɨɥɨɠɢɬɟɥɶɧɵɯ ɱɢɫɟɥ, ɢ ɫɨɝɥɚɫɧɨ ɫɜɨɣɫɬɜɭ №1 ɮɭɧɤɰɢɢ Эɣɥɟɪɚ, φ(1)=1. 

ɉɨɤɚɠɟɦ, ɱɬɨ φ(p1p2)=φ(p1)φ(p2), ɟɫɥɢ p1, p2 – ɩɪɨɫɬɵɟ ɱɢɫɥɚ. 
Ⱦɟɣɫɬɜɢɬɟɥɶɧɨ, ɜ ɪɹɞɭ ɱɢɫɟɥ 0, 1,  … , p1p2—1 ɪɨɜɧɨ p2 ɱɢɫɟɥ ɹɜɥɹɸɬɫɹ 

ɤɪɚɬɧɵɦɢ p1 ɢ ɪɨɜɧɨ p1 ɱɢɫɟɥ ɛɭɞɭɬ ɤɪɚɬɧɵ p2. ɉɪɢɱɟɦ, ɜ ɫɢɥɭ ɜɡɚɢɦɧɨɣ ɩɪɨɫɬɨɬɵ p1 ɢ 
p2, ɷɬɨ ɛɭɞɭɬ ɪɚɡɧɵɟ ɱɢɫɥɚ, ɢ ɬɨɥɶɤɨ ɱɢɫɥɨ «0» ɤɪɚɬɧɨ ɢ p1, ɢ p2. Ɍɚɤɢɦ ɨɛɪɚɡɨɦ, 
ɱɢɫɟɥ, ɤɪɚɬɧɵɯ p1 ɢɥɢ p2 ɛɭɞɟɬ p1+p2—1. Ɍɨɝɞɚ ɱɢɫɟɥ, ɜɡɚɢɦɧɨ ɩɪɨɫɬɵɯ ɢ ɫ p1, ɢ ɫ p2 
ɛɭɞɟɬ ɪɨɜɧɨ p1p2—p1—p2+1=p1(p2—1)—(p 2—1) =(p1—1)(p2—1)= φ(p1)φ(p2).  

ɉɨɤɚɠɟɦ ɬɟɩɟɪɶ, ɱɬɨ ɞɥɹ ɜɡɚɢɦɧɨ ɩɪɨɫɬɵɯ ɱɢɫɟɥ a1 ɢ a2 ɫɩɪɚɜɟɞɥɢɜɨ 
φ(a1a2)=φ(a1)φ(a2).  

Ⱦɟɣɫɬɜɢɬɟɥɶɧɨ, ɜ ɪɹɞɭ ɱɢɫɟɥ 0, 1,  … , a1a2—1 ɪɨɜɧɨ a1a2—φ(a1)a2 ɱɢɫɟɥ ɛɭɞɭɬ 
ɧɟ ɜɡɚɢɦɧɨ ɩɪɨɫɬɵɦɢ ɫ a1 ɢ a1a2—φ(a2)a1 ɱɢɫɟɥ – ɧɟ ɜɡɚɢɦɧɨ ɩɪɨɫɬɵɦɢ ɫ a2. 

ȼ ɬɨ ɠɟ ɜɪɟɦɹ ɜ ɪɹɞɭ ɱɢɫɟɥ 0, 1, … , a1—1 ɪɨɜɧɨ a1— φ(a1) ɱɢɫɟɥ ɧɟ ɛɭɞɭɬ 
ɹɜɥɹɬɶɫɹ ɜɡɚɢɦɧɨ ɩɪɨɫɬɵɦɢ ɫ a1, ɜ ɪɹɞɭ ɱɢɫɟɥ 0, 1, … , a2—1 ɪɨɜɧɨ a2— φ(a2) ɱɢɫɟɥ 
ɧɟ ɛɭɞɭɬ ɹɜɥɹɬɶɫɹ ɜɡɚɢɦɧɨ ɩɪɨɫɬɵɦɢ ɫ a2. Ɍɨ ɟɫɬɶ ɫɪɟɞɢ ɱɢɫɟɥ 0, 1,  … , a1a2—1 ɧɟ 
ɜɡɚɢɦɧɨ ɩɪɨɫɬɵɦɢ ɨɞɧɨɜɪɟɦɟɧɧɨ ɢ ɫ a1 , ɢ ɫ a2 ɛɭɞɭɬ ɹɜɥɹɬɶɫɹ (a1—φ(a1))(a2—φ(a2)) 
ɱɢɫɟɥ.  

Ɍɚɤɢɦ ɨɛɪɚɡɨɦ, ɨɛɳɟɟ ɤɨɥɢɱɟɫɬɜɨ ɜɡɚɢɦɧɨ ɩɪɨɫɬɵɯ ɫ  a1a2  ɫɪɟɞɢ ɧɚɬɭɪɚɥɶɧɵɯ 
ɱɢɫɟɥ, ɦɟɧɶɲɢɯ a1a2, ɟɫɬɶ 

a1a2—( a1a2—φ(a1)a2+ a1a2—φ(a2)a1—(a1—φ(a1))(a2—φ(a2)))= 
= a1a2— (a1a2—φ(a1)a2— φ(a2)a1+ φ(a1)a2+ φ(a2)a1— φ(a1)φ(a2))= φ(a1)φ(a2). 
ɂɬɚɤ, ɞɨɤɚɡɚɥɢ, ɱɬɨ ɮɭɧɤɰɢɹ Эɣɥɟɪɚ – ɦɭɥɶɬɢɩɥɢɤɚɬɢɜɧɚɹ. 
⁪ 
ɉɪɢɦɟɪ. ȼɵɱɢɫɥɢɦ φ(28350322).  

Ɋɟɲɟɧɢɟ. 
Ⱦɥɹ ɬɨɝɨ, ɱɬɨɛɵ ɜɵɱɢɫɥɢɬɶ ɡɧɚɱɟɧɢɟ ɮɭɧɤɰɢɢ Эɣɥɟɪɚ, ɧɟɨɛɯɨɞɢɦɨ ɧɚɣɬɢ 

ɤɚɧɨɧɢɱɟɫɤɨɟ ɪɚɡɥɨɠɟɧɢɟ ɚɪɝɭɦɟɧɬɚ. 
28350322=2·14175161=2·7·2025023=2·72·289289=2·73·41327= 
=2·73·11·3757=2·73·11·13·289=2·73·11·13·172. 
φ(28350322)= φ(2·73·11·13·172)= φ(2) · φ(73)· φ(11)· φ(13)· φ(172)= 
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=1·72·6·10·12·17·16=9596160. 
Ɉɬɜɟɬ: φ(28 350 322)=9 596 160. 
 

Ɍɟɦɚ. Ɉɬɧɨɲɟɧɢɟ ɫɪɚɜɧɟɧɢɣ ɩɨ ɦɨɞɭɥɸ m.  
ɉɨɥɧɵɟ ɢ ɩɪɢɜɟɞɟɧɧɵɟ ɫɢɫɬɟɦɵ ɜɵɱɟɬɨɜ 

ɉɥɚɧ 
1. ɋɪɚɜɧɟɧɢɹ ɜ ɤɨɥɶɰɟ ɱɢɫɟɥ. 
2. Ɉɫɧɨɜɧɵɟ ɬɟɨɪɟɦɵ ɨ ɫɪɚɜɧɟɧɢɹɯ. 
3. ɉɨɥɧɚɹ ɢ ɩɪɢɜɟɞёɧɧɚɹ ɫɢɫɬɟɦɵ ɜɵɱɟɬɨɜ ɩɨ ɦɨɞɭɥɸ. 
1. ɋɪɚɜɧɟɧɢɹ ɜ ɤɨɥɶɰɟ ɰɟɥɵɯ ɱɢɫɟɥ 

ɉɨɧɹɬɢɟ ɫɪɚɜɧɟɧɢɹ ɛɵɥɨ ɜɜɟɞɟɧɨ ɜɩɟɪɜɵɟ Ƚɚɭɫɫɨɦ. ɇɟɫɦɨɬɪɹ ɧɚ ɫɜɨɸ 
ɤɚɠɭɳɭɸɫɹ ɩɪɨɫɬɨɬɭ, ɷɬɨ ɩɨɧɹɬɢɟ ɨɱɟɧɶ ɜɚɠɧɨ ɢ ɢɦɟɟɬ ɦɧɨɝɨ ɩɪɢɥɨɠɟɧɢɣ. 

ȼɨɡɶɦɟɦ ɩɪɨɢɡɜɨɥɶɧɨɟ ɮɢɤɫɢɪɨɜɚɧɧɨɟ ɧɚɬɭɪɚɥɶɧɨɟ ɱɢɫɥɨ  ɢ ɛɭɞɟɦ 
ɪɚɫɫɦɚɬɪɢɜɚɬɶ ɨɫɬɚɬɤɢ ɩɪɢ ɞɟɥɟɧɢɢ ɧɚ m ɪɚɡɥɢɱɧɵɯ ɰɟɥɵɯ ɱɢɫɟɥ. ɉɪɢ ɪɚɫɫɦɨɬɪɟɧɢɢ 
ɫɜɨɣɫɬɜ ɷɬɢɯ ɨɫɬɚɬɤɨɜ ɢ ɩɪɨɢɡɜɟɞɟɧɢɢ ɨɩɟɪɚɰɢɣ ɧɚɞ ɧɢɦɢ ɭɞɨɛɧɨ ɜɜɟɫɬɢ ɩɨɧɹɬɢɟ ɬɚɤ 
ɧɚɡɵɜɚɟɦɨɝɨ ɫɪɚɜɧɟɧɢɹ ɩɨ ɦɨɞɭɥɸ. 

Ɉɩɪɟɞɟɥɟɧɢɟ. ɐɟɥɵɟ ɱɢɫɥɚ  ɢ  ɧɚɡɵɜɚɸɬɫɹ ɫɪɚɜɧɢɦɵɦɢ ɩɨ ɦɨɞɭɥɸ , ɟɫɥɢ 
ɪɚɡɧɨɫɬɶ  ɞɟɥɢɬɫɹ ɧɚ , ɬ.ɟ. ɟɫɥɢ . 

Ɍɚɤɢɦ ɨɛɪɚɡɨɦ, ɫɪɚɜɧɟɧɢɟ ɩɪɟɞɫɬɚɜɥɹɟɬ ɫɨɛɨɣ ɫɨɨɬɧɨɲɟɧɢɟ ɦɟɠɞɭ ɬɪɟɦɹ 
ɱɢɫɥɚɦɢ  ɢ , ɩɪɢɱɟɦ , ɢɝɪɚɸɳɟɟ ɪɨɥɶ ɫɜɨɟɝɨ ɪɨɞɚ ɷɬɚɥɨɧɚ ɫɪɚɜɧɟɧɢɹ, ɦɵ 
ɧɚɡɵɜɚɟɦ «ɦɨɞɭɥɟɦ». Ⱦɥɹ ɤɪɚɬɤɨɫɬɢ ɛɭɞɟɦ ɷɬɨ ɫɨɨɬɧɨɲɟɧɢɟ ɦɟɠɞɭ  ɢ  

ɡɚɩɢɫɵɜɚɬɶ: 

 
 ɢ  ɛɭɞɟɦ ɧɚɡɵɜɚɬɶ ɫɨɨɬɜɟɬɫɬɜɟɧɧɨ ɥɟɜɨɣ ɢ ɩɪɚɜɨɣ ɱɚɫɬɹɦɢ ɫɪɚɜɧɟɧɢɹ. ɑɢɫɥɨ 

, ɫɬɨɹɳɟɟ ɩɨɞ ɡɧɚɤɨɦ ɦɨɞɭɥɹ, ɛɭɞɟɦ ɜɫɟɝɞɚ ɫɱɢɬɚɬɶ ɩɨɥɨɠɢɬɟɥɶɧɵɦ, ɬ.ɟ. ɡɚɩɢɫɶ 
 ɛɭɞɟɬ ɨɡɧɚɱɚɬɶ, ɱɬɨ . 

ȿɫɥɢ ɪɚɡɧɨɫɬɶ  ɧɟ ɞɟɥɢɬɫɹ ɧɚ , ɬɨ ɦɵ ɛɭɞɟɦ ɡɚɩɢɫɵɜɚɬɶ: 
. 

ɋɨɝɥɚɫɧɨ ɨɩɪɟɞɟɥɟɧɢɸ,  ɨɡɧɚɱɚɟɬ, ɱɬɨ  ɞɟɥɢɬɫɹ ɧɚ . 

 
ɉɪɢɦɟɪɵ. 

1.  ɬɚɤ ɤɚɤ  ɢ ɞɟɥɢɬɫɹ ɧɚ . 

2. , ɬɚɤ ɤɚɤ  ɢ  ɞɟɥɢɬɫɹ ɧɚ . 

3. , ɬɚɤ ɤɚɤ ɢ  ɞɟɥɢɬɫɹ ɧɚ . 

2. Ɉɫɧɨɜɧɵɟ ɬɟɨɪɟɦɵ ɨ ɫɪɚɜɧɟɧɢɹɯ 

Ɍɟɨɪɟɦɚ 1 (ɩɪɢɡɧɚɤ ɫɪɚɜɧɢɦɨɫɬɢ ɞɜɭɯ ɱɢɫɟɥ ɩɨ ɦɨɞɭɥɸ ). Ⱦɜɚ ɰɟɥɵɯ ɱɢɫɥɚ  

ɢ  ɫɪɚɜɧɢɦɵ ɩɨ ɦɨɞɭɥɸ  ɬɨɝɞɚ ɢ ɬɨɥɶɤɨ ɬɨɝɞɚ, ɤɨɝɞɚ  ɢ  ɢɦɟɸɬ ɨɞɢɧɚɤɨɜɵɟ 
ɨɫɬɚɬɤɢ ɩɪɢ ɞɟɥɟɧɢɢ ɧɚ . 

Ⱦɨɤɚɡɚɬɟɥɶɫɬɜɨ. ɉɭɫɬɶ ɨɫɬɚɬɤɢ ɩɪɢ ɞɟɥɟɧɢɢ  ɢ  ɧɚ  ɪɚɜɧɵ, ɬ.ɟ. 

 
(1.1) 

 
(1.2) 

ɝɞɟ  

ȼɵɱɬɟɦ (1.2) ɢɡ (1.1); ɩɨɥɭɱɢɦ ɬ.ɟ.  ɢɥɢ 
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Ɉɛɪɚɬɧɨ, ɩɭɫɬɶ  ɷɬɨ ɨɡɧɚɱɚɟɬ, ɱɬɨ  ɢɥɢ 

 
(1.3) 

Ɋɚɡɞɟɥɢɦ  ɧɚ ; ɩɨɥɭɱɢɦ  ɉɨɞɫɬɚɜɢɜ  ɜ 
(1.3), ɛɭɞɟɦ ɢɦɟɬɶ  ɬ.ɟ. ɩɪɢ ɞɟɥɟɧɢɢ  ɧɚ  ɩɨɥɭɱɚɟɬɫɹ ɬɨɬ ɠɟ ɨɫɬɚɬɨɤ, 
ɱɬɨ ɢ ɩɪɢ ɞɟɥɟɧɢɢ  ɧɚ . 

ɉɪɢɦɟɪ 1. Ɉɩɪɟɞɟɥɢɦ, ɫɪɚɜɧɢɦɵ ɥɢ ɱɢɫɥɚ  ɢ  ɩɨ ɦɨɞɭɥɸ . 

Ɋɟɲɟɧɢɟ. ɉɪɢ ɞɟɥɟɧɢɢ  ɢ  ɧɚ  ɩɨɥɭɱɚɸɬɫɹ ɨɞɢɧɚɤɨɜɵɟ ɨɫɬɚɬɤɢ 
 ɋɥɟɞɨɜɚɬɟɥɶɧɨ,  

Ɉɩɪɟɞɟɥɟɧɢɟ. Ⱦɜɚ ɢɥɢ ɧɟɫɤɨɥɶɤɨ ɱɢɫɟɥ, ɞɚɸɳɢɟ ɩɪɢ ɞɟɥɟɧɢɢ ɧɚ  ɨɞɢɧɚɤɨɜɵɟ 
ɨɫɬɚɬɤɢ, ɧɚɡɵɜɚɸɬɫɹ ɪɚɜɧɨɨɫɬɚɬɨɱɧɵɦɢ ɢɥɢ ɫɪɚɜɧɢɦɵɦɢ ɩɨ ɦɨɞɭɥɸ . 

Ɍɟɨɪɟɦɚ 2. Ɉɬɧɨɲɟɧɢɟ ɫɪɚɜɧɢɦɨɫɬɢ ɪɟɮɥɟɤɫɢɜɧɨ: . 

Ⱦɨɤɚɡɚɬɟɥɶɫɬɜɨ. ɢ  ɢɦɟɸɬ ɨɞɢɧɚɤɨɜɵɟ ɨɫɬɚɬɤɢ ɩɪɢ ɞɟɥɟɧɢɢ ɧɚ . 

Ɍɟɨɪɟɦɚ 3. Ɉɬɧɨɲɟɧɢɟ ɫɪɚɜɧɢɦɨɫɬɢ ɫɢɦɦɟɬɪɢɱɧɨ: ɟɫɥɢ , ɬɨ 
. 

Ⱦɨɤɚɡɚɬɟɥɶɫɬɜɨ. ȿɫɥɢ  ɢ  ɢɦɟɸɬ ɨɞɢɧɚɤɨɜɵɟ ɨɫɬɚɬɤɢ ɩɪɢ ɞɟɥɟɧɢɢ ɧɚ , ɬɨ 
ɨɫɬɚɬɤɢ ɨɬ ɞɟɥɟɧɢɹ  ɢ  ɧɚ  ɬɚɤɠɟ ɪɚɜɧɵ. 

Ɍɟɨɪɟɦɚ 4. Ɉɬɧɨɲɟɧɢɟ ɫɪɚɜɧɢɦɨɫɬɢ ɬɪɚɧɡɢɬɢɜɧɨ: ɟɫɥɢ  

ɬɨ . 

Ⱦɨɤɚɡɚɬɟɥɶɫɬɜɨ. ȿɫɥɢ ɨɫɬɚɬɤɢ ɨɬ ɞɟɥɟɧɢɹ ɧɚ  ɨɞɢɧɚɤɨɜɵ ɭ ɱɢɫɟɥ  ɢ , ɚ 
ɬɚɤɠɟ ɭ  ɢ , ɬɨ  ɢ  ɬɨɠɟ ɢɦɟɸɬ ɨɞɢɧɚɤɨɜɵɟ ɨɫɬɚɬɤɢ ɩɪɢ ɞɟɥɟɧɢɢ ɧɚ . 

Ɍɚɤɢɦ ɨɛɪɚɡɨɦ, ɨɬɧɨɲɟɧɢɟ ɫɪɚɜɧɢɦɨɫɬɢ ɟɫɬɶ ɨɬɧɨɲɟɧɢɟ ɷɤɜɢɜɚɥɟɧɬɧɨɫɬɢ. 
Ɍɟɨɪɟɦɚ 5. ȿɫɥɢ  ɢ  ɩɪɨɢɡɜɨɥɶɧɨɟ ɰɟɥɨɟ ɱɢɫɥɨ, ɬɨ 

. 

Ⱦɨɤɚɡɚɬɟɥɶɫɬɜɨ. ȿɫɥɢ , ɬɨ , , , 

. 

Ɍɟɨɪɟɦɚ 6. ȿɫɥɢ  ɢ  1, ɬɨ . 

Ⱦɨɤɚɡɚɬɟɥɶɫɬɜɨ. ȿɫɥɢ , ɬɨ  | ,  | , ɧɨ 
ɬɨɝɞɚ ɭɫɥɨɜɢɟ  ɞɚɟɬ  | , ɬ.ɟ. . 

Ɍɟɨɪɟɦɚ 7. ȿɫɥɢ  ɢ  ɩɪɨɢɡɜɨɥɶɧɨɟ ɧɚɬɭɪɚɥɶɧɨɟ ɱɢɫɥɨ, ɬɨ 
. 

Ⱦɨɤɚɡɚɬɟɥɶɫɬɜɨ. ȿɫɥɢ , ɬɨ 
| , | , . 

Ɍɟɨɪɟɦɚ 8. ȿɫɥɢ , ɝɞɟ ɢ ɩɪɨɢɡɜɨɥɶɧɵɟ ɧɚɬɭɪɚɥɶɧɵɟ 
ɱɢɫɥɚ, ɬɨ . 

Ⱦɨɤɚɡɚɬɟɥɶɫɬɜɨ. ȿɫɥɢ , ɬɨ  | ,  | , 

 ɧɚɬɭɪɚɥɶɧɨɟ ( , ɬɨɝɞɚ  | , . 

Ɍɟɨɪɟɦɚ 9. ȿɫɥɢ , , ɬɨ  ɢ 
. 
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Ⱦɨɤɚɡɚɬɟɥɶɫɬɜɨ. ȿɫɥɢ  ɢ , ɬɨ  ɢ 
. ɉɨɥɭɱɢɦ, ɱɬɨ 

 

Ɍɟɨɪɟɦɚ 9'. ȿɫɥɢ , ɬɨ 
. 

Ɍɟɨɪɟɦɚ 10. ȿɫɥɢ  ɢ , ɬɨ . 

Ⱦɨɤɚɡɚɬɟɥɶɫɬɜɨ. ȿɫɥɢ  ɢ , ɬɨ  ɢ 
. Ɍɨɝɞɚ ɩɨ ɬɪɚɧɡɢɬɢɜɧɨɫɬɢ ɫɪɚɜɧɟɧɢɣ ɩɨɥɭɱɢɦ, ɱɬɨ 
. 

Ɍɟɨɪɟɦɚ 10'.  
ȿɫɥɢ , ɬɨ 

. 

Ⱦɨɤɚɡɚɬɟɥɶɫɬɜɨ. ɉɨɫɥɟɞɨɜɚɬɟɥɶɧɨ ɩɪɢɦɟɧɹɹ ɬɟɨɪɟɦɭ 7, ɩɨɥɭɱɢɦ: 
. 

Ɍɟɨɪɟɦɚ 11. ȿɫɥɢ , ɬɨ ɩɪɢ ɥɸɛɨɦ ɰɟɥɨɦ 
, . 

Ⱦɨɤɚɡɚɬɟɥɶɫɬɜɨ. ɉɪɢ  ɭɬɜɟɪɠɞɟɧɢɟ ɜɟɪɧɨ ɩɨ ɬɟɨɪɟɦɟ 2, ɚ ɩɪɢ  ɨɧɨ 
ɜɟɪɧɨ ɫɨɝɥɚɫɧɨ ɬɟɨɪɟɦɟ 10', ɟɫɥɢ  ɢ . 

ɉɟɪɟɯɨɞ ɨɬ ɫɪɚɜɧɟɧɢɣ ,  ɤ ɫɪɚɜɧɟɧɢɹɦ 

, ,  

ɛɭɞɟɦ ɧɚɡɵɜɚɬɶ ɫɨɨɬɜɟɬɫɬɜɟɧɧɨ ɫɥɨɠɟɧɢɟɦ (ɜɵɱɢɬɚɧɢɟɦ), ɭɦɧɨɠɟɧɢɟɦ, 
ɜɨɡɜɟɞɟɧɢɟɦ ɜ ɫɬɟɩɟɧɶ ɫɪɚɜɧɟɧɢɣ. 

Ɍɚɤ ɤɚɤ ɢɡ ɫɪɚɜɧɟɧɢɹ  ɫɥɟɞɭɟɬ , ɬɨ ɢɡ ɫɪɚɜɧɟɧɢɣ 
 ɢ ɫɥɟɞɭɟɬ ɬɚɤɠɟ, ɱɬɨ  ɢ 

. 

Ɍɟɨɪɟɦɚ 12. ȿɫɥɢ  ɢ  

ɩɪɨɢɡɜɨɥɶɧɵɣ ɦɧɨɝɨɱɥɟɧ ɫ ɰɟɥɵɦɢ ɤɨɷɮɮɢɰɢɟɧɬɚɦɢ, ɬɨ . 

Ⱦɨɤɚɡɚɬɟɥɶɫɬɜɨ. ȿɫɥɢ , ɬɨ, ɫɨɝɥɚɫɧɨ ɬɟɨɪɟɦɚɦ 7 ɢ 11, ɢɦɟɟɦ: 
ɩɪɢ . 

ɉɨ ɬɟɨɪɟɦɟ 9', ɩɨɥɭɱɚɟɦ 
, 

ɬ.ɟ. . 

Ɍɟɨɪɟɦɚ 12'. ȿɫɥɢ  ɢ 
ɦɧɨɝɨɱɥɟɧ ɫ ɰɟɥɵɦɢ ɤɨɷɮɮɢɰɢɟɧɬɚɦɢ, ɬɨ 

. 

Ɍɟɨɪɟɦɚ 13. Ʌɸɛɨɟ ɫɥɚɝɚɟɦɨɟ ɥɟɜɨɣ ɢɥɢ ɩɪɚɜɨɣ ɱɚɫɬɢ ɫɪɚɜɧɟɧɢɹ ɦɨɠɧɨ 
ɩɟɪɟɧɟɫɬɢ ɫ ɩɪɨɬɢɜɨɩɨɥɨɠɧɵɦ ɡɧɚɤɨɦ ɜ ɞɪɭɝɭɸ ɱɚɫɬɶ. 

Ⱦɨɤɚɡɚɬɟɥɶɫɬɜɨ. ȼɜɢɞɭ ɫɢɦɦɟɬɪɢɱɧɨɫɬɢ ɨɬɧɨɲɟɧɢɹ ɫɪɚɜɧɟɧɢɹ ɞɨɫɬɚɬɨɱɧɨ 
ɪɚɫɫɦɨɬɪɟɬɶ ɫɥɭɱɚɣ, ɤɨɝɞɚ ɞɚɧɨ ɫɪɚɜɧɟɧɢɟ . ɋɤɥɚɞɵɜɚɹ ɷɬɨ 
ɫɪɚɜɧɟɧɢɟ ɫɨ ɫɪɚɜɧɟɧɢɟɦ , ɩɨɥɭɱɚɟɦ . 

ɋɥɟɞɫɬɜɢɟ. ȼ ɥɟɜɨɣ ɢ ɩɪɚɜɨɣ ɱɚɫɬɹɯ ɫɪɚɜɧɟɧɢɹ ɦɨɠɧɨ ɞɨɛɚɜɥɹɬɶ ɢɥɢ 
ɨɬɛɪɚɫɵɜɚɬɶ ɨɞɧɨ ɢ ɬɨ ɠɟ ɫɥɚɝɚɟɦɨɟ. 
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Ɍɟɨɪɟɦɚ 14. ȼ ɫɪɚɜɧɟɧɢɢ ɦɨɠɧɨ ɨɬɛɪɚɫɵɜɚɬɶ ɢɥɢ ɞɨɛɚɜɥɹɬɶ ɫɥɚɝɚɟɦɵɟ, 
ɞɟɥɹɳɢɟɫɹ ɧɚ ɦɨɞɭɥɶ. 

Ⱦɨɤɚɡɚɬɟɥɶɫɬɜɨ. ȿɫɥɢ  ɢ , ɬ.ɟ. , ɬɨ, 
ɫɤɥɚɞɵɜɚɹ ɷɬɢ ɫɪɚɜɧɟɧɢɹ, ɩɨɥɭɱɚɟɦ . Ⱥɧɚɥɨɝɢɱɧɨ ɢɡ  ɢ 

 ɩɨɥɭɱɚɟɦ . 

ɉɨɫɤɨɥɶɤɭ ɥɟɜɭɸ ɢ ɩɪɚɜɭɸ ɱɚɫɬɢ ɫɪɚɜɧɟɧɢɹ ɦɨɠɧɨ ɦɟɧɹɬɶ ɦɟɫɬɚɦɢ, 
ɭɬɜɟɪɠɞɟɧɢɟ ɜɟɪɧɨ ɢ ɞɥɹ ɫɥɚɝɚɟɦɵɯ ɩɪɚɜɨɣ ɱɚɫɬɢ. 

Ɍɟɨɪɟɦɚ 15. ȿɫɥɢ  ɢ , ɬɨ . 

Ⱦɨɤɚɡɚɬɟɥɶɫɬɜɨ. ȿɫɥɢ , ɬɨ . ɂɡ ,  ɜ ɫɢɥɭ 
ɬɪɚɧɡɢɬɢɜɧɨɫɬɢ ɨɬɧɨɲɟɧɢɹ ɞɟɥɢɦɨɫɬɢ ɩɨɥɭɱɚɟɦ , . 

Ɍɟɨɪɟɦɚ 16. ȿɫɥɢ , ɬɨ ɦɧɨɠɟɫɬɜɨ ɨɛɳɢɯ ɞɟɥɢɬɟɥɟɣ  ɢ  

ɫɨɜɩɚɞɚɟɬ ɫ ɦɧɨɠɟɫɬɜɨɦ ɨɛɳɢɯ ɞɟɥɢɬɟɥɟɣ  ɢ . ȼ ɱɚɫɬɧɨɫɬɢ,  

Ⱦɨɤɚɡɚɬɟɥɶɫɬɜɨ. ȿɫɥɢ , ɬɨ , , , 

ɥɸɛɨɣ ɨɛɳɢɣ ɞɟɥɢɬɟɥɶ  ɱɢɫɟɥ  ɢ  ɹɜɥɹɟɬɫɹ ɨɛɳɢɦ ɞɟɥɢɬɟɥɟɦ ɱɢɫɟɥ  ɢ , ɢ, 
ɧɚɨɛɨɪɨɬ, ɟɫɥɢ  ɢ , ɬɨ . 

ɉɨɫɤɨɥɶɤɭ ɩɚɪɚ  ɢ ɩɚɪɚ  ɢɦɟɸɬ ɨɞɧɢ ɢ ɬɟ ɠɟ ɨɛɳɢɟ ɞɟɥɢɬɟɥɢ, ɬɨ ɢ 
. 

Ɍɟɨɪɟɦɚ 17. ȿɫɥɢ , , ɬɨ 
, ɝɞɟ . 

Ⱦɨɤɚɡɚɬɟɥɶɫɬɜɨ. ȿɫɥɢ , , 

ɬɨ , ɬɨ ɢ, ɫɨɝɥɚɫɧɨ ɫɜɨɣɫɬɜɚɦ 
ɧɚɢɦɟɧɶɲɟɝɨ ɨɛɳɟɝɨ ɤɪɚɬɧɨɝɨ, . 

3. ɉɨɥɧɚɹ ɢ ɩɪɢɜɟɞёɧɧɚɹ ɫɢɫɬɟɦɵ ɜɵɱɟɬɨɜ 

Ɉɩɪɟɞɟɥɟɧɢɟ. ɑɢɫɥɚ  ɨɛɪɚɡɭɸɬ ɩɪɢɜɟɞɟɧɧɭɸ ɫɢɫɬɟɦɭ ɜɵɱɟɬɨɜ ɩɨ 
ɦɨɞɭɥɸ , ɟɫɥɢ ɨɧɢ ɜɡɚɢɦɧɨ ɩɪɨɫɬɵ ɫ  ɢ ɥɸɛɨɟ ɰɟɥɨɟ ɱɢɫɥɨ, ɜɡɚɢɦɧɨ ɩɪɨɫɬɨɟ ɫ , 
ɫɪɚɜɧɢɦɨ ɫ ɨɞɧɢɦ ɢ ɬɨɥɶɤɨ ɨɞɧɢɦ ɢɡ ɷɬɢɯ ɱɢɫɟɥ ɩɨ ɦɨɞɭɥɸ . 

ɉɪɢɦɟɪ. ɉɪɢɜɟɞɟɧɧɚɹ ɫɢɫɬɟɦɚ ɜɵɱɟɬɨɜ ɩɨ ɦɨɞɭɥɸ 10: 1,3,7,9. 
Ʌɟɦɦɚ. ȼɫɟ ɩɪɢɜɟɞɟɧɧɵɟ ɫɢɫɬɟɦɵ ɜɵɱɟɬɨɜ ɩɨ ɦɨɞɭɥɸ  ɫɨɫɬɨɹɬ ɢɡ ɨɞɧɨɝɨ ɢ 

ɬɨɝɨ ɠɟ ɤɨɥɢɱɟɫɬɜɚ ɱɢɫɟɥ, ɤɨɬɨɪɨɟ ɨɛɨɡɧɚɱɚɟɬɫɹ  — ɮɭɧɤɰɢɹ Эɣɥɟɪɚ. 
Ⱦɨɤɚɡɚɬɟɥɶɫɬɜɨ. Ⱦɟɣɫɬɜɢɬɟɥɶɧɨ, ɩɭɫɬɶ ɟɫɬɶ ɞɜɟ ɩɪɢɜɟɞɟɧɧɵɟ ɫɢɫɬɟɦɵ ɜɵɱɟɬɨɜ 

ɩɨ ɦɨɞɭɥɸ , ɫɨɫɬɨɹɳɢɟ ɢɡ ɪɚɡɧɨɝɨ ɤɨɥɢɱɟɫɬɜɚ ɱɢɫɟɥ: 
 

Ɍɨɝɞɚ ɬɚɤ ɤɚɤ ɱɢɫɥɚ  ɨɛɪɚɡɭɸɬ ɩɪɢɜɟɞɟɧɧɭɸ ɫɢɫɬɟɦɭ ɜɵɱɟɬɨɜ ɩɨ 
ɦɨɞɭɥɸ , ɬɨ ɤɚɠɞɨɟ ɢɡ ɱɢɫɟɥ  ɫɪɚɜɧɢɦɨ ɫ ɨɞɧɢɦ ɢ ɬɨɥɶɤɨ ɨɞɧɢɦ ɢɡ ɷɬɢɯ 
ɱɢɫɟɥ. ɉɨɫɤɨɥɶɤɭ , ɬɨ, ɩɨ ɩɪɢɧɰɢɩɭ Ⱦɢɪɢɯɥɟ, ɩɨ ɤɪɚɣɧɟɣ ɦɟɪɟ ɞɜɚ ɱɢɫɥɚ 
ɢɡ  ɛɭɞɭɬ ɫɪɚɜɧɢɦɵ ɫ ɤɚɤɢɦ-ɬɨ ɱɢɫɥɨɦ , ɚ ɡɧɚɱɢɬ, ɛɭɞɭɬ ɫɪɚɜɧɢɦɵ ɦɟɠɞɭ 
ɫɨɛɨɣ ɩɨ ɦɨɞɭɥɸ . Ⱥ ɷɬɨ ɩɪɨɬɢɜɨɪɟɱɢɬ ɬɨɦɭ, ɱɬɨ  — ɩɪɢɜɟɞɟɧɧɚɹ ɫɢɫɬɟɦɚ 
ɜɵɱɟɬɨɜ ɩɨ ɦɨɞɭɥɸ . Ɂɧɚɱɢɬ, . 

Ⱦɨɤɚɠɟɦ ɬɟɩɟɪɶ, ɱɬɨ . ȼ ɫɚɦɨɦ ɞɟɥɟ, ɱɢɫɥɚ, ɦɟɧɶɲɢɟ  ɢ ɜɡɚɢɦɧɨ 
ɩɪɨɫɬɵɟ ɫ , ɨɛɪɚɡɭɸɬ ɩɪɢɜɟɞɟɧɧɭɸ ɫɢɫɬɟɦɭ ɜɵɱɟɬɨɜ ɩɨ ɦɨɞɭɥɸ .  

Ɏɭɧɤɰɢɹ Эɣɥɟɪɚ 

Ɏɭɧɤɰɢɹ Эɣɥɟɪɚ  n  ɫɬɚɜɢɬ ɜ ɫɨɨɬɜɟɬɫɬɜɢɟ ɥɸɛɨɦɭ ɧɚɬɭɪɚɥɶɧɨɦɭ ɱɢɫɥɭ n  

ɤɨɥɢɱɟɫɬɜɨ ɧɚɬɭɪɚɥɶɧɵɯ ɱɢɫɟɥ, ɦɟɧɶɲɢɯ n  ɢ ɜɡɚɢɦɧɨ ɩɪɨɫɬɵɯ ɫ n . 
Ɉɛɳɚɹ ɮɨɪɦɭɥɚ ɞɥɹ ɜɵɱɢɫɥɟɧɢɹ ɡɧɚɱɟɧɢɹ ɮɭɧɤɰɢɢ Эɣɥɟɪɚ ɨɬ ɩɪɨɢɡɜɨɥɶɧɨɝɨ 

ɚɪɝɭɦɟɧɬɚ: ɟɫɥɢ k
n p , ɝɞɟ p  – ɩɪɨɫɬɨɟ ɱɢɫɥɨ, k N , ɬɨ 
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    1 1
1k k k k

n p p p p
p

    
     

 
. 

ȿɫɥɢ p  – ɩɪɨɫɬɨɟ ɱɢɫɥɨ, ɬɨ   1p p   . 

ȿɫɥɢ 1 2
1 2 ... mk k k

mn p p p – ɤɚɧɨɧɢɱɟɫɤɨɟ ɪɚɡɥɨɠɟɧɢɟ ɧɚɬɭɪɚɥɶɧɨɝɨ ɱɢɫɥɚ n , ɬɨ 

      1 1 2 21 1 1
1 1 2 2

1 2

1 1 1
1 1 ... 1 ... m mk k k k k k

m m
m

n n p p p p p p
p p p

       
                

. 

Ɍɟɨɪɟɦɚ Эɣɥɟɪɚ. ȿɫɥɢ  , 1a m  , ɬɨ    1 mod
m

a m
  . 

Ɍɟɨɪɟɦɚ Ɏɟɪɦɚ. ȿɫɥɢ p  – ɩɪɨɫɬɨɟ ɱɢɫɥɨ ɢ  , 1a p  , ɬɨ  1 1 modp
a p

  . 

 
Ɍɟɦɚ. ɋɪɚɜɧɟɧɢɹ ɫ ɧɟɢɡɜɟɫɬɧɨɣ 

ɉɥɚɧ 
1. ɋɪɚɜɧɟɧɢɹ ɩɟɪɜɨɣ ɫɬɟɩɟɧɢ ɫ ɨɞɧɨɣ ɩɟɪɟɦɟɧɧɨɣ. 

2. Ɋɚɡɧɵɟ ɦɟɬɨɞɵ ɪɟɲɟɧɢɹ ɫɪɚɜɧɟɧɢɣ ɩɟɪɜɨɣ ɫɬɟɩɟɧɢ ɫ ɨɞɧɨ ɩɟɪɟɦɟɧɧɨɣ. 
3. ɋɪɚɜɧɟɧɢɹ ɜɵɫɲɢɯ ɫɬɟɩɟɧɟɣ ɢ ɦɟɬɨɞɵ ɢɯ ɪɟɲɟɧɢɹ. 
4. ɋɢɫɬɟɦɵ ɫɪɚɜɧɟɧɢɣ. 
1. ɋɪɚɜɧɟɧɢɹ ɩɟɪɜɨɣ ɫɬɟɩɟɧɢ ɫ ɨɞɧɨɣ ɩɟɪɟɦɟɧɧɨɣ 

Ɉɩɪɟɞɟɥɟɧɢɟ 1. ɋɪɚɜɧɟɧɢɟɦ ɩɟɪɜɨɣ ɫɬɟɩɟɧɢ ɫ ɨɞɧɨɣ ɩɟɪɟɦɟɧɧɨɣ ɧɚɡɵɜɚɟɬɫɹ 
ɫɪɚɜɧɟɧɢɟ ɜɢɞɚ 

 
(2.1) 

ɝɞɟ  

Ȼɭɞɟɦ ɝɨɜɨɪɢɬɶ, ɱɬɨ ɰɟɥɨɟ ɱɢɫɥɨ  ɭɞɨɜɥɟɬɜɨɪɹɟɬ ɫɪɚɜɧɟɧɢɸ (2.1), ɟɫɥɢ 
ɜɟɪɧɨɟ ɫɪɚɜɧɟɧɢɟ. 

Ɍɟɨɪɟɦɚ 1. ȿɫɥɢ ɰɟɥɨɟ ɱɢɫɥɨ  ɭɞɨɜɥɟɬɜɨɪɹɟɬ ɫɪɚɜɧɟɧɢɸ (*), ɬɨ ɢ ɜɟɫɶ ɤɥɚɫɫ  

ɩɨ  ɫɨɫɬɨɢɬ ɢɡ ɱɢɫɟɥ, ɭɞɨɜɥɟɬɜɨɪɹɸɳɢɯ ɷɬɨɦɭ ɫɪɚɜɧɟɧɢɸ. 
Ɉɩɪɟɞɟɥɟɧɢɟ 2. Ɋɟɲɟɧɢɟɦ ɫɪɚɜɧɟɧɢɹ (2.1) ɧɚɡɵɜɚɟɬɫɹ ɤɥɚɫɫ ɜɵɱɟɬɨɜ ɩɨ 

, ɤɨɬɨɪɵɟ ɩɪɢ ɩɨɞɫɬɚɧɨɜɤɟ ɜ ɫɪɚɜɧɟɧɢɟ ɨɛɪɚɳɚɸɬ ɟɝɨ ɜ ɜɟɪɧɨɟ ɫɪɚɜɧɟɧɢɟ. 
ɑɢɫɥɨ ɪɟɲɟɧɢɣ ɫɪɚɜɧɟɧɢɹ ɩɨ  ɷɬɨ ɱɢɫɥɨ ɪɟɲɟɧɢɣ ɷɬɨɝɨ ɫɪɚɜɧɟɧɢɹ ɜ 

ɤɚɤɨɣ-ɥɢɛɨ ɩɨɥɧɨɣ ɫɢɫɬɟɦɟ ɜɵɱɟɬɨɜ ɩɨ ɦɨɞɭɥɸ . 

ɉɪɢɦɟɪɵ. 
1) . ɉɨɥɧɚɹ ɫɢɫɬɟɦɚ ɧɚɢɦɟɧɶɲɢɯ ɧɟɨɬɪɢɰɚɬɟɥɶɧɵɯ ɜɵɱɟɬɨɜ ɩɨ 

ɦɨɞɭɥɸ 7: (ɬɚɤ ɤɚɤ ɤɥɚɫɫɵ ɜɵɱɟɬɨɜ ɛɭɞɭɬ ). 

ȿɫɥɢ , ɬɨ , ɫɥɟɞɨɜɚɬɟɥɶɧɨ, ɧɟ ɭɞɨɜɥɟɬɜɨɪɹɟɬ 
ɫɪɚɜɧɟɧɢɸ. 

ȿɫɥɢ , ɬɨ , ɫɥɟɞɨɜɚɬɟɥɶɧɨ, ɧɟ ɭɞɨɜɥɟɬɜɨɪɹɟɬ 
ɫɪɚɜɧɟɧɢɸ. 

ȿɫɥɢ , ɬɨ , ɫɥɟɞɨɜɚɬɟɥɶɧɨ, ɧɟ ɭɞɨɜɥɟɬɜɨɪɹɟɬ 
ɫɪɚɜɧɟɧɢɸ. 

ȿɫɥɢ , ɬɨ , ɫɥɟɞɨɜɚɬɟɥɶɧɨ, ɭɞɨɜɥɟɬɜɨɪɹɟɬ 
ɫɪɚɜɧɟɧɢɸ, ɚ ɩɨɷɬɨɦɭ ɤɥɚɫɫ ɜɵɱɟɬɨɜ  ɩɨ  ɹɜɥɹɟɬɫɹ ɪɟɲɟɧɢɟɦ ɫɪɚɜɧɟɧɢɹ. 

ȿɫɥɢ , ɬɨ , ɫɥɟɞɨɜɚɬɟɥɶɧɨ,  ɧɟ ɭɞɨɜɥɟɬɜɨɪɹɟɬ 
ɫɪɚɜɧɟɧɢɸ. 

ȿɫɥɢ , ɬɨ , ɫɥɟɞɨɜɚɬɟɥɶɧɨ,  ɧɟ ɭɞɨɜɥɟɬɜɨɪɹɟɬ 
ɫɪɚɜɧɟɧɢɸ. 
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ȿɫɥɢ , ɬɨ , ɫɥɟɞɨɜɚɬɟɥɶɧɨ,  ɧɟ ɭɞɨɜɥɟɬɜɨɪɹɟɬ 
ɫɪɚɜɧɟɧɢɸ. 

Ɍɚɤɢɦ ɨɛɪɚɡɨɦ, ɫɪɚɜɧɟɧɢɟ ɢɦɟɟɬ ɨɞɧɨ ɪɟɲɟɧɢɟ  ɢɥɢ, ɜ ɞɪɭɝɨɦ ɜɢɞɟ, 
. 

Ɉɬɜɟɬ: . 

2) . 

Ʉɥɚɫɫɵ ɜɵɱɟɬɨɜ ɩɨ mod 10: . ɉɨɥɧɚɹ ɫɢɫɬɟɦɚ ɧɚɢɦɟɧɶɲɢɯ 
ɩɨ ɚɛɫɨɥɸɬɧɨɣ ɜɟɥɢɱɢɧɟ ɜɵɱɟɬɨɜ ɩɨ mod 10: {0, 1, 2, 3, 4, 5, -4, -3, -2, -1}. ɉɪɨɜɟɪɢɦ ɞɥɹ 
ɤɚɠɞɨɝɨ ɢɡ ɷɬɢɯ ɱɢɫɟɥ, ɛɭɞɟɬ ɥɢ ɜɵɩɨɥɧɟɧɨ ɭɫɥɨɜɢɟ . ɂɦɟɟɦ: 

  

  

  

  

  
ɉɨɥɭɱɢɥɢ, ɱɬɨ ɧɢ ɨɞɧɨ ɢɡ ɱɢɫɟɥ, ɜɡɹɬɵɯ ɢɡ ɩɨɥɧɨɣ ɫɢɫɬɟɦɵ ɜɵɱɟɬɨɜ, ɧɟ 

ɭɞɨɜɥɟɬɜɨɪɹɟɬ ɫɪɚɜɧɟɧɢɸ, ɫɥɟɞɨɜɚɬɟɥɶɧɨ, ɞɚɧɧɨɟ ɫɪɚɜɧɟɧɢɟ ɧɟ ɢɦɟɟɬ ɪɟɲɟɧɢɹ. 
Ɉɬɜɟɬ: . 

Ɍɟɨɪɟɦɚ 1. ɉɭɫɬɶ ɞɚɧɨ ɫɪɚɜɧɟɧɢɟ 

 
(2.4) 

, . Ɍɨɝɞɚ ɫɪɚɜɧɟɧɢɟ (2.4) ɧɟ ɢɦɟɟɬ ɪɟɲɟɧɢɹ. 
Ɋɚɫɫɦɨɬɪɢɦ ɫɪɚɜɧɟɧɢɟ: 

 
(2.7) 

ɝɞɟ , , . ȿɫɥɢ  ɢ ɬɨ 
ɫɪɚɜɧɟɧɢɟ ɧɟ ɢɦɟɟɬ ɪɟɲɟɧɢɹ. 

ɉɭɫɬɶ ɬɟɩɟɪɶ , ɬɨɝɞɚ ɛɭɞɟɦ ɢɦɟɬɶ:  

 
ɉɨɷɬɨɦɭ ɩɨɥɭɱɢɦ: . Ɍɚɤ ɤɚɤ ɩɨ 

ɨɩɪɟɞɟɥɟɧɢɸ ɇɈȾ ɱɢɫɥɨ , ɬɨ ɢɡ ɩɨɫɥɟɞɧɟɝɨ ɫɪɚɜɧɟɧɢɹ ɩɨɥɭɱɢɦ: 

 
Ɍɚɤɢɦ ɨɛɪɚɡɨɦ, ɩɨɥɚɝɚɹ ɜ (1), ɱɬɨ ɇɈȾ , ɦɵ ɩɪɢɲɥɢ ɤ 

ɫɪɚɜɧɟɧɢɸ ɬɚɤɨɝɨ ɠɟ ɜɢɞɚ, ɧɨ ɫ ɭɫɥɨɜɢɟɦ: . ɂɫɫɥɟɞɭɟɦ ɷɬɨɬ ɫɥɭɱɚɣ. 
Ɍɟɨɪɟɦɚ. ɉɭɫɬɶ ɞɚɧɨ ɫɪɚɜɧɟɧɢɟ (2.7) ɢ ɇɈȾ . Ɍɨɝɞɚ ɫɪɚɜɧɟɧɢɟ (2.7) 

ɢɦɟɟɬ ɟɞɢɧɫɬɜɟɧɧɨɟ ɪɟɲɟɧɢɟ. 
ɉɪɢɦɟɪ 1. ɇɈȾ (5,9) = 1, ɫɥɟɞɨɜɚɬɟɥɶɧɨ, ɫɪɚɜɧɟɧɢɟ ɢɦɟɟɬ ɨɞɧɨ 

ɪɟɲɟɧɢɟ. ɇɚɣɞɟɦ ɟɝɨ ɫɩɨɫɨɛɨɦ «ɩɨɞɛɨɪɚ», ɬɨ ɟɫɬɶ ɩɟɪɟɛɢɪɚɹ ɜɫɟ ɱɢɫɥɚ ɢɡ ɩɨɥɧɨɣ 
ɫɢɫɬɟɦɵ ɜɵɱɟɬɨɜ ɩɨ mod m: {0, 1, 2, 3, 4, 5, ɛ, 7, 8} (m = 9). 

 

 
ɫɥɟɞɨɜɚɬɟɥɶɧɨ,  ɭɞɨɜɥɟɬɜɨɪɹɟɬ ɫɪɚɜɧɟɧɢɸ, ɩɨɷɬɨɦɭ ɪɟɲɟɧɢɟɦ ɛɭɞɟɬ ɤɥɚɫɫ 

ɜɵɱɟɬɨɜ  ɩɨ mod m ɢɥɢ, ɩɨ-ɞɪɭɝɨɦɭ, . 
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Ⱥ ɬɚɤ ɤɚɤ ɞɚɧɧɨɟ ɫɪɚɜɧɟɧɢɟ ɢɦɟɟɬ 1 ɪɟɲɟɧɢɟ, ɬɨ ɨɫɬɚɥɶɧɵɟ ɱɢɫɥɚ : 5, 6, 7, 8 

ɩɪɨɜɟɪɹɬɶ ɭɠɟ ɧɟ ɧɚɞɨ. 
Ɉɬɜɟɬ: . 

Ⱦɥɹ ɧɚɯɨɠɞɟɧɢɹ ɪɟɲɟɧɢɹ ɫɪɚɜɧɟɧɢɹ ɩɟɪɜɨɣ ɫɬɟɩɟɧɢ ɫ ɨɞɧɨɣ ɩɟɪɟɦɟɧɧɨɣ (ɟɫɥɢ 
ɨɧɨ ɟɫɬɶ) ɫɭɳɟɫɬɜɭɟɬ ɧɟɫɤɨɥɶɤɨ ɫɩɨɫɨɛɨɜ: 

1) ɩɨɞɛɨɪɚ; 
2) ɩɪɟɨɛɪɚɡɨɜɚɧɢɹ ɤɨɷɮɮɢɰɢɟɧɬɨɜ; 
3) Эɣɥɟɪɚ (ɫ ɩɨɦɨɳɶɸ ɮɭɧɤɰɢɢ Эɣɥɟɪɚ); 
4) ɰɟɩɧɵɯ ɞɪɨɛɟɣ. 
ȿɫɥɢ ɦɨɞɭɥɶ m ɹɜɥɹɟɬɫɹ ɩɪɨɫɬɵɦ ɱɢɫɥɨɦ, ɬɨ ɟɫɬɶ , ɱɢɫɥɨ  ɧɟ 

ɞɟɥɢɬɫɹ ɧɚ , ɬɨ ɫɪɚɜɧɟɧɢɟ ɢɦɟɟɬ ɟɞɢɧɫɬɜɟɧɧɨɟ ɪɟɲɟɧɢɟ. ɋɥɟɞɨɜɚɬɟɥɶɧɨ, ɦɧɨɠɟɫɬɜɨ 
ɤɥɚɫɫɨɜ ɜɵɱɟɬɨɜ  ɨɛɪɚɡɭɟɬ ɩɨɥɟ ɩɨ ɨɬɧɨɲɟɧɢɸ ɫɥɨɠɟɧɢɹ ɢ 
ɭɦɧɨɠɟɧɢɹ ɤɥɚɫɫɨɜ ɜɵɱɟɬɨɜ. ȿɝɨ ɨɛɨɡɧɚɱɚɸɬ ɱɟɪɟɡ  

ɉɪɢɦɟɪ 2. ȼɵɱɢɫɥɢɬɶ ɨɫɬɚɬɨɤ ɩɪɢ ɞɟɥɟɧɢɢ ɧɚ 15. 
Ɋɟɲɟɧɢɟ. ɋɪɚɜɧɟɧɢɟ  ɞɥɹ ɩɪɢɦɟɧɟɧɢɹ ɬɟɨɪɟɦɵ Эɣɥɟɪɚ 

ɫɨɤɪɚɬɢɦ ɧɚ 3 (ɨɱɟɜɢɞɧɨ, . 

Ɍɚɤ ɤɚɤ , ɬɨ ɩɨ ɬɟɨɪɟɦɟ Ɏɟɪɦɚ ɩɨɤɚɡɚɬɟɥɶ 99 ɦɨɠɧɨ ɭɦɟɧɶɲɢɬɶ ɩɨ 
ɦɨɞɭɥɸ 4. ɉɨɥɭɱɚɟɦ, ɱɬɨ ɢɡ  ɫɥɟɞɭɟɬ: 

. 

ɍɦɧɨɠɚɟɦ ɧɚ 3 ɨɛɟ ɱɚɫɬɢ ɫɪɚɜɧɟɧɢɹ ɢ ɦɨɞɭɥɶ: , ɬ.ɟ. 
. 

Ⱥɧɚɥɨɝɢɱɧɨ ɜɵɱɢɫɥɹɟɦ . Ɉɬɫɸɞɚ ɩɨɱɥɟɧɧɵɦ ɫɥɨɠɟɧɢɟɦ 
ɫɪɚɜɧɟɧɢɣ ɧɚɣɞɟɦ: . Ɂɚɬɟɦ, ɜɨɡɜɨɞɹ ɜ 
100-ɸ ɫɬɟɩɟɧɶ ɨɛɟ ɱɚɫɬɢ ɫɪɚɜɧɟɧɢɹ, ɩɨɥɭɱɚɟɦ . 

Ɉɬɜɟɬ: 1. 
ɉɪɢɦɟɪ 3. Ɋɚɡɥɨɠɢɬɶ  ɜ ɰɟɩɧɭɸ ɞɪɨɛɶ. ɉɪɨɜɟɪɢɬɶ ɪɚɡɥɨɠɟɧɢɟ, ɫɜɟɪɧɭɜ 

ɰɟɩɧɭɸ ɞɪɨɛɶ ɩɨɫɥɟɞɨɜɚɬɟɥɶɧɵɦ ɜɵɱɢɫɥɟɧɢɟɦ ɩɨɞɯɨɞɹɳɢɯ ɞɪɨɛɟɣ. 
Ɋɟɲɟɧɢɟ. ɇɚɣɞёɦ ɷɥɟɦɟɧɬɵ ɰɟɩɧɨɣ ɞɪɨɛɢ ɤɚɤ ɱɚɫɬɧɵɟ ɜ ɚɥɝɨɪɢɬɦɟ ȿɜɤɥɢɞɚ: 
 

 
 

ɋɞɟɥɚɟɦ ɫɨɤɪɚɳёɧɧɭɸ ɡɚɩɢɫɶ:  

ɉɭɫɬɶ ɨɛɨɡɧɚɱɚɟɬ  ɷɥɟɦɟɧɬ ɰɟɩɧɨɣ ɞɪɨɛɢ, ɸ ɩɨɞɯɨɞɹɳɭɸ 
ɞɪɨɛɶ,    ɩɨɞɯɨɞɹɳɟɣ ɞɪɨɛɢ. Ȼɭɞɟɦ 
ɜɵɱɢɫɥɹɬɶ ɩɨɞɯɨɞɹɳɢɟ ɞɪɨɛɢ ɩɨ ɪɟɤɭɪɪɟɧɬɧɨɣ ɮɨɪɦɭɥɟ 

, 

ɢɫɩɨɥɶɡɭɹ ɫɯɟɦɭ: 
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Ʉɚɤ ɜɢɞɧɨ, ɩɨɫɥɟɞɧɹɹ ɩɨɞɯɨɞɹɳɚɹ ɞɪɨɛɶ ɫɨɜɩɚɞɚɟɬ ɫ ɢɫɯɨɞɧɵɦ ɱɢɫɥɨɦ. 
Ɂɚɦɟɱɚɧɢɟ. ɇɟɩɨɫɪɟɞɫɬɜɟɧɧɨɟ ɫɜɨɪɚɱɢɜɚɧɢɟ ɤɨɧɟɱɧɨɣ ɰɟɩɧɨɣ ɞɪɨɛɢ «ɫɧɢɡɭ 

ɜɜɟɪɯ» ɨɛɵɱɧɨ ɝɪɨɦɨɡɞɤɨ: 

 
Ɇɟɬɨɞ ɩɪɟɨɛɪɚɡɨɜɚɧɢɹ ɤɨɷɮɮɢɰɢɟɧɬɨɜ 

Ɍɟɨɪɟɦɚ 1. ɉɭɫɬɶ ɞɚɧɨ ɫɪɚɜɧɟɧɢɟ: 

 
(2.8) 

ɇɈȾ  ɢ  Ɍɨɝɞɚ ɤɥɚɫɫ ɜɵɱɟɬɨɜ  ɩɨ 

ɦɨɞɭɥɸ m ɹɜɥɹɟɬɫɹ ɪɟɲɟɧɢɟɦ ɫɪɚɜɧɟɧɢɹ (2.8). 
ɉɪɢɦɟɪɵ. 
1)  

ɇɈȾ , ɩɨɷɬɨɦɭ ɫɪɚɜɧɟɧɢɟ ɢɦɟɟɬ ɟɞɢɧɫɬɜɟɧɧɨɟ ɪɟɲɟɧɢɟ. 
. 

ɇɚɣɞɟɦ ɬɚɤɨɟ ɰɟɥɨɟ ɱɢɫɥɨ k, ɱɬɨɛɵ  ɞɟɥɢɥɨɫɶ ɧɚ 5. ɇɚɩɪɢɦɟɪ, 
. Ɍɨɝɞɚ ɩɨɥɭɱɢɦ: , 

. 

 
ɉɪɨɜɟɪɤɚ. , 18 ɞɟɥɢɬɫɹ ɧɚ 9, ɩɨɷɬɨɦɭ ɩɪɢ ɩɨɞɫɬɚɧɨɜɤɟ ɜ ɫɪɚɜɧɟɧɢɟ 

ɜɦɟɫɬɨ ɩɟɪɟɦɟɧɧɨɣ ɡɧɚɱɟɧɢɹ 4, ɩɨɥɭɱɢɦ ɜɟɪɧɨɟ ɫɪɚɜɧɟɧɢɟ, ɫɥɟɞɨɜɚɬɟɥɶɧɨ, ɱɢɫɥɨ 4 
ɭɞɨɜɥɟɬɜɨɪɹɟɬ ɫɪɚɜɧɟɧɢɸ, ɩɨɷɬɨɦɭ ɤɥɚɫɫ ɰɟɥɵɯ ɱɢɫɟɥ, ɫɨɞɟɪɠɚɳɢɣ ɱɢɫɥɨ 4, ɹɜɥɹɟɬɫɹ 
ɪɟɲɟɧɢɟɦ ɫɪɚɜɧɟɧɢɹ. 

Ɉɬɜɟɬ:  

2)  

ɇɈȾ , ɫɥɟɞɨɜɚɬɟɥɶɧɨ, ɫɪɚɜɧɟɧɢɟ ɢɦɟɟɬ ɨɞɧɨ ɪɟɲɟɧɢɟ. 
 (ɩɪɢ  ɛɭɞɟɬ ) 

,  

Ɉɬɜɟɬ: . 

Ɇɟɬɨɞ Эɣɥɟɪɚ 

ɉɨɥɭɱɢɦ ɦɟɬɨɞ ɪɟɲɟɧɢɹ ɫɪɚɜɧɟɧɢɹ 

 
(2.9) 

ɫ ɩɨɦɨɳɶɸ ɮɭɧɤɰɢɢ Эɣɥɟɪɚ. 
Ɍɟɨɪɟɦɚ 1. ɉɭɫɬɶ ɞɚɧɨ ɫɪɚɜɧɟɧɢɟ (2.9), . Ɍɨɝɞɚ ɤɥɚɫɫ ɜɵɱɟɬɨɜ 

 
ɩɨ ɦɨɞɭɥɸ m ɹɜɥɹɟɬɫɹ ɪɟɲɟɧɢɟɦ ɫɪɚɜɧɟɧɢɹ (2.9), ɝɞɟ ɮɭɧɤɰɢɹ Эɣɥɟɪɚ. 
ɉɪɢɦɟɪ. 
1)  
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, ɫɥɟɞɨɜɚɬɟɥɶɧɨ, ɫɪɚɜɧɟɧɢɟ ɢɦɟɟɬ ɨɞɧɨ ɪɟɲɟɧɢɟ, 

 

ɉɪɟɨɛɪɚɡɭɟɦ ɩɪɨɢɡɜɟɞɟɧɢɟ .  ɩɪɨɫɬɨɟ ɱɢɫɥɨ, ɬɨ 

. ɉɨɷɬɨɦɭ  

,  

Ɉɬɜɟɬ: . 

Сɪɚɜɧеɧɢя ɜɵɫшɢх ɫɬеɩеɧеɣ 

Ɉɩɪɟɞɟɥɟɧɢɟ 1. ɋɪɚɜɧɟɧɢɟɦ n-ɣ ɫɬɟɩɟɧɢ ɫ ɨɞɧɨɣ ɩɟɪɟɦɟɧɧɨɣ ɧɚɡɵɜɚɟɬɫɹ 
ɫɪɚɜɧɟɧɢɟ ɜɢɞɚ 

 
(3.1) 

ɝɞɟ ɦɧɨɝɨɱɥɟɧ ɫ ɰɟɥɵɦɢ ɤɨɷɮɮɢɰɢɟɧɬɚɦɢ: 

 
(3.2) 

ɩɪɢɱɟɦ, . 

ɐɟɥɨɟ ɱɢɫɥɨ  ɭɞɨɜɥɟɬɜɨɪɹɟɬ ɫɪɚɜɧɟɧɢɸ (3.1), ɟɫɥɢ ɫɪɚɜɧɟɧɢɟ 
 ɹɜɥɹɟɬɫɹ ɜɟɪɧɵɦ ɫɪɚɜɧɟɧɢɟɦ. 

Ɍɟɨɪɟɦɚ 1. ɉɭɫɬɶ ɞɚɧɨ ɫɪɚɜɧɟɧɢɟ (3.1) ɢ ɰɟɥɨɟ ɱɢɫɥɨ  ɭɞɨɜɥɟɬɜɨɪɹɟɬ 
ɫɪɚɜɧɟɧɢɸ (3.1). Ɍɨɝɞɚ ɜɟɫɶ ɤɥɚɫɫ  ɩɨ mod m ɫɨɫɬɨɢɬ ɢɡ ɱɢɫɟɥ, ɭɞɨɜɥɟɬɜɨɪɹɸɳɢɯ 
ɫɪɚɜɧɟɧɢɸ (3.1). 

Ⱦɨɤɚɡɚɬɟɥɶɫɬɜɨ. ɑɢɫɥɨ  ɭɞɨɜɥɟɬɜɨɪɹɟɬ ɫɪɚɜɧɟɧɢɸ (3.1), ɫɥɟɞɨɜɚɬɟɥɶɧɨ, 
ɜɟɪɧɨɟ ɫɪɚɜɧɟɧɢɟ. Ⱦɥɹ ɥɸɛɨɝɨ  ɜɫɟɝɞɚ . ɇɨ 

ɬɨɝɞɚ ɩɨ ɫɜɨɣɫɬɜɭ ɫɪɚɜɧɟɧɢɣ , ɩɨɷɬɨɦɭ ɩɨ ɬɪɚɧɡɢɬɢɜɧɨɫɬɢ 
ɩɨɥɭɱɢɦ, ɱɬɨ , ɨɬɫɸɞɚ ɫɥɟɞɭɟɬ, ɱɬɨ ɱɢɫɥɨ  ɭɞɨɜɥɟɬɜɨɪɹɟɬ 
ɫɪɚɜɧɟɧɢɸ (3.1). Ⱥ ɬɚɤ ɤɚɤ  ɩɪɨɢɡɜɨɥɶɧɨɟ ɢɡ , ɬɨ, ɫɥɟɞɨɜɚɬɟɥɶɧɨ, ɜɟɫɶ ɤɥɚɫɫ 
ɜɵɱɟɬɨɜ  ɩɨ mod m ɫɨɫɬɨɢɬ ɢɡ ɱɢɫɟɥ, ɭɞɨɜɥɟɬɜɨɪɹɸɳɢɯ ɫɪɚɜɧɟɧɢɸ (3.1). Ɍɟɨɪɟɦɚ 1 
ɞɨɤɚɡɚɧɚ. 

 
Ɉɩɪɟɞɟɥɟɧɢɟ 2. Ɋɟɲɟɧɢɟɦ ɫɪɚɜɧɟɧɢɹ (3.1) ɧɚɡɵɜɚɟɬɫɹ ɤɥɚɫɫ ɜɵɱɟɬɨɜ ɩɨ ɦɨɞɭɥɸ 

m, ɫɨɫɬɨɹɳɢɣ ɢɡ ɱɢɫɟɥ, ɭɞɨɜɥɟɬɜɨɪɹɸɳɢɯ ɫɪɚɜɧɟɧɢɸ (3.1). 
ȿɫɥɢ ɤɥɚɫɫ  mod m ɹɜɥɹɟɬɫɹ ɪɟɲɟɧɢɟɦ ɫɪɚɜɧɟɧɢɹ (3.1), ɬɨ ɛɭɞɟɦ ɝɨɜɨɪɢɬɶ, ɱɬɨ 

ɤɥɚɫɫ  ɭɞɨɜɥɟɬɜɨɪɹɟɬ ɫɪɚɜɧɟɧɢɸ (3.1). ɑɢɫɥɨɦ ɪɟɲɟɧɢɣ ɫɪɚɜɧɟɧɢɹ (3.1) ɧɚɡɵɜɚɟɬɫɹ 
ɱɢɫɥɨ ɤɥɚɫɫɨɜ ɜɵɱɟɬɨɜ ɩɨ mod m, ɭɞɨɜɥɟɬɜɨɪɹɸɳɢɯ ɫɪɚɜɧɟɧɢɸ (3.1). 

Ɂɚɞɚɱɚ ɧɚɯɨɠɞɟɧɢɹ ɱɢɫɟɥ, ɭɞɨɜɥɟɬɜɨɪɹɸɳɢɯ ɫɪɚɜɧɟɧɢɸ (3.1), ɫɜɨɞɢɬɫɹ ɤ 
ɧɚɯɨɠɞɟɧɢɸ ɤɥɚɫɫɨɜ, ɭɞɨɜɥɟɬɜɨɪɹɸɳɢɯ ɭɪɚɜɧɟɧɢɸ  

Ⱦɟɣɫɬɜɢɬɟɥɶɧɨ: 
 ɬɚɤ ɤɚɤ  ɜɟɪɧɨ, ɬɨ  

 ɨɛɪɚɬɧɨ, ɟɫɥɢ , ɬɨ , ɫɥɟɞɨɜɚɬɟɥɶɧɨ,  

ɑɬɨɛɵ ɪɟɲɢɬɶ ɫɪɚɜɧɟɧɢɟ , ɦɨɠɧɨ 

1) ɜɡɹɬɶ ɥɸɛɭɸ ɩɨɥɧɭɸ ɫɢɫɬɟɦɭ ɜɵɱɟɬɨɜ ɩɨ mod m: 

 
2) ɜɵɱɢɫɥɢɬɶ  
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3) ɜɡɹɬɶ ɬɟ ɱɢɫɥɚ , ɩɪɢ ɤɨɬɨɪɵɯ ɫɪɚɜɧɟɧɢɟ  ɹɜɥɹɟɬɫɹ 
ɜɟɪɧɵɦ, ɬɨ ɟɫɬɶ  ɋɨɨɬɜɟɬɫɬɜɭɸɳɢɟ ɤɥɚɫɫɵ , ɞɚɞɭɬ ɜɫɟ ɪɟɲɟɧɢɹ ɫɪɚɜɧɟɧɢɹ. 

ɍɞɨɛɧɟɟ ɛɪɚɬɶ ɩɨɥɧɭɸ ɫɢɫɬɟɦɭ ɧɚɢɦɟɧɶɲɢɯ ɩɨ ɚɛɫɨɥɸɬɧɨɣ ɜɟɥɢɱɢɧɟ ɜɵɱɟɬɨɜ 
ɩɨ mod . ȿɫɥɢ ɫɪɚɜɧɟɧɢɟ ɢɦɟɟɬ ɧɟɫɤɨɥɶɤɨ ɪɟɲɟɧɢɣ , ɬɨ ɷɬɢ ɪɟɲɟɧɢɹ ɦɨɠɧɨ 
ɡɚɩɢɫɵɜɚɬɶ ɜ ɜɢɞɟ (ɬɨ ɟɫɬɶ  ɩɪɢɧɢɦɚɟɬ ɥɸɛɵɟ ɡɧɚɱɟɧɢɹ, 
ɫɪɚɜɧɢɦɵɟ ɫ ɨɞɧɢɦ ɢɡ ɱɢɫɟɥ ) ɜɦɟɫɬɨ ɡɚɩɢɫɢ 

 

ɉɪɢɦɟɪɵ. 
1) (mod 11). 

ɤɥɚɫɫɵ ɜɵɱɟɬɨɜ ɩɨ mod 11. 

 
2)  

 ɋɪɚɜɧɟɧɢɟ ɧɟ ɢɦɟɟɬ ɪɟɲɟɧɢɹ. 
3)  

 
Ɉɬɜɟɬ:  

Ɂɚɞɚɱɚ ɧɚɯɨɠɞɟɧɢɹ ɪɟɲɟɧɢɹ ɫɪɚɜɧɟɧɢɹ  ɩɪɨɳɟ, ɱɟɦ 
ɪɚɫɫɦɚɬɪɢɜɚɟɦɚɹ ɜ ɤɭɪɫɟ ɚɥɝɟɛɪɵ ɡɚɞɚɱɚ ɧɚɯɨɠɞɟɧɢɹ ɪɟɲɟɧɢɹ ɭɪɚɜɧɟɧɢɹ . 

Ɍɚɤ ɤɚɤ ɪɟɲɚɹ ɭɪɚɜɧɟɧɢɟ ɜ ɧɟɤɨɬɨɪɨɦ ɛɟɫɤɨɧɟɱɧɨɦ ɦɧɨɠɟɫɬɜɟ (R, ɋ) ɧɟɥɶɡɹ ɩɟɪɟɛɪɚɬɶ 
ɜɫɟ ɱɢɫɥɚ . Ⱥ ɪɟɲɚɹ ɫɪɚɜɧɟɧɢɟ , ɢɳɟɦ ɪɟɲɟɧɢɟ ɜ ɤɨɧɟɱɧɨɦ ɤɨɥɶɰɟ 
Zm ɤɥɚɫɫɨɜ ɜɵɱɟɬɨɜ ɩɨ mod m. ɋɥɟɞɨɜɚɬɟɥɶɧɨ, ɫ ɩɨɦɨɳɶɸ ɤɨɧɟɱɧɨɝɨ ɱɢɫɥɚ ɨɩɟɪɚɰɢɣ 
ɦɨɠɧɨ ɧɚɣɬɢ ɜɫɟ ɪɟɲɟɧɢɹ. ɇɨ ɧɚɞɨ ɡɚɦɟɬɢɬɶ, ɱɬɨ ɩɪɢ ɛɨɥɶɲɢɯ m ɛɭɞɭɬ ɝɪɨɦɨɡɞɤɢɟ 
ɜɵɱɢɫɥɟɧɢɹ, ɩɨɷɬɨɦɭ ɧɚɞɨ ɢɡɭɱɢɬɶ ɫɩɨɫɨɛɵ, ɩɨɡɜɨɥɹɸɳɢɟ ɨɩɪɟɞɟɥɢɬɶ ɱɢɫɥɨ ɪɟɲɟɧɢɣ, 
ɚ ɢɧɨɝɞɚ ɢ ɫɩɨɫɨɛɵ ɧɚɯɨɠɞɟɧɢɹ ɪɟɲɟɧɢɹ ɫ ɩɨɦɨɳɶɸ ɜɨɡɦɨɠɧɨ ɦɟɧɶɲɟɝɨ ɱɢɫɥɚ 
ɨɩɟɪɚɰɢɣ. 

ɋɪɚɜɧɟɧɢɹ ɜɢɞɚ  

Ɋɚɫɫɦɨɬɪɢɦ ɫɪɚɜɧɟɧɢɟ ɫ ɨɞɧɨɣ ɩɟɪɟɦɟɧɧɨɣ ɜɢɞɚ 

 
(3.3) 

ɝɞɟ , , ɤɨɷɮɮɢɰɢɟɧɬɵ ɩɪɢ ɫɬɚɪɲɟɦ ɱɥɟɧɟ  ɢ  ɧɟ 
ɞɟɥɹɬɫɹ ɧɚ m. 

Ɉɩɪɟɞɟɥɟɧɢɟ 1. Ɋɟɲɟɧɢɟɦ ɫɪɚɜɧɟɧɢɹ (3.3) ɧɚɡɵɜɚɟɬɫɹ ɤɥɚɫɫ ɜɵɱɟɬɨɜ ɩɨ mod m, 
ɫɨɫɬɨɹɳɢɣ ɢɡ ɱɢɫɟɥ, ɭɞɨɜɥɟɬɜɨɪɹɸɳɢɯ ɷɬɨɦɭ ɫɪɚɜɧɟɧɢɸ. 

Ɍɟɨɪɟɦɚ 1. ɉɭɫɬɶ  ɢ ɦɧɨɝɨɱɥɟɧɵ ɫ ɰɟɥɵɦɢ ɤɨɷɮɮɢɰɢɟɧɬɚɦɢ ɢ 
ɰɟɥɨɟ ɱɢɫɥɨ  ɭɞɨɜɥɟɬɜɨɪɹɟɬ ɫɪɚɜɧɟɧɢɸ (3.3). Ɍɨɝɞɚ ɜɟɫɶ ɤɥɚɫɫ ɜɵɱɟɬɨɜ (mod m) 

ɫɨɫɬɨɢɬ ɢɡ ɱɢɫɟɥ, ɭɞɨɜɥɟɬɜɨɪɹɸɳɢɯ ɷɬɨɦɭ ɫɪɚɜɧɟɧɢɸ. 
Ɉɩɪɟɞɟɥɟɧɢɟ 2. Ⱦɜɚ ɫɪɚɜɧɟɧɢɹ 

 
(3.4) 

 
(3.5) 

ɧɚɡɵɜɚɸɬɫɹ ɷɤɜɢɜɚɥɟɧɬɧɵɦɢ, ɟɫɥɢ ɦɧɨɠɟɫɬɜɨ ɱɢɫɟɥ, ɭɞɨɜɥɟɬɜɨɪɹɸɳɢɯ ɨɞɧɨɦɭ 
ɢɡ ɧɢɯ, ɫɨɜɩɚɞɚɟɬ ɫ ɦɧɨɠɟɫɬɜɨɦ ɱɢɫɟɥ, ɭɞɨɜɥɟɬɜɨɪɹɸɳɢɯ ɞɪɭɝɨɦɭ ɫɪɚɜɧɟɧɢɸ. 

ȿɫɥɢ ɢ ɫɪɚɜɧɟɧɢɹ (3.4) ɢ (3.5) ɢɦɟɸɬ ɨɞɧɢ ɢ ɬɟ ɠɟ ɪɟɲɟɧɢɹ, ɬɨ 
ɩɨɥɭɱɢɦ ɞɜɚ ɷɤɜɢɜɚɥɟɧɬɧɵɯ ɫɪɚɜɧɟɧɢɹ ɩɨ . 

Эɤɜɢɜɚɥɟɧɬɧɵɟ ɫɪɚɜɧɟɧɢɹ ɦɨɝɭɬ ɢɦɟɬɶ ɪɚɡɧɭɸ ɫɬɟɩɟɧɶ. 



71 

ɉɪɢɦɟɪ.  

Ɋɟɲɟɧɢɟ ɩɟɪɜɨɝɨ ɫɪɚɜɧɟɧɢɹ: , ɪɟɲɟɧɢɟɦ ɜɬɨɪɨɝɨ ɫɪɚɜɧɟɧɢɹ ɬɨɠɟ 
ɛɭɞɟɬ ɤɥɚɫɫ ɜɵɱɟɬɨɜ . ɋɥɟɞɨɜɚɬɟɥɶɧɨ, ɨɧɢ ɷɤɜɢɜɚɥɟɧɬɧɵ. ɇɨ ɫɬɟɩɟɧɢ ɢɯ 
ɪɚɡɥɢɱɧɵ (ɫɬɟɩɟɧɶ ɩɟɪɜɨɝɨ ɫɪɚɜɧɟɧɢɹ ɪɚɜɧɚ 1, ɫɬɟɩɟɧɶ ɜɬɨɪɨɝɨ – 3). 

Ɍɟɨɪɟɦɚ. ɉɭɫɬɶ ɞɚɧɨ ɫɪɚɜɧɟɧɢɟ 

 
(3.6) 

ɝɞɟ . 

Ɍɨɝɞɚ ɢɦɟɸɬ ɦɟɫɬɨ ɫɥɟɞɭɸɳɢɟ ɭɬɜɟɪɠɞɟɧɢɹ: 
1) ȿɫɥɢ ɤ ɨɛɟɢɦ ɱɚɫɬɹɦ ɫɪɚɜɧɟɧɢɹ (3.6) ɩɪɢɛɚɜɢɬɶ ɥɸɛɨɣ ɦɧɨɝɨɱɥɟɧ  

ɬɨ ɩɨɥɭɱɢɬɫɹ ɫɪɚɜɧɟɧɢɟ, ɷɤɜɢɜɚɥɟɧɬɧɨɟ ɫɪɚɜɧɟɧɢɸ (3.6). 
2) ȿɫɥɢ ɨɛɟ ɱɚɫɬɢ ɫɪɚɜɧɟɧɢɹ (3.6) ɭɦɧɨɠɢɬɶ ɧɚ ɨɞɧɨ ɢ ɬɨ ɠɟ ɰɟɥɨɟ ɱɢɫɥɨ, 

ɜɡɚɢɦɧɨ ɩɪɨɫɬɨɟ ɫ ɦɨɞɭɥɟɦ, ɬɨ ɩɨɥɭɱɢɬɫɹ ɫɪɚɜɧɟɧɢɟ, ɷɤɜɢɜɚɥɟɧɬɧɨɟ ɫɪɚɜɧɟɧɢɸ (3.6). 
3) ȿɫɥɢ ɨɛɟ ɱɚɫɬɢ ɫɪɚɜɧɟɧɢɹ ɢ ɦɨɞɭɥɶ ɭɦɧɨɠɢɬɶ ɧɚ ɨɞɧɨ ɢ ɬɨ ɠɟ ɧɚɬɭɪɚɥɶɧɨɟ 

ɱɢɫɥɨ , ɬɨ ɩɨɥɭɱɢɬɫɹ ɫɪɚɜɧɟɧɢɟ, ɷɤɜɢɜɚɥɟɧɬɧɨɟ ɫɪɚɜɧɟɧɢɸ (3.6). 
Ɍɟɨɪɟɦɚ 2. ɉɭɫɬɶ ɞɚɧɵ ɫɪɚɜɧɟɧɢɹ  

Ɍɨɝɞɚ ɫɪɚɜɧɟɧɢɹ ɷɤɜɢɜɚɥɟɧɬɧɵ. 
ɂɡ ɞɨɤɚɡɚɧɧɨɣ ɬɟɨɪɟɦɵ, ɜ ɱɚɫɬɧɨɫɬɢ, ɫɥɟɞɭɟɬ, ɱɬɨ ɫɪɚɜɧɟɧɢɟ ɡɚɦɟɧɢɬɫɹ 

ɷɤɜɢɜɚɥɟɧɬɧɵɦ, ɟɫɥɢ ɨɬɛɪɨɫɢɬɶ (ɢɥɢ ɞɨɛɚɜɢɬɶ) ɫɥɚɝɚɟɦɨɟ ɫ ɤɨɷɮɮɢɰɢɟɧɬɚɦɢ, 
ɞɟɥɹɳɢɦɢɫɹ ɧɚ ɦɨɞɭɥɶ. 

3. ɋɪɚɜɧɟɧɢɹ ɩɨ ɩɪɨɫɬɨɦɭ ɦɨɞɭɥɸ ɫ ɨɞɧɢɦ ɧɟɢɡɜɟɫɬɧɵɦ 

ɉɟɪɟɯɨɞɹ ɨɬ ɫɪɚɜɧɟɧɢɣ 1-ɣ ɫɬɟɩɟɧɢ ɤ ɫɪɚɜɧɟɧɢɹɦ ɛɨɥɟɟ ɜɵɫɨɤɢɯ ɫɬɟɩɟɧɟɣ, 
ɰɟɥɟɫɨɨɛɪɚɡɧɨ ɫɧɚɱɚɥɚ ɪɚɫɫɦɨɬɪɟɬɶ ɬɨɬ ɫɥɭɱɚɣ, ɤɨɝɞɚ ɦɨɞɭɥɶ – ɩɪɨɫɬɨɟ ɱɢɫɥɨ. ȼ ɷɬɨɦ 
ɫɥɭɱɚɟ ɢɦɟɟɬɫɹ ɪɹɞ ɜɟɫɶɦɚ ɜɚɠɧɵɯ ɬɟɨɪɟɦ, ɤɨɬɨɪɵɟ, ɜɨɨɛɳɟ ɝɨɜɨɪɹ, ɧɟɜɟɪɧɵ ɞɥɹ 
ɫɨɫɬɚɜɧɵɯ ɦɨɞɭɥɟɣ. ȼɦɟɫɬɟ ɫ ɬɟɦ ɬɟɨɪɢɹ ɫɪɚɜɧɟɧɢɣ ɩɨ ɩɪɨɫɬɨɦɭ ɦɨɞɭɥɸ ɹɜɥɹɟɬɫɹ 
ɨɫɧɨɜɨɣ, ɧɚ ɤɨɬɨɪɨɣ ɫɬɪɨɢɬɫɹ ɢɡɭɱɟɧɢɟ ɫɪɚɜɧɟɧɢɣ ɩɨ ɫɨɫɬɚɜɧɨɦɭ ɦɨɞɭɥɸ. 

ȼɨ ɜɫɟɣ ɷɬɨɣ ɝɥɚɜɟ ɛɭɤɜɨɣ  ɛɭɞɟɦ ɨɛɨɡɧɚɱɚɬɶ ɦɨɞɭɥɶ, ɩɪɟɞɫɬɚɜɥɹɸɳɢɣ ɫɨɛɨɣ 
ɩɪɨɫɬɨɟ ɱɢɫɥɨ. 

Ɍɟɨɪɟɦɚ 1. ȿɫɥɢ , ɬɨ ɫɪɚɜɧɟɧɢɟ 

 
ɦɨɠɟɬ ɛɵɬɶ ɡɚɦɟɧɟɧɨ ɷɤɜɢɜɚɥɟɧɬɧɵɦ ɫɪɚɜɧɟɧɢɟɦ ɫ ɤɨɷɮɮɢɰɢɟɧɬɨɦ ɩɪɢ 

ɫɬɚɪɲɟɦ ɱɥɟɧɟ, ɪɚɜɧɨɦ ɟɞɢɧɢɰɟ. 
ɉɪɢɦɟɪ 1. Ɂɚɦɟɧɢɬɶ ɫɪɚɜɧɟɧɢɟ 

 
ɷɤɜɢɜɚɥɟɧɬɧɵɦ ɫɪɚɜɧɟɧɢɟɦ ɫ ɤɨɷɮɮɢɰɢɟɧɬɨɦ ɩɪɢ ɫɬɚɪɲɟɦ ɱɥɟɧɟ, ɪɚɜɧɵɦ 1. 
Ɋɟɲɚɟɦ ɫɪɚɜɧɟɧɢɟ  ɢ ɧɚɯɨɞɢɦ . Ⱦɚɧɧɨɟ ɧɚɦ 

ɫɪɚɜɧɟɧɢɟ ɷɤɜɢɜɚɥɟɧɬɧɨ ɫɪɚɜɧɟɧɢɸ 

 
ɬ.ɟ. ɫɪɚɜɧɟɧɢɸ . 

Ɍɟɨɪɟɦɚ 2. ȿɫɥɢ ɢ ɦɧɨɝɨɱɥɟɧɵ ɫ ɰɟɥɵɦɢ ɤɨɷɮɮɢɰɢɟɧɬɚɦɢ, ɬɨ 
ɫɪɚɜɧɟɧɢɹ ɩɨ ɩɪɨɫɬɨɦɭ ɦɨɞɭɥɸ 

 
(3.15) 

 
(3.16) 

ɷɤɜɢɜɚɥɟɧɬɧɵ. 
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Ɍɟɨɪɟɦɚ 3. ɋɪɚɜɧɟɧɢɟ ɩɨ ɩɪɨɫɬɨɦɭ ɦɨɞɭɥɸ , ɫɬɟɩɟɧɶ ɤɨɬɨɪɨɝɨ ɛɨɥɶɲɟ, ɱɟɦ 
ɷɬɨɬ ɦɨɞɭɥɶ ɢɥɢ ɪɚɜɧɚ ɟɦɭ, ɦɨɠɟɬ ɛɵɬɶ ɡɚɦɟɧɟɧɨ ɷɤɜɢɜɚɥɟɧɬɧɵɦ ɫɪɚɜɧɟɧɢɟɦ ɫɬɟɩɟɧɢ, 
ɦɟɧɶɲɟɣ . 

ɉɪɢɦɟɪ 2. ɋɪɚɜɧɟɧɢɟ  ɡɚɦɟɧɢɬɶ 
ɷɤɜɢɜɚɥɟɧɬɧɵɦ ɫɪɚɜɧɟɧɢɟɦ ɫɬɟɩɟɧɢ, ɦɟɧɶɲɟɣ ɱɟɦ 7. 

Ɋɟɲɟɧɢɟ. Ɇɵ ɩɨɥɭɱɢɦ ɷɤɜɢɜɚɥɟɧɬɧɨɟ ɫɪɚɜɧɟɧɢɟ, ɟɫɥɢ ɡɚɦɟɧɢɦ  ɧɚ 
,  ɧɚ ,  ɧɚ . Ɍɚɤɢɦ ɨɛɪɚɡɨɦ, ɡɚɞɚɧɧɨɟ ɫɪɚɜɧɟɧɢɟ ɷɤɜɢɜɚɥɟɧɬɧɨ 

ɫɪɚɜɧɟɧɢɸ 

 
ɬ.ɟ. ɫɪɚɜɧɟɧɢɸ . 

Ɍɟɨɪɟɦɚ 4. ȿɫɥɢ ɦɧɨɝɨɱɥɟɧɵ ɫ ɰɟɥɵɦɢ 
ɤɨɷɮɮɢɰɢɟɧɬɚɦɢ: , ɢ ɜɫɟ ɤɨɷɮɮɢɰɢɟɧɬɵ  ɞɟɥɹɬɫɹ ɧɚ 
ɩɪɨɫɬɨɟ ɱɢɫɥɨ , ɬɨ ɥɸɛɨɟ ɪɟɲɟɧɢɟ ɫɪɚɜɧɟɧɢɹ 

 
(3.17) 

ɹɜɥɹɟɬɫɹ ɪɟɲɟɧɢɟɦ, ɩɨ ɤɪɚɣɧɟɣ ɦɟɪɟ, ɨɞɧɨɝɨ ɢɡ ɫɪɚɜɧɟɧɢɣ: 

 
(3.18) 

ɉɪɢɦɟɪ 3. ȼ ɫɪɚɜɧɟɧɢɢ  ɥɟɜɭɸ ɱɚɫɬɶ ɦɨɠɧɨ 
ɩɪɟɞɫɬɚɜɢɬɶ ɜ ɜɢɞɟ , ɢ ɦɵ ɧɚɯɨɞɢɦ ɜɫɟ ɪɟɲɟɧɢɹ 
ɷɬɨɝɨ ɫɪɚɜɧɟɧɢɹ, ɪɟɲɚɹ ɫɪɚɜɧɟɧɢɹ: , , ɬ.ɟ. 

ɢ . ȼɫɟ ɷɬɢ ɱɟɬɵɪɟ ɤɥɚɫɫɚ ɭɞɨɜɥɟɬɜɨɪɹɸɬ ɧɚɲɟɦɭ 
ɫɪɚɜɧɟɧɢɸ. 

Ⱦɥɹ ɫɨɫɬɚɜɧɵɯ ɦɨɞɭɥɟɣ ɷɬɚ ɬɟɨɪɟɦɚ ɧɟɜɟɪɧɚ. ɇɚɩɪɢɦɟɪ, ɫɪɚɜɧɟɧɢɸ 

 
ɭɞɨɜɥɟɬɜɨɪɹɟɬ ɤɥɚɫɫ , ɧɟ ɹɜɥɹɸɳɢɣɫɹ ɪɟɲɟɧɢɟɦ ɧɢ ɨɞɧɨɝɨ ɢɡ ɫɪɚɜɧɟɧɢɣ: 

,  

Ɍɟɨɪɟɦɚ 5. ɋɪɚɜɧɟɧɢɟ ɫɬɟɩɟɧɢ  ɩɨ ɩɪɨɫɬɨɦɭ ɦɨɞɭɥɸ  ɫ ɤɨɷɮɮɢɰɢɟɧɬɨɦ ɩɪɢ 
ɫɬɚɪɲɟɦ ɱɥɟɧɟ, ɧɟ ɞɟɥɹɳɢɦɫɹ ɧɚ , ɦɨɠɟɬ ɢɦɟɬɶ ɧɟ ɛɨɥɶɲɟ ɱɟɦ  ɪɟɲɟɧɢɣ. 

ɉɪɢɦɟɪ 4.  ɭɞɨɜɥɟɬɜɨɪɹɟɬ ɫɪɚɜɧɟɧɢɸ  ɇɚɣɬɢ ɜɫɟ 
ɪɟɲɟɧɢɹ ɷɬɨɝɨ ɫɪɚɜɧɟɧɢɹ. 

Ɉɱɟɜɢɞɧɨ, ɱɬɨ ɜɦɟɫɬɟ ɫ ɤɥɚɫɫɨɦ  ɷɬɨɦɭ ɫɪɚɜɧɟɧɢɸ ɭɞɨɜɥɟɬɜɨɪɹɟɬ ɢ ɤɥɚɫɫ 
. Ʉɨɷɮɮɢɰɢɟɧɬ ɩɪɢ ɫɬɚɪɲɟɦ ɱɥɟɧɟ  ɧɟ ɞɟɥɢɬɫɹ ɧɚ ɩɪɨɫɬɨɣ ɦɨɞɭɥɶ , 

ɩɨɷɬɨɦɭ ɫɪɚɜɧɟɧɢɟ ɧɟ ɦɨɠɟɬ ɢɦɟɬɶ ɛɨɥɶɲɟ ɞɜɭɯ ɪɟɲɟɧɢɣ. 
Ɉɬɜɟɬ. . 

Ⱦɥɹ ɫɨɫɬɚɜɧɵɯ ɦɨɞɭɥɟɣ ɷɬɚ ɬɟɨɪɟɦɚ ɧɟɜɟɪɧɚ. ɋɪɚɜɧɟɧɢɟ ɫɬɟɩɟɧɢ  ɩɨ 
ɫɨɫɬɚɜɧɨɦɭ ɦɨɞɭɥɸ ɫ ɤɨɷɮɮɢɰɢɟɧɬɨɦ ɩɪɢ ɫɬɚɪɲɟɦ ɱɥɟɧɟ, ɧɟ ɞɟɥɹɳɟɦɫɹ ɧɚ ɦɨɞɭɥɶ 
ɢɥɢ ɞɚɠɟ ɜɡɚɢɦɧɨ ɩɪɨɫɬɨɦ ɫ ɦɨɞɭɥɟɦ, ɦɨɠɟɬ ɢɦɟɬɶ ɛɨɥɶɲɟ ɱɟɦ  ɪɟɲɟɧɢɣ. ɇɚɩɪɢɦɟɪ, 
ɫɪɚɜɧɟɧɢɟ  ɢɦɟɟɬ 4 ɪɟɲɟɧɢɹ: . 

Ɍɟɨɪɟɦɚ 6. ȿɫɥɢ ɫɪɚɜɧɟɧɢɟ ɫɬɟɩɟɧɢ  ɩɨ ɩɪɨɫɬɨɦɭ ɦɨɞɭɥɸ  ɢɦɟɟɬ ɛɨɥɶɲɟ ɱɟɦ 
 ɪɟɲɟɧɢɣ, ɬɨ ɜɫɟ ɤɨɷɮɮɢɰɢɟɧɬɵ ɫɪɚɜɧɟɧɢɹ ɞɟɥɹɬɫɹ ɧɚ . 

Ɍɟɨɪɟɦɚ 7. ɉɭɫɬɶ ɦɧɨɝɨɱɥɟɧ ɫ ɰɟɥɵɦɢ 
ɤɨɷɮɮɢɰɢɟɧɬɚɦɢ ɢ ɫɜɨɛɨɞɧɵɦ ɱɥɟɧɨɦ , ɝɞɟ ɩɪɨɫɬɨɟ ɱɢɫɥɨ, ɩɪɢɱɟɦ 
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. ɋɪɚɜɧɟɧɢɟ  ɢɦɟɟɬ  ɪɟɲɟɧɢɣ ɬɨɝɞɚ ɢ ɬɨɥɶɤɨ ɬɨɝɞɚ, ɤɨɝɞɚ ɜɫɟ 
ɤɨɷɮɮɢɰɢɟɧɬɵ ɨɫɬɚɬɤɚ ɨɬ ɞɟɥɟɧɢɹ  ɧɚ  ɤɪɚɬɧɵ . 

ɉɪɢɦɟɪ 5. ɋɪɚɜɧɟɧɢɸ ɭɞɨɜɥɟɬɜɨɪɹɸɬ ɤɥɚɫɫɵ  ɢ . ɂɦɟɟɬ ɥɢ 
ɷɬɨ ɫɪɚɜɧɟɧɢɟ ɟɳɟ ɨɞɧɨ ɪɟɲɟɧɢɟ? 

Ⱦɟɥɢɦ  ɧɚ , ɧɚɯɨɞɢɦ:  

ɬɚɤ ɱɬɨ  ɢ, ɫɥɟɞɨɜɚɬɟɥɶɧɨ, ɷɬɨ ɫɪɚɜɧɟɧɢɟ ɢɦɟɟɬ ɬɪɢ ɪɟɲɟɧɢɹ. 
4. ɋɢɫɬɟɦɵ ɫɪɚɜɧɟɧɢɣ 

ɋɢɫɬɟɦɭ ɫɪɚɜɧɟɧɢɣ ɩɟɪɜɨɣ ɫɬɟɩɟɧɢ ɫ ɨɞɧɢɦ ɢ ɬɟɦ ɠɟ ɧɟɢɡɜɟɫɬɧɵɦ, ɧɨ ɫ ɪɚɡɧɵɦɢ 
ɦɨɞɭɥɹɦɢ, ɡɚɩɢɲɟɦ ɜ ɨɛɳɟɦ ɜɢɞɟ ɬɚɤ: 

 

(4.1) 

Ɉɛɳɢɣ ɫɩɨɫɨɛ (ɫɩɨɫɨɛ ɩɨɫɥɟɞɨɜɚɬɟɥɶɧɨɝɨ ɪɟɲɟɧɢɹ) ɫɨɫɬɨɢɬ ɜ ɬɨɦ, ɱɬɨ ɫɧɚɱɚɥɚ 
ɧɚɯɨɞɢɬɫɹ  ɢɡ ɩɟɪɜɨɝɨ ɫɪɚɜɧɟɧɢɹ, ɝɞɟ  – ɧɚɢɦɟɧɶɲɢɣ 
ɧɟɨɬɪɢɰɚɬɟɥɶɧɵɣ ɢɥɢ ɚɛɫɨɥɸɬɧɨ ɧɚɢɦɟɧɶɲɢɣ ɜɵɱɟɬ ɩɨ ɦɨɞɭɥɸ  ɢ ɛɟɪɟɬɫɹ ɤɥɚɫɫ 
ɱɢɫɟɥ 

 
(  

ɭɞɨɜɥɟɬɜɨɪɹɸɳɢɯ ɩɟɪɜɨɦɭ ɫɪɚɜɧɟɧɢɸ. 
Ɂɚɬɟɦ ɷɬɨ ɡɧɚɱɟɧɢɟ  ɩɨɞɫɬɚɜɥɹɟɬɫɹ ɜɨ ɜɬɨɪɨɟ ɫɪɚɜɧɟɧɢɟ, ɱɬɨ ɞɚɟɬ 

 
ɨɬɤɭɞɚ ɧɚɯɨɞɢɬɫɹ  ɨɩɹɬɶ ɜ ɜɢɞɟ ɤɥɚɫɫɚ ɱɢɫɟɥ ɢ ɩɨɞɫɬɚɜɥɹɟɬɫɹ ɜ ɪɚɜɟɧɫɬɜɨ ( . 

