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1.  .  
2.  .  . 
3.      .  
1.  .   

.        
,        <a, b>,   

    ,   – . 
: A×B = {<a, b> / a  A, b  B }. 

     ,      
   : ×  = ². 
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.  ,     , 
      . 

       , 
, : =, ≤ , ≥ , ║ , ┴  . .,    : α, δ, σ, 

φ, ρ  . . 
            

σ,        : 
<x, y>  σ,  x σ y. 

.   ρ,     , 
: 

 ,  (   )  <a, a>  ρ; 
 ,  (   )  <a, a>  ρ; 
 ,  ( , b )  ,   <a, b>  ρ, ,   

<b, a>  ρ; 
 ,   ( , b, c  ),  ,   <a, b>  ρ   <b, 

c>  ρ, ,   <a, c>  ρ; 
 ,      , b    , 

 <a, b>  ρ  <b, a>  ρ ,   = b; 

 ,  ( , b  , a  b)  <a, b>  ρ    
    <b, a>  ρ; 

  ,   ,   
 ; 

  ,     ; 
2.  .  . 

    ρ   ,   
   ,   ρ   

,  –   . 
.   ρ,    ,  

  ,      , b   
      : 

 = b  <a, b>  ρ  <b, a>  ρ. 
 ,      ρ   . 

       ,    
     .     

    .  
  <a, b>  ,      

  a  b. 
     .     

     ,     
 ,      . 

  .   ,     
            

. 
 1.   = {1, 2, 4, 6}.  

      :  
A×A = {<1, 1>; <2, 2>; <4, 4>; <6, 6>; <1, 2>; <2, 1>; <1, 4>; <4, 1>; 

<1, 6>; <6, 1>; <2, 4>; <4, 2>; <2, 6>; <6, 2>; <4, 6>; <6, 2>}. 
  ρ  A×A ,  , 

 ,    : 
ρ = {<2, 2>; <4, 4>; <1, 2>; <2, 1>; <1, 4>; <6, 2>; <4, 6>}. 

     ,  , , 
 <1, 1>   .  
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  ,      ,  
   <2, 2>  <4, 4>. 

 ρ  ,    ,     <1, 
4>,     <4, 1>. ,       

,  ,     
  <1, 2>  <2, 1>,  2  1. 

 ρ     ,  ,   
<1, 4>  <4, 6>  ,  <1, 6>  ρ  . 

      : 

 
   

 

 
   

. 1.   ,       
        

    ( ).     
  ,          

    . 
2.     : 
   « = »    ; 
   «║»     ; 

  ρ      ,    u  v 
   ρ    ,         

,     , ,   
,   . 

3.     : 
     « < »  « > »    ; 
    « : »    . 

         , 
       (    

              
       ),   – 

  ,   , ,    
(             

       ). 
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3.       
. ,       

  ,    : 
1)      , 
2)     , 
3)       . 

      . 
  ,      , 

 -      . 
         

 ,      .  
.    ,   

 ,      .  , 
       

. 
 

1.   ,    ,  
 ,   -      

         
,      .  , 

        « », 
« »      . 

2.          
 ρ.  -       

-     ρ   /ρ . 
 2. 

1.     = {a, b, c, d}     :  
ρ = {<a, a>; <d, d>; <a, d>; <d, a>; <c, c>; <b, b>}. 

    ρ   ,    
         ,    

 ρ: 
A = {a, d}; A = {c}; A = {b}. 

2.     = {a, b, c, d},    : 
A = {a}; A = {b, c}; A = {d}. 

        
,           

,     : ρ = {<a, a>; <b, b>; <c, c>; 
<.b, c>; <c, b>; <d, d>}. 

 3.    Z  ≡   : 
b ≡ a (mod m) => b – a = m·q, q, m  Z, m > (1). 

,     b   m. 
,      ,    

,   .  ,     b  
 mod m    ,       m  . 

         : 
{a+m·q | q - } = {…,-3m+a, -2m+a, -m+a, a, m+a, 2m+a, 3m+a,…}, 

   a+mZ       
   . 

-  Z/ ≡    Zm   
        m. 

.      ≡   
 .       m 
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.        – 

 ,     m   r,  0  r < m. 
3.       

   
.   ƒ,     A  B, 

     A  B,   : 
1)          b  B,   <a, b>  ƒ; 

2)          b, c  B  ,   <a, 
b>  <a, c>    ƒ, ,  b = c. 

  <a, b>   ƒ,      
 ,   –  . 

.  ,     
 : 

  ƒ,     A  B,  
    A  B,       
    . 

.  ƒ    A  B   <a, b>  ƒ,   
  ƒ( ) = b. 

.  ƒ  A  B   (  
),     a , b    : 

ƒ(a) = ƒ(b) => a = b. 
 ƒ  A  B   (  ,  

 « »),     b  B    a  A, 
  ƒ( ) = b (       ). 

 ƒ  A  B   (    -
,      . 

 1. 

1.  ƒ = {<x, y>  R  × R / x = y²}.     
,         8. ,  x = 4 

 y = 4  = 2  y 1  = - 4  = -2.  ,  <4, 2>  <4, -2>  
  ƒ,  2 ≠ -2. 

2.  ƒ = {<x, y>  R × R / x² = y}. ,      
  x      R,   ƒ 

 . 
  ,  ƒ(2) = ƒ(-2) = 4,  ,  2 = -2,  ƒ  

.  
 ,  y < 0,         R,   
   x² = y. ,  ƒ  . 

3.  ƒ = {<x, y>  R × R / y = 2x}. ,     ƒ  
 .  ,       x  x 1 : 

ƒ(x) = ƒ(x 1 ) <=> 2x = 2 x 1  <=> x = x 1 ,  

  ƒ ,        y 

    = 
2

y
, : 

ƒ(x) = ƒ(
2

y
) =2*

2

y
 = y, 

  ƒ . , ƒ  . 
.  ƒ -    X   Y: 

ƒ = {<x, y> / x  X, y  Y}. 
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 ƒ 1  = {<y, x> /  <x, y>  ƒ}    
 ƒ. 

.  ƒ 1 ,    ƒ,   
    ,   ƒ . 

 
.   

 

1.      .  
2.     . .   

. 
3.  .  .  
4.     .   .  

   . 
1.      .  

.   ,    
,   ƒ:  ×  → ,      

         : 
( Aba  , ) (  ) ƒ: <a, b> →  

: a ƒ b = c.       
 ,   : « +», « * »,«-», « : », « ◦ »  . . 

 
     n-   

     n.     
 ,  ,      . 

.   ,    , 
  ƒ:  → ,        

     : 
( Aa ) (  ): ƒ(a) = . 

  ,    ,  
      . 

.  « * »,     , 
: 

 , : 
( a, b, c  A) a * ( b * c ) = ( a * b ) * c; 

 , : 
( a, b  A) a * b = b * a. 

. ,   « * »,     
, : 

  [ ]  , : 
( Ae ) ( a  A)  e * a = a [a *e = a]; 

    (   ),   
      ,    

: 
( Ae )( a  A)  e * a = a *e = a. 