ȼ ɪɟɡɭɥɶɬɚɬɟ ɩɨɥɭɱɚɟɬɫɹ ɡɧɚɱɟɧɢɟ  ɜ ɜɢɞɟ ɤɥɚɫɫɚ ɱɢɫɟɥ, ɭɞɨɜɥɟɬɜɨɪɹɸɳɢɯ 
ɩɟɪɜɵɦ ɞɜɭɦ ɫɪɚɜɧɟɧɢɹɦ ɫɢɫɬɟɦɵ. Ⱦɚɥɶɲɟ ɷɬɨ ɡɧɚɱɟɧɢɟ  ɩɨɞɫɬɚɜɥɹɟɬɫɹ ɜ ɬɪɟɬɶɟ 
ɫɪɚɜɧɟɧɢɟ ɫɢɫɬɟɦɵ, ɬɚɤ ɠɟ ɧɚɯɨɞɢɬɫɹ , ɡɚɬɟɦ ɧɚɯɨɞɢɬɫɹ  ɢ ɩɨɞɫɬɚɜɥɹɟɬɫɹ ɜ 
ɱɟɬɜɟɪɬɨɟ ɫɪɚɜɧɟɧɢɟ ɫɢɫɬɟɦɵ ɢ ɬ.ɞ. 

Ɂɚɦɟɬɢɦ, ɱɬɨ ɦɨɠɧɨ ɢɞɬɢ ɢ ɧɟɫɤɨɥɶɤɨ ɢɧɵɦ ɩɭɬɟɦ: ɫɧɚɱɚɥɚ ɪɟɲɚɟɬɫɹ ɤɚɠɞɨɟ ɢɡ 
ɫɪɚɜɧɟɧɢɣ ɫɢɫɬɟɦɵ ɢ ɩɪɟɞɫɬɚɜɥɹɟɬɫɹ ɜ ɜɢɞɟ: 

 

(4.2) 

ɚ ɡɚɬɟɦ ɩɨɫɬɭɩɚɸɬ ɨɩɢɫɚɧɧɵɦ ɫɩɨɫɨɛɨɦ. 
ȿɫɥɢ ɨɤɚɠɟɬɫɹ, ɱɬɨ ɯɨɬɹ ɛɵ ɨɞɧɨ ɢɡ ɫɪɚɜɧɟɧɢɣ ɫɢɫɬɟɦɵ (4.1) ɧɟ ɢɦɟɟɬ ɪɟɲɟɧɢɹ 

ɢɥɢ ɫɪɚɜɧɟɧɢɟ ɨɬɧɨɫɢɬɟɥɶɧɨ  ɜ ɨɩɢɫɚɧɧɨɦ ɫɩɨɫɨɛɟ ɧɟɪɚɡɪɟɲɢɦɨ, ɬɨ ɫɢɫɬɟɦɚ (4.1) ɧɟ 
ɢɦɟɟɬ ɪɟɲɟɧɢɹ. 

ȿɫɥɢ ɞɥɹ ɫɪɚɜɧɟɧɢɣ  ɫɢɫɬɟɦɵ (4.1)  ɢ  ɬɨ, 
ɫɨɤɪɚɳɚɹ ɱɥɟɧɵ ɢ ɦɨɞɭɥɶ ɤɚɠɞɨɝɨ ɫɪɚɜɧɟɧɢɹ ɧɚ  ɩɨɥɭɱɚɟɦ ɫɢɫɬɟɦɭ: 
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(4.3) 

ɷɤɜɢɜɚɥɟɧɬɧɭɸ (4.1). 
ɋɪɚɜɧɟɧɢɹ ɷɬɨɣ ɫɢɫɬɟɦɵ ɦɨɠɧɨ ɪɟɲɢɬɶ ɨɬɧɨɫɢɬɟɥɶɧɨ  ɢ ɫɜɟɫɬɢ ɪɟɲɟɧɢɟ 

ɫɢɫɬɟɦɵ (4.3) ɤ ɪɟɲɟɧɢɸ ɫɢɫɬɟɦɵ: 

 

(4.4) 

ȿɫɥɢ ɜ ɫɢɫɬɟɦɟ (4.2) ɦɨɞɭɥɢ  ɩɨɩɚɪɧɨ ɩɪɨɫɬɵ, ɬɨ ɪɟɲɟɧɢɟ ɟɟ ɦɨɠɧɨ 
ɧɚɯɨɞɢɬɶ ɧɟ ɭɤɚɡɚɧɧɵɦ ɜɵɲɟ ɨɛɳɢɦ ɫɩɨɫɨɛɨɦ, ɚ ɩɨ ɮɨɪɦɭɥɟ: 

 
ɝɞɟ  ɢ  ɟɫɬɶ ɪɟɲɟɧɢɹ ɫɪɚɜɧɟɧɢɣ: 

 
Ɋɟɲɟɧɢɟɦ ɫɢɫɬɟɦɵ ɛɭɞɟɬ:  

Эɬɢɦ ɫɩɨɫɨɛɨɦ ɦɨɠɧɨ ɪɟɲɚɬɶ ɢ ɫɢɫɬɟɦɭ (4.4), ɟɫɥɢ ɦɨɞɭɥɢ  ɩɨɩɚɪɧɨ 

ɩɪɨɫɬɵ. 
 
ɉɪɢɦɟɪ. Ɋɟɲɢɬɶ ɫɢɫɬɟɦɭ ɫɪɚɜɧɟɧɢɣ: 

 
Ʉɥɚɫɫɵ ɜɵɱɟɬɨɜ ɩɨ :  ɩɪɢ ɢɦɟɟɦ: 
1) , ɫɥɟɞɨɜɚɬɟɥɶɧɨ,  ɭɞɨɜɥɟɬɜɨɪɹɟɬ ɩɟɪɜɨɦɭ 

ɫɪɚɜɧɟɧɢɸ ɫɢɫɬɟɦɵ, 
2) , ɫɥɟɞɨɜɚɬɟɥɶɧɨ,  ɭɞɨɜɥɟɬɜɨɪɹɟɬ 

ɜɬɨɪɨɦɭ ɫɪɚɜɧɟɧɢɸ ɫɢɫɬɟɦɵ. 
ɉɨɷɬɨɦɭ ɤɥɚɫɫ ɜɵɱɟɬɨɜ  ɹɜɥɹɟɬɫɹ ɪɟɲɟɧɢɟɦ ɫɢɫɬɟɦɵ. Ɇɨɠɧɨ 

ɡɚɩɢɫɚɬɶ ɷɬɨɬ ɤɥɚɫɫ ɢɧɚɱɟ: ɩɪɢɛɚɜɢɜ ɤ  ɦɨɞɭɥɶ 9, ɩɨɥɭɱɢɦ, ɱɬɨ  

ɂɬɚɤ, ɞɚɧɧɚɹ ɫɢɫɬɟɦɚ ɫɪɚɜɧɟɧɢɣ ɢɦɟɟɬ ɪɟɲɟɧɢɟ  

 
Ɍɟɦɚ. Ⱥɪɢɮɦɟɬɢɱɟɫɤɢɟ ɩɪɢɥɨɠɟɧɢɹ ɬɟɨɪɢɢ ɫɪɚɜɧɟɧɢɣ 

ɉɥɚɧ  
1. Ⱥɪɢɮɦɟɬɢɱɟɫɤɢɟ ɞɟɣɫɬɜɢɹ ɢ ɢɯ ɫɜɨɣɫɬɜɚ. 
2. ɉɪɨɜɟɪɤɚ ɪɟɡɭɥɶɬɚɬɨɜ ɚɪɢɮɦɟɬɢɱɟɫɤɢɯ ɞɟɣɫɬɜɢɣ. 
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1. Ⱥɪɢɮɦɟɬɢɱɟɫɤɢɟ ɞɟɣɫɬɜɢɹ 

Ʉ ɚɪɢɮɦɟɬɢɱɟɫɤɢɦ ɞɟɣɫɬɜɢɹɦ ɨɬɧɨɫɹɬɫɹ: 
– ɋɥɨɠɟɧɢɟ ɹɜɥɹɟɬɫɹ ɧɚɱɚɥɶɧɵɦ ɩɨɧɹɬɢɟɦ, ɞɥɹ ɤɨɬɨɪɨɝɨ ɧɟɜɨɡɦɨɠɧɨ ɞɚɬɶ 

ɫɬɪɨɝɨɟ ɮɨɪɦɚɥɶɧɨɟ ɨɩɪɟɞɟɥɟɧɢɟ. Ɍɟɦ ɧɟ ɦɟɧɟɟ, ɱɬɨɛɵ ɩɪɢɞɚɬɶ ɷɬɨɦɭ ɞɟɣɫɬɜɢɸ 
ɧɟɤɨɬɨɪɨɟ ɪɚɡɭɦɧɨɟ ɩɪɟɞɫɬɚɜɥɟɧɢɟ, ɦɵ ɫɤɚɠɟɦ, ɱɬɨ ɫɥɨɠɟɧɢɟ – ɷɬɨ ɨɩɟɪɚɰɢɹ 
ɧɚɯɨɠɞɟɧɢɹ ɫɭɦɦɵ ɞɜɭɯ ɢɥɢ ɧɟɫɤɨɥɶɤɢɯ ɱɢɫɟɥ, ɝɞɟ ɩɨɞ ɫɭɦɦɨɣ ɩɨɧɢɦɚɟɬɫɹ ɨɛɳɟɟ 
ɤɨɥɢɱɟɫɬɜɨ ɟɞɢɧɢɰ, ɫɨɞɟɪɠɚɳɢɯɫɹ ɜ ɪɚɫɫɦɚɬɪɢɜɚɟɦɵɯ ɱɢɫɥɚɯ ɜɦɟɫɬɟ. Эɬɢ ɱɢɫɥɚ 
ɧɚɡɵɜɚɸɬɫɹ ɫɥɚɝɚɟɦɵɦɢ. ɇɚɩɪɢɦɟɪ, 11 + 6 = 17. Ɂɞɟɫɶ 11 ɢ 6 – ɫɥɚɝɚɟɦɵɟ, 17 – ɫɭɦɦɚ. 
ȿɫɥɢ ɫɥɚɝɚɟɦɵɟ ɩɨɦɟɧɹɬɶ ɦɟɫɬɚɦɢ, ɬɨ ɫɭɦɦɚ ɧɟ ɢɡɦɟɧɢɬɫɹ: 11 + 6 = 17 ɢ 6 + 11 = 17. 

– ȼɵɱɢɬɚɧɢɟ ɹɜɥɹɟɬɫɹ ɞɟɣɫɬɜɢɟɦ, ɨɛɪɚɬɧɵɦ ɤ ɫɥɨɠɟɧɢɸ, ɬɚɤ ɤɚɤ ɷɬɨ ɨɩɟɪɚɰɢɹ 
ɧɚɯɨɠɞɟɧɢɹ ɨɞɧɨɝɨ ɢɡ ɫɥɚɝɚɟɦɵɯ ɩɨ ɫɭɦɦɟ ɢ ɞɪɭɝɨɦɭ ɫɥɚɝɚɟɦɨɦɭ. ȼɵɱɟɫɬɶ ɢɡ ɨɞɧɨɝɨ 
ɱɢɫɥɚ (ɭɦɟɧɶɲɚɟɦɨɝɨ) ɞɪɭɝɨɟ (ɜɵɱɢɬɚɟɦɨɟ) - ɡɧɚɱɢɬ ɧɚɣɬɢ ɬɚɤɨɟ ɬɪɟɬɶɟ ɱɢɫɥɨ 
(ɪɚɡɧɨɫɬɶ), ɤɨɬɨɪɨɟ ɩɪɢ ɫɥɨɠɟɧɢɢ ɫ ɜɵɱɢɬɚɟɦɵɦ ɞɚɟɬ ɭɦɟɧɶɲɚɟɦɨɟ: 17 – 6 = 11. Ɂɞɟɫɶ 
17 – ɭɦɟɧɶɲɚɟɦɨɟ, 6 – ɜɵɱɢɬɚɟɦɨɟ, 11 – ɪɚɡɧɨɫɬɶ. 

– ɍɦɧɨɠɟɧɢɟ. ɍɦɧɨɠɢɬɶ ɨɞɧɨ ɱɢɫɥɨ n (ɦɧɨɠɢɦɨɟ) ɧɚ ɞɪɭɝɨɟ ɰɟɥɨɟ ɱɢɫɥɨ m 
(ɦɧɨɠɢɬɟɥɶ) – ɡɧɚɱɢɬ ɩɨɜɬɨɪɢɬɶ ɦɧɨɠɢɦɨɟ n ɜ ɤɚɱɟɫɬɜɟ ɫɥɚɝɚɟɦɨɝɨ m ɪɚɡ. Ɋɟɡɭɥɶɬɚɬ 
ɭɦɧɨɠɟɧɢɹ ɧɚɡɵɜɚɟɬɫɹ ɩɪɨɢɡɜɟɞɟɧɢɟɦ. Ɂɚɩɢɫɶ ɨɩɟɪɚɰɢɢ ɭɦɧɨɠɟɧɢɹ: n x m ɢɥɢ n ∙ m . 
ɇɚɩɪɢɦɟɪ, 12 x 4 = 12 + 12 + 12 + 12 = 48. Ɍɚɤɢɦ ɨɛɪɚɡɨɦ, 12 x 4 = 48 ɢɥɢ 12 ∙ 4 = 48. 
Ɂɞɟɫɶ 12 – ɦɧɨɠɢɦɨɟ, 4 – ɦɧɨɠɢɬɟɥɶ, 48 – ɩɪɨɢɡɜɟɞɟɧɢɟ. ȿɫɥɢ ɦɧɨɠɢɦɨɟ n ɢ 
ɦɧɨɠɢɬɟɥɶ m ɩɨɦɟɧɹɬɶ ɦɟɫɬɚɦɢ, ɬɨ ɩɪɨɢɡɜɟɞɟɧɢɟ ɧɟ ɢɡɦɟɧɢɬɫɹ. ɇɚɩɪɢɦɟɪ, 12 · 4 = 12 
+ 12 + 12 + 12 = 48 ɢ ɫɨɨɬɜɟɬɫɬɜɟɧɧɨ, 4 · 12 = 4 + 4 + 4 + 4 + 4 + 4 + 4 + 4 + 4 + 4 + 4 + 4 
= 48. ɉɨɷɬɨɦɭ ɦɧɨɠɢɦɨɟ ɢ ɦɧɨɠɢɬɟɥɶ ɱɚɫɬɨ ɧɚɡɵɜɚɸɬɫɹ ɫɨɦɧɨɠɢɬɟɥɹɦɢ. 

– Ⱦɟɥɟɧɢɟ ɹɜɥɹɟɬɫɹ ɞɟɣɫɬɜɢɟɦ, ɨɛɪɚɬɧɵɦ ɤ ɭɦɧɨɠɟɧɢɸ, ɬɚɤ ɤɚɤ ɷɬɨ ɨɩɟɪɚɰɢɹ 
ɧɚɯɨɠɞɟɧɢɹ ɨɞɧɨɝɨ ɢɡ ɫɨɦɧɨɠɢɬɟɥɟɣ ɩɨ ɩɪɨɢɡɜɟɞɟɧɢɸ ɢ ɞɪɭɝɨɦɭ ɫɨɦɧɨɠɢɬɟɥɸ: 
Ɋɚɡɞɟɥɢɬɶ ɨɞɧɨ ɱɢɫɥɨ (ɞɟɥɢɦɨɟ) ɧɚ ɞɪɭɝɨɟ (ɞɟɥɢɬɟɥɶ) – ɡɧɚɱɢɬ ɧɚɣɬɢ ɬɚɤɨɟ ɬɪɟɬɶɟ 
ɱɢɫɥɨ (ɱɚɫɬɧɨɟ), ɤɨɬɨɪɨɟ ɩɪɢ ɭɦɧɨɠɟɧɢɢ ɧɚ ɞɟɥɢɬɟɥɶ ɞɚёɬ ɞɟɥɢɦɨɟ: 48 : 4 = 12. Ɂɞɟɫɶ 
48 – ɞɟɥɢɦɨɟ, 4 – ɞɟɥɢɬɟɥɶ, 12 – ɱɚɫɬɧɨɟ. ɑɚɫɬɧɨɟ ɨɬ ɞɟɥɟɧɢɹ ɨɞɧɨɝɨ ɰɟɥɨɝɨ ɱɢɫɥɚ ɧɚ 
ɞɪɭɝɨɟ ɰɟɥɨɟ ɱɢɫɥɨ ɦɨɠɟɬ ɢ ɧɟ ɛɵɬɶ ɰɟɥɵɦ ɱɢɫɥɨɦ. Ɍɨɝɞɚ ɷɬɨ ɱɚɫɬɧɨɟ ɩɪɟɞɫɬɚɜɥɹɟɬɫɹ 
ɜ ɜɢɞɟ ɞɪɨɛɢ. ȿɫɥɢ ɱɚɫɬɧɨɟ – ɰɟɥɨɟ ɱɢɫɥɨ, ɬɨ ɝɨɜɨɪɹɬ, ɱɬɨ ɷɬɢ ɱɢɫɥɚ ɞɟɥɹɬɫɹ ɧɚɰɟɥɨ. ȼ 
ɩɪɨɬɢɜɧɨɦ ɫɥɭɱɚɟ ɦɵ ɜɵɩɨɥɧɹɟɦ ɞɟɥɟɧɢɟ ɫ ɨɫɬɚɬɤɨɦ. ɉɪɢɦɟɪ: 23 ɧɟ ɞɟɥɢɬɫɹ ɧɚ 4, ɜ 
ɷɬɨɦ ɫɥɭɱɚɟ ɦɵ ɦɨɠɟɦ ɡɚɩɢɫɚɬɶ: 23 = 5 · 4 + 3. Ɂɞɟɫɶ 3 – ɨɫɬɚɬɨɤ. 

– ȼɨɡɜɟɞɟɧɢɟ ɜ ɫɬɟɩɟɧɶ. ȼɨɡɜɟɫɬɢ ɱɢɫɥɨ (ɨɫɧɨɜɚɧɢɟ ɫɬɟɩɟɧɢ) ɜ ɰɟɥɭɸ ɫɬɟɩɟɧɶ 
(ɩɨɤɚɡɚɬɟɥɶ ɫɬɟɩɟɧɢ) – ɡɧɚɱɢɬ ɩɨɜɬɨɪɢɬɶ ɟɝɨ ɫɨɦɧɨɠɢɬɟɥɟɦ ɫɬɨɥɶɤɨ ɪɚɡ, ɤɚɤɨɜ 
ɩɨɤɚɡɚɬɟɥɶ ɫɬɟɩɟɧɢ. Ɋɟɡɭɥɶɬɚɬ ɧɚɡɵɜɚɟɬɫɹ ɫɬɟɩɟɧɶɸ. Ɂɚɩɢɫɶ ɜɨɡɜɟɞɟɧɢɹ ɜ ɫɬɟɩɟɧɶ: 

3 5 = 3 · 3 · 3 · 3 · 3 = 243 
Ɂɞɟɫɶ 3 – ɨɫɧɨɜɚɧɢɟ ɫɬɟɩɟɧɢ, 5 – ɩɨɤɚɡɚɬɟɥɶ ɫɬɟɩɟɧɢ, 243 – ɫɬɟɩɟɧɶ. 
ȼɬɨɪɚɹ ɫɬɟɩɟɧɶ ɥɸɛɨɝɨ ɱɢɫɥɚ ɧɚɡɵɜɚɟɬɫɹ ɤɜɚɞɪɚɬɨɦ, ɬɪɟɬɶɹ – ɤɭɛɨɦ. ɉɟɪɜɨɣ 

ɫɬɟɩɟɧɶɸ ɥɸɛɨɝɨ ɱɢɫɥɚ ɹɜɥɹɟɬɫɹ ɫɚɦɨ ɷɬɨ ɱɢɫɥɨ. 
– ɂɡɜɥɟɱɟɧɢɟ ɤɨɪɧɹ ɹɜɥɹɟɬɫɹ ɞɟɣɫɬɜɢɟɦ, ɨɛɪɚɬɧɵɦ ɤ ɜɨɡɜɟɞɟɧɢɸ ɜ ɫɬɟɩɟɧɶ, ɬɚɤ 

ɤɚɤ ɷɬɨ ɨɩɟɪɚɰɢɹ ɧɚɯɨɠɞɟɧɢɹ ɨɫɧɨɜɚɧɢɹ ɫɬɟɩɟɧɢ ɩɨ ɫɬɟɩɟɧɢ ɢ ɟё ɩɨɤɚɡɚɬɟɥɸ. ɂɡɜɥɟɱɶ 
ɤɨɪɟɧɶ n-ɨɣ ɫɬɟɩɟɧɢ (n – ɩɨɤɚɡɚɬɟɥɶ ɤɨɪɧɹ) ɢɡ ɱɢɫɥɚ a (ɩɨɞɤɨɪɟɧɧɨɟ ɱɢɫɥɨ) – ɡɧɚɱɢɬ 
ɧɚɣɬɢ ɬɪɟɬɶɟ ɱɢɫɥɨ, n-ɚɹ ɫɬɟɩɟɧɶ ɤɨɬɨɪɨɝɨ ɪɚɜɧɚ ɚ . Ɋɟɡɭɥɶɬɚɬ ɧɚɡɵɜɚɟɬɫɹ ɤɨɪɧɟɦ. 
ɇɚɩɪɢɦɟɪ: 

32435   
ɋɥɨɠɟɧɢɟ ɢ ɜɵɱɢɬɚɧɢɟ, ɭɦɧɨɠɟɧɢɟ ɢ ɞɟɥɟɧɢɟ, ɜɨɡɜɟɞɟɧɢɟ ɜ ɫɬɟɩɟɧɶ ɢ 

ɢɡɜɥɟɱɟɧɢɟ ɤɨɪɧɹ ɹɜɥɹɸɬɫɹ ɩɨɩɚɪɧɨ ɜɡɚɢɦɧɨ-ɨɛɪɚɬɧɵɦɢ ɨɩɟɪɚɰɢɹɦɢ. 
ɉɪɨ ɫɜɨɣɫɬɜɚ ɚɪɢɮɦɟɬɢɱɟɫɤɢɯ ɨɩɟɪɚɰɢɣ ɫɮɨɪɦɭɥɢɪɨɜɚɧɵ ɩɹɬɶ ɡɚɤɨɧɨɜ, ɤɨɬɨɪɵɟ 

ɫɱɢɬɚɸɬɫɹ ɨɫɧɨɜɧɵɦɢ ɡɚɤɨɧɚɦɢ ɚɪɢɮɦɟɬɢɤɢ: 
– Ʉɨɦɦɭɬɚɬɢɜɧɨɫɬɶ: ɩɟɪɟɦɟɫɬɢɬɟɥɶɧɵɣ ɡɚɤɨɧ ɝɥɚɫɢɬ, ɱɬɨ ɨɬ ɩɟɪɟɦɟɧɵ ɦɟɫɬ 

ɫɥɚɝɚɟɦɵɯ ɫɭɦɦɚ ɧɟ ɦɟɧɹɟɬɫɹ. Ⱥɧɚɥɨɝɢɱɧɵɣ ɡɚɤɨɧ ɢɡɜɟɫɬɟɧ ɢ ɞɥɹ ɭɦɧɨɠɟɧɢɹ, ɧɨ ɨɧ, 
ɤɨɧɟɱɧɨ, ɝɨɜɨɪɢɬ ɨ ɦɧɨɠɢɬɟɥɹɯ ɢ ɩɪɨɢɡɜɟɞɟɧɢɢ. Эɬɢ ɡɚɤɨɧɵ ɦɨɠɧɨ ɜɵɪɚɡɢɬɶ ɜ 
ɚɥɝɟɛɪɚɢɱɟɫɤɨɣ ɮɨɪɦɟ ɫ ɩɨɦɨɳɶɸ ɛɭɤɜɟɧɧɵɯ ɨɛɨɡɧɚɱɟɧɢɣ: 
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abba

abba




 
– Ⱥɫɫɨɰɢɚɬɢɜɧɨɫɬɶ: ɫɨɱɟɬɚɬɟɥɶɧɵɣ ɡɚɤɨɧ ɫɥɨɠɟɧɢɹ ɝɥɚɫɢɬ, ɱɬɨ ɫɤɥɚɞɵɜɚɹ 

ɧɟɫɤɨɥɶɤɨ ɫɥɚɝɚɟɦɵɯ, ɦɨɠɧɨ ɝɪɭɩɩɢɪɨɜɚɬɶ ɢɯ ɜ ɥɸɛɨɦ ɩɨɪɹɞɤɟ. Ⱥɧɚɥɨɝɢɱɧɵɣ ɡɚɤɨɧ 
ɭɦɧɨɠɟɧɢɹ ɝɨɜɨɪɢɬ ɨ ɩɟɪɟɦɧɨɠɟɧɢɢ ɦɧɨɠɢɬɟɥɟɣ. Эɬɢ ɡɚɤɨɧɵ ɬɚɤɠɟ ɦɨɠɧɨ ɜɵɪɚɡɢɬɶ ɜ 
ɚɥɝɟɛɪɚɢɱɟɫɤɨɣ ɮɨɪɦɟ: 

)()(

)()(

cbacba

cbacba




 
– Ⱦɢɫɬɪɢɛɭɬɢɜɧɨɫɬɶ: ɪɚɫɩɪɟɞɟɥɢɬɟɥɶɧɵɣ ɡɚɤɨɧ ɝɥɚɫɢɬ: ɱɬɨɛɵ ɭɦɧɨɠɢɬɶ ɫɭɦɦɭ ɧɚ 

ɱɢɫɥɨ, ɦɨɠɧɨ ɭɦɧɨɠɢɬɶ ɤɚɠɞɨɟ ɫɥɚɝɚɟɦɨɟ ɧɚ ɷɬɨ ɱɢɫɥɨ ɢ ɩɨɬɨɦ ɫɥɨɠɢɬɶ ɩɨɥɭɱɟɧɧɵɟ 
ɩɪɨɢɡɜɟɞɟɧɢɹ. ȼ ɚɥɝɟɛɪɚɢɱɟɫɤɨɣ ɮɨɪɦɟ: 

cbcacba  )(
 

2. ɉɪɨɜɟɪɤɚ ɪɟɡɭɥɶɬɚɬɨɜ ɚɪɢɮɦɟɬɢɱɟɫɤɢɯ ɞɟɣɫɬɜɢɣ 

ɋ ɩɨɦɨɳɶɸ ɫɪɚɜɧɟɧɢɣ ɥɟɝɤɨ ɭɤɚɡɚɬɶ ɧɟɨɛɯɨɞɢɦɵɟ ɩɪɢɡɧɚɤɢ ɩɪɚɜɢɥɶɧɨɫɬɢ ɢ 
ɞɨɫɬɚɬɨɱɧɵɟ ɩɪɢɡɧɚɤɢ ɧɟɩɪɚɜɢɥɶɧɨɫɬɢ ɪɟɡɭɥɶɬɚɬɨɜ ɜɵɩɨɥɧɟɧɢɹ ɚɪɢɮɦɟɬɢɱɟɫɤɢɯ 
ɞɟɣɫɬɜɢɣ ɫɥɨɠɟɧɢɹ, ɜɵɱɢɬɚɧɢɹ ɢ ɭɦɧɨɠɟɧɢɹ ɰɟɥɵɯ ɱɢɫɟɥ. 

Ɍɟɨɪɢɹ ɫɪɚɜɧɟɧɢɣ ɞɚɟɬ ɫɥɟɞɭɸɳɢɣ ɫɩɨɫɨɛ ɩɪɨɜɟɪɤɢ ɚɪɢɮɦɟɬɢɱɟɫɤɢɯ ɞɟɣɫɬɜɢɣ. 
ȼɵɛɢɪɚɟɦ ɧɟɤɨɬɨɪɵɣ ɦɨɞɭɥɶ ɬ ɢ ɡɚɦɟɧɹɟɦ ɛɨɥɶɲɢɟ ɱɢɫɥɚ ɚ, b, ɫ, . . . ,  ɧɚɞ 

ɤɨɬɨɪɵɦɢ ɧɚɦ ɧɚɞɨ ɩɪɨɢɡɜɨɞɢɬɶ ɞɟɣɫɬɜɢɹ (ɫɥɨɠɟɧɢɟ, ɜɵɱɢɬɚɧɢɟ, ɭɦɧɨɠɟɧɢɟ, 
ɜɨɡɜɟɞɟɧɢɟ ɜ ɫɬɟɩɟɧɶ), ɧɟɛɨɥɶɲɢɦɢ ɱɢɫɥɚɦɢ ɚ', b', ɫ', . . . ,  ɫɪɚɜɧɢɦɵɦɢ ɫ ɧɢɦɢ ɩɨ 
ɦɨɞɭɥɸ ɬ. ɉɪɨɢɡɜɟɞɹ ɞɟɣɫɬɜɢɹ ɧɚɞ ɚ, b, ɫ ɦɵ ɬɨɱɧɨ ɬɚɤɢɟ ɠɟ ɞɟɣɫɬɜɢɹ ɩɪɨɢɡɜɨɞɢɦ ɧɚɞ 
ɚ', b', ɫ', ... ȿɫɥɢ ɞɟɣɫɬɜɢɹ ɩɪɨɢɡɜɟɞɟɧɵ ɩɪɚɜɢɥɶɧɨ, ɬɨ ɪɟɡɭɥɶɬɚɬɵ ɷɬɢɯ ɞɟɣɫɬɜɢɣ ɧɚɞ ɚ, 
b, ɫ, ... ɢ ɧɚɞ ɚ', b', ɫ', ... ɞɨɥɠɧɵ ɛɵɬɶ ɫɪɚɜɧɢɦɵ ɩɨ ɦɨɞɭɥɸ ɬ. 

ȿɫɥɢ aa'(mod m), bb'(mod m),…, 
ɬɨ a+b+…  a'+ b'+…(mod m), a b…  a' b'…(mod m). 

Ⱦɥɹ ɩɪɨɜɟɪɤɢ ɫɨɨɬɧɨɲɟɧɢɹ c
b

a
  ɩɪɟɞɫɬɚɜɥɹɟɦ ɟɝɨ ɜ ɜɢɞɟ a=bc. ɉɪɢɦɟɧɟɧɢɟ 

ɷɬɨɝɨ ɫɩɨɫɨɛɚ ɩɪɨɜɟɪɤɢ, ɤɨɧɟɱɧɨ, ɢɦɟɟɬ ɫɦɵɫɥ ɬɨɥɶɤɨ ɬɨɝɞɚ, ɤɨɝɞɚ ɧɚɯɨɠɞɟɧɢɟ ɬɚɤɢɯ 
ɱɢɫɟɥ ɚ ' ,  b ' ,  c ' , . . .  ɦɨɠɟɬ ɛɵɬɶ ɨɫɭɳɟɫɬɜɥɟɧɨ ɥɟɝɤɨ ɢ ɛɵɫɬɪɨ. Ⱦɥɹ ɷɬɨɝɨ ɨɛɵɱɧɨ ɜ 
ɤɚɱɟɫɬɜɟ ɦɨɞɭɥɹ ɬ  ɜɵɛɢɪɚɸɬ ɬ=9 ɢɥɢ m=11. Ʉɚɠɞɨɟ ɱɢɫɥɨ, ɡɚɩɢɫɚɧɧɨɟ ɜ ɞɟɫɹɬɢɱɧɨɣ 
ɫɢɫɬɟɦɟ ɫɱɢɫɥɟɧɢɹ, ɫɪɚɜɧɢɦɨ ɫ ɫɭɦɦɨɣ ɟɝɨ ɰɢɮɪ ɩɨ ɦɨɞɭɥɸ 9, ɬɚɤ ɱɬɨ ɦɵ ɦɨɠɟɦ 
ɫɮɨɪɦɭɥɢɪɨɜɚɬɶ ɫɥɟɞɭɸɳɢɣ ɫɩɨɫɨɛ “ɩɪɨɜɟɪɤɢ ɫ ɩɨɦɨɳɶɸ ɞɟɜɹɬɤɢ”. 

Ⱦɥɹ ɤɚɠɞɨɝɨ ɱɢɫɥɚ ɜɵɱɢɫɥɹɟɬɫɹ ɨɫɬɚɬɨɤ ɨɬ ɞɟɥɟɧɢɹ ɧɚ 9 ɫɭɦɦɵ ɰɢɮɪ. 
ɉɪɨɢɡɜɨɞɹ ɞɟɣɫɬɜɢɹ ɧɚɞ ɱɢɫɥɚɦɢ, ɩɪɨɢɡɜɨɞɹɬ ɬɚɤɢɟ ɠɟ ɞɟɣɫɬɜɢɹ ɧɚɞ ɷɬɢɦɢ ɨɫɬɚɬɤɚɦɢ. 
Ɋɟɡɭɥɶɬɚɬ ɪɚɫɫɦɚɬɪɢɜɚɟɦɵɯ ɞɟɣɫɬɜɢɣ ɧɚɞ ɷɬɢɦɢ ɨɫɬɚɬɤɚɦɢ ɞɨɥɠɟɧ ɨɬɥɢɱɚɬɶɫɹ ɨɬ 
ɫɭɦɦɵ ɰɢɮɪ ɢɫɤɨɦɨɝɨ ɪɟɡɭɥɶɬɚɬɚ ɧɚ ɱɢɫɥɨ, ɤɪɚɬɧɨɟ ɞɟɜɹɬɢ. 

Ʉɨɧɟɱɧɨ, ɟɫɥɢ ɨɲɢɛɤɚ ɬɚɤɨɜɚ, ɱɬɨ ɪɚɡɧɨɫɬɶ ɦɟɠɞɭ ɧɚɣɞɟɧɧɨɣ ɢ ɢɫɬɢɧɧɨɣ 
ɜɟɥɢɱɢɧɚɦɢ ɤɪɚɬɧɚ 9, ɬɨ ɨɧɚ ɩɪɢ ɷɬɨɦ ɫɩɨɫɨɛɟ ɩɪɨɜɟɪɤɢ ɧɟ ɛɭɞɟɬ ɡɚɦɟɱɟɧɚ. 

ɉɨ ɦɨɞɭɥɸ m = 11 ɤɚɠɞɨɟ ɱɢɫɥɨ, ɡɚɩɢɫɚɧɧɨɟ ɜ ɞɟɫɹɬɢɱɧɨɣ ɫɢɫɬɟɦɟ ɫɱɢɫɥɟɧɢɹ, 
ɛɭɞɟɬ ɫɪɚɜɧɢɦɨ ɫ ɫɭɦɦɨɣ ɰɢɮɪ, ɜɡɹɬɵɯ ɫɩɪɚɜɚ ɧɚɥɟɜɨ ɩɨɩɟɪɟɦɟɧɧɨ ɫɨ ɡɧɚɤɚɦɢ „ɩɥɸɫ” 
ɢ „ɦɢɧɭɫ”; ɩɨɷɬɨɦɭ ɦɵ ɦɨɠɟɦ ɫɮɨɪɦɭɥɢɪɨɜɚɬɶ ɫɥɟɞɭɸɳɢɣ ɫɩɨɫɨɛ „ɩɪɨɜɟɪɤɢ ɫ 
ɩɨɦɨɳɶɸ ɨɞɢɧɧɚɞɰɚɬɢ”. Ⱦɥɹ ɤɚɠɞɨɝɨ ɱɢɫɥɚ ɜɵɱɢɫɥɹɟɬɫɹ ɨɫɬɚɬɨɤ ɨɬ ɞɟɥɟɧɢɹ ɧɚ 11 
ɫɭɦɦɵ ɰɢɮɪ, ɜɡɹɬɵɯ ɩɨɩɟɪɟɦɟɧɧɨ ɫɩɪɚɜɚ ɧɚɥɟɜɨ ɫɨ ɡɧɚɤɚɦɢ „ɩɥɸɫ” ɢ „ɦɢɧɭɫ”. 
Ɋɟɡɭɥɶɬɚɬ ɪɚɫɫɦɚɬɪɢɜɚɟɦɵɯ ɞɟɣɫɬɜɢɣ ɧɚɞ ɷɬɢɦɢ ɨɫɬɚɬɤɚɦɢ ɞɨɥɠɟɧ ɨɬɥɢɱɚɬɶɫɹ ɨɬ 
ɫɭɦɦɵ ɜɡɹɬɵɯ ɩɨɩɟɪɟɦɟɧɧɨ ɫɨ ɡɧɚɤɚɦɢ „ɩɥɸɫ” ɢ „ɦɢɧɭɫ” ɫɩɪɚɜɚ ɧɚɥɟɜɨ ɰɢɮɪ ɢɫɤɨɦɨɝɨ 
ɪɟɡɭɥɶɬɚɬɚ ɧɚ ɱɢɫɥɨ, ɤɪɚɬɧɨɟ 11. ȿɫɥɢ ɨɲɢɛɤɚ ɛɭɞɟɬ ɤɪɚɬɧɚ 11, ɨɧɚ ɧɟ ɛɭɞɟɬ ɡɚɦɟɱɟɧɚ 
ɩɪɢ ɷɬɨɦ ɫɩɨɫɨɛɟ. 

ɉɪɢ ɫɥɨɠɧɵɯ ɜɵɱɢɫɥɟɧɢɹɯ ɢɦɟɟɬ ɫɦɵɫɥ ɩɪɨɜɨɞɢɬɶ ɞɜɟ ɩɪɨɜɟɪɤɢ: ɨɞɧɭ ɫ 
ɩɨɦɨɳɶɸ ɦɨɞɭɥɹ 9, ɚ ɞɪɭɝɭɸ ɫ ɩɨɦɨɳɶɸ ɦɨɞɭɥɹ 11. ȼ ɷɬɨɦ ɫɥɭɱɚɟ ɨɲɢɛɤɚ ɧɟ ɛɭɞɟɬ 
ɡɚɦɟɱɟɧɚ ɬɨɥɶɤɨ, ɟɫɥɢ ɨɧɚ ɤɪɚɬɧɚ 99, ɱɬɨ, ɤɨɧɟɱɧɨ, ɛɵɜɚɟɬ ɨɱɟɧɶ ɪɟɞɤɨ. 

ɉɪɢɦɟɪɵ. ɉɪɨɜɟɪɢɦ ɩɪɚɜɢɥɶɧɨɫɬɶ ɜɵɩɨɥɧɟɧɢɹ ɞɟɣɫɬɜɢɣ (ɫ ɩɨɦɨɳɶɸ 9 ɢ 11): 
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1) 3685986213547   
2) 81790525612458740297   

Ɋɟɲɟɧɢɟ. 
1) )9(mod27453113547   

)9(mod726899862   
)9(mod458633685   

)9(mod472   
)9(mod45   

ɋɪɚɜɧɟɧɢɟ ɩɨɞɬɜɟɪɠɞɚɟɬ, ɧɨ ɧɟ ɝɚɪɚɧɬɢɪɭɟɬ ɩɪɚɜɢɥɶɧɨɫɬɢ ɜɵɩɨɥɧɟɧɢɹ 
ɞɟɣɫɬɜɢɣ. 

)11(mod61)3(5)4(713547   
)11(mod6)9(8)6(29862   
)11(mod0)3(6)8(53685   

)11(mod066   
)11(mod00   

ɉɪɨɜɟɪɤɚ ɨɞɢɧɧɚɞɰɚɬɶɸ ɩɨɞɬɜɟɪɠɞɚɟɬ ɩɪɚɜɢɥɶɧɨɫɬɶ ɩɨɥɭɱɟɧɢɹ ɪɟɡɭɥɶɬɚɬɚ. 

2) )9(mod179204788740297   

)9(mod5542165561245   
)9(mod525097188179052   

)9(mod551   
)9(mod54   

ɋɪɚɜɧɟɧɢɟ ɩɨɞɬɜɟɪɠɞɚɟɬ, ɧɨ ɧɟ ɝɚɪɚɧɬɢɪɭɟɬ ɩɪɚɜɢɥɶɧɨɫɬɢ ɜɵɩɨɥɧɟɧɢɹ 
ɞɟɣɫɬɜɢɣ. 

)11(mod58)7(4)0(2)9(78740297   
)11(mod3)5(6)1(2)4(5561245   

)11(mod28)1(7)9(0)5(28179052   
)11(mod235   

)11(mod22   
ɉɪɨɜɟɪɤɚ ɨɞɢɧɧɚɞɰɚɬɶɸ ɩɨɞɬɜɟɪɠɞɚɟɬ ɩɪɚɜɢɥɶɧɨɫɬɶ ɩɨɥɭɱɟɧɢɹ ɪɟɡɭɥɶɬɚɬɚ. 

 
Ɍɟɦɚ. ɇɚɬɭɪɚɥɶɧɵɟ ɱɢɫɥɚ 

ɉɥɚɧ 
1. Ⱥɤɫɢɨɦɚɬɢɱɟɫɤɨɟ ɡɚɞɚɧɢɟ ɫɢɫɬɟɦɵ ɧɚɬɭɪɚɥɶɧɵɯ ɱɢɫɟɥ. 
2. Ɍɟɨɪɟɦɵ ɨ ɫɜɨɣɫɬɜɚɯ ɨɩɟɪɚɰɢɣ ɧɚɞ ɧɚɬɭɪɚɥɶɧɵɦɢ ɱɢɫɥɚɦɢ. 
3. Ⱥɤɫɢɨɦɚɬɢɤɚ ɉɟɚɧɨ ɧɚɬɭɪɚɥɶɧɵɯ ɱɢɫɟɥ ɢ ɟё ɫɜɨɣɫɬɜɚ. 
1. Ⱥɤɫɢɨɦɚɬɢɱɟɫɤɨɟ ɡɚɞɚɧɢɟ ɫɢɫɬɟɦɵ ɧɚɬɭɪɚɥɶɧɵɯ ɱɢɫɟɥ 
Ɉɩɪɟɞɟɥɟɧɢɟ. ɇɚɬɭɪɚɥɶɧɵɦɢ ɱɢɫɥɚɦɢ ɧɚɡɨɜɟɦ ɬɨɥɶɤɨ ɫɥɟɞɭɸɳɢɟ ɫɥɨɜɚ ɜ 

ɚɥɮɚɜɢɬɟ ɰɢɮɪ:  
1) ɫɥɨɜɨ 0  ɟɫɬɶ ɧɚɬɭɪɚɥɶɧɨɟ ɱɢɫɥɨ;  
2) ɟɫɥɢ ɫɥɨɜɨ w  — ɧɚɬɭɪɚɥɶɧɨɟ ɱɢɫɥɨ, ɬɨ ɫɥɟɞɭɸɳɟɟ ɡɚ ɧɢɦ ɫɥɨɜɨ w  — ɬɨɠɟ 

ɧɚɬɭɪɚɥɶɧɨɟ ɱɢɫɥɨ; 
3) ɞɪɭɝɢɯ ɧɚɬɭɪɚɥɶɧɵɯ ɱɢɫɟɥ ɧɟɬ. 
Эɬɨ ɨɩɪɟɞɟɥɟɧɢɟ ɩɨ ɫɭɳɟɫɬɜɭ ɹɜɥɹɟɬɫɹ ɩɪɚɜɢɥɨɦ ɩɨɥɭɱɟɧɢɹ ɧɚɬɭɪɚɥɶɧɵɯ 

ɱɢɫɟɥ. 
ȼɵɩɢɲɟɦ ɧɟɤɨɬɨɪɵɟ ɱɢɫɥɚ, ɩɨɥɭɱɚɟɦɵɟ ɫɨɝɥɚɫɧɨ ɭɤɚɡɚɧɧɵɦ ɩɪɚɜɢɥɚɦ:  

0 1 2 3 4 5 6 7 8 9 10 1112, , , , , , , , , , , , ,  
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ɑɢɫɥɚ 0 1 2 3 4 5 6 7 8 9, , , , , , , , ,  ɧɚɡɨɜɟɦ ɨɞɧɨɡɧɚɱɧɵɦɢ. 
Ɍɟɨɪɟɦɚ 1.  

1. 0  ɧɟ ɫɥɟɞɭɟɬ ɧɢ ɡɚ ɤɚɤɢɦ ɧɚɬɭɪɚɥɶɧɵɦ ɱɢɫɥɨɦ. 
2. ɑɢɫɥɨ ww  . 

3. ȿɫɥɢ vw , ɬɨ vw  .  
ɋɮɨɪɦɭɥɢɪɭɟɦ ɩɪɢɧɰɢɩ ɢɧɞɭɤɰɢɢ ɞɥɹ ɧɚɬɭɪɚɥɶɧɵɯ ɱɢɫɟɥ. ɉɭɫɬɶ ɨ ɧɟɤɨɬɨɪɨɦ 

ɭɬɜɟɪɠɞɟɧɢɢ ɨɬɧɨɫɢɬɟɥɶɧɨ ɧɚɬɭɪɚɥɶɧɵɯ ɱɢɫɟɥ ɢɡɜɟɫɬɧɨ: 
1) ɭɬɜɟɪɠɞɟɧɢɟ ɫɩɪɚɜɟɞɥɢɜɨ ɞɥɹ ɱɢɫɥɚ 0 ; 
2) ɟɫɥɢ ɭɬɜɟɪɠɞɟɧɢɟ ɫɩɪɚɜɟɞɥɢɜɨ ɞɥɹ ɱɢɫɥɚ w , ɬɨ ɨɧɨ ɫɩɪɚɜɟɞɥɢɜɨ ɢ ɞɥɹ 

ɱɢɫɥɚ w .  
Ɍɨɝɞa ɷɬɨ ɭɬɜɟɪɠɞɟɧɢɟ ɫɩɪɚɜɟɞɥɢɜɨ ɞɥɹ ɜɫɟɯ ɧɚɬɭɪɚɥɶɧɵɯ ɱɢɫɟɥ. 
Ɍɚɤɨɣ ɦɟɬɨɞ ɞɨɤɚɡɚɬɟɥɶɫɬɜɚ ɧɚɡɵɜɚɸɬ ɩɪɢɧɰɢɩɨɦ ɢɥɢ ɦɟɬɨɞɨɦ 

ɦɚɬɟɦɚɬɢɱɟɫɤɨɣ ɢɧɞɭɤɰɢɢ.  
Ɂɚɦɟɱɚɧɢɟ. ȿɫɥɢ ɩ. 1 ɩɪɢɧɰɢɩɚ ɦɚɬɟɦɚɬɢɱɟɫɤɨɣ ɢɧɞɭɤɰɢɢ ɫɮɨɪɦɭɥɢɪɨɜɚɬɶ ɬɚɤ: 

«ɭɬɜɟɪɠɞɟɧɢɟ ɫɩɪɚɜɟɞɥɢɜɨ ɞɥɹ ɱɢɫɥɚ 1», ɬɨ ɨɱɟɜɢɞɧɨ, ɱɬɨ ɭɬɜɟɪɠɞɟɧɢɟ ɫɩɪɚɜɟɞɥɢɜɨ 
ɞɥɹ ɜɫɟɯ ɧɚɬɭɪɚɥɶɧɵɯ ɱɢɫɟɥ, ɧɚɱɢɧɚɹ ɫ 1. 

Ɍɟɨɪɟɦɚ 2. ɇɚɱɚɥɶɧɚɹ ɰɢɮɪɚ ɥɸɛɨɝɨ ɧɚɬɭɪɚɥɶɧɨɝɨ ɱɢɫɥɚ, ɤɪɨɦɟ ɧɭɥɹ, ɨɬɥɢɱɧɚ 
ɨɬ ɧɭɥɹ. 

Ɍɟɨɪɟɦɚ 3. Ʌɸɛɨɟ ɱɢɫɥɨ, ɨɬɥɢɱɧɨɟ ɨɬ ɧɭɥɹ, ɫɥɟɞɭɟɬ ɬɨɥɶɤɨ ɡɚ ɨɞɧɢɦ, ɱɢɫɥɨɦ, ɬ. 
ɟ. ɟɫɥɢ vw  ', ɬɨ vw  (ɢɥɢ, ɟɫɥɢ vw  , ɬɨ vw  ). 

ɋɥɨɠɟɧɢɟ ɧɚɬɭɪɚɥɶɧɵɯ ɱɢɫɟɥ 

Ɉɩɪɟɞɟɥɟɧɢɟ ɋɥɨɠɟɧɢɟ ɞɜɭɯ ɱɢɫɟɥ vw,  (ɨɛɨɡɧɚɱɚɟɦɨɟ vw ) ɨɩɪɟɞɟɥɹɟɬ 
ɱɢɫɥɨ, ɧɚɡɵɜɚɟɦɨɟ ɢɯ ɫɭɦɦɨɣ, ɩɨ ɫɥɟɞɭɸɳɟɦɭ ɩɪɚɜɢɥɭ:  

1) ;0 ww  ;  

2)   ;
 vwvw  

ɇɚɣɞɟɦ   .01 www   ɂɬɚɤ, .1 ww  

Ɍɟɨɪɟɦɚ 4. ɋɥɨɠɟɧɢɟ ɧɚɬɭɪɚɥɶɧɵɯ ɱɢɫɟɥ ɜɫɟɝɞɚ ɜɵɩɨɥɧɢɦɨ ɢ ɨɞɧɨɡɧɚɱɧɨ 
ɨɩɪɟɞɟɥɟɧɨ. 

Ⱦɨɤɚɡɚɬɟɥɶɫɬɜɨ.  ɉɪɨɜɟɞɟɦ ɞɨɤɚɡɚɬɟɥɶɫɬɜɨ ɢɧɞɭɤɰɢɟɣ ɩɨ ɱɢɫɥɭ v  ɩɪɢ 
ɩɪɨɢɡɜɨɥɶɧɨɦ, ɧɨ ɮɢɤɫɢɪɨɜɚɧɧɨɦ ɱɢɫɥɟ w . 

1. ɉɪɢ 0v  ɫɭɦɦɚ 0w  ɫɭɳɟɫɬɜɭɟɬ ɢ ɨɞɧɨɡɧɚɱɧɚ: .0 ww   

2. ɉɭɫɬɶ ɫɭɦɦɚ vw  ɫɭɳɟɫɬɜɭɟɬ ɢ ɨɞɧɨɡɧɚɱɧɚ, ɬɨɝɞɚ ɜ ɫɨɨɬɜɟɬɫɬɜɢɢ ɫ. ɩ. 2 
ɨɩɪɟɞɟɥɟɧɢɹ ɫɭɳɟɫɬɜɭɟɬ ɢ ɨɞɧɨɡɧɚɱɧɚ ɫɭɦɦɚ vw  . 

Ɉɬɫɸɞɚ ɩɨ ɩɪɢɧɰɢɩɭ ɦɚɬɟɦɚɬɢɱɟɫɤɨɣ ɢɧɞɭɤɰɢɢ ɫɥɟɞɭɟɬ ɫɩɪɚɜɟɞɥɢɜɨɫɬɶ ɬɟɨɪɟɦɵ 
ɞɥɹ ɜɫɟɯ ɧɚɬɭɪɚɥɶɧɵɯ ɱɢɫɟɥ. 

ɉɪɢɦɟɪ 1. ɇɚɣɬɢ ɫɭɦɦɭ 43 . 
Ɋɟɲɟɧɢɟ.  

 
 
  .76333343)4

;65232333)3

;54131323)2

;4313)1









 

Ʉɚɠɞɵɣ ɫɥɟɞɭɸɳɢɣ ɲɚɝ ɢɫɩɨɥɶɡɭɟɬ ɪɟɡɭɥɶɬɚɬ ɩɪɟɞɵɞɭɳɟɝɨ ɲɚɝɚ. 
2. Ɍɟɨɪɟɦɵ ɨ ɫɜɨɣɫɬɜɚɯ ɨɩɟɪɚɰɢɣ ɧɚɞ ɧɚɬɭɪɚɥɶɧɵɦɢ ɱɢɫɥɚɦɢ 

Ɍɟɨɪɟɦɚ 5 (ɡɚɤɨɧ ɚɫɫɨɰɢɚɬɢɜɧɨɫɬɢ ɞɥɹ ɫɥɨɠɟɧɢɹ). Ⱦɥɹ ɥɸɛɵɯ ɧɚɬɭɪɚɥɶɧɵɯ 
ɱɢɫɟɥ uvw ,, ɢɦɟɟɬ ɦɟɫɬɨ    .uvwuvw   
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Ʌɟɦɦɚ 1. Ⱦɥɹ ɥɸɛɨɝɨ ɱɢɫɥɚ w  ɫɩɪɚɜɟɞɥɢɜɨ .0 ww   
Ⱦɨɤɚɡɚɬɟɥɶɫɬɜɨ.  

1. ɉɪɢ 0w  ɢɦɟɟɦ ,000  ɫɨɝɥɚɫɧɨ ɩ. 1 ɨɩɪɟɞɟɥɟɧɢɹ ɫɭɦɦɵ ɧɚɬɭɪɚɥɶɧɵɯ 
ɱɢɫɟɥ. 

2. ɉɪɟɞɩɨɥɨɠɢɦ, ɱɬɨ ɞɥɹ nw   ɥɟɦɦɚ ɜɟɪɧɚ, ɬ. ɟ.   .00 nnn   

3. Ⱦɨɤɚɠɟɦ ɥɟɦɦɭ ɞɥɹ nw  . ȼ ɫɚɦɨɦ ɞɟɥɟ: 

  .0 nn   

ɉɟɪɜɵɣ ɡɧɚɤ ɪɚɜɟɧɫɬɜɚ ɩɨɥɭɱɚɟɦ, ɫɨɝɥɚɫɧɨ ɩ. 2 ɨɩɪɟɞɟɥɟɧɢɹ ɫɭɦɦɵ, ɜɬɨɪɨɣ ɩɨ 
ɩɪɟɞɩɨɥɨɠɟɧɢɸ ɨɬɧɨɫɢɬɟɥɶɧɨ .n   

ɋɨɝɥɚɫɧɨ ɩɪɢɧɰɢɩɭ ɦɚɬɟɦɚɬɢɱɟɫɤɨɣ ɢɧɞɭɤɰɢɢ, ɨɬɫɸɞɚ ɫɥɟɞɭɟɬ, ɱɬɨ ɥɟɦɦɚ 
ɫɩɪɚɜɟɞɥɢɜɚ ɞɥɹ ɥɸɛɨɝɨ w . 

Ʌɟɦɦɚ 2. Ⱦɥɹ ɥɸɛɨɝɨ w  ɫɩɪɚɜɟɞɥɢɜɨ ɪɚɜɟɧɫɬɜɨ: .1 ww   
Ⱦɨɤɚɡɚɬɟɥɶɫɬɜɨ (ɩɪɨɜɟɞɟɦ ɢɧɞɭɤɰɢɟɣ ɩɨ ɱɢɫɥɭ w ).  

1. Ⱦɥɹ 0w  ɥɟɦɦɚ ɫɩɪɚɜɟɞɥɢɜɚ. 
2. ɉɪɟɞɩɨɥɨɠɢɦ, ɱɬɨ ɥɟɦɦɚ ɫɩɪɚɜɟɞɥɢɜɚ ɞɥɹ nw  .  

3. Ⱦɨɤɚɠɟɦ ɥɟɦɦɭ ɞɥɹ nw  , ɬ. ɟ. ɱɬɨ .)(1  nn  

ȼ ɫɚɦɨɦ ɞɟɥɟ,   .)(11  nnn  

ȼɬɨɪɨɣ ɡɧɚɤ ɪɚɜɟɧɫɬɜɚ ɩɨɥɭɱɚɟɦ ɩɨ ɩɪɟɞɩɨɥɨɠɟɧɢɸ ɢɧɞɭɤɰɢɢ ɨɬɧɨɫɢɬɟɥɶɧɨ 
nw  . ɋɨɝɥɚɫɧɨ ɩɪɢɧɰɢɩɭ ɦɚɬɟɦɚɬɢɱɟɫɤɨɣ ɢɧɞɭɤɰɢɢ, ɥɟɦɦɚ ɞɨɤɚɡɚɧɚ. 

Ɍɟɨɪɟɦɚ 6. (ɡɚɤɨɧ ɤɨɦɦɭɬɚɬɢɜɧɨɫɬɢ ɫɥɨɠɟɧɢɹ). Ⱦɥɹ ɥɸɛɵɯ ɧɚɬɭɪɚɥɶɧɵɯ ɱɢɫɟɥ 
vw,  ɢɦɟɟɬ ɦɟɫɬɨ .wvvw   

Ⱦɨɤɚɡɚɬɟɥɶɫɬɜɨ.   
ɉɭɫɬɶ w  — ɩɪɨɢɡɜɨɥɶɧɨɟ ɮɢɤɫɢɪɨɜɚɧɧɨɟ ɱɢɫɥɨ. 

1. Ⱦɥɹ 0v  ɬɟɨɪɟɦɚ ɜɟɪɧɚ, ɬ.ɤ. ww  0  ɢ .0 ww   (ɫɦ. ɥɟɦɦɭ 1). 
2. ɉɪɟɞɩɨɥɨɠɢɦ, ɱɬɨ ɬɟɨɪɟɦɚ ɜɟɪɧɚ ɞɥɹ nv  .  

3. Ⱦɨɤɚɠɟɦ ɟɟ ɞɥɹ nv  .  
4. ɂɦɟɟɦ: 
5.  

        .11 vnvnvnvnnvnv   

ɉɟɪɜɵɣ ɡɧɚɤ ɪɚɜɟɧɫɬɜɚ ɩɨɥɭɱɟɧ ɫɨɝɥɚɫɧɨ ɨɩɪɟɞɟɥɟɧɢɸ ɫɭɦɦɵ, ɜɬɨɪɨɣ — 
ɫɨɝɥɚɫɧɨ ɩɪɟɞɩɨɥɨɠɟɧɢɸ ɢɧɞɭɤɰɢɢ, ɬɪɟɬɢɣ ɢ ɩɹɬɵɣ — ɩɨ ɥɟɦɦɟ 2, ɱɟɬɜɟɪɬɵɣ — ɩɨ 
ɫɜɨɣɫɬɜɭ ɚɫɫɨɰɢɚɬɢɜɧɨɫɬɢ.  

ɂɬɚɤ, .vnnv   
ɋɨɝɥɚɫɧɨ ɩɪɢɧɰɢɩɭ ɦɚɬɟɦɚɬɢɱɟɫɤɨɣ ɢɧɞɭɤɰɢɢ, ɬɟɨɪɟɦɚ ɞɨɤɚɡɚɧɚ. 
Ɍɟɨɪɟɦɚ 7.ɋɭɦɦɚ w v w   ɩɪɢ 0v  . 

Ʌɟɦɦɚ3. Ⱦɥɹ ɥɸɛɵɯ ɧɚɬɭɪɚɥɶɧɵɯ ɱɢɫɟɥ 0,w v   ɫɩɪɚɜɟɞɥɢɜɨ ɜɵɪɚɠɟɧɢɟ: 
0.w v   

ɍɦɧɨɠɟɧɢɟ ɧɚɬɭɪɚɥɶɧɵɯ ɱɢɫɟɥ 
Ɉɩɪɟɞɟɥɟɧɢɟ ɍɦɧɨɠɟɧɢɟ ɞɜɭɯ ɧɚɬɭɪɚɥɶɧɵɯ ɱɢɫɟɥ ,w v  (ɨɛɨɡɧɚɱɚɟɦɨɟ w v ) 

ɨɩɪɟɞɟɥɹɟɬ ɱɢɫɥɨ, ɧɚɡɵɜɚɟɦɨɟ ɢɯ ɩɪɨɢɡɜɟɞɟɧɢɟɦ, ɩɨ ɫɥɟɞɭɸɳɟɦɭ ɩɪɚɜɢɥɭ:  
1 0 0

2

) ;

) .

w

w v w v w

 
   

; 

Ɍɟɨɪɟɦɚ 8. ɍɦɧɨɠɟɧɢɟ ɧɚɬɭɪɚɥɶɧɵɯ ɱɢɫɟɥ ɜɫɟɝɞɚ ɜɵɩɨɥɧɢɦɨ ɢ ɨɞɧɨɡɧɚɱɧɨ 
ɨɩɪɟɞɟɥɟɧɨ. 

Ʌɟɦɦɚ 4. Ⱦɥɹ ɥɸɛɨɝɨ ɧɚɬɭɪɚɥɶɧɨɝɨ ɱɢɫɥɚ w  ɫɩɪɚɜɟɞɥɢɜɨ ɪɚɜɟɧɫɬɜɨ: 
0 0.w   
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Ʌɟɦɦɚ 5. Ⱦɥɹ ɥɸɛɨɝɨ ɧɚɬɭɪɚɥɶɧɨɝɨ ɱɢɫɥɚ w  ɢɦɟɟɬ ɦɟɫɬɨ ɪɚɜɟɧɫɬɜɨ: 
1 .w w   

Ɍɟɨɪɟɦɚ 9. (ɞɢɫɬɪɢɛɭɬɢɜɧɵɣ ɡɚɤɨɧ). Ⱦɥɹ ɥɸɛɵɯ ɧɚɬɭɪɚɥɶɧɵɯ ɱɢɫɟɥ , ,w v u  

ɢɦɟɟɬ ɦɟɫɬɨ ɪɚɜɟɧɫɬɜɨ   .v u w v w u w       

ɋɥɟɞɫɬɜɢɟ. Ⱦɥɹ ɥɸɛɵɯ ɧɚɬɭɪɚɥɶɧɵɯ ɱɢɫɟɥ ,w v  ɫɩɪɚɜɟɞɥɢɜɨ ɪɚɜɟɧɫɬɜɨ 
.v w v w w      

Ɍɟɨɪɟɦɚ 10 (ɡɚɤɨɧ ɤɨɦɦɭɬɚɬɢɜɧɨɫɬɢ ɭɦɧɨɠɟɧɢɹ). Ⱦɥɹ ɥɸɛɵɯ ɧɚɬɭɪɚɥɶɧɵɯ 
ɱɢɫɟɥ ,w v ɢɦɟɟɬ ɦɟɫɬɨ ɪɚɜɟɧɫɬɜɨ  .v w w v   . 

Ⱦɨɤɚɡɚɬɟɥɶɫɬɜɨ.  

1. Ⱦɥɹ 0v  ɬɟɨɪɟɦɚ ɜɟɪɧɚ, ɬɚɤ ɤɚɤ 0 0v    ɢ 0 0v  . 
2. ɉɭɫɬɶ ɬɟɨɪɟɦɚ ɜɟɪɧɚ ɞɥɹ v n , ɬ. ɟ. w n n w   .  

3. Ⱦɨɤɚɠɟɦ, ɱɬɨ ɨɧɚ ɜɟɪɧɚ ɞɥɹ v n . ȼ ɫɚɦɨɦ ɞɟɥɟ: 
.w n w n w n w w n w           

ɉɟɪɜɨɟ ɪɚɜɟɧɫɬɜɨ ɫɥɟɞɭɟɬ ɢɡ ɩ. 2 ɨɩɪɟɞɟɥɟɧɢɹ ɩɪɨɢɡɜɟɞɟɧɢɹ ɧɚɬɭɪɚɥɶɧɵɯ 
ɱɢɫɟɥ, ɜɬɨɪɨɟ — ɩɨ ɩɪɟɞɩɨɥɨɠɟɧɢɸ ɢɧɞɭɤɰɢɢ, ɬɪɟɬɶɟ — ɧɚ ɨɫɧɨɜɚɧɢɢ ɫɥɟɞɫɬɜɢɹ 
ɬɟɨɪɟɦɵ ɨ ɞɢɫɬɪɢɛɭɬɢɜɧɨɫɬɢ. ɉɨ ɩɪɢɧɰɢɩɭ ɦɚɬɟɦɚɬɢɱɟɫɤɨɣ ɢɧɞɭɤɰɢɢ ɬɟɨɪɟɦɚ 
ɫɩɪɚɜɟɞɥɢɜɚ ɞɥɹ ɥɸɛɵɯ w ɢ v . 

ɋɥɟɞɫɬɜɢɟ. ɋɩɪɚɜɟɞɥɢɜɨ ɪɚɜɟɧɫɬɜɨ   .w v u w v w u       

Ɍɟɨɪɟɦɚ 11. (ɡɚɤɨɧ ɚɫɫɨɰɢɚɬɢɜɧɨɫɬɢ ɭɦɧɨɠɟɧɢɹ). Ⱦɥɹ ɥɸɛɵɯ ɧɚɬɭɪɚɥɶɧɵɯ 
ɱɢɫɟɥ w, v, u ɫɩɪɚɜɟɞɥɢɜɨ ɪɚɜɟɧɫɬɜɨ    .w v u w v u      

Ʌɟɦɦɚ 6.. ȿɫɥɢ 0w   0v  , ɬɨ 0w v   
ɋɪɚɜɧɟɧɢɟ ɧɚɬɭɪɚɥɶɧɵɯ ɱɢɫɟɥ 
Ɉɩɪɟɞɟɥɟɧɢɟ. ɇɚɬɭɪɚɥɶɧɨɟ ɱɢɫɥɨ w  ɛɨɥɶɲɟ ɧɚɬɭɪɚɥɶɧɨɝɨ ɱɢɫɥɚ v  (ɩɢɲɭɬ 

w v ), ɟɫɥɢ ɫɭɳɟɫɬɜɭɟɬ ɬɚɤɨɟ ɧɚɬɭɪɚɥɶɧɨɟ ɱɢɫɥɨ 0u  , ɱɬɨ  
.w v u   

ȿɫɥɢ w v , ɬɨ ɝɨɜɨɪɹɬ, ɱɬɨ v  ɦɟɧɶɲɟ w , ɢ ɨɛɨɡɧɚɱɚɸɬ v w .  
Ʌɟɦɦɚ 7. Ⱦɥɹ ɥɸɛɵɯ ɧɚɬɭɪɚɥɶɧɵɯ ɱɢɫɟɥ w ɢ v  ɫɩɪɚɜɟɞɥɢɜɨ ɨɞɧɨ ɢ ɬɨɥɶɤɨ ɨɞɧɨ 

ɢɡ ɫɨɨɬɧɨɲɟɧɢɣ:  
w v , w v , v w  –  

ɡɚɤɨɧ ɦɨɧɨɬɨɧɧɨɫɬɢ ɫɥɨɠɟɧɢɹ: 
   
   
   

1

2

3

) ;

) ;

) .

w v w u v u

w v w u v u

w v w u v u

    

    

    
 

Ɍɟɨɪɟɦɚ 13 (ɡɚɤɨɧ ɦɨɧɨɬɨɧɧɨɫɬɢ ɭɦɧɨɠɟɧɢɹ): 
   
      
      

1

2 0

3 0

) ;

) ;

) .

w v w u v u

w v u w u v u

w v u w u v u

    

      

      

 

Ɍɟɨɪɟɦɚ 13 (ɫɜɨɣɫɬɜɨ Ⱥɪɯɢɦɟɞɚ). Ⱦɥɹ ɥɸɛɵɯ ɧɚɬɭɪɚɥɶɧɵɯ ɱɢɫɟɥ w , 

0v  ɫɭɳɟɫɬɜɭɟɬ ɬɚɤɨɟ ɧɚɬɭɪɚɥɶɧɨɟ ɱɢɫɥɨ n , ɱɬɨ .n v w    
3. Ⱥɤɫɢɨɦɚɬɢɤɚ ɉɟɚɧɨ ɧɚɬɭɪɚɥɶɧɵɯ ɱɢɫɟɥ ɢ ɟё ɫɜɨɣɫɬɜɚ 

Ɇɧɨɠɟɫɬɜɨɦ ɧɚɬɭɪɚɥɶɧɵɯ ɱɢɫɟɥ ɦɵ ɛɭɞɟɦ ɧɚɡɵɜɚɬɶ ɥɸɛɨɟ ɦɧɨɠɟɫɬɜɨ ,A  ɧɚ 
ɤɨɬɨɪɨɦ ɨɩɪɟɞɟɥɟɧɚ ɨɩɟɪɚɰɢɹ ɫɥɟɞɨɜɚɧɢɹ x  (ɷɥɟɦɟɧɬ x  ɢɧɬɟɪɩɪɟɬɢɪɭɟɬɫɹ ɤɚɤ 
ɷɥɟɦɟɧɬ ɦɧɨɠɟɫɬɜɚ ,A  ɧɟɩɨɫɪɟɞɫɬɜɟɧɧɨ ɫɥɟɞɭɸɳɢɣ ɡɚ ɷɥɟɦɟɧɬɨɦ )x  ɢ ɜɵɩɨɥɧɹɟɬɫɹ 
ɪɹɞ ɚɤɫɢɨɦ (ɚɤɫɢɨɦɵ ɉɟɚɧɨ). Ⱦɥɹ ɩɪɨɫɬɨɬɵ ɦɵ ɛɭɞɟɦ ɩɨɤɚ ɪɚɜɟɧɫɬɜɨ a b  ɩɨɧɢɦɚɬɶ 
ɤɚɤ ɫɨɜɩɚɞɟɧɢɟ ɷɥɟɦɟɧɬɨɜ a  ɢ b  (ɧɟ ɨɩɢɫɵɜɚɬɶ ɚɤɫɢɨɦɚɬɢɱɟɫɤɢ ɨɬɧɨɲɟɧɢɟ ɪɚɜɟɧɫɬɜɚ). 
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Ⱥɤɫɢɨɦɵ ɉɟɚɧɨ: 
(ɉ1) 1 1b b     (ɚɤɫɢɨɦɚ ɧɚɥɢɱɢɹ ɧɚɢɦɟɧɶɲɟɝɨ ɷɥɟɦɟɧɬɚ); 
(ɉ2) ;a b a b a b       

(ɉ3) (ɚɤɫɢɨɦɚ ɢɧɞɭɤɰɢɢ). ɉɭɫɬɶ B  – ɩɨɞɦɧɨɠɟɫɬɜɨ ɦɧɨɠɟɫɬɜɚ A  ɬɚɤɨɟ, ɱɬɨ 
ɜɵɩɨɥɧɹɸɬɫɹ ɭɫɥɨɜɢɹ: 

(ɚ) 1 ;B  

(ɛ) a A    .a B a B    
Ɍɨɝɞɚ .B A  

Ɉɩɪɟɞɟɥɢɦ  ɫɥɨɠɟɧɢɟ  ɞɜɭɯ ɧɚɬɭɪɚɥɶɧɵɯ ɱɢɫɟɥ. ɉɭɫɬɶ .a A  ɉɨɥɨɠɢɦ: 1 ;a a   

( )a x a x     ɩɪɢ x A  (ɢɧɞɭɤɬɢɜɧɨɟ ɨɩɪɟɞɟɥɟɧɢɟ). ȼɜɢɞɭ ɚɤɫɢɨɦɵ ɢɧɞɭɤɰɢɢ ɦɵ ɦɨɠɟɦ 
ɫɱɢɬɚɬɶ, ɱɬɨ a b  ɨɩɪɟɞɟɥɟɧɨ ɞɥɹ ɜɫɟɯ , .a b A  

Ⱦɨɤɚɠɟɦ  ɫɜɨɣɫɬɜɨ ɤɨɦɦɭɬɚɬɢɜɧɨɫɬɢ  ɧɚɬɭɪɚɥɶɧɵɯ ɱɢɫɟɥ, ɬ.ɟ. ɱɬɨ .a b b a    
Ⱦɥɹ ɷɬɨɝɨ ɧɚɦ ɩɨɧɚɞɨɛɹɬɫɹ ɞɜɟ ɥɟɦɦɵ. 

Ʌɟɦɦɚ 1. 1 1 .a A a a      

Ⱦɨɤɚɡɚɬɟɥɶɫɬɜɨ  ɩɪɨɜɟɞёɦ ɢɧɞɭɤɰɢɟɣ ɩɨ .a  ɉɪɢ 1a   ɭɬɜɟɪɠɞɟɧɢɟ ɨɱɟɜɢɞɧɨ.  
ɉɭɫɬɶ 1 1 ;x x    ɞɨɤɚɠɟɦ, ɱɬɨ 1 1 .x x     ɂɦɟɟɦ: 1 ( ) ( 1) (1 ) 1 .x x x x x              

Ʌɟɦɦɚ 2.  a b a b     ɞɥɹ ɥɸɛɵɯ , .a b A  

Ⱦɨɤɚɡɚɬɟɥɶɫɬɜɨ.  ɂɧɞɭɤɰɢɹ ɩɨ .b  ɉɪɢ 1b   ɩɨɥɭɱɚɟɦ: 1 ( ) ( 1) 1 .a a a a            

ɉɭɫɬɶ a x a x     ɩɪɢ ɜɫɟɯ a A  ɢ ɧɟɤɨɬɨɪɨɦ .x  Ⱦɨɤɚɠɟɦ, ɱɬɨ ɬɨ ɠɟ ɜɟɪɧɨ ɞɥɹ .x  
ɂɦɟɟɦ: ( ) ( ) ,a x a x a x a x              ɱɬɨ ɢ ɬɪɟɛɨɜɚɥɨɫɶ. 

Ɍɟɨɪɟɦɚ 1. a b b a    ɩɪɢ ɜɫɟɯ , .a b A  

Ⱦɨɤɚɡɚɬɟɥɶɫɬɜɨ.  ɂɧɞɭɤɰɢɹ ɩɨ .b  ɉɪɢ 1b   ɭɬɜɟɪɠɞɟɧɢɟ ɫɥɟɞɭɟɬ ɢɡ ɥɟɦɦɵ 1. ɉɭɫɬɶ 
a x x a    ɩɪɢ ɜɫɟɯ a A  ɢ ɧɟɤɨɬɨɪɨɦ .x  Ⱦɨɤɚɠɟɦ, ɱɬɨ ɬɨ ɠɟ ɜɟɪɧɨ ɞɥɹ .x  ɂɦɟɟɦ (ɫ 
ɭɱёɬɨɦ ɩɪɟɞɩɨɥɨɠɟɧɢɹ ɢɧɞɭɤɰɢɢ ɢ ɥɟɦɦɵ 2):  ( ) ( ) .a x a x x a x a x a              Ɍɟɨɪɟɦɚ 
ɞɨɤɚɡɚɧɚ. 

Ⱥɧɚɥɨɝɢɱɧɨ ɞɨɤɚɡɵɜɚɟɬɫɹ  ɡɚɤɨɧ ɚɫɫɨɰɢɚɬɢɜɧɨɫɬɢ 
  ( ) ( ).a b c a b c      

ɇɚ ɦɧɨɠɟɫɬɜɟ A  ɧɚɬɭɪɚɥɶɧɵɯ ɱɢɫɟɥ ɦɨɠɧɨ ɨɩɪɟɞɟɥɢɬɶ  ɨɬɧɨɲɟɧɢɟ ɩɨɪɹɞɤɚ:  
;a b c b a c      ( ) (a b a b a     ɚ ɬɚɤɠɟ  ɨɩɟɪɚɰɢɸ ɭɦɧɨɠɟɧɢɹ:  1 ,a a    

.a x a x a     ɋ ɩɨɦɨɳɶɸ ɚɤɫɢɨɦ ɉɟɚɧɨ ɦɨɠɧɨ ɞɨɤɚɡɚɬɶ ɡɚɤɨɧɵ ɚɫɫɨɰɢɚɬɢɜɧɨɫɬɢ  
( ) ( )ab c a bc  ɢ  ɤɨɦɦɭɬɚɬɢɜɧɨɫɬɢ  a b  ɭɦɧɨɠɟɧɢɹ, ɚ ɬɚɤɠɟ  ɡɚɤɨɧ 
ɞɢɫɬɪɢɛɭɬɢɜɧɨɫɬɢ  ( )a b c a c    Ⱦɨɤɚɡɵɜɚɸɬɫɹ ɬɚɤɠɟ  ɫɜɨɣɫɬɜɚ ɧɟɪɚɜɟɧɫɬɜ:  

, ,a b b c a c     a b a c b c      ɢ ɦɧɨɝɢɟ ɞɪɭɝɢɟ. Ɍɟɦ ɫɚɦɵɦ ɚɤɫɢɨɦɵ ɉɟɚɧɨ 
ɩɨɡɜɨɥɹɸɬ ɩɨɫɬɪɨɢɬɶ ɫɬɪɨɝɭɸ ɢ ɫɬɪɨɣɧɭɸ ɬɟɨɪɢɸ ɧɚɬɭɪɚɥɶɧɵɯ ɱɢɫɟɥ. 

Ɂɚɦɟɬɢɦ, ɱɬɨ  ɥɸɛɨɟ ɦɧɨɠɟɫɬɜɨ (ɧɟɡɚɜɢɫɢɦɨ ɨɬ ɟɝɨ ɩɪɢɪɨɞɵ) ɦɵ ɧɚɡɵɜɚɟɦ 
ɦɧɨɠɟɫɬɜɨɦ ɧɚɬɭɪɚɥɶɧɵɯ ɱɢɫɟɥ, ɟɫɥɢ ɨɧɨ ɭɞɨɜɥɟɬɜɨɪɹɟɬ ɚɤɫɢɨɦɚɦ ɉɟɚɧɨ. Ɉɛɪɚɡɧɨ 
ɝɨɜɨɪɹ, ɟɫɥɢ ɛɵ ɦɧɨɠɟɫɬɜɨ ɫɬɭɥɶɟɜ ɭɞɨɜɥɟɬɜɨɪɹɥɨ ɚɤɫɢɨɦɚɦ ɉɟɚɧɨ, ɦɵ ɫɬɭɥɶɹ 
ɧɚɡɵɜɚɥɢ ɛɵ ɧɚɬɭɪɚɥɶɧɵɦɢ ɱɢɫɥɚɦɢ. ɇɟ ɫɥɟɞɭɟɬ ɥɢ ɨɬɫɸɞɚ, ɱɬɨ ɦɧɨɠɟɫɬɜɨ 
ɧɚɬɭɪɚɥɶɧɵɯ ɱɢɫɟɥ ɧɟ ɨɞɧɨ, ɚ ɬɚɤɢɯ ɦɧɨɠɟɫɬɜ ɨɝɪɨɦɧɨɟ ɤɨɥɢɱɟɫɬɜɨ? ȼɨɨɛɳɟ ɝɨɜɨɪɹ, 
ɫɥɟɞɭɟɬ, ɧɨ ɧɟ ɧɚɞɨ ɷɬɨɝɨ ɛɨɹɬɶɫɹ. ɇɢɠɟ ɦɵ ɞɨɤɚɠɟɦ, ɱɬɨ ɥɸɛɵɟ ɞɜɚ “ɦɧɨɠɟɫɬɜɚ 
ɧɚɬɭɪɚɥɶɧɵɯ ɱɢɫɟɥ” (ɬ.ɟ. ɞɜɚ ɦɧɨɠɟɫɬɜɚ  Ⱥ  ɢ  ȼ, ɭɞɨɜɥɟɬɜɨɪɹɸɳɢɟ ɚɤɫɢɨɦɚɦ ɉɟɚɧɨ) 
ɢɡɨɦɨɪɮɧɵ ɞɪɭɝ ɞɪɭɝɭ, ɬ.ɟ. ɫɭɳɟɫɬɜɭɟɬ ɜɡɚɢɦɧɨ ɨɞɧɨɡɧɚɱɧɨɟ ɫɨɨɬɜɟɬɫɬɜɢɟ : ,A B   

ɫɨɯɪɚɧɹɸɳɟɟ ɨɩɟɪɚɰɢɸ ɫɥɟɞɨɜɚɧɢɹ:  ( ) ( ) .a a     Ɂɧɚɱɢɬ, ɦɧɨɠɟɫɬɜɨ ɧɚɬɭɪɚɥɶɧɵɯ 
ɱɢɫɟɥ  ɟɞɢɧɫɬɜɟɧɧɨ ɫ ɬɨɱɧɨɫɬɶɸ ɞɨ ɢɡɨɦɨɪɮɢɡɦɚ. Ⱦɥɹ ɞɪɭɝɢɯ ɚɤɫɢɨɦɚɬɢɱɟɫɤɢɯ 
ɫɢɫɬɟɦ ɫɢɬɭɚɰɢɹ ɦɨɠɟɬ ɛɵɬɶ ɫɨɜɫɟɦ ɢɧɨɣ. ɇɚɩɪɢɦɟɪ,  ɚɤɫɢɨɦɵ ɝɪɭɩɩɵ  ɧɟ ɨɩɪɟɞɟɥɹɸɬ 
ɨɛɴɟɤɬ ɨɞɧɨɡɧɚɱɧɨ ɫ ɬɨɱɧɨɫɬɶɸ ɞɨ ɢɡɨɦɨɪɮɢɡɦɚ. ȼ ɫɚɦɨɦ ɞɟɥɟ, ɞɜɟ ɧɟɢɡɨɦɨɪɮɧɵɟ 
ɝɪɭɩɩɵ ɭɞɨɜɥɟɬɜɨɪɹɸɬ ɚɤɫɢɨɦɚɦ ɝɪɭɩɩɵ (ɚɫɫɨɰɢɚɬɢɜɧɨɫɬɶ, ɧɚɥɢɱɢɟ ɟɞɢɧɢɰɵ, ɧɚɥɢɱɢɟ 
ɨɛɪɚɬɧɨɝɨ ɷɥɟɦɟɧɬɚ). 

Ɍɟɨɪɟɦɚ 2. Ʌɸɛɵɟ ɞɜɚ ɦɧɨɠɟɫɬɜɚ  Ⱥ  ɢ  ȼ, ɭɞɨɜɥɟɬɜɨɪɹɸɳɢɟ ɚɤɫɢɨɦɚɦ (ɉ1)–(ɉ3), 
ɢɡɨɦɨɪɮɧɵ ɞɪɭɝ ɞɪɭɝɭ. 
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Ⱦɨɤɚɡɚɬɟɥɶɫɬɜɨ.  ȼɜɢɞɭ ɚɤɫɢɨɦɵ (ɉ1) ɜ  Ⱥ  ɟɫɬɶ ɧɚɢɦɟɧɶɲɢɣ ɷɥɟɦɟɧɬ ,e  ɚ ɜ  ȼ  – 

ɧɚɢɦɟɧɶɲɢɣ ɷɥɟɦɟɧɬ .f  ɉɨɫɬɪɨɢɦ ɢɧɞɭɤɬɢɜɧɨ ɨɬɨɛɪɚɠɟɧɢɟ : .A B   ɉɨɥɨɠɢɦ 
( ) ,e f   ( )e f    ɢ ɜɨɨɛɳɟ, ɟɫɥɢ ( ) ,a b   ɬɨ ɩɨɥɨɠɢɦ ( ) .a b    ɉɨ ɚɤɫɢɨɦɟ (ɉ3)   

ɩɪɨɞɨɥɠɚɟɬɫɹ ɞɨ ɜɫɟɝɨ  Ⱥ  ɢ ( ) .A B   ɉɨ ɚɤɫɢɨɦɟ (ɉ2)   ɜɡɚɢɦɧɨ ɨɞɧɨɡɧɚɱɧɨ. 
Ɋɚɜɟɧɫɬɜɨ ( ) ( )x x     ɫɥɟɞɭɟɬ ɢɡ ɨɩɪɟɞɟɥɟɧɢɹ ɨɬɨɛɪɚɠɟɧɢɹ .  

 
Ɍɟɦɚ. Ⱥɤɫɢɨɦɚɬɢɱɟɫɤɚɹ ɬɟɨɪɢɹ ɰɟɥɵɯ ɢ ɪɚɰɢɨɧɚɥɶɧɵɯ ɱɢɫɟɥ 

 
ɉɥɚɧ 

1. Ⱥɤɫɢɨɦɚɬɢɱɟɫɤɨɟ ɩɨɫɬɪɨɟɧɢɟ ɤɨɥɶɰɚ ɰɟɥɵɯ ɱɢɫɟɥ ɤɚɤ ɪɚɫɲɢɪɟɧɢɹ 
ɩɨɥɭɤɨɥɶɰɚ ɧɚɬɭɪɚɥɶɧɵɯ ɱɢɫɟɥ. 

2. Ɉɩɟɪɚɰɢɢ ɧɚɞ ɰɟɥɵɦɢ ɱɢɫɥɚɦɢ ɢ ɢɯ ɫɜɨɣɫɬɜɚ. ɋɜɨɣɫɬɜɚ ɚɤɫɢɨɦɚɬɢɱɟɫɤɨɣ 
ɫɢɫɬɟɦɵ ɰɟɥɵɯ ɱɢɫɟɥ. 

3. ɉɨɥɟ ɱɚɫɬɧɵɯ ɤɨɥɶɰɚ. Ɇɨɞɟɥɶ ɩɨɥɹ ɪɚɰɢɨɧɚɥɶɧɵɯ ɱɢɫɟɥ. 
1. Ⱥɤɫɢɨɦɚɬɢɱɟɫɤɨɟ ɩɨɫɬɪɨɟɧɢɟ ɤɨɥɶɰɚ ɰɟɥɵɯ ɱɢɫɟɥ ɤɚɤ ɪɚɫɲɢɪɟɧɢɹ 

ɩɨɥɭɤɨɥɶɰɚ ɧɚɬɭɪɚɥɶɧɵɯ ɱɢɫɟɥ 

Ɉɩɪɟɞɟɥɟɧɢɟ. Ʉɨɥɶɰɨɦ ɰɟɥɵɯ ɱɢɫɟɥ ɧɚɡɵɜɚɟɬɫɹ ɤɨɥɶɰɨ Z , ɨɛɥɚɞɚɸɳɟɟ 
ɫɜɨɣɫɬɜɚɦɢ: 

 1Z  Z  ɫɨɞɟɪɠɢɬ ɦɧɨɠɟɫɬɜɨ N  ɧɚɬɭɪɚɥɶɧɵɯ ɱɢɫɟɥ, ɬ. ɟ. ɜ Z  ɢɦɟɟɬɫɹ 
ɩɨɞɦɧɨɠɟɫɬɜɨ N  , ɢɡɨɦɨɪɮɧɨɟ N . 

 2Z  Ɇɧɨɠɟɫɬɜɨ Z  ɟɫɬɶ ɤɨɥɶɰɨ (ɜɫɟɝɞɚ ɜɵɩɨɥɧɢɦɨ ɜɵɱɢɬɚɧɢɟ — ɰɟɥɟɜɨɟ 
ɬɪɟɛɨɜɚɧɢɟ). 

 3Z  Z  — ɭɩɨɪɹɞɨɱɟɧɧɨɟ ɤɨɥɶɰɨ. 
 4Z  Z  — ɦɢɧɢɦɚɥɶɧɨɟ ɤɨɥɶɰɨ, ɬ. ɟ. ɧɟ ɫɨɞɟɪɠɢɬ ɨɬɥɢɱɧɨɝɨ ɨɬ ɧɟɝɨ ɩɨɞɤɨɥɶɰɚ, 

ɫɨɞɟɪɠɚɳɟɝɨ N  (ɤɚɬɟɝɨɪɢɱɧɨɫɬɶ). 
Эɥɟɦɟɧɬɵ ɤɨɥɶɰɚ Z  ɧɚɡɵɜɚɸɬɫɹ ɰɟɥɵɦɢ ɱɢɫɥɚɦɢ. ɉɟɪɟɱɢɫɥɟɧɧɵɟ ɫɜɨɣɫɬɜɚ 

ɦɨɠɧɨ ɪɚɫɫɦɚɬɪɢɜɚɬɶ ɤɚɤ ɫɢɫɬɟɦɭ ɚɤɫɢɨɦ, ɨɩɪɟɞɟɥɹɸɳɭɸ ɤɨɥɶɰɨ ɰɟɥɵɯ ɱɢɫɟɥ. 

ɑɬɨɛɵ ɞɨɤɚɡɚɬɶ ɧɟɩɪɨɬɢɜɨɪɟɱɢɜɨɫɬɶ ɫɢɫɬɟɦɵ ɚɤɫɢɨɦ ɤɨɥɶɰɚ Z , ɞɨɫɬɚɬɨɱɧɨ 
ɩɨɫɬɪɨɢɬɶ ɨɞɧɭ ɟɝɨ ɦɨɞɟɥɶ 

2. Ɉɩɟɪɚɰɢɢ ɧɚɞ ɰɟɥɵɦɢ ɱɢɫɥɚɦɢ ɢ ɢɯ ɫɜɨɣɫɬɜɚ 

Ɉɩɪɟɞɟɥɟɧɢɟ ɐɟɥɵɦ ɱɢɫɥɨɦ ɧɚɡɨɜɟɦ ɫɥɨɜɨ ,nz   ɝɞɟ n  — ɧɚɬɭɪɚɥɶɧɨɟ 
ɱɢɫɥɨ,  .,  Ȼɭɤɜɭ   ɧɚɡɨɜɟɦ ɡɧɚɤɨɦ ɰɟɥɨɝɨ ɱɢɫɥɚ z , ɧɚɬɭɪɚɥɶɧɨɟ ɱɢɫɥɨ n  — 

ɦɨɞɭɥɟɦ ɰɟɥɨɝɨ ɱɢɫɥɚ z . 

Ɉɩɪɟɞɟɥɟɧɢɟ. ɑɢɫɥɚ    0,0   ɫɱɢɬɚɸɬɫɹ ɪɚɜɧɵɦɢ: .00   

2. ɑɢɫɥɚ u  ɢ z  ɪɚɜɧɵ ɬɨɝɞɚ ɢ ɬɨɥɶɤɨ ɬɨɝɞɚ, ɤɨɝɞɚ ɢɯ ɡɧɚɤɢ ɨɞɢɧɚɤɨɜɵ ɢ ɦɨɞɭɥɢ 
ɪɚɜɧɵ. 

Ɉɩɪɟɞɟɥɟɧɢɟ ɋɭɦɦɨɣ ɞɜɭɯ ɰɟɥɵɯ ɱɢɫɟɥ muɢnz    ɧɚɡɵɜɚɸɬ ɰɟɥɨɟ 
ɱɢɫɥɨ, ɤɨɬɨɪɨɟ ɜɵɱɢɫɥɹɸɬ ɩɨ ɫɥɟɞɭɸɳɟɦɭ ɩɪɚɜɢɥɭ:  

1) ɟɫɥɢ ɡɧɚɤɢ ɫɥɚɝɚɟɦɵɯ ɨɞɢɧɚɤɨɜɵ, ɬɨ ɡɧɚɤ ɫɭɦɦɵ ɫɨɜɩɚɞɚɟɬ ɫɨ ɡɧɚɤɨɦ 
ɫɥɚɝɚɟɦɵɯ ɢ ɦɨɞɭɥɶ ɫɭɦɦɵ ɪɚɜɟɧ ɫɭɦɦɟ ɦɨɞɭɥɟɣ,  

2) ɟɫɥɢ ɡɧɚɤɢ ɫɥɚɝɚɟɦɵɯ ɪɚɡɥɢɱɧɵ, ɬɨ ɡɧɚɤ ɫɭɦɦɵ ɫɨɜɩɚɞɚɟɬ ɫɨ ɡɧɚɤɨɦ 
ɫɥɚɝɚɟɦɨɝɨ ɫ ɛɨɥɶɲɢɦ (ɢɥɢ ɪɚɜɧɵɦ) ɦɨɞɭɥɟɦ ɢ ɦɨɞɭɥɶ ɫɭɦɦɵ ɪɚɜɟɧ ɪɚɡɧɨɫɬɢ 
ɛɨɥɶɲɟɝɨ ɢ ɦɟɧɶɲɟɝɨ ɦɨɞɭɥɟɣ, ɬ. ɟ. 

Ɍɟɨɪɟɦɚ 1. ɋɥɨɠɟɧɢɟ ɰɟɥɵɯ ɱɢɫɟɥ ɜɫɟɝɞɚ ɜɵɩɨɥɧɢɦɨ ɢ ɨɞɧɨɡɧɚɱɧɨ ɨɩɪɟɞɟɥɟɧɨ. 
Ɍɟɨɪɟɦɚ 2 (ɡɚɤɨɧ ɚɫɫɨɰɢɚɬɢɜɧɨɫɬɢ ɫɥɨɠɟɧɢɹ ɰɟɥɵɯ ɱɢɫɟɥ).  

Ⱦɥɹ ɥɸɛɵɯ ɰɟɥɵɯ ɱɢɫɟɥ    ,,,,,,,,  Nkmnkvmunz  ɢɦɟɟɬ ɦɟɫɬɨ 
ɪɚɜɟɧɫɬɜɨ: 

       .vuzkmnkmnvuz    
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Ɉɩɪɟɞɟɥɟɧɢɟ Ɋɚɡɧɨɫɬɶɸ ɞɜɭɯ ɰɟɥɵɯ ɱɢɫɟɥ    ,,,,,  Nmnmunz  

ɧɚɡɵɜɚɟɬɫɹ ɰɟɥɨɟ ɱɢɫɥɨ, ɨɛɨɡɧɚɱɚɟɦɨɟ mnuz    ɢ ɭɞɨɜɥɟɬɜɨɪɹɸɳɟɟ ɭɫɥɨɜɢɸ: 
  .nmmn    

Ɍɟɨɪɟɦɚ 3. ȼɵɱɢɬɚɧɢɟ ɰɟɥɵɯ ɱɢɫɟɥ ɜɫɟɝɞɚ ɜɵɩɨɥɧɢɦɨ ɢ ɨɞɧɨɡɧɚɱɧɨ 
ɨɩɪɟɞɟɥɟɧɨ. 

ɍɦɧɨɠɟɧɢɟ ɢ ɞɟɥɟɧɢɟ ɰɟɥɵɯ ɱɢɫɟɥ 
Ɉɩɪɟɞɟɥɟɧɢɟ. ɉɪɨɢɡɜɟɞɟɧɢɟɦ ɰɟɥɨɝɨ ɱɢɫɥɚ nz   ɧɚ ɰɟɥɨɟ ɱɢɫɥɨ mu   

ɧɚɡɵɜɚɟɬɫɹ ɬɚɤɨɟ ɰɟɥɨɟ ɱɢɫɥɨ kv  , ɱɬɨ:  
1) ɦɨɞɭɥɶ ɩɪɨɢɡɜɟɞɟɧɢɹ ɪɚɜɟɧ ɩɪɨɢɡɜɟɞɟɧɢɸ ɦɨɞɭɥɟɣ; 
2) ɡɧɚɤ ɜɵɱɢɫɥɹɟɬɫɹ ɩɨ ɩɪɚɜɢɥɭ ɡɧɚɤɨɜ: ɟɫɥɢ ɡɧɚɤɢ ɫɨɦɧɨɠɢɬɟɥɟɣ ɨɞɢɧɚɤɨɜɵ, ɬɨ 

ɡɧɚɤ ɩɪɨɢɡɜɟɞɟɧɢɹ – «ɩɥɸɫ», ɚ ɟɫɥɢ ɩɪɨɬɢɜɨɩɨɥɨɠɧɵ, ɬɨ «ɦɢɧɭɫ». 
Ɍɟɨɪɟɦɚ 4 ɍɦɧɨɠɟɧɢɟ ɰɟɥɵɯ ɱɢɫɟɥ ɜɵɩɨɥɧɢɦɨ, ɨɞɧɨɡɧɚɱɧɨ ɨɩɪɟɞɟɥɟɧɨ ɢ 

ɤɨɦɦɭɬɚɬɢɜɧɨ. 
Ⱦɨɤɚɡɚɬɟɥɶɫɬɜɨ. ȼɵɩɨɥɧɢɦɨɫɬɶ ɭɦɧɨɠɟɧɢɹ ɰɟɥɵɯ ɱɢɫɟɥ ɫɥɟɞɭɟɬ ɢɡ ɬɨɝɨ, ɱɬɨ ɨɧɨ 

ɫɜɨɞɢɬɫɹ ɤ ɭɦɧɨɠɟɧɢɸ ɧɚɬɭɪɚɥɶɧɵɯ ɢ ɧɚɯɨɠɞɟɧɢɸ ɡɧɚɤɚ, ɨɩɟɪɚɰɢɢ ɬɨɠɟ ɜɵɩɨɥɧɢɦɨɣ. Ɍɚɤ 
ɤɚɤ ɷɬɢ ɨɩɟɪɚɰɢɢ ɨɞɧɨɡɧɚɱɧɵ, ɬɨ ɭɦɧɨɠɟɧɢɟ ɨɞɧɨɡɧɚɱɧɨ.  

Ʉɨɦɦɭɬɚɬɢɜɧɨɫɬɶ ɩɪɨɢɡɜɟɞɟɧɢɹ ɜɵɬɟɤɚɟɬ ɧɟɩɨɫɪɟɞɫɬɜɟɧɧɨ ɢɡ ɨɩɪɟɞɟɥɟɧɢɹ, 
ɩɨɬɨɦɭ ɱɬɨ ɜ ɧɟɦ ɧɟɬ ɭɤɚɡɚɧɢɹ ɧɚ ɩɨɪɹɞɨɤ ɫɨɦɧɨɠɢɬɟɥɟɣ. Ʉɨɦɦɭɬɚɬɢɜɧɨɫɬɶ ɬɚɤɠɟ 
ɦɨɠɧɨ ɞɨɤɚɡɚɬɶ, ɨɩɢɪɚɹɫɶ ɧɚ ɤɨɦɦɭɬɚɬɢɜɧɨɫɬɶ ɭɦɧɨɠɟɧɢɹ ɧɚɬɭɪɚɥɶɧɵɯ ɱɢɫɟɥ, 
ɩɨɫɤɨɥɶɤɭ ɭɦɧɨɠɟɧɢɟ ɰɟɥɵɯ ɱɢɫɟɥ ɫɜɨɞɢɬɫɹ ɤ ɭɦɧɨɠɟɧɢɸ ɧɚɬɭɪɚɥɶɧɵɯ. 

Ɍɟɨɪɟɦɚ 5. ɉɪɨɢɡɜɟɞɟɧɢɟ ɰɟɥɵɯ ɱɢɫɟɥ ɪɚɜɧɨ ɧɭɥɸ ɬɨɝɞɚ ɢ ɬɨɥɶɤɨ ɬɨɝɞɚ, ɤɨɝɞɚ 
ɯɨɬɹ ɛɵ ɨɞɢɧ ɢɡ ɫɨɦɧɨɠɢɬɟɥɟɣ ɪɚɜɟɧ ɧɭɥɸ. 

Ⱦɨɤɚɡɚɬɟɥɶɫɬɜɨ.  ȼ ɫɚɦɨɦ ɞɟɥɟ, ɢɡ ɨɩɪɟɞɟɥɟɧɢɹ ɩɪɨɢɡɜɟɞɟɧɢɹ ɰɟɥɵɯ ɱɢɫɟɥ 
ɜɵɬɟɤɚɟɬ, ɱɬɨ ɟɫɥɢ ɫɨɦɧɨɠɢɬɟɥɢ ɧɟ ɪɚɜɧɵ ɧɭɥɸ, ɬ. ɟ. ɢɯ ɦɨɞɭɥɢ ɧɟ ɪɚɜɧɵ ɧɭɥɸ, ɬɨ 
ɩɪɨɢɡɜɟɞɟɧɢɟ ɧɟ ɪɚɜɧɨ ɧɭɥɸ (ɩɨ ɫɜɨɣɫɬɜɚɦ ɧɚɬɭɪɚɥɶɧɵɯ ɱɢɫɟɥ). ȿɫɥɢ ɭɱɟɫɬɶ, ɱɬɨ ɯɨɬɹ 
ɛɵ ɩɪɢ ɨɞɧɨɦ ɫɨɦɧɨɠɢɬɟɥɟ, ɪɚɜɧɨɦ ɧɭɥɸ, ɩɪɨɢɡɜɟɞɟɧɢɟ ɬɚɤɠɟ ɪɚɜɧɨ ɧɭɥɸ, ɬɨ ɩɨɥɭɱɢɦ 
ɞɨɤɚɡɚɬɟɥɶɫɬɜɨ ɬɟɨɪɟɦɵ. 

Ʌɟɦɦɚ 1. ɑɢɫɥɨ  1  ɹɜɥɹɟɬɫɹ ɟɞɢɧɢɰɟɣ ɨɬɧɨɫɢɬɟɥɶɧɨ ɭɦɧɨɠɟɧɢɹ ɜ ɦɧɨɠɟɫɬɜɟ 
ɰɟɥɵɯ ɱɢɫɟɥ. Ⱦɥɹ ɥɸɛɨɝɨ ɰɟɥɨɝɨ ɱɢɫɥɚ nz   ɫɩɪɚɜɟɞɥɢɜɨ ɪɚɜɟɧɫɬɜɨ: 

        .11 znnz    

Ɍɟɨɪɟɦɚ 6 (ɡɚɤɨɧ ɚɫɫɨɰɢɚɬɢɜɧɨɫɬɢ ɭɦɧɨɠɟɧɢɹ ɰɟɥɵɯ ɱɢɫɟɥ). 
Ⱦɥɹ ɥɸɛɵɯ ɰɟɥɵɯ ɱɢɫɟɥ    ,,,,,,,,  Nkmnkvmunz  ɢɦɟɟɬ 

ɦɟɫɬɨ ɪɚɜɟɧɫɬɜɨ: 
        .vuzkmnkmnvuz    

Ɍɟɨɪɟɦɚ 7. ɍɦɧɨɠɟɧɢɟ ɰɟɥɵɯ ɱɢɫɟɥ ɞɢɫɬɪɢɛɭɬɢɜɧɨ ɨɬɧɨɫɢɬɟɥɶɧɨ ɫɥɨɠɟɧɢɹ.  
Ɉɩɪɟɞɟɥɟɧɢɟ ɑɚɫɬɧɵɦ ɞɜɭɯ ɰɟɥɵɯ ɱɢɫɟɥ nz   ɢ 0 mu   ɧɚɡɵɜɚɟɬɫɹ ɰɟɥɨɟ 

ɱɢɫɥɨ kv  , ɭɞɨɜɥɟɬɜɨɪɹɸɳɟɟ ɪɚɜɟɧɫɬɜɭ: 
   .kmvunz    

Ɉɱɟɜɢɞɧɨ, ɱɬɨ ɡɧɚɤ ɱɚɫɬɧɨɝɨ – «ɩɥɸɫ», ɟɫɥɢ ɡɧɚɤɢ   ɢ   ɨɞɢɧɚɤɨɜɵ, «ɦɢɧɭɫ» – ɜ 
ɩɪɨɬɢɜɧɨɦ ɫɥɭɱɚɟ  

ɍɩɨɪɹɞɨɱɟɧɧɨɫɬɶ ɦɧɨɠɟɫɬɜɚ ɰɟɥɵɯ ɱɢɫɟɥ 
Ʌɟɦɦɚ 2. Ɋɚɡɧɨɫɬɢ mn    ɢ nm    ɟɫɬɶ ɜɡɚɢɦɧɨ ɩɪɨɬɢɜɨɩɨɥɨɠɧɵɟ ɱɢɫɥɚ. 
ȼɜɟɞɟɦ ɨɬɧɨɲɟɧɢɹ «ɛɨɥɶɲɟ» ɢ «ɦɟɧɶɲɟ» ɧɚ ɦɧɨɠɟɫɬɜɟ ɰɟɥɵɯ ɱɢɫɟɥ. 
Ɉɩɪɟɞɟɥɟɧɢɟ. ɐɟɥɨɟ ɱɢɫɥɨ nz   ɧɚɡɵɜɚɟɬɫɹ ɛɨɥɶɲɢɦ (ɦɟɧɶɲɢɦ) ɰɟɥɨɝɨ 

ɱɢɫɥɚ mu   ɬɨɝɞɚ ɢ ɬɨɥɶɤɨ ɬɨɝɞɚ, ɤɨɝɞɚ ɪɚɡɧɨɫɬɶ mnuz    ɟɫɬɶ ɩɨɥɨɠɢɬɟɥɶɧɨɟ 
(ɨɬɪɢɰɚɬɟɥɶɧɨɟ) ɱɢɫɥɨ. 

Ɍɟɨɪɟɦɚ 8. Ɇɧɨɠɟɫɬɜɨ ɰɟɥɵɯ ɱɢɫɟɥ ɟɫɬɶ ɭɩɨɪɹɞɨɱɟɧɧɨɟ ɦɧɨɠɟɫɬɜɨ. Эɬɨ 
ɨɡɧɚɱɚɟɬ, ɱɬɨ: 
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1) ɜɫɹɤɢɟ ɞɜɚ ɰɟɥɵɯ ɱɢɫɥɚ nz  , mu   ɧɚɯɨɞɹɬɫɹ ɜ ɨɞɧɨɦ ɢ ɬɨɥɶɤɨ ɜ ɨɞɧɨɦ ɢɯ 
ɬɪёɯ ɨɬɧɨɲɟɧɢɣ: 

mn   , ɢɥɢ mn   , ɢɥɢ ;mn    

2) ɟɫɥɢ mn    ɢ km   , ɬɨ .kn    

ɇɟɬɪɭɞɧɨ ɞɨɤɚɡɚɬɶ ɬɚɤɠɟ, ɱɬɨ ɧɚ ɦɧɨɠɟɫɬɜɟ ɰɟɥɵɯ ɱɢɫɟɥ ɜɵɩɨɥɧɹɸɬɫɹ ɡɚɤɨɧɵ 
ɦɨɧɨɬɨɧɧɨɫɬɢ ɫɥɨɠɟɧɢɹ ɢ ɭɦɧɨɠɟɧɢɹ. 

ɋɜɨɣɫɬɜɚ ɚɤɫɢɨɦɚɬɢɱɟɫɤɨɣ ɫɢɫɬɟɦɵ ɰɟɥɵɯ ɱɢɫɟɥ  
Ɍɟɨɪɟɦɚ 9. Ɇɧɨɠɟɫɬɜɨ ɰɟɥɵɯ ɱɢɫɟɥ ɫ ɨɩɪɟɞɟɥɟɧɧɵɦɢ ɜɵɲɟ ɨɩɟɪɚɰɢɹɦɢ 

ɫɥɨɠɟɧɢɹ ɢ ɭɦɧɨɠɟɧɢɹ ɢ ɨɬɧɨɲɟɧɢɟɦ ɩɨɪɹɞɤɚ > ɹɜɥɹɟɬɫɹ ɤɨɥɶɰɨɦ ɰɟɥɵɯ ɱɢɫɟɥ Z , 

ɭɞɨɜɥɟɬɜɨɪɹɸɳɢɦ ɚɤɫɢɨɦɚɦ    .41 ZZ    

Ⱦɨɤɚɡɚɬɟɥɶɫɬɜɨ. ȼɵɩɨɥɧɢɦɨɫɬɶ ɚɤɫɢɨɦ    31 ZZ   ɫɥɟɞɭɟɬ ɢɡ ɨɩɪɟɞɟɥɟɧɢɹ ɢ 
ɞɨɤɚɡɚɧɧɵɯ ɫɜɨɣɫɬɜ ɨɩɟɪɚɰɢɣ ɫɥɨɠɟɧɢɹ ɢ ɭɦɧɨɠɟɧɢɹ ɰɟɥɵɯ ɱɢɫɟɥ ɢ ɨɬɧɨɲɟɧɢɹ "" . 
ɋɩɪɚɜɟɞɥɢɜɨɫɬɶ ɩɨɫɥɟɞɧɟɣ ɚɤɫɢɨɦɵ ɫɥɟɞɭɟɬ ɢɡ ɬɨɝɨ, ɱɬɨ ɜɫɹɤɨɟ ɰɟɥɨɟ ɱɢɫɥɨ ɦɨɠɧɨ 
ɩɪɟɞɫɬɚɜɢɬɶ ɤɚɤ ɪɚɡɧɨɫɬɶ ɞɜɭɯ ɧɚɬɭɪɚɥɶɧɵɯ ɱɢɫɟɥ. 

3. ɉɨɥɟ ɱɚɫɬɧɵɯ ɤɨɥɶɰɚ. Ɇɨɞɟɥɶ ɩɨɥɹ ɪɚɰɢɨɧɚɥɶɧɵɯ ɱɢɫɟɥ 

Ɉɩɪɟɞɟɥɟɧɢɟ. ɉɭɫɬɶ ɞɚɧɨ ɤɨɥɶɰɨ ,,K . Ɋɚɫɫɦɨɬɪɢɦ ɦɧɨɠɟɫɬɜɨ P  ɜɫɟɯ ɬɚɤɢɯ 

ɭɩɨɪɹɞɨɱɟɧɧɵɯ ɩɚɪ ɷɥɟɦɟɧɬɨɜ ɤɨɥɶɰɚ K , ɭ ɤɨɬɨɪɵɯ ɜɬɨɪɨɣ ɷɥɟɦɟɧɬ ɧɟ ɪɚɜɟɧ ɧɭɥɸ: 
 

 .0,,,  bKbabaP  

Ȼɭɞɟɦ ɨɛɨɡɧɚɱɚɬɶ ɬɚɤɢɟ ɩɚɪɵ ɜ ɜɢɞɟ ɞɪɨɛɟɣ b

a
 ɧɚɡɵɜɚɬɶ ɢɯ ɱɚɫɬɧɵɦɢ 

ɤɨɥɶɰɚ ,,K .  

Ɂɚɞɚɞɢɦ ɧɚ ɦɧɨɠɟɫɬɜɟ ɜɫɟɯ ɱɚɫɬɧɵɯ ɤɨɥɶɰɚ ɨɩɟɪɚɰɢɢ ""  ɢ ""  ɫɥɟɞɭɸɳɢɦ 
ɨɛɪɚɡɨɦ: 

 

  .0,0,,,,

;0,0,,,,







 












 






db
db

ca

d

c

b

a
Kdcba

db
db

bcda

d

c

b

a
Kdcba

 

Ɉɩɪɟɞɟɥɟɧɢɟ. Ⱦɜɚ ɱɚɫɬɧɵɯ  ɛɭɞɟɦ ɧɚɡɵɜɚɬɶ ɪɚɜɧɵɦɢ, ɟɫɥɢ ɜɵɩɨɥɧɹɟɬɫɹ 
ɪɚɜɟɧɫɬɜɨ: 

.cbda
d

c

b

a
   

Ɇɧɨɠɟɫɬɜɨ ɜɫɟɯ ɪɚɜɧɵɯ ɦɟɠɞɭ ɫɨɛɨɣ ɱɚɫɬɧɵɯ ɤɨɥɶɰɚ K  ɛɭɞɟɦ ɨɛɴɟɞɢɧɹɬɶ ɜ 
ɨɞɢɧ ɤɥɚɫɫ. ȼ ɤɚɱɟɫɬɜɟ ɩɪɟɞɫɬɚɜɢɬɟɥɹ ɷɬɨɝɨ ɤɥɚɫɫɚ ɨɛɵɱɧɨ ɪɚɫɫɦɚɬɪɢɜɚɟɬɫɹ 
ɧɟɫɨɤɪɚɬɢɦɚɹ ɞɪɨɛɶ, ɤɨɬɨɪɚɹ ɜ ɞɚɧɧɨɦ ɤɥɚɫɫɟ ɟɞɢɧɫɬɜɟɧɧɚ. 

ɇɟɬɪɭɞɧɨ ɩɪɨɜɟɪɢɬɶ, ɱɬɨ ɨɩɟɪɚɰɢɢ ɡɚɞɚɧɵ ɤɨɪɪɟɤɬɧɨ, ɬɨ ɟɫɬɶ ɪɟɡɭɥɶɬɚɬ ɢɯ 
ɜɵɩɨɥɧɟɧɢɹ ɧɟ ɡɚɜɢɫɢɬ ɨɬ ɜɵɛɨɪɚ ɩɪɟɞɫɬɚɜɢɬɟɥɹ ɤɥɚɫɫɚ. ɉɨɷɬɨɦɭ ɜ ɞɚɥɶɧɟɣɲɟɦ 
ɛɭɞɟɦ ɨɬɨɠɞɟɫɬɜɥɹɬɶ ɜɟɫɶ ɤɥɚɫɫ ɪɚɜɧɵɯ ɦɟɠɞɭ ɫɨɛɨɣ ɱɚɫɬɧɵɯ ɤɨɥɶɰɚ ɫ ɟɝɨ 
ɧɟɫɨɤɪɚɬɢɦɵɦ ɩɪɟɞɫɬɚɜɢɬɟɥɟɦ. 

ɋɥɟɞɭɸɳɢɟ ɫɜɨɣɫɬɜɚ ɦɧɨɠɟɫɬɜɚ ɜɫɟɯ ɱɚɫɬɧɵɯ ɤɨɥɶɰɚ K  ɩɨɤɚɡɵɜɚɸɬ, ɱɬɨ ɩɨ 
ɡɚɞɚɧɧɵɦ ɨɩɟɪɚɰɢɹɦ ɷɬɨ ɦɧɨɠɟɫɬɜɨ ɨɛɪɚɡɭɟɬ ɩɨɥɟ, ɤɨɬɨɪɨɟ ɧɚɡɵɜɚɟɬɫɹ ɩɨɥɟɦ 
ɱɚɫɬɧɵɯ ɤɨɥɶɰɚ  K . 

ɋɜɨɣɫɬɜɨ 2. .Ɉɩɟɪɚɰɢɢ ɫɥɨɠɟɧɢɹ ɢ ɭɦɧɨɠɟɧɢɹ ɧɚ ɦɧɨɠɟɫɬɜɟ ɜɫɟɯ ɱɚɫɬɧɵɯ 
ɤɨɥɶɰɚ K  ɨɛɥɚɞɚɸɬ ɫɜɨɣɫɬɜɚɦɢ ɚɫɫɨɰɢɚɬɢɜɧɨɫɬɢ ɢ ɤɨɦɦɭɬɚɬɢɜɧɨɫɬɢ. ɍɦɧɨɠɟɧɢɟ 
ɫɜɹɡɚɧɨ ɫɨ ɫɥɨɠɟɧɢɟɦ ɥɟɜɵɦ ɢ ɩɪɚɜɵɦ ɡɚɤɨɧɚɦɢ ɞɢɫɬɪɢɛɭɬɢɜɧɨɫɬɢ. 
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ɋɜɨɣɫɬɜɨ 3. .ɉɨ ɨɩɟɪɚɰɢɢ ""  ɫɭɳɟɫɬɜɭɟɬ ɧɟɣɬɪɚɥɶɧɵɣ ɷɥɟɦɟɧɬ, ɜ ɤɚɱɟɫɬɜɟ 
ɤɨɬɨɪɨɝɨ ɜɵɫɬɭɩɚɟɬ ɤɥɚɫɫ ɞɪɨɛɟɣ ɫ ɱɢɫɥɢɬɟɥɟɦ, ɪɚɜɧɵɦ ɧɭɥɸ, ɢ ɩɪɨɢɡɜɨɥɶɧɵɦ 
ɡɧɚɦɟɧɚɬɟɥɟɦ.  

Ⱦɥɹ ɷɥɟɦɟɧɬɚ b

a

 ɩɪɨɬɢɜɨɩɨɥɨɠɧɵɦ ɹɜɥɹɟɬɫɹ ɷɥɟɦɟɧɬ b

a
.
 

ɋɜɨɣɫɬɜɨ 4. ɉɨ ɨɩɟɪɚɰɢɢ ""  ɫɭɳɟɫɬɜɭɟɬ ɧɟɣɬɪɚɥɶɧɵɣ ɷɥɟɦɟɧɬ, ɜ ɤɚɱɟɫɬɜɟ 
ɤɨɬɨɪɨɝɨ ɜɵɫɬɭɩɚɟɬ ɤɥɚɫɫ ɞɪɨɛɟɣ ɫ ɱɢɫɥɢɬɟɥɟɦ, ɪɚɜɧɵɦ ɡɧɚɦɟɧɚɬɟɥɸ. Ⱦɥɹ ɜɫɹɤɨɝɨ 

ɧɟɧɭɥɟɜɨɝɨ ɷɥɟɦɟɧɬɚ b

a

 ɨɛɪɚɬɧɵɦ ɹɜɥɹɟɬɫɹ ɷɥɟɦɟɧɬ a

b

. 
ɋɜɨɣɫɬɜɨ 5. .ȿɞɢɧɢɰɚ ɩɨɥɹ ɧɟ ɪɚɜɧɚ ɧɭɥɸ ɩɨɥɹ, ɫɥɟɞɨɜɚɬɟɥɶɧɨ, ɜɨ ɜɫɹɤɨɦ ɩɨɥɟ 

ɢɦɟɟɬɫɹ ɩɨ ɤɪɚɣɧɟɣ ɦɟɪɟ ɞɜɚ ɪɚɡɥɢɱɧɵɯ ɷɥɟɦɟɧɬɚ – .10 ɢ  

ɋɜɨɣɫɬɜɨ 6..ɇɢɤɚɤɨɟ ɩɨɥɟ ɧɟ ɫɨɞɟɪɠɢɬ ɞɟɥɢɬɟɥɟɣ ɧɭɥɹ. 
Ʉɚɤ ɢɡɜɟɫɬɧɨ, ɜ ɤɨɥɶɰɟ ɰɟɥɵɯ ɱɢɫɟɥ ɭɪɚɜɧɟɧɢɟ bax  , 0a  ɧɟ ɜɫɟɝɞɚ ɢɦɟɟɬ 

ɪɟɲɟɧɢɟ. ȼɨɡɧɢɤɚɟɬ ɡɚɞɚɱɚ ɩɨɫɬɪɨɟɧɢɹ ɪɚɫɲɢɪɟɧɢɹ ɤɨɥɶɰɚ ɰɟɥɵɯ ɱɢɫɟɥ, ɜ ɤɨɬɨɪɨɦ 
ɨɩɟɪɚɰɢɹ ɞɟɥɟɧɢɹ ɛɵɥɚ ɛɵ ɜɫɟɝɞɚ ɜɵɩɨɥɧɢɦɚ. 

Ⱥɥɝɨɪɢɬɦ ɩɨɫɬɪɨɟɧɢɹ ɦɨɞɟɥɢ ɩɨɥɹ ɪɚɰɢɨɧɚɥɶɧɵɯ ɱɢɫɟɥ Q  

ȼ ɤɚɱɟɫɬɜɟ ɬɚɤɨɝɨ ɪɚɫɲɢɪɟɧɢɹ ɜɵɫɬɭɩɚɟɬ ɩɨɥɟ ɪɚɰɢɨɧɚɥɶɧɵɯ ɱɢɫɟɥ. Ɋɚɫɫɦɨɬɪɢɦ 
ɚɥɝɨɪɢɬɦ ɩɨɫɬɪɨɟɧɢɹ ɦɨɞɟɥɢ ɩɨɥɹ ɪɚɰɢɨɧɚɥɶɧɵɯ ɱɢɫɟɥ Q  ɤɚɤ ɩɨɥɹ, 
ɭɞɨɜɥɟɬɜɨɪɹɸɳɟɝɨ ɭɫɥɨɜɢɹɦ: 

1. Ʉɨɥɶɰɨ Z  ɞɨɥɠɧɨ ɫɨɞɟɪɠɚɬɶɫɹ ɜ ɩɨɥɟ Q , ɨɩɟɪɚɰɢɢ ɫɨɠɠɟɧɢɹ ɢ ɭɦɧɨɠɟɧɢɹ ɜ 
Q  ɞɨɥɠɧɵ ɛɵɬɶ ɩɪɨɞɨɥɠɟɧɢɟɦ ɫɨɨɬɜɟɬɫɬɜɭɸɳɢɯ ɨɩɟɪɚɰɢɣ ɜ Z . 

2. ȼ ɩɨɥɟ Q  ɞɨɥɠɧɚ ɛɵɬɶ ɜɫɟɝɞɚ ɜɵɩɨɥɧɢɦɚ ɨɩɟɪɚɰɢɹ ɞɟɥɟɧɢɹ (ɢɫɤɥɸɱɚɹ 
ɞɟɥɟɧɢɟ ɧɚ 0 ). 

3. ɉɨɥɟ Q  ɞɨɥɠɧɨ ɛɵɬɶ ɦɢɧɢɦɚɥɶɧɵɦ ɪɚɫɲɢɪɟɧɢɟɦ ɤɨɥɶɰɚ Z  ɜ ɬɨɦ ɫɦɵɫɥɟ, ɱɬɨ 
ɧɟ ɞɨɥɠɧɨ ɫɭɳɟɫɬɜɨɜɚɬɶ ɩɨɥɟ, ɫɨɞɟɪɠɚɳɟɟ ɤɨɥɶɰɨ Z  ɢ ɫɚɦɨ ɫɨɞɟɪɠɚɳɟɟɫɹ ɜ ɩɨɥɟ Q  

ɢ ɭɞɨɜɥɟɬɜɨɪɹɸɳɟɟ ɭɫɥɨɜɢɹɦ 1–2. 
Ɉɩɪɟɞɟɥɟɧɢɟ. ɉɨɥɟɦ ɪɚɰɢɨɧɚɥɶɧɵɯ ɱɢɫɟɥ Q  ɧɚɡɨɜɟɦ ɩɨɥɟ ɱɚɫɬɧɵɯ ɤɨɥɶɰɚ 

ɰɟɥɵɯ ɱɢɫɟɥ. Эɥɟɦɟɧɬɵ ɩɨɥɹ Q  ɧɚɡɨɜɟɦ ɪɚɰɢɨɧɚɥɶɧɵɦɢ ɱɢɫɥɚɦɢ. 
Ɂɚɦɟɱɚɧɢɟ. ɂɡ ɨɩɪɟɞɟɥɟɧɢɹ ɫɥɟɞɭɟɬ, ɱɬɨ ɥɸɛɨɟ ɪɚɰɢɨɧɚɥɶɧɨɟ ɱɢɫɥɨ 

ɩɪɟɞɫɬɚɜɢɦɨ ɜ ɜɢɞɟ ɱɚɫɬɧɨɝɨ ɰɟɥɵɯ ɱɢɫɟɥ. 

1. Ɉɬɨɠɞɟɫɬɜɢɦ ɪɚɰɢɨɧɚɥɶɧɨɟ ɱɢɫɥɨ 
1

a
q   c ɰɟɥɵɦ ɱɢɫɥɨɦ a . Ɍɨɝɞɚ ɦɨɠɧɨ 

ɫɱɢɬɚɬɶ, ɱɬɨ ɤɨɥɶɰɨ ɰɟɥɵɯ ɱɢɫɟɥ ɢɡɨɦɨɪɮɧɨ ɩɨɞɤɨɥɶɰɭ ɜɫɟɯ ɪɚɰɢɨɧɚɥɶɧɵɯ ɱɢɫɟɥ ɫɨ 
ɡɧɚɦɟɧɚɬɟɥɟɦ 1. Ɍ.ɤ. ɢɡɨɦɨɪɮɧɵɟ ɫɬɪɭɤɬɭɪɵ ɫ ɬɨɱɤɢ ɡɪɟɧɢɹ ɚɥɝɟɛɪɵ ɨɞɢɧɚɤɨɜɵ, ɬɨ 
ɛɭɞɟɦ ɫɱɢɬɚɬɶ, ɱɬɨ ɫɚɦɨ ɤɨɥɶɰɨ Z  ɫɨɞɟɪɠɢɬɫɹ ɜ ɩɨɥɟ Q .  

2. ɋɨɝɥɚɫɧɨ ɨɩɪɟɞɟɥɟɧɢɸ ɩɨɥɹ ɱɚɫɬɧɵɯ ɤɨɥɶɰɚ K , ɜ ɩɨɥɟ ɪɚɰɢɨɧɚɥɶɧɵɯ ɱɢɫɟɥ 
ɜɫɟɝɞɚ ɜɵɩɨɥɧɢɦɚ ɨɩɟɪɚɰɢɹ ɞɟɥɟɧɢɹ. 

3. Ⱦɨɩɭɫɬɢɦ, ɫɭɳɟɫɬɜɭɟɬ ɩɨɥɟ Q , ɭɞɨɜɥɟɬɜɨɪɹɸɳɟɟ ɭɫɥɨɜɢɹɦ 1–2, ɩɪɢɱɟɦ: 
.QQZ   Ɍɨɝɞɚ ɤɚɠɞɵɣ ɷɥɟɦɟɧɬ ɩɨɥɹ Q  ɬɚɤɠɟ ɩɪɟɞɫɬɚɜɢɦ ɜ ɜɢɞɟ ɱɚɫɬɧɨɝɨ ɞɜɭɯ 

ɰɟɥɵɯ ɱɢɫɟɥ. ɉɨɫɬɪɨɢɦ ɫɨɨɬɜɟɬɫɬɜɢɟ ɦɟɠɞɭ ɦɧɨɠɟɫɬɜɚɦɢ Q  ɢ Q  ɩɨ ɫɥɟɞɭɸɳɟɦɭ 
ɩɪɚɜɢɥɭ: ɷɥɟɦɟɧɬ Qq  ɫɨɨɬɜɟɬɫɬɜɭɟɬ ɢɦɟɧɧɨ ɬɨɦɭ ɷɥɟɦɟɧɬɭ Qq  , ɤɨɬɨɪɵɣ 
ɩɪɟɞɫɬɚɜɥɹɟɬɫɹ ɜ ɜɢɞɟ ɱɚɫɬɧɨɝɨ ɬɟɯ ɠɟ ɰɟɥɵɯ ɱɢɫɟɥ ba, , ɱɬɨ ɢ ɷɥɟɦɟɧɬ q . ɇɟɬɪɭɞɧɨ 
ɩɨɤɚɡɚɬɶ, ɱɬɨ ɷɬɨ ɫɨɨɬɜɟɬɫɬɜɢɟ ɹɜɥɹɟɬɫɹ ɢɡɨɦɨɪɮɢɡɦɨɦ ɩɨɥɟɣ Q  ɢ Q . 

Ɉɬɧɨɲɟɧɢɟ ""  ɧɚ ɦɧɨɠɟɫɬɜɟ Q  ɜɜɨɞɢɬɫɹ ɫ ɩɨɦɨɳɶɸ ɨɬɧɨɲɟɧɢɹ ""  ɧɚ 
ɦɧɨɠɟɫɬɜɟ Z .  

Ɉɩɪɟɞɟɥɟɧɢɟ Ɉɬɧɨɲɟɧɢɟ ""  ɧɚ ɦɧɨɠɟɫɬɜɟ Q  ɪɚɰɢɨɧɚɥɶɧɵɯ ɱɢɫɟɥ ɜɜɨɞɢɬɫɹ 
ɫɥɟɞɭɸɳɢɦ ɨɛɪɚɡɨɦ: 
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c
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ɇɟɩɨɫɪɟɞɫɬɜɟɧɧɨɣ ɩɪɨɜɟɪɤɨɣ ɦɨɠɧɨ ɩɨɤɚɡɚɬɶ, ɱɬɨ ɷɬɨ ɨɬɧɨɲɟɧɢɟ ɧɚ ɦɧɨɠɟɫɬɜɟ 
Q  ɟɫɬɶ ɨɬɧɨɲɟɧɢɟ ɫɬɪɨɝɨ ɩɨɪɹɞɤɚ, ɩɪɨɞɨɥɠɚɸɳɟɟ ɨɬɧɨɲɟɧɢɹ ɩɨɪɹɞɤɚ ɧɚ ɦɧɨɠɟɫɬɜɟ 
Z . 

Ɍɟɨɪɟɦɚ. Ɉɬɧɨɲɟɧɢɟ ""  ɧɚ ɦɧɨɠɟɫɬɜɟ Q  ɜɫɟɯ ɪɚɰɢɨɧɚɥɶɧɵɯ ɱɢɫɟɥ ɨɛɥɚɞɚɟɬ 
ɫɜɨɣɫɬɜɚɦɢ: 

        
      
      
        .0,,)4

;,,)3

;,)2

;,,)1

cbcacbaQcba

cbcabaQcba

baabbaQba

cacbbaQcba







 

 
Ɍɟɦɚ. Ⱦɟɣɫɬɜɢɬɟɥɶɧɵɟ ɱɢɫɥɚ 

ɉɥɚɧ 
1. ɋɨɞɟɪɠɚɬɟɥɶɧɚɹ ɬɟɨɪɢɹ ɞɟɣɫɬɜɢɬɟɥɶɧɵɯ ɱɢɫɟɥ. 
2. Ⱦɪɭɝɢɟ ɩɨɞɯɨɞɵ ɤ ɩɨɫɬɪɨɟɧɢɸ ɫɢɫɬɟɦɵ ɞɟɣɫɬɜɢɬɟɥɶɧɵɯ ɱɢɫɟɥ. 
1. ɋɨɞɟɪɠɚɬɟɥɶɧɚɹ ɬɟɨɪɢɹ ɞɟɣɫɬɜɢɬɟɥɶɧɵɯ ɱɢɫɟɥ 
Ɇɧɨɠɟɫɬɜɨ ɜɟɳɟɫɬɜɟɧɧɵɯ ɱɢɫɟɥ ɢɦɟɟɬ ɫɬɚɧɞɚɪɬɧɨɟ ɨɛɨɡɧɚɱɟɧɢɟ — R (ɨɬ 

ɥɚɬ. realis – ɞɟɣɫɬɜɢɬɟɥɶɧɵɣ. 
Ɇɧɨɠɟɫɬɜɨ ɞɟɣɫɬɜɢɬɟɥɶɧɵɯ ɱɢɫɟɥ ɛɭɞɟɦ ɪɚɫɫɦɚɬɪɢɜɚɬɶ ɤɚɤ ɦɧɨɠɟɫɬɜɨ, ɧɚ 

ɤɨɬɨɪɨɦ ɨɩɪɟɞɟɥɟɧɵ ɨɩɟɪɚɰɢɹ ɫɥɨɠɟɧɢɹ ,a b  ɭɦɧɨɠɟɧɢɹ ,a b  ɨɬɧɨɲɟɧɢɟ ɩɨɪɹɞɤɚ   

ɢ ɜɵɩɨɥɧɹɸɬɫɹ ɚɤɫɢɨɦɵ: 
(1)   ( ) ( );a b c a b c a b c         

(2)   0 0 ;a a a     

(3)   0;a b a b     

(4)   ;a b a b b a      

(5)   ( ) ( );a b c ab c a bc     

(6)   1 (1 0 & 1 );a a a      

(7)    ( 0 1);a b a ab      

(8)    ;a b ab ba    

(9)    ( ) ;a b c a b c ac bc       

(10) ;a a a   

(11) ( & );a b c a b b c a c        

(12) ( & );a b a b b a a b       

(13) ( );a b a b b a      

(14) ( );a b c a b a c b c         

(15) ( & 0 );a b c a b c ac bc        

(16) (ɚɤɫɢɨɦɚ Ⱥɪɯɢɦɟɞɚ). Ʉɚɤɨɜɵ ɛɵ ɧɢ ɛɵɥɢ ɞɟɣɫɬɜɢɬɟɥɶɧɵɟ ɱɢɫɥɚ , 0,a b   

ɫɭɳɟɫɬɜɭɟɬ ɧɚɬɭɪɚɥɶɧɨɟ ɱɢɫɥɨ n  ɬɚɤɨɟ, ɱɬɨ ;na b  

(17) (ɚɤɫɢɨɦɚ ɧɟɩɪɟɪɵɜɧɨɫɬɢ). ȿɫɥɢ ,A B  – ɧɟɩɭɫɬɵɟ ɩɨɞɦɧɨɠɟɫɬɜɚ 
ɦɧɨɠɟɫɬɜɚ ɞɟɣɫɬɜɢɬɟɥɶɧɵɯ ɱɢɫɟɥ ɢ a b  ɩɪɢ ɜɫɟɯ ,a A  ,b B  ɬɨ ɫɭɳɟɫɬɜɭɟɬ 
ɞɟɣɫɬɜɢɬɟɥɶɧɨɟ ɱɢɫɥɨ c  ɬɚɤɨɟ, ɱɬɨ A c B   (ɬ.ɟ. a c b   ɩɪɢ ,a A  .b B  

Ʉɚɤ ɜɢɞɧɨ, ɩɨ ɮɨɪɦɟ ɩɨɫɬɪɨɟɧɢɹ ɚɤɫɢɨɦɵ (16) ɢ (17) ɨɬɥɢɱɚɸɬɫɹ ɨɬ ɞɪɭɝɢɯ 
ɚɤɫɢɨɦ. ɉɪɚɜɞɚ, ɚɤɫɢɨɦɭ Ⱥɪɯɢɦɟɞɚ ɦɨɠɧɨ ɩɟɪɟɩɢɫɚɬɶ ɬɚɤ: 

( , 0a b a b n     ( )),na b  ɚ ɚɤɫɢɨɦɚ ɧɟɩɪɟɪɵɜɧɨɫɬɢ ɩɟɪɟɩɢɫɵɜɚɟɬɫɹ ɬɚɤ: 
,A B R ( , & ).A B A B c A c B      
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ɇɨ, ɜ ɨɬɥɢɱɢɟ ɨɬ ɚɤɫɢɨɦ (1)–(15), ɧɟ ɜɫɟ ɤɜɚɧɬɨɪɵ ɢɦɟɸɬ ɨɛɥɚɫɬɶɸ ɨɩɪɟɞɟɥɟɧɢɹ 
ɦɧɨɠɟɫɬɜɨ ɞɟɣɫɬɜɢɬɟɥɶɧɵɯ ɱɢɫɟɥ: ɜ ɚɤɫɢɨɦɟ Ⱥɪɯɢɦɟɞɚ ɤɜɚɧɬɨɪ ɞɟɣɫɬɜɭɟɬ ɧɚ 
ɧɚɬɭɪɚɥɶɧɵɟ ɱɢɫɥɚ, ɚ ɜ ɚɤɫɢɨɦɟ ɧɟɩɪɟɪɵɜɧɨɫɬɢ – ɧɚ ɩɨɞɦɧɨɠɟɫɬɜɚ. Ɇɵ ɛɭɞɟɦ 
ɝɨɜɨɪɢɬɶ, ɱɬɨ ɚɤɫɢɨɦɵ (1)–(15) ɹɜɥɹɸɬɫɹ ɮɨɪɦɭɥɚɦɢ  ɥɨɝɢɤɢ ɩɟɪɜɨɝɨ ɩɨɪɹɞɤɚ, ɚ 
ɚɤɫɢɨɦɵ (16), (17) ɬɚɤɨɜɵɦɢ ɧɟ ɹɜɥɹɸɬɫɹ (ɬɨɱɧɵɟ ɨɩɪɟɞɟɥɟɧɢɹ ɛɭɞɭɬ ɞɚɧɵ ɜ 
ɫɥɟɞɭɸɳɟɦ ɪɚɡɞɟɥɟ). 

ȼ ɤɭɪɫɟ ɦɚɬɟɦɚɬɢɱɟɫɤɨɝɨ ɚɧɚɥɢɡɚ ɞɨɤɚɡɵɜɚɟɬɫɹ, ɱɬɨ ɚɤɫɢɨɦɚ ɧɟɩɪɟɪɵɜɧɨɫɬɢ 
ɷɤɜɢɜɚɥɟɧɬɧɚ ɩɪɢɧɰɢɩɭ ɜɥɨɠɟɧɧɵɯ ɨɬɪɟɡɤɨɜ, ɚ ɬɚɤɠɟ ɬɟɨɪɟɦɟ ɨ ɫɭɳɟɫɬɜɨɜɚɧɢɢ 
ɬɨɱɧɨɣ ɜɟɪɯɧɟɣ ɝɪɚɧɢ ɧɟɩɭɫɬɨɝɨ ɨɝɪɚɧɢɱɟɧɧɨɝɨ ɦɧɨɠɟɫɬɜɚ. ɋɥɟɞɨɜɚɬɟɥɶɧɨ, ɚɤɫɢɨɦɚ 
(17) ɦɨɠɟɬ ɛɵɬɶ ɡɚɦɟɧɟɧɚ ɧɚ ɨɞɧɨ ɢɡ ɷɬɢɯ ɭɬɜɟɪɠɞɟɧɢɣ. 

Ɉɬɦɟɬɢɦ, ɱɬɨ ɦɧɨɠɟɫɬɜɨ ɞɟɣɫɬɜɢɬɟɥɶɧɵɯ ɱɢɫɟɥ ɨɩɪɟɞɟɥɹɟɬɫɹ ɚɤɫɢɨɦɚɦɢ (1)–
(17) ɨɞɧɨɡɧɚɱɧɨ ɫ ɬɨɱɧɨɫɬɶɸ ɞɨ ɢɡɨɦɨɪɮɢɡɦɚ. Ɉɞɧɚɤɨ ɞɨɤɚɡɵɜɚɬɶ ɷɬɨ ɭɬɜɟɪɠɞɟɧɢɟ ɦɵ 
ɧɟ ɛɭɞɟɦ. Ⱥɤɫɢɨɦ (1)–(16) ɞɥɹ ɨɩɪɟɞɟɥɟɧɢɹ ɦɧɨɠɟɫɬɜɚ R ɧɟɞɨɫɬɚɬɨɱɧɨ, ɬɚɤ ɤɚɤ ɷɬɢɦ 
ɚɤɫɢɨɦɚɦ ɭɞɨɜɥɟɬɜɨɪɹɟɬ ɬɚɤɠɟ ɦɧɨɠɟɫɬɜɨ Q ɪɚɰɢɨɧɚɥɶɧɵɯ ɱɢɫɟɥ. Ʉɪɨɦɟ ɬɨɝɨ, ɞɚɧɧɨɟ 
ɪɚɫɫɭɠɞɟɧɢɟ ɩɨɤɚɡɵɜɚɟɬ ɧɟɡɚɜɢɫɢɦɨɫɬɶ ɚɤɫɢɨɦɵ (17) ɨɬ ɩɪɟɞɵɞɭɳɢɯ ɚɤɫɢɨɦ. 

2. Ⱦɪɭɝɢɟ ɩɨɞɯɨɞɵ ɤ ɩɨɫɬɪɨɟɧɢɸ ɫɢɫɬɟɦɵ ɞɟɣɫɬɜɢɬɟɥɶɧɵɯ ɱɢɫɟɥ 

ɋɨɜɪɟɦɟɧɧɚɹ ɬɟɨɪɢɹ ɜɟɳɟɫɬɜɟɧɧɵɯ ɱɢɫɟɥ ɛɵɥɚ ɩɨɫɬɪɨɟɧɚ ɜɨ ɜɬɨɪɨɣ ɩɨɥɨɜɢɧɟ 
XIX ɜɟɤɚ, ɜ ɩɟɪɜɭɸ ɨɱɟɪɟɞɶ ɬɪɭɞɚɦɢ ȼɟɣɟɪɲɬɪɚɫɫɚ, Ⱦɟɞɟɤɢɧɞɚ ɢ Ʉɚɧɬɨɪɚ. Ɉɧɢ 
ɩɪɟɞɥɨɠɢɥɢ ɪɚɡɥɢɱɧɵɟ, ɧɨ ɷɤɜɢɜɚɥɟɧɬɧɵɟ ɩɨɞɯɨɞɵ ɤ ɬɟɨɪɢɢ ɷɬɨɣ ɜɚɠɧɟɣɲɟɣ 
ɦɚɬɟɦɚɬɢɱɟɫɤɨɣ ɫɬɪɭɤɬɭɪɵ ɢ ɨɤɨɧɱɚɬɟɥɶɧɨ ɨɬɞɟɥɢɥɢ ɷɬɨ ɩɨɧɹɬɢɟ ɨɬ ɝɟɨɦɟɬɪɢɢ ɢ 
ɦɟɯɚɧɢɤɢ. 

ɉɪɢ ɤɨɧɫɬɪɭɤɬɢɜɧɨɦ ɨɩɪɟɞɟɥɟɧɢɢ ɩɨɧɹɬɢɹ ɜɟɳɟɫɬɜɟɧɧɨɝɨ ɱɢɫɥɚ ɧɚ ɨɫɧɨɜɟ 
ɢɡɜɟɫɬɧɵɯ ɦɚɬɟɦɚɬɢɱɟɫɤɢɯ ɨɛɴɟɤɬɨɜ, ɤɨɬɨɪɵɟ ɩɪɢɧɢɦɚɸɬ ɡɚɞɚɧɧɵɦɢ, ɫɬɪɨɹɬ ɧɨɜɵɟ 
ɨɛɴɟɤɬɵ, ɤɨɬɨɪɵɟ, ɜ ɨɩɪɟɞɟɥёɧɧɨɦ ɫɦɵɫɥɟ, ɨɬɪɚɠɚɸɬ ɧɚɲɟ ɢɧɬɭɢɬɢɜɧɨɟ ɩɨɧɢɦɚɧɢɟ ɨ 
ɩɨɧɹɬɢɢ ɜɟɳɟɫɬɜɟɧɧɨɝɨ ɱɢɫɥɚ. ɋɭɳɟɫɬɜɟɧɧɵɦ ɨɬɥɢɱɢɟɦ ɦɟɠɞɭ ɜɟɳɟɫɬɜɟɧɧɵɦɢ 
ɱɢɫɥɚɦɢ ɢ ɷɬɢɦɢ ɩɨɫɬɪɨɟɧɧɵɦɢ ɨɛɴɟɤɬɚɦɢ ɹɜɥɹɟɬɫɹ ɬɨ, ɱɬɨ ɩɟɪɜɵɟ, ɜ ɨɬɥɢɱɢɟ ɨɬ 
ɜɬɨɪɵɯ, ɩɨɧɢɦɚɸɬɫɹ ɧɚɦɢ ɥɢɲɶ ɢɧɬɭɢɬɢɜɧɨ ɢ ɩɨɤɚ ɧɟ ɹɜɥɹɸɬɫɹ ɫɬɪɨɝɨ ɨɩɪɟɞɟɥёɧɧɵɦ 
ɦɚɬɟɦɚɬɢɱɟɫɤɢɦ ɩɨɧɹɬɢɟɦ. 

Эɬɢ ɨɛɴɟɤɬɵ ɢ ɨɛɴɹɜɥɹɸɬ ɜɟɳɟɫɬɜɟɧɧɵɦɢ ɱɢɫɥɚɦɢ. Ⱦɥɹ ɧɢɯ ɜɜɨɞɹɬ ɨɫɧɨɜɧɵɟ 
ɚɪɢɮɦɟɬɢɱɟɫɤɢɟ ɨɩɟɪɚɰɢɢ, ɨɩɪɟɞɟɥɹɸɬ ɨɬɧɨɲɟɧɢɟ ɩɨɪɹɞɤɚ ɢ ɞɨɤɚɡɵɜɚɸɬ ɢɯ ɫɜɨɣɫɬɜɚ. 

ɂɫɬɨɪɢɱɟɫɤɢ ɩɟɪɜɵɦɢ ɫɬɪɨɝɢɦɢ ɨɩɪɟɞɟɥɟɧɢɹɦɢ ɜɟɳɟɫɬɜɟɧɧɨɝɨ ɱɢɫɥɚ ɛɵɥɢ 
ɢɦɟɧɧɨ ɤɨɧɫɬɪɭɤɬɢɜɧɵɟ ɨɩɪɟɞɟɥɟɧɢɹ.  

Ɍɟɨɪɢɹ ɮɭɧɞɚɦɟɧɬɚɥɶɧɵɯ ɩɨɫɥɟɞɨɜɚɬɟɥɶɧɨɫɬɟɣ Ʉɚɧɬɨɪɚ 
ȼ ɞɚɧɧɨɦ ɩɨɞɯɨɞɟ ɜɟɳɟɫɬɜɟɧɧɨɟ ɱɢɫɥɨ ɪɚɫɫɦɚɬɪɢɜɚɟɬɫɹ ɤɚɤ ɩɪɟɞɟɥ 

ɩɨɫɥɟɞɨɜɚɬɟɥɶɧɨɫɬɢ ɪɚɰɢɨɧɚɥɶɧɵɯ ɱɢɫɟɥ. ɑɬɨɛɵ ɩɨɫɥɟɞɨɜɚɬɟɥɶɧɨɫɬɶ ɪɚɰɢɨɧɚɥɶɧɵɯ 
ɱɢɫɟɥ ɫɯɨɞɢɥɚɫɶ, ɧɚ ɧɟё ɧɚɤɥɚɞɵɜɚɟɬɫɹ ɭɫɥɨɜɢɟ Ʉɨɲɢ: 

             nmn aamNnN 00 . 

ɋɦɵɫɥ ɷɬɨɝɨ ɭɫɥɨɜɢɹ ɡɚɤɥɸɱɚɟɬɫɹ ɜ ɬɨɦ, ɱɬɨ ɱɥɟɧɵ ɩɨɫɥɟɞɨɜɚɬɟɥɶɧɨɫɬɢ, 
ɧɚɱɢɧɚɹ ɫ ɧɟɤɨɬɨɪɨɝɨ ɧɨɦɟɪɚ, ɛɭɞɭɬ ɥɟɠɚɬɶ ɫɤɨɥɶ ɭɝɨɞɧɨ ɛɥɢɡɤɨ ɞɪɭɝ ɨɬ ɞɪɭɝɚ. 
ɉɨɫɥɟɞɨɜɚɬɟɥɶɧɨɫɬɢ, ɭɞɨɜɥɟɬɜɨɪɹɸɳɢɟ ɭɫɥɨɜɢɸ Ʉɨɲɢ, ɧɚɡɵɜɚɸɬɫɹ 
ɮɭɧɞɚɦɟɧɬɚɥɶɧɵɦɢ. 

ȼɟɳɟɫɬɜɟɧɧɨɟ ɱɢɫɥɨ, ɨɩɪɟɞɟɥɹɟɦɨɟ ɮɭɧɞɚɦɟɧɬɚɥɶɧɨɣ ɩɨɫɥɟɞɨɜɚɬɟɥɶɧɨɫɬɶɸ 
ɪɚɰɢɨɧɚɥɶɧɵɯ ɱɢɫɟɥ  







 


nn

n

nn axQxx lim: , ɨɛɨɡɧɚɱɢɦ na . 

Ⱦɜɚ ɜɟɳɟɫɬɜɟɧɧɵɯ ɱɢɫɥɚ na  ɢ nb , ɨɩɪɟɞɟɥёɧɧɵɟ ɫɨɨɬɜɟɬɫɬɜɟɧɧɨ 
ɮɭɧɞɚɦɟɧɬɚɥɶɧɵɦɢ ɩɨɫɥɟɞɨɜɚɬɟɥɶɧɨɫɬɹɦɢ  nx  ɢ  ny , ɧɚɡɵɜɚɸɬɫɹ ɪɚɜɧɵɦɢ, ɟɫɥɢ 

  0lim 


nn

n

ba . 

ȿɫɥɢ ɞɚɧɵ ɞɜɚ ɜɟɳɟɫɬɜɟɧɧɵɯ ɱɢɫɥɚ na  ɢ nb , ɬɨ ɢɯ ɫɭɦɦɨɣ ɢ ɩɪɨɢɡɜɟɞɟɧɢɟɦ 

ɧɚɡɵɜɚɸɬɫɹ ɱɢɫɥɚ, ɨɩɪɟɞɟɥёɧɧɵɟ ɫɨɨɬɜɟɬɫɬɜɟɧɧɨ ɫɭɦɦɨɣ ɢ ɩɪɨɢɡɜɟɞɟɧɢɟɦ 
ɩɨɫɥɟɞɨɜɚɬɟɥɶɧɨɫɬɟɣ  nx  ɢ  ny . 
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Ɉɬɧɨɲɟɧɢɟ ɩɨɪɹɞɤɚ ɧɚ ɦɧɨɠɟɫɬɜɟ ɜɟɳɟɫɬɜɟɧɧɵɯ ɱɢɫɟɥ ɭɫɬɚɧɚɜɥɢɜɚɟɬɫɹ 
ɩɨɫɪɟɞɫɬɜɨɦ ɫɨɝɥɚɲɟɧɢɹ, ɜ ɫɨɨɬɜɟɬɫɬɜɢɢ ɫ ɤɨɬɨɪɵɦ ɱɢɫɥɨ na  ɩɨ ɨɩɪɟɞɟɥɟɧɢɸ ɛɨɥɶɲɟ 
ɱɢɫɥɚ nb , ɟɫɥɢ 

        nn baNnN0  

ɋɩɨɫɨɛ ɩɨɫɬɪɨɟɧɢɹ ɦɧɨɠɟɫɬɜɚ ɜɟɳɟɫɬɜɟɧɧɵɯ ɱɢɫɟɥ ɫ ɩɨɦɨɳɶɸ 
ɮɭɧɞɚɦɟɧɬɚɥɶɧɵɯ ɩɨɫɥɟɞɨɜɚɬɟɥɶɧɨɫɬɟɣ ɪɚɰɢɨɧɚɥɶɧɵɯ ɱɢɫɟɥ ɹɜɥɹɟɬɫɹ ɱɚɫɬɧɵɦ 
ɫɥɭɱɚɟɦ ɤɨɧɫɬɪɭɤɰɢɢ ɩɨɩɨɥɧɟɧɢɹ ɩɪɨɢɡɜɨɥɶɧɨɝɨ ɦɟɬɪɢɱɟɫɤɨɝɨ ɩɪɨɫɬɪɚɧɫɬɜɚ. Ʉɚɤ ɢ ɜ 
ɨɛɳɟɦ ɫɥɭɱɚɟ, ɩɨɥɭɱɟɧɧɨɟ ɜ ɪɟɡɭɥɶɬɚɬɟ ɩɨɩɨɥɧɟɧɢɹ ɦɧɨɠɟɫɬɜɨ ɜɟɳɟɫɬɜɟɧɧɵɯ ɱɢɫɟɥ 
ɫɚɦɨ ɭɠɟ ɹɜɥɹɟɬɫɹ ɩɨɥɧɵɦ, ɬɨ ɟɫɬɶ ɫɨɞɟɪɠɢɬ ɩɪɟɞɟɥɵ ɜɫɟɯ ɮɭɧɞɚɦɟɧɬɚɥɶɧɵɯ 
ɩɨɫɥɟɞɨɜɚɬɟɥɶɧɨɫɬɟɣ ɫɜɨɢɯ ɷɥɟɦɟɧɬɨɜ. 

Ɍɟɨɪɢɹ ɛɟɫɤɨɧɟɱɧɵɯ ɞɟɫɹɬɢɱɧɵɯ ɞɪɨɛɟɣ 
ȼɟɳɟɫɬɜɟɧɧɨɟ ɱɢɫɥɨ ɨɩɪɟɞɟɥɹɟɬɫɹ ɤɚɤ ɛɟɫɤɨɧɟɱɧɚɹ ɞɟɫɹɬɢɱɧɚɹ ɞɪɨɛɶ, ɬɨ ɟɫɬɶ 

ɜɵɪɚɠɟɧɢɟ ɜɢɞɚ  naaaa 210, . 

Ȼɟɫɤɨɧɟɱɧɚɹ ɞɟɫɹɬɢɱɧɚɹ ɞɪɨɛɶ ɢɧɬɟɪɩɪɟɬɢɪɭɟɬɫɹ ɤɚɤ ɬɚɤɨɟ ɱɢɫɥɨ, ɤɨɬɨɪɨɟ ɧɚ 
ɱɢɫɥɨɜɨɣ ɩɪɹɦɨɣ ɥɟɠɢɬ ɦɟɠɞɭ ɪɚɰɢɨɧɚɥɶɧɵɦɢ ɬɨɱɤɚɦɢ ɜɢɞɚ 1q  ɢ 2q , ɩɪɢɱёɦ  

        12210 qqqq . 

ɋɪɚɜɧɟɧɢɟ ɜɟɳɟɫɬɜɟɧɧɵɯ ɱɢɫɟɥ ɜ ɮɨɪɦɟ ɛɟɫɤɨɧɟɱɧɵɯ ɞɟɫɹɬɢɱɧɵɯ ɞɪɨɛɟɣ 
ɩɪɨɢɡɜɨɞɢɬɫɹ ɩɨɪɚɡɪɹɞɧɨ. ɇɚɩɪɢɦɟɪ, ɩɭɫɬɶ ɞɚɧɵ ɞɜɚ ɧɟɨɬɪɢɰɚɬɟɥɶɧɵɯ ɱɢɫɥɚ 

 nn bbbbɢaaaa 210210 ,,    

ȿɫɥɢ 00 ba  , ɬɨ   ; ɟɫɥɢ 00 ba   ɬɨ   . ȼ ɫɥɭɱɚɟ ɪɚɜɟɧɫɬɜɚ ɩɟɪɟɯɨɞɹɬ ɤ 
ɫɪɚɜɧɟɧɢɸ ɫɥɟɞɭɸɳɟɝɨ ɪɚɡɪɹɞɚ. ɂ ɬɚɤ ɞɚɥɟɟ.  

Ⱥɪɢɮɦɟɬɢɱɟɫɤɢɟ ɨɩɟɪɚɰɢɢ ɧɚɞ ɛɟɫɤɨɧɟɱɧɵɦɢ ɞɟɫɹɬɢɱɧɵɦɢ ɞɪɨɛɹɦɢ 
ɨɩɪɟɞɟɥɹɸɬɫɹ ɤɚɤ ɧɟɩɪɟɪɵɜɧɨɟ ɩɪɨɞɨɥɠɟɧɢɟ ɫɨɨɬɜɟɬɫɬɜɭɸɳɢɯ ɨɩɟɪɚɰɢɣ ɧɚɞ 
ɪɚɰɢɨɧɚɥɶɧɵɦɢ ɱɢɫɥɚɦɢ. ɇɚɩɪɢɦɟɪ, ɫɭɦɦɨɣ ɜɟɳɟɫɬɜɟɧɧɵɯ ɱɢɫɟɥ  ɢ  ɧɚɡɵɜɚɟɬɫɹ 
ɜɟɳɟɫɬɜɟɧɧɨɟ ɱɢɫɥɨ   , ɭɞɨɜɥɟɬɜɨɪɹɸɳɟɟ ɫɥɟɞɭɸɳɟɦɭ ɭɫɥɨɜɢɸ: 

        bababbaaQbbaa  ,,,  

Ⱥɧɚɥɨɝɢɱɧɨ ɨɩɪɟɞɟɥɹɟɬ ɨɩɟɪɚɰɢɹ ɭɦɧɨɠɟɧɢɹ ɛɟɫɤɨɧɟɱɧɵɯ ɞɟɫɹɬɢɱɧɵɯ ɞɪɨɛɟɣ. 
Ɍɟɨɪɢɹ ɫɟɱɟɧɢɣ ɜ ɨɛɥɚɫɬɢ ɪɚɰɢɨɧɚɥɶɧɵɯ ɱɢɫɟɥ 
ȼ ɩɨɞɯɨɞɟ Ⱦɟɞɟɤɢɧɞɚ ɜɟɳɟɫɬɜɟɧɧɵɟ ɱɢɫɥɚ ɨɩɪɟɞɟɥɹɸɬɫɹ ɫ ɩɨɦɨɳɶɸ ɫɟɱɟɧɢɣ ɜ 

ɦɧɨɠɟɫɬɜɟ ɪɚɰɢɨɧɚɥɶɧɵɯ ɱɢɫɟɥ. 
ɋɟɱɟɧɢɟɦ ɜ ɦɧɨɠɟɫɬɜɟ ɪɚɰɢɨɧɚɥɶɧɵɯ ɱɢɫɟɥ ɧɚɡɵɜɚɟɬɫɹ ɜɫɹɤɨɟ ɪɚɡɛɢɟɧɢɟ 

ɫɨɜɨɤɭɩɧɨɫɬɢ ɜɫɟɯ ɪɚɰɢɨɧɚɥɶɧɵɯ ɱɢɫɟɥ ɧɚ ɞɜɚ ɧɟɩɭɫɬɵɯ ɤɥɚɫɫɚ – ɧɢɠɧɢɣ ɢ ɜɟɪɯɧɢɣ, 
ɬɚɤ ɱɬɨ ɤɚɠɞɨɟ ɱɢɫɥɨ ɢɡ ɧɢɠɧɟɝɨ ɤɥɚɫɫɚ ɫɬɪɨɝɨ ɦɟɧɶɲɟ ɜɫɹɤɨɝɨ ɱɢɫɥɚ ɢɡ ɜɟɪɯɧɟɝɨ: 

ȿɫɥɢ ɫɭɳɟɫɬɜɭɟɬ ɱɢɫɥɨ q , ɤɨɬɨɪɨɟ ɹɜɥɹɟɬɫɹ ɦɚɤɫɢɦɚɥɶɧɵɦ ɜ ɧɢɠɧɟɦ ɤɥɚɫɫɟ, 
ɥɢɛɨ ɦɢɧɢɦɚɥɶɧɵɦ ɜ ɜɟɪɯɧɟɦ ɤɥɚɫɫɟ, ɬɨ ɷɬɨ ɱɢɫɥɨ ɪɚɡɞɟɥɹɟɬ ɦɧɨɠɟɫɬɜɚ ɜɟɪɯɧɢɯ ɢ 
ɧɢɠɧɢɯ ɤɥɚɫɫɨɜ: ɱɢɫɥɚ ɧɢɠɧɟɝɨ ɢ ɜɟɪɯɧɟɝɨ ɤɥɚɫɫɨɜ ɥɟɠɚɬ ɩɨ ɪɚɡɧɵɟ ɫɬɨɪɨɧɵ ɨɬ q . 

Ƚɨɜɨɪɹɬ ɬɚɤɠɟ, ɱɬɨ ɪɚɰɢɨɧɚɥɶɧɨɟ ɱɢɫɥɨ q  ɩɪɨɢɡɜɨɞɢɬ ɞɚɧɧɨɟ ɫɟɱɟɧɢɟ ɦɧɨɠɟɫɬɜɚ 
ɪɚɰɢɨɧɚɥɶɧɵɯ ɱɢɫɟɥ. 

ȿɫɥɢ ɠɟ ɜ ɧɢɠɧɟɦ ɤɥɚɫɫɟ ɫɟɱɟɧɢɹ ɧɟɬ ɦɚɤɫɢɦɚɥɶɧɨɝɨ ɷɥɟɦɟɧɬɚ, ɚ ɜ ɜɟɪɯɧɟɦ – 
ɦɢɧɢɦɚɥɶɧɨɝɨ, ɬɨ ɧɟ ɫɭɳɟɫɬɜɭɟɬ ɧɢɤɚɤɨɝɨ ɪɚɰɢɨɧɚɥɶɧɨɝɨ ɱɢɫɥɚ, ɤɨɬɨɪɨɟ ɪɚɡɞɟɥɹɥɨ ɛɵ 
ɷɬɢ ɦɧɨɠɟɫɬɜɚ.  

ȼ ɷɬɨɦ ɫɥɭɱɚɟ ɩɨ ɨɩɪɟɞɟɥɟɧɢɸ ɩɨɥɚɝɚɸɬ, ɱɬɨ ɞɚɧɧɨɟ ɫɟɱɟɧɢɟ ɨɩɪɟɞɟɥɹɟɬ 
ɧɟɤɨɬɨɪɨɟ ɢɪɪɚɰɢɨɧɚɥɶɧɨɟ ɱɢɫɥɨ  , ɤɨɬɨɪɨɟ ɧɚɯɨɞɢɬɫɹ ɦɟɠɞɭ ɧɢɠɧɢɦ ɢ ɜɟɪɯɧɢɦ 
ɤɥɚɫɫɚɦɢ, ɢ ɬɟɦ ɫɚɦɵɦ ɩɪɨɢɡɜɨɞɢɬ ɞɚɧɧɨɟ ɫɟɱɟɧɢɟ. ɂɧɚɱɟ ɝɨɜɨɪɹ, ɞɥɹ ɜɫɹɤɨɝɨ 
ɫɟɱɟɧɢɹ, ɧɟ ɩɪɨɢɡɜɨɞɢɦɨɝɨ ɧɢɤɚɤɢɦ ɪɚɰɢɨɧɚɥɶɧɵɦ ɱɢɫɥɨɦ, ɜɜɨɞɹɬ ɧɨɜɵɣ ɨɛɴɟɤɬ – 
ɢɪɪɚɰɢɨɧɚɥɶɧɨɟ ɱɢɫɥɨ, ɤɨɬɨɪɨɟ ɩɨ ɨɩɪɟɞɟɥɟɧɢɸ ɛɨɥɶɲɟ ɜɫɹɤɨɝɨ ɱɢɫɥɚ ɢɡ ɧɢɠɧɟɝɨ 
ɤɥɚɫɫɚ ɢ ɦɟɧɶɲɟ ɜɫɹɤɨɝɨ ɱɢɫɥɚ ɢɡ ɜɟɪɯɧɟɝɨ ɤɥɚɫɫɚ: 

Ɉɛɴɟɞɢɧɟɧɢɟ ɜɫɟɯ ɪɚɰɢɨɧɚɥɶɧɵɯ ɢ ɜɫɟɯ ɢɪɪɚɰɢɨɧɚɥɶɧɵɯ ɱɢɫɟɥ 
ɧɚɡɵɜɚɸɬ ɦɧɨɠɟɫɬɜɨɦ ɜɟɳɟɫɬɜɟɧɧɵɯ ɱɢɫɟɥ, ɚ ɟɝɨ ɷɥɟɦɟɧɬɵ — ɜɟɳɟɫɬɜɟɧɧɵɦɢ 
ɱɢɫɥɚɦɢ. 
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Ⱥɪɢɮɦɟɬɢɱɟɫɤɢɟ ɨɩɟɪɚɰɢɢ ɧɚɞ ɜɟɳɟɫɬɜɟɧɧɵɦɢ ɱɢɫɥɚɦɢ ɨɩɪɟɞɟɥɹɸɬɫɹ ɤɚɤ  
ɧɟɩɪɟɪɵɜɧɨɟ ɩɪɨɞɨɥɠɟɧɢɟ ɫɨɨɬɜɟɬɫɬɜɭɸɳɢɯ ɨɩɟɪɚɰɢɣ ɧɚɞ ɪɚɰɢɨɧɚɥɶɧɵɦɢ ɱɢɫɥɚɦɢ.   

Ⱥɤɫɢɨɦɚɬɢɱɟɫɤɢɣ ɩɨɞɯɨɞ 
Ɇɧɨɠɟɫɬɜɨ R ɧɚɡɵɜɚɟɬɫɹ ɦɧɨɠɟɫɬɜɨɦ ɜɟɳɟɫɬɜɟɧɧɵɯ ɱɢɫɟɥ, ɚ ɟɝɨ ɷɥɟɦɟɧɬɵ – 

ɜɟɳɟɫɬɜɟɧɧɵɦɢ ɱɢɫɥɚɦɢ, ɟɫɥɢ ɜɵɩɨɥɧɟɧɵ ɫɥɟɞɭɸɳɢɟ ɭɫɥɨɜɢɹ, ɧɚɡɵɜɚɟɦɵɟ 
ɚɤɫɢɨɦɚɦɢ ɜɟɳɟɫɬɜɟɧɧɵɯ ɱɢɫɟɥ: 

Ⱥɤɫɢɨɦɵ ɩɨɥɹ  
Ⱥɤɫɢɨɦɵ ɩɨɪɹɞɤɚ 

Ɇɟɠɞɭ ɷɥɟɦɟɧɬɚɦɢ R ɨɩɪɟɞɟɥɟɧɨ ɨɬɧɨɲɟɧɢɟ , ɬɨ ɟɫɬɶ ɞɥɹ ɥɸɛɨɣ 
ɭɩɨɪɹɞɨɱɟɧɧɨɣ ɩɚɪɵ ɷɥɟɦɟɧɬɨɜ a,b ɢɡ R ɭɫɬɚɧɨɜɥɟɧɨ, ɜɵɩɨɥɧɹɟɬɫɹ 
ɫɨɨɬɧɨɲɟɧɢɟ  ɢɥɢ ɧɟɬ. ɉɪɢ ɷɬɨɦ ɢɦɟɸɬ ɦɟɫɬɨ ɫɥɟɞɭɸɳɢɟ ɫɜɨɣɫɬɜɚ. 

 Ɋɟɮɥɟɤɫɢɜɧɨɫɬɶ. Ⱦɥɹ ɥɸɛɨɝɨ   

 Ⱥɧɬɢɫɢɦɦɟɬɪɢɱɧɨɫɬɶ. Ⱦɥɹ ɥɸɛɵɯ  

 
 Ɍɪɚɧɡɢɬɢɜɧɨɫɬɶ. Ⱦɥɹ ɥɸɛɵɯ  

 
 Ʌɢɧɟɣɧɚɹ ɭɩɨɪɹɞɨɱɟɧɧɨɫɬɶ. Ⱦɥɹ ɥɸɛɵɯ  

 
 ɋɜɹɡɶ ɫɥɨɠɟɧɢɹ ɢ ɩɨɪɹɞɤɚ. Ⱦɥɹ ɥɸɛɵɯ  

 
ɋɜɹɡɶ ɭɦɧɨɠɟɧɢɹ ɢ ɩɨɪɹɞɤɚ. Ⱦɥɹ ɥɸɛɵɯ  

 
Ⱥɤɫɢɨɦɵ ɧɟɩɪɟɪɵɜɧɨɫɬɢ 
 Ʉɚɤɨɜɵ ɛɵ ɧɢ ɛɵɥɢ ɧɟɩɭɫɬɵɟ ɦɧɨɠɟɫɬɜɚ  ɢ , ɬɚɤɢɟ ɱɬɨ ɞɥɹ ɥɸɛɵɯ 
ɞɜɭɯ ɷɥɟɦɟɧɬɨɜ  ɢ  ɜɵɩɨɥɧɹɟɬɫɹ ɧɟɪɚɜɟɧɫɬɜɨ , ɫɭɳɟɫɬɜɭɟɬ 
ɬɚɤɨɟ ɱɢɫɥɨ , ɱɬɨ ɞɥɹ ɜɫɟɯ  ɢ  ɢɦɟɟɬ ɦɟɫɬɨ ɫɨɨɬɧɨɲɟɧɢɟ  
  

 
Эɬɢɯ ɚɤɫɢɨɦ ɞɨɫɬɚɬɨɱɧɨ, ɱɬɨɛɵ ɫɬɪɨɝɨ ɜɵɜɟɫɬɢ ɜɫɟ ɢɡɜɟɫɬɧɵɟ ɫɜɨɣɫɬɜɚ 

ɜɟɳɟɫɬɜɟɧɧɵɯ ɱɢɫɟɥ. 
Ɉɩɪɟɞɟɥɟɧɢɟ. Ɇɧɨɠɟɫɬɜɨɦ ɜɟɳɟɫɬɜɟɧɧɵɯ ɱɢɫɟɥ ɧɚɡɵɜɚɟɬɫɹ ɧɟɩɪɟɪɵɜɧɨɟ 

ɭɩɨɪɹɞɨɱɟɧɧɨɟ ɩɨɥɟ. 
ɋɜɹɡɶ ɫ ɪɚɰɢɨɧɚɥɶɧɵɦɢ ɱɢɫɥɚɦɢ 
Ɉɱɟɜɢɞɧɨ, ɱɬɨ ɧɚ  ɱɢɫɥɨɜɨɣ ɩɪɹɦɨɣ ɪɚɰɢɨɧɚɥɶɧɵɟ ɱɢɫɥɚ ɪɚɫɩɨɥɚɝɚɸɬɫɹ 

ɜɩɟɪɟɦɟɲɤɭ ɫ ɜɟɳɟɫɬɜɟɧɧɵɦɢ, ɩɪɢɱёɦ ɦɧɨɠɟɫɬɜɨ ɜɟɳɟɫɬɜɟɧɧɵɯ ɱɢɫɟɥ ɜ ɢɡɜɟɫɬɧɨɦ 
ɫɦɵɫɥɟ «ɩɥɨɬɧɟɟ» ɦɧɨɠɟɫɬɜɚ ɪɚɰɢɨɧɚɥɶɧɵɯ. ȼɨɡɧɢɤɚɟɬ ɡɚɤɨɧɨɦɟɪɧɵɣ ɜɨɩɪɨɫ, 
ɧɚɫɤɨɥɶɤɨ ɱɚɫɬɨ ɧɚ ɱɢɫɥɨɜɨɣ ɩɪɹɦɨɣ ɩɨɩɚɞɚɸɬɫɹ ɪɚɰɢɨɧɚɥɶɧɵɟ ɢ ɜɟɳɟɫɬɜɟɧɧɵɟ ɱɢɫɥɚ 
ɢ ɦɨɠɧɨ ɥɢ ɨɞɧɢ ɱɢɫɥɚ ɩɪɢɛɥɢɡɢɬɶ ɞɪɭɝɢɦɢ. Ɉɬɜɟɬ ɧɚ ɷɬɨɬ ɜɨɩɪɨɫ ɞɚɸɬ ɬɪɢ ɥɟɦɦɵ, 
ɨɫɧɨɜɚɧɧɵɟ, ɜ ɨɫɧɨɜɧɨɦ, ɧɚ  ɚɤɫɢɨɦɟ Ⱥɪɯɢɦɟɞɚ. 

Ʌɟɦɦɚ 1. Ⱦɥɹ ɥɸɛɨɝɨ ɜɟɳɟɫɬɜɟɧɧɨɝɨ ɱɢɫɥɚ ɢ ɥɸɛɨɝɨ ɧɚɩɟɪёɞ ɜɡɹɬɨɝɨ 
ɩɨɥɨɠɢɬɟɥɶɧɨɝɨ ɪɚɰɢɨɧɚɥɶɧɨɝɨ ɪɚɫɫɬɨɹɧɢɹ ɧɚɣɞёɬɫɹ ɩɚɪɚ ɪɚɰɢɨɧɚɥɶɧɵɯ ɱɢɫɟɥ, 
ɨɬɫɬɨɹɳɢɯ ɞɪɭɝ ɨɬ ɞɪɭɝɚ ɦɟɧɟɟ, ɱɟɦ ɧɚ ɷɬɨ ɪɚɫɫɬɨɹɧɢɟ, ɬɚɤɢɯ ɱɬɨ ɜɟɳɟɫɬɜɟɧɧɨɟ ɱɢɫɥɨ 
ɥɟɠɢɬ ɧɚ ɨɬɪɟɡɤɟ ɦɟɠɞɭ ɷɬɢɦɢ ɪɚɰɢɨɧɚɥɶɧɵɦɢ ɱɢɫɥɚɦɢ. 

          
122121, qqqqQqqQRa  

Эɬɚ ɥɟɦɦɚ ɝɨɜɨɪɢɬ ɨ ɬɨɦ, ɱɬɨ ɥɸɛɨɟ ɜɟɳɟɫɬɜɟɧɧɨɟ ɱɢɫɥɨ ɦɨɠɧɨ ɫ ɡɚɞɚɧɧɨɣ 
ɬɨɱɧɨɫɬɶɸ ɫ ɞɜɭɯ ɫɬɨɪɨɧ ɩɪɢɛɥɢɡɢɬɶ ɪɚɰɢɨɧɚɥɶɧɵɦɢ ɱɢɫɥɚɦɢ. 

Ʌɟɦɦɚ 2. Ɇɟɠɞɭ ɥɸɛɵɦɢ ɞɜɭɦɹ ɪɚɡɥɢɱɧɵɦɢ ɜɟɳɟɫɬɜɟɧɧɵɦɢ ɱɢɫɥɚɦɢ 
ɫɨɞɟɪɠɢɬɫɹ ɪɚɰɢɨɧɚɥɶɧɨɟ ɱɢɫɥɨ. 

. 
Ɉɱɟɜɢɞɧɵɦ ɫɥɟɞɫɬɜɢɟɦ ɢɡ ɷɬɨɣ ɥɟɦɦɵ ɹɜɥɹɟɬɫɹ ɬɨɬ ɮɚɤɬ, ɱɬɨ ɦɟɠɞɭ ɥɸɛɵɦɢ 

ɞɜɭɦɹ ɧɟɫɨɜɩɚɞɚɸɳɢɦɢ ɜɟɳɟɫɬɜɟɧɧɵɦɢ ɱɢɫɥɚɦɢ ɫɨɞɟɪɠɢɬɫɹ ɰɟɥɨɟ ɛɟɫɤɨɧɟɱɧɨɟ 
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ɦɧɨɠɟɫɬɜɨ ɪɚɰɢɨɧɚɥɶɧɵɯ. Ʉɪɨɦɟ ɬɨɝɨ, ɟɳё ɛɨɥɟɟ ɨɱɟɜɢɞɧɨ, ɱɬɨ ɦɟɠɞɭ ɥɸɛɵɦɢ ɞɜɭɦɹ 
ɪɚɡɥɢɱɧɵɦɢ ɪɚɰɢɨɧɚɥɶɧɵɦɢ ɱɢɫɥɚɦɢ ɫɨɞɟɪɠɢɬɫɹ ɜɟɳɟɫɬɜɟɧɧɨɟ. 

Ʌɟɦɦɚ 3. ɉɪɢɛɥɢɠɟɧɢɟ ɜɟɳɟɫɬɜɟɧɧɨɝɨ ɱɢɫɥɚ ɪɚɰɢɨɧɚɥɶɧɵɦɢ, ɨɩɢɫɚɧɧɨɟ ɜ 
ɥɟɦɦɟ 1, ɢɞɟɧɬɢɮɢɰɢɪɭɟɬ ɜɟɳɟɫɬɜɟɧɧɨɟ ɱɢɫɥɨ ɟɞɢɧɫɬɜɟɧɧɵɦ ɨɛɪɚɡɨɦ. 

            
12212121,, qqqbqqaqQqqQRba  

Эɬɢ ɥɟɦɦɵ, ɩɪɟɠɞɟ ɜɫɟɝɨ, ɝɨɜɨɪɹɬ ɨ ɬɨɦ, ɱɬɨ ɦɧɨɠɟɫɬɜɨ ɜɟɳɟɫɬɜɟɧɧɵɯ ɱɢɫɟɥ ɧɟ 
ɬɚɤɨɟ «ɩɥɨɬɧɨɟ» ɩɨ ɫɪɚɜɧɟɧɢɸ ɫ ɦɧɨɠɟɫɬɜɨɦ ɪɚɰɢɨɧɚɥɶɧɵɯ ɱɢɫɟɥ, ɤɚɤ ɦɨɠɟɬ 
ɩɨɤɚɡɚɬɶɫɹ. Ɉɫɨɛɟɧɧɨ ɹɪɤɨ ɷɬɨ ɢɥɥɸɫɬɪɢɪɭɟɬ ɥɟɦɦɚ 2. ȼɫɟ ɬɪɢ ɥɟɦɦɵ ɚɤɬɢɜɧɨ 
ɢɫɩɨɥɶɡɭɸɬɫɹ ɞɥɹ ɞɨɤɚɡɚɬɟɥɶɫɬɜɚ ɪɚɡɥɢɱɧɵɯ ɬɟɨɪɟɦ, ɫɜɹɡɚɧɧɵɯ ɫ ɨɩɟɪɚɰɢɹɦɢ 
ɫɥɨɠɟɧɢɹ ɢ ɭɦɧɨɠɟɧɢɹ ɜɟɳɟɫɬɜɟɧɧɵɯ ɱɢɫɟɥ. 

Ɍɟɨɪɟɬɢɤɨ-ɦɧɨɠɟɫɬɜɟɧɧɵɟ ɫɜɨɣɫɬɜɚ 
ɂɡɧɚɱɚɥɶɧɨ ɜɟɳɟɫɬɜɟɧɧɵɟ ɱɢɫɥɚ ɛɵɥɢ ɟɫɬɟɫɬɜɟɧɧɵɦ 

ɨɛɨɛɳɟɧɢɟɦ ɪɚɰɢɨɧɚɥɶɧɵɯ, ɧɨ ɭ ɧɢɯ ɜɩɟɪɜɵɟ ɛɵɥɨ ɨɛɧɚɪɭɠɟɧɨ ɫɜɨɣɫɬɜɨ ɧɟɫɱёɬɧɨɫɬɢ, 
ɤɨɬɨɪɨɟ ɝɨɜɨɪɢɬ ɨ ɬɨɦ, ɱɬɨ ɦɧɨɠɟɫɬɜɨ ɜɟɳɟɫɬɜɟɧɧɵɯ ɱɢɫɟɥ ɧɟɥɶɡɹ ɡɚɧɭɦɟɪɨɜɚɬɶ, ɬɨ 
ɟɫɬɶ ɧɟ ɫɭɳɟɫɬɜɭɟɬ ɛɢɟɤɰɢɢ ɦɟɠɞɭ ɦɧɨɠɟɫɬɜɚɦɢ ɜɟɳɟɫɬɜɟɧɧɵɯ ɢ ɧɚɬɭɪɚɥɶɧɵɯ ɱɢɫɟɥ. 
ɑɬɨɛɵ ɩɨɤɚɡɚɬɶ ɧɟɫɱёɬɧɨɫɬɶ ɜɫɟɝɨ ɦɧɨɠɟɫɬɜɚ ɜɟɳɟɫɬɜɟɧɧɵɯ ɱɢɫɟɥ, ɞɨɫɬɚɬɨɱɧɨ 
ɩɨɤɚɡɚɬɶ ɧɟɫɱёɬɧɨɫɬɶ ɢɧɬɟɪɜɚɥɚ (0,1) . 

ɉɭɫɬɶ ɜɫɟ ɱɢɫɥɚ ɭɤɚɡɚɧɧɨɝɨ ɩɪɨɦɟɠɭɬɤɚ ɭɠɟ ɡɚɧɭɦɟɪɨɜɚɧɵ ɧɟɤɨɬɨɪɵɦ ɨɛɪɚɡɨɦ. 
Ɍɨɝɞɚ ɢɯ ɦɨɠɧɨ ɜɵɩɢɫɚɬɶ ɜ ɫɥɟɞɭɸɳɟɦ ɜɢɞɟ: 

 
 

 
 

 
Ɉɱɟɜɢɞɧɨ, ɱɬɨ ɜɫɟ ɱɢɫɥɚ ɭɤɚɡɚɧɧɨɝɨ ɜɢɞɚ ɞɟɣɫɬɜɢɬɟɥɶɧɨ ɩɪɢɧɚɞɥɟɠɚɬ 

ɪɚɫɫɦɚɬɪɢɜɚɟɦɨɦɭ ɩɪɨɦɟɠɭɬɤɭ, ɟɫɥɢ ɬɨɥɶɤɨ ɜ ɤɚɠɞɨɦ ɱɢɫɥɟ ɧɟ ɜɫɟ ɰɢɮɪɵ ɫɪɚɡɭ 
ɹɜɥɹɸɬɫɹ 0 ɢɥɢ 9. 

Ⱦɚɥɟɟ ɩɪɟɞɥɚɝɚɟɬɫɹ ɪɚɫɫɦɨɬɪɟɬɶ ɫɥɟɞɭɸɳɟɟ ɱɢɫɥɨ: 
 

ɉɭɫɬɶ ɤɚɠɞɚɹ ɰɢɮɪɚ ɷɬɨɝɨ ɱɢɫɥɚ ɭɞɨɜɥɟɬɜɨɪɹɟɬ ɫɥɟɞɭɸɳɢɦ ɬɪёɦ ɫɜɨɣɫɬɜɚɦ: 
  
  
  
Ɍɚɤɨɟ ɱɢɫɥɨ ɞɟɣɫɬɜɢɬɟɥɶɧɨ ɫɭɳɟɫɬɜɭɟɬ ɧɚ ɭɤɚɡɚɧɧɨɦ ɩɪɨɦɟɠɭɬɤɟ, ɬɚɤ ɤɚɤ ɨɧɨ 

ɹɜɥɹɟɬɫɹ ɜɟɳɟɫɬɜɟɧɧɵɦ, ɧɟ ɫɨɜɩɚɞɚɟɬ ɧɢ ɫ ɧɭɥёɦ, ɧɢ ɫ ɟɞɢɧɢɰɟɣ, ɚ ɞɟɫɹɬɢɱɧɵɯ ɰɢɮɪ 
ɞɨɫɬɚɬɨɱɧɨ, ɱɬɨɛɵ ɬɪɟɬɶɟ ɫɜɨɣɫɬɜɨ ɜɵɩɨɥɧɹɥɨɫɶ. Ʉɪɨɦɟ ɷɬɨɝɨ, ɞɚɧɧɨɟ ɱɢɫɥɨ ɢɧɬɟɪɟɫɧɨ 
ɬɟɦ ɮɚɤɬɨɦ, ɱɬɨ ɨɧɨ ɧɟ ɫɨɜɩɚɞɚɟɬ ɧɢ ɫ ɨɞɧɢɦ ɢɡ ɱɢɫɟɥ , ɜɵɩɢɫɚɧɧɵɯ ɜɵɲɟ, ɜɟɞɶ 
ɢɧɚɱɟ -ɹ ɰɢɮɪɚ ɱɢɫɥɚ  ɫɨɜɩɚɥɚ ɛɵ ɫ -ɨɣ ɰɢɮɪɨɣ ɱɢɫɥɚ . ɉɪɢɲɥɢ ɤ ɩɪɨɬɢɜɨɪɟɱɢɸ, 
ɡɚɤɥɸɱɚɸɳɟɦɭɫɹ ɜ ɬɨɦ, ɱɬɨ ɤɚɤ ɛɵ ɱɢɫɥɚ ɪɚɫɫɦɚɬɪɢɜɚɟɦɨɝɨ ɩɪɨɦɟɠɭɬɤɚ ɧɢ ɛɵɥɢ 
ɡɚɧɭɦɟɪɨɜɚɧɵ, ɜɫё ɪɚɜɧɨ ɧɚɣɞёɬɫɹ ɱɢɫɥɨ ɢɡ ɷɬɨɝɨ ɠɟ ɩɪɨɦɟɠɭɬɤɚ, ɤɨɬɨɪɨɦɭ ɧɟ 
ɩɪɢɫɜɨɟɧ ɧɨɦɟɪ. 

Эɬɨ ɫɜɢɞɟɬɟɥɶɫɬɜɭɟɬ ɨ ɬɨɦ, ɱɬɨ ɦɧɨɠɟɫɬɜɨ ɜɟɳɟɫɬɜɟɧɧɵɯ ɱɢɫɟɥ ɧɟ 
ɹɜɥɹɟɬɫɹ ɫɱёɬɧɵɦ.  ȿɝɨ ɦɨɳɧɨɫɬɶ ɧɚɡɵɜɚɟɬɫɹ ɦɨɳɧɨɫɬɶɸ ɤɨɧɬɢɧɭɭɦɚ. 

 
Ɍɟɦɚ. Ʉɨɦɩɥɟɤɫɧɵɟ ɱɢɫɥɚ 

ɉɥɚɧ 
1. ɉɨɫɬɪɨɟɧɢɟ ɩɨɥɹ ɤɨɦɩɥɟɤɫɧɵɯ ɱɢɫɟɥ. 
2. Ʉɨɦɩɥɟɤɫɧɨɟ ɫɨɩɪɹɠɟɧɢɟ ɢ ɟɝɨ ɫɜɨɣɫɬɜɚ. 
3. Ɍɪɢɝɨɧɨɦɟɬɪɢɱɟɫɤɚɹ ɮɨɪɦɚ ɤɨɦɩɥɟɤɫɧɨɝɨ ɱɢɫɥɚ. 
4. ɇɚɯɨɠɞɟɧɢɟ ɡɧɚɱɟɧɢɣ ɤɨɪɧɹ n-ɣ ɫɬɟɩɟɧɢ ɢɡ ɤɨɦɩɥɟɤɫɧɨɝɨ ɱɢɫɥɚ. 

ɉɟɪɜɨɨɛɪɚɡɧɵɣ ɤɨɪɟɧɶ n-ɣ ɫɬɟɩɟɧɢ ɢɡ ɟɞɢɧɢɰɵ. 
1. ɉɨɫɬɪɨɟɧɢɟ ɩɨɥɹ ɤɨɦɩɥɟɤɫɧɵɯ ɱɢɫɟɥ 
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Ɋɚɫɫɦɨɬɪɢɦ ɜɫɟɜɨɡɦɨɠɧɵɟ ɭɩɨɪɹɞɨɱɟɧɧɵɟ ɩɚɪɵ ɞɟɣɫɬɜɢɬɟɥɶɧɵɯ ɱɢɫɟɥ: 
RRba ,  ɢ ɨɛɨɡɧɚɱɢɦ ɦɧɨɠɟɫɬɜɨ ɜɫɟɯ ɬɚɤɢɯ ɩɚɪ ɱɟɪɟɡ C . 

Ɉɩɪɟɞɟɥɟɧɢɟ. Ɇɧɨɠɟɫɬɜɨ  RbabaC  ,,  ɧɚɡɨɜɟɦ ɦɧɨɠɟɫɬɜɨɦ 
ɤɨɦɩɥɟɤɫɧɵɯ ɱɢɫɟɥ, ɚ ɟɝɨ ɷɥɟɦɟɧɬɵ – ɤɨɦɩɥɟɤɫɧɵɦɢ ɱɢɫɥɚɦɢ. 

Ɉɩɪɟɞɟɥɟɧɢɟ. Ⱦɜɚ ɤɨɦɩɥɟɤɫɧɵɯ ɱɢɫɥɚ ba,  ɢ dc,  ɧɚɡɵɜɚɸɬɫɹ ɪɚɜɧɵɦɢ, ɟɫɥɢ 

ɪɚɜɧɵ ɫɨɨɬɜɟɬɫɬɜɭɸɳɢɟ ɷɥɟɦɟɧɬɵ ɷɬɢɯ ɩɚɪ: ., dbca   

ɇɚ ɦɧɨɠɟɫɬɜɟ C  ɡɚɞɚɞɢɦ ɨɩɟɪɚɰɢɢ ɫɥɨɠɟɧɢɹ ɢ ɭɦɧɨɠɟɧɢɹ ɫɥɟɞɭɸɳɢɦ ɨɛɪɚɡɨɦ: 
 
 .2,,,

1,,,

cbdadbcadcba

dcbadcba




 

Ɉɩɟɪɚɰɢɢ    21 ɢ  ɡɚɞɚɧɵ ɤɨɪɪɟɤɬɧɨ, ɬɚɤ ɤɚɤ ɨɧɢ ɫɜɨɞɹɬɫɹ ɤ ɫɥɨɠɟɧɢɸ, 
ɭɦɧɨɠɟɧɢɸ ɢ ɜɵɱɢɬɚɧɢɸ ɞɟɣɫɬɜɢɬɟɥɶɧɵɯ ɱɢɫɟɥ, ɤɨɬɨɪɵɟ ɜɫɟɝɞɚ ɜɵɩɨɥɧɢɦɵ ɢ 
ɨɞɧɨɡɧɚɱɧɨ ɨɩɪɟɞɟɥɟɧɵ. 

ɇɟɩɨɫɪɟɞɫɬɜɟɧɧɨɣ ɩɪɨɜɟɪɤɨɣ ɦɨɠɧɨ ɩɨɤɚɡɚɬɶ, ɱɬɨ ɫɥɨɠɟɧɢɟ ɢ ɭɦɧɨɠɟɧɢɟ 
ɤɨɦɩɥɟɤɫɧɵɯ ɱɢɫɟɥ ɨɛɥɚɞɚɸɬ ɫɥɟɞɭɸɳɢɦɢ ɫɜɨɣɫɬɜɚɦɢ: 

 ɤɨɦɦɭɬɚɬɢɜɧɨɫɬɶ ɢ ɚɫɫɨɰɢɚɬɢɜɧɨɫɬɶ; 
 ɭɦɧɨɠɟɧɢɟ ɞɢɫɬɪɢɛɭɬɢɜɧɨ ɨɬɧɨɫɢɬɟɥɶɧɨ ɫɥɨɠɟɧɢɹ; 
 ɧɟɣɬɪɚɥɶɧɵɦ ɷɥɟɦɟɧɬɨɦ ɩɨ ɫɥɨɠɟɧɢɸ ɹɜɥɹɟɬɫɹ ɩɚɪɚ 0,0 ; ɩɨ ɭɦɧɨɠɟɧɢɸ – 

ɩɚɪɚ 0,1 ; 

 ɞɥɹ ɱɢɫɥɚ ba,  ɩɪɨɬɢɜɨɩɨɥɨɠɧɵɦ ɷɥɟɦɟɧɬɨɦ ɹɜɥɹɟɬɫɹ ɱɢɫɥɨ ., ba   

ɂɡ ɨɩɪɟɞɟɥɟɧɢɹ ɪɚɜɟɧɫɬɜɚ ɤɨɦɩɥɟɤɫɧɵɯ ɱɢɫɟɥ ɫɥɟɞɭɟɬ, ɱɬɨ ɤɨɦɩɥɟɤɫɧɨɟ ɱɢɫɥɨ 
ba,  ɨɬɥɢɱɧɨ ɨɬ ɧɭɥɹ ɬɨɝɞɚ ɢ ɬɨɥɶɤɨ ɬɨɝɞɚ, ɤɨɝɞɚ ɨɛɚ ɷɥɟɦɟɧɬɚ ɷɬɨɣ ɩɚɪɵ ɧɟ ɪɚɜɧɵ 

ɧɭɥɸ ɨɞɧɨɜɪɟɦɟɧɧɨ, ɬ.ɟ. ɤɨɝɞɚ .022 ba  ȼɵɹɫɧɢɦ, ɜɫɟɝɞɚ ɥɢ ɞɥɹ ɧɟɧɭɥɟɜɨɝɨ ɱɢɫɥɚ 
ba,  ɫɭɳɟɫɬɜɭɟɬ ɜ ɦɧɨɠɟɫɬɜɟ C  ɨɛɪɚɬɧɵɣ ɷɥɟɦɟɧɬ ɩɨ ɨɩɟɪɚɰɢɢ ɭɦɧɨɠɟɧɢɹ. 

ɉɭɫɬɶ 0, ba , ɢ ɩɭɫɬɶ .0,1,,  yxba  Ɋɟɲɢɦ ɷɬɨ ɭɪɚɜɧɟɧɢɟ ɨɬɧɨɫɢɬɟɥɶɧɨ 
yɢx : 

 0,1, xbyaybxa  








0

,1

xbya

ybxa

















.

,

22

22

ba

b
y

ba

a
x

 

Ɍɚɤɢɦ ɨɛɪɚɡɨɦ, ɞɥɹ ɧɟɧɭɥɟɜɨɝɨ ɤɨɦɩɥɟɤɫɧɨɝɨ ɱɢɫɥɚ ba,  ɨɛɪɚɬɧɵɦ ɷɥɟɦɟɧɬɨɦ 

ɛɭɞɟɬ ɱɢɫɥɨ ɜɢɞɚ <
2222

,
ba

b

ba

a





>. 

ɂɡ ɩɟɪɟɱɢɫɥɟɧɧɵɯ ɫɜɨɣɫɬɜ ɨɩɟɪɚɰɢɣ ""  ɢ ""  ɫɥɟɞɭɟɬ ɫɩɪɚɜɟɞɥɢɜɨɫɬɶ ɬɟɨɪɟɦɵ. 
Ɍɟɨɪɟɦɚ. Ɇɧɨɠɟɫɬɜɨ ɤɨɦɩɥɟɤɫɧɵɯ ɱɢɫɟɥ C  ɨɬɧɨɫɢɬɟɥɶɧɨ ɡɚɞɚɧɧɵɯ ɧɚ ɧɟɦ 

ɨɩɟɪɚɰɢɣ ""  ɢ ""  ɨɛɪɚɡɭɟɬ ɩɨɥɟ, ɤɨɬɨɪɨɟ ɧɚɡɵɜɚɟɬɫɹ ɩɨɥɟɦ ɤɨɦɩɥɟɤɫɧɵɯ ɱɢɫɟɥ. 

Ʌɟɦɦɚ. ɉɨɞɦɧɨɠɟɫɬɜɨ RC  ɦɧɨɠɟɫɬɜɚ C , ɫɨɫɬɨɹɳɟɟ ɢɡ ɷɥɟɦɟɧɬɨɜ ɜɢɞɚ 0,a , 

ɢɡɨɦɨɪɮɧɨ ɩɨɥɸ ɞɟɣɫɬɜɢɬɟɥɶɧɵɯ ɱɢɫɟɥ: .RCR   

Ɂɚɦɟɱɚɧɢɹ. 1. Ɍɚɤ ɤɚɤ ɢɡɨɦɨɪɮɧɵɟ ɨɛɴɟɤɬɵ ɫ ɬɨɱɤɢ ɡɪɟɧɢɹ ɫɜɨɢɯ ɚɥɝɟɛɪɚɢɱɟɫɤɢɯ 
ɫɜɨɣɫɬɜ ɨɞɢɧɚɤɨɜɵ, ɬɨ ɱɚɫɬɨ ɝɨɜɨɪɹɬ ɧɟ ɨɛ ɢɡɨɦɨɪɮɧɨɦ ɜɥɨɠɟɧɢɢ, ɚ ɬɨɦ, ɱɬɨ ɫɚɦɨ 
ɩɨɥɟ ɞɟɣɫɬɜɢɬɟɥɶɧɵɯ ɱɢɫɟɥ ɫɨɞɟɪɠɢɬɫɹ ɜ ɩɨɥɟ ɤɨɦɩɥɟɤɫɧɵɯ ɱɢɫɟɥ. 