 
 « * »,     , : 

   [ ], : 
( a  A) (b  A) b * a = e, [ a *b = e], 

  –  [ ]       « * ». 
   (   ),      

 : 
( a  A) (b  A) a *b = b * a = e, 
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  –       « * ». 
   [ ], : 

( a, b, c  A) (c * a = c * b => a = b). 
[a * c = b * c => a = b]. 

 ,       . 
.         

 - «* »  « ◦ ». 
 « ◦ »    [ ]  

 « * », : 
( a, b, c  A) c ◦ (a * b) = (c ◦ a) * (c ◦ b) 

     [(a * b) ◦c = (a ◦ c) * (b ◦ c)]. 
 « ◦ »     « * »,  

        . 
 

1.     ,    , 
   ,       
 . , ,      

  N  ,    ,   < b,   
 a – b < 0 , ,    N. 

2. ,         . ,  
        ,    

      . 
3.   « * »    ,    , 

      , ,     
 . 
2.     . .  

 . 
           

    ,     , 
          – 

 .         
        . 

 1.     G = < G, * , 1 , 

e >,  G ≠  -   ,   : 
-     « * »; 
-     1 ; 
-     –    

e,   : 
1)  « * » : ( a, b, c  G) a*(b*c) = (a*b)*c; 
2)      : 

(e  G) ( a  G)   e*a = a*e = a; 
3)  « * »    G: 

( a  G) (b  G)  a*b = b*a = e. 
 2.     G = < G, * >, 

 G –    , « * » -   
,   G,    : 

1)  « * » : ( a, b, c  G) a*(b*c) = (a*b)*c; 
2) ( a, b  G) (x, y  G)  a*x = b  y*a = b ( . .     
 ). 

.  1  2  ,  ,  
          

 1,         2,  . 
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1.         
 ,    1    

  ,     a*x = b    
    y*a = b  .      

,    . 
2.        « + »  «  »  

    .     
 ,   – ,   – 

     0  - .      
. 

3.    g    
< G, >   g n  =  g g… g (n ), n  N; 

       
g n  = g 1  g 1 … g 1  (n ), n  N. 

4.   ,       .  
      . 

:   G   G. 
5.      G   . 

Ы 
1.    , , :  

< Z, + >, < Q,, + >, < R, + >, 
 Z, Q  R -  ,     

.  
2.       : < 

Q * , >, < R * , >,  Q *   R *  -      
  . 

3.        
    n    . 

4.        
  n- ,    Dn  

 .  
Э  Dn , - , n     

  
n

kk

 2
 ,  k = 0, 1, ..., (n - 1), - , n  .  

 :    n - n/2 ,  
 ,  (n/2) ,    

;    n - n   ( . 3).    
 .  

 
. 3.      

  , . .   1890    
    ,    

  .   17   , 
   ;    - 230,  
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       . Э   
        

.  
     . 

.    < G, >   : 
1)  G      . 
2)      G     

  1 . 
3)    a  b  G  : 

(a 1 ) 1  = a    (ab) 1  = b 1  1 . 

4)   < G, >   . 
5)   G  a*x = b  y*a = b     

 a  b. 
6)      . 

.  H  < G, >   , 

       «»,    G. 

 (  ).  H  < G, >   
    ,   : 

( a, b  H)   ab 1   H.  

. ,   H  < G, >   
,     ,    G,  

    . 
Ы. 

1.    < G,  >       
 E,        G : E = { e }. 

Э    .    G,   
 ,  . 

2.          
  < Z, + >,       a  b  a + (-b)  

. 
3.  {-1, 1}      

   < R,  >. 

4.  <g> = {g n / n  Z}   g  G  
  G.  

    . 
 1.      G  

   . 
 2.     G    

      ,       . 
.  <g> = {g n / n  Z}  G   

,   g. 
.        ,  

  g  G     ng, (n  Z). 
 2.  <g>  G        ,   

( n  N) g n  = e. 

.  n –     g n  = e,   
   g.   ( n  N) g n  ≠ e,     g 

   ,   <g>   ,  
  g –   . 

3.  .  .  
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.  H –   < G, >, g –   
 G.  H g [gH]    G,    

 h g [g h],  h     H, . . 
Hg = {h  g / h  H} 

[ gH = {g  h / h  H} ] 
  [ ]    G   H. 

.    < G, >,    H  g –  
  G.    : 

1)        H g,   
H   = H g, 

. .      G   H    
 ,     H g; 
2)      G   H   , 

 ; 
3)       G   H   

 H,         G   
H ; 

4)       G   H 
    G. 

. 
     G   H   

 ,      G   
H: 

G = h 1  g  h 2 g  … h ò  g  (h i   H). 

 
1.         . 

      G  
 H. Э            . 

   ,      H   G. 
2.  G –    n, H –    n   k. 

      : n = m  k. 
 .  

1.          
  . 

2.         
. 

.  H  G     
   G,     g  G    

    H : 
( g  G)  H g = gH. 

        G   
 H. : H  G. 

.  ,      
  < G, >      . 

 1  
       , , 

,         
    < Z, + >. 

. Э  x  y  G    G, : 
( g  G)  y = g 1  x g. 

 (   ) 
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 H  G         
< G, >,  H          , 

    G. 
.  H –    < G, >.   

    G   H   : 
(Hg

1
) (H g 2 ) = H (g 1  g 2 )  

 ,   -   G   H 
 : 

G / H = {H g/ g  G}. 
    
.   < G, >   <S, * >  

 ,   : 
( a, b  G)  ƒ(a b) = ƒ(a)* ƒ(b).   (1) 

     .  ,   
<S, * >     < G, >. 

: G  S. 
.  (1)   1    

  .    :   
  < G, >       <S, * >. 

     (1)    «  »  G,   
 –   « * »  S. 

.  ƒ  G  S  ,  
 ƒ .  

     ,   <S, * > -  
  < G, >. : G  S. 

    . 
 1.        

. 
 2.        

: 
( a  G) ƒ(a 1 ) = [ƒ(a)] 1 . 

 3.       
. 

 4.     . 
 1.        , 

   ,    : Z → 2Z , :  
( x  Z)  (x) = 2x, 

  ,   ,   -   ( x, y  Z)  

(x + y) = 2(x +y) = 2x + 2y = (x) + (y). 
 2.       

     : 
<R, + >  <R  ,   >,  

   : R → R  ,  : 
( x  R)  (x) = e x  

 , : 
( x, y  R)  (x) = (y)  e x  = e y   x = y, 

( r  R  ) ( x  R): (x) = y,  , x = ln y, . . (ln y) = e yln = y 
   : 

( x, y  R) (x + y) = e yx  = e x    e y  = (x)   (y).  

 (   ).  : K → S    G 

  S,  -  G / Ker    S. 
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   : S → G / Ker     ,   
 x  G ,    ( (x) ) = (x),   -  

 G  G / Ker  . 
4.     .   . 

    . 
. 1.         