92 

2. Ȼɭɞɟɦ ɨɬɨɠɞɟɫɬɜɥɹɬɶ ɩɚɪɵ ɤɨɦɩɥɟɤɫɧɵɯ ɱɢɫɟɥ, ɭ ɤɨɬɨɪɵɯ ɜɬɨɪɨɣ ɷɥɟɦɟɧɬ 
ɪɚɜɟɧ ɧɭɥɸ, ɫ ɩɟɪɜɵɦ ɷɥɟɦɟɧɬɨɦ ɢ ɧɚɡɵɜɚɬɶ ɞɟɣɫɬɜɢɬɟɥɶɧɵɦɢ ɤɨɦɩɥɟɤɫɧɵɦɢ 
ɱɢɫɥɚɦɢ: aa 0, . 

ȼ ɱɚɫɬɧɨɫɬɢ, .10,1;10,1;00,0   

Ɍɟɨɪɟɦɚ. ȼ ɩɨɥɟ ɤɨɦɩɥɟɤɫɧɵɯ ɱɢɫɟɥ ɪɚɡɪɟɲɢɦɨ ɭɪɚɜɧɟɧɢɟ 

 .312 z  

Ɂɚɦɟɱɚɧɢɹ. 1. Ɉɱɟɜɢɞɧɨ, ɪɟɲɟɧɢɟɦ ɭɪɚɜɧɟɧɢɹ  3  ɹɜɥɹɟɬɫɹ ɤɨɦɩɥɟɤɫɧɨɟ ɱɢɫɥɨ 

ɜɢɞɚ 1,0 , ɤɨɬɨɪɨɟ ɩɪɢɧɹɬɨ ɨɛɨɡɧɚɱɚɬɶ ɛɭɤɜɨɣ i  ɢ ɧɚɡɵɜɚɬɶ ɦɧɢɦɨɣ ɟɞɢɧɢɰɟɣ: 

.12 i  
2. ɉɚɪɵ ɤɨɦɩɥɟɤɫɧɵɯ ɱɢɫɟɥ, ɭ ɤɨɬɨɪɵɯ ɩɟɪɜɵɣ ɷɥɟɦɟɧɬ ɪɚɜɟɧ ɧɭɥɸ ɛɭɞɟɦ 

ɧɚɡɵɜɚɬɶ ɤɨɦɩɥɟɤɫɧɵɦɢ ɦɧɢɦɵɦɢ ɱɢɫɥɚɦɢ. 

Ɍɟɨɪɟɦɚ. ȼɫɹɤɨɟ ɤɨɦɩɥɟɤɫɧɨɟ ɱɢɫɥɨ ba,  ɦɨɠɧɨ ɩɪɟɞɫɬɚɜɢɬɶ ɜ ɜɢɞɟ: 
 .41,00,0,,  baba  

Ɂɚɦɟɱɚɧɢɹ.1. ɍɱɢɬɵɜɚɹ ɡɚɦɟɱɚɧɢɹ 1 ɢ 2, ɡɚɩɢɫɶ  4  ɦɨɠɧɨ ɩɪɟɞɫɬɚɜɢɬɶ ɜ ɜɢɞɟ: 
 .5, ibabaz   

Ɂɚɩɢɫɶ ɤɨɦɩɥɟɤɫɧɨɝɨ ɱɢɫɥɚ z  ɜ ɜɢɞɟ  5  ɧɚɡɵɜɚɸɬ ɚɥɝɟɛɪɚɢɱɟɫɤɨɣ ɮɨɪɦɨɣ 
ɤɨɦɩɥɟɤɫɧɨɝɨ ɱɢɫɥɚ. 

2. ɑɢɫɥɨ a  ɧɚɡɵɜɚɸɬ ɞɟɣɫɬɜɢɬɟɥɶɧɨɣ ɱɚɫɬɶɸ ɤɨɦɩɥɟɤɫɧɨɝɨ ɱɢɫɥɚ z , ɚ ɱɢɫɥɨ 

b  – ɦɧɢɦɨɣ ɢ ɨɛɨɡɧɚɱɚɸɬ: 
.Im,Re zbza   

Ɉɩɟɪɚɰɢɢ ɧɚɞ ɤɨɦɩɥɟɤɫɧɵɦɢ ɱɢɫɥɚɦɢ ɜ ɚɥɝɟɛɪɚɢɱɟɫɤɨɣ ɮɨɪɦɟ 
ɋɥɨɠɟɧɢɟ  

         6idbcaidciba   

ɍɦɧɨɠɟɧɢɟ 

         7icbdadbcaidciba   

Ⱦɟɥɟɧɢɟ 

 .8
)()(

22
dc

dicbia

dic

bia








 

ɋɜɨɣɫɬɜɨ 1. ȼ ɩɨɥɟ ɤɨɦɩɥɟɤɫɧɵɯ ɱɢɫɟɥ ɧɟɥɶɡɹ ɡɚɞɚɬɶ ɨɬɧɨɲɟɧɢɟ ɩɨɪɹɞɤɚ   ɬɚɤ, 
ɱɬɨɛɵ ɨɧɨ ɨɛɥɚɞɚɥɨ ɨɞɧɨɜɪɟɦɟɧɧɨ ɫɥɟɞɭɸɳɢɦɢ ɬɪɟɦɹ ɫɜɨɣɫɬɜɚɦɢ: 

ɚ) ɥɢɧɟɣɧɨɫɬɶ, ɬ.ɟ.:  
        ;, zuuzuzCuz    

ɛ) ɦɨɧɨɬɨɧɧɨɫɬɶ ɨɬɧɨɫɢɬɟɥɶɧɨ ɫɥɨɠɟɧɢɹ, ɬ.ɟ.:  
        ;,, zvzuvuCvuz    

ɜ) ɦɨɧɨɬɨɧɧɨɫɬɶ ɨɬɧɨɫɢɬɟɥɶɧɨ ɭɦɧɨɠɟɧɢɹ, ɬ.ɟ.: 
        .,, zvzuvuCvuz    

Ɂɚɦɟɱɚɧɢɹ. Эɬɨ ɫɜɨɣɫɬɜɨ ɮɚɤɬɢɱɟɫɤɢ ɨɡɧɚɱɚɟɬ, ɱɬɨ ɜ ɩɨɥɟ ɤɨɦɩɥɟɤɫɧɵɯ ɱɢɫɟɥ 
ɨɬɫɭɬɫɬɜɭɟɬ ɭɩɨɪɹɞɨɱɟɧɧɨɫɬɶ, ɬɚɤ ɤɚɤ ɧɚ ɱɢɫɥɨɜɵɯ ɦɧɨɠɟɫɬɜɚɯ ɢɦɟɟɬ ɫɦɵɫɥ 
ɪɚɫɫɦɚɬɪɢɜɚɬɶ ɨɬɧɨɲɟɧɢɟ ɩɨɪɹɞɤɚ ɬɨɥɶɤɨ ɜ ɬɨɦ ɫɥɭɱɚɟ, ɤɨɝɞɚ ɨɧɨ ɨɛɥɚɞɚɟɬ 
ɭɤɚɡɚɧɧɵɦɢ ɬɪɟɦɹ ɫɜɨɣɫɬɜɚɦɢ. Ɍɚɤɢɦ ɨɛɪɚɡɨɦ, ɞɜɚ ɤɨɦɩɥɟɤɫɧɵɯ ɱɢɫɥɚ (ɟɫɥɢ ɬɨɥɶɤɨ 
ɨɧɢ ɨɛɚ ɧɟ ɩɪɢɧɚɞɥɟɠɚɬ ɦɧɨɠɟɫɬɜɭ ɞɟɣɫɬɜɢɬɟɥɶɧɵɯ ɱɢɫɟɥ) ɧɟ ɫɪɚɜɧɢɦɵ ɦɟɠɞɭ ɫɨɛɨɣ, 
ɬ.ɟ. ɧɟɥɶɡɹ ɫɤɚɡɚɬɶ, ɱɬɨ ɨɞɧɨ ɢɡ ɧɢɯ ɛɨɥɶɲɟ ɞɪɭɝɨɝɨ. 

2. Ʉɨɦɩɥɟɤɫɧɨɟ ɫɨɩɪɹɠɟɧɢɟ ɢ ɟɝɨ ɫɜɨɣɫɬɜɚ 

Ɉɩɪɟɞɟɥɟɧɢɟ. Ⱦɥɹ ɤɨɦɩɥɟɤɫɧɨɝɨ ɱɢɫɥɚ ibaz   ɱɢɫɥɨ ibaz   ɧɚɡɵɜɚɟɬɫɹ 
ɤɨɦɩɥɟɤɫɧɨ ɫɨɩɪɹɠɟɧɧɵɦ ɱɢɫɥɨɦ. 
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ɋɜɨɣɫɬɜɨ 2. ɋɭɦɦɚ ɢ ɩɪɨɢɡɜɟɞɟɧɢɟ ɤɨɦɩɥɟɤɫɧɨ ɫɨɩɪɹɠɟɧɧɵɯ ɱɢɫɟɥ ɟɫɬɶ ɱɢɫɥɚ 
ɞɟɣɫɬɜɢɬɟɥɶɧɵɟ: 

   
    .

;2
22

Rbaibaibazz

Raibaibazz




 

ɋɜɨɣɫɬɜɨ 3. Ʉɨɦɩɥɟɤɫɧɨɟ ɱɢɫɥɨ z  ɫɨɩɪɹɠɟɧɨ ɫɚɦɨ ɫ ɫɨɛɨɣ ɬɨɝɞɚ ɢ ɬɨɥɶɤɨ ɬɨɝɞɚ, 
ɤɨɝɞɚ ɨɧɨ ɹɜɥɹɟɬɫɹ ɞɟɣɫɬɜɢɬɟɥɶɧɵɦ ɱɢɫɥɨɦ: 

.Rzzz   

ɋɜɨɣɫɬɜɨ 4. ɑɢɫɥɨ, ɤɨɦɩɥɟɤɫɧɨ ɫɨɩɪɹɠɟɧɧɨɟ ɫ ɱɢɫɥɨɦ z , ɫɨɜɩɚɞɚɟɬ ɫ z : 

.zz   
Ɂɚɦɟɱɚɧɢɟ. ɋɥɟɞɭɸɳɢɟ ɫɜɨɣɫɬɜɚ ɨɬɧɨɫɹɬɫɹ ɤ ɩɪɢɦɟɧɟɧɢɸ ɤɨɦɩɥɟɤɫɧɨɝɨ 

ɫɨɩɪɹɠɟɧɢɹ ɤ ɨɩɟɪɚɰɢɹɦ ɧɚɞ ɤɨɦɩɥɟɤɫɧɵɦɢ ɱɢɫɥɚɦɢ. 
 
ɋɜɨɣɫɬɜɨ 5. ɑɢɫɥɨ, ɫɨɩɪɹɠɟɧɧɨɟ ɫɭɦɦɟ ɤɨɦɩɥɟɤɫɧɵɯ ɱɢɫɟɥ, ɪɚɜɧɨ ɫɭɦɦɟ ɱɢɫɟɥ, 

ɫɨɩɪɹɠɟɧɧɵɯ ɫɥɚɝɚɟɦɵɦ: 

11 zzzz  . 

ɋɜɨɣɫɬɜɨ 6. ɑɢɫɥɨ, ɫɨɩɪɹɠɟɧɧɨɟ ɩɪɨɢɡɜɟɞɟɧɢɸ ɤɨɦɩɥɟɤɫɧɵɯ ɱɢɫɟɥ, ɪɚɜɧɨ 
ɩɪɨɢɡɜɟɞɟɧɢɸ ɱɢɫɟɥ, ɫɨɩɪɹɠɟɧɧɵɯ ɫɨɦɧɨɠɢɬɟɥɹɦ: 

 

11 zzzz  . 

ɋɜɨɣɫɬɜɨ 7. ɑɢɫɥɨ, ɫɨɩɪɹɠɟɧɧɨɟ ɱɚɫɬɧɨɦɭ ɞɜɭɯ ɤɨɦɩɥɟɤɫɧɵɯ ɱɢɫɟɥ, ɪɚɜɧɨ 
ɱɚɫɬɧɨɦɭ ɱɢɫɟɥ, ɫɨɩɪɹɠɟɧɧɵɯ ɱɢɫɥɢɬɟɥɸ ɢ ɡɧɚɦɟɧɚɬɟɥɸ: 

.
11 z

z

z

z









  

ɋɜɨɣɫɬɜɨ 8. ɑɢɫɥɨ, ɫɨɩɪɹɠɟɧɧɨɟ ɫɬɟɩɟɧɢ ɤɨɦɩɥɟɤɫɧɨɝɨ ɱɢɫɥɚ z , ɪɚɜɧɨ ɫɬɟɩɟɧɢ 
ɫ ɬɟɦ ɠɟ ɩɨɤɚɡɚɬɟɥɟɦ ɨɬ ɱɢɫɥɚ, ɫɨɩɪɹɠɟɧɧɨɝɨ ɫɚɦɨɦɭ z : 

)( n
z  = ( z ) n . 

ɋɜɨɣɫɬɜɨ 9. Ɉɬɨɛɪɚɠɟɧɢɟ f , ɤɨɬɨɪɨɟ ɤɚɠɞɨɦɭ ɤɨɦɩɥɟɤɫɧɨɦɭ ɱɢɫɥɭ ɫɬɚɜɢɬ ɜ 
ɫɨɨɬɜɟɬɫɬɜɢɟ ɱɢɫɥɨ, ɟɦɭ ɫɨɩɪɹɠɟɧɧɨɟ: 

  ,: zzfCz   

ɹɜɥɹɟɬɫɹ ɢɡɨɦɨɪɮɧɵɦ ɨɬɨɛɪɚɠɟɧɢɟɦ ɩɨɥɹ ɤɨɦɩɥɟɤɫɧɵɯ ɱɢɫɟɥ ɧɚ ɫɟɛɹ. 
3. Ɍɪɢɝɨɧɨɦɟɬɪɢɱɟɫɤɚɹ ɮɨɪɦɚ ɤɨɦɩɥɟɤɫɧɨɝɨ ɱɢɫɥɚ 
Ɍɚɤ ɤɚɤ ɤɨɦɩɥɟɤɫɧɵɟ ɱɢɫɥɚ ɩɪɟɞɫɬɚɜɥɹɸɬ ɫɨɛɨɣ ɭɩɨɪɹɞɨɱɟɧɧɵɟ ɩɚɪɵ 

ɞɟɣɫɬɜɢɬɟɥɶɧɵɯ ɱɢɫɟɥ, ɬɨ ɨɱɟɜɢɞɧɨ, ɱɬɨ ɫɭɳɟɫɬɜɭɟɬ ɜɡɚɢɦɧɨ-ɨɞɧɨɡɧɚɱɧɨɟ 
ɫɨɨɬɜɟɬɫɬɜɢɟ ɦɟɠɞɭ ɦɧɨɠɟɫɬɜɨɦ ɜɫɟɯ ɤɨɦɩɥɟɤɫɧɵɯ ɱɢɫɟɥ ɢ ɦɧɨɠɟɫɬɜɨɦ ɜɫɟɯ ɬɨɱɟɤ 
ɩɥɨɫɤɨɫɬɢ  R  R, ɡɚɞɚɧɧɵɯ ɞɜɭɦɹ ɞɟɣɫɬɜɢɬɟɥɶɧɵɦɢ ɞɟɤɚɪɬɨɜɵɦɢ ɤɨɨɪɞɢɧɚɬɚɦɢ. 
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ɉɭɫɬɶ ɤɨɦɩɥɟɤɫɧɨɟ ɱɢɫɥɨ ibaz   ɢɡɨɛɪɚɠɟɧɨ ɧɚ ɩɥɨɫɤɨɫɬɢ ɬɨɱɤɨɣ  baA ,  

(ɪɢɫɭɧɨɤ 1). Ɉɫɶ ɚɛɫɰɢɫɫ, ɩɨ ɤɨɬɨɪɨɣ ɨɬɤɥɚɞɵɜɚɟɬɫɹ ɱɢɫɥɨ za Re , ɧɚɡɵɜɚɟɬɫɹ 
ɞɟɣɫɬɜɢɬɟɥɶɧɨɣ ɨɫɶɸ, ɚ ɨɫɶ ɨɪɞɢɧɚɬ, ɩɨ ɤɨɬɨɪɨɣ ɨɬɤɥɚɞɵɜɚɟɬɫɹ ɱɢɫɥɨ zb Im  – 

ɦɧɢɦɨɣ ɨɫɶɸ. 
Ʉɚɤ ɢɡɜɟɫɬɧɨ, ɬɨɱɤɭ ɧɚ ɩɥɨɫɤɨɫɬɢ ɦɨɠɧɨ ɡɚɞɚɬɶ ɧɟ ɬɨɥɶɤɨ ɜ ɞɟɤɚɪɬɨɜɨɣ ɫɢɫɬɟɦɟ 

ɤɨɨɪɞɢɧɚɬ, ɧɨ ɢ, ɧɚɩɪɢɦɟɪ, ɜ ɩɨɥɹɪɧɨɣ  ,r , ɝɞɟ r  – ɪɚɞɢɭɫ-ɜɟɤɬɨɪ ɬɨɱɤɢ A ,   – 

ɭɝɨɥ ɦɟɠɞɭ ɪɚɞɢɭɫ-ɜɟɤɬɨɪɨɦ ɢ ɩɨɥɨɠɢɬɟɥɶɧɵɦ ɧɚɩɪɚɜɥɟɧɢɟɦ ɨɫɢ ɚɛɫɰɢɫɫ. 
ɋɜɹɡɶ ɦɟɠɞɭ ɞɟɤɚɪɬɨɜɵɦɢ ɢ ɩɨɥɹɪɧɵɦɢ ɤɨɨɪɞɢɧɚɬɚɦɢ ɬɨɱɤɢ A  ɦɨɠɧɨ ɩɨɥɭɱɢɬɶ 

ɢɡ ABC  ɩɨ ɬɟɨɪɟɦɟ ɉɢɮɚɝɨɪɚ (ɪɢɫ.1). 

 

.sin

1,cos

,, 22222

r

b

r

a

barbar









  

ȼɵɪɚɠɚɹ ɡɧɚɱɟɧɢɹ bɢa  ɢɡ ɪɚɜɟɧɫɬɜ  1  ɢ ɭɱɢɬɵɜɚɹ, ɱɬɨ ibaz  , ɩɨɥɭɱɢɦ: 
   .2sincos   irz  

Ɉɩɪɟɞɟɥɟɧɢɟ Ɂɚɩɢɫɶ ɤɨɦɩɥɟɤɫɧɨɝɨ ɱɢɫɥɚ ɜ ɜɢɞɟ  2  ɧɚɡɵɜɚɟɬɫɹ 
ɬɪɢɝɨɧɨɦɟɬɪɢɱɟɫɤɨɣ ɮɨɪɦɨɣ ɤɨɦɩɥɟɤɫɧɨɝɨ ɱɢɫɥɚ. 

Ⱦɥɹ ɜɫɹɤɨɝɨ ɤɨɦɩɥɟɤɫɧɨɝɨ ɱɢɫɥɚ 0z  ɞɟɣɫɬɜɢɬɟɥɶɧɨɟ ɱɢɫɥɨ r , ɨɩɪɟɞɟɥɟɧɧɨɟ 
ɩɟɪɜɵɦ ɢɡ ɪɚɜɟɧɫɬɜ  1 , ɧɚɡɵɜɚɟɬɫɹ ɦɨɞɭɥɟɦ ɤɨɦɩɥɟɤɫɧɨɝɨ ɱɢɫɥɚ z , ɚ ɞɟɣɫɬɜɢɬɟɥɶɧɨɟ 
ɱɢɫɥɨ  , ɨɩɪɟɞɟɥɟɧɧɨɟ ɜɬɨɪɵɦ ɢ ɬɪɟɬɶɢɦ ɪɚɜɟɧɫɬɜɚɦɢ, ɧɚɡɵɜɚɟɬɫɹ ɚɪɝɭɦɟɧɬɨɦ 
ɱɢɫɥɚ z : 

., zArgzr    

Ɂɚɦɟɱɚɧɢɹ. 1. Ⱦɥɹ ɤɨɦɩɥɟɤɫɧɨɝɨ ɱɢɫɥɚ, ɪɚɜɧɨɝɨ ɧɭɥɸ, ɦɨɞɭɥɶ ɨɞɧɨɡɧɚɱɧɨ ɧɟ 
ɨɩɪɟɞɟɥɟɧ. ȼ ɤɚɱɟɫɬɜɟ ɦɨɞɭɥɹ ɦɨɠɟɬ ɜɵɫɬɭɩɚɬɶ ɥɸɛɨɟ ɞɟɣɫɬɜɢɬɟɥɶɧɨɟ ɱɢɫɥɨ. 

2. Ⱥɪɝɭɦɟɧɬ ɤɨɦɩɥɟɤɫɧɨɝɨ ɱɢɫɥɚ z  ɨɩɪɟɞɟɥɟɧ ɨɞɧɨɡɧɚɱɧɨ ɫ ɬɨɱɧɨɫɬɶɸ ɞɨ 
ɩɟɪɢɨɞɚ, ɬ.ɟ., ɫ ɬɨɱɧɨɫɬɶɸ ɞɨ ɰɟɥɨɝɨ ɤɪɚɬɧɨɝɨ 2 . Эɬɨ ɨɡɧɚɱɚɟɬ, ɱɬɨ ɟɫɥɢ 

.2, zArgkɢɬɨzArg    

3. Ʉɨɦɩɥɟɤɫɧɨ ɫɨɩɪɹɠɟɧɧɵɟ ɱɢɫɥɚ ɢɦɟɸɬ ɨɞɢɧɚɤɨɜɵɟ ɦɨɞɭɥɢ, ɚɪɝɭɦɟɧɬɵ ɢɯ 
ɨɬɥɢɱɚɸɬɫɹ ɬɨɥɶɤɨ ɡɧɚɤɨɦ. Ƚɟɨɦɟɬɪɢɱɟɫɤɢ ɨɧɢ ɩɪɟɞɫɬɚɜɥɹɸɬ ɫɨɛɨɣ ɬɨɱɤɢ ɩɥɨɫɤɨɫɬɢ, 
ɫɢɦɦɟɬɪɢɱɧɵɟ ɨɬɧɨɫɢɬɟɥɶɧɨ ɨɫɢ OX  ɜ ɞɟɤɚɪɬɨɜɨɣ ɫɢɫɬɟɦɟ ɤɨɨɪɞɢɧɚɬ. 

Ɍɟɨɪɟɦɚ 1. ȼɫɹɤɨɟ ɤɨɦɩɥɟɤɫɧɨɟ ɱɢɫɥɨ ɦɨɠɧɨ ɩɪɟɞɫɬɚɜɢɬɶ ɜ ɬɪɢɝɨɧɨɦɟɬɪɢɱɟɫɤɨɣ 
ɮɨɪɦɟ  2  ɢ ɩɪɢɬɨɦ ɟɞɢɧɫɬɜɟɧɧɵɦ ɨɛɪɚɡɨɦ (ɫ ɭɱɟɬɨɦ ɡɚɦɟɱɚɧɢɹ 1). 

Ⱦɟɣɫɬɜɢɹ ɧɚɞ ɤɨɦɩɥɟɤɫɧɵɦɢ ɱɢɫɥɚɦɢ ɜ ɬɪɢɝɨɧɨɦɟɬɪɢɱɟɫɤɨɣ ɮɨɪɦɟ ɩɪɢɦɭɬ 
ɫɥɟɞɭɸɳɢɣ ɜɢɞ. 

ɉɭɫɬɶ z  ɢ 1z  – ɞɜɚ ɤɨɦɩɥɟɤɫɧɵɯ ɱɢɫɥɚ, ɡɚɩɢɫɚɧɧɵɯ ɜ ɬɪɢɝɨɧɨɦɟɬɪɢɱɟɫɤɨɣ 
ɮɨɪɦɟ: 

   .sincos,sincos 1   izirz  

Ɍɟɨɪɟɦɚ 2. ɑɬɨɛɵ ɧɚɣɬɢ ɩɪɨɢɡɜɟɞɟɧɢɟ ɞɜɭɯ ɤɨɦɩɥɟɤɫɧɵɯ ɱɢɫɟɥ, ɡɚɩɢɫɚɧɧɵɯ ɜ 
ɬɪɢɝɨɧɨɦɟɬɪɢɱɟɫɤɨɣ ɮɨɪɦɟ, ɧɭɠɧɨ ɢɯ ɦɨɞɭɥɢ ɩɟɪɟɦɧɨɠɢɬɶ, ɚ ɚɪɝɭɦɟɧɬɵ ɫɥɨɠɢɬɶ: 
 

      .3sincos1   irzz  

Ɍɟɨɪɟɦɚ3. ɑɬɨɛɵ ɪɚɡɞɟɥɢɬɶ ɤɨɦɩɥɟɤɫɧɨɟ ɱɢɫɥɨ   sincos  irz  

ɧɚ ɧɟɧɭɥɟɜɨɟ ɤɨɦɩɥɟɤɫɧɨɟ ɱɢɫɥɨ   sincos1  iz , ɧɭɠɧɨ ɦɨɞɭɥɶ ɩɟɪɜɨɝɨ 
ɱɢɫɥɚ ɪɚɡɞɟɥɢɬɶ ɧɚ ɦɨɞɭɥɶ ɜɬɨɪɨɝɨ,  ɚ ɢɡ ɚɪɝɭɦɟɧɬɚ ɩɟɪɜɨɝɨ ɱɢɫɥɚ ɜɵɱɟɫɬɶ ɚɪɝɭɦɟɧɬ 
ɜɬɨɪɨɝɨ: 
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 .4)]sin()[cos(
1




 i
r

z

z
 

Ɉɩɪɟɞɟɥɟɧɢɟ. ɇɚɬɭɪɚɥɶɧɚɹ ɫɬɟɩɟɧɶ ɤɨɦɩɥɟɤɫɧɨɝɨ ɱɢɫɥɚ  z  0  ɨɩɪɟɞɟɥɹɟɬɫɹ 
ɪɟɤɭɪɪɟɧɬɧɨ: 

,,

,1
1

0

Nnzzz

z

nn 




 

ɟɫɥɢ z n  ɨɩɪɟɞɟɥɟɧɨ. 
Ɍɟɨɪɟɦɚ 4. ɑɬɨɛɵ ɜɨɡɜɟɫɬɢ ɤɨɦɩɥɟɤɫɧɨɟ ɱɢɫɥɨ, ɡɚɩɢɫɚɧɧɨɟ ɜ 

ɬɪɢɝɨɧɨɦɟɬɪɢɱɟɫɤɨɣ ɮɨɪɦɟ, ɜ ɫɬɟɩɟɧɶ ɫ ɧɚɬɭɪɚɥɶɧɵɦ ɩɨɤɚɡɚɬɟɥɟɦ, ɧɭɠɧɨ ɦɨɞɭɥɶ 
ɷɬɨɝɨ ɱɢɫɥɚ ɜɨɡɜɟɫɬɢ ɜ ɫɬɟɩɟɧɶ, ɚ ɚɪɝɭɦɟɧɬ ɭɦɧɨɠɢɬɶ ɧɚ ɩɨɤɚɡɚɬɟɥɶ ɫɬɟɩɟɧɢ: 

      .5sincos  ninrz
nn   

Ɂɚɦɟɱɚɧɢɟ. Ɋɚɜɟɧɫɬɜɨ  5  ɩɨɥɭɱɢɥɨ ɬɚɤɠɟ ɧɚɡɜɚɧɢɟ ɮɨɪɦɭɥɵ Ɇɭɚɜɪɚ, ɩɨ 
ɢɦɟɧɢ ɭɱɟɧɨɝɨ, ɤɨɬɨɪɵɣ ɟɟ ɨɛɨɫɧɨɜɚɥ. 

Ɉɱɟɜɢɞɧɨ, ɱɬɨ ɜ ɪɹɞɟ ɫɥɭɱɚɟɜ, ɤɨɝɞɚ ɧɟɨɛɯɨɞɢɦɨ ɜɵɩɨɥɧɢɬɶ ɞɟɣɫɬɜɢɹ ɫɨ 
ɫɬɟɩɟɧɹɦɢ ɤɨɦɩɥɟɤɫɧɵɯ ɱɢɫɟɥ, ɛɨɥɟɟ ɪɚɰɢɨɧɚɥɶɧɨ ɢɫɩɨɥɶɡɨɜɚɬɶ ɢɦɟɧɧɨ 
ɬɪɢɝɨɧɨɦɟɬɪɢɱɟɫɤɭɸ ɮɨɪɦɭ ɡɚɩɢɫɢ. 

Ɍɪɢɝɨɧɨɦɟɬɪɢɱɟɫɤɢɟ ɢ ɩɨɤɚɡɚɬɟɥɶɧɚɹ ɮɭɧɤɰɢɢ ɜ ɨɛɥɚɫɬɢ ɤɨɦɩɥɟɤɫɧɵɯ ɱɢɫɟɥ 
ɫɜɹɡɚɧɵ ɦɟɠɞɭ ɫɨɛɨɣ ɮɨɪɦɭɥɨɣ  

 ,6sincos 
ie

i    

ɤɨɬɨɪɚɹ ɧɨɫɢɬ ɧɚɡɜɚɧɢɟ ɮɨɪɦɭɥɵ Эɣɥɟɪɚ. Ɉɛɨɫɧɨɜɚɬɶ ɟɟ ɦɨɠɧɨ ɫ ɩɨɦɨɳɶɸ ɬɟɨɪɢɢ 
ɫɬɟɩɟɧɧɵɯ ɪɹɞɨɜ. Эɬɚ ɬɟɨɪɢɹ ɛɭɞɟɬ ɢɡɥɨɠɟɧɚ ɜ ɤɭɪɫɟ ɦɚɬɟɦɚɬɢɱɟɫɤɨɝɨ ɚɧɚɥɢɡɚ.  

ɉɭɫɬɶ ɤɨɦɩɥɟɤɫɧɨɟ ɱɢɫɥɨ z  ɜ ɬɪɢɝɨɧɨɦɟɬɪɢɱɟɫɤɨɣ ɮɨɪɦɟ ɢɦɟɟɬ ɜɢɞ: 
)sin(cos  irz  . 

ɇɚ ɨɫɧɨɜɚɧɢɢ ɮɨɪɦɭɥɵ Эɣɥɟɪɚ ɜɵɪɚɠɟɧɢɟ ɜ ɫɤɨɛɤɚɯ ɦɨɠɧɨ ɡɚɦɟɧɢɬɶ ɧɚ 
ɩɨɤɚɡɚɬɟɥɶɧɨɟ ɜɵɪɚɠɟɧɢɟ. ȼ ɪɟɡɭɥɶɬɚɬɟ ɩɨɥɭɱɢɦ: 

 .7i
rez    

Эɬɚ ɡɚɩɢɫɶ ɧɚɡɵɜɚɟɬɫɹ ɩɨɤɚɡɚɬɟɥɶɧɨɣ ɮɨɪɦɨɣ ɤɨɦɩɥɟɤɫɧɨɝɨ ɱɢɫɥɚ. Ɍɚɤ ɠɟ, ɤɚɤ 
ɢ ɜ ɬɪɢɝɨɧɨɦɟɬɪɢɱɟɫɤɨɣ ɮɨɪɦɟ, ɡɞɟɫɶ 

., zArgzr    

4. ɇɚɯɨɠɞɟɧɢɟ ɡɧɚɱɟɧɢɣ ɤɨɪɧɹ n-ɣ ɫɬɟɩɟɧɢ ɢɡ ɤɨɦɩɥɟɤɫɧɨɝɨ ɱɢɫɥɚ. 
ɉɟɪɜɨɨɛɪɚɡɧɵɣ ɤɨɪɟɧɶ n-ɣ ɫɬɟɩɟɧɢ ɢɡ ɟɞɢɧɢɰɵ 

Ɉɩɪɟɞɟɥɟɧɢɟ Ʉɨɪɧɟɦ n – ɧɨɣ ɫɬɟɩɟɧɢ ɢɡ ɤɨɦɩɥɟɤɫɧɨɝɨ ɱɢɫɥɚ z   ɧɚɡɵɜɚɟɬɫɹ 

ɬɚɤɨɟ ɤɨɦɩɥɟɤɫɧɨɟ ɱɢɫɥɨ n zu  , ɞɥɹ ɤɨɬɨɪɨɝɨ ɜɵɩɨɥɧɹɟɬɫɹ ɪɚɜɟɧɫɬɜɨ: 
.zu

n   
ȼ ɩɨɥɟ ɤɨɦɩɥɟɤɫɧɵɯ ɱɢɫɟɥ ɫɩɪɚɜɟɞɥɢɜɚ ɫɥɟɞɭɸɳɚɹ ɬɟɨɪɟɦɚ. 
Ɍɟɨɪɟɦɚ 5. ȼ ɩɨɥɟ ɤɨɦɩɥɟɤɫɧɵɯ ɱɢɫɟɥ ɫɭɳɟɫɬɜɭɟɬ ɪɨɜɧɨ n  ɪɚɡɥɢɱɧɵɯ ɡɧɚɱɟɧɢɣ 

ɤɨɪɧɹ n – ɧɨɣ ɫɬɟɩɟɧɢ ɢɡ ɥɸɛɨɝɨ ɧɟɧɭɥɟɜɨɝɨ ɱɢɫɥɚ   sincos  irz  – 

110 ,...,, nuuu ,  ɤɨɬɨɪɵɟ ɦɨɠɧɨ ɧɚɣɬɢ ɩɨ ɮɨɪɦɭɥɟ: 

 .10}1,...,1,0{),
2

sin
2

(cos 





 nn
n

k
i

n

k
ru k

k


. 

Ɂɚɦɟɱɚɧɢɹ.1. Ƚɟɨɦɟɬɪɢɱɟɫɤɢ ɜɫɟ ɡɧɚɱɟɧɢɹ ɤɨɪɧɹ n – ɧɨɣ ɫɬɟɩɟɧɢ ɢɡ 
ɤɨɦɩɥɟɤɫɧɨɝɨ ɱɢɫɥɚ z  ɪɚɫɩɨɥɨɠɟɧɵ ɜ ɜɟɪɲɢɧɚɯ ɩɪɚɜɢɥɶɧɨɝɨ n – ɭɝɨɥɶɧɢɤɚ, 
ɜɩɢɫɚɧɧɨɝɨ ɜ ɨɤɪɭɠɧɨɫɬɶ ɫ ɰɟɧɬɪɨɦ ɜ ɧɚɱɚɥɟ ɤɨɨɪɞɢɧɚɬ ɢ ɪɚɞɢɭɫɨɦ, ɪɚɜɧɵɦ ɦɨɞɭɥɸ 
ɱɢɫɥɚ z . 

2. Ɉɫɨɛɨɟ ɡɧɚɱɟɧɢɟ ɢɦɟɸɬ ɤɨɪɧɢ n – ɧɨɣ ɫɬɟɩɟɧɢ ɢɡ ɟɞɢɧɢɰɵ, ɞɥɹ ɧɚɯɨɠɞɟɧɢɹ 
ɤɨɬɨɪɵɯ ɮɨɪɦɭɥɚ  6  ɦɨɞɢɮɢɰɢɪɭɟɬɫɹ ɫɥɟɞɭɸɳɢɦ ɨɛɪɚɡɨɦ: 



96 

 .11}1,...,1,0{,
2

sin
2

cos  nn
n

k
i

n

k
k

  

ɢ ɤɨɬɨɪɵɟ ɪɚɫɩɨɥɨɠɟɧɵ ɜ ɜɟɪɲɢɧɚɯ ɩɪɚɜɢɥɶɧɨɝɨ n – ɭɝɨɥɶɧɢɤɚ, ɜɩɢɫɚɧɧɨɝɨ ɜ 
ɨɤɪɭɠɧɨɫɬɶ ɫ ɰɟɧɬɪɨɦ ɜ ɧɚɱɚɥɟ ɤɨɨɪɞɢɧɚɬ ɟɞɢɧɢɱɧɨɝɨ ɪɚɞɢɭɫɚ, ɩɪɢɱɟɦ ɨɞɧɨ ɢɡ 
ɡɧɚɱɟɧɢɣ ɥɟɠɢɬ ɧɚ ɨɫɢ OX , ɚ ɤɚɠɞɨɟ ɫɥɟɞɭɸɳɟɟ ɩɨɥɭɱɚɟɬɫɹ ɢɡ ɩɪɟɞɵɞɭɳɟɝɨ 

ɩɨɜɨɪɨɬɨɦ ɧɚ ɭɝɨɥ, ɪɚɜɧɵɣ 
n

2
. 

Ɉɩɪɟɞɟɥɟɧɢɟ Ɂɧɚɱɟɧɢɟ k  ɤɨɪɧɹ n – ɧɨɣ ɫɬɟɩɟɧɢ ɢɡ ɟɞɢɧɢɰɵ ɧɚɡɵɜɚɟɬɫɹ 
ɩɟɪɜɨɨɛɪɚɡɧɵɦ ɤɨɪɧɟɦ, ɟɫɥɢ ɜɫɟ ɫɬɟɩɟɧɢ ɱɢɫɥɚ k  ɨɬ ɧɭɥɟɜɨɣ ɞɨ  1n -ɨɣ ɪɚɡɥɢɱɧɵ ɢ 
ɢɫɱɟɪɩɵɜɚɸɬ ɜɫɟ ɡɧɚɱɟɧɢɹ ɤɨɪɧɹ n – ɧɨɣ ɫɬɟɩɟɧɢ ɢɡ ɟɞɢɧɢɰɵ. 

Ɍɟɨɪɟɦɚ 6. Ʉɨɪɧɢ n – ɧɨɣ ɫɬɟɩɟɧɢ ɢɡ ɟɞɢɧɢɰɵ ɨɛɪɚɡɭɸɬ ɦɭɥɶɬɢɩɥɢɤɚɬɢɜɧɭɸ 
ɚɛɟɥɟɜɭ ɝɪɭɩɩɭ. 

Ɍɟɨɪɟɦɚ 7. ȿɫɥɢ ku  – ɨɞɧɨ ɢɡ ɡɧɚɱɟɧɢɣ ɤɨɪɧɹ n – ɧɨɣ ɫɬɟɩɟɧɢ ɢɡ ɤɨɦɩɥɟɤɫɧɨɝɨ 
ɱɢɫɥɚ z , ɬɨ ɜɫɟ ɨɫɬɚɥɶɧɵɟ ɟɝɨ ɡɧɚɱɟɧɢɹ ɦɨɠɧɨ ɩɨɥɭɱɢɬɶ, ɭɦɧɨɠɚɹ ɱɢɫɥɨ ku  ɧɚ 
ɪɚɡɥɢɱɧɵɟ ɫɬɟɩɟɧɢ ɩɟɪɜɨɨɛɪɚɡɧɨɝɨ ɤɨɪɧɹ ɢɡ ɟɞɢɧɢɰɵ. 

 
Ɍɟɦɚ. Ⱥɥɝɟɛɪɵ ɧɚɞ ɩɨɥɟɦ ɞɟɣɫɬɜɢɬɟɥɶɧɵɯ ɱɢɫɟɥ 

ɉɥɚɧ 
1. Ⱥɫɫɨɰɢɚɬɢɜɧɵɟ ɚɥɝɟɛɪɵ. 
2. Ɍɟɨɪɟɦɚ Ɏɪɨɛɟɧɢɭɫɚ. 
3. Ⱦɭɚɥɶɧɵɟ ɢ ɞɜɨɣɧɵɟ ɱɢɫɥɚ (ɚɫɫɨɰɢɚɬɢɜɧɵɟ ɚɥɝɟɛɪɵ ɧɚɞ ɩɨɥɟɦ 

ɞɟɣɫɬɜɢɬɟɥɶɧɵɯ ɱɢɫɟɥ ɪɚɡɦɟɪɧɨɫɬɢ 2). 
1. Ⱥɫɫɨɰɢɚɬɢɜɧɵɟ ɚɥɝɟɛɪɵ 

Ɉɩɪɟɞɟɥɟɧɢɟ. Ⱥɥɝɟɛɪɨɣ Ⱥ ɧɚɞ ɩɨɥɟɦ Ʉ ɢɥɢ Ʉ-ɚɥɝɟɛɪɨɣ ɧɚɡɵɜɚɟɬɫɹ ɥɢɧɟɣɧɨɟ 
ɩɪɨɫɬɪɚɧɫɬɜɨ Ⱥ ɧɚɞ ɩɨɥɟɦ Ʉ, ɜ ɤɨɬɨɪɨɦ ɨɩɪɟɞɟɥɟɧɚ ɛɢɧɚɪɧɚɹ ɨɩɟɪɚɰɢɹ ɭɦɧɨɠɟɧɢɹ 
ɜɟɤɬɨɪɨɜ, ɭɞɨɜɥɟɬɜɨɪɹɸɳɚɹ ɫɥɟɞɭɸɳɢɦ ɚɤɫɢɨɦɚɦ: 

 
 

     .,,.3

,,.2

,,.1

babaabKAba

cabaacbAcba

acabcbaAcba

 



 

Ɉɩɪɟɞɟɥɟɧɢɟ. Ⱥɥɝɟɛɪɚ Ⱥ ɧɚɞ ɩɨɥɟɦ Ʉ ɧɚɡɵɜɚɟɬɫɹ ɚɫɫɨɰɢɚɬɢɜɧɨɣ, ɟɫɥɢ 

    .,, cabbcaAcba   

Ɉɩɪɟɞɟɥɟɧɢɟ. Ⱥɥɝɟɛɪɚ Ⱥ ɧɚɞ ɩɨɥɟɦ Ʉ ɧɚɡɵɜɚɟɬɫɹ ɤɨɦɦɭɬɚɬɢɜɧɨɣ, ɟɫɥɢ 

., baabAba   

Ɉɩɪɟɞɟɥɟɧɢɟ. Ⱥɥɝɟɛɪɚ Ⱥ ɧɚɞ ɩɨɥɟɦ Ʉ ɧɚɡɵɜɚɟɬɫɹ ɚɥɝɟɛɪɨɣ ɫ ɞɟɥɟɧɢɟɦ, ɟɫɥɢ 

0,  aAba  ɪɚɡɪɟɲɢɦɵ ɭɪɚɜɧɟɧɢɹ bax   ɢ bxa   

Ɉɩɪɟɞɟɥɟɧɢɟ. Ɋɚɧɝɨɦ ɚɥɝɟɛɪɨɣ Ⱥ ɧɚɞ ɩɨɥɟɦ Ʉ ɧɚɡɵɜɚɟɬɫɹ ɪɚɡɦɟɪɧɨɫɬɶ 
ɥɢɧɟɣɧɨɝɨ ɩɪɨɫɬɪɚɧɫɬɜɚ Ⱥ ɧɚɞ ɩɨɥɟɦ Ʉ ɜ ɫɥɭɱɚɟ ɟɝɨ ɤɨɧɟɱɧɨɦɟɪɧɨɫɬɢ. 

ɉɪɢɦɟɪɵ: 
1.  KM n  - ɚɥɝɟɛɪɚ ɤɜɚɞɪɚɬɧɵɯ ɦɚɬɪɢɰ n-ɨɝɨ ɩɨɪɹɞɤɚ ɧɚɞ ɩɨɥɟɦ Ʉ, ɝɞɟ 
   2:dim nKKM

n
 . 

2. C  - ɚɥɝɟɛɪɚ ɧɚɞ ɩɨɥɟɦ R, ɝɞɟ   2:dim RC . 

3. H  - ɚɥɝɟɛɪɚ ɧɚɞ ɩɨɥɟɦ C , ɝɞɟ   2:dim CH . 

Ɉɩɪɟɞɟɥɟɧɢɟ. Ⱥɥɝɟɛɪɵ Ⱥ ɢ ȼ ɧɚɞ ɩɨɥɟɦ Ʉ ɧɚɡɵɜɚɸɬɫɹ ɢɡɨɦɨɪɮɧɵɦɢ, ɟɫɥɢ 
ɫɭɳɟɫɬɜɭɟɬ ɛɢɟɤɬɢɜɧɨɟ ɨɬɨɛɪɚɠɟɧɢɟ BA: ,ɭɞɨɜɥɟɬɜɨɪɹɸɳɟɟ ɭɫɥɨɜɢɹɦ: 

     
     

   .,.3

,.2

,.1

aaKAa

babaAba

babaAba








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ɉɪɢɦɟɪ. Ⱥɥɝɟɛɪɚ ɤɜɚɞɪɚɬɧɵɯ ɦɚɬɪɢɰ n-ɨɝɨ ɩɨɪɹɞɤɚ ɧɚɞ ɩɨɥɟɦ Ʉ ɢ ɥɢɧɟɣɧɨɟ 
ɩɪɨɫɬɪɚɧɫɬɜɨ ɥɢɧɟɣɧɵɯ ɨɩɟɪɚɬɨɪɨɜ n-ɦɟɪɧɨɝɨ ɥɢɧɟɣɧɨɝɨ ɩɪɨɫɬɪɚɧɫɬɜɚ ɧɚɞ ɩɨɥɟɦ Ʉ 
(ɤɚɠɞɨɦɭ ɨɩɟɪɚɬɨɪɭ ɦɨɠɧɨ ɩɨɫɬɚɜɢɬɶ ɜ ɫɨɨɬɜɟɬɫɬɜɢɟ ɟɝɨ ɦɚɬɪɢɰɭ ɜ ɧɟɤɨɬɨɪɨɦ 
ɮɢɤɫɢɪɨɜɚɧɧɨɦ ɛɚɡɢɫɟ). 

2. Ɍɟɨɪɟɦɚ Ɏɪɨɛɟɧɢɭɫɚ 

Ɍɟɨɪɟɦɚ Ɏɪɨɛɟɧɢɭɫɚ. ȿɞɢɧɫɬɜɟɧɧɵɦɢ ɫ ɬɨɱɧɨɫɬɶɸ ɞɨ ɢɡɨɦɨɪɮɢɡɦɚ 
ɤɨɧɟɱɧɨɦɟɪɧɵɦɢ ɚɫɫɨɰɢɚɬɢɜɧɵɦɢ ɚɥɝɟɛɪɚɦɢ ɫ ɞɟɥɟɧɢɟɦ ɧɚɞ ɩɨɥɟɦ ɞɟɣɫɬɜɢɬɟɥɶɧɵɯ 
ɱɢɫɟɥ ɹɜɥɹɸɬɫɹ ɚɥɝɟɛɪɵ HCR ,, . 

Ⱦɨɤɚɡɚɬɟɥɶɫɬɜɨ. 
ɉɭɫɬɶ A  - ɤɨɧɟɱɧɨɦɟɪɧɚɹ ɚɫɫɨɰɢɚɬɢɜɧɚɹ ɚɥɝɟɛɪɚ ɫ ɞɟɥɟɧɢɟɦ ɧɚɞ ɩɨɥɟɦ 

ɞɟɣɫɬɜɢɬɟɥɶɧɵɯ ɱɢɫɟɥ ɢ   nRA : . ȼɨɡɦɨɠɧɵ ɫɥɭɱɚɢ: 
1. 1n . Ɍɨɝɞɚ RA  . 
2. 1n . Ɍɨɝɞɚ ɜ ɚɥɝɟɛɪɟ A  ɟɫɬɶ ɯɨɬɹ ɛɵ ɨɞɢɧ ɷɥɟɦɟɧɬ, ɤɨɬɨɪɵɣ ɧɟ ɹɜɥɹɟɬɫɹ 

ɞɟɣɫɬɜɢɬɟɥɶɧɵɦ ɱɢɫɥɨɦ. Ɉɛɨɡɧɚɱɢɦ ɷɬɨɬ ɷɥɟɦɟɧɬ ɱɟɪɟɡ u . ȼ  xR  ɫɭɳɟɫɬɜɭɟɬ 
ɧɟɩɪɢɜɨɞɢɦɵɣ ɦɧɨɝɨɱɥɟɧ  xmu , ɤɨɪɧɟɦ ɤɨɬɨɪɨɝɨ ɹɜɥɹɟɬɫɹ u . ɉɨɫɤɨɥɶɤɭ ɧɚɢɜɵɫɲɚɹ 
ɫɬɟɩɟɧɶ ɧɟɩɪɢɜɨɞɢɦɨɝɨ ɦɧɨɝɨɱɥɟɧɚ ɫ ɞɟɣɫɬɜɢɬɟɥɶɧɵɦɢ ɤɨɷɮɮɢɰɢɟɧɬɚɦɢ ɧɚɞ ɩɨɥɧɦ 
ɞɟɣɫɬɜɢɬɟɥɶɧɵɯ ɱɢɫɟɥ ɪɚɜɧɚ 2 ɢ ɷɥɟɦɟɧɬ Ru , ɚ, ɡɧɚɱɢɬ, ɧɟ ɦɨɠɟɬ ɛɵɬɶ ɤɨɪɧɟɦ ɧɢ 
ɧɟɩɨɫɬɨɹɧɧɨɝɨ ɦɧɨɝɨɱɥɟɧɚ, ɧɢ ɦɧɨɝɨɱɥɟɧɚ ɩɟɪɜɨɣ ɫɬɟɩɟɧɢ, ɬɨ   2deg xmu . 

ɉɭɫɬɶ   qpxxxmu  22 . Ɍɚɤ ɤɚɤ   0umu , ɬɨ 022  qpuu . ȼɵɞɟɥɢɦ 

ɩɨɥɧɵɣ ɤɜɚɞɪɚɬ ɜ ɥɟɜɨɣ ɱɚɫɬɢ. ɉɨɥɭɱɢɦ 222 2 pqppuu  . ɉɨɫɤɨɥɶɤɭ ɦɧɨɝɨɱɥɟɧ 

 xRqpxx  22
 ɧɟɩɪɢɜɨɞɢɦ, ɬɨ 00

4
22  pqqpD .  

Ɋɚɫɫɦɨɬɪɢɦ ɱɢɫɥɨ 
2

pq

pu
i




 , ɩɪɢɱɟɦ 12

2

2



















i

pq

pu
, RiAi  , . Ɍɨɝɞɚ ɜ 

ɚɥɝɟɛɪɟ A  ɫɢɫɬɟɦɚ  i,1  ɹɜɥɹɟɬɫɹ ɥɢɧɟɣɧɨ ɧɟɡɚɜɢɫɢɦɨɣ, ɚ, ɡɧɚɱɢɬ, CA   ɜ ɫɥɭɱɚɟ 
2n . 

3. 3n . Ɍɨɝɞɚ ɜ ɚɥɝɟɛɪɟ A  ɧɚɣɞɟɬɫɹ ɟɳɟ ɨɞɢɧ ɷɥɟɦɟɧɬ RvAv  ,  ɬɚɤɨɣ, ɱɬɨ 
ɫɢɫɬɟɦɚ  vi,,1  ɥɢɧɟɣɧɨ ɧɟɡɚɜɢɫɢɦɚ ɢ v  - ɤɨɪɟɧɶ ɩɨɞɯɨɞɹɳɟɝɨ ɧɟɩɪɢɜɨɞɢɦɨɝɨ 

ɦɧɨɝɨɱɥɟɧɚ   trxxxmv  22
 ɜɬɨɪɨɣ ɫɬɟɩɟɧɢ. Ⱥɧɚɥɨɝɢɱɧɨ ɩɭɧɤɬɭ 2 ɮɨɪɦɢɪɭɟɬɫɹ 

ɷɥɟɦɟɧɬ 
2

0

rt

rv
j




 , ɤɨɬɨɪɵɣ ɬɚɤɠɟ ɭɞɨɜɥɟɬɜɨɪɹɟɬ ɭɫɥɨɜɢɹɦ 1

2

0 j  ɢ 

RjAj  00 , . 

ɉɨɫɤɨɥɶɤɭ 3n  ɫɢɫɬɟɦɚ  0,,1 ji  ɥɢɧɟɣɧɨ ɧɟɡɚɜɢɫɢɦɚ. 
Ɋɚɫɫɦɨɬɪɢɦ ɩɚɪɭ ɷɥɟɦɟɧɬɨɜ 0ji   ɢ 0ji  . Ɉɛɚ ɷɥɟɦɟɧɬɚ ɧɟ ɩɪɢɧɚɞɥɟɠɚɬ ɩɨɥɸ 

ɞɟɣɫɬɜɢɬɟɥɶɧɵɯ ɱɢɫɟɥ, ɚ, ɡɧɚɱɢɬ, ɹɜɥɹɟɬɫɹ ɤɨɪɧɹɦɢ ɧɟɩɪɢɜɨɞɢɦɵɯ ɧɚɞ ɩɨɥɟɦ 
ɞɟɣɫɬɜɢɬɟɥɶɧɵɯ ɱɢɫɟɥ ɦɧɨɝɨɱɥɟɧɨɜ ɫ ɞɟɣɫɬɜɢɬɟɥɶɧɵɦɢ ɤɨɷɮɮɢɰɢɟɧɬɚɦɢ baxx 2

 

ɢ dcxx 2
 ɫɨɨɬɜɟɬɫɬɜɟɧɧɨ. Ɍɨɝɞɚ  
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Ɂɚɦɟɧɢɜ 
2

i  ɢ 2
0j  ɧɚ -1 ɢ ɫɥɨɠɢɜ ɭɪɚɜɧɟɧɢɹ ɫɢɫɬɟɦɵ, ɩɨɥɭɱɢɦ  

      040  dbcajcai . 
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ɉɨɫɤɨɥɶɤɭ  0,,1 ji  ɫɢɫɬɟɦɚ ɥɢɧɟɣɧɨ ɧɟɡɚɜɢɫɢɦɚ, ɬɨ 0 ba  ɢ 04  db . 

ȼɨɡɜɪɚɳɚɹɫɶ ɤ ɢɫɯɨɞɧɨɦɭ ɫɨɨɬɧɨɲɟɧɢɸ, ɩɨɥɭɱɢɦ 20000
2
0

2  bijijbijijji . 

ȼɜɟɞɟɦ ɱɢɫɥɨ RtijijRbt  2)2(
2

1
00 . Ɋɚɫɫɦɨɬɪɢɦ ɱɢɫɥɨ 

    222
00

222
00

2
0

2

0

2

101 121)(1 ttttijijtittijitjjtijjtijj   

Ɂɧɚɹ, ɱɬɨ 01 2  t , ɜɜɟɞɟɦ ɱɢɫɥɨ 
2

1

1

t

j
j


 . ɉɨɫɤɨɥɶɤɭ 12 j  ɫɢɫɬɟɦɚ  ji,,1  

ɥɢɧɟɣɧɨ ɧɟɡɚɜɢɫɢɦɚ.  

ȼɵɱɢɫɥɢɦ     022
1

1

1

1

1 2

22
0022

11 









 tt

t
titiijij

tt

ijij
jiij .  

Ɍɚɤɢɦ ɨɛɪɚɡɨɦ ɩɨɥɭɱɚɟɬɫɹ, ɱɬɨ ɧɚɲɥɚɫɶ ɥɢɧɟɣɧɨ ɧɟɡɚɜɢɫɢɦɚɹ ɫɢɫɬɟɦɚ  ji,,1  

ɬɚɤɚɹ, ɱɬɨ 122  ji  ɢ 0 jiij .  

Ɉɛɨɡɧɚɱɢɦ ɱɟɪɟɡ ijk  . ɉɨɤɚɠɟɦ, ɱɬɨ ɫɢɫɬɟɦɚ  kji ,,,1  ɥɢɧɟɣɧɨ ɧɟɡɚɜɢɫɢɦɚ. 
ɉɨɫɤɨɥɶɤɭ ɪɚɧɟɟ ɭɫɬɚɧɨɜɥɟɧɚ ɥɢɧɟɣɧɚɹ ɧɟɡɚɜɢɫɢɦɨɫɬɶ  ji,,1 , ɬɨ ɨɫɬɚɟɬɫɹ ɩɨɤɚɡɚɬɶ, 
ɱɬɨ k  ɥɢɧɟɣɧɨ ɧɟ ɜɵɪɚɠɚɟɬɫɹ ɱɟɪɟɡ ji,,1 . ɉɪɟɞɩɨɥɨɠɢɦ, ɱɬɨ jik   , ɝɞɟ 

R ,, .  

kiik   , ɬɚɤ ɤɚɤ jjiijiik  2)( . Ɍɨɝɞɚ  
   )()( 2  jijiikij  

0)()1()( 2   ji , ɝɞɟ 01 2   .  

ɉɨɫɥɟɞɧɟɟ ɩɪɨɬɢɜɨɪɟɱɢɬ ɥɢɧɟɣɧɨɣ ɧɟɡɚɜɢɫɢɦɨɫɬɢ ɷɥɟɦɟɧɬɨɜ ji,,1 , 

ɫɥɟɞɨɜɚɬɟɥɶɧɨ, k  ɥɢɧɟɣɧɨ ɧɟ ɜɵɪɚɠɚɟɬɫɹ ɱɟɪɟɡ ji,,1  ɢ ɫɢɫɬɟɦɚ  kji ,,,1  ɥɢɧɟɣɧɨ 
ɧɟɡɚɜɢɫɢɦɚ. 

ɇɟɬɪɭɞɧɨ ɩɪɨɜɟɪɹɟɬɫɹ, ɱɬɨ ɷɥɟɦɟɧɬɵ kji ,,,1  ɨɬɧɨɫɢɬɟɥɶɧɨ ɭɦɧɨɠɟɧɢɹ ɨɛɪɚɡɭɸɬ 
ɫɥɟɞɭɸɳɭɸ ɬɚɛɥɢɰɭ: 

 1  i  j  k  

1  1  i  j  k  

i  i  1  k  j  

j  j  k  1  i  

k  k  j  i  1  

ɇɚɩɪɢɦɟɪ, iijjijjjiijjjk  2)()()( . 

Ɍɚɤɢɦ ɨɛɪɚɡɨɦ, HA   ɜ ɫɥɭɱɚɟ 4n . 

4. 4n . Ɍɨɝɞɚ ɫɭɳɟɫɬɜɭɟɬ ɷɥɟɦɟɧɬ 1,, 2  wRwAw .  

ɉɪɟɞɩɨɥɨɠɢɦ, ɱɬɨ w  ɥɢɧɟɣɧɨ ɧɟ ɜɵɪɚɠɚɟɬɫɹ ɱɟɪɟɡ kji ,,,1 , ɬ.ɟ. wkji ,,,,1  - 

ɥɢɧɟɣɧɨ ɧɟɡɚɜɢɫɢɦɚ. ɉɭɫɬɶ 

1

1

1

cwkkw

bwjjw

awiiw





.  

ɇɚɣɞɟɦ ɩɪɨɢɡɜɟɞɟɧɢɟ  )()()()()( 1111 jwbijawjijajiwajwiijwwk  

 )()()( 111111111 wkcibjakwibjawijbjajwiibja i  

1112 cibjawk  .  
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ɍɦɧɨɠɢɦ ɩɨɫɥɟɞɧɟɟ ɪɚɜɟɧɫɬɜɨ ɧɚ k . ɉɨɥɭɱɢɦ 02111  wkcjbia , ɝɞɟ 
02 w , ɱɬɨ ɩɪɨɬɢɜɨɪɟɱɢɬ ɥɢɧɟɣɧɨɣ ɧɟɡɚɜɢɫɢɦɨɫɬɢ ɫɢɫɬɟɦɵ  wkji ,,,,1 . 

ɋɥɟɞɨɜɚɬɟɥɶɧɨ, ɫɢɫɬɟɦɚ  wkji ,,,,1  ɥɢɧɟɣɧɨ ɡɚɜɢɫɢɦɚ. 
Ɍɚɤɢɦ ɨɛɪɚɡɨɦ, n  ɧɟ ɦɨɠɟɬ ɛɵɬɶ ɛɨɥɶɲɟ 4, ɚ, ɡɧɚɱɢɬ, ɪɚɡɦɟɪɧɨɫɬɢ ɜɫɟɯ 

ɤɨɧɟɱɧɨɦɟɪɧɵɯ ɚɥɝɟɛɪ ɧɚɞ ɩɨɥɟɦ ɞɟɣɫɬɜɢɬɟɥɶɧɵɯ ɱɢɫɟɥ ɫɨɜɩɚɞɚɸɬ ɫ ɨɞɧɢɦ ɢɡ ɱɢɫɟɥ 
1, 2, 4. 

3. Ⱦɭɚɥɶɧɵɟ ɢ ɞɜɨɣɧɵɟ ɱɢɫɥɚ (ɚɫɫɨɰɢɚɬɢɜɧɵɟ ɚɥɝɟɛɪɵ ɧɚɞ ɩɨɥɟɦ 
ɞɟɣɫɬɜɢɬɟɥɶɧɵɯ ɱɢɫɟɥ ɪɚɡɦɟɪɧɨɫɬɢ 2) 

Ɉɩɢɲɟɦ ɜɫɟ ɚɫɫɨɰɢɚɬɢɜɧɵɟ ɚɥɝɟɛɪɵ ɧɚɞ ɩɨɥɟɦ R  ɪɚɡɦɟɪɧɨɫɬɢ 2.  
ɇɟɬɪɭɞɧɨ ɭɫɬɚɧɚɜɥɢɜɚɟɬɫɹ, ɱɬɨ ɦɧɨɠɟɫɬɜɚ  1,,,| 2

1111  iRiRbabiaD  ɢ 
 0,,,| 2

0000  iRiRbabiaD  ɨɛɪɚɡɭɸɬ ɚɫɫɨɰɢɚɬɢɜɧɵɟ ɚɥɝɟɛɪɵ, ɤɨɬɨɪɵɟ ɞɨɝɨɜɨɪɢɦɫɹ 
ɧɚɡɵɜɚɬɶ ɚɥɝɟɛɪɚɦ ɞɜɨɣɧɵɯ ɱɢɫɟɥ ɢ ɞɭɚɥɶɧɵɯ ɱɢɫɟɥ ɫɨɨɬɜɟɬɫɬɜɟɧɧɨ.  

Ɍɟɨɪɟɦɚ. Ʌɸɛɚɹ ɤɨɦɦɭɬɚɬɢɜɧɚɹ ɚɫɫɨɰɢɚɬɢɜɧɚɹ ɚɥɝɟɛɪɚ ɫ ɟɞɢɧɢɰɟɣ ɧɚɞ ɩɨɥɟɦ 

ɞɟɣɫɬɜɢɬɟɥɶɧɵɯ ɱɢɫɟɥ R  ɪɚɡɦɟɪɧɨɫɬɢ 2 ɢɡɨɦɨɪɮɧɚ ɨɞɧɨɣ ɢɡ ɢɡ ɚɥɝɟɛɪ C , 1D
, 0D

. 
Ⱦɨɤɚɡɚɬɟɥɶɫɬɜɨ: 

ɉɭɫɬɶ   2: RA , ɝɞɟ A  - ɤɨɦɦɭɬɚɬɢɜɧɚɹ ɚɫɫɨɰɢɚɬɢɜɧɚɹ ɚɥɝɟɛɪɚ ɫ ɟɞɢɧɢɰɟɣ e . 

Ɋɚɫɫɦɨɬɪɢɦ  RrreRe  | . ɇɟɬɪɭɞɧɨ ɭɫɬɚɧɚɜɥɢɜɚɟɬɫɹ, ɱɬɨ eR
 ɢɡɨɦɨɪɮɧɨ ɩɨɥɸ R . 

Ɍɨɝɞɚ, ɫ ɬɨɱɧɨɫɬɶɸ ɞɨ ɢɡɨɦɨɪɮɢɡɦɚ, ɦɨɠɧɨ ɭɬɜɟɪɠɞɚɬɶ, ɱɬɨ AR   ( R  ɩɨɞɩɨɥɟ ɩɨɥɹ 

Ⱥ). ɉɨɫɥɟɞɧɟɟ ɨɡɧɚɱɚɟɬ, ɱɬɨ ɜ A  ɧɚɣɞɟɬɫɹ ɷɥɟɦɟɧɬ AjRj  ,
 ɬɚɤɨɣ, ɱɬɨ ɫɢɫɬɟɦɚ 

 je,
 ɨɛɪɚɡɭɟɬ ɛɚɡɢɫ ɚɥɝɟɛɪɵ A  ɧɚɞ ɩɨɥɟɦ R . 

vjujAj  22  ɞɥɹ ɧɟɤɨɬɨɪɵɯ Rvu , . 
44

2222 vuvvjjvjuj  

 
42

22
vuvj  .  

ȼɨɡɦɨɠɧɵ ɫɥɭɱɚɢ: 
1. 0

4
2

 vu .  

ɋɭɳɟɫɬɜɭɟɬ ɩɨɥɨɠɢɬɟɥɶɧɨɟ ɞɟɣɫɬɜɢɬɟɥɶɧɨɟ ɱɢɫɥɨ k  ɬɚɤɨɟ, ɱɬɨ 
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24
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22
 

Ɍɨɝɞɚ  ie,  - ɫɢɫɬɟɦɚ ɩɨɪɨɠɞɚɸɳɢɯ ɜ A . ɉɨɤɚɠɟɦ, ɱɬɨ  ie,  - ɛɚɡɢɫ ɜ A . 

ɉɪɟɞɩɨɥɨɠɢɦ, ɱɬɨ 0000
2

0
2

0  yx
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Ɍɚɤɢɦ ɨɛɪɚɡɨɦ CA  .  

2.   0

22

2
0

2
0

4
ivjvjvu  . Ⱥɧɚɥɨɝɢɱɧɨ ɭɫɬɚɧɚɜɥɢɜɚɟɬɫɹ, ɱɬɨ  0, ie

 - 

ɛɚɡɢɫ ɜ A . ɋɥɟɞɨɜɚɬɟɥɶɧɨ, 0DA  . 

3. 0
4

2
 vu .  

ɋɭɳɟɫɬɜɭɟɬ ɩɨɥɨɠɢɬɟɥɶɧɨɟ ɞɟɣɫɬɜɢɬɟɥɶɧɨɟ ɱɢɫɥɨ m  ɬɚɤɨɟ, ɱɬɨ  
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Ɍɨɝɞɚ  1, ie
 - ɫɢɫɬɟɦɚ ɩɨɪɨɠɞɚɸɳɢɯ ɜ A . Ⱥɧɚɥɨɝɢɱɧɨ ɭɫɬɚɧɚɜɥɢɜɚɟɬɫɹ, ɱɬɨ 

 1, ie
 - ɛɚɡɢɫ ɜ A . ɋɥɟɞɨɜɚɬɟɥɶɧɨ, 1DA 

. 
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Ɂɚɦɟɱɚɧɢɟ. ɇɚɥɢɱɢɟ ɟɞɢɧɢɰɵ e  ɩɨɡɜɨɥɹɟɬ ɜɤɥɸɱɢɬɶ R  ɜ A , ɚ ɚɫɫɨɰɢɚɬɢɜɧɨɫɬɶ 
ɢ ɤɨɦɦɭɬɚɬɢɜɧɨɫɬɶ ɩɨɡɜɨɥɹɸɬ ɜɵɩɨɥɧɹɬɶ ɞɟɣɫɬɜɢɹ, ɭɤɚɡɚɧɧɵɟ ɜɵɲɟ. 

ɱɬɨ ɢ ɬɪɟɛɨɜɚɥɨɫɶ ɞɨɤɚɡɚɬɶ. 
Ɍɟɨɪɟɦɚ. Ⱥɥɝɟɛɪɵ 1D , 0D  ɧɟ ɹɜɥɹɸɬɫɹ ɩɨɥɹɦɢ. 

Ⱦɨɤɚɡɚɬɟɥɶɫɬɜɨ 

ɉɪɟɞɩɨɥɨɠɢɦ, ɱɬɨ ɷɥɟɦɟɧɬ 000 Di   ɨɛɪɚɬɢɦ. Ɍɨɝɞɚ ɫɭɳɟɫɬɜɭɟɬ ɷɥɟɦɟɧɬ 0bia 
 

ɬɚɤɨɣ, ɱɬɨ   0111 0000  aiaiibia . ɉɨɫɥɟɞɧɟɟ ɩɪɨɬɢɜɨɪɟɱɢɬ ɥɢɧɟɣɧɨɣ 
ɧɟɡɚɜɢɫɢɦɨɫɬɢ ɷɥɟɦɟɧɬɨɜ  0,1 i . ɋɥɟɞɨɜɚɬɟɥɶɧɨ, ɩɪɟɞɩɨɥɨɠɟɧɢɟ ɨɛ ɨɛɪɚɬɢɦɨɫɬɢ 

ɷɥɟɦɟɧɬɚ 0i  ɨɤɚɡɵɜɚɟɬɫɹ ɥɨɠɧɵɦ, ɚ, ɡɧɚɱɢɬ, 0D
 ɧɟ ɹɜɥɹɟɬɫɹ ɩɨɥɟɦ.  

Ⱥɧɚɥɨɝɢɱɧɨ ɭɫɬɚɧɚɜɥɢɜɚɟɬɫɹ ɧɟɨɛɪɚɬɢɦɨɫɬɶ ɷɥɟɦɟɧɬɚ 111 Di  . Ɍɨɝɞɚ 1D  ɬɚɤɠɟ 
ɧɟ ɹɜɥɹɟɬɫɹ ɩɨɥɟɦ. 

ɱɬɨ ɢ ɬɪɟɛɨɜɚɥɨɫɶ ɞɨɤɚɡɚɬɶ. 
Ɍɟɨɪɟɦɚ. Ⱥɥɝɟɛɪɵ 1D , 0D  ɫɭɳɟɫɬɜɭɸɬ. 

Ɂɚɦɟɱɚɧɢɟ. Ⱥɥɝɟɛɪɵ C , 0D  ɢ 1D  ɹɜɥɹɸɬɫɹ ɩɨɞɚɥɝɟɛɪɚɦɢ ɚɥɝɟɛɪɵ )(2 RM .  

 

9. Ɇɟɬɨɞɢɱɟɫɤɢɟ ɦɚɬɟɪɢɚɥɵ ɞɥɹ ɨɛɭɱɚɸɳɢɯɫɹ ɩɨ ɩɨɞɝɨɬɨɜɤɟ ɤ ɩɪɚɤɬɢɱɟɫɤɢɦ 
ɡɚɧɹɬɢɹɦ  

 
Ɍɟɦɚ. Ⱥɥɝɟɛɪɚɢɱɟɫɤɢɟ ɫɢɫɬɟɦɵ 

ɉɥɚɧ 

1. Ɉɬɧɨɲɟɧɢɹ ɷɤɜɢɜɚɥɟɧɬɧɨɫɬɢ. Ɉɬɧɨɲɟɧɢɹ ɩɨɪɹɞɤɚ. Ɋɚɡɛɢɟɧɢɹ ɦɧɨɠɟɫɬɜɚ.  
2. ɉɨɧɹɬɢɟ ɢ ɫɜɨɣɫɬɜɚ ɛɢɧɚɪɧɨɣ ɚɥɝɟɛɪɚɢɱɟɫɤɨɣ ɨɩɟɪɚɰɢɢ.  
3. Ƚɪɭɩɩɵ. ɇɨɪɦɚɥɶɧɵɟ ɞɟɥɢɬɟɥɢ. Ʉɨɥɶɰɚ ɢ ɩɨɥɹ. 
1. Ɉɬɧɨɲɟɧɢɹ ɷɤɜɢɜɚɥɟɧɬɧɨɫɬɢ. Ɉɬɧɨɲɟɧɢɹ ɩɨɪɹɞɤɚ. Ɋɚɡɛɢɟɧɢɹ 

ɦɧɨɠɟɫɬɜɚ 
Ɂɚɞɚɧɢɟ 1. Ⱦɚɧɨ ɦɧɨɠɟɫɬɜɨ A={1;2;3;4;5;6}. ɇɚ ɧɟɦ ɡɚɞɚɧɨ ɛɢɧɚɪɧɨɟ ɨɬɧɨɲɟɧɢɟ 

  «ɛɨɥɶɲɟ», ɬ. ɟ. yxyx  , . 

ɉɨɫɬɪɨɢɬɶ ɝɪɚɮ ɢ ɝɪɚɮɢɤ ɷɬɨɝɨ ɨɬɧɨɲɟɧɢɹ. Ʉɚɤɢɦɢ ɫɜɨɣɫɬɜɚɦɢ ɨɛɥɚɞɚɟɬ ɷɬɨ 
ɨɬɧɨɲɟɧɢɟ? 

Ɋɟɲɟɧɢɟ. 
1) Ƚɪɚɮ ɭɤɚɡɚɧɧɨɝɨ ɨɬɧɨɲɟɧɢɹ: 

 
2) Ƚɪɚɮɢɤ ɷɬɨɝɨ ɨɬɧɨɲɟɧɢɹ: 
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3) Ɋɟɮɥɟɤɫɢɜɧɨɫɬɶ. ȿɫɥɢ ɛɵ ɷɬɨ ɨɬɧɨɲɟɧɢɟ ɛɵɥɨ ɪɟɮɥɟɤɫɢɜɧɵɦ,   xxAx  , 

ɧɚɩɪɢɦɟɪ, ɛɵɥɨ ɛɵ ɜɟɪɧɨ 2 > 2 (ɥɨɠɶ). Ɂɧɚɱɢɬ ɨɬɧɨɲɟɧɢɟ «>» ɧɚ Ⱥ ɧɟ ɹɜɥɹɟɬɫɹ 
ɪɟɮɥɟɤɫɢɜɧɵɦ. 

ɋɢɦɦɟɬɪɢɱɧɨɫɬɶ. ȿɫɥɢ ɛɵ ɷɬɨ ɨɬɧɨɲɟɧɢɟ ɛɵɥɨ ɫɢɦɦɟɬɪɢɱɧɵɦ ɧɚ ɦɧɨɠɟɫɬɜɟ Ⱥ, 

ɬɨ   xyyxAyx  , . ɇɚɩɪɢɦɟɪ, 3 > 2 => 2 > 3(ɥɨɠɶ). Ɂɧɚɱɢɬ, ɨɬɧɨɲɟɧɢɟ « > » 
ɧɚ Ⱥ ɧɟ ɹɜɥɹɟɬɫɹ ɫɢɦɦɟɬɪɢɱɧɵɦ. 

Ɍɪɚɧɡɢɬɢɜɧɨɫɬɶ. ȿɫɥɢ ɛɵ ɷɬɨ ɨɬɧɨɲɟɧɢɟ ɛɵɥɨ ɬɪɚɧɡɢɬɢɜɧɵɦ ɧɚ ɦɧɨɠɟɫɬɜɟ Ⱥ, ɬɨ  

  zxzyyxAzyx  ,, . Эɬɨ ɭɬɜɟɪɠɞɟɧɢɟ ɢɫɬɢɧɧɨ ɞɥɹ ɥɸɛɵɯ ɧɚɬɭɪɚɥɶɧɵɯ 
ɱɢɫɟɥ, ɬ. ɟ. ɢ ɞɥɹ ɱɢɫɟɥ ɢɡ Ⱥ. Ɂɧɚɱɢɬ, ɨɬɧɨɲɟɧɢɟ « > » ɧɚ Ⱥ ɹɜɥɹɟɬɫɹ ɬɪɚɧɡɢɬɢɜɧɵɦ. 

Ⱥɫɢɦɦɟɬɪɢɱɧɨɫɬɶ: ɇɢ ɞɥɹ ɤɚɤɢɯ ɱɢɫɟɥ  A ɧɟ ɦɨɠɟɬ ɛɵɬɶ  ɨɞɧɨɜɪɟɦɟɧɧɨ 
ɢɫɬɢɧɧɵɦ 

, 
ɬ.ɟ. ɨɬɧɨɲɟɧɢɟ «>» ɧɚ A ɚɫɢɦɦɟɬɪɢɱɧɨ. Ɉɬɧɨɲɟɧɢɟ «>» ɧɚ 

ɦɧɨɠɟɫɬɜɟ A ɹɜɥɹɟɬɫɹ ɨɬɧɨɲɟɧɢɟɦ ɫɬɪɨɝɨɝɨ ɩɨɪɹɞɤɚ, ɬ. ɤ. ɨɧɨ ɚɫɢɦɦɟɬɪɢɱɧɨ ɢ 
ɬɪɚɧɡɢɬɢɜɧɨ. 

Ɍ.ɤ. ɨɬɧɨɲɟɧɢɟ «>» ɧɚ ɦɧɨɠɟɫɬɜɟ  Ⱥ ɫɜɹɡɧɨɟ ɢ ɹɜɥɹɟɬɫɹ ɨɬɧɨɲɟɧɢɟɦ ɫɬɪɨɝɨɝɨ 
ɩɨɪɹɞɤɚ, ɬɨ ɨɧɨ ɟɫɬɶ ɨɬɧɨɲɟɧɢɟ ɫɬɪɨɝɨɝɨ ɥɢɧɟɣɧɨɝɨ ɩɨɪɹɞɤɚ. 

Ɂɚɞɚɧɢɟ 2. ɉɨɫɬɪɨɢɬɶ ɝɪɚɮ ɨɬɧɨɲɟɧɢɹ «ɥɟɝɱɟ, ɱɟɦ» ɧɚ ɦɧɨɠɟɫɬɜɟ A = {ɤɪɨɥɢɤ, 
ɡɚɹɰ, ɫɨɛɚɤɚ, ɩɨɪɨɫёɧɨɤ}, ɟɫɥɢ ɢɡɜɟɫɬɧɨ, ɱɬɨ ɡɚɹɰ ɬɹɠɟɥɟɟ ɫɨɛɚɤɢ, ɤɪɨɥɢɤ ɥɟɝɱɟ 
ɩɨɪɨɫёɧɤɚ, ɚ ɫɨɛɚɤɚ ɬɹɠɟɥɟɟ ɩɨɪɨɫёɧɤɚ. Ʉɬɨ ɢɡ ɠɢɜɨɬɧɵɯ ɫɚɦɵɣ ɥɟɝɤɢɣ, ɤɬɨ – ɫɚɦɵɣ 
ɬɹɠɟɥɵɣ.  

Ɋɟɲɟɧɢɟ. 
ɋɬɪɨɢɦ ɝɪɚɮ ɭɤɚɡɚɧɧɨɝɨ ɨɬɧɨɲɟɧɢɹ: 

 
Ɉɬɜɟɬ: ɤɪɨɥɢɤ – ɫɚɦɵɣ ɥɟɝɤɢɣ, ɡɚɹɰ – ɫɚɦɵɣ ɬɹɠɟɥɵɣ. 
ɇɚ ɦɧɨɠɟɫɬɜɟ ɥɸɞɟɣ Ɂɟɦɥɢ ɜɜɟɞɟɧɨ ɛɢɧɚɪɧɨɟ ɨɬɧɨɲɟɧɢɟ «ɛɵɬɶ ɪɨɞɫɬɜɟɧɧɢɤɨɦ 

ɩɨ ɤɪɨɜɢ». Ȼɭɞɟɬ ɥɢ ɷɬɨ ɨɬɧɨɲɟɧɢɟ ɨɬɧɨɲɟɧɢɟɦ ɷɤɜɢɜɚɥɟɧɬɧɨɫɬɢ?  
Ɋɟɲɟɧɢɟ. 

Ɂɚɞɚɧɢɟ 3. Ɉɛɨɡɧɚɱɢɦ ɱɟɪɟɡ A ɦɧɨɠɟɫɬɜɨ ɥɸɞɟɣ Ɂɟɦɥɢ, ɚ ɡɚɞɚɧɧɨɟ ɨɬɧɨɲɟɧɢɟ 
ɛɭɤɜɨɣ . Ɍɨɝɞɚ xɭ <=> ɱɟɥɨɜɟɤ x ɹɜɥɹɟɬɫɹ ɪɨɞɫɬɜɟɧɧɢɤɨɦ ɱɟɥɨɜɟɤɚ ɭ. ɑɬɨ ɛɵ 
ɨɬɧɨɲɟɧɢɟ  ɛɵɥɨ ɨɬɧɨɲɟɧɢɟɦ ɷɤɜɢɜɚɥɟɧɬɧɨɫɬɢ, ɨɧɨ ɞɨɥɠɧɨ ɛɵɬɶ ɪɟɮɥɟɤɫɢɜɧɵɦ, 
ɫɢɦɦɟɬɪɢɱɧɵɦ, ɬɪɚɧɡɢɬɢɜɧɵɦ. 

Ɋɟɮɥɟɤɫɢɜɧɨɫɬɶ. ȿɫɥɢ ɛɵ  ɛɵɥɨ ɪɟɮɥɟɤɫɢɜɧɵɦ, ɬɨ ɛɵɥɨ ɛɵ ɜɟɪɧɨ:  Ax  xx, 

ɬ. ɟ. ɥɸɛɨɣ ɱɟɥɨɜɟɤ Ɂɟɦɥɢ ɹɜɥɹɟɬɫɹ ɪɨɞɫɬɜɟɧɧɢɤɨɦ ɫɚɦɨɦɭ ɫɟɛɟ (ɢɫɬɢɧɚ), ɬ.ɟ. 
ɨɬɧɨɲɟɧɢɟ  ɧɚ A ɪɟɮɥɟɤɫɢɜɧɨ. 

ɋɢɦɦɟɬɪɢɱɧɨɫɬɶ. ȿɫɥɢ ɛɵ  ɛɵɥɨ ɫɢɦɦɟɬɪɢɱɧɨ. (xy => yx), ɬ. ɟ. ɟɫɥɢ ɛɵ 
ɱɟɥɨɜɟɤ x ɛɵɥ ɪɨɞɫɬɜɟɧɧɢɤɨɦ ɱɟɥɨɜɟɤɚ ɭ, ɬɨ ɭ ɛɵɥ ɛɵ ɪɨɞɫɬɜɟɧɧɢɤɨɦ 
ɱɟɥɨɜɟɤɚ x (ɢɫɬɢɧɚ). Ɂɧɚɱɢɬ, ɨɬɧɨɲɟɧɢɟ  ɧɚ A ɫɢɦɦɟɬɪɢɱɧɨ. 

Ɍɪɚɧɡɢɬɢɜɧɨɫɬɶ. ȿɫɥɢ ɛɵ  ɛɵɥɨ ɬɪɚɧɡɢɬɢɜɧɨ ɧɚ A, ɬɨ ɟɫɥɢ ɛɵ ɱɟɥɨɜɟɤ x ɛɵɥ ɛɵ 
ɪɨɞɫɬɜɟɧɧɢɤɨɦ ɱɟɥɨɜɟɤɚ ɭ, ɚ ɭ ɛɵɥ ɪɨɞɫɬɜɟɧɧɢɤɨɦ ɱɟɥɨɜɟɤɚ z, ɬɨ x ɛɵɥ ɛɵ 
ɪɨɞɫɬɜɟɧɧɢɤɨɦ z. ɇɨ ɷɬɨ ɧɟ ɨɛɹɡɚɬɟɥɶɧɨ. ɇɚɩɪɢɦɟɪ, ɱɟɥɨɜɟɤ x ɪɨɞɫɬɜɟɧɧɢɤ ɞɥɹ y ɩɨ 
ɦɚɬɟɪɢ, ɚ ɭ – ɪɨɞɫɬɜɟɧɧɢɤ ɞɥɹ z ɩɨ ɨɬɰɭ. Ɍɨɝɞɚ x ɢ ɭ ɦɨɝɭɬ ɧɟ ɛɵɬɶ ɪɨɞɫɬɜɟɧɧɢɤɚɦɢ  ɩɨ 
ɤɪɨɜɢ. Ɂɧɚɱɢɬ, ɨɬɧɨɲɟɧɢɟ  ɧɚ Ⱥ ɧɟ ɹɜɥɹɟɬɫɹ ɬɪɚɧɡɢɬɢɜɧɵɦ. 
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ɋɥɟɞɨɜɚɬɟɥɶɧɨ, ɨɬɧɨɲɟɧɢɟ «ɛɵɬɶ ɪɨɞɫɬɜɟɧɧɢɤɨɦ ɩɨ ɤɪɨɜɢ» ɧɚ ɦɧɨɠɟɫɬɜɟ ɥɸɞɟɣ 
Ɂɟɦɥɢ ɧɟ ɹɜɥɹɟɬɫɹ ɨɬɧɨɲɟɧɢɟɦ ɷɤɜɢɜɚɥɟɧɬɧɨɫɬɢ.  

Ɂɚɞɚɧɢɟ 4. ɋɮɨɪɦɭɥɢɪɨɜɚɬɶ ɫɜɨɣɫɬɜɚ ɨɬɧɨɲɟɧɢɹ «ɛɨɥɶɲɟ ɜ 2 ɪɚɡɚ», ɡɚɞɚɧɧɨɝɨ 
ɧɚ ɦɧɨɠɟɫɬɜɟ ɧɚɬɭɪɚɥɶɧɵɯ ɱɢɫɟɥ.  

Ɋɟɲɟɧɢɟ. 
«Ȼɨɥɶɲɟ ɜ 2 ɪɚɡɚ» – ɷɬɨ ɤɪɚɬɤɚɹ ɡɚɩɢɫɶ ɨɬɧɨɲɟɧɢɹ «ɱɢɫɥɨ ɯ ɛɨɥɶɲɟ ɱɢɫɥɚ ɭ ɜ 2 

ɪɚɡɚ».  
Эɬɨ ɨɬɧɨɲɟɧɢɟ ɚɧɬɢɫɢɦɦɟɬɪɢɱɧɨ, ɬɚɤ ɤɚɤ ɜɵɩɨɥɧɹɟɬɫɹ ɭɫɥɨɜɢɟ: ɢɡ ɬɨɝɨ, ɱɬɨ 

ɱɢɫɥɨ ɯ ɛɨɥɶɲɟ ɱɢɫɥɚ ɭ ɜ 2 ɪɚɡɚ, ɫɥɟɞɭɟɬ, ɱɬɨ ɱɢɫɥɨ ɭ ɧɟ ɛɨɥɶɲɟ ɱɢɫɥɚ ɯ ɜ 2 ɪɚɡɚ.  
Ⱦɚɧɧɨɟ ɨɬɧɨɲɟɧɢɟ ɧɟ ɨɛɥɚɞɚɟɬ ɫɜɨɣɫɬɜɨɦ ɪɟɮɥɟɤɫɢɜɧɨɫɬɢ, ɩɨɬɨɦɭ ɱɬɨ ɧɢ ɩɪɨ 

ɨɞɧɨ ɱɢɫɥɨ ɧɟɥɶɡɹ ɫɤɚɡɚɬɶ, ɱɬɨ ɨɧɨ ɛɨɥɶɲɟ ɫɚɦɨɝɨ ɫɟɛɹ ɜ 2 ɪɚɡɚ.  
Ɂɚɞɚɧɧɨɟ ɨɬɧɨɲɟɧɢɟ ɧɟ ɬɪɚɧɡɢɬɢɜɧɨ, ɬɚɤ ɤɚɤ ɢɡ ɬɨɝɨ, ɱɬɨ ɱɢɫɥɨ ɯ ɛɨɥɶɲɟ ɱɢɫɥɚ ɭ 

ɜ 2 ɪɚɡɚ, ɚ ɱɢɫɥɨ ɭ ɛɨɥɶɲɟ ɱɢɫɥɚ z ɜ 2 ɪɚɡɚ, ɫɥɟɞɭɟɬ, ɱɬɨ ɱɢɫɥɨ ɯ ɧɟ ɦɨɠɟɬ ɛɵɬɶ 
ɛɨɥɶɲɟ ɱɢɫɥɚ z ɜ 2 ɪɚɡɚ.  

Эɬɨ ɨɬɧɨɲɟɧɢɟ ɧɚ ɦɧɨɠɟɫɬɜɟ ɧɚɬɭɪɚɥɶɧɵɯ ɱɢɫɟɥ ɫɜɨɣɫɬɜɨɦ ɫɜɹɡɧɨɫɬɢ ɧɟ 
ɨɛɥɚɞɚɟɬ, ɬɚɤ ɤɚɤ ɫɭɳɟɫɬɜɭɸɬ ɩɚɪɵ ɬɚɤɢɯ ɱɢɫɟɥ ɯ ɢ ɭ, ɱɬɨ ɧɢ ɱɢɫɥɨ ɯ ɧɟ ɛɨɥɶɲɟ ɱɢɫɥɚ ɭ 
ɜ ɞɜɚ ɪɚɡɚ, ɧɢ ɱɢɫɥɨ ɭ ɧɟ ɛɨɥɶɲɟ ɯ ɜ 2 ɪɚɡɚ. ɇɚɩɪɢɦɟɪ, ɷɬɨ ɱɢɫɥɚ 7 ɢ 3, 5 ɢ 8 ɢ ɞɪ. 

 
Ɂɚɞɚɧɢɹ 

1. ɇɚ ɦɧɨɠɟɫɬɜɟ  7;5;1A  ɡɚɞɚɧɨ ɛɢɧɚɪɧɨɟ ɨɬɧɨɲɟɧɢɟ 
          5;7,5;5,1;5,7;1,1;1 . 1) ɇɚɣɬɢ 11 ;;   ; 2) ɧɚɱɟɪɬɢɬɶ ɝɪɚɮ ɢ ɝɪɚɮɢɤ 

ɛɢɧɚɪɧɨɝɨ ɨɬɧɨɲɟɧɢɹ . 
2. ɇɚ ɦɧɨɠɟɫɬɜɟ ɡɚɞɚɧɨ ɛɢɧɚɪɧɨɟ ɨɬɧɨɲɟɧɢɟ ɫ ɩɨɦɨɳɶɸ ɝɪɚɮɢɤɚ. Ɉɩɪɟɞɟɥɢɬɶ, 

ɤɚɤɢɦɢ ɫɜɨɣɫɬɜɚɦɢ ɨɧɨ ɨɛɥɚɞɚɟɬ. Ⱦɨɛɚɜɢɬɶ ɨɞɧɭ ɬɨɱɤɭ ɬɚɤ, ɱɬɨɛɵ ɛɢɧɚɪɧɨɟ ɨɬɧɨɲɟɧɢɟ 
ɫɬɚɥɨ ɪɟɮɥɟɤɫɢɜɧɵɦ. Ⱦɨɛɚɜɢɬɶ ɞɜɟ ɬɨɱɤɢ ɬɚɤ, ɱɬɨɛɵ ɨɧɨ ɫɬɚɥɨ ɬɪɚɧɡɢɬɢɜɧɵɦ. 

3. ɇɚ ɦɧɨɠɟɫɬɜɟ ɧɚɬɭɪɚɥɶɧɵɯ ɱɢɫɟɥ ɡɚɞɚɧɨ ɛɢɧɚɪɧɨɟ ɨɬɧɨɲɟɧɢɟ  ɫɥɟɞɭɸɳɢɦ 
ɨɛɪɚɡɨɦ: 12 xyyx . Ɉɩɪɟɞɟɥɢɬɶ, ɤɚɤɢɦɢ ɫɜɨɣɫɬɜɚɦɢ ɨɧɨ ɨɛɥɚɞɚɟɬ. 

4. Ⱦɥɹ ɫɥɟɞɭɸɳɟɝɨ ɛɢɧɚɪɧɨɝɨ ɨɬɧɨɲɟɧɢɹ, ɨɩɪɟɞɟɥёɧɧɨɝɨ ɧɚ ɦɧɨɠɟɫɬɜɟ 
ɧɚɬɭɪɚɥɶɧɵɯ ɱɢɫɟɥ, ɧɚɣɬɢ ɨɛɥɚɫɬɶ ɨɩɪɟɞɟɥɟɧɢɹ, ɨɛɥɚɫɬɶ ɡɧɚɱɟɧɢɣ, ɭɤɚɡɚɬɶ ɫɜɨɣɫɬɜɚ ɢ 
ɧɚɪɢɫɨɜɚɬɶ ɝɪɚɮɢɤ: yxyx 3 . 

5. ɍɤɚɡɚɬɶ ɫɜɨɣɫɬɜɚ ɛɢɧɚɪɧɨɝɨ ɨɬɧɨɲɟɧɢɹ , ɟɫɥɢ  - ɷɬɨ ɨɬɧɨɲɟɧɢɟ «ɪɚɛɨɬɚɬɶ 
ɧɚ ɨɞɧɨɣ ɤɚɮɟɞɪɟ» ɜɨ ɦɧɨɠɟɫɬɜɟ ɩɪɟɩɨɞɚɜɚɬɟɥɟɣ ɢ ɫɨɬɪɭɞɧɢɤɨɜ ɢɧɫɬɢɬɭɬɚ. 

6. Ɉɩɪɟɞɟɥɢɬɶ, ɹɜɥɹɟɬɫɹ ɥɢ ɫɥɟɞɭɸɳɟɟ ɛɢɧɚɪɧɨɟ ɨɬɧɨɲɟɧɢɟ ɨɬɨɛɪɚɠɟɧɢɟɦ. 
ȿɫɥɢ ɞɚ, ɬɨ ɹɜɥɹɟɬɫɹ ɥɢ ɨɧɨ ɢɧɴɟɤɰɢɟɣ, ɫɸɪɴɟɤɰɢɟɣ, ɛɢɟɤɰɢɟɣ? ɚ) 

  2; xyRRyx  , ɛ)   3;  yxNNyxf . 

7. ȼɵɹɫɧɢɬɶ, ɹɜɥɹɟɬɫɹ ɥɢ ɞɚɧɧɨɟ ɨɬɨɛɪɚɠɟɧɢɟ ɢɧɴɟɤɬɢɜɧɵɦ, ɫɸɪɴɟɤɬɢɜɧɵɦ: 







 

2

1
log,: 2

2 xxRRf . 

8. Ⱦɚɧɨ ɦɧɨɠɟɫɬɜɨ  4;3;2;1A ;      4,3,2;1 321  AAA  - ɪɚɡɛɢɟɧɢɟ ɷɬɨɝɨ 
ɦɧɨɠɟɫɬɜɚ ɧɚ ɤɥɚɫɫɵ. ɉɨɫɬɪɨɢɬɶ ɩɨ ɞɚɧɧɨɦɭ ɪɚɡɛɢɟɧɢɸ ɨɬɧɨɲɟɧɢɟ ɷɤɜɢɜɚɥɟɧɬɧɨɫɬɢ. 

9. Ⱦɨɤɚɡɚɬɶ, ɱɬɨ                 abbacddcddccbbaa ;;;;;;;;;;;;;;;  ɹɜɥɹɟɬɫɹ  
ɨɬɧɨɲɟɧɢɟɦ ɷɤɜɢɜɚɥɟɧɬɧɨɫɬɢ ɢ ɩɨɫɬɪɨɢɬɶ ɩɨ ɧɟɦɭ ɪɚɡɛɢɟɧɢɟ ɦɧɨɠɟɫɬɜɚ  dcbaA ,,,  

ɧɚ ɤɥɚɫɫɵ. 
10. ɇɚ ɦɧɨɠɟɫɬɜɟ ɰɟɥɵɯ ɱɢɫɟɥ ɡɚɞɚɧɨ ɛɢɧɚɪɧɨɟ ɨɬɧɨɲɟɧɢɟ  ɫɥɟɞɭɸɳɢɦ 

ɨɛɪɚɡɨɦ:   7yxyx  . Ⱦɨɤɚɡɚɬɶ, ɱɬɨ  – ɨɬɧɨɲɟɧɢɟ ɷɤɜɢɜɚɥɟɧɬɧɨɫɬɢ, ɢ 
ɩɨɫɬɪɨɢɬɶ ɪɚɡɛɢɟɧɢɟ ɧɚ ɤɥɚɫɫɵ ɩɨ ɞɚɧɧɨɦɭ ɨɬɧɨɲɟɧɢɸ ɷɤɜɢɜɚɥɟɧɬɧɨɫɬɢ. 

11. ɉɨɫɬɪɨɢɬɶ ɪɚɡɛɢɟɧɢɟ ɧɚ ɤɥɚɫɫɵ ɩɨ ɨɬɧɨɲɟɧɢɸ ɪɚɜɟɧɫɬɜɚ ɧɚ ɦɧɨɠɟɫɬɜɟ Z, 
ɩɪɟɞɜɚɪɢɬɟɥɶɧɨ ɭɛɟɞɢɜɲɢɫɶ, ɱɬɨ ɨɧɨ ɹɜɥɹɟɬɫɹ ɨɬɧɨɲɟɧɢɟɦ ɷɤɜɢɜɚɥɟɧɬɧɨɫɬɢ. 
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12. Ɇ – ɦɧɨɠɟɫɬɜɨ ɝɨɪɨɞɨɜ ɩɥɚɧɟɬɵ Ɂɟɦɥɹ,  – ɨɬɧɨɲɟɧɢɟ «ɝɨɪɨɞ ɯ ɪɚɫɩɨɥɨɠɟɧ 
ɜ ɬɨɦ ɠɟ ɝɨɫɭɞɚɪɫɬɜɟ, ɱɬɨ ɢ ɝɨɪɨɞ ɭ». Ⱦɨɤɚɡɚɬɶ, ɱɬɨ  ɹɜɥɹɟɬɫɹ ɨɬɧɨɲɟɧɢɟɦ 
ɷɤɜɢɜɚɥɟɧɬɧɨɫɬɢ, ɢ ɩɨɫɬɪɨɢɬɶ ɩɨ ɧɟɦɭ ɪɚɡɛɢɟɧɢɟ ɦɧɨɠɟɫɬɜɚ Ɇ ɧɚ ɤɥɚɫɫɵ. 

13. Ⱦɚɧɨ ɦɧɨɠɟɫɬɜɨ  cbaA ,, . ɋɤɨɥɶɤɨ ɦɨɠɧɨ ɡɚɞɚɬɶ ɧɚ ɧёɦ ɪɚɡɧɵɯ 
ɨɬɧɨɲɟɧɢɣ ɷɤɜɢɜɚɥɟɧɬɧɨɫɬɢ? 

2. ɉɨɧɹɬɢɟ ɢ ɫɜɨɣɫɬɜɚ ɛɢɧɚɪɧɨɣ ɚɥɝɟɛɪɚɢɱɟɫɤɨɣ ɨɩɟɪɚɰɢɢ 
Ɂɚɞɚɧɢɟ 1. ɉɪɢɦɟɪɚɦɢ ɛɢɧɚɪɧɵɯ ɨɩɟɪɚɰɢɣ, ɡɚɞɚɧɧɵɯ ɧɚ ɱɢɫɥɨɜɵɯ ɦɧɨɠɟɫɬɜɚɯ, 

ɦɨɝɭɬ ɫɥɭɠɢɬɶ ɨɩɟɪɚɰɢɢ ɨɛɵɱɧɨɝɨ ɫɥɨɠɟɧɢɹ ɢ ɭɦɧɨɠɟɧɢɹ ɱɢɫɟɥ, ɩɪɢɦɟɪɚɦɢ ɭɧɚɪɧɵɯ 
ɨɩɟɪɚɰɢɣ – ɜɡɹɬɢɟ ɨɛɪɚɬɧɨɝɨ ɢ ɩɪɨɬɢɜɨɩɨɥɨɠɧɨɝɨ ɷɥɟɦɟɧɬɨɜ, ɜɨɡɜɟɞɟɧɢɟ ɜ ɫɬɟɩɟɧɶ 
ɢɥɢ ɢɡɜɥɟɱɟɧɢɟ ɤɨɪɧɹ, ɩɪɢɦɟɪɚɦɢ ɧɭɥɶɚɪɧɵɯ ɨɩɟɪɚɰɢɣ - ɜɵɞɟɥɟɧɢɟ ɧɭɥɹ ɢɥɢ 
ɟɞɢɧɢɰɵ. 

Ɂɚɞɚɧɢɟ 2.  Ɇɧɨɠɟɫɬɜɨ N ɧɚɬɭɪɚɥɶɧɵɯ ɱɢɫɟɥ ɩɨ ɨɩɟɪɚɰɢɢ ɨɛɵɱɧɨɝɨ ɭɦɧɨɠɟɧɢɹ 
ɨɛɪɚɡɭɟɬ ɚɛɟɥɟɜ ɦɨɧɨɢɞ <N, >. 

Ɇɧɨɠɟɫɬɜɨ N ɩɨ ɨɩɟɪɚɰɢɢ ɨɛɵɱɧɨɝɨ ɫɥɨɠɟɧɢɹ ɬɚɤɠɟ ɨɛɪɚɡɭɟɬ ɚɛɟɥɟɜ ɦɨɧɨɢɞ 
<N, + >, ɬɚɤ ɤɚɤ: 

( a, b  N)                 a + b  N; 
( a, b, c  N)   a + (b + c) = (a + b) + c; 

( a, b  N)              a + b = b + a; 
( a  N)            a + 0 = 0 + a = a; 

ɨɞɧɚɤɨ ɨɩɟɪɚɰɢɹ ɫɥɨɠɟɧɢɹ ɧɟ ɨɛɪɚɬɢɦɚ ɧɚ N, ɬɚɤ ɤɚɤ, ɧɚɩɪɢɦɟɪ, ɞɥɹ ɱɢɫɥɚ 2 ɧɟ 
ɫɭɳɟɫɬɜɭɟɬ ɨɛɪɚɬɧɨɝɨ (ɩɪɨɬɢɜɨɩɨɥɨɠɧɨɝɨ) ɷɥɟɦɟɧɬɚ ɜ ɦɧɨɠɟɫɬɜɟ N. 

Ɍɚɤ ɤɚɤ  (a, b, c  N)   c(a + b) = ca + cb, ɬɨ ɭɦɧɨɠɟɧɢɟ ɧɚ N ɞɢɫɬɪɢɛɭɬɢɜɧɨ 
ɨɬɧɨɫɢɬɟɥɶɧɨ ɫɥɨɠɟɧɢɹ. 

ɂɡ ɫɤɚɡɚɧɧɨɝɨ ɫɥɟɞɭɟɬ, ɱɬɨ ɫɬɪɭɤɬɭɪɚ <N, +, > ɨɛɪɚɡɭɟɬ ɚɫɫɨɰɢɚɬɢɜɧɨ-
ɤɨɦɦɭɬɚɬɢɜɧɨɟ ɩɨɥɭɤɨɥɶɰɨ ɫ ɟɞɢɧɢɰɟɣ. 

Ɂɚɞɚɧɢɟ 3. 
1). Ɉɩɟɪɚɰɢɹ ɨɛɵɱɧɨɝɨ ɫɥɨɠɟɧɢɹ ɧɚ ɦɧɨɠɟɫɬɜɟ ɜɫɟɯ ɰɟɥɵɯ ɱɢɫɟɥ Z: 
- ɚɫɫɨɰɢɚɬɢɜɧɚ, ɬ.ɤ. ( a, b, c  Z)  a +(b + c) = (a + b) + c; 
- ɤɨɦɦɭɬɚɬɢɜɧɚ, ɬ.ɤ. ( a, b  Z) a + b = b + a; 
- ɨɛɥɚɞɚɟɬ ɞɜɭɫɬɨɪɨɧɧɢɦ ɧɟɣɬɪɚɥɶɧɵɦ ɷɥɟɦɟɧɬɨɦ, ɪɨɥɶ ɤɨɬɨɪɨɝɨ ɢɝɪɚɟɬ ɰɟɥɨɟ 

ɱɢɫɥɨ 0:  (0Z) ( a  Z)  a + 0 = 0 + a = a; 
- ɨɛɪɚɬɢɦɚ, ɬ.ɤ. ( a  Z) ( - a Z)   -a + a = a + (-a) = 0; 
- ɞɜɭɫɬɨɪɨɧɧɟ ɫɨɤɪɚɬɢɦɚ, ɬ.ɤ. ( a, b, c  Z) (a + c = b + c  =>  a = b). 
2). Ɉɩɟɪɚɰɢɹ ɨɛɵɱɧɨɝɨ ɭɦɧɨɠɟɧɢɹ ɧɚ ɦɧɨɠɟɫɬɜɟ ɜɫɟɯ ɰɟɥɵɯ ɱɢɫɟɥ Z 

ɞɢɫɬɪɢɛɭɬɢɜɧɚ ɨɬɧɨɫɢɬɟɥɶɧɨ ɨɩɟɪɚɰɢɢ ɫɥɨɠɟɧɢɹ, ɬɚɤ ɤɚɤ: 
( a, b, c  Z)   c(a + b) = ca + cb ɢ 
( a, b, c  Z)  (a + b)ɫ = ac + bc. 

 
Ɂɚɞɚɧɢɹ 

1. ȼɵɹɫɧɢɬɶ, ɤɚɤɢɦɢ ɫɜɨɣɫɬɜɚɦɢ ɨɛɥɚɞɚɸɬ ɫɥɟɞɭɸɳɢɟ ɛɢɧɚɪɧɵɟ ɨɩɟɪɚɰɢɢ, 
ɡɚɞɚɧɧɵɟ ɧɚ ɭɤɚɡɚɧɧɵɯ ɦɧɨɠɟɫɬɜɚɯ: 

2.  
2

,,
ba

baRbaRA


  ; 

3. b
abaRA   , ; 

4.  babaNA ;max,  . 

5. Ɉɩɪɟɞɟɥɢɬɶ, ɤɚɤɨɣ ɚɥɝɟɛɪɚɢɱɟɫɤɨɣ ɫɬɪɭɤɬɭɪɨɣ ɹɜɥɹɟɬɫɹ ɦɧɨɠɟɫɬɜɨ Ⱥ ɩɨ 
ɨɩɟɪɚɰɢɢ ɭɦɧɨɠɟɧɢɹ, ɟɫɥɢ: ɚ)  ZnA

n  2 , ɛ)  RyxyxA  ,3 . 

6. əɜɥɹɸɬɫɹ ɥɢ ɚɥɝɟɛɪɚɢɱɟɫɤɢɦɢ ɫɥɟɞɭɸɳɢɟ ɱɢɫɥɨɜɵɟ ɨɩɟɪɚɰɢɢ: 
a. ɨɩɟɪɚɰɢɹ ɞɟɥɟɧɢɹ ɧɚ ɦɧɨɠɟɫɬɜɟ Q; 
b. ɨɩɟɪɚɰɢɹ ɞɟɥɟɧɢɹ ɧɚ ɦɧɨɠɟɫɬɜɟ Z; 
c. ɨɩɟɪɚɰɢɹ ɜɵɱɢɬɚɧɢɹ ɧɚ ɦɧɨɠɟɫɬɜɟ Z; 
d. ɨɩɟɪɚɰɢɹ ɜɵɱɢɬɚɧɢɹ ɧɚ ɦɧɨɠɟɫɬɜɟ N; 
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e. ɨɩɟɪɚɰɢɹ ɢɡɜɥɟɱɟɧɢɹ ɤɨɪɧɹ ɧɚ ɦɧɨɠɟɫɬɜɟ R; 

f. ɨɩɟɪɚɰɢɹ ɢɡɜɥɟɱɟɧɢɹ ɤɨɪɧɹ ɧɚ ɦɧɨɠɟɫɬɜɟ A = {xR, x  1}; 

g. ɨɩɟɪɚɰɢɹ ɢɡɜɥɟɱɟɧɢɹ ɤɨɪɧɹ ɧɚ ɦɧɨɠɟɫɬɜɟ A = {xR, x  2}?  
7. ȼ ɝɪɭɩɩɟ ɢɡ ɱɟɬɵɪɟɯ ɩɨɞɪɨɫɬɤɨɜ: ɋɚɲɢ, Ⱦɚɲɢ, ɉɟɬɢ ɢ Ɇɚɲɢ 

ɜɡɚɢɦɨɨɬɧɨɲɟɧɢɹ ɨɩɪɟɞɟɥɹɸɬɫɹ ɫɥɟɞɭɸɳɢɦɢ ɭɫɥɨɜɢɹɦɢ: 
a. ɍ ɋɚɲɢ ɢ Ⱦɚɲɢ ɚɜɬɨɪɢɬɟɬ Ⱦɚɲɚ.  
b. ɍ ɋɚɲɢ ɢ Ɇɚɲɢ ɚɜɬɨɪɢɬɟɬ ɋɚɲɚ.  
c. ɍ ɋɚɲɢ ɚɜɬɨɪɢɬɟɬ ɋɚɲɚ.  
d. ɍ Ⱦɚɲɢ ɢ Ɇɚɲɢ ɚɜɬɨɪɢɬɟɬ ɋɚɲɚ.  
e. ɍ Ⱦɚɲɢ ɚɜɬɨɪɢɬɟɬ Ⱦɚɲɚ.  
f. ɍ Ɇɚɲɢ ɚɜɬɨɪɢɬɟɬ ɉɟɬɹ.  
g. ɍ ɉɟɬɢ ɢ Ⱦɚɲɢ ɚɜɬɨɪɢɬɟɬ ɉɟɬɹ.  
h. ɍ ɉɟɬɢ ɢ Ɇɚɲɢ ɚɜɬɨɪɢɬɟɬ ɉɟɬɹ.  
i. ɍ ɉɟɬɢ ɢ ɋɚɲɢ ɚɜɬɨɪɢɬɟɬ ɋɚɲɚ.  
j. ɍ ɉɟɬɢ ɚɜɬɨɪɢɬɟɬ ɋɚɲɚ.  

8. Ɇɨɠɧɨ ɥɢ ɭɬɜɟɪɠɞɚɬɶ, ɱɬɨ ɧɚ ɦɧɨɠɟɫɬɜɟ ɢɡ ɱɟɬɵɪɟɯ ɱɟɥɨɜɟɤ ɡɚɞɚɧɚ 
ɛɢɧɚɪɧɚɹ ɚɥɝɟɛɪɚɢɱɟɫɤɚɹ ɨɩɟɪɚɰɢɹ? Ʉɚɤɨɜɵ ɟɟ ɫɜɨɣɫɬɜɚ? 

9. Ʉɚɤɭɸ ɫɬɪɭɤɬɭɪɭ ɨɛɪɚɡɭɟɬ ɦɧɨɠɟɫɬɜɨ  Ⱥ  ɩɨ ɨɩɟɪɚɰɢɢ  «*»: 

a. A = R+;  x*y = 
2

yx 
. 

b. A = Z;  x*y = x + y – 1. 

c. A = Q;   x*y = xy . 

d. A = N;   x*y = 1. 
e. A = R;   x*y = xy2. 

f. A = {a +b 3 | a, b Q, a2 + b2 0}; ɨɩɟɪɚɰɢɹ «*» - ɨɩɟɪɚɰɢɹ ɨɛɵɱɧɨɝɨ 
ɫɥɨɠɟɧɢɹ ɱɢɫɟɥ. 

g. A = {a +b 5 | a, b Q, a2 + b2 0}; ɨɩɟɪɚɰɢɹ «*» - ɨɩɟɪɚɰɢɹ ɨɛɵɱɧɨɝɨ 
ɭɦɧɨɠɟɧɢɹ ɱɢɫɟɥ. 

h. A = {
k

a

7
| a Z, k N}; ɨɩɟɪɚɰɢɹ «*» - ɨɩɟɪɚɰɢɹ ɨɛɵɱɧɨɝɨ ɫɥɨɠɟɧɢɹ 

ɱɢɫɟɥ. 
i. A = N;  x*y = max{x, y}. 
j. A = Z;  x*y = |x – y|. 

3. Ƚɪɭɩɩɵ. ɇɨɪɦɚɥɶɧɵɟ ɞɟɥɢɬɟɥɢ. Ʉɨɥɶɰɚ ɢ ɩɨɥɹ 
Ɂɚɞɚɧɢɟ 1. Ⱥɞɞɢɬɢɜɧɚɹ ɝɪɭɩɩɚ ɜɫɟɯ ɰɟɥɵɯ ɱɢɫɟɥ ɢɡɨɦɨɪɮɧɚ ɫɜɨɟɣ ɩɨɞɝɪɭɩɩɟ, 

ɫɨɫɬɨɹɳɟɣ ɢɡ ɱɟɬɧɵɯ ɱɢɫɟɥ, ɬɚɤ ɤɚɤ ɨɬɨɛɪɚɠɟɧɢɟ  : Z → 2Z ɬɚɤɨɟ, ɱɬɨ:  
( x  Z)       (x) = 2x, 

ɹɜɥɹɟɬɫɹ ɢɡɨɦɨɪɮɢɡɦɨɦ ɝɪɭɩɩ, ɬɚɤ ɤɚɤ ɨɱɟɜɢɞɧɨ, ɱɬɨ   - ɛɢɟɤɬɢɜɧɨ ɢ ( x, y  Z)      

(x + y) = 2(x +y) = 2x + 2y = (x) + (y). 
Ɂɚɞɚɧɢɟ 2. Ⱥɞɞɢɬɢɜɧɚɹ ɝɪɭɩɩɚ ɜɫɟɯ ɞɟɣɫɬɜɢɬɟɥɶɧɵɯ ɱɢɫɟɥ ɢɡɨɦɨɪɮɧɚ 

ɦɭɥɶɬɢɩɥɢɤɚɬɢɜɧɨɣ ɝɪɭɩɩɟ ɜɫɟɯ ɩɨɥɨɠɢɬɟɥɶɧɵɯ ɞɟɣɫɬɜɢɬɟɥɶɧɵɯ ɱɢɫɟɥ: 
<R,  +  >  <R  ,    >,  

ɬɚɤ ɤɚɤ ɨɬɨɛɪɚɠɟɧɢɟ  :  R  →  R  , ɩɪɢ ɤɨɬɨɪɨɦ: 
( x  R)     (x) = e x  

ɹɜɥɹɟɬɫɹ ɛɢɟɤɰɢɟɣ, ɩɨɫɤɨɥɶɤɭ: 
( x, y  R)      (x) = (y)     e x  = e y      x = y, 

( r  R  )  ( x  R):  (x) = y, ɚ ɢɦɟɧɧɨ,  x = ln y, ɬ.ɤ.  (ln y) = e yln = y 
ɢ ɫɨɯɪɚɧɹɟɬ ɝɪɭɩɩɨɜɭɸ ɨɩɟɪɚɰɢɸ: 

( x, y  R)    (x + y) = e yx  = e x    e y  = (x)   (y).  
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Ɂɚɞɚɧɢɹ 

1. ȼɵɹɫɧɢɬɶ, ɨɛɪɚɡɭɟɬ ɥɢ ɤɨɥɶɰɨ ɨɬɧɨɫɢɬɟɥɶɧɨ ɨɛɵɱɧɵɯ ɫɥɨɠɟɧɢɹ ɢ ɭɦɧɨɠɟɧɢɹ 
ɦɧɨɠɟɫɬɜɨ ɧɚɬɭɪɚɥɶɧɵɯ ɱɢɫɟɥ. 

2. ȼɵɹɫɧɢɬɶ, ɹɜɥɹɟɬɫɹ ɥɢ ,,M  ɤɨɥɶɰɨɦ, ɟɫɥɢ  ZbabaM  ,3 . 

3. Ɉɩɪɟɞɟɥɢɬɶ, ɹɜɥɹɟɬɫɹ ɥɢ ,,Z  ɤɨɥɶɰɨɦ, ɩɨɥɟɦ, ɟɫɥɢ  Zba  ,  

baabbababa  ,1 . 

4. Ƚɨɦɨɦɨɪɮɧɵ ɥɢ ɚɥɝɟɛɪɵ ,Z  ɢ ,2Z , ɟɫɥɢ ɡɚɞɚɧɨ ɨɬɨɛɪɚɠɟɧɢɟ 

ZZ 2:   ɩɨ ɫɥɟɞɭɸɳɟɦɭ ɩɪɚɜɢɥɭ:     xxZx 2  ? əɜɥɹɟɬɫɹ ɥɢ  

ɢɡɨɦɨɪɮɢɡɦɨɦ? 

5. ȼɵɹɫɧɢɬɶ, ɹɜɥɹɟɬɫɹ ɥɢ  ,,: ZZ  ɢɡɨɦɨɪɮɢɡɦɨɦ, ɟɫɥɢ   xx 7 . 

6. ȼɵɹɫɧɢɬɶ, ɹɜɥɹɟɬɫɹ ɥɢ  ɝɨɦɨɦɨɪɮɢɡɦɨɦ (ɢɡɨɦɨɪɮɢɡɦɨɦ), ɟɫɥɢ: 
  2055,5,5,,,,,:  baabbababaaaZZ   ; 

  0,,,,,:  aZZ  . 

7. ȼɟɪɧɨ ɥɢ, ɱɬɨ…ɚ) ɦɧɨɠɟɫɬɜɨ ɫ ɡɚɞɚɧɧɨɣ ɧɚ ɧёɦ ɛɢɧɚɪɧɨɣ ɨɩɟɪɚɰɢɟɣ – ɷɬɨ 
ɝɪɭɩɩɨɢɞ; ɛ) ɦɨɧɨɢɞ – ɷɬɨ ɝɪɭɩɩɨɢɞ, ɜ ɤɨɬɨɪɨɦ ɫɭɳɟɫɬɜɭɟɬ ɧɟɣɬɪɚɥɶɧɵɣ ɷɥɟɦɟɧɬ; ɜ) 
ɝɪɭɩɩɚ – ɷɬɨ ɦɨɧɨɢɞ, ɜ ɤɨɬɨɪɨɦ ɞɥɹ ɤɚɠɞɨɝɨ ɷɥɟɦɟɧɬɚ ɫɭɳɟɫɬɜɭɟɬ ɨɛɪɚɬɧɵɣ? 

8. ȼɵɹɫɧɢɬɶ, ɤɚɤɨɣ ɚɥɝɟɛɪɚɢɱɟɫɤɨɣ ɫɬɪɭɤɬɭɪɨɣ ɹɜɥɹɟɬɫɹ  ,0\R , ɟɫɥɢ 
 0\,5 Rbaabba  . 

9. Ɉɩɪɟɞɟɥɢɬɶ, ɹɜɥɹɟɬɫɹ ɥɢ   012,, NkAA
k  , ɩɨɞɝɪɭɩɩɨɣ ɚɞɞɢɬɢɜɧɨɣ 

ɝɪɭɩɩɵ ɰɟɥɵɯ ɱɢɫɟɥ. 
10. Ɉɩɪɟɞɟɥɢɬɶ, ɹɜɥɹɟɬɫɹ ɥɢ ,M  ɩɨɞɝɪɭɩɩɨɣ ɚɞɞɢɬɢɜɧɨɣ ɝɪɭɩɩɵ 

ɞɟɣɫɬɜɢɬɟɥɶɧɵɯ ɱɢɫɟɥ, ɟɫɥɢ  QbabaM  ,5 . 

11. Ɉɩɪɟɞɟɥɢɬɶ, ɛɭɞɟɬ ɥɢ ɦɭɥɶɬɢɩɥɢɤɚɬɢɜɧɚɹ ɚɥɝɟɛɪɚ ɩɨɥɨɠɢɬɟɥɶɧɵɯ 
ɞɟɣɫɬɜɢɬɟɥɶɧɵɯ ɱɢɫɟɥ ɩɨɞɝɪɭɩɩɨɣ ɚɞɞɢɬɢɜɧɨɣ ɝɪɭɩɩɵ ɞɟɣɫɬɜɢɬɟɥɶɧɵɯ ɱɢɫɟɥ. 

12. ɋɨɫɬɚɜɢɬɶ ɤɥɚɫɬɟɪ ɩɨɧɹɬɢɣ ɩɨ ɬɟɦɟ «Ƚɪɭɩɩɚ» ɢ ɨɛɨɫɧɨɜɚɬɶ ɟɝɨ.  
13. (Ɂɚɞɚɱɚɨ ɧɚɫɥɟɞɨɜɚɧɢɢ ɩɪɢɡɧɚɤɚ). ɉɭɫɬɶ ɢɦɟɟɬɫɹ ɤɨɧɟɱɧɨɟ ɦɧɨɠɟɫɬɜɨ M 

ɩɪɨɫɬɟɣɲɢɯ ɫɭɳɟɫɬɜ, ɤɚɠɞɨɟ ɢɡ ɤɨɬɨɪɵɯ ɨɛɥɚɞɚɟɬ ɨɞɧɢɦ ɢɡ ɩɪɢɡɧɚɤɨɜ A, B, C. ɉɭɫɬɶ, 
ɧɚɩɪɢɦɟɪ, ɷɬɢ ɩɪɢɡɧɚɤɢ ɯɚɪɚɤɬɟɪɢɡɭɸɬ ɮɨɪɦɭ ɝɥɚɡ: ɫɨɨɬɜɟɬɫɬɜɟɧɧɨ ɤɪɭɝɥɵɟ, 
ɤɜɚɞɪɚɬɧɵɟ ɢ ɬɪɟɭɝɨɥɶɧɵɟ. ɂɡɜɟɫɬɧɨ, ɱɬɨ ɜ ɪɟɡɭɥɶɬɚɬɟ ɫɥɢɹɧɢɹ ɞɜɭɯ ɫɭɳɟɫɬɜ X ɢ Y 
ɩɨɥɭɱɚɟɬɫɹ ɨɞɧɨ ɧɨɜɨɟ ɫɭɳɟɫɬɜɨ Z. ɉɪɢ ɷɬɨɦ ɧɚɫɥɟɞɨɜɚɧɢɟ ɮɨɪɦɵ ɝɥɚɡ 
ɨɫɭɳɟɫɬɜɥɹɟɬɫɹ ɩɨ ɡɚɤɨɧɭ «*» ɨɩɢɫɚɧɧɨɦɭ ɬɚɛɥɢɰɟɣ ɧɚ ɪɢɫɭɧɤɟ:  

14.  
15. ȼ ɪɟɡɭɥɶɬɚɬɟ ɷɜɨɥɸɰɢɢ ɫɭɳɟɫɬɜ ɨɫɬɚɟɬɫɹ ɨɞɧɨ ɫɭɳɟɫɬɜɨ. Ⱦɨɤɚɡɚɬɶ, ɱɬɨ 

ɮɨɪɦɚ ɝɥɚɡ ɨɫɬɚɜɲɟɝɨɫɹ ɫɭɳɟɫɬɜɚ ɧɟ ɡɚɜɢɫɢɬ ɨɬ ɬɨɝɨ, ɜ ɤɚɤɨɦ ɩɨɪɹɞɤɟ ɫɥɢɜɚɸɬɫɹ 
ɫɭɳɟɫɬɜɚ.  

16. Ʉ ɤɭɛɢɤɭ Ɋɭɛɢɤɚ ɩɪɢɦɟɧɢɥɢ ɩɨɫɥɟɞɨɜɚɬɟɥɶɧɨɫɬɶ ɩɨɜɨɪɨɬɨɜ. Ⱦɨɤɚɡɚɬɶ, ɱɬɨ 
ɩɪɢɦɟɧɹɹ ɟɟ ɧɟɫɤɨɥɶɤɨ ɪɚɡ, ɦɨɠɧɨ ɩɪɢɜɟɫɬɢ ɤɭɛɢɤ ɜ ɧɚɱɚɥɶɧɨɟ ɫɨɫɬɨɹɧɢɟ.  

17. Ⱦɨɤɚɡɚɬɶ, ɱɬɨ ɦɧɨɠɟɫɬɜɨ ɜɫɟɯ ɧɚɛɨɪɨɜ ɮɢɤɫɢɪɨɜɚɧɧɨɣ ɞɥɢɧɵ n, 
ɫɨɫɬɚɜɥɟɧɧɵɯ ɢɡ 0 ɢ 1, ɨɛɪɚɡɭɟɬ ɚɞɞɢɬɢɜɧɭɸ ɝɪɭɩɩɭ ɩɨ ɨɩɟɪɚɰɢɢ ɫɭɦɦɢɪɨɜɚɧɢɹ ɩɨ 
ɦɨɞɭɥɸ ɞɜɚ. ɑɬɨ ɩɪɟɞɫɬɚɜɥɹɟɬ ɫɨɛɨɣ ɷɥɟɦɟɧɬ, ɩɪɨɬɢɜɨɩɨɥɨɠɧɵɣ ɩɪɨɢɡɜɨɥɶɧɨɦɭ 
ɷɥɟɦɟɧɬɭ ɚ ɷɬɨɣ ɝɪɭɩɩɵ? 
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18. ȼɨɫɫɬɚɧɨɜɢɬɶ ɰɟɩɨɱɤɭ ɩɨɧɹɬɢɣ ɦɟɠɞɭ ɩɨɧɹɬɢɹɦɢ «ɨɬɨɛɪɚɠɟɧɢɟ» ɢ 
«ɢɡɨɦɨɪɮɢɡɦ ɝɪɭɩɩ», ɜ ɤɨɬɨɪɨɣ ɤɚɠɞɨɟ ɫɥɟɞɭɸɳɟɟ ɩɨɧɹɬɢɟ ɨɛɪɚɡɭɟɬɫɹ ɢɡ 
ɩɪɟɞɵɞɭɳɟɝɨ ɱɟɪɟɡ ɜɢɞɨɜɨɟ ɨɬɥɢɱɢɟ. 

19. ɉɨɫɬɪɨɢɬɶ ɥɟɜɨɟ ɢ ɩɪɚɜɨɟ ɪɚɡɛɢɟɧɢɹ ɝɪɭɩɩɵ ɫɢɦɦɟɬɪɢɣ ɩɪɚɜɢɥɶɧɨɝɨ 
ɬɪɟɭɝɨɥɶɧɢɤɚ ɧɚ ɫɦɟɠɧɵɟ ɤɥɚɫɫɵ: ɚ) ɩɨ ɩɨɞɝɪɭɩɩɟ ɜɪɚɳɟɧɢɣ ɷɬɨɝɨ ɬɪɟɭɝɨɥɶɧɢɤɚ; ɛ) ɩɨ 
ɩɨɞɝɪɭɩɩɟ  aRA ,0 , ɝɞɟ ɚ – ɨɞɧɚ ɢɡ ɫɢɦɦɟɬɪɢɣ. 

20. ɉɨɫɬɪɨɢɬɶ ɥɟɜɨɟ ɢ ɩɪɚɜɨɟ ɪɚɡɥɨɠɟɧɢɹ ɦɭɥɶɬɢɩɥɢɤɚɬɢɜɧɨɣ ɝɪɭɩɩɵ 
ɞɟɣɫɬɜɢɬɟɥɶɧɵɯ ɱɢɫɟɥ ɧɚ ɫɦɟɠɧɵɟ ɤɥɚɫɫɵ ɩɨ ɩɨɞɝɪɭɩɩɟ  1;1A . 

21. ɉɨɫɬɪɨɢɬɶ ɬɚɛɥɢɰɭ Ʉɷɥɢ ɞɥɹ ɝɪɭɩɩɵ ɫɢɦɦɟɬɪɢɣ ɤɜɚɞɪɚɬɚ. 
22. ɉɨɫɬɪɨɢɬɶ ɮɚɤɬɨɪ-ɝɪɭɩɩɭ ɚɞɞɢɬɢɜɧɨɣ ɝɪɭɩɩɵ ɰɟɥɵɯ ɱɢɫɟɥ ɩɨ ɟɟ ɩɨɞɝɪɭɩɩɟ 

ɰɟɥɵɯ ɱɢɫɟɥ, ɤɪɚɬɧɵɯ ɩɹɬɢ. ɉɨɫɬɪɨɢɬɶ ɬɚɛɥɢɰɭ Ʉɷɥɢ ɞɥɹ ɷɬɨɣ ɝɪɭɩɩɵ ɢ ɧɚɣɬɢ ɷɥɟɦɟɧɬ, 
ɩɪɨɬɢɜɨɩɨɥɨɠɧɵɣ ɷɥɟɦɟɧɬɭ 2+ȼ. 

23. Ⱦɚɧɨ ɦɧɨɠɟɫɬɜɨ  4321 ;;; ffffF  , ɝɞɟ ,
1

)(,)(,)( 321
x

xfxxfxxf   
x

xf
1

)(4  . 

ȼɵɹɫɧɢɬɶ, ɨɛɪɚɡɭɟɬ ɥɢ ɞɚɧɧɨɟ ɦɧɨɠɟɫɬɜɨ ɝɪɭɩɩɭ ɩɨ ɨɩɟɪɚɰɢɢ ɤɨɦɩɨɡɢɰɢɢ ɮɭɧɤɰɢɣ. 
ȿɫɥɢ ɞɚ, ɬɨ ɧɚɣɬɢ ɜɫɟ ɩɨɞɝɪɭɩɩɵ ɷɬɨɣ ɝɪɭɩɩɵ ɢ ɩɨɫɬɪɨɢɬɶ ɪɚɡɛɢɟɧɢɟ ɧɚ ɫɦɟɠɧɵɟ 
ɤɥɚɫɫɵ ɩɨ ɤɚɤɨɣ-ɥɢɛɨ ɩɨɞɝɪɭɩɩɟ. 

24. Ɉɩɪɟɞɟɥɢɬɶ, ɨɛɪɚɡɭɟɬ ɥɢ ɝɪɭɩɩɭ ɩɨ ɨɩɟɪɚɰɢɢ ɭɦɧɨɠɟɧɢɹ ɦɧɨɠɟɫɬɜɨ ɤɥɚɫɫɨɜ 
ɜɵɱɟɬɨɜ, ɜɡɚɢɦɧɨ ɩɪɨɫɬɵɯ ɫ ɦɨɞɭɥɟɦ m=8.  

 
Ɍɟɦɚ. Ɍɟɨɪɢɹ ɞɟɥɢɦɨɫɬɢ ɜ ɤɨɥɶɰɟ ɰɟɥɵɯ ɱɢɫɟɥ 

ɉɥɚɧ 

1. Ⱦɟɥɟɧɢɟ ɰɟɥɵɯ ɱɢɫɟɥ ɫ ɨɫɬɚɬɤɨɦ.  
2. ɇɈȾ ɢ ɇɈɄ ɰɟɥɵɯ ɱɢɫɟɥ. Ⱥɥɝɨɪɢɬɦ ȿɜɤɥɢɞɚ.  
1. Ⱦɟɥɟɧɢɟ ɰɟɥɵɯ ɱɢɫɟɥ ɫ ɨɫɬɚɬɤɨɦ.  
Ɇɟɬɨɞ ɚɧɚɥɢɡɚ ɨɫɬɚɬɤɨɜ 
ɋɭɬɶ ɦɟɬɨɞɚ ɫɨɫɬɨɢɬ ɜ ɪɚɫɫɦɨɬɪɟɧɢɢ ɫɥɭɱɚɟɜ ɪɚɡɥɢɱɧɵɯ ɨɫɬɚɬɤɨɜ ɨɬ ɞɟɥɟɧɢɹ ɧɚ 

ɡɚɞɚɧɧɨɟ ɱɢɫɥɨ, ɱɬɨ ɩɨɡɜɨɥɹɟɬ ɜ ɤɨɧɟɱɧɨɦ ɢɬɨɝɟ ɪɟɲɢɬɶ ɩɨɫɬɚɜɥɟɧɧɭɸ ɡɚɞɚɱɭ. ȼ 
ɩɪɢɦɟɪɚɯ ɷɬɨɝɨ ɩɭɧɤɬɚ ɢɫɩɨɥɶɡɨɜɚɥɢɫɶ ɫɥɟɞɭɸɳɢɟ ɫɜɨɣɫɬɜɚ ɨɫɬɚɬɤɨɜ: ɨɫɬɚɬɤɢ, 
ɩɨɥɭɱɟɧɧɵɟ ɩɪɢ ɞɟɥɟɧɢɢ ɞɜɭɯ ɧɚɬɭɪɚɥɶɧɵɯ ɱɢɫɟɥ ɧɚ ɧɟɤɨɬɨɪɨɟ ɧɚɬɭɪɚɥɶɧɨɟ ɱɢɫɥɨ q , 

ɦɨɠɧɨ ɫɤɥɚɞɵɜɚɬɶ (ɜɵɱɢɬɚɬɶ), ɩɟɪɟɦɧɨɠɚɬɶ ɩɪɢ ɜɵɩɨɥɧɟɧɢɢ ɫɨɨɬɜɟɬɫɬɜɭɸɳɢɯ 
ɞɟɣɫɬɜɢɣ ɧɚɞ ɫɚɦɢɦɢ ɱɢɫɥɚɦɢ. ȿɫɥɢ ɩɪɢ ɜɵɩɨɥɧɟɧɢɢ ɷɬɢɯ ɨɩɟɪɚɰɢɣ ɩɨɥɭɱɢɬɫɹ ɱɢɫɥɨ, 
ɩɪɟɜɵɲɚɸɳɟɟ ɞɟɥɢɬɟɥɶ q , ɬɨ ɨɧɨ ɨɩɹɬɶ-ɬɚɤɢ ɡɚɦɟɧɹɟɬɫɹ ɨɫɬɚɬɤɨɦ ɨɬ ɞɟɥɟɧɢɹ ɧɚ q . 

Эɬɢ ɫɜɨɣɫɬɜɚ ɨɫɬɚɬɤɨɜ ɛɨɥɟɟ ɧɚɝɥɹɞɧɨ ɮɨɪɦɭɥɢɪɭɸɬɫɹ ɧɚ ɹɡɵɤɟ ɬɟɨɪɢɢ 
ɫɪɚɜɧɟɧɢɣ, ɨɫɧɨɜɧɵɟ ɩɨɥɨɠɟɧɢɹ ɤɨɬɨɪɨɣ ɛɭɞɭɬ ɪɚɫɫɦɨɬɪɟɧɵ ɩɨɡɠɟ.  

ɉɪɢɦɟɪ 1. Ⱦɨɤɚɠɢɬɟ, ɱɬɨ ɤɜɚɞɪɚɬɵ ɧɚɬɭɪɚɥɶɧɵɯ ɱɢɫɟɥ ɧɟ ɞɚɸɬ ɨɫɬɚɬɤɚ 2  ɩɪɢ 
ɞɟɥɟɧɢɢ ɧɚ 3 . 

Ɋɟɲɟɧɢɟ. ɑɢɫɥɨ n  ɦɨɠɟɬ ɞɚɜɚɬɶ ɩɪɢ ɞɟɥɟɧɢɢ ɧɚ 3  ɨɫɬɚɬɤɢ 2,1,0 . ɋɨɫɬɚɜɢɦ 
ɬɚɛɥɢɰɭ: 

Ɉɫɬɚɬɨɤ ɱɢɫɥɚ n  ɩɪɢ 
ɞɟɥɟɧɢɢ ɧɚ 3  

Ɉɫɬɚɬɨɤ ɱɢɫɥɚ 2
n  ɩɪɢ 

ɞɟɥɟɧɢɢ ɧɚ 3  

0  0  

1 1 
2  1 

 
ɉɨɹɫɧɢɦ ɡɚɩɨɥɧɟɧɢɟ ɬɪɟɬɶɟɣ ɫɬɪɨɤɢ ɬɚɛɥɢɰɵ: 

    1143341292323 2222  qqqqqnqn . 

ɉɪɢɦɟɪ 2. ɋɭɳɟɫɬɜɭɟɬ ɥɢ ɬɚɤɚɹ ɫɬɟɩɟɧɶ ɞɜɨɣɤɢ, ɢɡ ɤɨɬɨɪɨɣ ɩɟɪɟɫɬɚɧɨɜɤɨɣ 
ɦɨɠɧɨ ɩɨɥɭɱɢɬɶ ɞɪɭɝɭɸ ɫɬɟɩɟɧɶ ɞɜɨɣɤɢ? 
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Ɋɟɲɟɧɢɟ. ɉɭɫɬɶ ɱɢɫɥɨ m

kk aaan 201     ɟɫɬɶ ɧɟɤɨɬɨɪɚɹ ɫɬɟɩɟɧɶ ɞɜɨɣɤɢ. 
ȼɨɩɪɨɫ ɡɚɤɥɸɱɚɟɬɫɹ ɜ ɫɥɟɞɭɸɳɟɦ: ɟɫɥɢ ɦɵ ɩɟɪɟɫɬɚɜɢɦ ɰɢɮɪɵ ɷɬɨɝɨ ɱɢɫɥɚ ɜ 
ɩɪɨɢɡɜɨɥɶɧɨɦ ɩɨɪɹɞɤɟ, ɦɨɠɟɦ ɥɢ ɩɪɢ ɷɬɨɦ ɫɧɨɜɚ ɩɨɥɭɱɢɬɶ ɧɟɤɨɬɨɪɭɸ ɫɬɟɩɟɧɶ ɱɢɫɥɚ 
2 ? (ɇɚɩɪɢɦɟɪ, 72128 n , ɧɨ ɧɢ ɨɞɧɚ ɩɟɪɟɫɬɚɧɨɜɤɚ ɰɢɮɪ ɱɢɫɥɚ 128  ɧɟ ɹɜɥɹɟɬɫɹ 
ɫɬɟɩɟɧɶɸ ɞɜɨɣɤɢ). 

ȼɨɫɩɨɥɶɡɭɟɦɫɹ ɫɥɟɞɫɬɜɢɟɦ ɢɡ ɩɪɢɡɧɚɤɚ ɞɟɥɢɦɨɫɬɢ ɧɚ 9 : ɥɸɛɵɟ ɞɜɚ ɱɢɫɥɚ, 
ɨɬɥɢɱɚɸɳɢɟɫɹ ɥɢɲɶ ɩɨɪɹɞɤɨɦ ɫɥɟɞɨɜɚɧɢɹ ɰɢɮɪ, ɞɚɸɬ ɩɪɢ ɞɟɥɟɧɢɢ ɧɚ 9  ɨɞɢɧɚɤɨɜɵɟ 
ɨɫɬɚɬɤɢ, ɢ ɪɚɫɫɦɨɬɪɢɦ, ɤɚɤɢɟ ɨɫɬɚɬɤɢ ɩɪɢ ɞɟɥɟɧɢɢ ɧɚ 9  ɦɨɝɭɬ ɞɚɜɚɬɶ ɱɢɫɥɚ ɜɢɞɚ m2 : 

ɋɬɟɩɟɧɶ 
ɱɢɫɥɚ 2  

Ɉɫɬɚɬɨɤ ɫɬɟɩɟɧɢ 
ɩɪɢ 

ɞɟɥɟɧɢɢ ɧɚ 9  
12  2  
22  4  
32  8  
42  7  
52  5  
62  1 
72  2  
82  4  

  
 

Ⱦɨɤɚɠɟɦ, ɱɬɨ ɩɨɫɥɟɞɨɜɚɬɟɥɶɧɨɫɬɶ ɨɫɬɚɬɤɨɜ ɩɪɢ ɞɟɥɟɧɢɢ ɧɚ 9  ɫɬɟɩɟɧɟɣ ɞɜɨɣɤɢ 
1,5,7,8,4,2  ɩɟɪɢɨɞɢɱɧɚ ɫ ɩɟɪɢɨɞɨɦ 6 . Ⱦɥɹ ɷɬɨɝɨ ɪɚɫɫɦɨɬɪɢɦ ɪɚɡɧɨɫɬɶ 63222 6  mmm  – 

ɨɱɟɜɢɞɧɨ, ɨɧɚ ɞɟɥɢɬɫɹ ɧɚ 9 , ɫɥɟɞɨɜɚɬɟɥɶɧɨ, ɱɟɪɟɡ 6  ɲɚɝɨɜ ɨɫɬɚɬɤɢ ɛɭɞɭɬ ɩɨɜɬɨɪɹɬɶɫɹ. 
ɉɪɟɞɩɨɥɨɠɟɧɢɟ. Ⱦɨɩɭɫɬɢɦ ɬɟɩɟɪɶ, ɱɬɨ ɞɜɟ ɫɬɟɩɟɧɢ ɞɜɨɣɤɢ ɨɬɥɢɱɚɸɬɫɹ ɬɨɥɶɤɨ 

ɩɨɪɹɞɤɨɦ ɫɥɟɞɨɜɚɧɢɹ ɰɢɮɪ (ɤɨɥɢɱɟɫɬɜɨ ɰɢɮɪ ɨɞɢɧɚɤɨɜɨ!). Ɍɨɝɞɚ ɨɧɢ ɞɚɸɬ ɩɪɢ 
ɞɟɥɟɧɢɢ ɧɚ 9  ɨɞɢɧɚɤɨɜɵɟ ɨɫɬɚɬɤɢ, ɱɬɨ ɜɨɡɦɨɠɧɨ ɥɢɲɶ ɱɟɪɟɡ 6  ɲɚɝɨɜ (ɬ.ɟ. 6  ɪɚɡ 
ɭɦɧɨɠɚɟɦ ɱɢɫɥɨ ɧɚ 2 ). Ɍɨɝɞɚ ɨɞɧɚ ɢɡ ɫɬɟɩɟɧɟɣ ɞɜɨɣɤɢ ɛɭɞɟɬ ɛɨɥɶɲɟ ɞɪɭɝɨɣ ɩɨ 
ɜɟɥɢɱɢɧɟ ɧɟ ɦɟɧɟɟ ɱɟɦ ɜ 6426   ɪɚɡɚ, ɢ, ɫɥɟɞɨɜɚɬɟɥɶɧɨ, ɜ ɧɟɣ ɞɨɥɠɧɨ ɛɵɬɶ ɛɨɥɶɲɟɟ 
ɤɨɥɢɱɟɫɬɜɨ ɰɢɮɪ. ɉɨɥɭɱɢɥɢ ɩɪɨɬɢɜɨɪɟɱɢɟ ɫ ɩɪɟɞɩɨɥɨɠɟɧɢɟɦ. 

Ɉɬɜɟɬ: ɇɟ ɫɭɳɟɫɬɜɭɟɬ ɬɚɤɚɹ ɫɬɟɩɟɧɶ ɞɜɨɣɤɢ, ɢɡ ɤɨɬɨɪɨɣ ɩɟɪɟɫɬɚɧɨɜɤɨɣ ɦɨɠɧɨ 
ɩɨɥɭɱɢɬɶ ɞɪɭɝɭɸ ɫɬɟɩɟɧɶ ɞɜɨɣɤɢ. 

ɉɪɢɦɟɪ 3. ɉɭɫɬɶ ɨɫɬɚɬɨɤ ɨɬ ɞɟɥɟɧɢɹ ɧɚɬɭɪɚɥɶɧɨɝɨ ɱɢɫɥɚ m  ɧɚ 7  ɪɚɜɟɧ 3 . ɇɚɣɬɢ 
ɨɫɬɚɬɨɤ ɨɬ ɞɟɥɟɧɢɹ ɧɚ 7  ɱɢɫɥɚ 153 2  mm . 

Ɋɟɲɟɧɢɟ. ɂɡ ɭɫɥɨɜɢɹ ɫɥɟɞɭɟɬ, ɱɬɨ ɱɢɫɥɨ m  ɢɦɟɟɬ ɜɢɞ: 37  km .  

Ɍɨɝɞɚ 1)62321(71)37(5)37(3153 222  kkkkmm .  

Ɉɬɜɟɬ: ɨɫɬɚɬɨɤ ɨɬ ɞɟɥɟɧɢɹ ɱɢɫɥɚ 153 2  mm  ɧɚ 7  ɪɚɜɟɧ 1. 

ɉɪɢɦɟɪ 4. Ⱦɨɤɚɡɚɬɶ, ɱɬɨ ɩɪɢ ɥɸɛɵɯ ɰɟɥɵɯ x  ɱɢɫɥɨ )5( 2 xx  ɞɟɥɢɬɫɹ ɧɚɰɟɥɨ 
ɧɚ 6 . 

Ɋɟɲɟɧɢɟ. Ɋɚɡɨɛɶёɦ ɦɧɨɠɟɫɬɜɨ ɜɫɟɯ ɰɟɥɵɯ x  ɧɚ 6  ɝɪɭɩɩ ɜ ɡɚɜɢɫɢɦɨɫɬɢ ɨɬ 
ɨɫɬɚɬɤɚ ɩɪɢ ɞɟɥɟɧɢɢ ɧɚ 6 , ɬ.ɟ. ɪɚɫɫɦɨɬɪɢɦ 6  ɫɥɭɱɚɟɜ: qnx  6 , ɝɞɟ  5,4,3,2,1,0q . 

1) ɉɭɫɬɶ ɰɟɥɨɟ ɱɢɫɥɨ ɞɟɥɢɬɫɹ ɧɚ 6  ɧɚɰɟɥɨ, ɬɨ ɟɫɬɶ nx 6 , ɬɨɝɞɚ 
6)536(6)5( 22  nnxx . 

2) ɉɭɫɬɶ ɰɟɥɨɟ ɱɢɫɥɨ ɩɪɢ ɞɟɥɟɧɢɢ ɧɚ 6  ɞɚёɬ ɨɫɬɚɬɨɤ 1, ɬɨ ɟɫɬɶ 16  nx , ɬɨɝɞɚ 
 )5)16(()16()5( 22

nnxx  

.6)126(6)16()61236)(16( 22  nnnnnn  
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3) ɉɭɫɬɶ ɰɟɥɨɟ ɱɢɫɥɨ ɩɪɢ ɞɟɥɟɧɢɢ ɧɚ 6  ɞɚёɬ ɨɫɬɚɬɨɤ 2 , ɬɨ ɟɫɬɶ 26  nx , ɬɨɝɞɚ 
 )5)26(()26()5( 22

nnxx  

.6)3812(3)13(2)92436)(26( 22  nnnnnn  

4) ɉɭɫɬɶ ɰɟɥɨɟ ɱɢɫɥɨ ɩɪɢ ɞɟɥɟɧɢɢ ɧɚ 6  ɞɚёɬ ɨɫɬɚɬɨɤ 3 , ɬɨ ɟɫɬɶ 36  nx , ɬɨɝɞɚ 
 )143636)(36()5)36(()36()5( 222

nnnnnxx

.6)71818(2)12(3 2  nnn  

5) ɉɭɫɬɶ ɰɟɥɨɟ ɱɢɫɥɨ ɩɪɢ ɞɟɥɟɧɢɢ ɧɚ 6  ɞɚёɬ ɨɫɬɚɬɨɤ 4 , ɬɨ ɟɫɬɶ 46  nx , ɬɨɝɞɚ 
 )5)46(()46()5( 22

nnxx  

.6)71612(3)23(2)214836)(46( 22  nnnnnn  

6) ɉɭɫɬɶ ɰɟɥɨɟ ɱɢɫɥɨ ɩɪɢ ɞɟɥɟɧɢɢ ɧɚ 6  ɞɚёɬ ɨɫɬɚɬɨɤ 5 , ɬɨ ɟɫɬɶ 56  nx , ɬɨɝɞɚ 
 )5)56(()56()5( 22

nnxx  

.6)5106(6)56()306036)(56( 22  nnnnnn  

Ɍɚɤ ɤɚɤ ɞɪɭɝɢɯ ɜɚɪɢɚɧɬɨɜ ɞɟɥɢɦɨɫɬɢ ɧɚ 6  ɰɟɥɵɯ ɱɢɫɟɥ ɧɟɬ, ɬɨ ɦɵ ɪɚɫɫɦɨɬɪɟɥɢ 
ɜɫɟ ɰɟɥɵɟ ɱɢɫɥɚ x  ɢ ɞɨɤɚɡɚɥɢ, ɱɬɨ ɜ ɤɚɠɞɨɦ ɢɡ ɲɟɫɬɢ ɫɥɭɱɚɟɜ ɜɵɪɚɠɟɧɢɟ )5( 2 xx  

ɤɪɚɬɧɨ 6. 
ɉɪɢɦɟɪ 5. ɍɱɢɬɟɥɶɧɢɰɚ ɩɪɢɧɟɫɥɚ ɜ ɤɥɚɫɫ ɫɱёɬɧɵɟ ɩɚɥɨɱɤɢ. Ⱦɟɬɢ ɪɚɫɤɥɚɞɵɜɚɥɢ 

ɢɯ ɜ ɩɚɤɟɬɢɤɢ. Ʉɨɝɞɚ ɪɚɡɥɨɠɢɥɢ ɩɨ 2  ɩɚɥɨɱɤɢ ɜ ɤɚɠɞɵɣ ɩɚɤɟɬɢɤ, ɬɨ ɨɫɬɚɥɚɫɶ 1 ɥɢɲɧɹɹ 
ɩɚɥɨɱɤɚ. Ɂɚɬɟɦ ɪɚɡɥɨɠɢɥɢ ɩɨ 13  ɲɬɭɤ ɜ ɩɚɤɟɬɢɤ, ɢ ɬɨɝɞɚ ɨɫɬɚɥɨɫɶ 7  ɥɢɲɧɢɯ ɩɚɥɨɱɟɤ. 
Ʉɨɝɞɚ ɠɟ ɩɚɥɨɱɤɢ ɪɚɡɥɨɠɢɥɢ ɩɨ 9  ɲɬɭɤ ɜ ɩɚɤɟɬɢɤ, ɬɨ ɥɢɲɧɢɯ ɧɟ ɨɫɬɚɥɨɫɶ. ɋɤɨɥɶɤɨ, 
ɫɚɦɨɟ ɦɟɧɶɲɟɟ, ɛɵɥɨ ɫɱёɬɧɵɯ ɩɚɥɨɱɟɤ? 

Ɋɟɲɟɧɢɟ. ɉɭɫɬɶ ɜɫɟɝɨ ɛɵɥɨ n  ɫɱёɬɧɵɯ ɩɚɥɨɱɟɤ. Ɍɨɝɞɚ ɭɫɥɨɜɢɹ ɡɚɞɚɱɢ ɩɪɢɜɨɞɹɬ ɤ 
ɫɢɫɬɟɦɟ 
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Ɍɚɤɢɦ ɨɛɪɚɡɨɦ, ɬɪɟɛɭɟɬɫɹ ɧɚɣɬɢ ɧɚɢɦɟɧɶɲɟɟ ɧɚɬɭɪɚɥɶɧɨɟ ɧɟɱёɬɧɨɟ ɱɢɫɥɨ n , 

ɞɟɥɹɳɟɟɫɹ ɧɚ 9  ɢ ɞɚɸɳɟɟ ɩɪɢ ɞɟɥɟɧɢɢ ɧɚ 13ɨɫɬɚɬɨɤ 7 . Ɂɚɦɟɬɢɦ, ɱɬɨ ɜ ɫɢɥɭ 
ɧɟɱёɬɧɨɫɬɢ 713  kn  ɱɢɫɥɨ k  ɞɨɥɠɧɨ ɛɵɬɶ ɱёɬɧɵɦ, ɬɨ ɟɫɬɶ ,...)2,1,0(   2  ppk , 

ɩɪɢɱёɦ ɦɟɧɶɲɟɦɭ n  ɫɨɨɬɜɟɬɫɬɜɭɟɬ ɦɟɧɶɲɟɟ p , ɧɨ ɬɨɝɞɚ ɢɦɟɟɦ 
)2(927726  pppn .  

ɉɨɫɤɨɥɶɤɭ ɱɢɫɥɚ n  ɢ 927 p  ɞɟɥɹɬɫɹ ɧɚɰɟɥɨ ɧɚ 9 , ɬɨ, ɫɥɟɞɨɜɚɬɟɥɶɧɨ, ɱɢɫɥɨ 
2p  ɬɚɤɠɟ ɞɨɥɠɧɨ ɛɵɬɶ ɤɪɚɬɧɨ 9  (ɢ ɩɪɢ ɷɬɨɦ ɛɵɬɶ ɦɢɧɢɦɚɥɶɧɵɦ). ɇɚɢɦɟɧɶɲɟɟ 

ɰɟɥɨɟ ɧɟɨɬɪɢɰɚɬɟɥɶɧɨɟ p , ɞɥɹ ɤɨɬɨɪɨɝɨ ɜɵɩɨɥɧɹɸɬɫɹ ɷɬɢ ɭɫɥɨɜɢɹ, ɪɚɜɧɨ 7 , ɨɬɤɭɞɚ 
ɧɚɯɨɞɢɦ 1897726726  pn .  

Ɉɬɜɟɬ: ɋɚɦɨɟ ɦɟɧɶɲɟɟ – 189  ɫɱёɬɧɵɯ ɩɚɥɨɱɟɤ. 
ɉɪɢɦɟɪ 6. ɋɭɦɦɚ ɧɟɩɨɥɧɨɝɨ ɱɚɫɬɧɨɝɨ ɢ ɨɫɬɚɬɤɚ, ɩɨɥɭɱɟɧɧɵɯ ɩɪɢ ɞɟɥɟɧɢɢ 

ɧɟɤɨɬɨɪɨɝɨ ɧɚɬɭɪɚɥɶɧɨɝɨ ɱɢɫɥɚ ɧɚ 100 , ɪɚɜɧɚ ɫɭɦɦɟ ɧɟɩɨɥɧɨɝɨ ɱɚɫɬɧɨɝɨ ɢ ɨɫɬɚɬɤɚ, 
ɩɨɥɭɱɟɧɧɵɯ ɩɪɢ ɞɟɥɟɧɢɢ ɬɨɝɨ ɠɟ ɱɢɫɥɚ ɧɚ 1995 . ɑɟɦɭ ɦɨɝɭɬ ɛɵɬɶ ɪɚɜɧɵ ɧɟɩɨɥɧɵɟ 
ɱɚɫɬɧɵɟ? 

Ɋɟɲɟɧɢɟ. ɉɭɫɬɶ n  – ɧɚɬɭɪɚɥɶɧɨɟ ɱɢɫɥɨ ɢɡ ɭɫɥɨɜɢɹ ɡɚɞɚɱɢ. Ɍɨɝɞɚ: 

ktn

rqn




1995

100
, 
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ɝɞɟ tq,  – ɧɟɩɨɥɧɵɟ ɱɚɫɬɧɵɟ, kr,  – ɨɫɬɚɬɤɢ ɩɪɢ ɞɟɥɟɧɢɢ ɧɚ 100  ɢ 1995  ɫɨɨɬɜɟɬɫɬɜɟɧɧɨ. 
Ɍɨɝɞɚ ktrq  1995100  ɢ ɩɨ ɭɫɥɨɜɢɸ ktrq  . ɂɡ ɷɬɢɯ ɞɜɭɯ ɪɚɜɟɧɫɬɜ ɩɨɥɭɱɚɟɦ: 

    tqkttrqq 199499199499  . 

Ɋɚɡɥɨɠɢɜ ɱɢɫɥɚ 99  ɢ 1994  ɧɚ ɩɪɨɫɬɵɟ ɦɧɨɠɢɬɟɥɢ, ɩɨɥɭɱɢɦ: tq  99721132 . 

Ɍɚɤ ɤɚɤ ɱɢɫɥɚ 99  ɢ 1994  ɜɡɚɢɦɧɨ ɩɪɨɫɬɵɟ, ɬɨ ɢɡ ɩɨɫɥɟɞɧɟɝɨ ɪɚɜɟɧɫɬɜɚ ɫɥɟɞɭɟɬ, ɱɬɨ q  

ɞɨɥɠɧɨ ɛɵɬɶ ɤɪɚɬɧɨ 1994 , t – ɤɪɚɬɧɨ 99 . 
Ɉɬɜɟɬ: Nmmtmq  ,99,1994 . 

 

Ɂɚɞɚɧɢɹ 

1. ɇɚ ɫɬɨɥɟ ɥɟɠɚɬ ɤɧɢɝɢ, ɤɨɬɨɪɵɟ ɧɚɞɨ ɭɩɚɤɨɜɚɬɶ. ȿɫɥɢ ɢɯ ɫɜɹɡɚɬɶ ɜ ɨɞɢɧɚɤɨɜɵɟ 
ɩɚɱɤɢ ɩɨ 4 , ɩɨ 5  ɢɥɢ ɩɨ 6  ɤɧɢɝ, ɬɨ ɤɚɠɞɵɣ ɪɚɡ ɨɫɬɚɧɟɬɫɹ ɨɞɧɚ ɥɢɲɧɹɹ ɤɧɢɝɚ, ɚ ɟɫɥɢ 
ɫɜɹɡɚɬɶ ɩɨ 7  ɤɧɢɝ ɜ ɩɚɱɤɭ, ɬɨ ɥɢɲɧɢɯ ɤɧɢɝ ɧɟ ɨɫɬɚɧɟɬɫɹ. Ʉɚɤɨɟ ɧɚɢɦɟɧɶɲɟɟ ɤɨɥɢɱɟɫɬɜɨ 
ɤɧɢɝ ɦɨɠɟɬ ɛɵɬɶ ɧɚ ɫɬɨɥɟ? 

2. ɇɚɣɞɢɬɟ ɧɚɢɦɟɧɶɲɟɟ ɬɪёɯɡɧɚɱɧɨɟ ɱɢɫɥɨ, ɤɨɬɨɪɨɟ ɩɪɢ ɞɟɥɟɧɢɢ ɧɚ 2  ɞɚёɬ 
ɨɫɬɚɬɨɤ 1, ɩɪɢ ɞɟɥɟɧɢɢ ɧɚ 3  ɞɚёɬ ɨɫɬɚɬɨɤ 2 , ɩɪɢ ɞɟɥɟɧɢɢ ɧɚ 5  ɞɚёɬ ɨɫɬɚɬɨɤ 3  ɢ 
ɤɨɬɨɪɨɟ ɡɚɩɢɫɚɧɨ ɬɪɟɦɹ ɪɚɡɥɢɱɧɵɦɢ ɧɟɱёɬɧɵɦɢ ɰɢɮɪɚɦɢ. 

3. ɇɚɣɞɢɬɟ ɧɚɢɦɟɧɶɲɟɟ ɬɪёɯɡɧɚɱɧɨɟ ɧɚɬɭɪɚɥɶɧɨɟ ɱɢɫɥɨ, ɤɨɬɨɪɨɟ ɩɪɢ ɞɟɥɟɧɢɢ ɧɚ 
6  ɢ ɧɚ 11 ɞɚёɬ ɪɚɜɧɵɟ ɧɟɧɭɥɟɜɵɟ ɨɫɬɚɬɤɢ ɢ ɭ ɤɨɬɨɪɨɝɨ ɫɪɟɞɧɹɹ ɰɢɮɪɚ ɹɜɥɹɟɬɫɹ 
ɫɪɟɞɧɢɦ ɚɪɢɮɦɟɬɢɱɟɫɤɢɦ ɞɜɭɯ ɤɪɚɣɧɢɯ ɰɢɮɪ. 

4. ɇɚɣɞɢɬɟ ɬɪɟɯɡɧɚɱɧɨɟ ɧɚɬɭɪɚɥɶɧɨɟ ɱɢɫɥɨ, ɛɨɥɶɲɟɟ 500 , ɤɨɬɨɪɨɟ ɩɪɢ ɞɟɥɟɧɢɢ 
ɧɚ 4 , ɧɚ 5  ɢ ɧɚ 6  ɞɚɟɬ ɜ ɨɫɬɚɬɤɟ 2 , ɢ ɜ ɡɚɩɢɫɢ ɤɨɬɨɪɨɝɨ ɟɫɬɶ ɬɨɥɶɤɨ ɞɜɟ ɪɚɡɥɢɱɧɵɟ 
ɰɢɮɪɵ. ȼ ɨɬɜɟɬɟ ɭɤɚɠɢɬɟ ɤɚɤɨɟ-ɧɢɛɭɞɶ ɨɞɧɨ ɬɚɤɨɟ ɱɢɫɥɨ. 

5. ɇɚɣɞɢɬɟ ɬɪɟɯɡɧɚɱɧɨɟ ɧɚɬɭɪɚɥɶɧɨɟ ɱɢɫɥɨ, ɛɨɥɶɲɟɟ 600 , ɤɨɬɨɪɨɟ ɩɪɢ ɞɟɥɟɧɢɢ 
ɧɚ 4 , ɧɚ 5  ɢ ɧɚ 6  ɞɚɟɬ ɜ ɨɫɬɚɬɤɟ 3 , ɢ ɰɢɮɪɵ ɤɨɬɨɪɨɝɨ ɪɚɫɩɨɥɨɠɟɧɵ ɜ ɩɨɪɹɞɤɟ 
ɭɛɵɜɚɧɢɹ ɫɥɟɜɚ ɧɚɩɪɚɜɨ. ȼ ɨɬɜɟɬɟ ɭɤɚɠɢɬɟ ɤɚɤɨɟ-ɧɢɛɭɞɶ ɨɞɧɨ ɬɚɤɨɟ ɱɢɫɥɨ.  

6. ɉɪɢɜɟɞɢɬɟ ɩɪɢɦɟɪ ɬɪёɯɡɧɚɱɧɨɝɨ ɧɚɬɭɪɚɥɶɧɨɝɨ ɱɢɫɥɚ, ɛɨɥɶɲɟɝɨ 500 , ɤɨɬɨɪɨɟ 
ɩɪɢ ɞɟɥɟɧɢɢ ɧɚ 8  ɢ ɧɚ 5  ɞɚёɬ ɪɚɜɧɵɟ ɧɟɧɭɥɟɜɵɟ ɨɫɬɚɬɤɢ ɢ ɩɟɪɜɚɹ ɫɥɟɜɚ ɰɢɮɪɚ 
ɤɨɬɨɪɨɝɨ ɹɜɥɹɟɬɫɹ ɫɪɟɞɧɢɦ ɚɪɢɮɦɟɬɢɱɟɫɤɢɦ ɞɜɭɯ ɞɪɭɝɢɯ ɰɢɮɪ. ȼ ɨɬɜɟɬɟ ɭɤɚɠɢɬɟ ɪɨɜɧɨ 
ɨɞɧɨ ɬɚɤɨɟ ɱɢɫɥɨ. 

7. ɉɪɢɜɟɞɢɬɟ ɩɪɢɦɟɪ ɬɪёɯɡɧɚɱɧɨɝɨ ɧɚɬɭɪɚɥɶɧɨɝɨ ɱɢɫɥɚ, ɛɨɥɶɲɟɝɨ 500 , ɤɨɬɨɪɨɟ 
ɩɪɢ ɞɟɥɟɧɢɢ ɧɚ 3 , 4  ɢ ɧɚ 5  ɞɚёɬ ɜ ɨɫɬɚɬɤɟ 2  ɢ ɜ ɡɚɩɢɫɢ ɤɨɬɨɪɨɝɨ ɟɫɬɶ ɬɨɥɶɤɨ ɞɜɟ 
ɪɚɡɥɢɱɧɵɟ ɰɢɮɪɵ. ȼ ɨɬɜɟɬɟ ɭɤɚɠɢɬɟ ɪɨɜɧɨ ɨɞɧɨ ɬɚɤɨɟ ɱɢɫɥɨ. 

8. ɉɪɢɜɟɞɢɬɟ ɩɪɢɦɟɪ ɬɪёɯɡɧɚɱɧɨɝɨ ɧɚɬɭɪɚɥɶɧɨɝɨ ɱɢɫɥɚ, ɤɨɬɨɪɨɟ ɩɪɢ ɞɟɥɟɧɢɢ ɧɚ 
3 , ɧɚ 5  ɢ ɧɚ 7  ɞɚёɬ ɜ ɨɫɬɚɬɤɟ 1, ɢ ɰɢɮɪɵ ɤɨɬɨɪɨɝɨ ɪɚɫɩɨɥɨɠɟɧɵ ɜ ɩɨɪɹɞɤɟ ɭɛɵɜɚɧɢɹ 
ɫɥɟɜɚ ɧɚɩɪɚɜɨ. ȼ ɨɬɜɟɬɟ ɭɤɚɠɢɬɟ ɪɨɜɧɨ ɨɞɧɨ ɬɚɤɨɟ ɱɢɫɥɨ. 

9. ɉɪɢɜɟɞɢɬɟ ɩɪɢɦɟɪ ɬɪёɯɡɧɚɱɧɨɝɨ ɧɚɬɭɪɚɥɶɧɨɝɨ ɱɢɫɥɚ, ɤɨɬɨɪɨɟ ɩɪɢ ɞɟɥɟɧɢɢ ɧɚ 
3 , ɧɚ 5  ɢ ɧɚ 7  ɞɚёɬ ɜ ɨɫɬɚɬɤɟ 2 , ɢ ɜ ɡɚɩɢɫɢ ɤɨɬɨɪɨɝɨ ɟɫɬɶ ɬɨɥɶɤɨ ɞɜɟ ɪɚɡɥɢɱɧɵɟ 
ɰɢɮɪɵ. ȼ ɨɬɜɟɬɟ ɭɤɚɠɢɬɟ ɪɨɜɧɨ ɨɞɧɨ ɬɚɤɨɟ ɱɢɫɥɨ. 

10. ɋɭɦɦɚ ɧɟɩɨɥɧɨɝɨ ɱɚɫɬɧɨɝɨ ɢ ɨɫɬɚɬɤɚ, ɩɨɥɭɱɟɧɧɵɯ ɩɪɢ ɞɟɥɟɧɢɢ ɧɚɬɭɪɚɥɶɧɨɝɨ 
ɱɢɫɥɚ ɧɚ 100 , ɪɚɜɧɚ ɫɭɦɦɟ ɧɟɩɨɥɧɨɝɨ ɱɚɫɬɧɨɝɨ ɢ ɨɫɬɚɬɤɚ, ɩɨɥɭɱɟɧɧɵɯ ɩɪɢ ɞɟɥɟɧɢɢ ɬɨɝɨ 
ɠɟ ɧɚɬɭɪɚɥɶɧɨɝɨ ɱɢɫɥɚ ɧɚ 2007 . ɑɟɦɭ ɦɨɝɭɬ ɛɵɬɶ ɪɚɜɧɵ ɧɟɩɨɥɧɨɟ ɱɚɫɬɧɨɟ ɢ ɨɫɬɚɬɨɤ? 

11. ɇɚɣɞɢɬɟ ɬɚɤɢɟ ɰɢɮɪɵ yux , ɱɬɨɛɵ: yxcyxbyxa 377);4532);88392)   ɞɚɜɚɥɨ ɨɬ 
ɞɟɥɟɧɢɹ ɧɚ 4  ɨɫɬɚɬɨɤ 3 , ɚ ɨɬ ɞɟɥɟɧɢɹ ɧɚ 11 ɨɫɬɚɬɨɤ 7 . 

12. ɇɚɬɭɪɚɥɶɧɨɟ ɱɢɫɥɨ ɩɪɢ ɞɟɥɟɧɢɢ ɧɚ 2001 ɢ ɧɚ 2002  ɞɚёɬ ɨɫɬɚɬɨɤ 315 . Ʉɚɤɨɜ 
ɨɫɬɚɬɨɤ ɨɬ ɞɟɥɟɧɢɹ ɷɬɨɝɨ ɱɢɫɥɚ ɧɚ 58? 

13. ȼ ɚɪɢɮɦɟɬɢɱɟɫɤɨɣ ɩɪɨɝɪɟɫɫɢɢ, ɫɨɫɬɨɹɳɟɣ ɢɡ ɧɚɬɭɪɚɥɶɧɵɯ ɱɢɫɟɥ, ɪɚɡɧɨɫɬɶ 
ɩɪɨɝɪɟɫɫɢɢ ɜɡɚɢɦɧɨ ɩɪɨɫɬɚ ɫ ɧɚɬɭɪɚɥɶɧɵɦ ɱɢɫɥɨɦ k . Ⱦɨɤɚɠɢɬɟ, ɱɬɨ ɥɸɛɵɟ k  
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ɩɨɫɥɟɞɨɜɚɬɟɥɶɧɵɯ ɱɥɟɧɨɜ ɷɬɨɣ ɩɪɨɝɪɟɫɫɢɢ ɞɚɸɬ ɜɫɟ ɜɨɡɦɨɠɧɵɟ ɨɫɬɚɬɤɢ ɨɬ ɞɟɥɟɧɢɹ ɧɚ 
k , ɩɪɢɱёɦ ɩɨ ɨɞɧɨɦɭ ɪɚɡɭ. 

14. ɇɚɣɞɢɬɟ ɧɚɢɦɟɧɶɲɟɟ ɧɚɬɭɪɚɥɶɧɨɟ ɱɢɫɥɨ, ɤɨɬɨɪɨɟ ɩɪɢ ɞɟɥɟɧɢɢ ɧɚ 6  ɞɚёɬ 
ɨɫɬɚɬɨɤ 5 , ɩɪɢ ɞɟɥɟɧɢɢ ɧɚ 7  – ɨɫɬɚɬɨɤ 6 , ɚ ɩɪɢ ɞɟɥɟɧɢɢ ɧɚ 11 – ɨɫɬɚɬɨɤ 10 . 

2. ɇɈȾ ɢ ɇɈɄ ɰɟɥɵɯ ɱɢɫɟɥ. Ⱥɥɝɨɪɢɬɦ ȿɜɤɥɢɞɚ 
Ɂɚɞɚɧɢɟ 1. ɇɚɣɬɢ ɫ ɩɨɦɨɳɶɸ ɪɚɫɲɢɪɟɧɧɨɝɨ ɚɥɝɨɪɢɬɦɚ ȿɜɤɥɢɞɚ ɱɢɫɥɚ x ɢ y ɞɥɹ 

a=1250, b=675. 
Ɋɟɲɟɧɢɟ. 

ɂɡ ɩɪɢɦɟɪɚ 1 ɩɨɥɭɱɢɥɢ, ɱɬɨ ɇɈȾ (1250, 675) = 25. 
Ɂɚɩɢɲɟɦ ɲɚɝɢ ɚɥɝɨɪɢɬɦɚ ȿɜɤɥɢɞɚ ɜ ɜɢɞɟ ɪɚɜɟɧɫɬɜ: 

ɚ = 1250 = 6751 + 575 = r 0 , 

b = 675 = 5751 + 100 = r 1 , 

575 = 1005 + 75 = r 2 , 

100 = 751 + 25 = d. 
ȼɵɪɚɡɢɦ ɬɟɩɟɪɶ ɢɡ ɤɚɠɞɨɝɨ ɪɚɜɟɧɫɬɜɚ ɨɫɬɚɬɨɤ ɢ ɩɨɞɫɬɚɜɢɦ ɟɝɨ ɜ ɩɨɫɥɟɞɭɸɳɟɟ 

ɪɚɜɟɧɫɬɜɨ 
575 = ɚ - b, 

100 = b – 575 => 100 = b – (ɚ – b), 

75 = 575 – 1005 => 75 = (ɚ – b) – [b – (ɚ – b)]5, 

d = 25 = 100 – 75 => d = [b – (ɚ – b)] – {(ɚ – b) – [b – (ɚ – b)]5}. 
 

ȼ ɩɨɫɥɟɞɧɟɦ ɜɵɪɚɠɟɧɢɢ ɩɪɢɜɟɞɟɦ ɩɨɞɨɛɧɵɟ ɩɪɢ ɱɢɫɥɚɯ a ɢ b: 
d = b – a + b – {a – b – [5b - 5a + 5b]} = 

= 2b – a – a + b + 5b – 5a + 5b = 
= 13b – 7a. 

ɇɈȾ (1250, 675) = – 71250 + 13675 => x = -7, y = 13. 
Ɂɚɞɚɧɢɟ 2. ɉɪɨɫɬɵɦ ɢɥɢ ɫɨɫɬɚɜɧɵɦ ɹɜɥɹɟɬɫɹ ɱɢɫɥɨ 1267? 

Ɋɟɲɟɧɢɟ. 
ɉɨɥɶɡɭɹɫɶ ɩɪɢɡɧɚɤɚɦɢ ɞɟɥɢɦɨɫɬɢ ɧɚ 2, 3 ɢ 5, ɦɨɠɧɨ ɭɬɜɟɪɠɞɚɬɶ, ɱɬɨ ɧɢ ɧɚ ɨɞɧɨ 

ɢɡ ɷɬɢɯ ɩɪɨɫɬɵɯ ɱɢɫɟɥ ɞɚɧɧɨɟ ɱɢɫɥɨ ɧɟ ɞɟɥɢɬɫɹ. ɑɢɫɥɨ 1267 ɬɚɤɠɟ ɧɟ ɞɟɥɢɬɫɹ ɧɚ 11, 
13, 17, 19, 23, 29, 31. Ⱦɟɥɢɦɨɫɬɶ ɧɚ ɩɨɫɥɟɞɭɸɳɢɟ ɩɪɨɫɬɵɟ ɱɢɫɥɚ, ɩɨ ɫɜɨɣɫɬɜɭ 1, 
ɩɪɨɜɟɪɹɬɶ ɧɟɬ ɧɟɨɛɯɨɞɢɦɨɫɬɢ, ɬɚɤ ɤɚɤ 1267  37

2

 = 1369. 

ɉɨɷɬɨɦɭ ɱɢɫɥɨ 1267 ɹɜɥɹɟɬɫɹ ɩɪɨɫɬɵɦ. 
Ɂɚɞɚɧɢɟ 3. ɇɚɣɬɢ ɇɈȾ ɢ ɇɈɄ ɱɢɫɟɥ 1250 ɢ 675 ɪɚɡɥɨɠɟɧɢɟɦ ɧɚ ɩɪɨɫɬɵɟ 

ɦɧɨɠɢɬɟɥɢ. 
Ɋɟɲɟɧɢɟ. 

Ɍɚɤ ɤɚɤ 1250 = 25 4 , ɚ 675 = 3 3 5 2 , ɬɨ 

ɇɈȾ (1250, 675) = 5 2  = 25; 

ɇɈɄ (1250, 675) = 23 3 5 4  = 33750. 

Ɂɚɞɚɧɢɟ 4.  ɇɚɣɬɢ ɬɚɤɢɟ ɧɚɬɭɪɚɥɶɧɵɟ ɱɢɫɥɚ a  ɢ b , ɱɬɨ 3),( baɇɈȾ , 

630),( baɇɈК , ɢ ɩɪɢ ɷɬɨɦ ɫɭɦɦɚ ba   ɦɢɧɢɦɚɥɶɧɚ. 
Ɋɟɲɟɧɢɟ. 

Ɍɚɤ ɤɚɤ 3),( baɇɈȾ , ɬɨ ɫɭɳɟɫɬɜɭɸɬ ɬɚɤɢɟ ɜɡɚɢɦɧɨ ɩɪɨɫɬɵɟ ɧɚɬɭɪɚɥɶɧɵɟ 
ɱɢɫɥɚ nm, , ɱɬɨ ma 3 , nb 3 . Ɍɨɝɞɚ ɡɚɞɚɱɭ ɦɨɠɧɨ ɫɮɨɪɦɭɥɢɪɨɜɚɬɶ ɜ ɜɢɞɟ: «ɇɚɣɬɢ 
ɬɚɤɢɟ ɧɚɬɭɪɚɥɶɧɵɟ nm, , ɱɬɨ 1),( nmɇɈȾ , 210),( nmɇɈК , ɢ ɩɪɢ ɷɬɨɦ ɫɭɦɦɚ 

nm  ɦɢɧɢɦɚɥɶɧɚ». 
Ɂɚɞɚɱɚ ɪɟɲɚɟɬɫɹ ɩɟɪɟɛɨɪɨɦ. Ɂɚɦɟɬɢɦ, ɱɬɨ ɭɫɥɨɜɢɹ ɫɢɦɦɟɬɪɢɱɧɵ ɨɬɧɨɫɢɬɟɥɶɧɨ 

m  ɢ n . ɉɭɫɬɶ, ɪɚɞɢ ɨɩɪɟɞɟɥёɧɧɨɫɬɢ, nm  . Ɍɚɤ ɤɚɤ 7532210  , ɬɨ ɜɨɡɦɨɠɧɵ 
ɫɥɟɞɭɸɳɢɟ ɫɥɭɱɚɢ: 
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m  n  nm  

2  753   70  

3  752   70  

5  732   40  

7  532   37  

32   75   41  

52   73   31 

72   53   29  

 
ɂɬɚɤ, ɫɭɦɦɚ nm  ɦɢɧɢɦɚɥɶɧɚ (ɢ ɪɚɜɧɚ 29 ), ɟɫɥɢ 14m , 15n . ɂɦ 

ɫɨɨɬɜɟɬɫɬɜɭɸɬ 42a , 45b . ɋ ɭɱёɬɨɦ ɫɢɦɦɟɬɪɢɢ ɩɨɥɭɱɚɟɦ ɨɬɜɟɬ.  
Ɉɬɜɟɬ:       42;45;45;42; ba . 

Ɂɚɞɚɧɢɟ 5.. ɇɚɣɬɢ ɜɫɟ ɩɚɪɵ ɧɚɬɭɪɚɥɶɧɵɯ ɱɢɫɟɥ, ɧɚɢɦɟɧɶɲɟɟ ɨɛɳɟɟ ɤɪɚɬɧɨɟ 
ɤɨɬɨɪɵɯ ɪɚɜɧɨ 78 , ɚ ɧɚɢɛɨɥɶɲɢɣ ɨɛɳɢɣ ɞɟɥɢɬɟɥɶ ɪɚɜɟɧ 13 . 

Ɋɟɲɟɧɢɟ. 

ɉɭɫɬɶ a  ɢ b  – ɢɫɤɨɦɵɟ ɱɢɫɥɚ. ɉɨ ɭɫɥɨɜɢɸ   13, baɇɈȾ , ɡɧɚɱɢɬ, ɩɨ 

ɨɩɪɟɞɟɥɟɧɢɸ ɧɚɢɛɨɥɶɲɟɝɨ ɨɛɳɟɝɨ ɞɟɥɢɬɟɥɹ, 11 13,13 bbaa  , ɝɞɟ ɱɢɫɥɚ 1a  ɢ 1b  

ɜɡɚɢɦɧɨ ɩɪɨɫɬɵɟ. Ɍɚɤ ɤɚɤ   78, baɇɈК  ɢ    baɇɈȾ
ba

baɇɈК
,

,


 , ɬɨ  

21361378
13

78 


 ba
ba

. 

ɋ ɞɪɭɝɨɣ ɫɬɨɪɨɧɵ, 613136131313 1111
22

11
2

11  bababababa . 

Ɉɫɬɚɥɨɫɶ ɩɨɞɨɛɪɚɬɶ ɩɚɪɵ ɜɡɚɢɦɧɨ ɩɪɨɫɬɵɯ ɱɢɫɟɥ, ɩɪɨɢɡɜɟɞɟɧɢɟ ɤɨɬɨɪɵɯ ɪɚɜɧɨ 6  ɢ 
ɜɵɱɢɫɥɢɬɶ ɞɥɹ ɧɢɯ a  ɢ b : 

26,392,3

39,263,2

13,781,6

78,136,1

11

11

11

11






baba

baba

baba

baba

. 

ɋ ɭɱёɬɨɦ ɬɨɝɨ, ɱɬɨ ɭɫɥɨɜɢɹ ɫɢɦɦɟɬɪɢɱɧɵ ɨɬɧɨɫɢɬɟɥɶɧɨ a  ɢ b , ɩɨɥɭɱɚɟɦ ɨɬɜɟɬ. 
Ɉɬɜɟɬ:       39;26;78;13; ba . 

Ɂɚɞɚɧɢɟ 6. Ⱦɨɤɚɠɢɬɟ, ɱɬɨ ɞɪɨɛɶ 
1210

76




n

n
 ɧɟɫɨɤɪɚɬɢɦɚ ɩɪɢ ɥɸɛɵɯ ɧɚɬɭɪɚɥɶɧɵɯ n . 

Ɋɟɲɟɧɢɟ. 
Ⱦɨɩɭɫɬɢɦ, ɞɪɨɛɶ ɫɨɤɪɚɬɢɦɚ, ɬɨɝɞɚ ɱɢɫɥɢɬɟɥɶ ɢ ɡɧɚɦɟɧɚɬɟɥɶ ɞɨɥɠɧɵ ɢɦɟɬɶ 

ɧɚɢɛɨɥɶɲɢɣ ɨɛɳɢɣ ɞɟɥɢɬɟɥɶ – ɧɟɤɨɬɨɪɨɟ ɧɚɬɭɪɚɥɶɧɨɟ ɱɢɫɥɨ d : 

    dndn :1210,:76  . 

ȼɨɫɩɨɥɶɡɭɟɦɫɹ ɫɜɨɣɫɬɜɚɦɢ ɞɟɥɢɦɨɫɬɢ ɧɚɬɭɪɚɥɶɧɵɯ ɱɢɫɟɥ. ȿɫɥɢ ɞɜɚ ɱɢɫɥɚ 
(ɜɵɪɚɠɟɧɢɹ) ɞɟɥɹɬɫɹ ɧɚ ɧɟɤɨɬɨɪɨɟ ɧɚɬɭɪɚɥɶɧɨɟ ɱɢɫɥɨ, ɬɨ ɢ ɥɸɛɚɹ ɥɢɧɟɣɧɚɹ 
ɤɨɦɛɢɧɚɰɢɹ ɷɬɢɯ ɜɵɪɚɠɟɧɢɣ ɞɟɥɢɬɫɹ ɧɚ ɞɚɧɧɨɟ ɧɚɬɭɪɚɥɶɧɨɟ ɱɢɫɥɨ: 

     dnn :121076   . 

ɉɨɞɛɟɪёɦ ɤɨɷɮɮɢɰɢɟɧɬɵ   ɢ   ɬɚɤ, ɱɬɨɛɵ ɫɥɚɝɚɟɦɵɟ ɫ n  ɜɡɚɢɦɧɨ 
ɭɧɢɱɬɨɠɢɥɢɫɶ: ɧɚɩɪɢɦɟɪ, 3,5   . Ɍɨɝɞɚ 

       
.1363536303530

12103765121076




nn

nnnn 
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ɉɨɥɭɱɢɥɢ, ɱɬɨ d:1 . ɉɨ ɫɜɨɣɫɬɜɚɦ ɞɟɥɢɦɨɫɬɢ ɧɚɬɭɪɚɥɶɧɵɯ ɱɢɫɟɥ 1d , 
ɫɥɟɞɨɜɚɬɟɥɶɧɨ, ɇɈȾ ɱɢɫɥɢɬɟɥɹ ɢ ɡɧɚɦɟɧɚɬɟɥɹ ɢɫɯɨɞɧɨɣ ɞɪɨɛɢ ɪɚɜɟɧ ɟɞɢɧɢɰɟ. 
ɋɥɟɞɨɜɚɬɟɥɶɧɨ, ɨɧɢ ɜɡɚɢɦɧɨ ɩɪɨɫɬɵ ɢ ɞɪɨɛɶ ɧɟɫɨɤɪɚɬɢɦɚ. 

 
Ɂɚɞɚɧɢɟ 7. ɂɧɬɟɪɜɚɥɵ ɞɜɢɠɟɧɢɹ ɝɨɪɨɞɫɤɢɯ ɚɜɬɨɛɭɫɨɜ ɩɨ ɬɪёɦ ɦɚɪɲɪɭɬɚɦ, 

ɩɪɨɯɨɞɹɳɢɦ ɱɟɪɟɡ ɨɛɳɭɸ ɨɫɬɚɧɨɜɤɭ, ɫɨɫɬɚɜɥɹɸɬ 15 , 20  ɢ 24  ɦɢɧɭɬɵ ɫɨɨɬɜɟɬɫɬɜɟɧɧɨ. 
ɋɤɨɥɶɤɨ ɪɚɡ ɫ 55.7 ɞɨ 05.17  ɬɨɝɨ ɠɟ ɞɧɹ ɧɚ ɷɬɨɣ ɨɫɬɚɧɨɜɤɟ ɨɞɧɨɜɪɟɦɟɧɧɨ ɜɫɬɪɟɱɚɸɬɫɹ 
ɚɜɬɨɛɭɫɵ ɜɫɟɯ ɬɪёɯ ɦɚɪɲɪɭɬɨɜ, ɟɫɥɢ ɨɞɧɚ ɢɡ ɬɚɤɢɯ ɜɫɬɪɟɱ ɩɪɨɢɫɯɨɞɢɬ ɜ 35.12 ? 

Ɋɟɲɟɧɢɟ. 
ɉɪɟɞɩɨɥɨɠɢɦ, ɜ ɧɟɤɨɬɨɪɵɣ ɦɨɦɟɧɬ ɜɪɟɦɟɧɢ ɜɫɟ ɬɪɢ ɚɜɬɨɛɭɫɚ ɜɫɬɪɟɬɢɥɢɫɶ ɧɚ 

ɨɫɬɚɧɨɜɤɟ. ɇɚɣɞёɦ, ɱɟɪɟɡ ɫɤɨɥɶɤɨ ɦɢɧɭɬ ɨɧɢ ɜɧɨɜɶ ɩɨɜɫɬɪɟɱɚɸɬɫɹ ɧɚ ɷɬɨɣ ɨɫɬɚɧɨɜɤɟ. 
Эɬɨ ɤɨɥɢɱɟɫɬɜɨ ɦɢɧɭɬ ɞɨɥɠɧɨ ɛɵɬɶ ɧɚɢɦɟɧɶɲɢɦ ɨɛɳɢɦ ɤɪɚɬɧɵɦ ɱɢɫɟɥ 15 , 20  ɢ 24 . 
Ɍɚɤ ɤɚɤ 5315  , 5220 2  , 3224 3  , ɬɨ 120)24,20,15( ɇɈК .  

Ɉɬɫɱɢɬɵɜɚɹ ɷɬɨɬ ɨɬɪɟɡɨɤ ɜɪɟɦɟɧɢ ɨɬ 35.12 , ɧɚɯɨɞɢɦ ɜɫɟ ɦɨɦɟɧɬɵ ɜɫɬɪɟɱ, 
ɩɨɩɚɞɚɸɳɢɟ ɜ ɡɚɞɚɧɧɵɣ ɜɪɟɦɟɧɧɨɣ ɢɧɬɟɪɜɚɥ ɫ 55.7 ɞɨ 05.17  – 

35.16,35.14,35.12,35.10,35.8  – ɜɫɟɝɨ 5 ɪɚɡ. 
Ɉɬɜɟɬ: 5 ɪɚɡ. 
Ɂɚɞɚɧɢɟ 8.. Ⱦɨɤɚɡɚɬɶ, ɱɬɨ  abacbcɇɈȾ ,,  ɞɟɥɢɬɫɹ ɧɚ  cbaɇɈȾ ,,2 . 

Ɋɟɲɟɧɢɟ. 

ɉɭɫɬɶ    cbaɇɈȾdabacbcɇɈȾd ,,,,, 1  .  

Ɍɨɝɞɚ 111111 ,, cdcbdbada  . Ɉɬɫɸɞɚ ɩɨɥɭɱɚɟɦ:  

11
2

1111111
2

1111111
2

11111 ,, cbdcdbdbccadcdadaccbdcdbdbc  . 

Ɍɚɤɢɦ ɨɛɪɚɡɨɦ, 2
1d  ɟɫɬɶ ɨɛɳɢɣ ɞɟɥɢɬɟɥɶ ɱɢɫɟɥ abacbc ,, , ɩɨɷɬɨɦɭ d  ɞɟɥɢɬɫɹ ɧɚ 

2
1d . 

Ɂɚɞɚɧɢɟ 9. Ⱦɨɤɚɡɚɬɶ, ɱɬɨ    babaɇɈȾbaɇɈȾ 813,35,  . 

Ɋɟɲɟɧɢɟ. 

ɉɭɫɬɶ  baɇɈȾd , . ɉɨ ɨɩɪɟɞɟɥɟɧɢɸ ɧɚɢɛɨɥɶɲɟɝɨ ɨɛɳɟɝɨ ɞɟɥɢɬɟɥɹ, bua  

ɞɟɥɹɬɫɹ ɧɚ d , ɩɪɢɱёɦ d  ɞɟɥɢɬɫɹ ɧɚ ɥɸɛɨɣ ɨɛɳɢɣ ɞɟɥɢɬɟɥɶ ɷɬɢɯ ɱɢɫɟɥ. ɉɭɫɬɶ 
 babaɇɈȾd 813,351  , ɬɨ ɟɫɬɶ bauba 81335   ɞɟɥɹɬɫɹ ɧɚ 1d , ɩɪɢɱёɦ 1d  ɞɟɥɢɬɫɹ ɧɚ 

ɥɸɛɨɣ ɨɛɳɢɣ ɞɟɥɢɬɟɥɶ ɷɬɢɯ ɱɢɫɟɥ. 
ɉɨ ɫɜɨɣɫɬɜɚɦ ɞɟɥɢɦɨɫɬɢ, ba 35   ɞɟɥɢɬɫɹ ɧɚ d , ba 813   ɞɟɥɢɬɫɹ ɧɚ d , 

ɫɥɟɞɨɜɚɬɟɥɶɧɨ, d  ɟɫɬɶ ɨɛɳɢɣ ɞɟɥɢɬɟɥɶ ɷɬɢɯ ɱɢɫɟɥ ɢ, ɩɨ ɜɵɲɟɫɤɚɡɚɧɧɨɦɭ,  11 dd  . 

ɋ ɞɪɭɝɨɣ ɫɬɨɪɨɧɵ, ɩɨ ɫɜɨɣɫɬɜɚɦ ɞɟɥɢɦɨɫɬɢ    baba 81335    ɞɟɥɢɬɫɹ ɧɚ 1d  

ɩɪɢ ɥɸɛɵɯ ɰɟɥɵɯ  u . ȼɨɡɶɦёɦ ɫɧɚɱɚɥɚ 5,13   : 

    11 4065396581353513 dbbabadbaba   . 

ȼɨɡɶɦёɦ ɬɟɩɟɪɶ 3,8   : 

    11 243924408133358 dababadbaba   . 

ɉɨɥɭɱɢɥɢ, ɱɬɨ 1d  – ɨɛɳɢɣ ɞɟɥɢɬɟɥɶ ɱɢɫɟɥ bua . Ɍɚɤ ɤɚɤ  baɇɈȾd , , ɬɨ 
 21dd  . ɂɡ ɞɟɥɢɦɨɫɬɟɣ  1  ɢ  2  ɫɥɟɞɭɟɬ, ɱɬɨ dd 1  (ɫɱɢɬɚɟɦ 1dud  ɧɚɬɭɪɚɥɶɧɵɦɢ 

ɱɢɫɥɚɦɢ). 
 

Ɂɚɞɚɧɢɹ 

1. Ⱦɚɧɨ cba  . ɚ) dbda  , . ɋɥɟɞɭɟɬ ɥɢ ɢɡ ɷɬɨɝɨ, ɱɬɨ dc ? ɛ) da . ȼɟɪɧɨ 
ɥɢ, ɱɬɨ db  ɢ dc ? 

2. Ⱦɚɧɨ ba . ȼɵɹɫɧɢɬɶ, ɜɟɪɧɨ ɥɢ, ɱɬɨ  Nn  bna . 

3. ȼɵɩɨɥɧɢɬɶ ɞɟɥɟɧɢɟ ɫ ɨɫɬɚɬɤɨɦ: 168 ɧɚ 35; 168 ɧɚ (-35); -168 ɧɚ 35; -168 ɧɚ (-
35). 
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4. ɇɚɣɬɢ ɞɟɥɢɬɟɥɢ ɢ ɫɨɨɬɜɟɬɫɬɜɭɸɳɢɟ ɢɦ ɨɫɬɚɬɤɢ, ɟɫɥɢ: ɚ)ɞɟɥɢɦɨɟ 534, 
ɱɚɫɬɧɨɟ 26; ɛ) ɞɟɥɢɦɨɟ 741, ɱɚɫɬɧɨɟ (-14). 

5. Ⱦɨɤɚɡɚɬɶ, ɱɬɨ ɤɜɚɞɪɚɬ ɥɸɛɨɝɨ ɰɟɥɨɝɨ ɱɢɫɥɚ ɥɢɛɨ ɧɚɰɟɥɨ ɞɟɥɢɬɫɹ ɧɚ 3, ɥɢɛɨ 
ɞɚɟɬ ɜ ɨɫɬɚɬɤɟ 1. 

6. ɑɢɫɥɚ cba ,,  ɩɪɢ ɞɟɥɟɧɢɢ ɧɚ 7 ɞɚɸɬ ɨɫɬɚɬɤɢ 1, 4, 5 ɫɨɨɬɜɟɬɫɬɜɟɧɧɨ. ɇɚɣɬɢ 
ɨɫɬɚɬɨɤ ɨɬ ɞɟɥɟɧɢɹ ɱɢɫɥɚ cba   ɧɚ 7. 

7. ɇɚɣɬɢ ɜɫɟ ɱɢɫɥɚ, ɛɨɥɶɲɢɟ 25000, ɧɨ ɦɟɧɶɲɢɟ 30000, ɭ ɤɨɬɨɪɵɯ ɤɚɤ ɩɪɢ 
ɞɟɥɟɧɢɢ ɧɚ 131, ɬɚɤ ɢ ɩɪɢ ɞɟɥɟɧɢɢ ɧɚ 1965 ɨɫɬɚɬɨɤ ɪɚɜɟɧ 125. 