 « ◦ »  « * »   < , *, ◦ >, : 
1) < A, * > -  , . .,  « * » ,  

   ; 
2) < A, ◦ > - ; 
3)  « ◦ »    « * »     

, . . 
( a, b, c  A) c ◦ (a * b) = (c ◦ a) * (c ◦ b) 

        (a * b) ◦c = (a ◦ c) * (b ◦ c). 
2.  < , *, ◦ >  , : 
1) < A, * > -  , . .  « * » , , 

    ; 
2) < A, ◦ > - ; 
3)  « ◦ »    « * »     

, . ., 
( a, b, c  A) c ◦ (a * b) = (c ◦ a) * (c ◦ b) 

         (a * b) ◦c = (a ◦ c) * (b ◦ c). 
3.  < , *, ◦ >  , : 
1) < A, * > -  , . .  « * » , , 

    ; 
2) < A /{0}, ◦ > --  , . .  « ◦ » , , 

    ; 
3)  « ◦ »    « * »     

, . . 
( a, b, c  A) c ◦ (a * b) = (c ◦ a) * (c ◦ b) 

         (a * b) ◦c = (a ◦ c) * (b ◦ c). 
 

1. ,          
  « * »  « ◦ »,  ,    

 < , *, ◦ >    . 
2.      « * »    ,  

    ,     
 « ◦ ».   « ◦ »  ,   « * » - 

    . ,      
,       « ◦ ».    

     ,      
. 

. 1.       0   «◦».  
Э  x  A   [ ]  , : 
1) x ≠ 0;  
2) ( A)  a ≠ 0  x ◦ a = 0 [a ◦ x = 0]. 

  x  A       ,   
  (  )  . 

2. -       
 . 

 2. 1.  N      
    < N, >. 
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 N         < 
N, + >,  : 

( a, b  N)         a + b  N; 
( a, b, c  N)  a + (b + c) = (a + b) + c; 

( a, b  N)       a + b = b + a; 
( a  N)      a + 0 = 0 + a = a; 

      N,  , ,   2  
  ( )    N. 

  ( a, b, c  N)  c(a + b) = ca + cb,    N  
 . 

  ,   < N, +, >  -
   . 

2.  ,     Z     
  ,   ,   ,   
   ,   1  -1,   1    

 .   < Z, >   .  , 
,    Z   . ,  < Z, +, > 
  . 

3.  ,        
    , ,   

   0  1 ,     
   . , < R, +, >  
     . 

   ,       
. 

 3.   Zm      
  : 

baba  , 

baba  . 

 ,      Z m     
 ,         

   .      < Zm, 
+, >       .  <Zm, +, > 

          m. 
  ,      

. 
. Э  a  Zm      ,   

(a, m) = 1. 
 

  < Zm, +, >      ,  m – 
 . 

      
 1.     <G, + >   

   <G, + ,   >,   «  »   
: 

( a, b  G) a  b = 0. 
 2.        . 
 3.    <K, + ,   >     

  : 
( a, b, c  K) c (a – b) = c a - c b  

     (a – b)  c = a c - b c. 
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 4 
   <K, + ,   >  ,       

  ,   ,  : 
( a  K) a  0 = 0  a = 0. 

.   ,  , .  
,  , ,     n,  
     a  b = 0     

.  ,     . 
.         

,      ,   . 
 (  ) 

   <K, + ,   >       , 
  : 
1) ( a, b  K ) a + (-b)   , . ., <  , + > -    ; 

2) ( a, b  K )  a  b   . 
 5.      ,     

   . 
.    <K, + ,   >.   P  

     K,       
: 

P = {<a, b>/ a, b  K, b ≠ 0}. 

       b

a
    

 <K, + ,   >.        « + »  « » 
 : 

( a, b, c, d  K)   b

a
+ d

c
= db

bcda




, b ≠ 0, d ≠ 0; 

( a, b, c, d  K) b

a
 d

c
= db

ca




, b ≠ 0, d ≠ 0. 
.     ,   

: 

d

c

b

a
    a d = b c. 

       K     
          
,     . 

 ,    ,     
      .    

           
 . 

      K ,   
     ,    

  K. 
 6.         

 K     .  
       . 

 7.   « + »   ,   
     ,  ,   

.  
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  b

a

   b

a
.
 

 8.   «  »   ,   
     ,  .   

  b

a

    a

b

. 
 9.      , ,   

        – 0  1. 
 10.      . 

.  <K, + , >  <S,  , > -  .  : K → S 
  ,   : 

1) ( a, b  K) (a + b) = (a)  (b); 

2) ( a, b  K) (a b) = (a)  (b). 

   K  S  ,    
. 

.    K  S    
  K,      S: 

Ker  = {x x  K, (x) = S0 . 

 
.       

 

1.     .  
2.     .  .   
 .  
1.      

. ,         b ≠ 0,  
    ,  a = bc. 

 a    b,  b –   a,   – 
   a  b. 

.  ,    ,   
  –   . ,    

  ,     <a, b>, b ≠ 0,    
   b, ,  ,    ,   

   Z   . 
       Z. 

 1.    b –  ,   0.   
 :   b  b  ,   =   b. 

   b,    -b  -   b.   0      . 
 2.     , b   ≠ 0  : 

  b    ,    (b   ). 
.      ,  ,   

  , b       (b   ),    ,  
      . , 12  (5 + 7),    12  

   5,   7. 
 3.     Z \ {0}   

,  : 
( a  Z \ {0}) a    a      

( a, b, c  Z \ {0}) (a  b  b  c  b  c). 

,    Z       
,  : 
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( a, b  Z  ) (a  b  b  a  a = b). 
         

   . 
 4.      b ≠ 0,   b,     :   b. 
 5.         b     ≠ 0, : 

( n, m  Z)  (na   mb)  c. 
. ,          

 b ≠ 0,      p  q,   : 
a = bq + r,  0  r   b   (*). 

 q   ,   r –      
b. 

 ,  ,     ,   
     q  r        

  b.       . 
 (      ).       b, 

 b ≠ 0,        . 
 ,       b,  b ≠ 0,    

     q  r,   (*). 
.      q    r,      

 (*)     . 
 1.    b        

  m    ,   (a – b)   m . 
 m –   , m ≠ 0, m ≠ 1.    Z 

   : 

( , b  Z) <a, b>      a  b    m   
. 

   . 
 2.         

.     Z   ,  
         ,     m 

      r.        m  
  0, 1, 2, … m – 1,    m     

  : 

K r  = {a  Z / a = xq + r, x, q  Z}. 

  ,   K r ,   . 
         

 Z /  : 

Z /  = {K 0 , K 1 , …, K ê , …, K 1m } 

         : 
K r  + K s  = K sr ; 

          K r K s  = K rs ,  r, s  {0, 1, …, m-1}. 

 ,        
      .   

  . 
 3.     Z /    

.     K 0 ,  
   K r    K s ,  s –   

   :  (r + s)   m . 
 4.     Z/ , 

   ,    K 1 . 
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 5.       
: 

K r  (K s  + K t ) = K r K ts  = K )( tsr   = K rtrs  = K rs  + K rt  = K r K s  + K r K t . 