8. ɇɚɣɬɢ ɇɈȾ ɢ ɇɈɄ ɱɢɫɟɥ 531 ɢ 93; -78 ɢ 24. 
9. ɇɚɣɬɢ ɇɈȾ(663, 731, 2516, 3655). 
10. Ɋɟɲɢɬɶ ɜ ɧɚɬɭɪɚɥɶɧɵɯ ɱɢɫɥɚɯ ɫɥɟɞɭɸɳɢɟ ɫɢɫɬɟɦɵ ɭɪɚɜɧɟɧɢɣ:  

ɚ)  






;30;

,180

yx

yx
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 
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




;720

,4;

yx

yx
   ɜ)

 
 






.420;

,15;

ba

ba
 

11. ɇɚɣɬɢ ɥɢɧɟɣɧɨɟ ɩɪɟɞɫɬɚɜɥɟɧɢɟ ɇɈȾ (90; 35) ɱɟɪɟɡ ɷɬɢ ɱɢɫɥɚ. 
12. ɉɭɫɬɶ a, b, c, d – ɪɚɡɥɢɱɧɵɟ ɰɢɮɪɵ. Ⱦɨɤɚɡɚɬɶ, ɱɬɨ ɱɢɫɥɨ  cdcdcdcd  ɧɟ 

ɞɟɥɢɬɫɹ ɧɚ ɱɢɫɥɨ  aabb.`  
13. ɑɢɫɥɨ ɩɪɢ ɧɟɤɨɬɨɪɨɣ ɩɟɪɟɫɬɚɧɨɜɤɟ ɫɜɨɢɯ ɰɢɮɪ ɭɞɜɚɢɜɚɟɬɫɹ. Ⱦɨɤɚɡɚɬɶ, ɱɬɨ 

ɨɧɨ ɞɟɥɢɬɫɹ ɧɚ  9.  
14. ɇɚɣɬɢ ɧɚɬɭɪɚɥɶɧɵɟ ɱɢɫɥɚ, ɞɚɸɳɢɟ ɩɪɢ ɞɟɥɟɧɢɢ ɧɚ  2,  3,  4,  5 ɢ  6  ɨɫɬɚɬɨɤ  1 

ɢ, ɤɪɨɦɟ ɬɨɝɨ, ɞɟɥɹɳɢɟɫɹ ɧɚ  7. 
15. Ƚɟɧɟɪɚɥ ɩɨɫɬɪɨɢɥ ɫɨɥɞɚɬ ɜ ɤɨɥɨɧɧɭ ɩɨ 4, ɧɨ ɩɪɢ ɷɬɨɦ ɫɨɥɞɚɬ ɂɜɚɧɨɜ ɨɫɬɚɥɫɹ 

ɥɢɲɧɢɦ. Ɍɨɝɞɚ ɝɟɧɟɪɚɥ ɩɨɫɬɪɨɢɥ ɫɨɥɞɚɬ ɜ ɤɨɥɨɧɧɭ ɩɨ 5. ɂ ɫɧɨɜɚ ɂɜɚɧɨɜ ɨɫɬɚɥɫɹ 
ɥɢɲɧɢɦ. Ʉɨɝɞɚ ɠɟ ɢ ɜ ɤɨɥɨɧɧɟ ɩɨ 6 ɂɜɚɧɨɜ ɨɤɚɡɚɥɫɹ ɥɢɲɧɢɦ, ɝɟɧɟɪɚɥ ɩɨɫɭɥɢɥ ɟɦɭ 
ɧɚɪɹɞ ɜɧɟ ɨɱɟɪɟɞɢ, ɩɨɫɥɟ ɱɟɝɨ ɜ ɤɨɥɨɧɧɟ ɩɨ 7 ɂɜɚɧɨɜ ɧɚɲɟɥ ɫɟɛɟ ɦɟɫɬɨ ɢ ɧɢɤɨɝɨ 
ɥɢɲɧɟɝɨ ɧɟ ɨɫɬɚɥɨɫɶ. ɋɤɨɥɶɤɨ ɫɨɥɞɚɬ ɦɨɝɥɨ ɛɵɬɶ ɭ ɝɟɧɟɪɚɥɚ? 

16. Ⱦɨɤɚɡɚɬɶ, ɱɬɨ ɟɫɥɢ ɇɈɄ(a, a+5)=HOK(b, b+5), ɝɞɟ a  ɢ  b – ɧɚɬɭɪɚɥɶɧɵɟ ɱɢɫɥɚ, 
ɬɨ  a = b.  

17. ɉɭɫɬɶ d = ɇɈȾ(1819, 3587). ɇɚɣɬɢ d ɢ ɰɟɥɵɟ ɱɢɫɥɚ x, y ɬɚɤɢɟ, ɱɬɨ: 
1819ɯ+3587y=d . 

 
Ɍɟɦɚ. ɉɨɞɩɪɨɫɬɪɚɧɫɬɜɨ. Ʌɢɧɟɣɧɚɹ ɡɚɜɢɫɢɦɨɫɬɶ 

ɢ ɧɟɡɚɜɢɫɢɦɨɫɬɶ ɫɢɫɬɟɦ ɜɟɤɬɨɪɨɜ 
 

ɉɪɢɦɟɪɵ ɪɟɲɟɧɢɹ ɡɚɞɚɱ 

ɉɭɫɬɶ L ɟɫɬɶ ɧɟɤɨɬɨɪɨɟ ɧɟɩɭɫɬɨɟ ɦɧɨɠɟɫɬɜɨ ɢ P – ɱɢɫɥɨɜɨɟ ɩɨɥɟ. ȼ L 
ɨɩɪɟɞɟɥɟɧɨ ɞɟɣɫɬɜɢɟ, ɧɚɡɵɜɚɟɦɨɟ ɫɥɨɠɟɧɢɟɦ, ɫɨɝɥɚɫɧɨ ɤɨɬɨɪɨɦɭ ɤɚɠɞɨɣ ɩɚɪɟ 
ɷɥɟɦɟɧɬɨɜ u, v  L ɫɨɩɨɫɬɚɜɥɹɟɬɫɹ ɬɪɟɬɢɣ ɷɥɟɦɟɧɬ ɢɡ L, ɨɛɨɡɧɚɱɚɟɦɵɣ ɱɟɪɟɡ u + v. 
Ɍɚɤɠɟ ɨɩɪɟɞɟɥɟɧɨ ɞɟɣɫɬɜɢɟ ɭɦɧɨɠɟɧɢɹ ɷɥɟɦɟɧɬɨɜ ɢɡ L ɧɚ ɱɢɫɥɚ ɢɡ P, ɫɨɝɥɚɫɧɨ 
ɤɨɬɨɪɨɦɭ ɤɚɠɞɨɣ ɩɚɪɟ, ɫɨɫɬɨɹɳɟɣ ɢɡ ɷɥɟɦɟɧɬɚ u  L ɢ ɱɢɫɥɚ   P, ɫɨɩɨɫɬɚɜɥɟɧ 
ɷɥɟɦɟɧɬ ɢɡ L, ɨɛɨɡɧɚɱɚɟɦɵɣ ɱɟɪɟɡ u. 

ȿɫɥɢ ɩɪɢ ɷɬɨɦ ɜɵɩɨɥɧɟɧɵ ɫɥɟɞɭɸɳɢɟ ɫɟɦɶ ɚɤɫɢɨɦ, ɬɨ ɦɧɨɠɟɫɬɜɨ L, 
ɪɚɫɫɦɚɬɪɢɜɚɟɦɨɟ ɜɦɟɫɬɟ ɫ ɭɤɚɡɚɧɧɵɦɢ ɞɜɭɦɹ ɨɩɟɪɚɰɢɹɦɢ, ɧɚɡɵɜɚɟɬɫɹ ɥɢɧɟɣɧɵɦ 
ɩɪɨɫɬɪɚɧɫɬɜɨɦ ɧɚɞ ɩɨɥɟɦ P. 

Ʉɨɦɦɭɬɚɬɢɜɧɨɫɬɶ ɫɥɨɠɟɧɢɹ: 
 u, v  L  u + v = v + u. 
2) Ⱥɫɫɨɰɢɚɬɢɜɧɨɫɬɶ ɫɥɨɠɟɧɢɹ: 
 u, v, w  L  (u + v) + w = u + (v + w). 
Ɉɛɪɚɬɢɦɨɫɬɶ ɫɥɨɠɟɧɢɹ: 
 u, v  L ɜɫɟɝɞɚ ɧɚɣɞɟɬɫɹ ɬɚɤɨɣ x  L, ɱɬɨ u + x = v 

(ɩɪɢ ɷɬɨɦ ɷɥɟɦɟɧɬ x ɧɚɡɵɜɚɟɬɫɹ ɪɚɡɧɨɫɬɶɸ ɦɟɠɞɭ v ɢ u ɢ ɨɛɨɡɧɚɱɚɟɬɫɹ:  x = v - u). 
Ⱥɫɫɨɰɢɚɬɢɜɧɨɫɬɶ ɭɦɧɨɠɟɧɢɹ ɧɚ ɱɢɫɥɚ ɢɡ P: 
 u  L   ,   P   (u) = ()u. 
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ɋɜɨɣɫɬɜɨ ɞɢɫɬɪɢɛɭɬɢɜɧɨɫɬɢ ɨɬɧɨɫɢɬɟɥɶɧɨ ɫɥɨɠɟɧɢɹ ɱɢɫɟɥ ɢɡ Ɋ: 
 u  L   ,   P   ( + )u = u + u. 
ɋɜɨɣɫɬɜɨ ɞɢɫɬɪɢɛɭɬɢɜɧɨɫɬɢ ɨɬɧɨɫɢɬɟɥɶɧɨ ɫɥɨɠɟɧɢɹ ɷɥɟɦɟɧɬɨɜ ɢɡ L: 
 u, v  L     P   (u + v) = u + v. 
ɋɜɨɣɫɬɜɨ ɟɞɢɧɢɱɧɨɝɨ ɦɧɨɠɢɬɟɥɹ: 
ɞɥɹ ɱɢɫɥɚ 1  P ɢ  u  L  ɜɵɩɨɥɧɟɧɨ 1u = u. 
Эɥɟɦɟɧɬɵ ɥɸɛɨɝɨ ɥɢɧɟɣɧɨɝɨ ɩɪɨɫɬɪɚɧɫɬɜɚ ɛɭɞɟɦ ɧɚɡɵɜɚɬɶ ɜɟɤɬɨɪɚɦɢ 
ɉɭɫɬɶ L – ɥɢɧɟɣɧɨɟ ɩɪɨɫɬɪɚɧɫɬɜɨ ɧɚɞ ɩɨɥɟɦ P. ɇɟɩɭɫɬɨɟ ɩɨɞɦɧɨɠɟɫɬɜɨ  L’ 

ɩɪɨɫɬɪɚɧɫɬɜɚ L ɧɚɡɵɜɚɟɬɫɹ ɩɨɞɩɪɨɫɬɪɚɧɫɬɜɨɦ ɩɪɨɫɬɪɚɧɫɬɜɚ L, ɟɫɥɢ ɜɵɩɨɥɧɟɧɵ 
ɫɥɟɞɭɸɳɢɟ ɭɫɥɨɜɢɹ:  

 u, v  L’    u + v  L’, 
 u  L’     P    u  L’, 

ɬ.ɟ. L’ ɡɚɦɤɧɭɬɨ ɨɬɧɨɫɢɬɟɥɶɧɨ ɫɥɨɠɟɧɢɹ ɢ ɨɬɧɨɫɢɬɟɥɶɧɨ ɭɦɧɨɠɟɧɢɹ ɧɚ ɱɢɫɥɨ. 
Ƚɨɜɨɪɹɬ, ɱɬɨ ɜɟɤɬɨɪ v ɥɢɧɟɣɧɨɝɨ ɩɪɨɫɬɪɚɧɫɬɜɚ L ɧɚɞ ɩɨɥɟɦ P ɥɢɧɟɣɧɨ 

ɜɵɪɚɠɚɟɬɫɹ ɱɟɪɟɡ ɜɟɤɬɨɪɵ u1, u2, …, um  L, ɟɫɥɢ ɫɭɳɟɫɬɜɭɸɬ ɬɚɤɢɟ ɱɢɫɥɚ 
1, 2, …, m  P, ɱɬɨ  

v = 1u1 + 2u2 + ... + mum. 
ȼɵɪɚɠɟɧɢɟ, ɫɬɨɹɳɟɟ ɜ ɩɪɚɜɨɣ ɱɚɫɬɢ, ɧɚɡɵɜɚɸɬ ɥɢɧɟɣɧɨɣ ɤɨɦɛɢɧɚɰɢɟɣ ɜɟɤɬɨɪɨɜ 

u1, u1, u2, …, um . 
ȼɟɤɬɨɪɵ u1, u2, ..., um ɧɚɡɵɜɚɸɬɫɹ ɥɢɧɟɣɧɨ ɡɚɜɢɫɢɦɵɦɢ, ɟɫɥɢ ɫɭɳɟɫɬɜɭɸɬ 

ɬɚɤɢɟ ɱɢɫɥɚ 1, 2, …, m  P, ɫɪɟɞɢ ɤɨɬɨɪɵɯ ɟɫɬɶ ɨɬɥɢɱɧɵɟ ɨɬ ɧɭɥɹ, ɱɬɨ 

1u1 + 2u2 + ... + mum = . 
ȿɫɥɢ ɜɟɤɬɨɪɵ u1, u2, ..., um ɧɟ ɹɜɥɹɸɬɫɹ ɥɢɧɟɣɧɨ ɡɚɜɢɫɢɦɵɦɢ ɦɟɠɞɭ ɫɨɛɨɣ, ɬɨ 

ɨɧɢ ɧɚɡɵɜɚɸɬɫɹ ɥɢɧɟɣɧɨ ɧɟɡɚɜɢɫɢɦɵɦɢ. Эɬɨ ɨɡɧɚɱɚɟɬ, ɱɬɨ ɫɨɨɬɧɨɲɟɧɢɟ 

1u1 + 2u2 + ... + mum =  

ɜɵɩɨɥɧɹɟɬɫɹ ɬɨɥɶɤɨ ɩɪɢ 1 = 2 = … = m = 0. 
 
Ɂɚɞɚɱɚ 1. ɇɚɣɬɢ ɥɢɧɟɣɧɭɸ ɤɨɦɛɢɧɚɰɢɸ 

321 823 AAA   

ɫɥɟɞɭɸɳɢɯ ɜɟɤɬɨɪɨɜ:  
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1

321 AAA . 

 
Ɋɟɲɟɧɢɟ. 
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0
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8

6

2

12
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3
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4

0
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3823 321 AAA . 

Ɂɚɞɚɱɚ 2. ȼɵɹɫɧɢɬɶ, ɹɜɥɹɟɬɫɹ ɥɢ ɡɚɞɚɧɧɚɹ ɫɢɫɬɟɦɚ ɜɟɤɬɨɪɨɜ ɥɢɧɟɣɧɨ 
ɡɚɜɢɫɢɦɨɣ. 



































15

2

6

,

5

1

3

21 aa . 

Ɋɟɲɟɧɢɟ. ɋɨɫɬɚɜɢɦ ɥɢɧɟɣɧɭɸ ɤɨɦɛɢɧɚɰɢɸ ɜɟɤɬɨɪɨɜ ɢ ɩɪɢɪɚɜɧɹɟɦ ɟё ɤ ɧɭɥɸ: 
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
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Ɋɟɲɚɹ ɫɢɫɬɟɦɭ, ɩɨɥɭɱɢɦ: 

0
3

,2
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,063


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
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



. 

ɉɨɥɭɱɢɥɢ, ɫɬɨ ɪɚɜɟɧɫɬɜɨ ɧɭɥɸ ɥɢɧɟɣɧɨɣ ɤɨɦɛɢɧɚɰɢɢ ɜɨɡɦɨɠɧɨ ɬɨɥɶɤɨ, ɟɫɥɢ 
ɤɨɷɮɮɢɰɢɟɧɬɵ ɩɪɢ ɜɟɤɬɨɪɚɯ ɪɚɜɧɵ ɧɭɥɸ. ɋɥɟɞɨɜɚɬɟɥɶɧɨ, ɡɚɞɚɧɧɚɹ ɫɢɫɬɟɦɚ ɜɟɤɬɨɪɨɜ 
ɥɢɧɟɣɧɨ ɧɟɡɚɜɢɫɢɦɚ. 

 
Ɂɚɞɚɧɢɹ 

1. Ɋɟɲɢɬɶ ɜɟɤɬɨɪɧɨɟ ɭɪɚɜɧɟɧɢɟ: 
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ɛ) )(5)(2)(3 321 XAXAXA   
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2. ȼɵɹɫɧɢɬɶ, ɹɜɥɹɟɬɫɹ ɥɢ ɡɚɞɚɧɧɚɹ ɫɢɫɬɟɦɚ ɜɟɤɬɨɪɨɜ ɥɢɧɟɣɧɨ ɡɚɜɢɫɢɦɨɣ: 
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3. Ⱦɨɤɚɡɚɬɶ, ɱɬɨ ɜ ɤɨɨɪɞɢɧɚɬɧɨɦ ɜɟɤɬɨɪɧɨɦ ɩɪɨɫɬɪɚɧɫɬɜɟ 
V(3) = {(a1, a2, a3)| ai  R, i = 1 3} ɧɚɞ ɩɨɥɟɦ R ɦɧɨɠɟɫɬɜɨ ɜɫɟɯ ɜɟɤɬɨɪɨɜ, ɭ ɤɨɬɨɪɵɯ: 

ɚ) ɩɟɪɜɚɹ ɤɨɨɪɞɢɧɚɬɚ ɪɚɜɧɚ ɧɭɥɸ; 
ɛ) ɜɬɨɪɚɹ ɤɨɨɪɞɢɧɚɬɚ ɪɚɜɧɚ ɧɭɥɸ; 
ɜ) ɬɪɟɬɶɹ ɤɨɨɪɞɢɧɚɬɚ ɪɚɜɧɚ ɧɭɥɸ; 

ɹɜɥɹɟɬɫɹ ɩɨɞɩɪɨɫɬɪɚɧɫɬɜɨɦ.  
4. ɉɨɫɬɪɨɢɬɶ ɥɢɧɟɣɧɭɸ ɨɛɨɥɨɱɤɭ ɫɢɫɬɟɦɵ ɜɟɤɬɨɪɨɜ: 
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5. ȼɵɹɫɧɢɬɟ, ɨɛɪɚɡɭɸɬ ɥɢ ɜɟɤɬɨɪɵ rqp


,,  ɛɚɡɢɫ. ȿɫɥɢ ɨɛɪɚɡɭɸɬ, ɬɨ ɪɚɡɥɨɠɢɬɟ 

ɜɟɤɬɨɪ x


 ɩɨ ɷɬɨɦɭ ɛɚɡɢɫɭ. 
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Ɍɟɦɚ. Ʌɢɧɟɣɧɵɣ ɨɩɟɪɚɬɨɪ ɢ ɟɝɨ ɩɪɨɫɬɟɣɲɢɟ ɫɜɨɣɫɬɜɚ. 
Ɇɚɬɪɢɰɚ ɥɢɧɟɣɧɨɝɨ ɨɩɟɪɚɬɨɪɚ 

 
ɉɪɢɦɟɪɵ ɪɟɲɟɧɢɹ ɡɚɞɚɱ 

ɉɭɫɬɶ L – ɥɢɧɟɣɧɨɟ ɩɪɨɫɬɪɚɧɫɬɜɨ ɧɚɞ ɩɨɥɟɦ P. Ʌɢɧɟɣɧɵɦ ɨɩɟɪɚɬɨɪɨɦ, ɢɥɢ 
ɥɢɧɟɣɧɵɦ ɩɪɟɨɛɪɚɡɨɜɚɧɢɟɦ, ɩɪɨɫɬɪɚɧɫɬɜɚ L ɧɚɡɵɜɚɟɬɫɹ ɨɬɨɛɪɚɠɟɧɢɟ  φ: L → L, ɞɥɹ 
ɤɨɬɨɪɨɝɨ ɜɵɩɨɥɧɹɸɬɫɹ ɫɥɟɞɭɸɳɢɟ ɭɫɥɨɜɢɹ: 

1)  u, v  L    φ(u+v) = φ(u)+φ(v), 

2)  u  L    P    φ(u) = φ(u). 
ɉɭɫɬɶ ɜ  ɥɢɧɟɣɧɨɦ ɩɪɨɫɬɪɚɧɫɬɜɟ  L  ɧɚɞ ɩɨɥɟɦ P  ɡɚɞɚɧ  ɛɚɡɢɫ  

U = {u1, u2, …, un} ɢ ɡɚɞɚɧ ɥɢɧɟɣɧɵɣ ɨɩɟɪɚɬɨɪ φ :  L →  L .  ɉɭɫɬɶ  ɷɥɟɦɟɧɬɵ 
φ (u1), φ (u2), …, φ (un) ɥɢɧɟɣɧɨ ɜɵɪɚɠɚɸɬɫɹ ɱɟɪɟɡ ɛɚɡɢɫ  U  ɫɥɟɞɭɸɳɢɦ ɨɛɪɚɡɨɦ:   

φ (u1) = α11u1+α12u2+…+α1nun, 
φ (u2) = α21u1+α22u2+…+α2nun, 
················································· 
φ (un) = αn1u1+αn2u2+…+αnnun, 

ɝɞɟ  αij  P, i=1n, j=1n. Ɍɨɝɞɚ ɦɚɬɪɢɰɚ ɥɢɧɟɣɧɨɝɨ ɜɵɪɚɠɟɧɢɹ ɨɛɪɚɡɨɜ 
φ (u1), φ (u2), …, φ (un) ɛɚɡɢɫɧɵɯ ɷɥɟɦɟɧɬɨɜ ɱɟɪɟɡ ɷɬɨɬ ɛɚɡɢɫ u1, u2, …, un  

AU(φ ) = 
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ɧɚɡɵɜɚɟɬɫɹ ɦɚɬɪɢɰɟɣ ɥɢɧɟɣɧɨɝɨ ɨɩɟɪɚɬɨɪɚ φ  ɜ ɛɚɡɢɫɟ  U .   
 
Ɂɚɞɚɱɚ 1. Ⱦɨɤɚɡɚɬɶ ɥɢɧɟɣɧɨɫɬɶ, ɧɚɣɬɢ ɦɚɬɪɢɰɭ, ɨɛɥɚɫɬɶ ɡɧɚɱɟɧɢɣ ɢ ɹɞɪɨ 

ɨɩɟɪɚɬɨɪɚ ɩɪɨɟɤɬɢɪɨɜɚɧɢɹ ɧɚ ɩɥɨɫɤɨɫɬɶ y–z=0. 

ȿɫɥɢ , ɬɨ 

. 
Ɉɩɟɪɚɬɨɪ ɹɜɥɹɟɬɫɹ ɥɢɧɟɣɧɵɦ, ɟɫɥɢ 

 ɢ . 
ɉɪɨɜɟɪɹɟɦ 

 

. 

 
Ɍ.ɟ. ɨɩɟɪɚɬɨɪ Ⱥ ɹɜɥɹɟɬɫɹ ɥɢɧɟɣɧɵɦ. 
ȿɝɨ ɦɚɬɪɢɰɚ: 
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. 
Ɉɛɥɚɫɬɶ ɡɧɚɱɟɧɢɣ ɨɩɟɪɚɬɨɪɚ – ɷɬɨ ɦɧɨɠɟɫɬɜɨ ɜɫɟɯ ɜɟɤɬɨɪɨɜ 

. 
əɞɪɨ ɥɢɧɟɣɧɨɝɨ ɨɩɟɪɚɬɨɪɚ – ɷɬɨ ɦɧɨɠɟɫɬɜɨ ɜɫɟɯ ɜɟɤɬɨɪɨɜ, ɤɨɬɨɪɵɟ A 

ɨɬɨɛɪɚɠɚɟɬ ɜ ɧɭɥɶ-ɜɟɤɬɨɪ:  

. 
 

Ɂɚɞɚɧɢɹ 
Ⱦɨɤɚɡɚɬɶ ɥɢɧɟɣɧɨɫɬɶ, ɧɚɣɬɢ ɦɚɬɪɢɰɭ, ɨɛɥɚɫɬɶ ɡɧɚɱɟɧɢɣ ɢ ɹɞɪɨ ɨɩɟɪɚɬɨɪɨɜ Ⱥ, ȼ ɢ 

ɋ: 

 1.  

 2.  

 3.  

.4.  

 5.  

 
Ɍɟɦɚ. ɋɜɹɡɶ ɦɟɠɞɭ ɦɚɬɪɢɰɚɦɢ ɥɢɧɟɣɧɨɝɨ ɨɩɟɪɚɬɨɪɚ ɜ ɪɚɡɧɵɯ ɛɚɡɢɫɚɯ. 

Ɋɚɧɝ ɢ ɞɟɮɟɤɬ ɥɢɧɟɣɧɨɝɨ ɨɩɟɪɚɬɨɪɚ 
 

ɉɪɢɦɟɪɵ ɪɟɲɟɧɢɹ ɡɚɞɚɱ 

ɉɭɫɬɶ L – ɥɢɧɟɣɧɨɟ ɩɪɨɫɬɪɚɧɫɬɜɨ ɧɚɞ ɩɨɥɟɦ P. Ʌɢɧɟɣɧɵɦ ɨɩɟɪɚɬɨɪɨɦ, ɢɥɢ 
ɥɢɧɟɣɧɵɦ ɩɪɟɨɛɪɚɡɨɜɚɧɢɟɦ, ɩɪɨɫɬɪɚɧɫɬɜɚ L ɧɚɡɵɜɚɟɬɫɹ ɨɬɨɛɪɚɠɟɧɢɟ  φ: L → L, ɞɥɹ 
ɤɨɬɨɪɨɝɨ ɜɵɩɨɥɧɹɸɬɫɹ ɫɥɟɞɭɸɳɢɟ ɭɫɥɨɜɢɹ: 

1)  u, v  L    φ(u+v) = φ(u)+φ(v), 

2)  u  L    P    φ(u) = φ(u). 



119 

ɉɭɫɬɶ ɜ  ɥɢɧɟɣɧɨɦ ɩɪɨɫɬɪɚɧɫɬɜɟ  L  ɧɚɞ ɩɨɥɟɦ P  ɡɚɞɚɧ  ɛɚɡɢɫ  
U = {u1, u2, …, un} ɢ ɡɚɞɚɧ ɥɢɧɟɣɧɵɣ ɨɩɟɪɚɬɨɪ φ :  L →  L .  ɉɭɫɬɶ  ɷɥɟɦɟɧɬɵ 
φ (u1), φ (u2), …, φ (un) ɥɢɧɟɣɧɨ ɜɵɪɚɠɚɸɬɫɹ ɱɟɪɟɡ ɛɚɡɢɫ  U  ɫɥɟɞɭɸɳɢɦ ɨɛɪɚɡɨ ɦ:   

φ (u1) = α11u1+α12u2+…+α1nun, 
φ (u2) = α21u1+α22u2+…+α2nun, 
················································· 
φ (un) = αn1u1+αn2u2+…+αnnun, 

ɝɞɟ  αij  P, i=1n, j=1n. Ɍɨɝɞɚ ɦɚɬɪɢɰɚ ɥɢɧɟɣɧɨɝɨ ɜɵɪɚɠɟɧɢɹ ɨɛɪɚɡɨɜ 
φ (u1), φ (u2), …, φ (un) ɛɚɡɢɫɧɵɯ ɷɥɟɦɟɧɬɨɜ ɱɟɪɟɡ ɷɬɨɬ ɛɚɡɢɫ u1, u2, …, un  

AU(φ ) = 
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ɧɚɡɵɜɚɟɬɫɹ ɦɚɬɪɢɰɟɣ ɥɢɧɟɣɧɨɝɨ ɨɩɟɪɚɬɨɪɚ φ  ɜ ɛɚɡɢɫɟ  U .   
Ɉɛɳɚɹ ɩɨɫɬɚɧɨɜɤɚ ɡɚɞɚɱɢ 

ɇɚɣɬɢ ɦɚɬɪɢɰɭ ɧɟɤɨɬɨɪɨɝɨ ɨɩɟɪɚɬɨɪɚ A ɜ ɛɚɡɢɫɟ , ɝɞɟ 

 
 

ɟɫɥɢ ɜ ɛɚɡɢɫɟ  ɟɝɨ ɦɚɬɪɢɰɚ ɢɦɟɟɬ ɜɢɞ 

. 
ɉɥɚɧ ɪɟɲɟɧɢɹ. 

ɉɪɢ ɩɟɪɟɯɨɞɟ ɨɬ ɛɚɡɢɫɚ  ɤ ɛɚɡɢɫɭ  ɦɚɬɪɢɰɚ ɨɩɟɪɚɬɨɪɚ 
ɩɪɟɨɛɪɚɡɭɟɬɫɹ ɩɨ ɮɨɪɦɭɥɟ , ɝɞɟ Ɍ – ɦɚɬɪɢɰɚ ɩɟɪɟɯɨɞɚ ɨɬ  
ɛɚɡɢɫɚ  ɤ ɛɚɡɢɫɭ . 

1. ȼɵɩɢɫɵɜɚɟɦ ɦɚɬɪɢɰɭ ɩɟɪɟɯɨɞɚ: 

. 

2. ɇɚɯɨɞɢɦ ɨɛɪɚɬɧɭɸ ɦɚɬɪɢɰɭ . 

3. ɇɚɯɨɞɢɦ ɦɚɬɪɢɰɭ ɨɩɟɪɚɬɨɪɚ Ⱥ ɜ ɛɚɡɢɫɟ  ɩɨ ɮɨɪɦɭɥɟ . 
 

Ɂɚɞɚɱɚ. 1. ɇɚɣɬɢ ɦɚɬɪɢɰɭ ɜ ɛɚɡɢɫɟ , ɝɞɟ 
 

, 

ɟɫɥɢ ɨɧɚ ɡɚɞɚɧɚ ɜ ɛɚɡɢɫɟ : 

. 
 
2. ɇɚɣɬɢ ɪɚɧɝ ɢ ɞɟɮɟɤɬ ɨɩɟɪɚɬɨɪɚ Ⱥ. 
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Ɋɟɲɟɧɢɟ. 

Ɇɚɬɪɢɰɚ ɜ ɛɚɡɢɫɟ  ɧɚɯɨɞɢɬɫɹ ɩɨ ɮɨɪɦɭɥɟ . 
ɝɞɟ 

. 

ɇɚɣɞɟɦ ɨɛɪɚɬɧɭɸ ɦɚɬɪɢɰɭ . 
Ɉɩɪɟɞɟɥɢɬɟɥɶ: 

. 
Ⱥɥɝɟɛɪɚɢɱɟɫɤɢɟ ɞɨɩɨɥɧɟɧɢɹ: 

; 

; 

. 
Ɉɛɪɚɬɧɚɹ ɦɚɬɪɢɰɚ: 

. 
ɇɚɯɨɞɢɦ ɦɚɬɪɢɰɭ ɜ ɧɨɜɨɦ ɛɚɡɢɫɟ: 
 

 
Ɍ.ɟ. ɦɚɬɪɢɰɚ Ⱥ ɜ ɛɚɡɢɫɟ  ɢɦɟɟɬ ɜɢɞ: 

. 

Ɍɚɤ ɤɚɤ det A=

111

110

012


 =1110, ɬɨ rang A=3=rangR3  , ɬɨ ɨɩɟɪɚɬɨɪ Ⱥ – 

ɧɟɜɵɪɨɠɞɟɧɧɵɣ ɢ ɟɝɨ ɞɟɮɟɤɬ ɪɚɜɟɧ ɧɭɥɸ. 
 

Ɂɚɞɚɧɢɹ 

1. ɇɚɣɬɢ ɦɚɬɪɢɰɭ ɨɩɟɪɚɬɨɪɚ ɜ ɛɚɡɢɫɟ , ɝɞɟ 
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, 

ɟɫɥɢ ɨɧɚ ɡɚɞɚɧɚ ɜ ɛɚɡɢɫɟ . 
 
2. ɇɚɣɬɢ ɪɚɧɝ ɢ ɞɟɮɟɤɬ ɨɩɟɪɚɬɨɪɚ. 

 1.   2.   3.  

 4.   5.   6.  

 7.   8.   9.  

 
ɋɨɛɫɬɜɟɧɧɵɟ ɜɟɤɬɨɪɵ ɢ ɫɨɛɫɬɜɟɧɧɵɟ ɡɧɚɱɟɧɢɹ ɥɢɧɟɣɧɵɯ ɨɩɟɪɚɬɨɪɨɜ 

 
ɉɪɢɦɟɪɵ ɪɟɲɟɧɢɹ ɡɚɞɚɱ 

ɉɭɫɬɶ L – ɥɢɧɟɣɧɨɟ ɩɪɨɫɬɪɚɧɫɬɜɨ ɧɚɞ ɩɨɥɟɦ P. Ʌɢɧɟɣɧɵɦ ɨɩɟɪɚɬɨɪɨɦ, ɢɥɢ 
ɥɢɧɟɣɧɵɦ ɩɪɟɨɛɪɚɡɨɜɚɧɢɟɦ, ɩɪɨɫɬɪɚɧɫɬɜɚ L ɧɚɡɵɜɚɟɬɫɹ ɨɬɨɛɪɚɠɟɧɢɟ  φ: L → L, ɞɥɹ 
ɤɨɬɨɪɨɝɨ ɜɵɩɨɥɧɹɸɬɫɹ ɫɥɟɞɭɸɳɢɟ ɭɫɥɨɜɢɹ: 

1)  u, v  L    φ(u+v) = φ(u)+φ(v), 

2)  u  L    P    φ(u) = φ(u). 
ɉɭɫɬɶ ɜ ɥɢɧɟɣɧɨɦ ɩɪɨɫɬɪɚɧɫɬɜɟ L ɧɚɞ ɩɨɥɟɦ P ɡɚɞɚɧ ɛɚɡɢɫ U = {u1, u2, …, un} ɢ 

ɡɚɞɚɧ ɥɢɧɟɣɧɵɣ ɨɩɟɪɚɬɨɪ φ: L → L. ɉɭɫɬɶ ɷɥɟɦɟɧɬɵ φ(u1), φ(u2), …, φ(un) ɥɢɧɟɣɧɨ 
ɜɵɪɚɠɚɸɬɫɹ ɱɟɪɟɡ ɛɚɡɢɫ U ɫɥɟɞɭɸɳɢɦ ɨɛɪɚɡɨɦ:  

φ(u1) = α11u1+α12u2+…+α1nun, 
φ(u2) = α21u1+α22u2+…+α2nun, 
················································· 
φ(un) = αn1u1+αn2u2+…+αnnun, 

ɝɞɟ  αij  P, i=1n, j=1n. Ɍɨɝɞɚ ɦɚɬɪɢɰɚ ɥɢɧɟɣɧɨɝɨ ɜɵɪɚɠɟɧɢɹ ɨɛɪɚɡɨɜ 
φ(u1), φ(u2), …, φ(un) ɛɚɡɢɫɧɵɯ ɷɥɟɦɟɧɬɨɜ ɱɟɪɟɡ ɷɬɨɬ ɛɚɡɢɫ u1, u2, …, un  

AU(φ) = 



















nnnn

n

n













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22212

12111

 

ɧɚɡɵɜɚɟɬɫɹ ɦɚɬɪɢɰɟɣ ɥɢɧɟɣɧɨɝɨ ɨɩɟɪɚɬɨɪɚ φ ɜ ɛɚɡɢɫɟ U.  
ɉɭɫɬɶ L – ɥɢɧɟɣɧɨɟ ɩɪɨɫɬɪɚɧɫɬɜɨ ɧɚɞ ɩɨɥɟɦ P ɢ φ: L → L – ɥɢɧɟɣɧɵɣ ɨɩɟɪɚɬɨɪ. 

Эɥɟɦɟɧɬ w  L ɧɚɡɵɜɚɟɬɫɹ ɫɨɛɫɬɜɟɧɧɵɦ ɜɟɤɬɨɪɨɦ ɨɩɟɪɚɬɨɪɚ φ, ɟɫɥɢ w     ɢ  
ɫɭɳɟɫɬɜɭɟɬ   P, ɬɚɤɨɟ, ɱɬɨ φ(w) = w. ɉɪɢ ɷɬɨɦ  ɧɚɡɵɜɚɟɬɫɹ ɫɨɛɫɬɜɟɧɧɵɦ 
ɡɧɚɱɟɧɢɟɦ ɨɩɟɪɚɬɨɪɚ φ, ɫɨɨɬɜɟɬɫɬɜɭɸɳɢɦ ɜɟɤɬɨɪɭ w. 

ɉɭɫɬɶ A = (aij)n×n – ɦɚɬɪɢɰɚ ɧɚɞ ɩɨɥɟɦ P ɢ Ȝ  P. Ɇɧɨɝɨɱɥɟɧ f(Ȝ) = |A – ȜE| 
ɧɚɡɵɜɚɟɬɫɹ ɯɚɪɚɤɬɟɪɢɫɬɢɱɟɫɤɢɦ ɦɧɨɝɨɱɥɟɧɨɦ ɦɚɬɪɢɰɵ A, ɚ ɤɨɪɧɢ ɞɚɧɧɨɝɨ 
ɦɧɨɝɨɱɥɟɧɚ ɧɚɡɵɜɚɸɬɫɹ ɯɚɪɚɤɬɟɪɢɫɬɢɱɟɫɤɢɦɢ ɱɢɫɥɚɦɢ ɦɚɬɪɢɰɵ A. 

Ɉɛɳɚɹ ɩɨɫɬɚɧɨɜɤɚ ɡɚɞɚɱɢ.  
ɇɚɣɬɢ ɫɨɛɫɬɜɟɧɧɵɟ ɡɧɚɱɟɧɢɹ ɢ ɫɨɛɫɬɜɟɧɧɵɟ ɜɟɤɬɨɪɵ ɨɩɟɪɚɬɨɪɚ Ⱥ, ɡɚɞɚɧɧɨɝɨ ɜ 

ɧɟɤɨɬɨɪɨɦ ɛɚɡɢɫɟ ɦɚɬɪɢɰɟɣ 
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. 
 

ɉɥɚɧ ɪɟɲɟɧɢɹ. 
ɋɨɛɫɬɜɟɧɧɵɟ ɡɧɚɱɟɧɢɹ ɨɩɟɪɚɬɨɪɚ Ⱥ ɹɜɥɹɸɬɫɹ ɤɨɪɧɹɦɢ ɟɝɨ ɯɚɪɚɤɬɟɪɢɫɬɢɱɟɫɤɨɝɨ 

ɭɪɚɜɧɟɧɢɹ . 
1. ɋɨɫɬɚɜɥɹɟɦ ɯɚɪɚɤɬɟɪɢɫɬɢɱɟɫɤɨɟ ɭɪɚɜɧɟɧɢɟ ɢ ɧɚɯɨɞɢɦ ɜɫɟ ɟɝɨ ɜɟɳɟɫɬɜɟɧɧɵɟ 

ɤɨɪɧɢ  (ɫɪɟɞɢ ɤɨɬɨɪɵɯ ɦɨɝɭɬ ɛɵɬɶ ɢ ɤɪɚɬɧɵɟ). 
2. Ⱦɥɹ ɤɚɠɞɨɝɨ ɫɨɛɫɬɜɟɧɧɨɝɨ ɡɧɚɱɟɧɢɹ  ɧɚɯɨɞɢɦ ɫɨɛɫɬɜɟɧɧɵɟ ɜɟɤɬɨɪɚ. Ⱦɥɹ 

ɷɬɨɝɨ ɡɚɩɢɫɵɜɚɟɦ ɨɞɧɨɪɨɞɧɭɸ ɫɢɫɬɟɦɭ ɭɪɚɜɧɟɧɢɣ  ɢ ɧɚɯɨɞɢɦ ɟɟ ɨɛɳɟɟ 
ɪɟɲɟɧɢɟ. 

3. ɂɫɯɨɞɹ ɢɡ ɨɛɳɢɯ ɪɟɲɟɧɢɣ ɤɚɠɞɨɣ ɢɡ ɨɞɧɨɪɨɞɧɵɯ ɫɢɫɬɟɦ, ɜɵɩɢɫɵɜɚɟɦ 
ɫɨɛɫɬɜɟɧɧɵɟ ɜɟɤɬɨɪɵ. 

 
Ɂɚɞɚɱɚ. ɇɚɣɬɢ ɫɨɛɫɬɜɟɧɧɵɟ ɡɧɚɱɟɧɢɹ ɢ ɫɨɛɫɬɜɟɧɧɵɟ ɜɟɤɬɨɪɵ ɨɩɟɪɚɬɨɪɚ, 

ɡɚɞɚɧɧɨɝɨ ɦɚɬɪɢɰɟɣ 

 
 

Ɋɟɲɟɧɢɟ. 

. 
ɋɨɫɬɚɜɥɹɟɦ ɯɚɪɚɤɬɟɪɢɫɬɢɱɟɫɤɨɟ ɭɪɚɜɧɟɧɢɟ ɢ ɧɚɯɨɞɢɦ ɟɝɨ ɪɟɲɟɧɢɟ: 

. 
 

ɋɨɛɫɬɜɟɧɧɵɟ ɡɧɚɱɟɧɢɹ: . 
ɇɚɣɞɟɦ ɫɨɛɫɬɜɟɧɧɵɟ ɜɟɤɬɨɪɵ: 

:      
 

:      
 

ɋɨɛɫɬɜɟɧɧɵɟ ɜɟɤɬɨɪɵ: 

. 
 

Ɂɚɞɚɧɢɹ  
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1. ɇɚɣɬɢ ɫɨɛɫɬɜɟɧɧɵɟ ɡɧɚɱɟɧɢɹ ɢ ɫɨɛɫɬɜɟɧɧɵɟ ɜɟɤɬɨɪɵ ɨɩɟɪɚɬɨɪɚ, ɡɚɞɚɧɧɨɝɨ ɜ 
ɧɟɤɨɬɨɪɨɦ ɛɚɡɢɫɟ ɦɚɬɪɢɰɟɣ 
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

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2. Ɉɩɪɟɞɟɥɢɬɶ, ɹɜɥɹɟɬɫɹ ɥɢ ɞɚɧɧɵɣ ɨɩɟɪɚɬɨɪ ɜɵɪɨɠɞɟɧɧɵɦ ɢɥɢ 

ɧɟɜɵɪɨɠɞɟɧɧɵɦ. 
 

Ɍɟɦɚ. Ʉɨɥɶɰɨ ɦɧɨɝɨɱɥɟɧɨɜ ɨɬ ɨɞɧɨɣ ɩɟɪɟɦɟɧɧɨɣ 
ɉɥɚɧ 

1. Ⱦɟɥɟɧɢɟ ɦɧɨɝɨɱɥɟɧɨɜ ɫ ɨɫɬɚɬɤɨɦ. Ⱦɟɥɟɧɢɟ ɦɧɨɝɨɱɥɟɧɚ ɧɚ ɞɜɭɱɥɟɧ. Ʉɨɪɧɢ 
ɦɧɨɝɨɱɥɟɧɚ. Ʉɪɚɬɧɵɟ ɤɨɪɧɢ. 

2. ɇɈȾ ɢ ɇɈɄ ɦɧɨɝɨɱɥɟɧɨɜ. Ⱥɥɝɨɪɢɬɦ ȿɜɤɥɢɞɚ ɢ ɬɟɨɪɟɦɚ Ʌɚɦɟ ɞɥɹ 
ɦɧɨɝɨɱɥɟɧɨɜ. 

3. ɉɪɨɢɡɜɨɞɧɚɹ ɦɧɨɝɨɱɥɟɧɚ. Ɉɬɞɟɥɟɧɢɟ ɤɪɚɬɧɵɯ ɦɧɨɠɢɬɟɥɟɣ ɦɧɨɝɨɱɥɟɧɚ. 
 
1. Ⱦɟɥɟɧɢɟ ɫ ɨɫɬɚɬɤɨɦ. Ⱦɟɥɟɧɢɟ ɦɧɨɝɨɱɥɟɧɚ ɧɚ ɞɜɭɱɥɟɧ. Ʉɨɪɧɢ 

ɦɧɨɝɨɱɥɟɧɚ 
Ɂɚɞɚɧɢɟ 1. Ⱦɚɧɵ ɦɧɨɝɨɱɥɟɧɵ  
   432

4 23456 xxxxxF  , 

   2
2 31 xxxQ  . 

ɂɫɩɨɥɶɡɭɹ ɨɩɪɟɞɟɥɟɧɢɟ, ɧɚɣɬɢ    xQxF 24 . 

Ɋɟɲɟɧɢɟ. 
Ɍɚɤ ɤɚɤ         xQxFxQxF degdegdeg  , ɬɨ ɫɬɟɩɟɧɶ ɩɪɨɢɡɜɟɞɟɧɢɹ 
       6degdeg  xTxQxF .  

ɂɳɟɦ ɦɧɨɝɨɱɥɟɧ ɜɢɞɚ   6
6

5
5

4
4

3
3

2
2106 xdxdxdxdxdxddxT  , ɝɞɟ 

ɤɨɷɮɮɢɰɢɟɧɬɵ ɜɵɱɢɫɥɹɟɦ ɩɨ ɨɛɳɟɣ ɮɨɪɦɭɥɟ 



kji

jik aad   6,,2,1,0 k .  

ɉɨɞɫɬɚɜɥɹɹ ɞɚɧɧɵɟ 60 a , 51 a , 42 a , 33 a , 24 a , ,10 b  31 b   12 b   

ɜ ɷɬɭ ɮɨɪɦɭɥɭ, ɩɨɥɭɱɚɟɦ: 
 6000  bad ; 

 2351801101  babad ; 

     25143560211202  bababad ; 

       201334150312213  bababad ; 

    151233140413224  bababad ; 

    9321314235  babad ; 

2246  bad . 
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ɋɥɟɞɨɜɚɬɟɥɶɧɨ, ɢɫɤɨɦɵɣ ɦɧɨɝɨɱɥɟɧ ɢɦɟɟɬ ɜɢɞ 
  65432

6 29152025236 xxxxxxxT  .   

Ɂɚɞɚɧɢɟ 2. ȼɵɩɨɥɧɢɬɶ ɞɟɥɟɧɢɟ ɫ ɨɫɬɚɬɤɨɦ ɦɧɨɝɨɱɥɟɧɚ: 

  1843 234
4  xxxxxF   ɧɚ ɦɧɨɝɨɱɥɟɧ   232

2  xxxG . 

Ɋɟɲɟɧɢɟ. 
ȼɨɫɩɨɥɶɡɭɟɦɫɹ ɨɛɳɢɦ ɚɥɝɨɪɢɬɦɨɦ ɫɨɝɥɚɫɧɨ ɤɨɬɨɪɨɦɭ ɢɦɟɟɦ ɞɟɥɟɧɢɹ 

ɦɧɨɝɨɱɥɟɧɨɜ ɫ ɨɫɬɚɬɤɨɦ:  

1)          1843 234
2

24

2

4
4

1
3 xxxxxGx

b

a
xFxF  

  1855233 2322  xxxxxx ; 

2)      
 

    1855 23
2

23

2

1
31

3
2

2 xxxxGx
b

a
xFxF  

  18910235 22  xxxxx ; 

3)      
 

    18910 2
2

22

2

2
22

2
3

1 xxxGx
b

a
xFxF  

  38212310 2  xxx . 

ɂɦɟɟɦ:  
   38211053231843 22234  xxxxxxxxx . 

Ɂɚɞɚɧɢɟ 3. ȼɵɱɢɫɥɢɬɶ ɡɧɚɱɟɧɢɟ  cF  ɦɧɨɝɨɱɥɟɧɚ   2250248 234  xxxxxF ,  

ɟɫɥɢ 2c . 
Ɋɟɲɟɧɢɟ. 

ɉɨ ɬɟɨɪɟɦɟ Ȼɟɡɭ ɡɧɚɱɟɧɢɟ ɦɧɨɝɨɱɥɟɧɚ  cF  ɪɚɜɧɨ ɨɫɬɚɬɤɭ ɨɬ ɞɟɥɟɧɢɹ 
ɦɧɨɝɨɱɥɟɧɚ  xF  ɧɚ ɥɢɧɟɣɧɵɣ ɞɜɭɱɥɟɧ cx . ɉɨɷɬɨɦɭ, ɞɟɥɹ ɦɧɨɝɨɱɥɟɧ  xF  ɧɚ 2x , 

ɩɨɥɭɱɚɟɦ: 

 

 
 

 

 

 

26126

2

30

5226

2226

2412

225012

126

2250246

2

2250248

23

2

2

23

23

34

234


















xxx

x

x

x

xx

xx

xx

xxx

xx

xxxxxF

 

 ɂɬɚɤ,   30cF .  

Ɂɚɞɚɧɢɟ 4. ɉɪɢ ɤɚɤɢɯ ɭɫɥɨɜɢɹɯ ɦɧɨɝɨɱɥɟɧ  xF  ɞɟɥɢɬɫɹ ɧɚ ɦɧɨɝɨɱɥɟɧ  xG , ɟɫɥɢ 
  qpxxxF  3 ,   12  mxxxG . 

Ɋɟɲɟɧɢɟ. 

ɉɭɫɬɶ ɞɥɹ ɨɩɪɟɞɟɥёɧɧɨɫɬɢ,    xCxF   ɢ    xCxG  . Ɍɨɝɞɚ ɩɨ ɨɩɪɟɞɟɥɟɧɢɸ 
ɞɟɥɢɦɨɫɬɢ ɦɧɨɝɨɱɥɟɧɨɜ ɢɦɟɟɦ: 

              xxGxFxCxxGxF  : .  

Ⱦɥɹ ɧɚɯɨɠɞɟɧɢɹ ɦɧɨɝɨɱɥɟɧɚ  x  ɩɪɨɢɡɜɨɞɢɦ ɞɟɥɟɧɢɟ «ɭɝɨɥɤɨɦ»: 
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 
 

 
 

   

 
  mxx

mxxxG

mqxmpxR

mxmmx

qxpmx

xmxx

qpxxxF










 1

1

1

2

2

22

2

23

3

 

ɑɬɨɛɵ ɜɵɩɨɥɧɹɥɨɫɶ ɪɚɜɟɧɫɬɜɨ      xxGxF  , ɬɨ ɟɫɬɶ  
    mxmxxqpxxxF  123 , 

ɞɨɥɠɧɨ ɛɵɬɶ     012  mqxmpxR , ɨɬɤɭɞɚ, ɩɪɢɪɚɜɧɢɜɚɹ ɤɨɷɮɮɢɰɢɟɧɬɵ ɤ 
ɧɭɥɸ, ɩɨɥɭɱɚɟɦ ɢɫɤɨɦɵɟ ɭɫɥɨɜɢɹ: mqmp  ,1 2 . 

Ɂɚɞɚɧɢɟ 5. ɇɚɣɬɢ ɇɈȾ     xGxF , , ɟɫɥɢ   274 34  xxxxF ,   43 23  xxxG . 

Ɋɟɲɟɧɢɟ. 
ɂɫɩɨɥɶɡɭɟɦ ɨɛɳɭɸ ɫɯɟɦɭ ɚɥɝɨɪɢɬɦɚ ȿɜɤɥɢɞɚ  
1) Ⱦɟɥɢɦ  xF  ɧɚ  xG  ɫ ɨɫɬɚɬɤɨɦ: 

 

 

 
1

43

633

43

23

43

274

1

23

2
1

23

3

34

34












xQ

xxxG

xxxR

xx

xx

xxx

xxxxF

 

2) Ⱦɟɥɢɦ  xG  ɧɚ  xR1  ɫ ɨɫɬɚɬɤɨɦ: 

 
 

3

2

3

1

633

0

422

422

2

43

2

2
1

2

2

23

23












xQ

xxxR

xx

xx

xxx

xxxG

 

ɉɨɥɭɱɚɟɦ ɧɚɢɛɨɥɶɲɢɣ ɨɛɳɢɣ ɞɟɥɢɬɟɥɶ ɞɚɧɧɵɯ ɦɧɨɝɨɱɥɟɧɨɜ ɜ ɜɢɞɟ 

       633, 2
1  xxxRxGxF , ɢɥɢ ɩɨ ɧɟɨɞɧɨɡɧɚɱɧɨɫɬɢ ɨɩɪɟɞɟɥɟɧɢɹ ɇɈȾ 

     2, 2  xxxGxF .  

Ɂɚɞɚɧɢɟ 6. ɇɚɣɬɢ ɦɧɨɝɨɱɥɟɧ    2
210 xaxaaxF  ,  ɟɫɥɢ       33,22,11  FFF . 

Ɋɟɲɟɧɢɟ. 
Ⱦɥɹ ɧɚɯɨɠɞɟɧɢɹ ɦɧɨɝɨɱɥɟɧɚ ɬɪɟɛɭɟɬɫɹ ɨɩɪɟɞɟɥɢɬɶ ɟɝɨ ɤɨɷɮɮɢɰɢɟɧɬɵ 210 ,, aaa . 

ɂɡ ɭɫɥɨɜɢɹ ɡɚɞɚɱɢ ɞɥɹ ɤɨɷɮɮɢɰɢɟɧɬɨɜ ɢɦɟɟɦ ɫɢɫɬɟɦɭ ɥɢɧɟɣɧɵɯ ɚɥɝɟɛɪɚɢɱɟɫɤɢɯ 
ɭɪɚɜɧɟɧɢɣ 

 













.393

,242

,1

210

210

210

aaa

aaa

aaa

 

Ɋɟɲɚɟɦ ɋɅȺɍ ɦɟɬɨɞɨɦ Ƚɚɭɫɫɚ. Ⱦɥɹ ɷɬɨɝɨ ɫɨɜɟɪɲɚɟɦ ɪɹɞ ɩɨɫɥɟɞɨɜɚɬɟɥɶɧɵɯ 
ɢɫɤɥɸɱɟɧɢɣ.  

1) ɂɡ ɩɟɪɜɨɝɨ ɭɪɚɜɧɟɧɢɹ 210 1 aaa   ɩɨɞɫɬɚɜɥɹɟɦ ɜɨ ɜɬɨɪɨɟ:  
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











.393

,13

,1

210

21

210

aaa

aa

aaa

 

2) ɂɡ ɜɬɨɪɨɝɨ ɭɪɚɜɧɟɧɢɹ 21 31 aa   ɩɨɞɫɬɚɜɥɹɹ ɜ ɬɪɟɬɶɟ: 

 












.02

,13

,1

2

21

210

a

aa

aaa

 

Ⱦɜɢɝɚɟɦɫɹ «ɨɛɪɚɬɧɵɦ ɯɨɞɨɦ» (ɧɚɯɨɞɢɦɫɹ ɜ ɩɨɥɟ ɞɟɣɫɬɜɢɬɟɥɶɧɵɯ ɱɢɫɟɥ):  
3) ɢɡ ɬɪɟɬɶɟɝɨ ɭɪɚɜɧɟɧɢɹ ɧɚɯɨɞɢɦ 02 a ;  

4) ɢɡ ɜɬɨɪɨɝɨ ɭɪɚɜɧɟɧɢɹ ɧɚɯɨɞɢɦ 11 a ;  

5) ɢɡ ɩɟɪɜɨɝɨ ɭɪɚɜɧɟɧɢɹ ɧɚɯɨɞɢɦ 00 a .  

ɋɨɫɬɚɜɥɹɟɦ ɦɧɨɝɨɱɥɟɧ  
  xxaxaaxF  2

210 .  

ɉɪɨɜɟɪɤɚ ɨɱɟɜɢɞɧɚ. ɂɫɤɨɦɵɣ ɦɧɨɝɨɱɥɟɧ ɢɦɟɟɬ ɜɢɞ   xxF  . 

Ɂɚɞɚɧɢɟ 7. Ɋɚɡɥɨɠɢɬɶ ɦɧɨɝɨɱɥɟɧ 1)( 3  xxf  ɧɚ ɧɟɩɪɢɜɨɞɢɦɵɟ ɦɧɨɠɢɬɟɥɢ ɧɚɞ 
ɩɨɥɹɦɢ R ɢ C. 

Ɋɟɲɟɧɢɟ. 
)1)(1(1 23  xxxx   (1) ɇɚɞ R:  Ɇɧɨɝɨɱɥɟɧ 12  xx  ɧɟ ɢɦɟɟɬ ɞɟɣɫɬɜɢɬɟɥɶɧɵɯ 

ɤɨɪɧɟɣ, ɫɥɟɞɨɜɚɬɟɥɶɧɨ (1) ɢ ɟɫɬɶ ɪɚɡɥɨɠɟɧɢɟ ɧɚɞ ɩɨɥɟɦ R. 

ɇɚɞ ɋ: 
2

31
,1,33,01 2,1

22 i
xiiDxx


 . Ɍɨɝɞɚ ɢɫɤɨɦɨɟ ɪɚɡɥɨɠɟɧɢɟ 

ɧɚ ɩɨɥɟɦ ɋ ɛɭɞɟɬ ɢɦɟɬɶ ɜɢɞ:   






 








 


2

31

2

31
113 i

x
i

xxx . 

Ɂɚɞɚɧɢɟ 8. Ɋɚɡɞɟɥɢɬɶ ɫ ɨɫɬɚɬɤɨɦ ɦɧɨɝɨɱɥɟɧ f(x)=  ɧɚ 

ɦɧɨɝɨɱɥɟɧ g(x)= . 
Ɋɟɲɟɧɢɟ. 

 

Ɉɬɜɟɬ: . 

Ɂɚɞɚɧɢɟ 9. Ɋɚɡɞɟɥɢɬɶ ɦɧɨɝɨɱɥɟɧ  f(x) = 523  xx   ɧɚ ɞɜɭɱɥɟɧ  x – 2  ɫ ɩɨɦɨɳɶɸ 
ɫɯɟɦɵ Ƚɨɪɧɟɪɚ. 

Ɋɟɲɟɧɢɟ. 
ȼ ɞɚɧɧɨɦ ɫɥɭɱɚɟ  ɫ = 2. 

 1 0 2 -5 

ɫ = 2 1 0 + 21 = 2 2 + 22 = 6 -5 + 26 = 7 

ɂɬɚɤ,  523  xx  = 7)62()2( 2  xxx , ɫɥɟɞɨɜɚɬɟɥɶɧɨ, ɡɧɚɱɟɧɢɟ ɦɧɨɝɨɱɥɟɧɚ 
f(x)  ɩɪɢ  ɯ = 2  ɪɚɜɧɨ, ɫɨɝɥɚɫɧɨ ɬɟɨɪɟɦɟ 1, ɫɟɦɢ:  f(2) = 7. 

Ɂɚɞɚɧɢɟ 10. Ɋɚɡɥɨɠɢɬɶ ɦɧɨɝɨɱɥɟɧ  f(x) = 523  xx   ɩɨ ɫɬɟɩɟɧɹɦ ɪɚɡɧɨɫɬɢ  x – 2. 
Ɋɟɲɟɧɢɟ. 

ɉɨ ɫɯɟɦɟ Ƚɨɪɧɟɪɚ ɜɵɩɨɥɧɢɦ ɪɹɞ ɩɨɫɥɟɞɨɜɚɬɟɥɶɧɵɯ ɞɟɥɟɧɢɣ ɫ ɨɫɬɚɬɤɨɦ ɧɚ x – 2: 
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 1 0 2 -5 

ɫ = 2 1 0 + 21 = 2 2 + 22 = 6 -5 + 26 = 7 

ɫ = 2 1 4 14 

ɫ = 2 1 6 

ɫ = 2 1 

Ɍɚɤɢɦ ɨɛɪɚɡɨɦ, ɛɟɪɹ ɜ ɤɚɱɟɫɬɜɟ ɤɨɷɮɮɢɰɢɟɧɬɨɜ ɩɨɫɥɟɞɧɢɟ ɱɥɟɧɵ ɜ ɤɚɠɞɨɣ 
ɫɬɪɨɤɟ ɩɨɥɭɱɟɧɧɨɣ ɫɯɟɦɵ, ɦɨɠɧɨ ɡɚɩɢɫɚɬɶ: 

523  xx  = .7)2(14)2(6)2( 23  xxx  

Ɂɚɞɚɧɢɟ 11. ɇɚɣɬɢ ɡɧɚɱɟɧɢɹ ɩɪɨɢɡɜɨɞɧɵɯ ɦɧɨɝɨɱɥɟɧɚ  f(x) = 523  xx  ɩɪɢ  x = 2. 
 

Ɋɟɲɟɧɢɟ. 
ɂɡ ɫɯɟɦɵ Ƚɨɪɧɟɪɚ, ɩɨɫɬɪɨɟɧɧɨɣ ɜ ɩɪɢɦɟɪɟ 3, ɩɨɥɭɱɚɟɦ: 

b 0  = 
!0

)2(f
 = 7,        f(2) = 70! = 71 = 7, 

b 1  = 
!1

)2('f
 = 14,        f’(2) = 141! = 14, 

b 2  = 
!2

)2(''f
 = 6,        f’’(2) = 62! = 62 = 12, 

b 3  = 
!3

)2()3(
f

 = 1,        f )3( = 13! = 16 = 6, 

Ɍɚɤ ɤɚɤ ɜɫɟ ɩɨɫɥɟɞɭɸɳɢɟ ɤɨɷɮɮɢɰɢɟɧɬɵ  b 4 , b 5 , …, b k ,     ɪɚɜɧɵ ɧɭɥɸ, ɬɨ ɢ 
ɡɧɚɱɟɧɢɹ ɜɫɟɯ ɩɪɨɢɡɜɨɞɧɵɯ ɞɚɧɧɨɝɨ ɦɧɨɝɨɱɥɟɧɚ, ɧɚɱɢɧɚɹ ɫ ɩɪɨɢɡɜɨɞɧɨɣ ɱɟɬɜɟɪɬɨɝɨ 
ɩɨɪɹɞɤɚ, ɬɚɤɠɟ ɛɭɞɭɬ ɪɚɜɧɵ ɧɭɥɸ. 

Ɂɚɞɚɧɢɟ 12. Ɋɚɡɥɨɠɢɬɶ ɧɚ ɦɧɨɠɢɬɟɥɢ ɦɧɨɝɨɱɥɟɧ ɧɚɞ ɩɨɥɟɦ  

 
Ɋɟɲɟɧɢɟ. 

ȼɨɡɦɨɠɧɵɟ ɰɟɥɵɟ ɤɨɪɧɢ — ɞɟɥɢɬɟɥɢ 108: , , , , , , , 
, , . 

ɉɭɫɬɶ — ɰɟɥɵɣ ɤɨɪɟɧɶ, . 

 
ɂɡ ɩɨɫɥɟɞɧɟɣ ɞɟɥɢɦɨɫɬɢ ɫɥɟɞɭɟɬ, ɱɬɨ ɤɨɪɟɧɶ ɧɭɠɧɨ ɢɫɤɚɬɶ ɫɪɟɞɢ ɱɢɫɟɥ 2; –4 ɢ 6. 

ɉɪɨɜɟɪɢɦ ɢɯ ɫ ɩɨɦɨɳɶɸ ɫɯɟɦɵ Ƚɨɪɧɟɪɚ: 

 
ɑɢɫɥɚ 2 ɢ –4 ɧɟ ɹɜɥɹɸɬɫɹ ɤɨɪɧɹɦɢ ɦɧɨɝɨɱɥɟɧɚ, ɱɢɫɥɨ 2 – ɹɜɥɹɟɬɫɹ. ɉɨɷɬɨɦɭ 

 
Ɂɚɞɚɧɢɹ 

1. Ɂɚɩɢɫɚɬɶ ɜ ɫɬɚɧɞɚɪɬɧɨɦ ɜɢɞɟ ɫɭɦɦɭ ɢ ɪɚɡɧɨɫɬɶ ɦɧɨɝɨɱɥɟɧɨɜ 
2536 171835382)( xxxxxxf   ɢ 83510225)( 3645  xxxxxxg . 

2. Ɂɚɩɢɫɚɬɶ ɜ ɫɬɚɧɞɚɪɬɧɨɦ ɜɢɞɟ ɩɪɨɢɡɜɟɞɟɧɢɟ ɦɧɨɝɨɱɥɟɧɨɜ 
7223)( 234  xxxxf  ɢ 545)( 3  xxxg . 
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3. ɉɪɨɜɟɪɢɬɶ, ɱɬɨ ɜ ɤɨɥɶɰɟ  xZ  ɦɧɨɝɨɱɥɟɧ 213116)( 23  xxxxf  ɞɟɥɢɬɫɹ ɧɚ 
ɦɧɨɝɨɱɥɟɧ 152)( 2  xxxg  (ɞɜɭɦɹ ɫɩɨɫɨɛɚɦɢ). 

4. Ɋɚɡɞɟɥɢɬɶ ɫ ɨɫɬɚɬɤɨɦ 154)( 234  xxxxxf  ɧɚ 32)( 2  xxxg . 

5. ɇɚɣɬɢ ɦɧɨɝɨɱɥɟɧ 2
210)( xaxaaxf  , ɟɫɥɢ 3)3(,2)2(,1)1(  fff . 

6. ɂɡɜɟɫɬɧɵ ɞɟɥɢɦɨɟ 132)( 234  xxxxf , ɧɟɩɨɥɧɨɟ ɱɚɫɬɧɨɟ 232)( 2  xxxq  

ɢ ɨɫɬɚɬɨɤ 34)(  xxr . ɇɚɣɬɢ ɞɟɥɢɬɟɥɶ )(xg . 

7. ɉɭɫɬɶ  xZxf )( . ɉɪɢ ɤɚɤɢɯ qp,  ɦɧɨɝɨɱɥɟɧ qpxxxf  24)(  ɞɟɥɢɬɫɹ ɧɚ 
1)( 2  xxxg ? 

8. Ɇɧɨɝɨɱɥɟɧ )(xP  ɞɟɥɢɬɫɹ ɛɟɡ ɨɫɬɚɬɤɚ ɧɚ  1x  ɢ  1x , ɚ ɩɪɢ ɞɟɥɟɧɢɢ ɧɚ 
 3x  ɞɚёɬ ɜ ɨɫɬɚɬɤɟ 8. ɇɚɣɬɢ ɨɫɬɚɬɨɤ ɨɬ ɞɟɥɟɧɢɹ )(xP  ɧɚ 33 23  xxx . 

9. Ⱦɨɤɚɡɚɬɶ, ɱɬɨ ɩɪɢ ɥɸɛɨɦ ɧɚɬɭɪɚɥɶɧɨɦ n ɢ Aa  ( A  – ɨɛɥɚɫɬɶ ɰɟɥɨɫɬɧɨɫɬɢ): 
ɚ)    axax

nn   ; ɛ)    axax
nn  22 . 

10. ɋɨɫɬɚɜɢɬɶ ɤɭɛɢɱɟɫɤɢɣ ɦɧɨɝɨɱɥɟɧ, ɤɨɪɧɹɦɢ ɤɨɬɨɪɨɝɨ ɹɜɥɹɸɬɫɹ ɱɢɫɥɚ 2, 4 ɢ (-
1), ɚ ɫɬɚɪɲɢɣ ɤɨɷɮɮɢɰɢɟɧɬ ɪɚɜɟɧ 4. 

11. ɉɨɥɶɡɭɹɫɶ ɫɯɟɦɨɣ Ƚɨɪɧɟɪɚ, ɪɚɡɞɟɥɢɬɶ ɫ ɨɫɬɚɬɤɨɦ ɦɧɨɝɨɱɥɟɧ 
124354)( 23456  xxxxxxxf  ɧɚ ɞɜɭɱɥɟɧ  2x . 

12. ɇɚɣɬɢ ɩɨɤɚɡɚɬɟɥɶ ɤɪɚɬɧɨɫɬɢ ɤɨɪɧɹ 20 x  ɞɥɹ ɦɧɨɝɨɱɥɟɧɚ 
16168167)( 2345  xxxxxxf . 

13. Ɋɚɡɥɨɠɢɬɶ ɦɧɨɝɨɱɥɟɧ 3726126)( 234  xxxxxf  ɩɨ ɫɬɟɩɟɧɹɦ ɞɜɭɱɥɟɧɚ 
 2x . 

14. ɇɚɣɬɢ ɡɧɚɱɟɧɢɟ ɦɧɨɝɨɱɥɟɧɚ 2372)( 345  xxxxxf  ɢ ɜɫɟɯ ɟɝɨ 
ɩɪɨɢɡɜɨɞɧɵɯ ɩɪɢ 3x  ɢ ɪɚɡɥɨɠɢɬɶ )(xf  ɩɨ ɫɬɟɩɟɧɹɦ ɞɜɭɱɥɟɧɚ  3x . 

15. ȼɵɱɢɫɥɢɬɶ ɡɧɚɱɟɧɢɹ ɦɧɨɝɨɱɥɟɧɚ 795)( 234  xxxxf  ɩɪɢ 01,3x  ɢ 
98,2x . 

2. Ⱥɥɝɨɪɢɬɦ ȿɜɤɥɢɞɚ ɞɥɹ ɦɧɨɝɨɱɥɟɧɨɜ 

Ɂɚɞɚɧɢɟ 1. ɇɚɣɬɢ  gfɇɈД ,  ɞɥɹ 12  xf  ɢ 1 xg  ɧɚɞ R . 

Ɋɟɲɟɧɢɟ. 
Ɇɧɨɝɨɱɥɟɧ f  ɞɟɥɢɬɫɹ ɧɚ ɜɫɟ ɦɧɨɝɨɱɥɟɧɵ ɜɢɞɚ  12 x , R , ( 0 ), ɧɚ ɜɫɟ 

ɦɧɨɝɨɱɥɟɧɵ ɜɢɞɚ  1x , R , ( 0 ), ɧɚ ɜɫɟ ɦɧɨɝɨɱɥɟɧɵ ɜɢɞɚ  1x , R , 

( 0 ), ɧɚ ɜɫɟ ɦɧɨɝɨɱɥɟɧɵ ɜɢɞɚ  , R , ( 0 ). Ɇɧɨɝɨɱɥɟɧ g  ɞɟɥɢɬɫɹ ɧɚ ɜɫɟ 
ɦɧɨɝɨɱɥɟɧɵ ɜɢɞɚ  1x , R , ( 0 ), ɢ ɧɚ ɜɫɟ ɦɧɨɝɨɱɥɟɧɵ ɜɢɞɚ  , R , ( 0 ). 

Ɉɛɳɢɦɢ ɞɟɥɢɬɟɥɹɦɢ ɦɧɨɝɨɱɥɟɧɨɜ f  ɢ g  ɹɜɥɹɸɬɫɹ ɜɫɟ ɦɧɨɝɨɱɥɟɧɵ ɜɢɞɚ  1xa , 

Ra , ( 0a ) ɢ ɜɫɟ ɦɧɨɝɨɱɥɟɧɵ ɜɢɞɚ c , Rc , ( 0c ). ɋɪɟɞɢ ɧɢɯ ɞɟɥɹɬɫɹ ɧɚ ɜɫɟ 
ɨɛɳɢɟ ɞɟɥɢɬɟɥɢ ɦɧɨɝɨɱɥɟɧɨɜ f  ɢ g  ɬɨɥɶɤɨ ɦɧɨɝɨɱɥɟɧɵ ɜɢɞɚ  1xa , Ra , ( 0a ). 

Ɂɧɚɱɢɬ, ɨɧɢ ɢ ɹɜɥɹɸɬɫɹ ɨɛɳɢɦɢ ɞɟɥɢɬɟɥɹɦɢ ɦɧɨɝɨɱɥɟɧɨɜ f  ɢ g . ɂɯ ɛɟɫɤɨɧɟɱɧɨ 
ɦɧɨɝɨ. ɋɪɟɞɢ ɧɢɯ ɜɵɞɟɥɹɟɬɫɹ ɧɨɪɦɢɪɨɜɚɧɧɵɣ   1,  xgfɇɈД . 

 gfɇɈД ,  ɦɨɠɧɨ ɧɚɣɬɢ ɫ ɩɨɦɨɳɶɸ ɚɥɝɨɪɢɬɦɚ ȿɜɤɥɢɞɚ. 

ɉɭɫɬɶ ɞɚɧɵ 0f  ɢ 0g  ɢ gf degdeg  . 

1) Ɋɚɡɞɟɥɢɦ f  ɧɚ g : 11 rqgf  , gr degdeg 1  , 

2) ȿɫɥɢ 01 r , ɬɨ ɪɚɡɞɟɥɢɦ g  ɧɚ 1r : 221 rqrg  , 12 degdeg rr  , 
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3) ȿɫɥɢ 02 r , ɬɨ ɪɚɡɞɟɥɢɦ 1r  ɧɚ 2r : 3321 rqrg  , 23 degdeg rr  , ɢ ɬ.ɞ. ɞɨ 

ɬɟɯ ɩɨɪ, ɩɨɤɚ ɜ ɨɫɬɚɬɤɟ ɧɟ ɩɨɥɭɱɢɬɫɹ 0 : 

kkkk rqrr   12 , 1degdeg  kk rr ,         0kr . 

011   kkk qrr . 

  krgfɇɈД , . 

Ɂɚɦɟɬɢɦ, ɱɬɨ ɞɟɥɟɧɢɟ ɧɭɠɧɨ ɩɪɨɢɡɜɨɞɢɬɶ «ɭɝɨɥɤɨɦ». 
Ɂɚɞɚɧɢɟ 2. ɇɚɣɬɢ  gfɇɈД , , ɟɫɥɢ 532 23  xxxf , 122  xxg . 

Ɋɟɲɟɧɢɟ. 
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Ɂɧɚɱɢɬ,   25, gfɇɈД . Ɂɚɩɢɲɟɦ ɧɨɪɦɢɪɨɜɚɧɧɵɣ  gfɇɈД , : 1d . 

ɋ ɩɨɦɨɳɶɸ ɚɥɝɨɪɢɬɦɚ ȿɜɤɥɢɞɚ ɞɥɹ ɦɧɨɝɨɱɥɟɧɨɜ f  ɢ g  ɜɫɟɝɞɚ ɦɨɠɧɨ ɩɨɞɨɛɪɚɬɶ 

ɬɚɤɢɟ 1m  ɢ 2m , ɱɬɨ  gfɇɈДmgmf ,21  . 

Ɂɚɞɚɧɢɟ 3.  Ⱦɥɹ ɦɧɨɝɨɱɥɟɧɨɜ f  ɢ g  ɩɨɞɨɛɪɚɬɶ ɬɚɤɢɟ ɦɧɨɝɨɱɥɟɧɵ 1m  ɢ 2m , 

ɱɬɨɛɵ  gfɇɈДmgmf ,21  , ɟɫɥɢ ɚɥɝɨɪɢɬɦ ȿɜɤɥɢɞɚ ɞɥɹ f  ɢ g  ɫɨɫɬɨɢɬ ɢɡ 
ɞɜɭɯ ɫɬɪɨɤ. 

Ɋɟɲɟɧɢɟ. 
ɉɭɫɬɶ ɚɥɝɨɪɢɬɦ ȿɜɤɥɢɞɚ ɞɥɹ ɦɧɨɝɨɱɥɟɧɨɜ f  ɢ g  ɫɨɫɬɨɢɬ ɢɡ ɞɜɭɯ ɫɬɪɨɤ: 

.0

,

21

11




qrg

rqgf
 

Ɍɨɝɞɚ   1, rgfɇɈД  . 
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ȼɵɞɟɥɢɦ 1r  ɢɡ ɩɟɪɜɨɣ ɫɬɪɨɤɢ ɚɥɝɨɪɢɬɦɚ:  111 1 qgfqgfr  . Ɍɨɝɞɚ 
11 m , 12 qm  . 

Ɂɚɞɚɧɢɟ 4. ȼɵɞɟɥɢɬɶ ɤɪɚɬɧɵɟ ɧɟɩɪɢɜɨɞɢɦɵɟ ɦɧɨɠɢɬɟɥɢ ɦɧɨɝɨɱɥɟɧɚ 

 xRxxxxxf  122 23568 . 

Ɋɟɲɟɧɢɟ. 
Ⱦɢɮɮɟɪɟɧɰɢɪɭɹ f , ɩɨɥɭɱɚɟɦ xxxxxf 261068 2457'  .  

ɋ ɩɨɦɨɳɶɸ ɚɥɝɨɪɢɬɦɚ ȿɜɤɥɢɞɚ ɧɚɯɨɞɢɦ 

         22334' 11111,  xxxxxxxxffɇɈȾ . 

Ɉɬɫɸɞɚ ɫɥɟɞɭɟɬ, ɱɬɨ ɤɪɚɬɧɵɦɢ ɧɟɩɪɢɜɨɞɢɦɵɦɢ ɦɧɨɠɢɬɟɥɹɦɢ ɦɧɨɝɨɱɥɟɧɚ f  

ɹɜɥɹɸɬɫɹ ɦɧɨɝɨɱɥɟɧɵ 12
1  xxp  (ɤɪɚɬɧɨɫɬɢ 2) ɢ 12  xp  (ɤɪɚɬɧɨɫɬɢ 3). 

Ɋɚɡɞɟɥɢɜ f  ɧɚ    322 1 xxxx  ɩɨɥɭɱɢɦ 13  xp . 

ɂɬɚɤ,      111
322  xxxxf . 

Ɍɚɤ ɤɚɤ ɤɨɪɧɢ ɦɧɨɝɨɱɥɟɧɚ ɫɨɨɬɜɟɬɫɬɜɭɸɬ ɟɝɨ ɧɟɩɪɢɜɨɞɢɦɵɦ ɦɧɨɠɢɬɟɥɹɦ ɩɟɪɜɨɣ 
ɫɬɟɩɟɧɢ, ɬɨ ɤɨɪɧɢ ɦɧɨɝɨɱɥɟɧɚ  ', ffɇɈȾ – ɷɬɨ ɤɪɚɬɧɵɟ ɤɨɪɧɢ ɦɧɨɝɨɱɥɟɧɚ f . ɉɨɷɬɨɦɭ 
ɜɵɞɟɥɟɧɢɟ ɤɪɚɬɧɵɯ ɧɟɩɪɢɜɨɞɢɦɵɯ ɦɧɨɠɢɬɟɥɟɣ ɹɜɥɹɟɬɫɹ ɜ ɬɨ ɠɟ ɜɪɟɦɹ ɜɵɞɟɥɟɧɢɟɦ 
ɤɪɚɬɧɵɯ ɤɨɪɧɟɣ ɦɧɨɝɨɱɥɟɧɚ f . 

 
Ɂɚɞɚɧɢɹ 

1. ɇɚɣɬɢ ɇɈȾ ɦɧɨɝɨɱɥɟɧɨɜ 12363)( 2345  xxxxxxf  ɢ 12)( 24  xxxg . 

(Ɉɬɜɟɬ: 122  xx ) 
2. ɇɚɣɬɢ ɥɢɧɟɣɧɨɟ ɜɵɪɚɠɟɧɢɟ ɇɈȾ ɦɧɨɝɨɱɥɟɧɨɜ ɱɟɪɟɡ ɫɚɦɢ ɷɬɢ ɦɧɨɝɨɱɥɟɧɵ: 

25332)( 234  xxxxxf , 12)( 23  xxxxg . 

3. Ɋɚɡɥɨɠɢɬɶ ɦɧɨɝɨɱɥɟɧ 2)( 2  xxf  ɧɚ ɧɟɩɪɢɜɨɞɢɦɵɟ ɦɧɨɠɢɬɟɥɢ ɧɚɞ ɩɨɥɟɦ 
R ; ɧɚɞ ɩɨɥɟɦ C . 

4. Ɋɚɡɥɨɠɢɬɶ ɦɧɨɝɨɱɥɟɧɵ ɧɚ ɧɟɩɪɢɜɨɞɢɦɵɟ ɦɧɨɠɢɬɟɥɢ ɧɚɞ ɩɨɥɟɦ 
ɞɟɣɫɬɜɢɬɟɥɶɧɵɯ ɱɢɫɟɥ: ɚ) 125  aaa ; ɛ) 248  xx ; ɜ) 13 612  yy . 

5. Ɋɚɡɥɨɠɢɬɶ ɦɧɨɝɨɱɥɟɧ 1)( 4  xxf  ɧɚ ɧɟɩɪɢɜɨɞɢɦɵɟ ɦɧɨɠɢɬɟɥɢ ɧɚɞ ɩɨɥɹɦɢ  
C , R , Q . 

6. ɇɚɣɬɢ ɇɈȾ ɦɧɨɝɨɱɥɟɧɚ      111)( 34  xxxxf  ɢ ɟɝɨ ɩɪɨɢɡɜɨɞɧɨɣ. 

7. ɇɚɣɬɢ  gfɇɈД , , ɟɫɥɢ    322 11  xxf  ɢ    2
1xg .  2 x  

8. Ⱦɥɹ ɦɧɨɝɨɱɥɟɧɨɜ f  ɢ g  ɩɨɞɨɛɪɚɬɶ ɬɚɤɢɟ ɦɧɨɝɨɱɥɟɧɵ 1m  ɢ 2m , ɱɬɨɛɵ 
 gfɇɈДmgmf ,21  , ɟɫɥɢ ɚɥɝɨɪɢɬɦ ȿɜɤɥɢɞɚ ɞɥɹ f  ɢ g  ɫɨɫɬɨɢɬ ɢɡ ɬɪɟɯ 

ɫɬɪɨɤ. 
9. ȼɵɞɟɥɢɬɶ ɤɪɚɬɧɵɟ ɧɟɩɪɢɜɨɞɢɦɵɟ ɦɧɨɠɢɬɟɥɢ ɦɧɨɝɨɱɥɟɧɚ 

 xRxxxxxf  122 23568 . 

10. Ɉɬɞɟɥɢɬɶ ɤɪɚɬɧɵɟ ɦɧɨɠɢɬɟɥɢ ɦɧɨɝɨɱɥɟɧɚ 412946)( 2346  xxxxxxf . 

 
Ɍɟɦɚ. Ɇɧɨɝɨɱɥɟɧɵ ɨɬ ɧɟɫɤɨɥɶɤɢɯ ɩɟɪɟɦɟɧɧɵɯ 

ɉɥɚɧ 

1. ɋɢɦɦɟɬɪɢɱɟɫɤɢɟ ɦɧɨɝɨɱɥɟɧɵ ɨɬ ɧɟɫɤɨɥɶɤɢɯ ɩɟɪɟɦɟɧɧɵɯ ɢ ɢɯ ɫɜɨɣɫɬɜɚ. 
2. Ɉɫɧɨɜɧɚɹ ɬɟɨɪɟɦɚ ɨ ɫɢɦɦɟɬɪɢɱɟɫɤɢɯ ɦɧɨɝɨɱɥɟɧɚɯ. 
1. ɋɢɦɦɟɬɪɢɱɟɫɤɢɟ ɦɧɨɝɨɱɥɟɧɵ ɨɬ ɧɟɫɤɨɥɶɤɢɯ ɩɟɪɟɦɟɧɧɵɯ ɢ ɢɯ 

ɫɜɨɣɫɬɜɚ. 
Ɍɟɨɪɟɦɚ 1. ɉɭɫɬɶ 1  ɢ 2 - ɞɜɚ ɩɪɨɢɡɜɨɥɶɧɵɯ ɱɢɫɥɚ. Ʉɜɚɞɪɚɬɧɨɟ  ɭɪɚɜɧɟɧɢɟ       
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021
2   zz            

ɢ ɫɢɫɬɟɦɚ ɭɪɚɜɧɟɧɢɣ  








2

1,




xy

yx
                         

ɫɜɹɡɚɧɧɵ ɞɪɭɝ ɫ ɞɪɭɝɨɦ ɫɥɟɞɭɸɳɢɦ ɨɛɪɚɡɨɦ: ɟɫɥɢ z1, z2  ɤɨɪɧɢ ɤɜɚɞɪɚɬɧɨɝɨ 
ɭɪɚɜɧɟɧɢɹ   , ɬɨ ɫɢɫɬɟɦɚ ɢɦɟɟɬ ɞɜɚ ɪɟɲɟɧɢɹ  








;

,

21

11

zy

zx
   







12

22 ,

zy

zx
 

ɢ ɞɪɭɝɢɯ ɪɟɲɟɧɢɣ ɧɟ ɢɦɟɟɬ; ɨɛɪɚɬɧɨ, ɟɫɥɢ x=a, y=b – ɪɟɲɟɧɢɟ ɫɢɫɬɟɦɵ   , ɬɨ 
ɱɢɫɥɚ a ɢ b ɹɜɥɹɟɬɫɹ ɤɨɪɧɹɦɢ ɭɪɚɜɧɟɧɢɹ   . 

Ⱦɨɤɚɡɚɬɟɥɶɫɬɜɨ. ȿɫɥɢ 1z  ɢ 2z - ɤɨɪɧɢ ɤɜɚɞɪɚɬɧɨɝɨ ɭɪɚɜɧɟɧɢɹ   , ɬɨ ɩɨ ɮɨɪɦɭɥɚɦ  
ȼɢɟɬɚ  

,

,

221

121







zz

zz
 

ɬ.ɟ. ɱɢɫɥɚ  








;

,

11

11

zy

zx
      








12

22 ,

zy

zx
 

ɹɜɥɹɟɬɫɹ ɪɟɲɟɧɢɹɦɢ ɫɢɫɬɟɦɵ    . 

ɉɭɫɬɶ ,ax   by  - ɪɟɲɟɧɢɟ ɫɢɫɬɟɦɵ    

.

,

2

1







ab

ba
 

Ɍɨɝɞɚ ɢɦɟɟɦ:  
))(()(2

21
2

bzazabzbazzz   . 

ɇɨ ɷɬɨ ɨɡɧɚɱɚɟɬ, ɱɬɨ ɱɢɫɥɚ a ɢ b ɹɜɥɹɸɬɫɹ ɤɨɪɧɹɦɢ ɤɜɚɞɪɚɬɧɨɝɨ ɭɪɚɜɧɟɧɢɹ   . 

Ɍɟɨɪɟɦɚ ɞɨɤɚɡɚɧɚ. 
ɋɢɫɬɟɦɚ ɞɜɭɯ ɭɪɚɜɧɟɧɢɣ ɫ ɞɜɭɦɹ ɧɟɢɡɜɟɫɬɧɵɦɢ, ɫɨɫɬɨɹɳɚɹ ɢɡ 

ɧɟɫɢɦɦɟɬɪɢɱɟɫɤɢɯ ɭɪɚɜɧɟɧɢɣ, ɦɨɠɟɬ ɛɵɬɶ ɫɜɟɞɟɧɚ ɤ ɫɢɦɦɟɬɪɢɱɧɨɣ ɫɢɫɬɟɦɟ ɜɜɟɞɟɧɢɟɦ 
ɧɨɜɵɯ (ɜɫɩɨɦɨɝɚɬɟɥɶɧɵɯ) ɧɟɢɡɜɟɫɬɧɵɯ. ɇɚɩɪɢɦɟɪ, ɟɫɥɢ ɜ ɫɢɫɬɟɦɟ  











1

5
22

33

yxxy

yx
 

ɡɚɦɟɧɢɬɶ ɧɟɢɡɜɟɫɬɧɨɟ ɭ ɧɨɜɵɦ ɧɟɢɡɜɟɫɬɧɵɦ z=-y ɩɪɢɞɟɦ ɤ ɫɢɫɬɟɦɟ 











1

5
22

33

zxxz

zx
 

ɥɟɜɵɟ ɱɚɫɬɢ, ɤɨɬɨɪɨɣ ɫɢɦɦɟɬɪɢɱɧɨ ɡɚɜɢɫɹɬ ɨɬ x ɢ y. 
 ɂɧɨɝɞɚ ɧɭɠɧɚɹ ɩɨɞɫɬɚɧɨɜɤɚ ɢɦɟɟɬ ɛɨɥɟɟ ɫɥɨɠɧɵɣ ɜɢɞ. ɇɚɩɪɢɦɟɪ, ɜ ɫɢɫɬɟɦɟ: 









68171681

523
44

yx

yx
 

ɡɚɦɟɧɚ 3x=u, -2y=v, ɩɨɡɜɨɥɹɟɬ ɫɢɦɦɟɬɪɢɱɧɭɸ ɫɢɫɬɟɦɭ  









6817

5
44

vu

vu
 

ɂɧɨɝɞɚ, ɜɜɟɞɟɧɢɟɦ ɜɫɩɨɦɨɝɚɬɟɥɶɧɵɯ ɧɟɢɡɜɟɫɬɧɵɯ ɦɨɠɧɨ ɫɜɟɫɬɢ ɭɪɚɜɧɟɧɢɟ ɫ 
ɨɞɧɢɦ ɧɟɢɡɜɟɫɬɧɵɦ ɤ ɫɢɦɦɟɬɪɢɱɧɨɣ ɫɢɫɬɟɦɟ ɞɜɭɯ ɭɪɚɜɧɟɧɢɣ ɫ ɞɜɭɦɹ ɧɟɢɡɜɟɫɬɧɵɦɢ. 

Ɋɟɲɟɧɢɟ ɫɢɫɬɟɦ ɭɪɚɜɧɟɧɢɣ ɨɬ ɬɪɟɯ ɩɟɪɟɦɟɧɧɵɯ 
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Ɍɟɨɪɟɦɚ 2. ɉɭɫɬɶ 1 , 2 , 3  - ɬɪɢ ɩɪɨɢɡɜɨɥɶɧɵɯ ɱɢɫɥɚ. Ʉɭɛɢɱɟɫɤɨɟ ɭɪɚɜɧɟɧɢɟ 

32
2

1
3   uuu =0    

ɢ ɫɢɫɬɟɦɚ ɭɪɚɜɧɟɧɢɣ 













3

2

1

,

,






xyz

xzyzxy

zyx

    

ɫɜɹɡɚɧɵ ɞɪɭɝ ɫ ɞɪɭɝɨɦ ɫɥɟɞɭɸɳɢɦ ɨɛɪɚɡɨɦ: ɟɫɥɢ 321 ,, uuu ɤɨɪɧɢ ɤɭɛɢɱɟɫɤɨɝɨ 
ɭɪɚɜɧɟɧɢɹ, ɬɨ ɫɢɫɬɟɦɚ ɭɪɚɜɧɟɧɢɣ    ɢɦɟɟɬ ɲɟɫɬɶ ɪɟɲɟɧɢɣ 
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(ɩɨɥɭɱɚɸɳɢɯɫɹ ɞɪɭɝ ɢɡ ɞɪɭɝɚ ɩɟɪɟɫɬɚɧɨɜɤɚɦɢ) ɢ ɞɪɭɝɢɯ ɪɟɲɟɧɢɣ ɧɟ ɢɦɟɟɬ; 
ɨɛɪɚɬɧɨ, ɟɫɥɢ byax  , , cz  -ɪɟɲɟɧɢɟ ɫɢɫɬɟɦɵ   , ɬɨ ɱɢɫɥɚ cba ,,  ɹɜɥɹɸɬɫɹ 

ɤɨɪɧɹɦɢ ɤɭɛɢɱɟɫɤɨɝɨ ɭɪɚɜɧɟɧɢɹ   .  

Ʌɟɦɦɚ. ȿɫɥɢ 321 ,, uuu ɤɨɪɧɢ ɤɭɛɢɱɟɫɤɨɝɨ ɭɪɚɜɧɟɧɢɹ 023  rqupuu , ɬɨ 
ɢɦɟɸɬ ɦɟɫɬɨ ɫɥɟɞɭɸɳɢɟ ɫɨɨɬɧɨɲɟɧɢɹ: puuu  321 , quuuuuu  323121 , ruuu 321 .  

Эɬɢ ɫɨɨɬɧɨɲɟɧɢɹ ɧɚɡɵɜɚɸɬ ɮɨɪɦɭɥɚɦɢ ȼɢɟɬɚ ɞɥɹ ɤɭɛɢɱɟɫɤɨɝɨ ɭɪɚɜɧɟɧɢɹ. 
ɉɨɤɚɠɟɦ, ɨɬɤɭɞɚ ɷɬɢ ɫɨɨɬɧɨɲɟɧɢɹ ɜɵɬɟɤɚɸɬ. ɂɬɚɤ, ɩɭɫɬɶ 321 ,, uuu ɤɨɪɧɢ ɤɭɛɢɱɟɫɤɨɝɨ 
ɭɪɚɜɧɟɧɢɹ 023  rqupuu , ɬɨɝɞɚ  

))()(( 321
23

uuuuuurqupuu  . 

Ɋɚɫɤɪɵɜɚɹ ɫɤɨɛɤɢ ɜ ɩɪɚɜɨɣ ɱɚɫɬɢ, ɧɚɯɨɞɢɦ:  
321323121

2
321

323 )()( uuuuuuuuuuuuuuurqupuu  . 

ɂɡ ɪɚɜɟɧɫɬɜɚ ɦɧɨɝɨɱɥɟɧɨɜ ɫɥɟɞɭɟɬ ɪɚɜɟɧɫɬɜɚ ɫɨɨɬɜɟɬɫɬɜɭɸɳɢɯ ɤɨɷɮɮɢɰɢɟɧɬɨɜ, 
ɬ.ɟ.  

puuu  )( 321 ,  

quuuuuu  323121 , 

ruuu  321 , 

ɱɬɨ ɢ ɞɨɤɚɡɵɜɚɟɬ ɥɟɦɦɭ. 
ɉɪɢɦɟɪ 1. Ⱦɚɧɨ ɤɜɚɞɪɚɬɧɨɟ ɭɪɚɜɧɟɧɢɟ ; ɫɨɫɬɚɜɢɬɶ ɧɨɜɨɟ 

ɤɜɚɞɪɚɬɧɨɟ ɭɪɚɜɧɟɧɢɟ, ɤɨɪɧɹɦɢ ɤɨɬɨɪɨɝɨ ɹɜɥɹɟɬɫɹ ɤɜɚɞɪɚɬɵ ɤɨɪɧɟɣ ɞɚɧɧɨɝɨ 
ɭɪɚɜɧɟɧɢɹ. 

Ɋɟɲɟɧɢɟ. Ⱦɥɹ ɪɟɲɟɧɢɹ ɷɬɨɣ ɡɚɞɚɱɢ ɨɛɨɡɧɚɱɢɦ ɤɨɪɧɢ ɞɚɧɧɨɝɨ ɭɪɚɜɧɟɧɢɹ ɱɟɪɟɡ  
, ɤɨɪɧɢ ɢɫɯɨɞɧɨɝɨ – ɱɟɪɟɡ  .  ɉɨ ɬɟɨɪɟɦɟ ȼɢɟɬɚ  

  
ɢ ɬɨɱɧɨ ɬɚɤ ɠɟ,  

,   
ɇɨ, ɩɨ ɭɫɥɨɜɢɸ ɡɚɞɚɱɢ, ɢɦɟɟɦ         ɢ ɩɨɬɨɦɭ  

 
. 

Ɍɚɤɢɦ ɨɛɪɚɡɨɦ, ɢɫɤɨɦɨɟ  ɤɜɚɞɪɚɬɧɨɟ ɭɪɚɜɧɟɧɢɟ ɢɦɟɟɬ ɜɢɞ  
 

 
Ɍɟɦ ɠɟ ɦɟɬɨɞɨɦ ɦɨɠɧɨ ɪɟɲɢɬɶ ɢ ɛɨɥɟɟ ɫɥɨɠɧɵɟ ɡɚɞɚɱɢ. Ɋɚɫɫɦɨɬɪɢɦ 

ɫɥɟɞɭɸɳɢɣ ɩɪɢɦɟɪ. 
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ɉɪɢɦɟɪ 2. ɋɨɫɬɚɜɢɬɶ ɤɜɚɞɪɚɬɧɨɟ ɭɪɚɜɧɟɧɢɟ 02  qpzz  ɤɨɪɧɹɦɢ ɤɨɬɨɪɨɝɨ 
ɹɜɥɹɸɬɫɹ ɱɢɫɥɚ   ɝɞɟ  -  ɤɨɪɧɢ ɤɜɚɞɪɚɬɧɨɝɨ ɭɪɚɜɧɟɧɢɹ 

 
Ɋɟɲɟɧɢɟ. Ⱦɥɹ ɪɟɲɟɧɢɹ ɫɧɨɜɚ ɜɨɫɩɨɥɶɡɭɟɦɫɹ ɮɨɪɦɭɥɚɦɢ ȼɢɟɬɚ, ɫɨɝɥɚɫɧɨ 

ɤɨɬɨɪɵɦ 

 
ɋ ɞɪɭɝɨɣ ɫɬɨɪɨɧɵ, ɩɨ ɬɟɦ ɠɟ ɮɨɪɦɭɥɚɦ,  

 
 

ȼɨɫɩɨɥɶɡɭɟɦɫɹ ɬɚɛɥɢɰɟɣ ɉɪɢɥɨɠɟɧɢɹ 1, ɥɟɝɤɨ ɜɵɪɚɡɢɦ ɫɢɦɦɟɬɪɢɱɟɫɤɢɟ 
ɦɧɨɝɨɱɥɟɧɵ  ɱɟɪɟɡ  ɢ, ɩɨɞɫɬɚɜɢɜ ɡɧɚɱɟɧɢɹ , ɜɵɱɢɫɥɢɦ 
ɢɧɬɟɪɟɫɭɸɳɢɟ ɧɚɫ ɤɨɷɮɮɢɰɢɟɧɬɵ . ɂɦɟɟɦ  

Ɍɚɤɢɦ ɨɛɪɚɡɨɦ, , ɢ ɩɨɬɨɦɭ ɢɫɤɨɦɨɟ ɤɜɚɞɪɚɬɧɨɟ ɭɪɚɜɧɟɧɢɟ 
ɢɦɟɟɬ ɜɢɞ  

 
Ɍɟɦɚ. Ɇɧɨɝɨɱɥɟɧɵ ɧɚɞ ɩɨɥɟɦ ɪɚɰɢɨɧɚɥɶɧɵɯ, ɞɟɣɫɬɜɢɬɟɥɶɧɵɯ ɢ 

ɤɨɦɩɥɟɤɫɧɵɯ ɱɢɫɟɥ. Ⱥɥɝɟɛɪɚɢɱɟɫɤɢɟ ɱɢɫɥɚ 
ɉɥɚɧ 

1. Ɋɚɡɥɨɠɟɧɢɟ ɦɧɨɝɨɱɥɟɧɚ ɫ ɤɨɦɩɥɟɤɫɧɵɦɢ ɤɨɷɮɮɢɰɢɟɧɬɚɦɢ ɜ ɩɪɨɢɡɜɟɞɟɧɢɟ 
ɥɢɧɟɣɧɵɯ ɦɧɨɠɢɬɟɥɟɣ. 