 6 

  4 – 6 ,   Z /      
   ,       

 m. 
.  ,  -   Z   2 

 2.6  Z / mZ        m. 
   Z / mZ        m. 

2.     .  .  
   

      
.   d ≠ 0      

a  b,         d. 
   a  b     , 

        . 
:     d =  (a, b)  d = (a, b). 

     ,     
. 

 1.  d =  (a, b)  d 1  =  (a, b),  d 1  =   d. 

 2.   a    b ≠ 0 ,   (a, b) = b. 

 3.  d 1  =  (a, b), d =  (d 1 , ),  d =  (a, b, ). 
 4.       b  ,   

a = bq + r, 0  r   b ,   (a, b) =  (b, r). 
 

1.   ,         
 .         

 . 
2.    ,     
  ,  : 

 (  (a, b), c) =  (a, (  (b, c)) =  (a, b, c). 
Э  ,         

 . 
.   h      

 a  b,  h      . 
    a  b     , 

        . : h =  (a, b)  
h = [a, b]. 

     ,     
  . 

 1.  h =  (a, b)  h 1  =  (a, b),  h 1  =   h. 

 2.   a    b ≠ 0 ,   (a, b) = . 
 3.  h 1  =  (a, b)  h =  (h 1 , ),  h =  (a, b, ). 

 
1.   ,        

  .  
2.        
 :         . 

 (  (a, b), c) =  (a, (  (b, c)) =  (a, b, c). 
 .   

,          



19 

      ,       
 .     . 

 a, b ≠ 0 –  .      
 ,     . 

1)     b ,     : , b. 

2)    b      b . ,     b  
, : 

a = bq 0  + r 0 ,  0  r 0    b . 
   b    r 0 : 

b = r 0 q 1  + r 1 ,  0 ≤ r 1   r 0 . 

    r 0    r 1 : 

r 0  = r 1 q 2  + r 2 ,  0 ≤ r 2   r 1 . 

       ,      
 ,  : 

r 2n  = r 1n q n  + r n ,  0 ≤ r n   r 1n , 

         r 1n  = r n q 1n  + 0. 

,     : 
a  b  r 0   r 1   …  r 1n   r n   r 1n  = 0   (**), 

      2). 
 (**)        

,         
 (   r 0 ).      ,  

 (**)    .  
      

,         
. 

 (     ).    b ≠ 0 –  . 
       b,      

     (**): 
 (a, b) = r n . 

 (     ).  a  b –    
 .   : 

 (a, b) = ),( ba

ab
   (***). 

.        : 
      ?     

 ,   ,    
  (1795-1870).  

 ( ).    b -  .     
     b   5k,  k -     

    b. 
.  d =  (a, b).      x  y,  

d      a  b: 

d = xa+yb, x, y  Z.      (1) 
,    x  y,   (1) 

   a  b      d,   
  ,    . 

  ,      
,        ,     

  a  b.         
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.       x  y: 

r 0  = a - bq 0 , r 1  = b - r 0 q 1 , => r 1  = b – (a - bq 0 ) q 1 ,  . . 
.   p  ,     

 ,    .     ,   
  ,    . 

 1.  2, 3, 19, 31  ,   6, 222, 18, 864 – 
. 

. , ,    ,   
.  ,         

 :   ,     , 
  . 

 1.           
p,   a : p ≤ a . 

 2.          
,          : 

ab  p    a  p   b  p. 

 3.  p  q –    p  q,  p = q. 
       ,    

,    . 
 (   ).     

        
      . 

 
1.      ,        

  : 

a = a a –  a  - ,  a  -  . 
2.             

    ,     
    : 

a = a  p 1

1

 p 2

2
 …p k

k

 ,         (2)  

 p 1 , p 2 ,…, p k  -   . 
        

       ,      
     . 

 1.     (  )  ,    
       ,  

     ,    ,   
. 

 2.     (  )  ,    
       ,  

       ,    ,  
 . 

 ,       , 
  . 

.    . 
.    a  b  - ,  

       . 
 4.  a  b -     ,    

 :  (a, b) = 1. 
 5.   a  b - ,     
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   , :  + b  = 1. 
 6.   a  b - ,  (a, b) = ab. 

 
.  . .  

     
 

1.     ( ) . 
2.    
3.    . 
4.   . 
5.   . 
1.       

.  L      P –  . 
 L  ,  ,     

 u, v  L     L,   u + v. 
      L    P,  

  ,    u  L     P,  
  L,   u. 

      ,   L, 
     ,   

   P. 
 : 

 u, v  L  u + v = v + u. 
2)  : 
 u, v, w  L  (u + v) + w = u + (v + w). 

 : 
 u, v  L    x  L,  u + x = v 

(    x    v  u  :  x = v - u). 
     P: 

 u  L   ,   P   (u) = ()u. 
      : 

 u  L   ,   P   ( + )u = u + u. 
      L: 

 u, v  L     P   (u + v) = u + v. 
  : 

  1  P   u  L   1u = u. 
Э       . 

.  
1.   . 

      


n

n
RRRV  ...)(

,           
R   : 

 x , y  V(n)    x = (x1, x2, …, xn)   y = (y1, y2, …, yn),   
1) x + y = (x1 + y1, x2 + y2, …, xn + yn), 

2)    R   x = (x1, x2, …, xn). 
,   V(n)  n-    

,     n-    n- .  
2.   m×n     m×n   R. 

   m×n        R  
 : 

 A, B  m×n   A = (aij)m×n    B = (bij)m×n,   
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1) A + B = (aij + bij)m×n, 
2)    R   A = (aij)m×n. 
3.  FR       

    R. 
    FR         R  

 :   f(x), g(x)  FR     R 

1)  x  C   (f + g)(x) = f(x) + g(x) , 

2)  x  C   (f)(x) = (f(x)). 
C      

 1. 
    L    , 

,  u +  = u   u  L. Э       L. 
        , 

   :  = L. 

:     .  
  u L   3)   (   v = u) 

  y L, ,  u + y = u.    
w L.     3) : u + t = w   t L. ,  

 1)  2)    , :  
w +y = (u + t) + y = (t + u) + y = t + (u + y) = t + u = u + t = w. 

 ,   y L, ,  u + y = u   u  L. 

  = y. 

  .    L    
 1  2,   1 + 2 ,   ,  1 (   

   2), ,   ,  2 (     
 1), . . 1 = 2. 

 2. 
  u  L   L  ,  

  u   –u,   u + (–u) = .    –u 
 u  , . .      u = –(–u). 

:     –u    3) 
  (   v = ).   –u.   

u  L      w1   w2,   u + w1 = u + w2 =   

, ,  w1 = w1+ = w1+(u+w2) = (w1+u)+w2 = (u+w1)+w2 = +w2 = w2. . . 
    u  . 

 3. 
0u =    u  L. 

:  ,    u   0u+0u = 
(0+0)u = 0u.   = 0u+(–(0u)) = (0u+0u)+(–(0u)) =        0u+(0u+(–(0u)) = 0u+ = 0u. 