2. Ɇɢɧɢɦɚɥɶɧɵɣ ɦɧɨɝɨɱɥɟɧ ɚɥɝɟɛɪɚɢɱɟɫɤɨɝɨ ɱɢɫɥɚ ɢ ɟɝɨ ɫɜɨɣɫɬɜɚ.  
3. ɉɪɨɫɬɨɟ ɢ ɫɨɫɬɚɜɧɨɟ ɚɥɝɟɛɪɚɢɱɟɫɤɢɟ ɪɚɫɲɢɪɟɧɢɹ. 
4. Ɋɟɲɟɧɢɟ ɭɪɚɜɧɟɧɢɣ ɬɪɟɬɶɟɣ ɢ ɱɟɬɜёɪɬɨɣ ɫɬɟɩɟɧɢ. 
1. ɉɨɧɹɬɢɟ ɪɚɫɲɢɪɟɧɢɹ ɩɨɥɹ. Ɇɢɧɢɦɚɥɶɧɵɣ ɦɧɨɝɨɱɥɟɧ ɚɥɝɟɛɪɚɢɱɟɫɤɨɝɨ 

ɱɢɫɥɚ ɢ ɟɝɨ ɫɜɨɣɫɬɜɚ 

Ɂɚɞɚɧɢɟ 1. Ɉɩɢɫɚɬɶ ɫɬɪɨɟɧɢɟ ɩɨɥɹ Ʉ=Q(), ɝɞɟ Q – ɩɨɥɟ ɪɚɰɢɨɧɚɥɶɧɵɯ ɱɢɫɟɥ: 
27  . 

Ɋɟɲɟɧɢɟ. 
ɉɨɫɬɪɨɢɦ ɦɢɧɢɦɚɥɶɧɵɣ ɦɧɨɝɨɱɥɟɧ ɱɢɫɥɚ  ɧɚɞ ɩɨɥɟɦ ɪɚɰɢɨɧɚɥɶɧɵɯ ɱɢɫɟɥ: 

   
.0471424914

272727

2727

44

22222

2
2










 

xxxx

xxx

xx

 

ɑɢɫɥɨ 27   ɛɭɞɟɬ ɤɨɪɧɟɦ ɦɧɨɝɨɱɥɟɧɚ   47144  xxxp  ɩɨ ɩɨɫɬɪɨɟɧɢɸ, 
ɩɪɢɱёɦ ɨɱɟɜɢɞɧɨ, ɱɬɨ ɫɬɟɩɟɧɶ ɷɬɨɝɨ ɦɧɨɝɨɱɥɟɧɚ ɦɢɧɢɦɚɥɶɧɚ ɢ ɪɚɜɧɚ 4n . 

ɋɥɟɞɨɜɚɬɟɥɶɧɨ, ɛɚɡɢɫ ɩɪɨɫɬɨɝɨ ɚɥɝɟɛɪɚɢɱɟɫɤɨɝɨ ɪɚɫɲɢɪɟɧɢɹ Ʉ=Q()ɧɚɞ ɩɨɥɟɦ 
ɪɚɰɢɨɧɚɥɶɧɵɯ ɱɢɫɟɥ ɬɚɤɠɟ ɫɨɫɬɨɢɬ ɢɡ ɱɟɬɵɪёɯ ɷɥɟɦɟɧɬɨɜ: 

320 ,,,1   . 

Ɍɚɤ ɤɚɤ 27  , ɬɨ ɛɚɡɢɫ ɩɪɢɦɟɬ ɜɢɞ: 
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.27,27,27,1

27,27,27,1

3

32






 






 





 

 

Ɍɨɝɞɚ ɩɪɨɢɡɜɨɥɶɧɵɣ ɷɥɟɦɟɧɬ ɩɨɥɹ Ʉ=Q() ɛɭɞɟɬ ɢɦɟɬɶ ɜɢɞ: 

  3,0,,27272727
3

3210 




 





  iQaaaaaQ i . 

Ɂɚɞɚɧɢɟ 2. ɂɡɛɚɜɢɬɶɫɹ ɨɬ ɢɪɪɚɰɢɨɧɚɥɶɧɨɫɬɢ ɜ ɡɧɚɦɟɧɚɬɟɥɟ ɞɪɨɛɢ 

,
2

2
2

24







 ɝɞɟ 013  . 

Ɋɟɲɟɧɢɟ. 
ɉɭɫɬɶ     gf  2;2 224 , ɬɨɝɞɚ   224  xxxf ,   22  xxg  

ɇɟɬɪɭɞɧɨ ɩɪɨɜɟɪɢɬɶ, ɱɬɨ ɦɧɨɝɨɱɥɟɧ   13  xxxp  ɧɟ ɢɦɟɟɬ ɪɚɰɢɨɧɚɥɶɧɵɯ 
ɤɨɪɧɟɣ ɢ, ɡɧɚɱɢɬ, ɧɟɩɪɢɜɨɞɢɦ ɜ ɤɨɥɶɰɟ Q[x]. Ɍɚɤ ɤɚɤ ɪ()=0, ɬɨ ɷɬɨɬ ɦɧɨɝɨɱɥɟɧ ɹɜɥɹɟɬɫɹ 
ɦɢɧɢɦɚɥɶɧɵɦ ɞɥɹ ɱɢɫɥɚ . 

ɂɫɩɨɥɶɡɭɹ ɡɚɦɟɱɚɧɢɟ, ɧɚɣɞɟɦ ɥɢɧɟɣɧɨɟ ɜɵɪɚɠɟɧɢɟ ɦɧɨɝɨɱɥɟɧɚ  xf  ɱɟɪɟɡ 
ɦɧɨɝɨɱɥɟɧɵ  xg  ɢ  xp  ɦɟɬɨɞɨɦ ɧɟɨɩɪɟɞɟɥɟɧɧɵɯ ɤɨɷɮɮɢɰɢɟɧɬɨɜ. 

ɂɡ ɡɚɦɟɱɚɧɢɹ ɫɥɟɞɭɟɬ, ɱɬɨ ɫɬɟɩɟɧɶ  xu  ɛɭɞɟɬ ɪɚɜɧɚ 2, ɚ ɫɬɟɩɟɧɶ  xv  – 1: 

  224  xxxf =

 

 
 

 xpkdxxgcbxax

xvxu

)()( 2


    (5). 

ȼɵɩɨɥɧɢɜ ɞɟɣɫɬɜɢɹ ɜ ɩɪɚɜɨɣ ɱɚɫɬɢ ɪɚɜɟɧɫɬɜɚ ɢ ɩɪɢɜɟɞɹ ɩɨɞɨɛɧɵɟ, ɩɨɥɭɱɢɦ: 
  224  xxxf = )2()2()2()()( 234

kcxkdbxdcaxkbxda  . 

ɂɫɩɨɥɶɡɭɹ ɨɩɪɟɞɟɥɟɧɢɟ ɪɚɜɟɧɫɬɜɚ ɞɜɭɯ ɦɧɨɝɨɱɥɟɧɨɜ, ɩɪɢɞɟɦ ɤ ɫɢɫɬɟɦɟ 
ɥɢɧɟɣɧɵɯ ɭɪɚɜɧɟɧɢɣ 





















.22

;02

;12

;0

;1

kc

kdb

dca

kb

da

 

Ɋɟɲɢɜ ɫɢɫɬɟɦɭ, ɧɚɯɨɞɢɦ:     0;1

0

;1

;1
2 













xvxxu

kdb

c

a

. 

ɉɨɷɬɨɦɭ: 
               211012 222224   gpgf . 

ɉɨɞɫɬɚɜɢɦ ɜ ɢɫɯɨɞɧɨɟ ɜɵɪɚɠɟɧɢɟ ɡɧɚɱɟɧɢɟ, ɩɨɥɭɱɟɧɧɨɟ ɞɥɹ 224  , 
ɩɨɥɭɱɢɦ: 

   
1

2

21

2

2 2

2

22

2

24








 







. 

Ɂɚɞɚɧɢɟ 3. ɉɭɫɬɶ Ɋ=Q( 3,2 ) – ɤɨɧɟɱɧɨɟ ɪɚɫɲɢɪɟɧɢɟ ɩɨɥɹ ɪɚɰɢɨɧɚɥɶɧɵɯ 
ɱɢɫɟɥ. ɇɚɣɬɢ ɱɢɫɥɨ , ɬɚɤɨɟ, ɱɬɨɛɵ Q( 3,2 ) = Q(). 

Ɋɟɲɟɧɢɟ. 
Ȼɭɞɟɦ ɢɫɤɚɬɶ ɱɢɫɥɨ  ɜ ɜɢɞɟ: 

 = 32 ɫ , ɝɞɟ ɫ – ɩɨɞɯɨɞɹɳɟɟ ɱɢɫɥɨ ɢɡ ɩɨɥɹ Q,     (2). 
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ɑɢɫɥɨ ɫ ɜɵɛɟɪɟɦ ɫɥɟɞɭɸɳɢɦ ɨɛɪɚɡɨɦ. ɉɭɫɬɶ )(1 хɪ  ɢ )(2 хɪ  - ɦɢɧɢɦɚɥɶɧɵɟ 
ɦɧɨɝɨɱɥɟɧɵ ɱɢɫɟɥ 2  ɢ 3  ɫɨɨɬɜɟɬɫɬɜɟɧɧɨ: 

)(1 хɪ  = 22 х , )(2 хɪ  = 32 х      (3). 

ɂɡ (2) ɫɥɟɞɭɟɬ, ɱɬɨ 2  =  - ɫ 3                   (4). 

Ɋɚɫɫɦɨɬɪɢɦ ɦɧɨɝɨɱɥɟɧ 

q(x) = ɪ 1 ( - ɫɯ)     (5), 
ɤɨɷɮɮɢɰɢɟɧɬɵ ɤɨɬɨɪɨɝɨ ɩɪɢɧɚɞɥɟɠɚɬ ɩɨɥɸ Q(). Ɉɱɟɜɢɞɧɨ, ɱɬɨ 3  ɹɜɥɹɟɬɫɹ 

ɤɨɪɧɟɦ ɷɬɨɝɨ ɦɧɨɝɨɱɥɟɧɚ, ɬɚɤ ɤɚɤ 

q( 3 ) = ɪ 1 (  - ɫ 3 ) = ɪ 1 ( 2 ) = 0. 

ɋ ɞɪɭɝɨɣ ɫɬɨɪɨɧɵ, 3  ɟɫɬɶ ɤɨɪɟɧɶ )(2 хɪ , ɤɨɷɮɮɢɰɢɟɧɬɵ ɤɨɬɨɪɨɝɨ 
ɩɪɢɧɚɞɥɟɠɚɬ ɩɨɥɸ Q, ɚ ɫɥɟɞɨɜɚɬɟɥɶɧɨ, ɢ ɩɨɥɸ Q(). ɉɨɬɪɟɛɭɟɦ, ɱɬɨɛɵ ɦɧɨɝɨɱɥɟɧɵ 

q(x) ɢ )(2 хɪ  ɧɟ ɢɦɟɥɢ ɞɪɭɝɢɯ ɨɛɳɢɯ ɤɨɪɧɟɣ, ɤɪɨɦɟ ɱɢɫɥɚ 3 .  

Ɍɚɤ ɤɚɤ ɦɧɨɝɨɱɥɟɧ )(2 хɪ  ɢɦɟɟɬ ɬɨɥɶɤɨ ɞɜɚ ɤɨɪɧɹ: 3  ɢ - 3 , ɬɨ - 3  ɦɨɠɟɬ ɛɵɬɶ 

ɨɛɳɢɦ ɤɨɪɧɟɦ )(2 хɪ  ɢ q(x), ɬɨɥɶɤɨ ɟɫɥɢ ɱɢɫɥɨ 

 - ɫ(- 3 ) 

ɛɭɞɟɬ ɤɨɪɧɟɦ ɦɧɨɝɨɱɥɟɧɚ )(1 хɪ , ɬɨ ɟɫɬɶ, ɟɫɥɢ 

 - ɫ(- 3 ) = 2   (7) ɢɥɢ  - ɫ(- 3 ) = - 2   (7’) 

ɉɨɷɬɨɦɭ, ɱɬɨɛɵ ɦɧɨɝɨɱɥɟɧɵ q(x) ɢ )(2 хɪ  ɧɟ ɢɦɟɥɢ ɞɪɭɝɢɯ ɨɛɳɢɯ ɤɨɪɧɟɣ, ɤɪɨɦɟ 
3 , ɞɨɫɬɚɬɨɱɧɨ ɩɨɬɪɟɛɨɜɚɬɶ, ɱɬɨɛɵ 

ɫ  
32

22 
, 

ɬ.ɟ., ɱɬɨɛɵ ɫ  0 ɢ ɫ  
3

2
 . 

ȼɨɡɶɦɟɦ, ɧɚɩɪɢɦɟɪ, ɫ = 1. Ɍɨɝɞɚ ɢɡ ɪɚɜɟɧɫɬɜɚ (2) 
= 2  + 3  ɢ Q( 2 , 3 ) = Q( 2  + 3 ). 

ɂɡ ɪɟɲɟɧɢɹ ɷɬɨɣ ɡɚɞɚɱɢ ɜɢɞɧɨ, ɱɬɨ, ɜɨɨɛɳɟ ɝɨɜɨɪɹ, ɱɢɫɥɨ  ɦɨɠɟɬ ɛɵɬɶ ɜɵɛɪɚɧɨ 
ɧɟɨɞɧɨɡɧɚɱɧɨ. 

4. Ɋɟɲɟɧɢɟ ɭɪɚɜɧɟɧɢɣ ɬɪɟɬɶɟɣ ɢ ɱɟɬɜɟɪɬɨɣ ɫɬɟɩɟɧɢ 

ɉɭɫɬɶ ɞɚɧɨ ɭɪɚɜɧɟɧɢɟ 

 13
qpxx  . 

Ȼɭɞɟɦ ɢɫɤɚɬɶ ɪɟɲɟɧɢɟ ɜ ɜɢɞɟ 

 2vux   

ȼɨɡɜɨɞɹ ɪɚɜɟɧɫɬɜɨ (2) ɜ ɤɭɛ, ɩɨɥɭɱɢɦ 

 333 32233
vuvvuux   

ɍɦɧɨɠɚɹ ɨɛɟ ɱɚɫɬɢ ɪɚɜɟɧɫɬɜɚ (2) ɧɚ uv3 , ɛɭɞɟɦ ɢɦɟɬɶ 

 4333 22
uvvuuvx   

ɋɤɥɚɞɵɜɚɹ ɩɨɱɥɟɧɧɨ ɪɚɜɟɧɫɬɜɚ (3) ɢ (4), ɩɪɢɞёɦ ɤ ɪɚɜɟɧɫɬɜɭ 

 53 333
vuuvxx  , 

ɫɪɚɜɧɢɜɚɹ ɤɨɬɨɪɨɟ ɫ ɢɫɯɨɞɧɵɦ ɭɪɚɜɧɟɧɢɟɦ (1), ɩɨɥɭɱɢɦ 

 6,3 33
qvupuv   
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Ɍɟɦ ɫɚɦɵɦ ɪɟɲɟɧɢɟ ɢɫɯɨɞɧɨɝɨ ɭɪɚɜɧɟɧɢɹ ɫɜɨɞɢɬɫɹ ɤ ɨɬɵɫɤɚɧɢɸ ɮɭɧɤɰɢɣ u  ɢ 
v , ɭɞɨɜɥɟɬɜɨɪɹɸɳɢɯ ɪɚɜɟɧɫɬɜɚɦ (6). ɂɡ (6) ɩɨɥɭɱɚɟɦ ɭɪɚɜɧɟɧɢɟ ɞɥɹ u : 

 70
27

3
36 

p
quu  

Ɉɤɨɧɱɚɬɟɥɶɧɨ, ɩɨɫɥɟ ɧɟɫɥɨɠɧɵɯ ɩɪɟɨɛɪɚɡɨɜɚɧɢɣ, ɩɨɥɭɱɚɟɦ 

 8
232232

3

32

3

32
qpqqpq

vux 


























 . 

ȼ ɨɬɥɢɱɢɟ ɨɬ ɨɫɬɚɥɶɧɵɯ ɦɚɬɟɦɚɬɢɤɨɜ ɷɩɨɯɢ ȼɨɡɪɨɠɞɟɧɢɹ, ɩɨ-ɩɪɟɠɧɟɦɭ ɧɟ 
ɩɪɢɡɧɚɜɚɜɲɢɯ ɨɬɪɢɰɚɬɟɥɶɧɵɟ ɤɨɪɧɢ, Ʉɚɪɞɚɧɨ ɜ ɫɜɨɟ ɪɚɛɨɬɟ ɩɪɟɞɩɪɢɧɹɥ ɩɨɩɵɬɤɢ 
ɪɚɫɫɦɨɬɪɟɬɶ ɢ ɢɯ. Ɉɧ ɧɚɡɵɜɚɥ ɢɯ «ɫɨɮɢɫɬɢɱɟɫɤɢɦɢ», ɬɨ ɟɫɬɶ ɥɨɠɧɵɦɢ. ȿɫɥɢ ɩɪɢ 
ɪɟɲɟɧɢɢ ɤɜɚɞɪɚɬɧɵɯ ɭɪɚɜɧɟɧɢɣ ɨɬɪɢɰɚɬɟɥɶɧɵɟ ɤɨɪɧɢ ɦɨɠɧɨ ɛɵɥɨ ɧɟ ɩɪɢɧɢɦɚɬɶ ɜɨ 
ɜɧɢɦɚɧɢɟ, ɫɱɢɬɚɹ ɢɯ ɧɟ ɫɭɳɟɫɬɜɟɧɧɵɦɢ, ɢɫɯɨɞɹ ɢɡ ɫɦɵɫɥɚ ɡɚɞɚɱɢ, ɬɨ ɞɥɹ ɭɪɚɜɧɟɧɢɣ 
ɬɪɟɬɶɟɣ ɫɬɟɩɟɧɢ ɢɝɧɨɪɢɪɨɜɚɬɶ «ɧɟɩɪɢɜɨɞɢɦɵɣ» ɫɥɭɱɚɣ ɭɠɟ ɧɟ ɩɨɥɭɱɚɥɨɫɶ. 

Ɋɟɲɚɹ ɷɬɨɬ ɫɥɭɱɚɣ ɡɚɦɟɧɨɣ vux  , Ɍɚɪɬɚɥɶɹ ɢ Ʉɚɪɞɚɧɨ ɩɪɢɲɥɢ ɤ ɪɟɡɭɥɶɬɚɬɭ 
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 (ɤɨɬɨɪɵɣ ɢ ɩɨɥɭɱɢɥ ɧɚɡɜɚɧɢɟ 

«ɧɟɩɪɢɜɨɞɢɦɨɝɨ») ɩɨɪɨɠɞɚɥ «ɫɨɮɢɫɬɢɱɟɫɤɢɟ» ɤɨɪɧɢ ɢ ɜɵɪɚɠɟɧɢɟ (9) ɬɟɪɹɥɨ ɫɦɵɫɥ. 
ɉɚɪɚɞɨɤɫ ɫɢɬɭɚɰɢɢ ɩɪɨɹɜɥɹɥɫɹ ɜ ɬɨɦ, ɱɬɨ ɥɟɝɤɨ ɛɵɥɨ ɧɚɣɬɢ ɩɪɢɦɟɪɵ ɩɨɞɨɛɧɵɯ 
ɭɪɚɜɧɟɧɢɣ, ɢɦɟɸɳɢɯ ɞɟɣɫɬɜɢɬɟɥɶɧɵɟ ɤɨɪɧɢ. Ȼɨɥɟɟ ɬɨɝɨ, ɭ ɬɚɤɢɯ ɭɪɚɜɧɟɧɢɣ ɜɫɟ ɤɨɪɧɢ 
ɛɵɥɢ ɞɟɣɫɬɜɢɬɟɥɶɧɵɦɢ.  

ɇɚɩɪɢɦɟɪ, ɜɨɡɶɦёɦ ɭɪɚɜɧɟɧɢɟ 673  xx . Ɂɞɟɫɶ 6,7  qp . Ⱦɥɹ ɷɬɢɯ ɱɢɫɟɥ 
ɜɵɩɨɥɧɹɟɬɫɹ 
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ɉɨɞɫɬɚɜɥɹɹ ɢɯ ɜ ɪɚɜɟɧɫɬɜɨ (9), ɩɨɥɭɱɢɦ 
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Ɍɟɦ ɧɟ ɦɟɧɟɟ, ɷɬɨ ɭɪɚɜɧɟɧɢɟ ɢɦɟɟɬ ɞɟɣɫɬɜɢɬɟɥɶɧɵɟ ɤɨɪɧɢ  
.2,1,3 321  xxx  

ɉɵɬɚɹɫɶ ɪɚɡɪɟɲɢɬɶ ɜɨɡɧɢɤɲɟɟ ɩɪɨɬɢɜɨɪɟɱɢɟ, Ʉɚɪɞɚɧɨ ɫɞɟɥɚɥ ɜɚɠɧɵɣ ɲɚɝ ɜ 
ɩɨɧɢɦɚɧɢɢ ɩɪɢɪɨɞɵ ɦɧɢɦɵɯ ɱɢɫɟɥ. ȼ ɡɚɞɚɱɟ ɨ ɞɟɥɟɧɢɢ 10  ɧɚ ɞɜɟ ɱɚɫɬɢ, ɩɪɨɢɡɜɟɞɟɧɢɟ 

ɤɨɬɨɪɵɯ ɛɵɥɨ ɛɵ ɪɚɜɧɨ 40 , ɜ ɨɬɜɟɬɟ ɩɨɥɭɱɚɸɬɫɹ «ɫɨɮɢɫɬɢɱɟɫɤɢɟ» ɱɢɫɥɚ 155   ɢ 

155  . Ʉɚɪɞɚɧɨ ɨɛɪɚɳɚɟɬ ɜɧɢɦɚɧɢɟ, ɱɬɨ ɟɫɥɢ ɩɪɨɜɨɞɢɬɶ ɫ ɧɢɦɢ ɜɵɱɢɫɥɟɧɢɹ ɤɚɤ ɫ 
ɨɛɵɱɧɵɦɢ ɞɜɭɱɥɟɧɚɦɢ, ɬɨ ɧɢɤɚɤɨɝɨ ɩɪɨɬɢɜɨɪɟɱɢɹ ɧɟ ɜɨɡɧɢɤɚɟɬ: 

151515  . 

ɂ ɬɨɝɞɚ ɷɬɢ ɱɢɫɥɚ ɟɫɬɶ ɪɟɲɟɧɢɹ ɡɚɞɚɱɢ, ɤɨɬɨɪɚɹ ɫɜɨɞɢɬɫɹ ɤ ɫɢɫɬɟɦɟ 







.40
,10

xy
yx

 

Ɂɧɚɱɟɧɢɟ ɩɭɛɥɢɤɚɰɢɢ ɪɟɡɭɥɶɬɚɬɨɜ Ɍɚɪɬɚɥɶɢ ɢ Ʉɚɪɞɚɧɨ ɬɪɭɞɧɨ ɩɟɪɟɨɰɟɧɢɬɶ. ɍɠɟ 
ɱɟɪɟɡ ɧɟɫɤɨɥɶɤɨ ɥɟɬ ɩɨɫɥɟ ɜɵɯɨɞɚ ɢɡ ɩɟɱɚɬɢ «ȼɟɥɢɤɨɝɨ ɢɫɤɭɫɫɬɜɚ» ɚɧɝɥɢɣɫɤɢɣ 
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ɦɚɬɟɦɚɬɢɤ Ɋ. Ȼɨɦɛɟɥɥɢ ɩɪɟɞɩɪɢɧɹɥ ɩɟɪɜɭɸ ɩɨɩɵɬɤɭ ɫɢɫɬɟɦɚɬɢɱɟɫɤɢ ɢɡɥɨɠɢɬɶ ɬɟɨɪɢɸ 
ɦɧɢɦɵɯ ɱɢɫɟɥ. 

Ɋɟɲɟɧɢɟ ɭɪɚɜɧɟɧɢɣ ɱɟɬɜёɪɬɨɣ ɫɬɟɩɟɧɢ ɦɟɬɨɞɨɦ Ɏɟɪɪɚɪɢ 
ȼ ɫɜɨɢɯ ɬɪɭɞɚɯ Ʉɚɪɞɚɧɨ ɧɟ ɨɛɯɨɞɢɥ ɜɧɢɦɚɧɢɟɦ ɢ ɪɟɲɟɧɢɟ ɭɪɚɜɧɟɧɢɣ ɱɟɬɜёɪɬɨɣ 

ɫɬɟɩɟɧɢ. Ɉɧ ɩɵɬɚɥɫɹ ɪɟɲɚɬɶ ɢɯ ɫ ɩɨɦɨɳɶɸ ɬɨɝɨ ɠɟ ɩɪɢёɦɚ, ɱɬɨ ɢ ɭɪɚɜɧɟɧɢɹ ɬɪɟɬɶɟɣ 
ɫɬɟɩɟɧɢ, ɨɞɧɚɤɨ ɧɚɣɬɢ ɨɛɳɭɸ ɮɨɪɦɭɥɭ ɪɟɲɟɧɢɹ (ɬɨ ɟɫɬɶ ɪɚɡɪɟɲɢɬɶ ɜ ɪɚɞɢɤɚɥɚɯ) ɟɦɭ 
ɬɚɤ ɢ ɧɟ ɭɞɚɥɨɫɶ. ɋɥɚɜɚ ɨɬɤɪɵɬɢɹ ɫɩɨɫɨɛɚ ɪɟɲɟɧɢɹ ɭɪɚɜɧɟɧɢɣ ɱɟɬɜёɪɬɨɣ ɫɬɟɩɟɧɢ 
ɩɪɢɧɚɞɥɟɠɢɬ ɥɸɛɢɦɨɦɭ ɭɱɟɧɢɤɭ Ʉɚɪɞɚɧɨ Ʌɨɞɨɜɢɤɨ Ɏɟɪɪɚɪɢ. 

Ɉɞɧɚɠɞɵ Ɏɟɪɪɚɪɢ ɩɪɟɞɥɨɠɢɥɢ ɪɟɲɢɬɶ ɫɥɟɞɭɸɳɭɸ ɡɚɞɚɱɭ: «Ɋɚɡɞɟɥɢɬɶ ɱɢɫɥɨ 
10  ɧɚ ɬɪɢ ɱɚɫɬɢ ɬɚɤ, ɱɬɨɛɵ ɨɧɢ ɫɨɫɬɚɜɥɹɥɢ ɝɟɨɦɟɬɪɢɱɟɫɤɭɸ ɩɪɨɝɪɟɫɫɢɸ, ɩɪɢɱɟɦ 
ɩɪɨɢɡɜɟɞɟɧɢɟ ɩɟɪɜɵɯ ɞɜɭɯ ɱɚɫɬɟɣ ɪɚɜɧɹɥɨɫɶ 6 ».  

Эɬɚ ɡɚɞɚɱɚ ɫɜɨɞɢɬɫɹ ɤ ɪɟɲɟɧɢɸ ɭɪɚɜɧɟɧɢɹ ɱɟɬɜɟɪɬɨɣ ɫɬɟɩɟɧɢ. Ɉɛɨɡɧɚɱɢɦ ɡɚ x  
ɫɪɟɞɧɢɣ ɱɥɟɧ ɩɨɫɥɟɞɨɜɚɬɟɥɶɧɨɫɬɢ, ɬɨɝɞɚ ɩɨ ɭɫɥɨɜɢɸ 
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ɂɫɩɨɥɶɡɭɹ ɩɪɢɟɦ ɪɟɲɟɧɢɹ ɤɭɛɢɱɟɫɤɢɯ ɭɪɚɜɧɟɧɢɣ, Ɏɟɪɪɚɪɢ ɩɪɢɛɚɜɢɥ ɤ ɨɛɟɢɦ 
ɱɚɫɬɹɦ ɩɨɫɥɟɞɧɟɝɨ ɪɚɜɟɧɫɬɜɚ 26x , ɜɵɞɟɥɢɜ ɢɡ ɥɟɜɨɣ ɟɝɨ ɱɚɫɬɢ ɩɨɥɧɵɣ ɤɜɚɞɪɚɬ 

   26606 22
xxx  . 

ɂɞɟɹ ɞɚɥɶɧɟɣɲɟɝɨ ɪɟɲɟɧɢɹ ɩɨɥɭɱɟɧɧɨɝɨ ɭɪɚɜɧɟɧɢɹ ɡɚɤɥɸɱɚɥɚɫɶ ɜ ɬɨɦ, ɱɬɨɛɵ 
ɟɝɨ ɩɪɚɜɭɸ ɱɚɫɬɶ ɤɚɤɢɦ-ɬɨ ɨɛɪɚɡɨɦ ɬɚɤɠɟ ɩɪɟɨɛɪɚɡɨɜɚɬɶ ɜ ɩɨɥɧɵɣ ɤɜɚɞɪɚɬ. ɂɞɟɹ 
ɩɨɬɪɟɛɨɜɚɥɚ ɜɜɟɞɟɧɢɹ ɧɟɤɨɬɨɪɨɣ ɧɨɜɨɣ ɩɟɪɟɦɟɧɧɨɣ, ɤɨɬɨɪɚɹ, ɨɛɪɚɳɚɹ ɜ ɩɨɥɧɵɣ 
ɤɜɚɞɪɚɬ ɥɟɜɭɸ ɱɚɫɬɶ ɭɪɚɜɧɟɧɢɹ, ɞɟɥɚɥɚ ɛɵ ɬɨ ɠɟ ɫɚɦɨɟ ɫ ɩɪɚɜɨɣ ɱɚɫɬɶɸ.  

ɉɭɫɬɶ ɷɬɚ ɧɨɜɚɹ ɩɟɪɟɦɟɧɧɚɹ ɛɭɞɟɬ y . ɑɬɨɛɵ ɥɟɜɚɹ ɱɚɫɬɶ ɩɨɫɥɟɞɧɟɝɨ ɭɪɚɜɧɟɧɢɹ 

ɨɛɪɚɳɚɥɚɫɶ ɩɪɢ ɞɨɛɚɜɥɟɧɢɢ ɤ ɧɟɣ ɩɟɪɟɦɟɧɧɨɣ y  ɜ ɩɨɥɧɵɣ ɤɜɚɞɪɚɬ  26 yx  , ɤ ɧɟɣ 

ɧɟɨɛɯɨɞɢɦɨ ɩɪɢɛɚɜɢɬɶ   262 yyx  : 
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ɑɬɨɛɵ ɩɪɚɜɚɹ ɱɚɫɬɶ ɩɨɫɥɟɞɧɟɝɨ ɪɚɜɟɧɫɬɜɚ ɫɬɚɥɚ ɩɨɥɧɵɦ ɤɜɚɞɪɚɬɨɦ, 
ɧɟɨɛɯɨɞɢɦɨ, ɱɬɨɛɵ    .301262 22  yyy  

ɉɨɥɭɱɢɥɢ ɤɭɛɢɱɟɫɤɨɟ ɭɪɚɜɧɟɧɢɟ, ɤɨɬɨɪɨɟ ɧɚɡɵɜɚɸɬ ɤɭɛɢɱɟɫɤɨɣ ɪɟɡɨɥɶɜɟɧɬɨɣ 
ɢɫɯɨɞɧɨɝɨ ɭɪɚɜɧɟɧɢɹ ɱɟɬɜёɪɬɨɣ ɫɬɟɩɟɧɢ  

 44503615 23  yyy  

ɇɚɣɞɹ ɥɸɛɨɣ ɢɡ ɤɨɪɧɟɣ ɷɬɨɝɨ ɭɪɚɜɧɟɧɢɹ  ɢ ɩɨɞɫɬɚɜɢɜ ɟɝɨ ɜ ɤɚɱɟɫɬɜɟ y  ɜ 

ɪɚɜɟɧɫɬɜɨ      yyxxyyx 1260626 222  , ɩɨɥɭɱɢɦ ɭɪɚɜɧɟɧɢɟ, ɭ ɤɨɬɨɪɨɝɨ 
ɨɛɟ ɱɚɫɬɢ ɟɫɬɶ ɩɨɥɧɵɟ ɤɜɚɞɪɚɬɵ ɞɜɭɱɥɟɧɨɜ. ɂɡɜɥɟɤɚɹ ɤɨɪɧɢ ɢɡ ɨɛɟɢɯ ɱɚɫɬɟɣ ɧɚɯɨɞɢɦ 
ɱɟɬɵɪɟ ɪɟɲɟɧɢɹ ɢɫɯɨɞɧɨɝɨ ɭɪɚɜɧɟɧɢɹ. 

ȼ ɨɛɳɟɦ ɜɢɞɟ ɦɟɬɨɞ Ɏɟɪɪɚɪɢ (ɜ ɫɨɜɪɟɦɟɧɧɨɦ ɢɡɥɨɠɟɧɢɢ) ɜɵɝɥɹɞɢɬ ɫɥɟɞɭɸɳɢɦ 
ɨɛɪɚɡɨɦ. ɉɭɫɬɶ ɞɚɧɨ ɭɪɚɜɧɟɧɢɟ  

 5324
rqxpxx   

ȼɜɟɞёɦ ɧɨɜɭɸ ɩɟɪɟɦɟɧɧɭɸ y , ɞɥɹ ɤɨɬɨɪɨɣ ɩɨɬɪɟɛɭɟɦ 
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ɑɬɨɛɵ ɩɪɚɜɚɹ ɱɚɫɬɶ ɪɚɜɟɧɫɬɜɚ (6) ɨɤɚɡɚɥɚɫɶ ɩɨɥɧɵɦ ɤɜɚɞɪɚɬɨɦ, ɧɟɨɛɯɨɞɢɦɨ, 
ɱɬɨɛɵ 
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Ƚɨɜɨɪɹ ɫɨɜɪɟɦɟɧɧɵɦ ɦɚɬɟɦɚɬɢɱɟɫɤɢɦ ɹɡɵɤɨɦ, ɷɬɨ ɜɵɪɚɠɟɧɢɟ ɟɫɬɶ 
ɞɢɫɤɪɢɦɢɧɚɧɬ ɤɜɚɞɪɚɬɧɨɝɨ ɬɪёɯɱɥɟɧɚ ɨɬɧɨɫɢɬɟɥɶɧɨ ɩɟɪɟɦɟɧɧɨɣ x , ɡɚɩɢɫɚɧɧɨɝɨ ɜ 
ɩɪɚɜɨɣ ɱɚɫɬɢ ɪɚɜɟɧɫɬɜɚ (6), ɤɨɷɮɮɢɰɢɟɧɬɵ ɤɨɬɨɪɨɝɨ ɡɚɜɢɫɹɬ ɨɬ ɧɨɜɨɣ ɩɟɪɟɦɟɧɧɨɣ y . 

ɂɡɜɟɫɬɧɨ, ɱɬɨ ɤɜɚɞɪɚɬɧɵɣ ɬɪёɯɱɥɟɧ ɦɨɠɧɨ ɫɜɟɪɧɭɬɶ ɤɚɤ ɩɨɥɧɵɣ ɤɜɚɞɪɚɬ ɥɢɧɟɣɧɨɝɨ 
ɞɜɭɱɥɟɧɚ ɬɨɝɞɚ ɢ ɬɨɥɶɤɨ ɬɨɝɞɚ, ɤɨɝɞɚ ɟɝɨ ɞɢɫɤɪɢɦɢɧɚɧɬ ɪɚɜɟɧ ɧɭɥɸ, ɱɬɨ ɫɨɛɫɬɜɟɧɧɨ ɢ 
ɢɫɩɨɥɶɡɨɜɚɥ Ɏɟɪɪɚɪɢ ɜ ɫɜɨёɦ ɦɟɬɨɞɟ. ɋɚɦ ɞɢɫɤɪɢɦɢɧɚɧɬ ɨɤɚɡɵɜɚɟɬɫɹ ɭɪɚɜɧɟɧɢɟɦ 
ɬɪɟɬɶɟɣ ɫɬɟɩɟɧɢ ɨɬ ɧɨɜɨɣ ɩɟɪɟɦɟɧɧɨɣ y  (ɤɭɛɢɱɟɫɤɚɹ ɪɟɡɨɥɶɜɟɧɬɚ). 

Ɉɬɵɫɤɚɜ ɥɸɛɨɣ ɢɡ ɤɨɪɧɟɣ 0y  ɤɭɛɢɱɟɫɤɨɣ ɪɟɡɨɥɶɜɟɧɬɵ (7) ɢ ɩɨɞɫɬɚɜɢɜ ɟɝɨ ɜ 
ɪɚɜɟɧɫɬɜɨ (6), ɩɨɥɭɱɢɦ 

 8
4

2
2

2

0

0

2

0
2
















 

y

q
xyy

p
x  

ɍɪɚɜɧɟɧɢɟ (8) ɪɚɫɩɚɞɚɟɬɫɹ ɧɚ ɞɜɚ ɤɜɚɞɪɚɬɧɵɯ ɭɪɚɜɧɟɧɢɹ 
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Эɬɢ ɭɪɚɜɧɟɧɢɹ ɜ ɫɨɜɨɤɭɩɧɨɫɬɢ ɢ ɞɚɸɬ ɱɟɬɵɪɟ ɤɨɪɧɹ ɢɫɯɨɞɧɨɝɨ ɭɪɚɜɧɟɧɢɹ 
ɱɟɬɜёɪɬɨɣ ɫɬɟɩɟɧɢ. 

 
Ɂɚɞɚɧɢɹ 

1. ɂɡɛɚɜɢɬɶɫɹ ɨɬ ɢɪɪɚɰɢɨɧɚɥɶɧɨɫɬɢ ɜ ɡɧɚɦɟɧɚɬɟɥɟ ɜɵɪɚɠɟɧɢɹ .
221

5
4 

 

2. ɂɡɛɚɜɢɬɶɫɹ ɨɬ ɢɪɪɚɰɢɨɧɚɥɶɧɨɫɬɢ ɜ ɡɧɚɦɟɧɚɬɟɥɟ ɜɵɪɚɠɟɧɢɹ 

;043,
12

13 23

2

2



 




 

3. Ɉɩɢɫɚɬɶ ɫɬɪɨɟɧɢɟ ɩɨɥɹ Ʉ=Q(), ɝɞɟ Q – ɩɨɥɟ ɪɚɰɢɨɧɚɥɶɧɵɯ ɱɢɫɟɥ ɢ ɧɚɣɬɢ 
ɷɥɟɦɟɧɬ, ɨɛɪɚɬɧɵɣ ɞɥɹ ɷɥɟɦɟɧɬɚ : .373,37 333    

 
 

Ɍɟɦɚ. ɇɚɬɭɪɚɥɶɧɵɟ ɱɢɫɥɚ. ɋɢɫɬɟɦɚ ɚɤɫɢɨɦ ɉɟɚɧɨ 
 
ɉɪɢɦɟɪɵ ɪɟɲɟɧɢɹ ɡɚɞɚɱ 

Ɂɚɞɚɱɚ 1. Ⱦɨɤɚɡɚɬɶ, ɢɫɩɨɥɶɡɭɹ ɚɤɫɢɨɦɵ ɉɟɚɧɨ, ɱɬɨ ( ) ( )a b c a b c      ɞɥɹ ɥɸɛɵɯ 
ɧɚɬɭɪɚɥɶɧɵɯ ɱɢɫɟɥ , , .a b c  

Ⱦɨɤɚɡɚɬɟɥɶɫɬɜɨ. 
ɂɧɞɭɤɰɢɹ ɩɨ .c  ɉɪɢ 1c   ɢɦɟɟɦ: ( ) 1 ( ) ( 1).a b a b a b a b            ɉɭɫɬɶ ɬɟɩɟɪɶ 

( ) ( ).a b x a b x      Ɍɨɝɞɚ  
( ) (( ) ) ( ( )) ( ) ( ).a b x a b x a b x a b x a b x                   ɍɬɜɟɪɠɞɟɧɢɟ ɞɨɤɚɡɚɧɨ. 
Ⱦɨɤɚɡɚɬɶ, ɱɬɨ ( )a b c ac bc    ɞɥɹ ɥɸɛɵɯ ɧɚɬɭɪɚɥɶɧɵɯ ɱɢɫɟɥ , , .a b c  

Ⱦɨɤɚɡɚɬɟɥɶɫɬɜɨ. ɂɧɞɭɤɰɢɹ ɩɨ .c  ɉɪɢ 1c   ɭɬɜɟɪɠɞɟɧɢɟ ɨɱɟɜɢɞɧɨ. ɉɭɫɬɶ 
( ) .a b x ax bx    Ɍɨɝɞɚ 
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( ) ( ) ( ) ( ) ( )

( ) ( ) .

a b x a b x a b ax bx a b

ax a bx b ax bx

         
        

Ɂɚɞɚɱɚ 2. ɂɫɩɨɥɶɡɭɹ ɚɤɫɢɨɦɵ ɞɟɣɫɬɜɢɬɟɥɶɧɵɯ ɱɢɫɟɥ, ɞɨɤɚɡɚɬɶ, ɱɬɨ 0 0a   ɞɥɹ 
ɥɸɛɨɝɨ ɞɟɣɫɬɜɢɬɟɥɶɧɨɝɨ ɱɢɫɥɚ .a  

Ⱦɨɤɚɡɚɬɟɥɶɫɬɜɨ. 
ɉɨ ɚɤɫɢɨɦɟ (9)  ( 0) 0 .ba b a ba a     ɉɭɫɬɶ x  – ɱɢɫɥɨ, ɩɪɨɬɢɜɨɩɨɥɨɠɧɨɟ ɤ ba  (ɨɧɨ 

ɫɭɳɟɫɬɜɭɟɬ ɩɨ ɚɤɫɢɨɦɟ (3)). Ɍɨɝɞɚ ( 0 ).x ba x ba a     ɉɨ ɚɤɫɢɨɦɚɦ (4) ɢ (1) ɩɨɥɭɱɚɟɦ: 
0 ( ) 0 ,x ba a    ɬ.ɟ. 0 0.a   

Ɂɚɞɚɱɚ 3. ɂɫɩɨɥɶɡɭɹ ɚɤɫɢɨɦɵ ɞɟɣɫɬɜɢɬɟɥɶɧɵɯ ɱɢɫɟɥ, ɞɨɤɚɡɚɬɶ, ɱɬɨ 1 0.   
Ⱦɨɤɚɡɚɬɟɥɶɫɬɜɨ. 

ɉɪɟɞɩɨɥɨɠɢɦ, ɱɬɨ ɫɨɨɬɧɨɲɟɧɢɟ 1 0  ɧɟɜɟɪɧɨ. ɉɨ ɚɤɫɢɨɦɟ (6) 1 0. Ɂɧɚɱɢɬ, ɩɨ 
ɚɤɫɢɨɦɟ (13) 1 0.  ɉɭɫɬɶ 1a    (ɬ.ɟ. a  – ɷɥɟɦɟɧɬ, ɩɪɨɬɢɜɨɩɨɥɨɠɧɵɣ ɷɥɟɦɟɧɬɭ 1 ɢ 
ɫɭɳɟɫɬɜɭɸɳɢɣ ɩɨ ɚɤɫɢɨɦɟ (3)). Ɍɨɝɞɚ 1 0.a    ɉɪɢɛɚɜɢɦ ɤ ɨɛɟɢɦ ɱɚɫɬɹɦ ɧɟɪɚɜɟɧɫɬɜɚ 
1 0  ɱɢɫɥɨ :a  1 a a   (ɡɞɟɫɶ ɦɵ ɢɫɩɨɥɶɡɭɟɦ ɚɤɫɢɨɦɵ (14), (2), (4) ɢ ɥɟɝɤɨ ɞɨɤɚɡɵɜɚɟɦɨɟ 
ɭɬɜɟɪɠɞɟɧɢɟ ).a c b c a b      Ɉɬɫɸɞɚ 0a   (ɢɧɬɟɪɟɫɧɵɣ ɪɟɡɭɥɶɬɚɬ: 1 0).   ɍɦɧɨɠɢɦ 
ɧɚ a  (ɢɫɩɨɥɶɡɭɹ ɚɤɫɢɨɦɭ (15)): 0.a a    

Ⱦɨɤɚɠɟɦ ɬɟɩɟɪɶ ɜɫɩɨɦɨɝɚɬɟɥɶɧɨɟ ɭɬɜɟɪɠɞɟɧɢɟ ɨ ɬɨɦ, ɱɬɨ 
2( 1) 1.   

Ⱦɟɣɫɬɜɢɬɟɥɶɧɨ, ɬɚɤ ɤɚɤ 1 0,a    ɬɨ ( 1) 0,a a   ɬ.ɟ. 2 0.a a   ɉɪɢɛɚɜɢɦ 1:  
2( ) 1 1.a a    

ȼɨɫɩɨɥɶɡɭɟɦɫɹ ɚɤɫɢɨɦɨɣ (1):  
2 ( 1) 1;a a    

2 0 1;a    
2 1.a   

Ɋɚɧɟɟ ɛɵɥɨ ɞɨɤɚɡɚɧɨ, ɱɬɨ 2 0.a   ɋɥɟɞɨɜɚɬɟɥɶɧɨ, 1 0.  Ɇɵ ɩɨɥɭɱɢɥɢ 
ɩɪɨɬɢɜɨɪɟɱɢɟ ɫ ɩɪɟɞɩɨɥɨɠɟɧɢɟɦ. ɍɬɜɟɪɠɞɟɧɢɟ ɞɨɤɚɡɚɧɨ. 

 
Ɂɚɞɚɧɢɹ 

1. ɂɫɩɨɥɶɡɭɹ ɚɤɫɢɨɦɵ ɉɟɚɧɨ, ɞɨɤɚɡɚɬɶ, ɱɬɨ ɞɥɹ ɥɸɛɵɯ ɧɚɬɭɪɚɥɶɧɵɯ ɱɢɫɟɥ 
ɫɩɪɚɜɟɞɥɢɜɵ ɪɚɜɟɧɫɬɜɚ  1 ,a a   ,ab ba  ( ) ( ).ab c a bc  

2. ɉɨɥɶɡɭɹɫɶ ɚɤɫɢɨɦɚɦɢ ɞɟɣɫɬɜɢɬɟɥɶɧɵɯ ɱɢɫɟɥ, ɞɨɤɚɡɚɬɶ ɢɯ  ɫɜɨɣɫɬɜɨ 
ɩɥɨɬɧɨɫɬɢ:  ɞɥɹ ɥɸɛɵɯ , ,a b  ɟɫɥɢ ,a b  ɬɨ ɫɭɳɟɫɬɜɭɟɬ ɬɚɤɨɟ ,x  ɱɬɨ .a x b   

3. Ⱦɨɤɚɡɚɬɶ, ɱɬɨ ɞɥɹ ɥɸɛɨɝɨ ɞɟɣɫɬɜɢɬɟɥɶɧɨɝɨ ɱɢɫɥɚ 0   ɫɭɳɟɫɬɜɭɟɬ 

ɧɚɬɭɪɚɥɶɧɨɟ ɱɢɫɥɨ n  ɬɚɤɨɟ, ɱɬɨ 
1

.
n
 

 
 

Ɍɟɦɚ. Ⱥɥɝɟɛɪɚɢɱɟɫɤɚɹ ɮɨɪɦɚ ɤɨɦɩɥɟɤɫɧɨɝɨ ɱɢɫɥɚ 
 

ɉɪɢɦɟɪɵ ɪɟɲɟɧɢɹ ɡɚɞɚɱ 
Ɂɚɞɚɱɚ 1. Ⱦɚɧɵ ɜ ɚɥɝɟɛɪɚɢɱɟɫɤɨɣ ɮɨɪɦɟ ɞɜɚ ɱɢɫɥɚ a  ɢ b : 

ɇɚɣɬɢ ɚɥɝɟɛɪɚɢɱɟɫɤɭɸ ɮɨɪɦɭ ɱɢɫɥɚ 
b

a
 ; 

   ia 23101032  ,   ib  5 . 

Ɋɟɲɟɧɢɟ. 
ȼ ɩɨɥɭɱɟɧɧɨɦ ɜɵɪɚɠɟɧɢɢ ɩɪɢɜɨɞɢɦ ɩɨɞɨɛɧɵɟ ɢ ɩɨɥɭɱɚɟɦ ɢɫɤɨɦɨɟ ɤɨɦɩɥɟɤɫɧɨɟ 

ɱɢɫɥɨ  . 
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         
  





125

1231010350103250310 ii
 

   





26

103210350503102310 i
 

i
i

322
26

35252



  

Ɂɚɞɚɱɚ 2. ɍɤɚɡɚɬɶ ɧɚ ɤɨɦɩɥɟɤɫɧɨɣ ɩɥɨɫɤɨɫɬɢ ɜɫɟ ɬɨɱɤɢ z , ɞɥɹ ɤɨɬɨɪɵɯ 
ɜɵɩɨɥɧɹɟɬɫɹ ɧɟɪɚɜɟɧɫɬɜɨ. ɋɞɟɥɚɬɶ ɱɟɪɬɟɠ. 

2431  iz , ɝɞɟ z  – ɤɨɦɩɥɟɤɫɧɨɟ ɱɢɫɥɨ. 
Ɋɟɲɟɧɢɟ. 

ɉɪɟɞɫɬɚɜɢɦ ɤɨɦɩɥɟɤɫɧɨɟ ɱɢɫɥɨ z  ɜ ɚɥɝɟɛɪɚɢɱɟɫɤɨɣ ɮɨɪɦɟ yixz  , ɬɨɝɞɚ 
ɡɚɞɚɧɧɨɟ ɧɟɪɚɜɟɧɫɬɜɨ ɩɪɢɦɟɬ ɜɢɞ: 

2431  iyix  ɢɥɢ      2431  iyx  

ȼɜɟɞɟɦ ɜ ɪɚɫɫɦɨɬɪɟɧɢɟ ɧɨɜɨɟ ɤɨɦɩɥɟɤɫɧɨɟ ɱɢɫɥɨ iyxz ~~~  , ɝɞɟ 3~  xx , 

4~  yy , ɬɨɝɞɚ ɡɚɞɚɧɧɨɟ ɧɟɪɚɜɟɧɫɬɜɨ ɦɨɠɧɨ ɡɚɩɢɫɚɬɶ ɜ ɜɢɞɟ 2~1  z . Ɇɨɞɭɥɶ 

ɤɨɦɩɥɟɤɫɧɨɝɨ ɱɢɫɥɚ iyxz ~~~   ɪɚɜɟɧ    2222 43~~~  yxyxz , ɫɥɟɞɨɜɚɬɟɥɶɧɨ, 
ɡɚɞɚɧɧɨɟ ɧɟɪɚɜɟɧɫɬɜɨ ɩɪɢɧɢɦɚɟɬ ɜɢɞ: 

    2431
22  yx       ɢɥɢ         2222 2431  yx  

Ɋɚɫɫɦɨɬɪɢɦ ɩɟɪɜɨɟ ɧɟɪɚɜɟɧɫɬɜɨ     222
143  yx . Ɍɚɤ ɤɚɤ ɪɚɜɟɧɫɬɜɨ 

    222
143  yx  ɹɜɥɹɟɬɫɹ ɭɪɚɜɧɟɧɢɟɦ ɨɤɪɭɠɧɨɫɬɢ ɫ ɰɟɧɬɪɨɦ ɜ ɬɨɱɤɟ  4;3O  ɢ 

ɪɚɞɢɭɫɨɦ 1R , ɬɨ ɪɚɫɫɦɚɬɪɢɜɚɟɦɨɦɭ ɧɟɪɚɜɟɧɫɬɜɭ ɭɞɨɜɥɟɬɜɨɪɹɸɬ ɜɫɟ ɬɨɱɤɢ 
ɤɨɦɩɥɟɤɫɧɨɣ ɩɥɨɫɤɨɫɬɢ, ɥɟɠɚɳɢɟ ɨɬ ɬɨɱɤɢ  4;3O  ɧɚ ɪɚɫɫɬɨɹɧɢɢ ɛɨɥɶɲɟɦ, ɱɟɦ 1R , 

ɬ.ɟ. ɜɫɟ ɬɨɱɤɢ, ɥɟɠɚɳɢɟ ɫ ɜɧɟɲɧɟɣ ɫɬɨɪɨɧɵ ɨɤɪɭɠɧɨɫɬɢ     222
143  yx . 

Ɋɚɫɫɦɨɬɪɢɦ ɜɬɨɪɨɟ ɧɟɪɚɜɟɧɫɬɜɨ     222
243  yx . Ɍɚɤ ɤɚɤ ɪɚɜɟɧɫɬɜɨ 

    222
243  yx  ɹɜɥɹɟɬɫɹ ɭɪɚɜɧɟɧɢɟɦ ɨɤɪɭɠɧɨɫɬɢ ɫ ɰɟɧɬɪɨɦ ɜ ɬɨɱɤɟ  4;3O  ɢ 

ɪɚɞɢɭɫɨɦ 2R , ɬɨ ɪɚɫɫɦɚɬɪɢɜɚɟɦɨɦɭ ɧɟɪɚɜɟɧɫɬɜɭ ɭɞɨɜɥɟɬɜɨɪɹɸɬ ɜɫɟ ɬɨɱɤɢ 
ɤɨɦɩɥɟɤɫɧɨɣ ɩɥɨɫɤɨɫɬɢ, ɥɟɠɚɳɢɟ ɨɬ ɬɨɱɤɢ  4;3O  ɧɚ ɪɚɫɫɬɨɹɧɢɢ ɦɟɧɶɲɟɦ ɢɥɢ ɪɚɜɧɨɦ  

2R , ɬ.ɟ. ɜɫɟ ɬɨɱɤɢ, ɥɟɠɚɳɢɟ ɫ ɜɧɭɬɪɟɧɧɟɣ ɫɬɨɪɨɧɵ ɨɤɪɭɠɧɨɫɬɢ ɢ ɧɚ ɨɤɪɭɠɧɨɫɬɢ 
    222

243  yx . 

Ɍɚɤɢɦ ɨɛɪɚɡɨɦ, ɝɟɨɦɟɬɪɢɱɟɫɤɢɦ ɦɟɫɬɨɦ ɬɨɱɟɤ, ɤɨɨɪɞɢɧɚɬɵ ɤɨɬɨɪɵɯ 
ɭɞɨɜɥɟɬɜɨɪɹɸɬ ɨɞɧɨɜɪɟɦɟɧɧɨ ɞɜɭɦ ɧɟɪɚɜɟɧɫɬɜɚɦ, ɹɜɥɹɟɬɫɹ ɤɨɥɶɰɨ, ɨɝɪɚɧɢɱɟɧɧɨɟ 
ɫɜɟɪɯɭ ɨɤɪɭɠɧɨɫɬɶɸ     222

243  yx , ɚ ɫɧɢɡɭ – ɨɤɪɭɠɧɨɫɬɶɸ     222
143  yx . ɉɪɢ 

ɷɬɨɦ ɬɨɱɤɢ ɜɟɪɯɧɟɣ ɨɤɪɭɠɧɨɫɬɢ ɬɚɤɠɟ ɹɜɥɹɸɬɫɹ ɪɟɲɟɧɢɟɦ ɡɚɞɚɧɧɨɝɨ ɞɜɨɣɧɨɝɨ 
ɧɟɪɚɜɟɧɫɬɜɚ, ɚ ɬɨɱɤɢ ɧɢɠɧɟɣ ɨɤɪɭɠɧɨɫɬɢ – ɧɟ ɹɜɥɹɸɬɫɹ. 
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Ɂɚɞɚɱɚ 3. ɇɚɣɬɢ ɫɭɦɦɭ, ɪɚɡɧɨɫɬɶ, ɩɪɨɢɡɜɟɞɟɧɢɟ ɢ ɱɚɫɬɧɨɟ ɱɢɫɟɥ a  ɢ b  ɜ 
ɚɥɝɟɛɪɚɢɱɟɫɤɨɣ ɮɨɪɦɟ.  

ia
2

23

2

23
 ,  ib 5  

Ɋɟɲɟɧɢɟ. 
ɋɥɨɠɟɧɢɟ, ɜɵɱɢɬɚɧɢɟ ɢ ɭɦɧɨɠɟɧɢɟ ɤɨɦɩɥɟɤɫɧɵɯ ɱɢɫɟɥ ɜ ɚɥɝɟɛɪɚɢɱɟɫɤɨɣ ɮɨɪɦɟ 

ɩɪɨɢɡɜɨɞɹɬ ɩɨ ɩɪɚɜɢɥɚɦ ɫɨɨɬɜɟɬɫɬɜɭɸɳɢɯ ɞɟɣɫɬɜɢɣ ɧɚɞ ɦɧɨɝɨɱɥɟɧɚɦɢ. 
ɇɚɣɞɟɦ ɫɭɦɦɭ ɱɢɫɟɥ a  ɢ b : 

iiiba 









2

23
5

2

23
5

2

23

2

23
 

ɇɚɣɞɟɦ ɪɚɡɧɨɫɬɶ ɱɢɫɟɥ a  ɢ b : 

iiiba 









2

23
5

2

23
5

2

23

2

23
 

ɇɚɣɞɟɦ ɩɪɨɢɡɜɟɞɟɧɢɟ ɱɢɫɟɥ a  ɢ b : 


















 iiiiiba 5

2

23
5

2

23
5

2

23

2

23
 

  iiii
2

215

2

215
1

2

215

2

215

2

215

2

215 2   

ɇɚɣɞɟɦ ɱɚɫɬɧɨɟ ɱɢɫɟɥ a  ɢ b  (ɫɦ. ɡɚɞɚɧɢɟ 1): 

 

   
















ii

ii

i

i

b

a

5050

50
2

23

2

23

5
2

23

2

23

 

 




















225

5
2

23
5

2

23

55

5
2

23

2

23

i

iii

ii

ii

 

 
  










125

1
2

215

2

215

25
2

215

2

215

2

2
i

i

ii

 

i

i

10

23

10

23

25
2

215

2

215




  

 
Ɂɚɞɚɧɢɹ 

1. Ɂɚɩɢɲɢɬɟ ɪɟɲɟɧɢɹ ɫɢɫɬɟɦɵ ɜ ɚɥɝɟɛɪɚɢɱɟɫɤɨɣ ɮɨɪɦɟ  

ɚ)  







;12

,3

21

21

zz

izz
  b)








iizz

izz

323

,12

21

21
. 

2. ɋɭɳɟɫɬɜɭɸɬ ɥɢ ɬɚɤɢɟ ɞɟɣɫɬɜɢɬɟɥɶɧɵɟ ɱɢɫɥɚ  x ɢ y, ɞɥɹ ɤɨɬɨɪɵɯ ɱɢɫɥɚ z1 ɢ z2 

ɹɜɥɹɸɬɫɹ ɫɨɩɪɹɠёɧɧɵɦɢ: 
ɚ) z1=8x2 – 20i15, z2=9x2 – 4+ 10yi3; 
b)z1=4x + y+(1+i)y, z2=8 + ix ? 
3. ɋɤɨɥɶɤɨ ɪɟɲɟɧɢɣ ɢɦɟɟɬ ɫɢɫɬɟɦɚ ɭɪɚɜɧɟɧɢɣ: 

ɚ)










;11

,3

iz

z
 b)











;23

,1

iz

z
   c)











.11

,1

z

z
? 

4. ȼɵɱɢɫɥɢɬɶ:  
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a) (1+i)
7

;  b)  ;
2

3

2

1
12









 i   c);  ;)1( 4

i   d) .

2

3

2

1

)33(
6

4













i

i
 

5. Hɚɣɬɢ ɤɨɦɩɥɟɤɫɧɨɟ ɱɢɫɥɨ ɜɢɞɚ  z = x + iy, ɝɞɟ: 

y = -1,  |z| = 3 , ɭɝɨɥ     [
2

3
; 2 ]. 

 
Ɍɟɦɚ. Ɍɪɢɝɨɧɨɦɟɬɪɢɱɟɫɤɚɹ ɮɨɪɦɚ ɤɨɦɩɥɟɤɫɧɨɝɨ ɱɢɫɥɚ 

 
ɉɪɢɦɟɪɵ ɪɟɲɟɧɢɹ ɡɚɞɚɱ 

Ɂɚɞɚɱɚ 1. Ⱦɚɧɵ ɜ ɚɥɝɟɛɪɚɢɱɟɫɤɨɣ ɮɨɪɦɟ ɞɜɚ ɱɢɫɥɚ a  ɢ b : 

ɚ) ɇɚɣɬɢ ɬɪɢɝɨɧɨɦɟɬɪɢɱɟɫɤɭɸ ɮɨɪɦɭ ɱɢɫɥɚ 
b

a
 ; 

ɛ) Ɋɟɲɢɬɶ ɭɪɚɜɧɟɧɢɟ 03 z ; 

ɜ) ɂɡɨɛɪɚɡɢɬɶ ɱɢɫɥɚ  ,   ɢ ɩɨɥɭɱɟɧɧɵɟ ɤɨɪɧɢ ɭɪɚɜɧɟɧɢɹ 03 z  ɬɨɱɤɚɦɢ ɧɚ 
ɤɨɦɩɥɟɤɫɧɨɣ ɩɥɨɫɤɨɫɬɢ. 

   ia 23101032  ,   ib  5 . 

Ɋɟɲɟɧɢɟ. 
ɚ) Ʉɨɦɩɥɟɤɫɧɨɟ ɱɢɫɥɨ ɜ ɬɪɢɝɨɧɨɦɟɬɪɢɱɟɫɤɨɣ ɮɨɪɦɟ ɢɦɟɟɬ ɜɢɞ: 

  sincos  i ,  

ɝɞɟ   – ɦɨɞɭɥɶ ɤɨɦɩɥɟɤɫɧɨɝɨ ɱɢɫɥɚ  ,   – ɚɪɝɭɦɟɧɬ ɤɨɦɩɥɟɤɫɧɨɝɨ ɱɢɫɥɚ. 
ȿɫɥɢ ɤɨɦɩɥɟɤɫɧɨɟ ɱɢɫɥɨ ɡɚɞɚɧɨ ɜ ɚɥɝɟɛɪɚɢɱɟɫɤɨɣ ɮɨɪɦɟ yix  , ɬɨ ɦɨɞɭɥɶ 

ɤɨɦɩɥɟɤɫɧɨɝɨ ɱɢɫɥɚ ɧɚɯɨɞɹɬ ɩɨ ɮɨɪɦɭɥɟ 22
yx  , ɚ ɚɪɝɭɦɟɧɬ ɤɨɦɩɥɟɤɫɧɨɝɨ ɱɢɫɥɚ 

ɢɡ ɜɵɪɚɠɟɧɢɣ 
22

cos
yx

x


 , 

22
sin

yx

y


 .  

ȼ ɧɚɲɟɦ ɩɪɢɦɟɪɟ i322 , ɬ.ɟ. 2x , 32y , ɫɥɟɞɨɜɚɬɟɥɶɧɨ, ɦɨɞɭɥɶ 

    416124322
22  .  

ȼɵɪɚɠɟɧɢɹ  
2

1

4

2
cos 


 , 

2

3

4

32
sin   ɜɵɩɨɥɧɹɸɬɫɹ ɞɥɹ k 2

3

2
 , 

Zk .  
Ɍɚɤɢɦ ɨɛɪɚɡɨɦ, ɤɨɦɩɥɟɤɫɧɨɟ ɱɢɫɥɨ   ɜ ɬɪɢɝɨɧɨɦɟɬɪɢɱɟɫɤɨɣ ɮɨɪɦɟ ɢɦɟɟɬ ɜɢɞ: 















 






  kik  2

3

2
sin2

3

2
cos4  

Ɍɚɤ ɤɚɤ 
3

2
cos2

3

2
cos









  k , 

3

2
sin2

3

2
sin









  k , ɬɨ ɩɪɢɧɹɬɨ 

ɬɪɢɝɨɧɨɦɟɬɪɢɱɟɫɤɭɸ ɮɨɪɦɭ ɤɨɦɩɥɟɤɫɧɨɝɨ ɱɢɫɥɚ ɡɚɩɢɫɵɜɚɬɶ ɛɟɡ k2 , ɩɪɢ ɷɬɨɦ ɭɝɨɥ 

3

2
 ɧɚɡɵɜɚɸɬ ɝɥɚɜɧɨɣ ɱɚɫɬɶɸ ɚɪɝɭɦɟɧɬɚ ɤɨɦɩɥɟɤɫɧɨɝɨ ɱɢɫɥɚ. ɂɬɚɤ, ɢɫɤɨɦɚɹ 

ɬɪɢɝɨɧɨɦɟɬɪɢɱɟɫɤɚɹ ɮɨɪɦɚ ɤɨɦɩɥɟɤɫɧɨɝɨ ɱɢɫɥɚ   ɢɦɟɟɬ ɜɢɞ: 







 

3

2
sin

3

2
cos4

 i  
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ɛ) Ɋɟɲɢɦ ɭɪɚɜɧɟɧɢɟ 03 z , ɝɞɟ z  – ɤɨɦɩɥɟɤɫɧɨɟ ɱɢɫɥɨ. ɂɡ ɭɪɚɜɧɟɧɢɹ ɢɦɟɟɦ 

 3
1

3  z .  Ⱦɥɹ ɜɨɡɜɟɞɟɧɢɹ ɤɨɦɩɥɟɤɫɧɨɝɨ ɱɢɫɥɚ   sincos  i  ɜ n -ɭɸ 

ɫɬɟɩɟɧɶ ɢɫɩɨɥɶɡɭɟɬɫɹ ɮɨɪɦɭɥɚ Ɇɭɚɜɪɚ:   nin
nn sincos  . 

ɂɡ ɩɭɧɤɬɚ ɚ) ɢɦɟɟɦ i322 , ɫɥɟɞɨɜɚɬɟɥɶɧɨ, i322 . ɉɪɟɞɫɬɚɜɢɦ 
ɱɢɫɥɨ   ɜ ɬɪɢɝɨɧɨɦɟɬɪɢɱɟɫɤɨɣ ɮɨɪɦɟ ɚɧɚɥɨɝɢɱɧɨ ɩɭɧɤɬɭ ɛ): 

    416124322
22 , 

2

1

4

2
cos  , 

2

3

4

32
sin 


 ,  k 2

3

5
 , Zk .  

Ɉɬɫɸɞɚ,  













 






  kik  2

3

5
sin2

3

5
cos4 . 

ɑɢɫɥɚ   ɢ   ɢɦɟɸɬ ɨɞɢɧɚɤɨɜɵɣ ɦɨɞɭɥɶ, ɧɨ ɪɚɡɧɵɟ ɚɪɝɭɦɟɧɬɵ, ɤɨɬɨɪɵɟ 
ɨɬɥɢɱɚɸɬɫɹ ɞɪɭɝ ɨɬ ɞɪɭɝɚ ɧɚ ɜɟɥɢɱɢɧɭ ɭɝɥɚ  , ɱɬɨ ɫɨɨɬɜɟɬɫɬɜɭɟɬ ɢɡɦɟɧɟɧɢɸ 
ɧɚɩɪɚɜɥɟɧɢɹ ɪɚɞɢɭɫ-ɜɟɤɬɨɪɚ ɤɨɦɩɥɟɤɫɧɨɝɨ ɱɢɫɥɚ ɧɚ ɩɪɨɬɢɜɨɩɨɥɨɠɧɨɟ, ɬ.ɟ. ɧɚ 180ɨ 
ɝɪɚɞɭɫɨɜ. ɋɥɟɞɭɹ ɷɬɨɦɭ ɩɪɚɜɢɥɭ ɦɨɠɧɨ ɫɪɚɡɭ ɡɚɩɢɫɚɬɶ ɬɪɢɝɨɧɨɦɟɬɪɢɱɟɫɤɭɸ ɮɨɪɦɭ 
ɱɢɫɥɚ  , ɡɧɚɹ ɬɪɢɝɨɧɨɦɟɬɪɢɱɟɫɤɭɸ ɮɨɪɦɭ ɱɢɫɥɚ  .  

ɉɨ ɮɨɪɦɭɥɟ Ɇɭɚɜɪɚ ɩɪɢ 
3

1
n  ɢɦɟɟɦ:  

  





















 














  kik  2

3

5

3

1
sin2

3

5

3

1
cos43

1

3

1

. 

Ɉɬɫɸɞɚ, 





















 














  kikz  2

3

5

3

1
sin2

3

5

3

1
cos433 . 

ɍɪɚɜɧɟɧɢɟ ɬɪɟɬɶɟɣ ɫɬɟɩɟɧɢ 03 z  ɢɦɟɟɬ ɪɨɜɧɨ ɬɪɢ ɤɨɪɧɹ, ɤɨɬɨɪɵɟ ɦɨɠɧɨ 
ɧɚɣɬɢ, ɜɡɹɜ 2,1,0k . ɂɬɚɤ, ɢɫɤɨɦɵɟ ɤɨɪɧɢ ɡɚɞɚɧɧɨɝɨ ɭɪɚɜɧɟɧɢɹ ɢɦɟɸɬ ɜɢɞ: 

ɩɪɢ  0k                   





 

9

5
sin

9

5
cos43

1


iz  

ɩɪɢ  1k                   





 

9

11
sin

9

11
cos43

2


iz  

ɩɪɢ  2k                   





 

9

17
sin

9

17
cos43

3


iz . 

ɜ) ȿɫɥɢ ɤɨɦɩɥɟɤɫɧɨɟ ɱɢɫɥɨ ɡɚɞɚɧɨ ɜ ɚɥɝɟɛɪɚɢɱɟɫɤɨɣ ɮɨɪɦɟ yix ,  ɬɨ ɜ 
ɤɨɦɩɥɟɤɫɧɨɣ ɩɥɨɫɤɨɫɬɢ ɟɦɭ ɫɨɨɬɜɟɬɫɬɜɭɟɬ ɬɨɱɤɚ ɫ ɤɨɨɪɞɢɧɚɬɚɦɢ  yx; . ȿɫɥɢ 
ɤɨɦɩɥɟɤɫɧɨɟ ɱɢɫɥɨ ɡɚɞɚɧɨ ɜ ɬɪɢɝɨɧɨɦɟɬɪɢɱɟɫɤɨɣ ɮɨɪɦɟ   sincos  i , ɬɨ ɟɦɭ 
ɫɨɨɬɜɟɬɫɬɜɭɟɬ ɬɨɱɤɚ ɤɨɧɰɚ ɜɟɤɬɨɪɚ, ɤɨɬɨɪɵɣ ɧɚɱɢɧɚɟɬɫɹ ɜ ɧɚɱɚɥɟ ɤɨɨɪɞɢɧɚɬ, ɢɦɟɟɬ 
ɞɥɢɧɭ ɪɚɜɧɭɸ   ɢ ɨɛɪɚɡɭɟɬ ɭɝɨɥ   ɫ ɩɨɥɨɠɢɬɟɥɶɧɵɦ ɧɚɩɪɚɜɥɟɧɢɟɦ ɨɫɢ Ox . 

ɂɦɟɟɦ  
i322 ,    2x , 32y  

i322 ,    2x , 32y  







 

9

5
sin

9

5
cos43

1


iz ,  3 4 , o100

9

5


  







 

9

11
sin

9

11
cos43

2


iz ,  3 4 , o220

9

11


  
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





 

9

17
sin

9

17
cos43

3


iz ,  

3 4 , o340
9

17


  

 
Ɂɚɞɚɱɚ 2. ɇɚɣɬɢ ɩɪɨɢɡɜɟɞɟɧɢɟ ɢ ɱɚɫɬɧɨɟ ɱɢɫɟɥ a  ɢ b  ɜ ɬɪɢɝɨɧɨɦɟɬɪɢɱɟɫɤɨɣ 

ɮɨɪɦɟ.  

ia
2

23

2

23
 ,  ib 5  

Ɋɟɲɟɧɢɟ. 
ɇɚɣɞɟɦ ɬɪɢɝɨɧɨɦɟɬɪɢɱɟɫɤɭɸ ɮɨɪɦɭ ɱɢɫɥɚ a : 

ia
2

23

2

23
 ,  3

2

23

2

23
22


















a , 

2

2

3
2

23

cos 


 , 
2

2

3
2

23

sin 


 , k 2
4

5
 , Zk . 

ɂɬɚɤ, ɦɨɞɭɥɶ ɱɢɫɥɚ a  ɪɚɜɟɧ 3, ɝɥɚɜɧɚɹ ɱɚɫɬɶ ɚɪɝɭɦɟɧɬɚ ɱɢɫɥɚ a  ɪɚɜɧɚ 
4

5
, 

ɬɪɢɝɨɧɨɦɟɬɪɢɱɟɫɤɚɹ ɮɨɪɦɚ ɱɢɫɥɚ a  ɢɦɟɟɬ ɜɢɞ: 







 

4

5
sin

4

5
cos3


ia  

ɇɚɣɞɟɦ ɬɪɢɝɨɧɨɦɟɬɪɢɱɟɫɤɭɸ ɮɨɪɦɭ ɱɢɫɥɚ b : 

iib 505  ,  550 22 b , 

0
5

0
cos  , 1

5

5
sin  , k 2

2
 , Zk . 

ɂɬɚɤ, ɦɨɞɭɥɶ ɱɢɫɥɚ b  ɪɚɜɟɧ 5, ɝɥɚɜɧɚɹ ɱɚɫɬɶ ɚɪɝɭɦɟɧɬɚ ɱɢɫɥɚ b  ɪɚɜɧɚ 
2


, 

ɬɪɢɝɨɧɨɦɟɬɪɢɱɟɫɤɚɹ ɮɨɪɦɚ ɱɢɫɥɚ b  ɢɦɟɟɬ ɜɢɞ: 







 

2
sin

2
cos5


ib  

ɇɚɣɞɟɦ ɩɪɨɢɡɜɟɞɟɧɢɟ ɱɢɫɟɥ a  ɢ b  ɜ ɬɪɢɝɨɧɨɦɟɬɪɢɱɟɫɤɨɣ ɮɨɪɦɟ. ɉɪɢ 
ɭɦɧɨɠɟɧɢɢ ɞɜɭɯ ɤɨɦɩɥɟɤɫɧɵɯ ɱɢɫɟɥ, ɡɚɞɚɧɧɵɯ ɜ ɬɪɢɝɨɧɨɦɟɬɪɢɱɟɫɤɨɣ ɮɨɪɦɟ, ɢɯ 
ɦɨɞɭɥɢ ɩɟɪɟɦɧɨɠɚɸɬɫɹ, ɚ ɚɪɝɭɦɟɧɬɵ ɫɤɥɚɞɵɜɚɸɬɫɹ. ɋɥɟɞɨɜɚɬɟɥɶɧɨ,  







 

4

5
sin

4

5
cos3


ia ,  






 

2
sin

2
cos5


ib  







 














 






 

4

7
sin

4

7
cos15

24

5
sin

24

5
cos53


iiba  
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ɇɚɣɞɟɦ ɱɚɫɬɧɨɟ ɱɢɫɟɥ a  ɢ b  ɜ ɬɪɢɝɨɧɨɦɟɬɪɢɱɟɫɤɨɣ ɮɨɪɦɟ. ɉɪɢ ɞɟɥɟɧɢɢ ɞɜɭɯ 
ɤɨɦɩɥɟɤɫɧɵɯ ɱɢɫɟɥ, ɡɚɞɚɧɧɵɯ ɜ ɬɪɢɝɨɧɨɦɟɬɪɢɱɟɫɤɨɣ ɮɨɪɦɟ, ɢɯ ɦɨɞɭɥɢ ɞɟɥɹɬɫɹ, ɚ 
ɚɪɝɭɦɟɧɬɵ ɜɵɱɢɬɚɸɬɫɹ. ɋɥɟɞɨɜɚɬɟɥɶɧɨ,  







 

4

5
sin

4

5
cos3


ia ,  






 

2
sin

2
cos5


ib  







 














 






 

4

3
sin

4

3
cos

5

3

24

5
sin

24

5
cos

5

3 
ii

b

a
. 

 
10.3. ɉɪɟɡɟɧɬɚɰɢɢ ɩɨ ɞɢɫɰɢɩɥɢɧɟ Ⱥɥɝɟɛɪɚ ɢ ɬɟɨɪɢɹ ɱɢɫɟɥ 

1. Ȼɢɧɚɪɧɵɟ ɨɩɟɪɚɰɢɢ ɢ ɚɥɝɟɛɪɚɢɱɟɫɤɢɟ ɫɬɪɭɤɬɭɪɵ 
2. Ƚɪɭɩɩɵ, ɤɨɥɶɰɚ, ɩɨɥɹ 
 
10.4. Ɇɚɬɟɪɢɚɥɵ ɞɥɹ ɩɪɨɜɟɞɟɧɢɹ ɬɟɤɭɳɟɣ ɢ ɩɪɨɦɟɠɭɬɨɱɧɨɣ ɚɬɬɟɫɬɚɰɢɣ 

ɩɪɟɞɫɬɚɜɥɟɧɵ ɜ ɮɨɧɞɚɯ ɨɰɟɧɨɱɧɵɯ ɫɪɟɞɫɬɜ ɩɨ ɞɢɫɰɢɩɥɢɧɟ Ⱥɥɝɟɛɪɚ ɢ ɬɟɨɪɢɹ 
ɱɢɫɟɥ 



1. Бɢɧɚɪɧыɟ ɨɬɧɨшɟɧɢя ɢ ɢɯ ɫɜɨɣɫɬɜɚ. 
2. Оɬɧɨшɟɧɢя эɤɜɢɜɚɥɟɧɬɧɨɫɬɢ ɢ 

ɩɨɪяɞɤɚ. 
3. Рɚɡɛɢɟɧɢɟ ɦɧɨɠɟɫɬɜɚ. Фɚɤɬɨɪ-

ɦɧɨɠɟɫɬɜɨ. 



Бɢɧɚɪɧыɦ ɨɬɧɨɲɟɧɢɟɦ, ɡɚɞɚɧɧɵɦ ɧɚ ɦɧɨɠɟɫɬɜɟ  
Ⱥ ≠, ɧɚɡɵɜɚɟɬɫɹ ɜɫɹɤɨɟ ɩɨɞɦɧɨɠɟɫɬɜɨ ɦɧɨɠɟɫɬɜɚ 
ȺȺ=Ⱥ2. 
 

Ɉɛɨɡɧɚɱɟɧɢɟ: <a, b>ρ  ɢɥɢ  aρb – ɷɥɟɦɟɧɬɵ  a ɢ b 
ɧɚɯɨɞɹɬɫɹ ɜ ɨɬɧɨɲɟɧɢɢ ρ. 
 

ɋɩɟɰɢɚɥɶɧɵɟ ɫɢɦɜɨɥɵ: =, <, ||,  ɢ ɬ.ɞ. 
 

ɉɊɂɆȿɊЫ.   I.    Ⱥ={1, 2, 4}.  

ȺȺ=Ⱥ2={<1,1>, <1,2>, <1,4>, <2,1>, <2,2>, <2,4>, 
<4,1>, <4,2>, <4,4>}. 
 

ρ={<1,2>, <1,4>, <2,1>, <4,2>, <4,4>} – ɛɢɧɚɪɧɨɟ 

ɨɬɧɨɲɟɧɢɟ ɧɚ ɦɧɨɠɟɫɬɜɟ Ⱥ, ɬ.ɤ. ρ  Ⱥ. 



II.  Ⱥ=N, (a, b A) <a, b>ρ  a-b=0. 
 

III. A – ɦɧɨɠɟɫɬɜɨ ɫɥɨɜ ɪɭɫɫɤɨɝɨ ɚɥɮɚɜɢɬɚ; 
(x, y A) <x, y>ρ  ɫɥɨɜɚ x ɢ y 

ɧɚɱɢɧɚɸɬɫɹ ɫ ɨɞɢɧɚɤɨɜɵɯ ɛɭɤɜ. 
 

IV. A – ɦɧɨɠɟɫɬɜɨ ɥɸɞɟɣ, ɠɢɜɭɳɢɯ ɧɚ Ɂɟɦɥɟ; 
 (x, y A) <x, y>ρ  ɱɟɥɨɜɟɤ x – ɛɪɚɬ 

ɱɟɥɨɜɟɤɚ y. 



ɉɭɫɬɶ <  - ɨɬɧɨɲɟɧɢɟ «ɦɟɧɶɲɟ» ɧɚ N. 
Ɇɨɠɧɨ ɩɢɫɚɬɶ 3 < 5 ɢɥɢ (3, 5)  «<« 

1 

2 

k 

... 

N 

N 1 2 3 n .. . ... 

ɉɭɫɬɶ  « | »     - ɨɬɧɨɲɟɧɢɟ «ɞɟɥɢɬ» ɧɚ N: a | b, ɟɫɥɢ b ɞɟɥɢɬɫɹ ɧɚ a. 

ɇɚɩɪɢɦɟɪ,     3 | 12,     5 | 5,     1 | k ɞɥɹ ɥɸɛɨɝɨ k. 

Ɉɬɧɨɲɟɧɢɟ «ɞɟɥɢɬ» ɧɚ ɦɧɨɠɟɫɬɜɟ { 1, 2, 3, 4, 5, 6 }  
ɦɨɠɟɬ ɛɵɬɶ ɢɡɨɛɪɚɠɟɧɨ ɜ ɜɢɞɟ ɝɪɚɮɚ 

1 

2 3 

4 5 6 

ɋɉɈɈȻЫ  ɁȺȾȺɇɂə  ȻɂɇȺɊɇЫХ  ɈɌɇɈШȿɇɂɃ 



Ȼɢɧɚɪɧɵɦ ɨɬɧɨɲɟɧɢɟɦ, ɨɛɪɚɬɧыɦ ɤ ɨɬɧɨɲɟɧɢɸ , 
ɡɚɞɚɧɧɨɦɭ ɧɚ Ⱥ≠, ɧɚɡɵɜɚɟɬɫɹ ɨɬɧɨɲɟɧɢɟ 

-1 = {<b, a> <a, b>}. 
 

Дɨɩɨɥɧɟɧɢɟɦ ɤ ɛɢɧɚɪɧɨɦɭ ɨɬɧɨɲɟɧɢɸ , ɡɚɞɚɧɧɨɦɭ 
ɧɚ Ⱥ, ɧɚɡɵɜɚɟɬɫɹ ɨɬɧɨɲɟɧɢɟ 

 
}.,/,{,\)(   babaAA

ɉɊɂɆȿɊ. 

Ⱥ={1, 2, 4},  ρ={<1,2>, <1,4>, <2,1>, <4,2>, <4,4>}. 
 

 Ɍɨɝɞɚ  -1 ={<2,1>, <4,1>, <1,2>, <2,4>, <4,4>}; 
 

  }.1,4,4,2,2,2,1,1{ 



ɋȼɈɃɋɌȼȺ ȻɂɇȺɊɇЫХ ɈɌɇɈШȿɇɂɃ 

1. Ȼɢɧɚɪɧɨɟ ɨɬɧɨɲɟɧɢɟ ρ, ɡɚɞɚɧɧɨɟ ɧɚ ɦɧɨɠɟɫɬɜɟ 
Ⱥ, ɧɚɡɵɜɚɟɬɫɹ ɪɟɮɥɟɤɫɢɜɧыɦ, ɟɫɥɢ  

(a A) <a, a>ρ  (ɢɥɢ  aρa). 

2.  Ȼɢɧɚɪɧɨɟ ɨɬɧɨɲɟɧɢɟ ρ, ɡɚɞɚɧɧɨɟ ɧɚ ɦɧɨɠɟɫɬɜɟ 
Ⱥ, ɧɚɡɵɜɚɟɬɫɹ ɚɧɬɢɪɟɮɥɟɤɫɢɜɧыɦ, ɟɫɥɢ 

  (a A)  <a, a>ρ. 

3. Ȼɢɧɚɪɧɨɟ ɨɬɧɨɲɟɧɢɟ ρ, ɡɚɞɚɧɧɨɟ ɧɚ ɦɧɨɠɟɫɬɜɟ 
Ⱥ, ɧɚɡɵɜɚɟɬɫɹ ɫɢɦɦɟɬɪɢɱɧыɦ, ɟɫɥɢ  

(a, b A)  (<a, b>ρ => <b, a> ρ).  



4. Ȼɢɧɚɪɧɨɟ ɨɬɧɨɲɟɧɢɟ ρ, ɡɚɞɚɧɧɨɟ ɧɚ ɦɧɨɠɟɫɬɜɟ 
Ⱥ, ɧɚɡɵɜɚɟɬɫɹ ɚɧɬɢɫɢɦɦɟɬɪɢɱɧыɦ, ɟɫɥɢ  

 
 

5. Ȼɢɧɚɪɧɨɟ ɨɬɧɨɲɟɧɢɟ ρ, ɡɚɞɚɧɧɨɟ ɧɚ ɦɧɨɠɟɫɬɜɟ 
Ⱥ, ɧɚɡɵɜɚɟɬɫɹ ɚɫɢɦɦɟɬɪɢɱɧыɦ, ɟɫɥɢ  
 

 

 

6. Ȼɢɧɚɪɧɨɟ ɨɬɧɨɲɟɧɢɟ ρ, ɡɚɞɚɧɧɨɟ ɧɚ ɦɧɨɠɟɫɬɜɟ 
Ⱥ, ɧɚɡɵɜɚɟɬɫɹ ɬɪɚɧɡɢɬɢɜɧыɦ, ɟɫɥɢ  
 

 

(a, b A)  (<a, b>ρ ɢ <b, a> ρ => a=b).  

(a, b A)  (<a, b>ρ ɧɢɤɨɝɞɚ ɧɟ  ɫɥɟɞɭɟɬ <b, a> ρ).  

(a, b, c A)  (<a, b>ρ ɢ <b, c> ρ => <a, c>ρ).  



7. Ȼɢɧɚɪɧɨɟ ɨɬɧɨɲɟɧɢɟ ρ ɧɚ ɦɧɨɠɟɫɬɜɟ Ⱥ 
ɧɚɡɵɜɚɟɬɫɹ: 

•  ɨɬɧɨɲɟɧɢɟɦ ɷɤɜɢɜɚɥɟɧɬɧɨɫɬɢ, ɟɫɥɢ ɨɧɨ 
ɪɟɮɥɟɤɫɢɜɧɨ, ɫɢɦɦɟɬɪɢɱɧɨ ɢ ɬɪɚɧɡɢɬɢɜɧɨ 
ɨɞɧɨɜɪɟɦɟɧɧɨ; 

 

• ɨɬɧɨɲɟɧɢɟɦ ɫɬɪɨɝɨɝɨ ɩɨɪɹɞɤɚ, ɟɫɥɢ ɨɧɨ 
ɚɧɬɢɪɟɮɥɟɤɫɢɜɧɨ, ɚɫɢɦɦɟɬɪɢɱɧɨ ɢ ɬɪɚɧɡɢɬɢɜɧɨ;  

 

• ɨɬɧɨɲɟɧɢɟɦ ɧɟɫɬɪɨɝɨɝɨ ɩɨɪɹɞɤɚ, ɟɫɥɢ ɨɧɨ 
ɪɟɮɥɟɤɫɢɜɧɨ, ɚɧɬɢɫɢɦɦɟɬɪɢɱɧɨ ɢ ɬɪɚɧɡɢɬɢɜɧɨ. 
 

• ɨɬɧɨɲɟɧɢɟɦ ɥɢɧɟɣɧɨɝɨ ɩɨɪɹɞɤɚ, ɟɫɥɢ (a, b A) 
ɜɵɩɨɥɧɹɟɬɫɹ ɨɞɧɨ ɢ ɬɨɥɶɤɨ ɨɞɧɨ ɢɡ ɭɫɥɨɜɢɣ: a=b,  

aρb  ɢɥɢ  bρa. 



ɉɊɂɆȿɊЫ 

1. Ɉɬɧɨɲɟɧɢɟ ɪɚɜɟɧɫɬɜɚ «=» ɧɚ ɥɸɛɨɦ ɱɢɫɥɨɜɨɦ 
ɦɧɨɠɟɫɬɜɟ ɟɫɬɶ ɨɬɧɨɲɟɧɢɟ ɷɤɜɢɜɚɥɟɧɬɧɨɫɬɢ. 
 

2. Ɉɬɧɨɲɟɧɢɟ ɩɟɪɩɟɧɞɢɤɭɥɹɪɧɨɫɬɢ ɩɪɹɦɵɯ «» 
ɚɧɬɢɪɟɮɥɟɤɫɢɜɧɨ, ɫɢɦɦɟɬɪɢɱɧɨ ɢ ɧɟ ɬɪɚɧɡɢɬɢɜɧɨ. 
 

3. Ɉɬɧɨɲɟɧɢɟ ɞɟɥɢɦɨɫɬɢ ɧɚ ɦɧɨɠɟɫɬɜɟ N 
ɧɚɬɭɪɚɥɶɧɵɯ ɱɢɫɟɥ ɪɟɮɥɟɤɫɢɜɧɨ, 
ɚɧɬɢɫɢɦɦɟɬɪɢɱɧɨ ɢ ɬɪɚɧɡɢɬɢɜɧɨ, => ɟɫɬɶ 
ɨɬɧɨɲɟɧɢɟ ɧɟɫɬɪɨɝɨɝɨ ɧɟɥɢɧɟɣɧɨɝɨ ɩɨɪɹɞɤɚ. 



Ƚɨɜɨɪɹɬ, ɱɬɨ ɧɚɛɨɪ ɩɨɞɦɧɨɠɟɫɬɜ ɧɟɩɭɫɬɨɝɨ 
ɦɧɨɠɟɫɬɜɚ Ⱥ ɨɛɪɚɡɭɟɬ ɪɚɡɛɢɟɧɢɟ ɷɬɨɝɨ ɦɧɨɠɟɫɬɜɚ, 
ɟɫɥɢ : 
 1) ɯɨɬɹ ɛɵ ɨɞɧɨ ɢɡ ɩɨɞɦɧɨɠɟɫɬɜ ɧɟɩɭɫɬɨ; 
 2) ɧɢɤɚɤɢɟ ɞɜɚ ɩɨɞɦɧɨɠɟɫɬɜɚ ɧɟ ɩɟɪɟɫɟɤɚɸɬɫɹ; 
 3) ɨɛɴɟɞɢɧɟɧɢɟ ɜɫɟɯ ɩɨɞɦɧɨɠɟɫɬɜ ɫɨɜɩɚɞɚɟɬ ɫ 
ɦɧɨɠɟɫɬɜɨɦ Ⱥ. 
ɉɨɞɦɧɨɠɟɫɬɜɚ ɧɚɡɵɜɚɸɬɫɹ ɤɥɚɫɫɚɦɢ  ɪɚɡɛɢɟɧɢɹ.  

ɉɊɂɆȿɊ 

Ⱥ ={a, b, c, d}      A1={a, c}      A2={b}      A3={d}. 
 

ɇɚɛɨɪ ɩɨɞɦɧɨɠɟɫɬɜ A1={a, c}, A2={b}, A3={d} 
ɨɛɪɚɡɭɟɬ ɪɚɡɛɢɟɧɢɟ ɦɧɨɠɟɫɬɜɚ Ⱥ. 



ɉɭɫɬɶ ɧɚ Ⱥ ɡɚɞɚɧɨ ɪɚɡɛɢɟɧɢɟ Ⱥ1, Ⱥ2,..., Ⱥn.  

Ɇɧɨɠɟɫɬɜɨ Â ={Ⱥ1, Ⱥ2,..., Ⱥn} ɧɚɡɵɜɚɟɬɫɹ ɮɚɤɬɨɪ-

ɦɧɨɠɟɫɬɜɨɦ ɦɧɨɠɟɫɬɜɚ Ⱥ ɩɨ ɞɚɧɧɨɦɭ ɪɚɡɛɢɟɧɢɸ.  
 

 ɌȿɈɊȿɆȺ.  
  I. ɉɨ ɤɚɠɞɨɦɭ ɨɬɧɨшɟɧɢɸ ɷɤɜɢɜɚɥɟɧɬɧɨɫɬɢ, 
ɡɚɞɚɧɧɨɦɭ ɧɚ А ɦɨɠɧɨ ɩɨɫɬɪɨɢɬɶ ɪɚɡɛɢɟɧɢɟ ɷɬɨɝɨ 
ɦɧɨɠɟɫɬɜɚ. 
 II. Ɉɛɪɚɬɧɨ, ɤɚɠɞɨɦɭ ɪɚɡɛɢɟɧɢɸ ɦɧɨɠɟɫɬɜɚ А 
ɫɨɨɬɜɟɬɫɬɜɭɟɬ ɧɟɤɨɬɨɪɨɟ ɨɬɧɨшɟɧɢɟ 
ɷɤɜɢɜɚɥɟɧɬɧɨɫɬɢ. 

 



Ⱦɨɤɚɡɚɬɟɥɶɫɬɜɨ. 

I. Ⱥ≠,  - ɨɬɧɨɲɟɧɢɟ ɷɤɜɢɜɚɥɟɧɬɧɨɫɬɢ ɧɚ Ⱥ. 
ɉɨɫɬɪɨɢɦ ɩɨɞɦɧɨɠɟɫɬɜɚ ɦɧɨɠɟɫɬɜɚ Ⱥ: 
(a A) Aa={xA xa },  Aa A. 

1.  Ɍ.ɤ.  ɪɟɮɥɟɤɫɢɜɧɨ, ɬɨ aa => aAa => Aa≠. 

2.  ɉɭɫɬɶ AaAb={c}, => cAa ɢ cAb => ca ɢ cb.  

Ɍ.ɤ.  ɫɢɦɦɟɬɪɢɱɧɨ, ɬɨ ca => ac.  

Ɍɨɝɞɚ ac ɢ cb => ab (ɬ.ɤ.  ɬɪɚɧɡɢɬɢɜɧɨ), => aAb. 

Ⱥɧɚɥɨɝɢɱɧɨ, bAa, => Aa=Ab. 

3.  Ɍ.ɤ. (a A) AaA =>  
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II. ɉɭɫɬɶ ɡɚɞɚɧ ɧɚɛɨɪ ɤɥɚɫɫɨɜ, ɨɩɪɟɞɟɥɹɸɳɢɣ  
ɪɚɡɛɢɟɧɢɟ Ⱥ.   ɉɨɫɬɪɨɢɦ ɛɢɧɚɪɧɨɟ ɨɬɧɨɲɟɧɢɟ ρ: 
(a, b A)  aρb   a, b  ɨɞɧɨɦɭ ɢ ɬɨɦɭ ɠɟ ɤɥɚɫɫɭ 
ɪɚɡɛɢɟɧɢɹ. 
 

1. Ɍ.ɤ.  ɤɚɠɞɵɣ ɷɥɟɦɟɧɬ ɢɡ Ⱥ ɥɟɠɢɬ ɫɚɦ ɫ ɫɨɛɨɣ ɜ 
ɨɞɧɨɦ ɤɥɚɫɫɟ, ɬɨ (a A)  aρa, ρ ɪɟɮɥɟɤɫɢɜɧɨ. 