 4. 
 =      P. 

:      u  L.   3) 
  0u = ,      P   = (0u) = (0)u = 0u = . 
 

 5. 
 u =  (u  L,   P),   = 0  u = . 

:    = 0,   .     0,  


1

(u) = 
1

,    4   4)  ( 
1

)u = ,  , u = . 
 6. 

(– 1)u = – u    u  L. 



23 

:   ,   (– 1)u  
   u. , (– 1)u + u = ((– 1) + 1)u = 0u = ,   

 . 
 7. 

–(x) = (–) x = (–x)   u  L,   P. 
2.    

.  L –     P.  
  L’  L    L, 

   :  
 u, v  L’    u + v  L’, 
 u  L’     P    u  L’, 

. . L’        . 
  
 1. 

  N   L   P  
  L    ,  N   

   P. 
:       

. 
.  N –   L; ,  N 

        P.    
 N    .  1), 2), 4), 5), 6), 7)  

   NL.  ,   u, v N  
 x N,  u + x = v (   x  x = v + (-1)u.   N 

      P    , , 
, x N). 

 2. 
      L 

  L. 
.  

1)     L   L   
,  ,      {},  

  L. Э     , 
 .    L,    

L   {},  . 
2)     V(3) = {(a1, a2, a3)| ai  R, i = 13} 

  R  L’ = {(a1, a2, 0) | ai  R, i = 12}  . 
,  x , y  L’   x = (x1, x2, 0)   y = (y1, y2, 0),  

x + y = (x1+y1, x2+y2, 0) L’    R x = (x1, x2, 0) L’. 
3)   n×n    n×n   R  

     n×n   R  
. ( !) 

4)   FR       
   R  Lk’ = {f(x)  FR | deg f(x)k,  kN}  

 FR. ( !) 
3.   

.  L –     P  M –  
 L.    M,  , 

   M,  ,  [M],  
    L,  M. 

. [M]      
 L,  M, . .    L, 
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 M,   [M]. ,     
[M]    L,  M   [M]    

.  ,  -   L’  L  
 M,  L’ –    ,    [M], 

 ,     [M]   L’. 
 (    )  

 M –     L   P.   
[M] = { 1u1+ 2u2+…+ kuk | iP, ui M, k N}. 

4.    

.  L1, L2 –    L  
 P.   L1  L2    

L1+L2 = {z = x+y | xL1, yL2}.    L1  L2  
    ,   L1  L2     

L1 L2. 
 1.     L   P 

   L.  
 1.  L –       P   L1, 

L2 –  L.   
dim (L1+L2) = dim L1 + dim L2 – dim (L1∩L2). 

:  z1, z2, …, zd –  L1∩L2,  z1, z2, …, zd  
 L1: z1, z2, …, zd, u1, …, up    L2: z1, z2, …, zd, v1, …, vq  (   
   1.1.9). ,   

z1, z2, …, zd, u1, …, up, v1, …, vq    L1+L2. 
1) ,     L1+L2    

z1, z2, …, zd, u1, …, up, v1, …, vq.  w  L1+L2,  w = x+y,  xL1, yL2.  
 x     z1, z2, …, zd, u1, …, up  

L1: 

x = 1z1+ 2z2+…+ dzd+ d+1u1+…+ d+pup    ( iP, i=1 (d+p)),    y 
    z1, z2, …, zd, v1, …, vq  L2: 

y = 1z1+ 2z2+…+ dzd+ d+1v1+…+ d+qvq    ( iP, i=1  (d+q)). 
 ,  w    

z1, z2, …, zd, u1, …, up, v1, …, vq. 
2) ,   z1, z2, …, zd, u1, …, up, v1, …, vq  

.  ,     αi, j, k  P, 
     ,    

α1z1+α2z2+…+αdzd+ 1u1+…+ pup+ 1v1+…+ qvq =  
(i=1 d, j=1p, k=1q).  j  (j=1p)     , 

. .    z1, z2, …, zd, v1, …, vq   ,  
,      L2.   k 

(k=1q)     . ,  j’  0   
 k’ 0. 
   

α1z1+α2z2+…+αdzd+ 1u1+…+ pup = (– 1)v1 +…+(– q)vq. 
  α1z1+α2z2+…+αdzd+ 1u1+…+ pup   

L1, a  (– 1)v1+…+(– q)vq   L2.  ,  
 ,   L1  L2, . .  

 L1∩L2. ,       L1∩L2: 
(– 1)v1+ …+(– q)vq = δ1z1+δ2z2+ …+δdzd 

  δ1, δ2, …, δd  P.   

δ1z1+δ2z2+…+δdzd+ 1v1+…+ qvq =     ( k’ 0), 
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. .  z1, z2, …, zd, v1, …, vq  ,  . 
  ,    ,   

z1, z2, …, zd, u1, …, up, v1, …, vq   . 
.       

  . 
.    V(3)  

L1 = {(a1, a2, 0) | ai  R, i = 1, 2}  L2 = {(0, b2, b3) | bi  R, i = 2, 3} ( .  1.2.2).  

L1∩L2 = {(0, d, 0) | d  R}. dim L1 = 2, dim L2 = 2, dim (L1∩L2) = 1.   dim (L1+L2) = 3. 
.  {e1, e2, …, en} –    L   , 

 L       [ei] = { ei |  P}, . . 
L = [e1] [e2]… [en].  

 2.  L1, L2 –    L   
P.  L       L1  L2    

,    wL    w = v1+v2 (  vi Li, i=1, 2) 
 . 

: .  L = L1 L2,  L1∩L2 = {}. 

,    wL,      
  L1  L2  : w = x1+y1  w = x2+y2 (  xiL1, yiL2, i=1, 2). 

  x1+y1 = x2+y2    x1–x2 = y2–y1,     
  L1, a  –  L2.  L1∩L2 = {}, 

, x1–x2 =    y2–y1 = ,  , x1=x2  y2=y1. 
.    wL    w = v1+v2 (  

viLi, i=1, 2)  ,   L1∩L2   {}.     
v  L1∩L2, v .       v:  v = v +  (vL1, 

L2)   v =  + v (L1, vL2),   . 
   
1.  L1, L2 –     P. 

 φ: L1 → L2    ,  
  : 

1) φ – , 
2)  u, v  L1   φ(u+v) = φ(u)+φ(v), 

3)  u  L1    P    φ(u) = φ(u). 
.  L1, L2 –     P. L1  L2 

  ,     L1  L2. 
: L1   L2  L1   L2. 

  
 1. 
   “  ”      

 P   . 
.    1 ,      

   P      . 
 2. 

   L1  L2    1 

  L1     2  L2. 
 3. 

       
    . 

 4. 
  u1, …, un     L1  

φ: L1 → L2 – ,   φ(u1), …, φ(un)    
 L2. 
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.      .  

    
 

1.      . 
2.   . 
3.     . 
4.   .      . 

1.       
. ,   v   L   P 

    u1, u2, …, um  L,     
1, 2, …, m  P,   

v = 1u1 + 2u2 + ... + mum. 
,    ,     

u1, u1, u2, …, um . 
 u1, u2, ..., um   ,   

  1, 2, …, m  P,      ,  

1u1 + 2u2 + ... + mum = . 
  u1, u2, ..., um      ,  

   . Э  ,   

1u1 + 2u2 + ... + mum =  

   1 = 2 = … = m = 0. 

 1.   u1, u2, …, um   L (m  2)  ,    
      .      

,            . 
. 

1. ,  u1, u2, …, um     . Э  , 
    1, 2, …, m  P,      ,  

1u1 + 2u2 + ... + mum = . 

 k   .  

m

k

m

k

k

k

k

k

k

k

k uuuuu 


































 


















...... 1
1

1
1

1
1

. 
2.  ,  u1, u2, …, um     . 

          ,    
 

mmkkkkk uuuuu    ...... 111111 , 
,    : 

   mmkkkkk uuuuu ...)1(... 111111  
(   uk   ). 
2.    

 1. ,     u,   
    ,  u   : u = . 

 2.   v     u1, u2, …, um : 

v = 1u1 + 2u2 + ... + mum , 
,    w1, w2, …,wk    , 

   u1, u2, …, um , w1, w2, …,wk,   v  
 . 

 3.     u1, u2, …, um    
  v1, v2, …, vk,          
  w1, w2, …,wn.     u1, u2, …, um   

  w1, w2, …,wn.  
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 4.   u1, u2, …, um     . 
  -   v  v, u1, u2, …, um   ,  v 

   u1, u2, …, um . 
 (     ). 

1)    u1, u2, …, um  L   ,   
u1, u2, …, um   . 

2)    u1, u2, …, um  L  ,     
 u1, u2, …, um     . 
3)     u1, u2, …, um  L     

  v1, v2, …, vk  L,   k  m,  u1, u2, …, um  
. 

4)     u1, u2, …, um  L     
  v1, v2, …, vm,     ,    u1, u2, …, 

um  . 
. 

 m > k   

u1 = 11v1 + 12v2 + … + 1kvk, 

u2 = 21v1 + 22v2 + … + 2kvk, 
………………………………... 

um = m1v1 + m2v2 + … + mkvk. 

     1, 2, …, m   .   
  1, 2, …, m       

: 
111 + 212 + … + m1m = 0, 

121 + 22v2 + … + m2m = 0, 
………………………………... 
1k1 + 2k2 + … + mkm = 0 

(   m > k,       3.3.). 
    i (i=1m)   : 

1u1 + 2u2 + … +mum = 0v1 + 0v2 + … +0vk = . 
4.   v1, v2, …, vm  ,    5.3   

,    vm,     

vm = 1v1 + 2v2 + … +m-1vm-1. 
    u1, u2, …, um  v1, v2, …, vm  

 vm  1v1 + 2v2 + … +m-1vm-1.     vi, 
     u1, u2, …, um  v1, v2, …, vm-1.  

 m > m – 1,        
 u1, u2, …, um.  

3.      

.  u1, u2, …, ur   M   
L    M,    : 

1)  u1, u2, …, ur    . 
2)    M      u1, u2, …, ur. 

. ,      V(n), 
    4.3,      e1=(1, 0, …, 0), 

e2=(0, 1, …, 0), …, en=(0, 0, …, 1). Э    . 

,  1e1+2e2+…+nen=.     
   V(n)   (1, 2, …, n)=(0, 0, …, 0), . . 

1=2=…=n=0. ,  x=(x1, x2, …, xn) V(n).    x1, x2, …, xnR  
 x1e1+x2e2+…+xnen=x.  
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 ,    V(2) (   )  
  e1 = (1, 0)  e2 = (0, 1).    V(3) (   

)    e1 = (1, 0, 0), e2 = (0, 1, 0)  e3 = (0, 0, 1). 
   ,        

  . 
. ,       

    P (    
       n-

  )   . 
, ,   u1, u2, …, un   

  .  (n + 1)  

...),0,1,0...,,0,0(

...),,0,1,0...,,0,0(

...

...),,0,1,0(

...),,0,0,1(

1

1

2

1







 






n

n

n

n

v

v

v

v

 , 

   u1, u2, …, un,      3-  
      . ,   

    i  P   ,  

1v1 + 2v2 + … + ivi + … +n+1vn+1 = (1, 2, …, i, …, n+1, 0, 0,…)  

 (0, 0, …, 0, …) = . 
,      L  ,    

  .    .  
  .       

 (  ).      L  
,      : 
1.           . 
2.           

     . 
3.          , 
    ,    . 

.  
1.    u1, u2, …, ur  v1, v2, …, vs   

 M.  r<s ,        
     v1, v2, …, vs   

 ,    r (  r<s) .  
 s<r. , r=s. 

2.  u1, u2, …, uk –      M. 
(   , : ,    

 .)    uk+1, uk+2, …, um ,   
 u1, u2, …, uk, uk+1, uk+2, …, um   .  

   (      
   M).       

 , . .      . 
3.     M   r   v1, v2, …, vr –
    M.     ,  
 v1, v2, …, vr    : v1, v2, …, vr, vr+1, …, vm.    
  m>r , . . m=r.  , v1, v2, …, vr –  M. 
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.      L  
,        M   rang 

M. 

     ,      . 
.    L    ( . . 

     L),  L  , 
   –  L.     « »  

: dim L = rang L. 
     ,    

  ,    . 
.       

      ,   
 . 

,  .    M  
 L   P  u1, u2, …, um     

 v  M    u1, u2, …, um   : 
v = 1u1 + 2u2 + ... + mum,    (1) 
v = 1u1 + 2u2 + ... + mum,     (2) 

 1, 2, …, m  P, 1, 2, …,  m  P   i  {1,2,…,m}: i i. , 
   (1)  (2),   

(1- 1)u1 + (2- 2)u2 + ... + (m- m)um = , 

  (i- i)   . ,  u1, u2, …, um 
  ,   . 

. Э      
      . 

.   u1, u2, …, um    M 

  L   P .    v  M   

u1, u2, …, um   1, 2, …, m  P,    v  
  u1, u2, …, um, . .     

v = 1u1 + 2u2 + ... + mum. 
 

.  .   
     

 
1.  .      . 
2.      . 
3.    . 
4.       . 
5.     . 
1.  .      
 

.  L –     P.  
,   ,  L  
  φ: L → L,     : 

1)  u, v  L    φ(u+v) = φ(u)+φ(v), 

2)  u  L    P    φ(u) = φ(u). 
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.     V2   R  
   y=x   . 

,  φ   y=x   V2  
 : φ((x, y)) = (y, x).    (x, y), (x’, y’)  V2 φ((x, y)+(x’, y’)) = 

φ((x+x’, y+y’)) = (y+y’, x+x’) = (y, x)+(y’, x’) = φ((x, y))+φ((x’, y’))    φ( (x, y)) = 

φ(( x, y)) = ( y, x)) = (y, x) = φ((x, y))     R. 
 1.     L   P  

φ: L → L   ,  φ() = ,   –    
  L. 