2. ɉɭɫɬɶ aρb, => a, b  ɨɞɧɨɦɭ ɤɥɚɫɫɭ, => b, a  ɬɨɦɭ 
ɠɟ ɤɥɚɫɫɭ, => bρa, => ρ ɫɢɦɦɟɬɪɢɱɧɨ. 

3. ɉɭɫɬɶ aρb ɢ bρɫ => a, b  ɨɞɧɨɦɭ ɤɥɚɫɫɭ ɢ b, c  
ɨɞɧɨɦɭ ɤɥɚɫɫɭ, => a, c ɬɨɠɟ  ɨɞɧɨɦɭ ɤɥɚɫɫɭ ɢ aρɫ, 

   =>  ρ ɬɪɚɧɡɢɬɢɜɧɨ. 
 

ɂɡ 1 – 3 ɫɥɟɞɭɟɬ, ɱɬɨ ρ – ɨɬɧɨɲɟɧɢɟ ɷɤɜɢɜɚɥɟɧɬɧɨɫɬɢ 
ɧɚ Ⱥ. 



ɉɊɂɆȿɊ. Z – ɦɧɨɠɟɫɬɜɨ ɰɟɥɵɯ ɱɢɫɟɥ,    m >1, m Z. 

Ɉɬɧɨɲɟɧɢɟ ρ = {xρy| x, y Z; (x - y) : m} ɧɚɡɵɜɚɟɬɫɹ 
ɨɬɧɨɲɟɧɢɟɦ ɫɪɚɜɧɟɧɢɹ ɩɨ ɦɨɞɭɥɸ m:   x  y (mod m). 
 

Ɍ.ɤ. (x Z) (x – x)= 0 : m => xρx  ɢ  ρ ɪɟɮɥɟɤɫɢɜɧɨ. 
ɉɭɫɬɶ xρy => (x - y) : m => (y – x) : m => yρx =>  

ρ ɫɢɦɦɟɬɪɢɱɧɨ. 
ɉɭɫɬɶ xρy, yρz => (x - y) : m, (y – z): m =>  

x – z= [(x – y) + (y – z)] : m => xρz,    ɢ 

ρ ɬɪɚɧɡɢɬɢɜɧɨ, => ρ – ɨɬɧɨɲɟɧɢɟ ɷɤɜɢɜɚɥɟɧɬɧɨɫɬɢ. 
 

Ʉɥɚɫɫɵ ɪɚɡɛɢɟɧɢɹ ɩɨ ɨɬɧɨɲɟɧɢɸ ρ – ɦɧɨɠɟɫɬɜɚ ɜɫɟɯ 
ɰɟɥɵɯ ɱɢɫɟɥ, ɤɨɬɨɪɵɟ ɩɪɢ ɞɟɥɟɧɢɢ ɧɚ m  ɞɚɸɬ  
 

ɨɞɢɧɚɤɨɜɵɟ ɨɫɬɚɬɤɢ: Zm = }.1,,1,0{ m



ȀȓȚȩ ȞȓȢȓȞȎȠȜȐ 

1. ОȝȓȞȎȤȖȖ  țȎȒ ȏȖțȎȞțȩȚȖ ȜȠțȜȦȓțȖяȚȖ.  
 

2. n – ȎȞțȩȓ ȜȠțȜȦȓțȖя Ȗ Ȗȣ ȟȐȜȗȟȠȐȎ. 
 

3. ȁȝȜȞяȒȜȥȓțțȩȓ ȚțȜȔȓȟȠȐȎ. 
ǺȖțȖȚȎșȪțȩȓ Ȗ țȎȖȚȓțȪȦȖȓ ȫșȓȚȓțȠȩ. 
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ɤɨɦɩɶɸɬɟɪɧɨɣ ɚɥɝɟɛɪɵ. Ȼɨɪɢɫɨɝɥɟɛɫɤ, 
2006. ɋɬɪ. 5-10. 

 



1. Оɬɨɛɪɚɠɟɧɢя ɢɥɢ ɮɭɧɤцɢɢ. 
 

2. Сɜɨɣɫɬɜɚ ɨɬɨɛɪɚɠɟɧɢɣ. 
 

3. Оɛɪɚɬɢɦɨɫɬь ɨɬɨɛɪɚɠɟɧɢɣ. 



Ȼɢɧɚɪɧɨɟ ɨɬɧɨɲɟɧɢɟ ƒ, ɡɚɞɚɧɧɨɟ ɧɚ ɩɚɪɟ ɦɧɨɠɟɫɬɜ  
 A  ɢ  B, ɧɚɡɵɜɚɟɬɫɹ ɨɬɨɛɪɚɠɟɧɢɟɦ  ɢɥɢ  ɮɭɧɤɰɢɟɣ  
ɢɡ  A  ɜ  B, ɟɫɥɢ: 
1) (ɚ Ⱥ)(b B)  <a, b> ƒ; 

2) (ɚ Ⱥ)(b, c B) (<a, b> f  ɢ  <a, c>ƒ) => b = c. 
 

Ɉɛɨɡɧɚɱɟɧɢɟ: <a, b>   ƒ  ƒ(a)=b. 

Эɥɟɦɟɧɬ b – ɨɛɪɚɡ ɷɥɟɦɟɧɬɚ a, ɷɥɟɦɟɧɬ  ɚ – ɩɪɨɨɛɪɚɡ b. 
 

ɍɫɥɨɜɢɟ 2)  ɭɫɥɨɜɢɸ 3) f (a)=b,  f (a)=ɫ => b = c. 
 

Ȼɢɧɚɪɧɨɟ ɨɬɧɨɲɟɧɢɟ ƒ, ɡɚɞɚɧɧɨɟ ɧɚ ɩɚɪɟ ɦɧɨɠɟɫɬɜ  
 A  ɢ  B, ɧɚɡɵɜɚɟɬɫɹ ɨɬɨɛɪɚɠɟɧɢɟɦ  ɢɥɢ  ɮɭɧɤɰɢɟɣ  ɢɡ  
A  ɜ  B, ɟɫɥɢ ɤɚɠɞɵɣ ɷɥɟɦɟɧɬ ɢɡ Ⱥ ɢɦɟɟɬ 
ɟɞɢɧɫɬɜɟɧɧɵɣ ɨɛɪɚɡ ɜ ȼ. 



Ɉɬɨɛɪɚɠɟɧɢɟ  ƒ  ɢɡ  A  ɜ  B ɧɚɡɵɜɚɟɬɫɹ ɢɧɴɟɤɬɢɜɧɵɦ  
(ɢɥɢ ɢɧɴɟɤɰɢɟɣ), ɟɫɥɢ (a, bȺ)  ƒ(a) = ƒ(b)  =>  a = b. 
 

Ɉɬɨɛɪɚɠɟɧɢɟ  ƒ  ɢɡ  A  ɜ  B ɧɚɡɵɜɚɟɬɫɹ ɫɸɪɴɟɤɬɢɜɧɵɦ  

(ɢɥɢ ɫɸɪɴɟɤɰɢɟɣ, ɢɥɢ ɨɬɨɛɪɚɠɟɧɢɟɦ «ɧɚ»), ɟɫɥɢ 

  (b B)(a A)  ƒ(ɚ) = b.  
 

Ɉɬɨɛɪɚɠɟɧɢɟ  ƒ  ɢɡ  A  ɧɚ  B  ɧɚɡɵɜɚɟɬɫɹ ɛɢɟɤɬɢɜɧɵɦ  
(ɢɥɢ ɛɢɟɤɰɢɟɣ ɢɥɢ ɜɡɚɢɦɧɨ-ɨɞɧɨɡɧɚɱɧɵɦ),  

ɟɫɥɢ ɨɧɨ ɢɧɴɟɤɬɢɜɧɨ ɢ ɫɸɪɴɟɤɬɢɜɧɨ ɨɞɧɨɜɪɟɦɟɧɧɨ.  
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ɉɊИɆȿɊЫ.  
1. ƒ = {<x, y>  R× R / x = y²}.  
ƒ – ɧɟ ɨɬɨɛɪɚɠɟɧɢɟ, ɬ. ɤ. ɞɥɹ  x = 4: y = 2  ɢ  y = - 2,  

=> ƒ(4) = 2 ɢ ƒ(4) = – 2,  ɧɨ 2 ≠ -2. 
 

2. ƒ = {<x, y>  R × R / x² = y}.  

(x R)(!y R)  y= ƒ(x) = x2 => ƒ – ɨɬɨɛɪɚɠɟɧɢɟ. 
ƒ  ɧɟ ɢɧɴɟɤɬɢɜɧɨ, ɬ.ɤ. ƒ(2) = ƒ(-2) = 4,  ɧɨ 2 ≠ – 2.  

ƒ  ɧɟ ɫɸɪɴɟɤɬɢɜɧɨ, ɬ.ɤ. ɟɫɥɢ  y < 0, ɬɨ (x R) x² ≠ y.  
 

3. ƒ = {<x, y>  R × R / y = 2x}.  

(x R)(!y R) y = 2x, => ƒ – ɨɬɨɛɪɚɠɟɧɢɟ. 
Ɍ.ɤ. (x, x1 R) ƒ(x) = ƒ(x1)  <=>  2x =2 x1  <=>  x = x1 

=> ƒ  ɢɧɴɟɤɰɢɹ. 
Ɍ.ɤ. (y R)( ɯ =     R) ƒ(x) =ƒ(     ) =2      = y, ɬɨ  
ƒ - ɫɸɪɴɟɤɰɢɹ.  ɋɥɟɞɨɜɚɬɟɥɶɧɨ,  ƒ - ɛɢɟɤɰɢɹ. 
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ɉɭɫɬɶ ƒ={<x, y>/x X, y Y}– ɨɬɨɛɪɚɠɟɧɢɟ ɢɡ X ɜ Y.  

ɋɨɨɬɜɟɬɫɬɜɢɟ  ƒ-1={<y, x> / ɝɞɟ <x, y>  ƒ}   

ɧɚɡɵɜɚɟɬɫɹ ɨɛɪɚɬɧɵɦ ɤ ɨɬɨɛɪɚɠɟɧɢɸ  ƒ. 
 

ɌȿɈɊȿɆȺ 

Сɨɨɬɜɟɬɫɬɜиɟ  ƒ-1, ɨɛɪɚɬɧɨɟ ɤ ɨɬɨɛɪɚɠɟɧиɸ ƒ,  
ɫɚɦɨ ɹɜɥɹɟɬɫɹ ɨɬɨɛɪɚɠɟɧиɟɦ ɬɨɝɞɚ и ɬɨɥьɤɨ 
ɬɨɝɞɚ, ɤɨɝɞɚ ɨɬɨɛɪɚɠɟɧиɟ  ƒ  ɛиɟɤɬиɜɧɨ. 
 

Ⱦɨɤɚɡɚɬɟɥɶɫɬɜɨ. 
I. ɉɭɫɬɶ ƒ: XY – ɛɢɟɤɰɢɹ, => ƒ – ɫɸɪɴɟɤɰɢɹ => 

(y Y)( x X) <x, y> ƒ  <y, x> ƒ-1. 



ɉɭɫɬɶ <y, x> f--1 ɢ <y, x1> f-1 => <x, y> ɢ  <x1,y>  f. 

Ɍ.ɤ. f ɢɧɴɟɤɰɢɹ, ɬɨ ɢɡ y = f(x)= f(x1) ɫɥɟɞɭɟɬ x = x1. 

ɉɨɥɭɱɢɥɢ: (y Y)(!x X) <y, x> f—1, =>  

f—1 - ɨɬɨɛɪɚɠɟɧɢɟ Y ɜ X. 
 

II. ɉɭɫɬɶ f—1: Y  X – ɨɬɨɛɪɚɠɟɧɢɟ, =>   

(y Y)(! x X) <y, x> f—1,=> (y Y)( x X)  

< x, y > f, => f – ɫɸɪɴɟɤɰɢɹ  (1). 

ɉɭɫɬɶ  f(x)= f(x1) = y, => <x, y> ɢ <x1, y>  f, => 

<y, x> ɢ <y, x1>  f—1, => f—1(y) = x ɢ  f—1(y) = x1. 

Ɍ.ɤ. f—1 - ɨɬɨɛɪɚɠɟɧɢɟ Y ɜ X, ɬɨ x = x1. 

ɉɨɥɭɱɢɥɢ: f(x)= f(x1) => x = x1,  => f ɢɧɴɟɤɬɢɜɧɨ (2). 

Иɡ (1), (2) ɫɥɟɞɭɟɬ, ɱɬɨ f ɛɢɟɤɬɢɜɧɨ. 



ТȓȚы  ȞȓȢȓȞȎȠȜȐ: 

1. ПȓȞȓȟȠȎțȜȐȘȖ Ȗ ȝȜȒȟȠȎțȜȐȘȖ țȎ 
ȘȜțȓȥțыȣ ȚțȜȔȓȟȠȐȎȣ. 

 

2. ǸȜȚȝȜȕȖȤȖя ȜȠȜȏȞȎȔȓțȖȗ. 
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1. Аɥɝɟɛɪɚɢɱɟɫɤɢɟ ɨɩɟɪɚɰɢɢ. 
 

2. Сɜɨɣɫɬɜɚ ɛɢɧɚɪɧɵɯ ɚɥɝɟɛɪɚɢɱɟɫɤɢɯ 
ɨɩɟɪɚɰɢɣ. 

 

3. Аɥɝɟɛɪɚɢɱɟɫɤɢɟ ɫɬɪɭɤɬɭɪɵ ɫ ɨɞɧɨɣ ɢ 
ɞɜɭɦя ɛɢɧɚɪɧɵɦɢ ɨɩɟɪɚɰɢяɦɢ. 



Ȼɢɧɚɪɧɚя ɚɥɝɟɛɪɚɢɱɟɫɤɚя ɨɩɟɪɚɰɢя, ɡɚɞɚɧɧɚɹ ɧɚ 
ɦɧɨɠɟɫɬɜɟ Ⱥ≠,  – ɷɬɨ ɨɬɨɛɪɚɠɟɧɢɟ  ƒ:  Ⱥ × Ⱥ → Ⱥ: 
(a, b A)( ɫ Ⱥ)  ƒ: <a, b> → ɫ 
 

Ɉɛɨɡɧɚɱɟɧɢɟ: aƒb = c.  Ⱦɥɹ ɨɛɨɡɧɚɱɟɧɢɹ ɛɢɧɚɪɧɵɯ 
ɨɩɟɪɚɰɢɣ ɨɛɵɱɧɨ ɢɫɩɨɥɶɡɭɸɬ ɫɩɟɰɢɚɥɶɧɵɟ ɡɧɚɤɢ: 
 « +», « * »,«-», « : », « ◦ » ɢ ɬ.ɞ. 
 

Уɧɚɪɧɚя ɚɥɝɟɛɪɚɢɱɟɫɤɚɹ ɨɩɟɪɚɰɢɹ, ɡɚɞɚɧɧɚɹ ɧɚ 
ɦɧɨɠɟɫɬɜɟ  Ⱥ, – ɷɬɨ ɨɬɨɛɪɚɠɟɧɢɟ  ƒ:  Ⱥ → Ⱥ: 
(a A)(ɫ Ⱥ) ƒ(a) = ɫ. 
 

Нɭɥɶɚɪɧɚя ɚɥɝɟɛɪɚɢɱɟɫɤɚɹ ɨɩɟɪɚɰɢɹ, ɡɚɞɚɧɧɚɹ ɧɚ 
ɦɧɨɠɟɫɬɜɟ  Ⱥ, – ɷɬɨ ɜɵɞɟɥɟɧɢɟ ɜ Ⱥ ɧɟɤɨɬɨɪɨɝɨ 
ɮɢɤɫɢɪɨɜɚɧɧɨɝɨ ɷɥɟɦɟɧɬɚ. 



ɉɪɢɦɟɪɵ ɛɢɧɚɪɧɵɯ ɨɩɟɪɚɰɢɣ: ɨɛɵɱɧɨɟ «+» ɢ «» 

ɱɢɫɟɥ, 
ɩɪɢɦɟɪɵ ɭɧɚɪɧɵɯ ɨɩɟɪɚɰɢɣ: «-1» ɢ «–», ɯn ɢɥɢ ,  

ɩɪɢɦɟɪɵ ɧɭɥɶɚɪɧɵɯ ɨɩɟɪɚɰɢɣ - ɜɵɞɟɥɟɧɢɟ 0 ɢɥɢ 1. 
 

Ɍ.ɤ. ɛɢɧɚɪɧɚɹ ɚɥɝɟɛɪɚɢɱɟɫɤɚɹ ɨɩɟɪɚɰɢɹ – ɷɬɨ  
ɨɬɨɛɪɚɠɟɧɢɟ ɢɡ Ⱥ2 ɜ Ⱥ, ɬɨ ɞɥɹ ɟɟ ɡɚɞɚɧɢɹ  ɞɨɫɬɚɬɨɱɧɨ 

ɤɚɠɞɨɣ ɩɚɪɟ ɷɥɟɦɟɧɬɨɜ ɢɡ Ⱥ ɫɨɩɨɫɬɚɜɢɬɶ  
ɟɞɢɧɫɬɜɟɧɧɵɣ ɷɥɟɦɟɧɬ ɷɬɨɝɨ ɠɟ ɦɧɨɠɟɫɬɜɚ Ⱥ. 
 

ɇɚɩɪɢɦɟɪ, ɨɬɨɛɪɚɠɟɧɢɟ «*»: NNN, ɩɪɢ ɤɨɬɨɪɨɦ 

(x, y N) <x, y>  1 ɡɚɞɚɟɬ ɚɥɝɟɛɪɚɢɱɟɫɤɭɸ 
ɨɩɟɪɚɰɢɸ 

«*»: (x, y N) x*y = 1. 



ɋȼɈɃɋɌȼȺ ȺɅȽȿȻɊȺɂɑȿɋɄɂɏ ɈɉȿɊȺɐɂɃ 

Ɉɩɟɪɚɰɢɹ «», ɡɚɞɚɧɧɚɹ ɧɚ Ⱥ≠,  ɧɚɡɵɜɚɟɬɫɹ: 
ɚɫɫɨɰɢɚɬɢɜɧɨɣ, ɟɫɥɢ:  

(a, b, c  A)  a (bc) = (ab) c; 

ɤɨɦɦɭɬɚɬɢɜɧɨɣ, ɟɫɥɢ: (a, b A)    ab = ba. 

Ƚɨɜɨɪɹɬ, ɱɬɨ ɨɩɟɪɚɰɢɹ «» ɨɛɥɚɞɚɟɬ: 
ɥɟɜɵɦ [ɩɪɚɜɵɦ] ɧɟɣɬɪɚɥɶɧɵɦ ɷɥɟɦɟɧɬɨɦ, ɟɫɥɢ: 

(ɟL A)(a A)      eLa = a      

[(ɟR A)(a A)     aeR = a]; 

ɞɜɭɫɬɨɪɨɧɧɢɦ ɧɟɣɬɪɚɥɶɧɵɦ ɷɥɟɦɟɧɬɨɦ (ɢɥɢ 
ɩɪɨɫɬɨ ɧɟɣɬɪɚɥɶɧɵɦ), ɟɫɥɢ: 

(e A)(a  A)      ea = ae = a. 



Ɉɩɟɪɚɰɢɹ «», ɡɚɞɚɧɧɚɹ ɧɚ Ⱥ≠,  ɧɚɡɵɜɚɟɬɫɹ: 
ɨɛɪɚɬɢɦɨɣ ɫɥɟɜɚ [ɫɩɪɚɜɚ], ɟɫɥɢ: 

(a A)(b A)       ba = eL, 

[(a A)(c A)        ac = eR]; 
 

ɞɜɭɫɬɨɪɨɧɧɟ ɨɛɪɚɬɢɦɨɣ (ɢɥɢ ɩɪɨɫɬɨ ɨɛɪɚɬɢɦɨɣ), 

ɟɫɥɢ ɨɧɚ ɨɛɪɚɬɢɦɚ ɢ ɫɩɪɚɜɚ ɢ ɫɥɟɜɚ: 
(a A) (b  A)     ab = ba = e; 

 

ɫɨɤɪɚɬɢɦɨɣ ɫɥɟɜɚ [ɫɩɪɚɜɚ], ɟɫɥɢ: 
(a, b, c  A)     ca = cb   =>  a = b, 

                         [ac = bc   =>  a = b]. 

ɫɨɤɪɚɬɢɦɨɣ, ɟɫɥɢ ɨɧɚ ɫɨɤɪɚɬɢɦɚ ɢ ɫɥɟɜɚ ɢ ɫɩɪɚɜɚ. 



ɉɭɫɬɶ ɧɚ Ⱥ ≠ ɡɚɞɚɧɵ ɛɢɧɚɪɧɵɟ ɚɥɝɟɛɪɚɢɱɟɫɤɢɟ 
ɨɩɟɪɚɰɢɢ - «*»  ɢ  «». 
 

Ɉɩɟɪɚɰɢɹ  «◦»  ɧɚɡɵɜɚɟɬɫɹ ɞɢɫɬɪɢɛɭɬɢɜɧɨɣ ɫɥɟɜɚ 

[ɫɩɪɚɜɚ] ɨɬɧɨɫɢɬɟɥɶɧɨ ɨɩɟɪɚɰɢɢ  «*», ɟɫɥɢ: 
(a, b, c  A)    c (a*b) = (c a)*(c b) 

                                        [(a*b) c = (a c)*(b c)]. 
 

Ɉɩɟɪɚɰɢɹ  «◦»  ɧɚɡɵɜɚɟɬɫɹ ɞɢɫɬɪɢɛɭɬɢɜɧɨɣ 

ɨɬɧɨɫɢɬɟɥɶɧɨ ɨɩɟɪɚɰɢɢ  «*», ɟɫɥɢ ɨɧɚ 
ɞɢɫɬɪɢɛɭɬɢɜɧɚ ɨɬɧɨɫɢɬɟɥɶɧɨ ɞɚɧɧɨɣ ɨɩɟɪɚɰɢɢ ɢ 
ɫɥɟɜɚ ɢ ɫɩɪɚɜɚ. 
 

ɇɚɩɪɢɦɟɪ, ɧɚ ɜɫɟɯ ɱɢɫɥɨɜɵɯ ɦɧɨɠɟɫɬɜɚɯ, «» 
ɞɢɫɬɪɢɛɭɬɢɜɧɨ ɨɬɧɨɫɢɬɟɥɶɧɨ «+»: 

(a, b, c  A)    c (a+b) = c a+c b. 

 



1. ɉɪɨɜɟɪɤɭ ɫɜɨɣɫɬɜ ɛɢɧɚɪɧɨɣ ɨɩɟɪɚɰɢɢ, ɡɚɞɚɧɧɨɣ ɧɚ 
ɦɧɨɠɟɫɬɜɟ Ⱥ≠, ɧɟɨɛɯɨɞɢɦɨ ɧɚɱɢɧɚɬɶ ɫ ɭɫɥɨɜɢɹ 
ɚɥɝɟɛɪɚɢɱɧɨɫɬɢ  ɨɩɟɪɚɰɢɢ ɧɚ Ⱥ.  
 

ɇɚɩɪɢɦɟɪ, ɨɩɟɪɚɰɢɹ «–» ɧɟ ɚɥɝɟɛɪɚɢɱɟɫɤɚя ɧɚ N, ɬ.ɤ. 
ɟɫɥɢ ɚ < b,  ɬɨ a – b < 0, =>  N. 
 

2. ȿɫɥɢ ɩɨ ɞɚɧɧɨɣ ɨɩɟɪɚɰɢɢ ɜ ɦɧɨɠɟɫɬɜɟ Ⱥ ɧɟɬ 
ɧɟɣɬɪɚɥɶɧɨɝɨ ɷɥɟɦɟɧɬɚ, ɬɨ ɧɟ ɢɦɟɟɬ ɫɦɵɫɥɚ ɝɨɜɨɪɢɬɶ 
ɨɛ ɨɛɪɚɬɢɦɨɫɬɢ ɷɬɨɣ ɨɩɟɪɚɰɢɢ.  
 

3. ȿɫɥɢ ɨɩɟɪɚɰɢɹ  ɤɨɦɦɭɬɚɬɢɜɧɚ ɧɚ Ⱥ, ɬɨ ɥɸɛɨɟ ɢɡ 
ɫɜɨɣɫɬɜ, ɤɨɬɨɪɨɟ ɜɵɩɨɥɧɹɟɬɫɹ ɞɥɹ ɧɟɟ ɫɥɟɜɚ, ɛɭɞɟɬ 
ɜɵɩɨɥɧɹɬɶɫɹ ɢ ɫ ɫɩɪɚɜɚ,  ɢ ɧɚɨɛɨɪɨɬ. 



ɉɭɫɬɶ <A, > - ɧɟɩɭɫɬɨɟ ɦɧɨɠɟɫɬɜɨ ɫ ɡɚɞɚɧɧɨɣ ɛɢɧɚɪɧɨɣ 
ɨɩɟɪɚɰɢɟɣ «». 
1.  Сɬɪɭɤɬɭɪɚ <A, > ɧɚɡɵɜɚɟɬɫɹ ɝɪɭɩɩɨɢɞɨɦ, ɟɫɥɢ «·» 
ɹɜɥɹɟɬɫɹ ɚɥɝɟɛɪɚɢɱɟɫɤɨɣ ɨɩɟɪɚɰɢɟɣ ɧɚ Ⱥ: 

(a, b A)     (a ·b A). 

2. Ƚɪɭɩɩɨɢɞ <A, ·> ɧɚɡɵɜɚɟɬɫɹ ɩɨɥɭɝɪɭɩɩɨɣ, ɟɫɥɢ «·» 
ɚɫɫɨɰɢɚɬɢɜɧɚ ɧɚ Ⱥ. 
 

3. ɉɨɥɭɝɪɭɩɩɚ <A, ·> ɧɚɡɵɜɚɟɬɫɹ ɦɨɧɨɢɞɨɦ (ɩɨɥɭɝɪɭɩɩɨɣ 
ɫ ɟɞɢɧɢɰɟɣ) , ɟɫɥɢ ɩɨ ɨɩɟɪɚɰɢɢ «·» ɜ Ⱥ ɫɭɳɟɫɬɜɭɟɬ 
ɧɟɣɬɪɚɥɶɧɵɣ ɷɥɟɦɟɧɬ. 
 

4. Ɇɨɧɨɢɞ <A, ·> ɧɚɡɵɜɚɟɬɫɹ ɝɪɭɩɩɨɣ, ɟɫɥɢ ɨɩɟɪɚɰɢɹ «·» 
ɨɛɪɚɬɢɦɚ ɧɚ Ⱥ. 
 

5. ȿɫɥɢ ɨɩɟɪɚɰɢɹ «·» ɤɨɦɦɭɬɚɬɢɜɧɚ ɧɚ Ⱥ, ɬɨ ɫɬɪɭɤɬɭɪɚ  
<A, ·> ɧɚɡɵɜɚɟɬɫɹ ɤɨɦɦɭɬɚɬɢɜɧɨɣ ɢɥɢ ɚɛɟɥɟɜɨɣ.   



ɉɊɂɆȿɊЫ. 

1. Ɇɧɨɠɟɫɬɜɨ ɧɚɬɭɪɚɥɶɧɵɯ ɱɢɫɟɥ ɧɟ ɨɛɪɚɡɭɟɬ 
ɚɥɝɟɛɪɚɢɱɟɫɤɨɣ ɫɬɪɭɤɬɭɪɵ ɩɨ ɨɩɟɪɚɰɢɢ ɜɵɱɢɬɚɧɢɹ, 
ɬ.ɤ. ɟɫɥɢ a, b N ɢ a<b, ɬɨ a-b<0, => a-b N. 
 

2. <Z, -> - ɝɪɭɩɩɨɢɞ, ɬ.ɤ. ɨɩɟɪɚɰɢɹ «-» ɧɚ Z  

ɚɥɝɟɛɪɚɢɱɟɫɤɚɹ, ɧɨ ɧɟ ɚɫɫɨɰɢɚɬɢɜɧɚɹ. 
 

3. <N, +> - ɚɛɟɥɟɜɚ ɩɨɥɭɝɪɭɩɩɚ. Ɍ.Ʉ. ɨɩɟɪɚɰɢɹ «+» ɧɟ 
ɨɛɪɚɬɢɦɚ ɧɚ N, ɬɨ <N, +> ɝɪɭɩɩɨɣ ɧɟ ɹɜɥɹɟɬɫɹ. 
 

4. <Z, +> ɢ <R’, > - ɚɛɟɥɟɜɵ ɝɪɭɩɩɵ, ɬ.ɤ. ɨɩɟɪɚɰɢɢ 
«+» ɢ «» ɚɫɫɨɰɢɚɬɢɜɧɵ, ɤɨɦɦɭɬɚɬɢɜɧɵ, ɨɛɥɚɞɚɸɬ 
ɧɟɣɬɪɚɥɶɧɵɦɢ ɷɥɟɦɟɧɬɚɦɢ ɢ ɨɛɪɚɬɢɦɵ ɧɚ 
ɫɨɨɬɜɟɬɫɬɜɭɸɳɢɯ ɦɧɨɠɟɫɬɜɚɯ. 



ТеȚы  ȞеȢеȞȎȠȜȐ: 
1. Оȏȧее ȝȜțяȠȖе ȎșȑеȏȞȎȖȥеȟȘȜȗ 

ȟȠȞȡȘȠȡȞы ȖșȖ ȎșȑеȏȞы. 
 

2. ОȠțȜȦеțȖе ȘȜțȑȞȡэțȤȖȖ Ȗ еȑȜ 
ȟȐȜȗȟȠȐȎ. 
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1. Ʌ.ə. Ʉɭɥɢɤɨɜ. Ⱥɥɝɟɛɪɚ ɢ ɬɟɨɪɢɹ ɱɢɫɟɥ.  
Ɇ.,  ȼɵɫɲɚɹ ɲɤɨɥɚ, 1979. ɋɬɪ. 75-93. 

 

2. Ʌ.ȼ. Ʌɨɛɨɞɢɧɚ. Эɥɟɦɟɧɬɵ ɚɛɫɬɪɚɤɬɧɨɣ ɢ 
ɤɨɦɩɶɸɬɟɪɧɨɣ ɚɥɝɟɛɪɵ. Ȼɨɪɢɫɨɝɥɟɛɫɤ, 
2006. ɋɬɪ. 12-19. 

 



1. Ƚɪɭɩɩы. ɉɪɨɫɬɟɣшɢɟ ɫɜɨɣɫɬɜа ɝɪɭɩɩ. 
 

2. Ƚɨɦɨɦɨɪɮɢɡɦы ɢ ɢɡɨɦɨɪɮɢɡɦы ɝɪɭɩɩ.  
 

3. ɉɪɨɫɬɟɣшɢɟ ɫɜɨɣɫɬɜа ɢɡɨɦɨɪɮɢɡɦɨɜ 
ɝɪɭɩɩ. 



Ɉɩɪɟɞɟɥɟɧɢɟ 1  

Ⱥɥɝɟɛɪɚɢɱɟɫɤɚɹ ɫɬɪɭɤɬɭɪɚ  <G, , -1, e>,  

ɝɞɟ G  , «» - ɛɢɧɚɪɧɚɹ, «-1» - ɭɧɚɪɧɚɹ,  
ɟ - ɧɭɥɶɚɪɧɚɹ ɨɩɟɪɚɰɢɢ ɧɚ G ɧɚɡɵɜɚɟɬɫɹ ɝɪɭɩɩɨɣ, 
ɟɫɥɢ: 
 

1) «·» ɚɫɫɨɰɢɚɬɢɜɧɚ - (x, y G)   x (y z)=(x y) z; 

2) ɟ – ɧɟɣɬɪɚɥɶɧɵɣ ɷɥɟɦɟɧɬ ɩɨ ɨɩɟɪɚɰɢɢ «·»; 
3) (x G) (x-1G)  xx-1= x-1·x = e – ɨɛɪɚɬɢɦɨɫɬɶ.  
 



Ɉɩɪɟɞɟɥɟɧɢɟ 2  

Ⱥɥɝɟɛɪɚɢɱɟɫɤɚɹ ɫɬɪɭɤɬɭɪɚ <G, · >, ɝɞɟ G  ,  

«·» - ɛɢɧɚɪɧɚɹ ɨɩɟɪɚɰɢɹ ɧɚ G, ɧɚɡɵɜɚɟɬɫɹ 
ɝɪɭɩɩɨɣ, ɟɫɥɢ: 
1)«·» ɚɫɫɨɰɢɚɬɢɜɧɚ; 
2)(a, b G) (x, y G)  a·x = b  ɢ  y·a = b, 

(ɝɨɜɨɪɹɬ, ɱɬɨ ɜ ɝɪɭɩɩɟ ɪɚɡɪɟɲɢɦɵ ɭɪɚɜɧɟɧɢɹ 

ɜɢɞɚ a·x = b  ɢ y·a = b). 
 

Ɍɟɨɪɟɦа  

Оɩɪɟɞɟɥɟɧɢɹ ɝɪɭɩɩы 1 ɢ 2 ɷɤɜɢɜɚɥɟɧɬɧы. 
 



I. ɉɭɫɬɶ < G, ·, e, -1> - ɝɪɭɩɩɚ ɩɨ ɨɩɪɟɞɟɥɟɧɢɸ 1. 
Ɍɨɝɞɚ ɩɨ ɭɫɥɨɜɢɸ «·» ɚɫɫɨɰɢɚɬɢɜɧɚ, ɨɛɥɚɞɚɟɬ 
ɧɟɣɬɪɚɥɶɧɵɦ  ɟ  ɢ ɨɛɪɚɬɢɦɚ. 
Ⱦɨɤɚɡɚɬɶ: G – ɝɪɭɩɩɚ ɩɨ ɨɩɪɟɞɟɥɟɧɢɸ 2, ɬ.ɟ., ɱɬɨ ɜ G  

ɞɥɹ ɥɸɛɵɯ  ɚ  ɢ  b  ɪɚɡɪɟɲɢɦɵ ɭɪɚɜɧɟɧɢɹ   
a· x = b   ɢ   y· a = b.   
 

II. ɉɭɫɬɶ <G, ·> - ɝɪɭɩɩɚ ɩɨ ɨɩɪɟɞɟɥɟɧɢɸ 2. 

Ɍɨɝɞɚ ɩɨ ɭɫɥɨɜɢɸ «·» ɚɫɫɨɰɢɚɬɢɜɧɚ ɢ ɭɪɚɜɧɟɧɢɹ   
a· x = b   ɢ   y· a = b  ɪɚɡɪɟɲɢɦɵ ɜ G ɞɥɹ ɥɸɛɵɯ  ɚ  ɢ  b.  

Ⱦɨɤɚɡɚɬɶ: G – ɝɪɭɩɩɚ ɩɨ ɨɩɪɟɞɟɥɟɧɢɸ 1, ɬ.ɟ., ɱɬɨ  
«·»   ɧɚ G   ɚɫɫɨɰɢɚɬɢɜɧɚ, ɨɛɥɚɞɚɟɬ ɧɟɣɬɪɚɥɶɧɵɦ  ɟ  ɢ 
ɨɛɪɚɬɢɦɚ 



ɉɊɈɋɌЕɃɒɂЕ ɋȼɈɃɋɌȼА ȽɊɍɉɉ 

1. ȼ ɝɪɭɩɩɟ ɫɭɳɟɫɬɜɭɟɬ ɟɞɢɧɫɬɜɟɧɧɵɣ ɧɟɣɬɪɚɥɶɧɵɣ: 
ɩɭɫɬɶ e, f – ɧɟɣɬɪɚɥɶɧɵɟ ɷɥɟɦɟɧɬɵ ɝɪɭɩɩɵ <G, ·>. 

Ɍɨɝɞɚ:  e ·f = f,  ɬ.ɤ   ɟ – ɧɟɣɬɪɚɥɶɧɵɣ ɷɥɟɦɟɧɬ 

      ɢ    e ·f = ɟ,  ɬ.ɤ.   f – ɧɟɣɬɪɚɥɶɧɵɣ ɷɥɟɦɟɧɬ, =>  

e = f. 
 

2. ȼ ɝɪɭɩɩɟ ɤɚɠɞɵɣ ɷɥɟɦɟɧɬ ɨɛɥɚɞɚɟɬ ɟɞɢɧɫɬɜɟɧɧɵɦ 
ɨɛɪɚɬɧɵɦ: 
ɩɭɫɬɶ b, c – ɨɛɪɚɬɧɵɟ ɞɥɹ ɷɥɟɦɟɧɬɚ   ɚG. 

Ɍɨɝɞɚ: a ·b = b ·a = e,  ɬ.ɤ.  b  - ɨɛɪɚɬɧɵɣ ɞɥɹ  ɚ 

      ɢ    a ·c = c ·a = e,  ɬ.ɤ.   ɫ  -  ɨɛɪɚɬɧɵɣ ɞɥɹ  ɚ, => 

b = b ·e = b ·(a· c) = (b ·a) ·c = e ·c = c. 



3. ȼ ɝɪɭɩɩɟ ɤɚɠɞɨɟ ɢɡ ɭɪɚɜɧɟɧɢɣ a ·x = b ɢ y ·b = a 
ɢɦɟɟɬ ɟɞɢɧɫɬɜɟɧɧɨɟ ɪɟɲɟɧɢɟ ɞɥɹ ɥɸɛɵɯ a, b G. 

Ⱦɨɤɚɡɚɬɟɥɶɫɬɜɨ => ɢɡ ɫɜɨɣɫɬɜɚ 2. 
 

 

4. ȼ ɝɪɭɩɩɟ   (ɚ-1)-1= ɚ,   (ɚ ·b)-1= b-1 · a-1: 

(b-1 · a-1) ·(a ·b) = b-1 ·( a-1 ·a) ·b = b-1 ·e ·b = b-1 ·b = 
e, 

 (b-1 · a-1) – ɨɛɪɚɬɧɵɣ ɞɥɹ (a ·b);  

ɧɨ (ɚ ·b)-1 – ɨɛɪɚɬɧɵɣ ɞɥɹ (a ·b) ɩɨ ɨɩɪɟɞɟɥɟɧɢɸ, 
=> ɨɧɢ ɫɨɜɩɚɞɚɸɬ (ɢɡ ɟɞɢɧɫɬɜɟɧɧɨɫɬɢ ɨɛɪɚɬɧɨɝɨ). 
 

 

5. ȼ ɝɪɭɩɩɟ ɨɩɟɪɚɰɢɹ ɞɜɭɫɬɨɪɨɧɧɟ ɫɨɤɪɚɬɢɦɚ. 
 



Гɨɦɨɦɨɪɮɢɡɦɨɦ ɝɪɭɩɩɵ <G, ·> ɜ ɝɪɭɩɩɭ <S, *>  

ɧɚɡɵɜɚɟɬɫɹ ɨɬɨɛɪɚɠɟɧɢɟ f: G  S, ɬɚɤɨɟ ɱɬɨ 

(x, y G)  f(x ·y) = f(x)* f(y), 
ɝɨɜɨɪɹɬ, ɱɬɨ f ɫɨɯɪɚɧɹɟɬ ɨɩɟɪɚɰɢɸ ɝɪɭɩɩɵ. 
 

 

Ɇɧɨɠɟɫɬɜɨ f(G)={s S | (x G) s = f(x)} ɧɚɡɵɜɚɟɬɫɹ  
ɝɨɦɨɦɨɪɮɧыɦ ɨɛɪɚɡɨɦ ɝɪɭɩɩɵ  G   (f(G)  S).   
 

 

 

Ƚɨɦɨɦɨɪɮɢɡɦ ɝɪɭɩɩ ɧɚɡɵɜɚɟɬɫɹ ɢɡɨɦɨɪɮɢɡɦɨɦ, 
ɟɫɥɢ f – ɛɢɟɤɬɢɜɧɨɟ ɨɬɨɛɪɚɠɟɧɢɟ. 
 

Ɉɛɨɡɧɚɱɟɧɢɟ:  G ~ S – ɝɨɦɨɦɨɪɮɧɵɟ ɝɪɭɩɩɵ, 
                          G  S – ɢɡɨɦɨɪɮɧɵɟ ɝɪɭɩɩɵ.  



f 

<G, ·> <G, ·> <S, *> 

x 

y 

z= 
x·y 

f(x) 

f(y) 

f(z)= f(x)*f(y) 



ɉɊɂɆЕɊЫ 

1. <Z, +>  <2Z, +>, ɬ.ɤ. ɛɢɟɤɬɢɜɧɨɟ  ɨɬɨɛɪɚɠɟɧɢɟ  
f: Z  2Z     (x Z) f(x) = 2x ɫɨɯɪɚɧɹɟɬ ɨɩɟɪɚɰɢɸ 
ɝɪɭɩɩɵ <Z, +> : 

(x, y  Z) f(x +y) = 2(x +y) = 2x +2y =f(x) +f(y).  

 

2. <R+, ·>  <R, +>, ɬ.ɤ. , ɛɢɟкцɢя (ɞокɚɡɚть!!!)  
f: R+  R  (x R+ ) f(x) = lgx ɫɨɯɪɚɧɹɟɬ ɨɩɟɪɚɰɢɸ 
ɝɪɭɩɩɵ <R+, ·> : 

(x, y  R+ ) f(x y) = lg(x ·y) = lgx +lgy =f(x) +f(y).  



ɉɊɈɋɌЕɃɒɂЕ ɋȼɈɃɋɌȼА  ȽɈɆɈɆɈɊɎɂɁɆɈȼ 
ȽɊɍɉɉ 
 

1.Ƚɨɦɨɦɨɪɮɢɡɦ ɝɪɭɩɩ ɩɟɪɟɜɨɞɢɬ ɧɟɣɬɪɚɥɶɧɵɣ 
ɷɥɟɦɟɧɬ ɜ ɧɟɣɬɪɚɥɶɧɵɣ:       f(eG) = ɟS 
 

2.ɉɪɢ ɝɨɦɨɦɨɪɮɢɡɦɟ ɝɪɭɩɩ ɨɛɪɚɬɧɵɣ ɷɥɟɦɟɧɬ 
ɩɟɪɟɯɨɞɢɬ ɜ ɨɛɪɚɬɧɵɣ:        f(x-1) = [f(x)]-1. 
 

3.Ƚɨɦɨɦɨɪɮɧɵɣ ɨɛɪɚɡ ɝɪɭɩɩɵ ɟɫɬɶ ɝɪɭɩɩɚ. 
 

ɁАɆЕɑАɇɂЕ 

Иɡɨɦɨɪɮɧɵɟ ɚɥɝɟɛɪɚɢɱɟɫɤɢɟ ɫɬɪɭɤɬɭɪɵ ɫ ɬɨɱɤɢ 
ɡɪɟɧɢɹ ɚɥɝɟɛɪɵ ɨɞɢɧɚɤɨɜɵ, ɚ ɝɨɦɨɦɨɪɮɧɵɟ ɥɢɲɶ 
ɩɨɯɨɠɢ. 



ТȓȚы  ȞȓȢȓȞаȠȜȐ: 
РаȕșȖчțыȓ ȐȖȒы ȑȜȚȜȚȜȞȢȖȕȚȜȐ 
ȑȞȡȝȝ: 
эȝȖȚȜȞȢȖȕȚы, аȐȠȜȚȜȞȢȖȕȚы  
Ȗ Ȗȣ ȟȐȜȗȟȠȐа. 

 



ЛȖȠȓȞаȠȡȞа 

1. Ʌ.ə. Ʉɭɥɢɤɨɜ. Ⱥɥɝɟɛɪɚ ɢ ɬɟɨɪɢɹ ɱɢɫɟɥ.  
Ɇ.,  ȼɵɫɲɚɹ ɲɤɨɥɚ, 1979. ɋɬɪ.94 - 100. 

 

2. Ʌ.ȼ. Ʌɨɛɨɞɢɧɚ. Эɥɟɦɟɧɬɵ ɚɛɫɬɪɚɤɬɧɨɣ ɢ 
ɤɨɦɩɶɸɬɟɪɧɨɣ ɚɥɝɟɛɪɵ. Ȼɨɪɢɫɨɝɥɟɛɫɤ, 
2006. ɋɬɪ.29 – 31, 35 - 37. 

 



1. Гɨɦɨɦɨɪфɢɡɦɵ ɢ ɢɡɨɦɨɪфɢɡɦɵ ɤɨɥɟɰ ɢ 
ɩɨɥɟɣ. 

 

2. ɉɨɞɤɨɥɶɰа ɢ ɩɨɞɩɨɥя.  
 

3. Кɨɥɶɰɨ ɦɧɨɝɨɱɥɟɧɨɜ ɨɬ ɨɞɧɨɣ 
ɩɟɪɟɦɟɧɧɨɣ. 

 

4. Кɨɥɶɰɨ ɤɥаɫɫɨɜ ɜɵɱɟɬɨɜ ɩɨ mod m. 



Гɨɦɨɦɨɪɮɢɡɦɨɦ ɤɨɥɶɰɚ <К, +, ·> ɜ ɤɨɥɶɰɨ <S, , >  

ɧɚɡɵɜɚɟɬɫɹ ɨɬɨɛɪɚɠɟɧɢɟ f: Ʉ  S, ɬɚɤɨɟ ɱɬɨ 

1) (x, y Ʉ)  f(x +y) = f(x)  f(y); 

2) (f(x y) = f(x)  f(y); 

3) (x Ʉ)  f(-x) = - f(x); 

4) f(1K) = 1S. 
 

Ƚɨɜɨɪɹɬ, ɱɬɨ f ɫɨɯɪаɧɹɟɬ ɝɥаɜɧɵɟ ɨɩɟɪаɰɢɢ ɤɨɥɶɰɚ. 
 

 

Ƚɨɦɨɦɨɪɮɢɡɦ ɤɨɥɟɰ ɧɚɡɵɜɚɟɬɫɹ ɢɡɨɦɨɪɮɢɡɦɨɦ, ɟɫɥɢ f – 
ɛɢɟɤɬɢɜɧɨɟ ɨɬɨɛɪɚɠɟɧɢɟ. 

Ɉɛɨɡɧɚɱɟɧɢɟ:  Ʉ ~ S – ɝɨɦɨɦɨɪɮɧɵɟ ɤɨɥɶɰɚ, 
                          G  S – ɢɡɨɦɨɪɮɧɵɟ ɤɨɥɶɰɚ.  
 

Аɧаɥɨɝɢɱɧɵɟ ɨɩɪɟɞɟɥɟɧɢɹ ɦɨɠɧɨ ɞаɬɶ ɞɥɹ ɩɨɥɟɣ. 



Тɟɨɪɟɦа 

ȿɫɥɢ ɨɬɨɛɪɚɠɟɧɢɟ f: <K, +, >  <S, ,  > ɩɟɪɟɜɨɞɢɬ 1Ʉ 
ɤɨɥɶɰɚ Ʉ ɜ 1S ɤɨɥɶɰɚ S ɢ ɫɨɯɪɚɧɹɟɬ ɨɛɟ ɨɩɟɪɚɰɢɢ ɤɨɥɶɰɚ Ʉ, 
ɬɨ f ɩɟɪɟɜɨɞɢɬ 0K ɤɨɥɶɰɚ Ʉ ɜ 0S ɤɨɥɶɰɚ S ɢ ɹɜɥɹɟɬɫɹ 
ɝɨɦɨɦɨɪɮɢɡɦɨɦ ɤɨɥɟɰ.    
 

Ⱦɨɤɚɡɚɬɟɥɶɫɬɜɨ. 
Ɋɚɫɫɦɨɬɪɢɦ ɚɞɞɢɬɢɜɧɵɟ ɝɪɭɩɩɵ ɤɨɥɟɰ ɩɪɢ ɨɬɨɛɪɚɠɟɧɢɢ f: 

f: <K, +, -, 0K >  <S, , -, 0S > 

ɉɨ ɭɫɥɨɜɢɸ f ɫɨɯɪɚɧɹɟɬ ɨɩɟɪɚɰɢɸ «+», => ɩɨ ɬɟɨɪɟɦɟ ɨ 
ɝɨɦɨɦɨɪɮɢɡɦɚɯ ɝɪɭɩɩ  f: 0K  0S  ɢ   
=> f  ɟɫɬɶ ɝɨɦɨɦɨɪɮɢɡɦ ɤɨɥɟɰ. 

)),()(()( xfxfKx 



ɉɊɂɆȿɊ 

1. Ɉɬɨɛɪɚɠɟɧɢɟ f ɤɨɥɶɰɚ ɦɚɬɪɢɰ ɜɢɞɚ                                   
 
ɧɚ ɤɨɥɶɰɨ Q ɪɚɰɢɨɧɚɥɶɧɵɯ ɱɢɫɟɥ, ɝɞɟ    
ɟɫɬɶ ɝɨɦɨɦɨɪɮɢɡɦ ɤɨɥɟɰ. 
 
2. Ɉɬɨɛɪɚɠɟɧɢɟ f ɤɨɥɶɰɚ ɦɚɬɪɢɰ ɜɢɞɚ                                   
 
ɧɚ ɤɨɥɶɰɨ Q ɪɚɰɢɨɧɚɥɶɧɵɯ ɱɢɫɟɥ, ɝɞɟ   
ɟɫɬɶ ɢɡɨɦɨɪɮɢɡɦ ɤɨɥɟɰ. 
 
Ɉɩɪɟɞɟɥɟɧɢɟ 
ɉɭɫɬɶ f: <K, +, >  <S, ,  > - ɝɨɦɨɦɨɪɮɢɡɦ ɤɨɥɟɰ. 
Ɇɧɨɠɟɫɬɜɨ ɜɫɟɯ ɷɥɟɦɟɧɬɨɜ ɤɨɥɶɰɚ Ʉ, ɤɨɬɨɪɵɟ 
ɨɬɨɛɪɚɠɚɸɬɫɹ ɜ 0S ɤɨɥɶɰɚ S, ɧɚɡɵɜɚɟɬɫɹ ɹɞɪɨɦ 
ɝɨɦɨɦɨɪɮɢɡɦɚ f ɢ ɨɛɨɡɧɚɱɚɟɬɫɹ Ker f = {x K | f(x) = 0S}. 
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Ɇɨɠɧɨ ɞɨɤɚɡɚɬɶ, ɱɬɨ ɹɞɪɨ ɝɨɦɨɦɨɪɮɢɡɦɚ ɨɛɪɚɡɭɟɬ 
ɩɨɞɝɪɭɩɩɭ ɚɞɞɢɬɢɜɧɨɣ ɝɪɭɩɩɵ ɤɨɥɶɰɚ Ʉ. 
 

Ɉɩɪɟɞɟɥɟɧɢɟ 

ɉɨɞɦɧɨɠɟɫɬɜɨ S ɤɨɥɶɰɚ  <K, +, >  ɧɚɡɵɜɚɟɬɫɹ 
ɩɨɞɤɨɥɶɰɨɦ ɤɨɥɶɰɚ Ʉ, ɟɫɥɢ ɨɧɨ ɫɚɦɨ ɨɛɪɚɡɭɟɬ ɤɨɥɶɰɨ 
ɨɬɧɨɫɢɬɟɥɶɧɨ ɨɩɟɪɚɰɢɣ, ɡɚɞɚɧɧɵɯ ɧɚ Ʉ. 
 

Тɟɨɪɟɦа (ɤɪɢɬɟɪɢɣ ɩɨɞɤɨɥɶɰɚ) 
ɉɨɞɦɧɨɠɟɫɬɜɨ S ɤɨɥɶɰɚ <K, +, > ɹɜɥɹɟɬɫɹ ɩɨɞɤɨɥɶɰɨɦ 
 ɤɨɝɞɚ: 
(1) ( a, b S)   (a –b) S; 

(2) ( a, b S)   a b S. 



Ⱦɨɤɚɡɚɬɟɥɶɫɬɜɨ. 
 

1. ɉɭɫɬɶ S – ɩɨɞɤɨɥɶɰɨ ɤɨɥɶɰɚ <K, +, >, => ɩɨ 
ɨɩɪɟɞɟɥɟɧɢɸ S ɫɚɦɨ ɹɜɥɹɟɬɫɹ ɤɨɥɶɰɨɦ ɩɨ ɨɩɟɪɚɰɢɹɦ «+» 
ɢ «» ɢ ɭɫɥɨɜɢɹ (1), (2) ɫɥɟɞɭɸɬ ɢɡ ɚɤɫɢɨɦ ɤɨɥɶɰɚ. 
 

2. ɉɭɫɬɶ S  K  ɢ  (1), (2)  ɜɵɩɨɥɧɹɸɬɫɹ.  
 

ɂɡ  (1) (ɩɨ ɤɪɢɬɟɪɢю ɩɨɞɝɪɭɩɩɵ) => S - ɩɨɞɝɪɭɩɩɚ 
ɚɞɞɢɬɢɜɧɨɣ ɝɪɭɩɩɵ Ʉ, => <S, +> -  ɚɞɞɢɬɢɜɧɚɹ ɝɪɭɩɩɚ (ɩɨ 
ɨɩɪɟɞɟɥɟɧɢю ɩɨɞɝɪɭɩɩɵ).  
 

ɂɡ (2) => <S,  > - ɝɪɭɩɩɨɢɞ. Ɍ.ɤ. ɡɚɤɨɧɵ 
ɞɢɫɬɪɢɛɭɬɢɜɧɨɫɬɢ «» ɨɬɧɨɫɢɬɟɥɶɧɨ «+» ɜɵɩɨɥɧɹɸɬɫɹ ɧɚ 
ɜɫɟɦ ɦɧɨɠɟɫɬɜɟ Ʉ, ɬɨ ɨɧɢ ɜɵɩɨɥɧɹɸɬɫɹ ɢ ɧɚ ɟɝɨ 
ɩɨɞɦɧɨɠɟɫɬɜɟ S. Ɍ.ɨ. ɞɥɹ S ɜɵɩɨɥɧɟɧɵ ɜɫɟ ɚɤɫɢɨɦɵ 
ɤɨɥɶɰɚ, => S – ɩɨɞɤɨɥɶɰɨ ɤɨɥɶɰɚ Ʉ (ɩɨ ɨɩɪɟɞɟɥɟɧɢю 
ɩɨɞɤɨɥɶɰа). 



ɉɪɢɦɟɪ 1.  Кɨɥɶɰɨ ɦɧɨɝɨɱɥɟɧɨɜ ɨɬ ɨɞɧɨɣ ɩɟɪɟɦɟɧɧɨɣ 

ɉɭɫɬɶ Ʉ – ɤɨɥɶɰɨ ɛɟɡ ɞɟɥɢɬɟɥɟɣ 0 ɢɥɢ ɩɨɥɟ. 
Мɧɨɝɨɱɥɟɧɨɦ ɨɬ ɨɞɧɨɣ ɩɟɪɟɦɟɧɧɨɣ ɧаɞ ɤɨɥɶɰɨɦ 
(ɩɨɥɟɦ) К ɧɚɡɵɜɚɟɬɫɹ ɮɨɪɦɚɥɶɧɚɹ ɫɭɦɦɚ ɜɢɞɚ: 

   

 

 

Чɢɫɥɨ n N ɧɚɡɵɜɚɟɬɫɹ ɫɬɟɩɟɧɶɸ ɦɧɨɝɨɱɥɟɧɚ f(x), an – 
ɫɬаɪɲɢɦ ɤɨɷɮɮɢɰɢɟɧɬɨɦ. 

ɇɚ ɦɧɨɠɟɫɬɜɟ ɜɫɟɯ ɦɧɨɝɨɱɥɟɧɨɜ ɨɬ ɨɞɧɨɣ ɩɟɪɟɦɟɧɧɨɣ 
ɧɚɞ Ʉ ɡɚɞɚɧɵ ɨɛɵɱɧɵɟ ɨɩɟɪɚɰɢɢ «+» ɢ «» ɦɧɨɝɨɱɥɟɧɨɜ. 
Эɬɨ ɦɧɨɠɟɫɬɜɨ ɨɛɪɚɡɭɟɬ ɨɬɧɨɫɢɬɟɥɶɧɨ ɡɚɞɚɧɧɵɯ 
ɨɩɟɪɚɰɢɣ ɤɨɥɶɰɨ ɦɧɨɝɨɱɥɟɧɨɜ ɨɬ ɨɞɧɨɣ ɩɟɪɟɦɟɧɧɨɣ ɧаɞ 
ɤɨɥɶɰɨɦ (ɩɨɥɟɦ) К. 

       Ɉɛɨɡɧɚɱɟɧɢɟ: K [x]. 
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ɇɭɥɟɦ ɤɨɥɶɰɚ K [x] ɹɜɥɹɟɬɫɹ ɧɭɥɟɜɨɣ ɦɧɨɝɨɱɥɟɧ  O(x): 

O(x) = 0xn +0xn-1 +…+0x+0. 

ɋɬɟɩɟɧɶ ɦɧɨɝɨɱɥɟɧɚ O(x) ɧɟ ɨɩɪɟɞɟɥɟɧа;  ɜ ɤɚɱɟɫɬɜɟ 
ɫɬɟɩɟɧɢ O(x) ɦɨɠɧɨ ɛɪɚɬɶ ɥɸɛɨɟ ɧɚɬɭɪɚɥɶɧɨɟ n. 

ɉɪɨɬɢɜɨɩɨɥɨɠɧɵɦ ɞɥɹ ɦɧɨɝɨɱɥɟɧɚ 

 

ɹɜɥɹɟɬɫɹ ɦɧɨɝɨɱɥɟɧ 

 

ɋɚɦɢ ɷɥɟɦɟɧɬɵ ɤɨɥɶɰɚ (ɩɨɥɹ)  Ʉ ɦɨɠɧɨ ɪɚɫɫɦɚɬɪɢɜɚɬɶ 
ɤɚɤ ɦɧɨɝɨɱɥɟɧɵ ɧɭɥɟɜɨɣ ɫɬɟɩɟɧɢ ɧɚɞ Ʉ, ɩɨɫɤɨɥɶɤɭ ɨɧɢ 
ɧɟ ɫɨɞɟɪɠɚɬ ɩɟɪɟɦɟɧɧɨɣ ɯ.   
 

Ɍɚɤ ɤɚɤ ɜ Ʉ ɧɟɬ ɞɟɥɢɬɟɥɟɣ 0, ɬɨ ɜ ɤɨɥɶɰɟ K [x ] ɬɚɤɠɟ ɧɟɬ 
ɞɟɥɢɬɟɥɟɣ 0. Ɍɨɥɶɤɨ ɩɨɷɬɨɦɭ ɫɬɟɩɟɧɶ ɩɪɨɢɡɜɟɞɟɧɢɹ 
ɦɧɨɝɨɱɥɟɧɨɜ ɪɚɜɧɚ ɫɭɦɦɟ ɫɬɟɩɟɧɟɣ ɫɨɦɧɨɠɢɬɟɥɟɣ. 
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ɉɪɢɦɟɪ 2.  Кɨɥɶɰɨ ɤɥаɫɫɨɜ ɜɵɱɟɬɨɜ ɩɨ mod m 

ɉɭɫɬɶ Z – ɤɨɥɶɰɨ ɰɟɥɵɯ ɱɢɫɟɥ, m > 1 – ɮɢɤɫɢɪɨɜɚɧɧɨɟ 
ɰɟɥɨɟ ɱɢɫɥɨ.  
Ɂɚɞɚɞɢɦ ɧɚ Z  ɨɬɧɨɲɟɧɢɟ  «≡»: b ≡ a (mod m)   

 b ɢ a ɩɪɢ ɞɟɥɟɧɢɢ ɧɚ m ɞɚɸɬ ɨɞɢɧɚɤɨɜɵɟ ɨɫɬɚɬɤɢ 

Ƚɨɜɨɪɹɬ, ɱɬɨ  а  ɫɪаɜɧɢɦɨ ɫ  b  ɩɨ ɦɨɞɭɥю  m.  

             «≡» - ɨɬɧɨɲɟɧɢɟ ɷɤɜɢɜɚɥɟɧɬɧɨɫɬɢ ɧɚ Z. 

 Ʉɥɚɫɫɵ ɪɚɡɛɢɟɧɢɹ ɩɨ ɨɬɧɨɲɟɧɢɸ «≡» : 
Kr = {r+m·q | q - ɰɟɥɨɟ} = {…,-3m+r, -2m+r, -m+r, r, m+r, 

2m+r, 3m+r,…}. 

Ʉɥɚɫɫɵ ɨɛɨɡɧɚɱɚɸɬ Kr =        ɢ  ɧɚɡɵɜɚɸɬ ɤɥаɫɫаɦɢ 
ɜɵɱɟɬɨɜ ɢɥɢ ɩɪɨɫɬɨ ɜɵɱɟɬаɦɢ ɩɨ mod m. 

r



 
Ʉɚɠɞɵɣ ɤɥɚɫɫ Kr ɫɨɞɟɪɠɢɬ ɛɟɫɤɨɧɟɱɧɨ ɦɧɨɝɨ ɰɟɥɵɯ 
ɱɢɫɟɥ, ɫɚɦɢɯ ɤɥɚɫɫɨɜ ɫɭɳɟɫɬɜɭɟɬ ɪɨɜɧɨ  m:  
 

 
Ɂɚɞɚɞɢɦ ɧɚ  Zm  ɨɩɟɪɚɰɢɢ «+» ɢ «·»: 

  
 
 
Ɇɧɨɠɟɫɬɜɨ Zm ɩɨ ɨɩɟɪɚɰɢɹɦ «+» ɢ «·» ɨɛɪɚɡɭɟɬ 
ɤɨɥɶɰɨ, ɤɨɬɨɪɨɟ ɧɚɡɵɜɚɸɬ ɤɨɥɶɰɨɦ ɤɥаɫɫɨɜ ɜɵɱɟɬɨɜ 
ɩɨ mod m. 
 
ȿɫɥɢ ɱɢɫɥɨ m ɩɪɨɫɬɨɟ, ɬɨ Zm ɨɛɪɚɡɭɟɬ ɩɨɥɟ. 

}1,,1,0{  mZm 

., 1111 rrrrrrrr 



ɉɊɂɆȿɊЫ 

1. m =6, ɬɨɝɞɚ  

  

ȼ ɤɨɥɶɰɟ Z6 ɟɫɬɶ ɞɟɥɢɬɟɥɢ ɧɭɥɹ: 
                                                                                          

- ɞɟɥɢɬɟɥɢ ɧɭɥɹ. 
 

2.  m =5, ɬɨɝɞɚ ɞɟɥɢɬɟɥɟɣ 0 ɜ ɤɨɥɶɰɟ  Z5  ɧɟɬ ɢ ɨɧɨ 
ɹɜɥɹɟɬɫɹ ɩɨɥɟɦ. Ⱦɟɣɫɬɜɢɬɟɥɶɧɨ, ɬ.ɤ. 5 – ɩɪɨɫɬɨɟ, ɬɨ ɨɧɨ 
ɪɚɫɤɥɚɞɵɜɚɟɬɫɹ ɧɚ ɦɧɨɠɢɬɟɥɢ ɟɞɢɧɫɬɜɟɧɧɵɦ ɫɩɨɫɨɛɨɦ: 5 
= 51, ɩɨɬɨɦɭ: 

 
 

 

).6(mod410..,4105252

),6(mod17..,175252};5,,1,0{6





ɤɬ

ɤɬZ 

32,032,06,03,02.32326 ɢɧɨ 

).5(mod05..,05,15155  ɤɬɧɨ



ȀȓȚȩ  ȞȓȢȓȞаȠȜв: 

1. ПȜțяȠиȓ ȣаȞаȘȠȓȞиȟȠиȘи 
ȝȜșя. 
 

2. ȁȝȜȞяȒȜȥȓțțȩȓ ȘȜșȪȤа и 
ȝȜșя.  
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1. ɉɨɥе ɤɨɦɩɥеɤɫɧɵɯ чɢɫеɥ. 
 

2. Аɥгеɛɪɚɢчеɫɤɚя ɮɨɪɦɚ ɤɨɦɩɥеɤɫɧɨгɨ 
чɢɫɥɚ.  

 

3. Ɍɪɢгɨɧɨɦеɬɪɢчеɫɤɚя ɢ ɩɨɤɚɡɚɬеɥɶɧɚя 
ɮɨɪɦɵ ɤɨɦɩɥеɤɫɧɨгɨ чɢɫɥɚ. 

 

4. Ʉɨɪɧɢ n-ɣ ɫɬеɩеɧɢ ɢɡ ɤɨɦɩɥеɤɫɧɵɯ 
чɢɫеɥ. 



 

ɉɭɫɬɶ  ɋ = RR = {<a, b> | a, b R}  
ɈɉɊȿȾȿɅȿɇɂȿ 

1. Ɇɧɨɠɟɫɬɜɨ ɋ ɧɚɡɨɜɟɦ ɦɧɨɠɟɫɬɜɨɦ ɤɨɦɩɥɟɤɫɧɵɯ 
ɱɢɫɟɥ, ɚ ɟɝɨ ɷɥɟɦɟɧɬɵ – ɤɨɦɩɥɟɤɫɧɵɦɢ ɱɢɫɥɚɦɢ. 

2. Ⱦɜɚ ɤɨɦɩɥɟɤɫɧɵɯ ɱɢɫɥɚ  <a, b>  ɢ  <c, d>  
ɧɚɡɵɜɚɸɬɫɹ ɪɚɜɧɵɦɢ, ɟɫɥɢ ɪɚɜɧɵ ɫɨɨɬɜɟɬɫɬɜɭɸɳɢɟ 
ɷɥɟɦɟɧɬɵ ɷɬɢɯ ɩɚɪ: a = c,  b = d. 
 

Ɍɚɤɢɦ ɨɛɪɚɡɨɦ, ɤɨɦɩɥɟɤɫɧɨɟ ɱɢɫɥɨ ɟɫɬɶ 
ɭɩɨɪяɞɨɱɟɧɧɚя ɩɚɪɚ ɞɟɣɫɬɜɢɬɟɥɶɧɵɯ ɱɢɫɟɥ. 
 

ɇɚ ɋ  ɡɚɞɚɞɢɦ ɨɩɟɪɚɰɢɢ «+» ɢ «·»: 
<a, b> + <c, d> = <a + b, c + d>                      (1), 

 

<a, b>  <c, d> = <a c – b d,  a d + b c>        (2). 



Ɉɩɟɪɚɰɢɢ «+» ɢ «·» ɧɚ ɋ ɨɛɥɚɞɚɸɬ ɫɜɨɣɫɬɜɚɦɢ: 
– ɤɨɦɦɭɬɚɬɢɜɧɨɫɬɶ ɢ ɚɫɫɨɰɢɚɬɢɜɧɨɫɬɶ; 
– «·» ɞɢɫɬɪɢɛɭɬɢɜɧɨ ɨɬɧɨɫɢɬɟɥɶɧɨ «+»; 
– ɧɟɣɬɪɚɥɶɧɵɣ ɷɥɟɦɟɧɬ ɩɨ «+» - ɩɚɪɚ <0, 0>; ɩɨ 
ɭɦɧɨɠɟɧɢɸ – ɩɚɪɚ <1, 0>; 

– ɞɥɹ ɱɢɫɥɚ  <a, b> ɩɪɨɬɢɜɨɩɨɥɨɠɧɵɦ ɷɥɟɦɟɧɬɨɦ 
ɹɜɥɹɟɬɫɹ ɱɢɫɥɨ <-a, -b>. 

 

ɉɪɨɜɟɪɢɦ   ɫɭɳɟɫɬɜɨɜɚɧɢɟ ɞɥɹ <a, b>  0 ɨɛɪɚɬɧɨɝɨ 
ɷɥɟɦɟɧɬɚ ɩɨ «·»: 

<a, b>  0  <a, b>  <0, 0>  a2 +b2  0, 

ɂɡ ɨɩɪɟɞɟɥɟɧɢɹ ɨɛɪɚɬɧɨɝɨ  <a, b>  <a, b>-1 = <1, 0>  

Ɍ.ɤ. <a, b>-1 ɋ, ɬɨ ( x, y R)  <a, b>-1 = <x, y>, => 

ɱɬɨɛɵ ɧɚɣɬɢ ɨɛɪɚɬɧɵɣ ɤ <a, b>, ɧɭɠɧɨ ɪɟɲɢɬɶ ɭɪɚɜɧɟɧɢɟ  



<a, b>  <x, y> = <1, 0>        
 
 
 
 

 
Ɍ.ɨ, ɞɥɹ <a, b>  0 ɨɛɪɚɬɧɵɣ ɷɥɟɦɟɧɬ ɢɦɟɟɬ ɜɢɞ: 

 
 

 
ɌȿɈɊȿɆА 

Ɇɧɨɠɟɫɬɜɨ ɤɨɦɩɥɟɤɫɧɵɯ ɱɢɫɟɥ  ɋ  ɨɬɧɨɫɢɬɟɥɶɧɨ 
ɡɚɞɚɧɧɵɯ ɨɩɟɪɚɰɢɣ «+» ɢ «·» ɨɛɪɚɡɭɟɬ ɩɨɥɟ, 
ɤɨɬɨɪɨɟ ɧɚɡɵɜɚɟɬɫɹ ɩɨɥɟɦ ɤɨɦɩɥɟɤɫɧɵɯ ɱɢɫɟɥ. 
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ɅȿɆɆА 

ɉɨɞɦɧɨɠɟɫɬɜɨ  ɋR  ɋ,  ɋR = {<a, 0> | a R} 
ɢɡɨɦɨɪɮɧɨ ɩɨɥɸ ɞɟɣɫɬɜɢɬɟɥɶɧɵɯ ɱɢɫɟɥ. 
 

Ⱦɨɤɚɡɚɬɟɥɶɫɬɜɨ. 
Ɋɚɫɫɦɨɬɪɢɦ ɨɬɨɛɪɚɠɟɧɢɟ f: R  ɋR,  f (a) = <a, b>. 

Ɉɱɟɜɢɞɧɨ, f – ɛɢɟɤɰɢɹ.     ( a, b  R) 

(1)  f (a +b) = <a +b, 0> = <a, 0> + <b, 0> =  f (a) + f (b);  
 

(2) f (a b) = <a b, 0> = <a, 0> · <b, 0> = f (a)  f (b),  => 

f  ɫɨɯɪɚɧɹɟɬ ɨɫɧɨɜɧɵɟ ɨɩɟɪɚɰɢɢ ɩɨɥɹ  R ,  

=> f – ɢɡɨɦɨɪɮɢɡɦ, =>  < ɋR , +,  > - ɩɨɥɟ (ɤɚɤ 
ɢɡɨɦɨɪɮɧыɣ ɨɛɪɚɡ ɩɨɥя), => ɋR  - ɩɨɞɩɨɥɟ ɩɨɥɹ ɋ. 
 



Дɟɣɫɬɜɢɬɟɥɶɧɵɦ ɤɨɦɩɥɟɤɫɧɵɦ ɱɢɫɥɨɦ ɧɚɡɵɜɚɸɬ  
ɩɚɪɭ <a, 0>, ɤɨɬɨɪɭɸ ɨɬɨɠɞɟɫɬɜɥɹɸɬ ɫ ɱɢɫɥɨɦ a:   

<a, 0>    ɚ. 
ȼ ɱɚɫɬɧɨɫɬɢ,  <0, 0>    0;  <1, 0>   1;  <-1, 0>    -1. 
 
ɌȿɈɊȿɆА 

ȼ ɩɨɥɟ ɤɨɦɩɥɟɤɫɧɵɯ ɱɢɫɟɥ ɪɚɡɪɟɲɢɦɨ ɭɪɚɜɧɟɧɢɟ 
z 2 =  -1   (*).  

Ⱦɨɤɚɡɚɬɟɥɶɫɬɜɨ. 
ɉɭɫɬɶ z = <0, 1>, => <0, 1>  <0, 1> = <00-11, 01+10> 
= <-1, 0>  -1. 
 

ɉɚɪɭ <0, 1>, ɤɨɬɨɪɚɹ ɹɜɥɹɟɬɫɹ ɪɟɲɟɧɢɟɦ ɭɪɚɜɧɟɧɢɹ (*) 
ɧɚɡɵɜɚɸɬ ɦɧɢɦɨɣ ɟɞɢɧɢɰɟɣ ɢ ɨɛɨɡɧɚɱɚɸɬ i:  =>  

<0, 1>  i,    i2 = -1.  



ɌȿɈɊȿɆА 

 Ʌɸɛɨɟ ɤɨɦɩɥɟɤɫɧɨɟ ɱɢɫɥɨ ɩɪɟɞɫɬɚɜɢɦɨ ɜ ɜɢɞɟ 

z = a + b i    (**) 

Ⱦɨɤɚɡɚɬɟɥɶɫɬɜɨ. 
ɉɭɫɬɶ z = <a, b>, a, b R. Ɍɨɝɞɚ: 

z = <a, b> = <a, 0> + <0, b> = <a, 0> + <b, 0>  <0, 1>. 

Ɍ.ɤ. <a, 0>  a, <b, 0>  b, <0, 1>  i, ɬɨ z = a + b i 
 

ɉɪɟɞɫɬɚɜɥɟɧɢɟ (**) ɧɚɡɵɜɚɸɬ ɚɥɝɟɛɪɚɢɱɟɫɤɨɣ ɮɨɪɦɨɣ 
ɤɨɦɩɥɟɤɫɧɨɝɨ ɱɢɫɥɚ. 
ɚ = Re z - ɞɟɣɫɬɜɢɬɟɥɶɧɚɹ ɱɚɫɬɶ ɤɨɦɩɥɟɤɫɧɨɝɨ ɱɢɫɥɚ z, 

b = Im z – ɦɧɢɦɚɹ ɱɚɫɬɶ ɤɨɦɩɥɟɤɫɧɨɝɨ ɱɢɫɥɚ z. 



Ɉɩɟɪɚɰɢɢ ɧɚɞ ɤɨɦɩɥɟɤɫɧɵɦɢ ɱɢɫɥɚɦɢ ɜ 
ɚɥɝɟɛɪɚɢɱɟɫɤɨɣ ɮɨɪɦɟ : 

 

(a + b ·i) + (c + d ·i) = (a + c) + (b +d) ·i  
 

(a + b ·i)( c + d ·i) = (a ·c – b ·d) + (a ·d + b ·c) 
·i  
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ɉɊɂɆȿɊ 

ȼɵɩɨɥɧɢɬɶ ɨɩɟɪɚɰɢɢ ɧɚɞ ɤɨɦɩɥɟɤɫɧɵɦɢ 
ɱɢɫɥɚɦɢ: 
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ɌȿɈɊȿɆА 

ȼ ɩɨɥɟ ɋ ɤɨɦɩɥɟɤɫɧɵɯ ɱɢɫɟɥ ɧɟɥɶɡɹ ɡɚɞɚɬɶ 
ɨɬɧɨɲɟɧɢɟ ɩɨɪɹɞɤɚ « >»  ɬɚɤ, ɱɬɨɛɵ ɨɧɨ ɨɛɥɚɞɚɥɨ 
ɨɞɧɨɜɪɟɦɟɧɧɨ ɫɜɨɣɫɬɜɚɦɢ: 

ɚ) ɥɢɧɟɣɧɨɫɬɢ:  
( z, u C)    z = u  ɢɥɢ  z  > u  ɢɥɢ  u  > z; 

ɛ) ɦɨɧɨɬɨɧɧɨɫɬɢ ɨɬɧɨɫɢɬɟɥɶɧɨ «+»:  
( z, u, v C)    u  > v     (u + z)  > (v + z) 

ɜ) ɦɨɧɨɬɨɧɧɨɫɬɢ ɨɬɧɨɫɢɬɟɥɶɧɨ «·»: 
( z, u, v C)    u  > v     (u z)  > (v z) ɩɪɢ z > 0 

                           u  > v     (u z)  < (v z) ɩɪɢ z < 0. 



Ⱦɨɤɚɡɚɬɟɥɶɫɬɜɨ. 
Ⱦɨɩɭɫɬɢɦ, ɧɚ ɋ ɦɨɠɧɨ ɡɚɞɚɬɶ ɨɬɧɨɲɟɧɢɟ « > » ɫɨ 
ɫɜɨɣɫɬɜɚɦɢ ɚ)-ɜ). Ɍɨɝɞɚ 1 > 0. ȿɫɥɢ ɛɵ 1 < 0, ɬɨ -1 > 0 ɢ  
(-1)(-1) = 1 > 0 – ɩɪɨɬɢɜɨɪɟɱɢɟ ɭɫɥɨɜɢɸ 1 < 0. 
 

ɉɨ ɚ) ɞɥɹ ɱɢɫɥɚ  i  0 ɞɨɥɠɧɨ ɜɵɩɨɥɧɹɬɶɫɹ ɥɢɛɨ  i > 0 
ɥɢɛɨ 0 > i. ɉɭɫɬɶ i > 0, ɬɨɝɞɚ ɩɨ ɜ):  

i i > 0 i      i2  > 0   -1 > 0 –ɩɪɨɬɢɜɨɪɟɱɢɟ. 
ɉɭɫɬɶ i < 0, ɬɨɝɞɚ ɩɨ ɜ):  

i i > 0 i      i2  > 0   -1 > 0 –ɩɪɨɬɢɜɨɪɟɱɢɟ. 
Ɍ.ɨ. ɞɥɹ ɱɢɫɥɚ i ɨɤɚɡɵɜɚɟɬɫɹ ɧɟɜɨɡɦɨɠɧɵɦ ɧɢ ɨɞɧɨ ɢɡ 
ɭɫɥɨɜɢɣ:   i = 0,     i > 0,    0 > i, ɱɬɨ ɞɨɤɚɡɵɜɚɟɬ 
ɧɟɜɨɡɦɨɠɧɨɫɬɶ ɧɚɲɟɝɨ ɞɨɩɭɳɟɧɢɹ. 



ɁАɆȿЧАɇɂȿ 

ɂɡ ɬɟɨɪɟɦɵ => ɱɬɨ ɱɢɫɥɚ z, v ɋ (ɟɫɥɢ z, v R)  

ɧɟ ɫɪɚɜɧɢɦɵ ɦɟɠɞɭ ɫɨɛɨɣ, ɬ. ɟ. ɧɟɥɶɡɹ ɫɤɚɡɚɬɶ, ɱɬɨ 

ɨɞɧɨ ɢɡ ɧɢɯ ɛɨɥɶɲɟ ɢɥɢ ɦɟɧɶɲɟ ɞɪɭɝɨɝɨ. 
 

Ⱦɥɹ ɤɨɦɩɥɟɤɫɧɨɝɨ ɱɢɫɥɚ z = a +b·i,  b  0, ɧɟɥɶɡɹ ɬɚɤɠɟ 

 ɭɬɜɟɪɠɞɚɬɶ, ɩɨɥɨɠɢɬɟɥɶɧɨ ɨɧɨ ɢɥɢ ɨɬɪɢɰɚɬɟɥɶɧɨ, 
ɬ.ɤ. ɨɧɨ ɧɟ ɫɪɚɜɧɢɦɨ ɫ ɧɭɥɟɦ.  
 

ɈɉɊȿȾȿɅȿɇɂȿ 

Ⱦɥɹ ɤɨɦɩɥɟɤɫɧɨɝɨ ɱɢɫɥɚ  z = a + b ·i   
ɱɢɫɥɨ        = a - b ·i  ɧɚɡɵɜɚɟɬɫɹ ɤɨɦɩɥɟɤɫɧɨ 

 ɫɨɩɪяɠɟɧɧɵɦ ɱɢɫɥɨɦ. 
z



ɋɜɨɣɫɬɜɚ ɤɨɦɩɥɟɤɫɧɨ ɫɨɩɪɹɠɟɧɧɵɯ ɱɢɫɟɥ 

1. ɋɭɦɦɚ ɢ ɩɪɨɢɡɜɟɞɟɧɢɟ ɫɨɩɪɹɠɟɧɧɵɯ ɱɢɫɟɥ – 
ɞɟɣɫɬɜɢɬɟɥɶɧɵɟ ɱɢɫɥɚ: 

 

 

 

2. ɑɢɫɥɨ z C ɫɨɩɪɹɠɟɧɨ ɫɚɦɨ ɫ ɫɨɛɨɣ  z R: 
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Ɍɪɢɝɨɧɨɦɟɬɪɢɱɟɫɤɚɹ ɢ ɩɨɤɚɡɚɬɟɥɶɧɚɹ ɮɨɪɦɵ 

A(a, b) 

x 

y 

 

r 

B O a 

b 

Ɋɢɫ. 1 

ɑɢɫɥɨ  z = a + b i  ɢɡɨɛɪɚɠɟɧɨ  
ɧɚ ɩɥɨɫɤɨɫɬɢ ɬɨɱɤɨɣ Ⱥ (a, b) . 
Ɉɫɶ Ɉɏ – ɞɟɣɫɬɜɢɬɟɥɶɧɚɹ ɨɫɶ, 
ɨɫɶ Ɉɍ – ɦɧɢɦɚɹ ɨɫɶ. 

Ɋɚɫɫɦɨɬɪɢɦ ɩɨɥɹɪɧɭɸ ɫɢɫɬɟɦɭ  ɤɨɨɪɞɢɧɚɬ (r, ), ɝɞɟ   
r – ɪɚɞɢɭɫ-ɜɟɤɬɨɪ  ɬɨɱɤɢ  Ⱥ,    - ɭɝɨɥ ɦɟɠɞɭ ɪɚɞɢɭɫ-
ɜɟɤɬɨɪɨɦ ɢ ɩɨɥɨɠɢɬɟɥɶɧɵɦ ɧɚɩɪɚɜɥɟɧɢɟɦ ɨɫɢ Ɉɏ. 



ɋɜɹɡɶ ɦɟɠɞɭ ɞɟɤɚɪɬɨɜɵɦɢ ɢ ɩɨɥɹɪɧɵɦɢ ɤɨɨɪɞɢɧɚɬɚɦɢ 
ɬɨɱɤɢ Ⱥ ɩɨɥɭɱɢɦ ɢɡ  ȺɈȼ: 
 

 

 

 

 

 

ɈɉɊȿȾȿɅȿɇɂȿ 

Ɋɚɜɟɧɫɬɜɨ  (1)  ɧɚɡɵɜɚɟɬɫɹ ɬɪɢɝɨɧɨɦɟɬɪɢɱɟɫɤɨɣ 
ɮɨɪɦɨɣ ɤɨɦɩɥɟɤɫɧɨɝɨ ɱɢɫɥɚ. 
ɑɢɫɥɨ  r R ɧɚɡɵɜɚɟɬɫɹ ɦɨɞɭɥɟɦ  ɤɨɦɩɥɟɤɫɧɨɝɨ ɱɢɫɥɚ  z, 
ɚ ɱɢɫɥɨ   R  -   ɚɪɝɭɦɟɧɬɨɦ ɱɢɫɥɚ  z: 

r = z ,   = Arg z. 
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ɁАɆȿЧАɇɂə 
 

1. Ⱦɥɹ ɱɢɫɥɚ z = 0 ɦɨɞɭɥɶ ɪɚɜɟɧ 0, ɚ ɚɪɝɭɦɟɧɬ ɨɞɧɨɡɧɚɱɧɨ 
ɧɟ ɨɩɪɟɞɟɥɟɧ.  ȼ ɤɚɱɟɫɬɜɟ ɚɪɝɭɦɟɧɬɚ 0 ɦɨɠɟɬ ɜɵɫɬɭɩɚɬɶ 
ɥɸɛɨɟ  R. 
 

2. Ⱥɪɝɭɦɟɧɬ ɱɢɫɥɚ  z  ɨɩɪɟɞɟɥɟɧ ɨɞɧɨɡɧɚɱɧɨ  
ɫ ɬɨɱɧɨɫɬɶɸ 2k, k Z:   
                  ɟɫɥɢ   = Arg z,  ɬɨ  =  + 2k = Arg z. 
 

3. ɋɨɩɪɹɠɟɧɧɵɟ ɱɢɫɥɚ ɢɦɟɸɬ ɪɚɜɧɵɟ ɦɨɞɭɥɢ,  
ɚɪɝɭɦɟɧɬɵ ɢɯ ɨɬɥɢɱɚɸɬɫɹ ɬɨɥɶɤɨ ɡɧɚɤɨɦ. 
Ƚɟɨɦɟɬɪɢɱɟɫɤɢ ɨɧɢ ɩɪɟɞɫɬɚɜɥɹɸɬ ɫɨɛɨɣ ɬɨɱɤɢ ɩɥɨɫɤɨɫɬɢ,  
ɫɢɦɦɟɬɪɢɱɧɵɟ ɨɬɧɨɫɢɬɟɥɶɧɨ ɨɫɢ  Ɉɏ. 
 

ɌȿɈɊȿɆА 

ȼɫɹɤɨɟ ɤɨɦɩɥɟɤɫɧɨɟ ɱɢɫɥɨ z  0 ɦɨɠɧɨ ɩɪɟɞɫɬɚɜɢɬɶ ɜ 
ɮɨɪɦɟ (1) ɟɞɢɧɫɬɜɟɧɧɵɦ ɨɛɪɚɡɨɦ (ɫ ɭчɟɬɨɦ ɡɚɦɟчɚɧɢя) 



ɉɭɫɬɶ  
 

1. ɉɪɢ ɭɦɧɨɠɟɧɢɢ ɱɢɫɟɥ ɜ ɬɪɢɝɨɧɨɦɟɬɪɢɱɟɫɤɨɣ ɮɨɪɦɟ ɢɯ 
ɦɨɞɭɥɢ ɩɟɪɟɦɧɨɠɚɸɬɫɹ, ɚ ɚɪɝɭɦɟɧɬɵ ɫɤɥɚɞɵɜɚɸɬɫɹ: 

 

2. ɉɪɢ ɞɟɥɟɧɢɢ ɱɢɫɟɥ ɜ ɬɪɢɝɨɧɨɦɟɬɪɢɱɟɫɤɨɣ ɮɨɪɦɟ,  
ɢɯ ɦɨɞɭɥɢ ɞɟɥɹɬɫɹ, ɚ ɚɪɝɭɦɟɧɬɵ ɜɵɱɢɬɚɸɬɫɹ: 

 

 

Ⱦɨɤɚɡɚɬɟɥɶɫɬɜɨ. 
 

 

 

)).sin()(cos(1   irzz

).sin(cos),sin(cos 1  izirz 

,01 z

)).sin()(cos(
1




 i
r

z

z

))sin()(cos(

))cossinsin(cos)sinsincos((cos

)cossinsincossinsincos(cos

)sin(cos)sin(cos
2

1













ir

ir

iiir

iirzz



ɈɉɊȿȾȿɅȿɇɂȿ 

ɇɚɬɭɪɚɥɶɧɚɹ ɫɬɟɩɟɧɶ ɱɢɫɥɚ z  0 ɨɩɪɟɞɟɥɹɟɬɫɹ 
ɪɟɤɭɪɪɟɧɬɧɨ: 
1)   z0 = 1; 

2)   zk+1 = zkz  ɞɥɹ ɜɫɟɯ k < n. 

 

3. ɉɪɢ ɜɨɡɜɟɞɟɧɢɢ ɱɢɫɥɚ z  0 ɜ ɫɬɟɩɟɧɶ ɫ ɧɚɬɭɪɚɥɶɧɵɦ 
ɩɨɤɚɡɚɬɟɥɟɦ, ɦɨɞɭɥɶ ɜɨɡɜɨɞɢɬɫɹ ɜ ɷɬɭ ɫɬɟɩɟɧɶ, ɚ 
ɚɪɝɭɦɟɧɬ ɭɦɧɨɠɚɟɬɫɹ ɧɚ ɩɨɤɚɡɚɬɟɥɶ ɫɬɟɩɟɧɢ: 
 

 

Ɏɨɪɦɭɥɚ (*) ɩɨɥɭɱɢɥɚ ɧɚɡɜɚɧɢɟ ɮɨɪɦɭɥɵ Мɭɚɜɪɚ. 

 

(*)))sin()(cos(),sin(cos  ninrzirz
nn 



Ⱦɨɤɚɡɚɬɟɥɶɫɬɜɨ (ɦɟɬɨɞɨɦ ɢɧɞɭɤɰɢɢ ɩɨ n). 
 

1. Ȼɚɡɚ ɢɧɞɭɤɰɢɢ.      n = 0, => z0 = 1 (ɩɨ ɨɩɪɟɞɟɥɟɧɢɸ),  
 

 

2. ɉɪɟɞɩɨɥɨɠɟɧɢɟ ɢɧɞɭɤɰɢɢ. ɉɭɫɬɶ ɩɪɢ n=k ɮɨɪɦɭɥɚ 
Ɇɭɚɜɪɚ ɜɵɩɨɥɧɹɟɬɫɹ. 
 

3. ɒɚɝ ɢɧɞɭɤɰɢɢ. ɉɭɫɬɶ n=k+1, =>  
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ɉɨɤɚɡɚɬеɥɶɧɚя ɮɨɪɦɚ ɤɨɦɩɥеɤɫɧɨгɨ чɢɫɥɚ 
 

ɉɨ ɮɨɪɦɭɥɟ Эɣɥɟɪɚ: 
ɬɨɝɞɚ ɞɥɹ ɤɨɦɩɥɟɤɫɧɨɝɨ ɱɢɫɥɚ ɜ ɬɪɢɝɨɧɨɦɟɬɪɢɱɟɫɤɨɣ 

ɮɨɪɦɟ ɩɨɥɭɱɢɦ: 
 

Ɋɚɜɟɧɫɬɜɨ                     ɜɵɪɚɠɚɟɬ ɩɨɤɚɡɚɬɟɥɶɧɭɸ ɮɨɪɦɭ  
ɤɨɦɩɥɟɤɫɧɨɝɨ ɱɢɫɥɚ.  

 

ɉɊɂɆȿɊ.  ȼɵɱɢɫɥɢɬɶ:  
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Ɋɟɲɟɧɢɟ. 
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Ʉɨɪɧɢ n-ɣ ɫɬеɩеɧɢ ɢɡ ɤɨɦɩɥеɤɫɧɨгɨ чɢɫɥɚ 

ɈɉɊȿȾȿɅȿɇɂȿ 

Ʉɨɪɧɟɦ n-ɣ ɫɬɟɩɟɧɢ ɢɡ ɤɨɦɩɥɟɤɫɧɨɝɨ ɱɢɫɥɚ z ɧɚɡɵɜɚɟɬɫɹ  
ɤɨɦɩɥɟɤɫɧɨɟ ɱɢɫɥɨ u ɬɚɤɨɟ, ɱɬɨ  un = z. 

 

ɌȿɈɊȿɆА 

Ʉɨɪɟɧɶ n-ɣ ɫɬɟɩɟɧɢ ɢɡ ɤɨɦɩɥɟɤɫɧɨɝɨ ɱɢɫɥɚ 

z = r(cos+ isin)  ɢɦɟɟɬ ɪɨɜɧɨ n ɪɚɡɥɢɱɧɵɯ ɡɧɚɱɟɧɢɣ, 
ɤɨɬɨɪɵɟ ɧɚɯɨɞɹɬɫɹ ɩɨ ɮɨɪɦɭɥɟ: 
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Ⱦɨɤɚɡɚɬɟɥɶɫɬɜɨ. 
1. ɉɭɫɬɶ z=r(cos+isin). Ⱦɥɹ  z = 0 – ɨɱɟɜɢɞɧɨ. 
 

2. Ʉɚɠɞɨɟ ɢɡ ɱɢɫɟɥ ɜɢɞɚ (**) ɟɫɬɶ ɤɨɪɟɧɶ n-ɣ ɫɬɟɩɟɧɢ ɢɡ 
z – ɨɱɟɜɢɞɧɨ. 
 

3. ɉɭɫɬɶ u = (cos + isin ) - ɤɨɪɟɧɶ n-ɣ ɫɬɟɩɟɧɢ ɢɡ z. 

ɉɨ ɨɩɪɟɞɟɥɟɧɢɸ un = z, => ɩɨ ɮɨɪɦɭɥɟ Ɇɭɚɜɪɚ: 
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Ɂɚɦечɚɧɢе 

Ƚɟɨɦɟɬɪɢɱɟɫɤɢ ɜɫɟ ɤɨɪɧɢ n-ɣ ɫɬɟɩɟɧɢ ɢɡ ɤɨɦɩɥɟɤɫɧɨɝɨ 
ɱɢɫɥɚ u = r(cos + isin)  ɪɚɫɩɨɥɨɠɟɧɵ ɜ ɜɟɪɲɢɧɚɯ 
ɩɪɚɜɢɥɶɧɨɝɨ n-ɭɝɨɥɶɧɢɤɚ, ɜɩɢɫɚɧɧɨɝɨ ɜ ɨɤɪɭɠɧɨɫɬɶ ɫ 
ɰɟɧɬɪɨɦ ɜ ɬɨɱɤɟ Ɉ(0, 0) ɢ ɪɚɞɢɭɫɨɦ r = |z|. 

 

Ɉɫɨɛɨɟ ɡɧɚɱɟɧɢɟ ɢɦɟɸɬ ɤɨɪɧɢ n-ɣ ɫɬɟɩɟɧɢ ɢɡ 1. Ɍɚɤ ɤɚɤ 
 1 = 1, Arg 1 = 0, ɬ.ɟ. 1 = cos0 +isin0, ɬɨ ɜɫɟ ɡɧɚɱɟɧɢɹ 
ɤɨɪɧɹ n-ɣ ɫɬɟɩɟɧɢ ɢɡ 1 ɜɵɱɢɫɥɹɸɬɫɹ ɩɨ ɮɨɪɦɭɥɟ: 
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Ɂɚɦечɚɧɢе 

1. Ƚɟɨɦɟɬɪɢɱɟɫɤɢ ɜɫɟ ɤɨɪɧɢ n-ɣ ɫɬɟɩɟɧɢ ɢɡ 1 
ɪɚɫɩɨɥɨɠɟɧɵ ɜ ɜɟɪɲɢɧɚɯ ɩɪɚɜɢɥɶɧɨɝɨ n-ɭɝɨɥɶɧɢɤɚ, 
ɜɩɢɫɚɧɧɨɝɨ ɜ ɟɞɢɧɢɱɧɭɸ ɨɤɪɭɠɧɨɫɬɶ ɫ ɰɟɧɬɪɨɦ ɜ ɬɨɱɤɟ 
Ɉ(0, 0). 
 

2. Ɂɧɚɱɟɧɢɟ 0 = 1 ɪɚɫɩɨɥɨɠɟɧɨ ɧɚ ɨɫɢ Ɉɏ ɜ ɬɨɱɤɟ (1, 0). 
Ʉɚɠɞɨɟ ɫɥɟɞɭɸɳɟɟ ɡɧɚɱɟɧɢɟ ɦɨɠɧɨ ɩɨɥɭɱɢɬɶ ɢɡ  
ɩɪɟɞɵɞɭɳɟɝɨ ɩɨɜɨɪɨɬɨɦ ɧɚ ɭɝɨɥ   
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ɈɉɊȿȾȿɅȿɇɂȿ 

Ʉɨɦɩɥɟɤɫɧɨɟ ɱɢɫɥɨ w ɧɚɡɵɜɚɟɬɫɹ ɩɟɪɜɨɨɛɪɚɡɧɵɦ ɤɨɪɧɟɦ  

n-ɣ ɫɬɟɩɟɧɢ ɢɡ 1, ɟɫɥɢ ɦɧɨɠɟɫɬɜɨ ɱɢɫɟɥ 

 ɹɜɥɹɟɬɫɹ ɦɧɨɠɟɫɬɜɨɦ ɜɫɟɯ ɪɟɲɟɧɢɣ ɭɪɚɜɧɟɧɢɹ    zn = 1. 

 

 

ɌȿɈɊȿɆА 

ɉɭɫɬɶ uk – ɨɞɧɨ ɢɡ ɡɧɚɱɟɧɢɣ ɤɨɪɧɹ n-ɣ ɫɬɟɩɟɧɢ ɢɡ ɱɢɫɥɚ u,  

w -  ɩɟɪɜɨɨɛɪɚɡɧɵɣ ɤɨɪɟɧɶ n-ɣ ɫɬɟɩɟɧɢ ɢɡ 1.  Ɍɨɝɞɚ ɜɫɟ 
ɡɧɚɱɟɧɢɹ  ɤɨɪɧɹ n-ɣ ɫɬɟɩɟɧɢ ɢɡ ɱɢɫɥɚ u ɦɨɠɧɨ ɩɨɥɭɱɢɬɶ,  
ɭɦɧɨɠɢɜ uk ɧɚ ɫɬɟɩɟɧɢ w:  
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ȘȜȞțеȗ n-ȗ ȟȠеȝеțȖ Ȗȕ 1 . 
 

2. ПȜȘаȕаȠеșȪțая ȢȜȞȚа 
ȘȜȚȝșеȘȟțȩȣ чȖȟеș.  
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