:    : 0u =   
 u  L ( . §1).  φ() = φ(0u) = 0φ(u) = . 

 1.     L   P   
U = {u1, …, un}.    v1, …, vn  L    

  φ: L → L, ,  v1=φ(u1), …, vn=φ(un). 

:    w  L,  
w = b1u1+b2u2+…+bnun,  bi  P, i=1n,     
φ(w) = b1v1+b2v2+…+bnvn. 

,  φ –  .  w, v  L   
w = b1u1+b2u2+…+bnun, v = c1u1+c2u2+…+cnun,  bi, ci  P, i=1n.  L    
φ(w+v) = φ((b1u1+b2u2+…+bnun)+(c1u1+c2u2+…+cnun)) = 
φ((b1+c1)u1+(b2+c2)u2+…+(bn+cn)un) = (b1+c1)v1+(b2+c2)v2+…+(bn+cn)vn = 
(b1v1+b2v2+…+bnvn)+(c1v1+c2v2+…+cnvn) = φ(b1u1+b2u2+…+bnun)+ φ(c1u1+c2u2+…+cnun) = 

φ(w)+φ(v).  φ(w) = φ(w)     P  . 
,  vi=φ(ui)  (i=1n). , u1 = 1u1+0u2+…+0un,  φ(u1) = 

1v1+0v2+…+0vn = v1     u2, …, un. 
 ,    ,    

. ,    . 
,   ё   ψ: L → L, ,  

v1=ψ(u1), …, vn=ψ(un). ,  φ = ψ, . .  w  L φ(w) = ψ(w). 
ψ(w) = ψ(b1u1+b2u2+…+bnun) = ψ(b1u1)+ψ(b2u2)+…+ψ(bnun) = 
b1ψ(u1)+b2ψ(u2)+…+bnψ(un) = b1v1+b2v2+…+bnvn = φ(b1u1+b2u2+…+bnun) = φ(w). 

   
.     L   P   

U = {u1, u2, …, un}     φ: L → L.   
φ(u1), φ(u2), …, φ(un)     U  :  

φ(u1) = α11u1+α12u2+…+α1nun, 
φ(u2) = α21u1+α22u2+…+α2nun, 

················································· 
φ(un) = αn1u1+αn2u2+…+αnnun, 

  αij  P, i=1n, j=1n.      
φ(u1), φ(u2), …, φ(un)      u1, u2, …, un  

AU(φ) = 



















nnnn

n

n














21

22212

12111

 

    φ   U.  
        
     φ. 

 2.      L   P   
U = {u1, …, un}   AU(φ) –    φ: L → L   U. 
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  (c1, c2, …, cn) –    w  L   U, a 
(b1, b2, …, bn) –  φ(w)   U,    







































n
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n c
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c

A

b

b

b


2

1
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1

)( . 

:   AU(φ)   AU(φ) = 
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.  

 w = c1u1+c2u2+…+cnun (  ci  P, i=1n) :  
φ(w) = φ(c1u1+c2u2+…+cnun) = c1φ(u1)+c2φ(u2)+…+cnφ(un) = 
c1(α11u1+α12u2+…+α1nun)+c2(α21u1+α22u2+…+α2nun)+… 
+cn(αn1u1+αn2u2+…+αnnun) = (c1α11+c2α21+…+cnαn1)u1 + 
(c1α12+c2α22+…+cnαn2)u2 + … +(c1α1n+c2α2n+…+cnαnn)un.    

    ,    
:  

c1α11+c2α21+…+cnαn1=b1, 
c1α12+c2α22+…+cnαn2=b2, 

········································· 
c1α1n+c2α2n+…+cnαnn=bn. 
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c
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 1.  A, B –   nn   P.    
 w=(c1, c2, …cn) (ci  P, i=1 n)   L   P 
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c
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1
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1

,  A=B. 

:  A = (aij)n×n    B = (bij)n×n, ,    w 

 (1,0,0,…,0),   









































0

0

1

0

0

1


BA ,   ai1 = bi1   

i=1n. ,    w  (0,1,0,…,0), …, (0,0,0,…,1), 
 ai2 = bi2, …, ain = bin   i=1 n, . . A=B. 

2.       

 3.     L   P    
U = {u1, …, un}  V = {v1, …, vn},   S –     U   V. 

   φ: L → L   U   AU(φ),    V – 
 AV(φ).   

AV(φ) = S -1AU(φ)S. 
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:    w  L.  
w = b1u1+b2u2+…+bnun    w = c1v1+c2v2+…+cnvn  (bi, ci  P, i=1n),   
φ(w) = 1u1+ 2u2+…+ nun    φ(w) = 1v1+ 2v2+…+ nvn ( i, i  P, i=1n). 

   1.5.4 : 
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b

b
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1
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1
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   1.5.5 : 
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1 )(  = 





















n

S
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1

1  = 



















n





2

1
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, 





















n

U

ñ

ñ

c

SAS

2

1

1 )(  = 





















n

V

c

c

c

A

2

1

)( . 

      w  L, . .  

  



















nc

c

c


2

1

,    1.6.8   

S -1AU(φ)S = AV(φ), 
   . 

3.     

       L   
P  ,      P  .  φ, ψ – 

   L    P,   
1) φ+ψ: L → L    u  L  (φ+ψ)(u) = φ(u)+ψ(u), 

2) φ: L → L    u  L  (φ)(u) = φ(u), 

3) φ◦ψ: L → L    u  L  (φ◦ψ)(u) = φ(ψ(u)). 
,  φ+ψ     L. 

,  u, v  L  (φ+ψ)(u+v) = φ(u+v)+ψ(u+v) = φ(u)+φ(v)+ψ(u)+ψ(v) = 
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φ(u)+ψ(u)+φ(v)+ψ(v) = (φ+ψ)(u)+(φ+ψ)(v)     u  L    P  (φ+ψ)(u) = φ(u)+ψ(u) = 

φ(u)+ψ(u) = (φ(u)+ψ(u)) = (φ+ψ)(u).  
 4.     L   P   

U = {u1, …, un},     φ: L → L  ψ: L → L   U  
 AU(φ)  AU(ψ) .    :  

1. AU(φ+ψ) = AU(φ)+AU(ψ), 

2. AU( φ) = AU(φ)   (  P), 
3. AU(φ◦ψ) = AU(φ)·AU(ψ). 

4.        

,   A = (aij)n×n –    P,   |A – E| 
(  E –    n×n)     P 

  ,    P. 
 

.  A = (aij)n×n –    P    P.  
f( ) = |A – E|     A,   

      A. 
 

 2.    A  B   B = Q-1AQ,  
Q –  ,  A  B    

. 
:     B:  |B –

 E| = |Q-1AQ – E| = |Q-1AQ – EQ-1Q| = |Q-1AQ – Q-1EQ| =  
|Q-1AQ – Q-1 EQ| = |Q-1(A – E)Q| = |Q-1||A – E||Q| = |A – E||Q-1||Q| = 
|A – E||E| = |A – E|. 

. . .      φ   
   AV(φ) = S -1AU(φ)S (  1.6.9.),   

 1.7.2. ,          
          . 

        
   ,   

        
 . 

.  L –     P  φ: L → L – 

 . Э  w  L     
φ,  w          P, ,  φ(w) = w.     

   φ,   w. 
 3.  L –     P  φ: L → L – 

 .  w –    φ   –  
 φ,   w,      P (    0)   w 
    φ,     
  . 

:  φ(w) = w.  φ( w) = φ(w) = 

(w) = ( )w = ( )w = ( w).  
 5.       

 ,   . 
:  L –     P   

  φ: L → L   U = {u1, …, un}   AU(φ) = (aij)n×n. 

 w –   φ   –   φ, . . φ(w) = w 

(  P)  w   .  w = b1u1+b2u2+…+bnun, (bi  P, i=1n).   1.6.7. 



34 

φ(w) = AU(φ)
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,   φ(( 1, 2, …, n)) = ( 1, 2, …, n). , 
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 ( 1, 2, …, n) –     φ,   –  
  φ. 

.    1.7.6 ,     
 w = (b1, b2, …, bn)      

   ,    w,    AU(φ)





















nb

b

b


2

1

 = 



















nb

b

b







2

1

,  

AU(φ) –      U. 
 6.    ,  

   ,  . 
 7.     φ    

  V,     V    
 φ,         

  . 
:  L –     P  

V = {v1, v2, …, vn} –  L,      φ: L → L 

: AV(φ) = 



















nn












00

00

00

22

11

, αii  P, i=1n.    

V = {v1, v2, …, vn}   v1 = (1, 0, 0, …, 0), v2 = (0, 1, 0, …, 0), …, vn = (0, 0, 0, …, 1), 
,   1.6.5   , : 

φ(v1) = 11 v1+0v2+…+0vn, 

φ(v2) = 0v1+ 22 v2+…+0vn, 

…………………………… 

φ(vn) = 0v1+0v2+…+ nn vn. 

  φ(v1)= 11 v1, φ(v2)= 22 v2, …, φ(vn)= nn vn.  ,  v1, v2, …, vn 

     φ,    
  11 , 22 , …, nn   . 

5.      

.  L –     P  φ: L → L – 
 .    φ   

(  Ker φ)   L,     
 , . . 

Ker φ = {u  L | φ(u) = }. 
.  L –     P  φ: L → L – 

 .    φ   
(  Im φ)   L,    

 φ, . . 
Im φ = {u  L |  vL φ(v) = u}. 

 4.  L –     P  φ: L → L – 
 .  Ker φ  Im φ   

 L. 
5.  L –     P  φ: L → L – 

 . 
1) φ       ,  Ker φ = {}. 
2) φ       ,  Im φ = L. 
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.  L –     P  φ: L → L – 
 .   Ker φ (  dim Ker φ) 

   φ.   Im φ 
(  dim Im φ)    φ.  

 
 8.        .  

:  L –     P  φ: L → L – 
 .  U = {u1, u2, …, un} –   L.  

 ,  Im φ = [φ(u1), φ(u2), …, φ(un)]. 

   w  Im φ,  w = φ(u), u  L.  
u = b1u1+b2u2+…+bnun   (bi  P,  i=1n),  w   =   φ(u) = 

b1φ(u1)+b2φ(u2)+…+bnφ(un)  [φ(u1), φ(u2), …, φ(un)] ( .  1.2.5). , 
Im φ   [φ(u1), φ(u2), …, φ(un)].   ,   1.8.4, Im φ 

   L, ,  
φ(u1), φ(u2), …, φ(un)  Im φ,  [φ(u1), φ(u2), …, φ(un)]   Im φ.  , 
Im φ = [φ(u1), φ(u2), …, φ(un)]. 

,   1.2.7  : dim Im φ = 
rang{φ(u1), φ(u2), …, φ(un)}.  

  
φ(u1) = α11u1+α12u2+…+α1nun, 
φ(u2) = α21u1+α22u2+…+α2nun, 

················································· 
φ(un) = αn1u1+αn2u2+…+αnnun, 

  αij  P, i=1n, j=1n.  rang{φ(u1), φ(u2), …, φ(un)} = 

rang
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n
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22212

12111

,   



















nnnn

n

n














21

22212

12111

 = AU(φ). , dim Im φ = rangAU(φ). 

 
 9.   L –     P  φ: L → L  – 

 .  
dim Ker φ + dim Im φ = dim L. 

:   dim Ker φ = d, dim Im φ = r, dim L = n  , 
 n = d+r.    Im φ: v1, v2, …, vr.   

 Im φ   u1, u2, …, ur  L, ,  vi = φ(ui) (i=1 r). 
,  u1, u2, …, ur  . ,    

α1u1+α2u2+…+αrur =   (αi  P,  i=1 r),  φ(α1u1+α2u2+…+αrur) = φ() = ,   , 
α1φ(u1)+α2φ(u2)+…+αrφ(ur) = , . . α1v1+α2v2+…+αrvr = .  v1, v2, …, vr  

 (   Im φ), , α1=α2=…=αr=0, . . u1, u2, …, ur   
. 
,   N = [u1, u2, …, ur], ,  dim N = r ( . 

 1.2.8). ,   L = NKer φ  ( .  1.3.1). 

1) ,  N ∩ Ker φ = {}.  w  N∩Ker φ,  (  w  N)  

w = 1u1+ 2u2+…+ rur.  ,  w  Ker φ,  φ(w) = . , 
φ( 1u1+ 2u2+…+ rur) = φ(), ,    ,  1v1+ 2v2+…+ rvr =   

  1= 2=…= r=0.  w = 0u1+0u2+…+0ur = . 
2) ,    w  L     

  w = w1+w2,  w1  N, w2  Ker φ. 

 φ(w)  Im φ,  φ(w) = α1v1+α2v2+…+αrvr  (αi  P,  i=1 r). 

 w1 = α1u1+α2u2+…+αrur,  w1  N.  w2 = w – w1. , 
 w2  Ker φ. , φ(w2) = φ(w – w1) = φ(w) – φ(w1) = (α1v1+α2v2+…+αrvr) –
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 φ(α1u1+α2u2+…+αrur) = (α1v1+α2v2+…+αrvr) – (α1φ(u1)+α2φ(u2)+…+αrφ(ur)) = 

(α1v1+α2v2+…+αrvr) – (α1v1+α2v2+…+αrvr) = , , w2  Ker φ.   w = w1+w2,  
w1  N, w2  Ker φ. 

, L = NKer φ.    1.3.4  n = r+d,    
. 

.   φ   L   P 
  ,  φ –  .  

  φ   . 
 10.   L –     P  φ: L → L – 

 .   : 
1) φ –  , 
2) Ker φ = {}, 
3) dim Im φ = dim L, 
4) rang AU(φ) = dim L,  U –   L. 
5) |AU(φ)| 0. 
 

.      
 

1.    .     
    . 
2.    .    .  

.  . 
3.    .       

. 
4.  .    . 
1.    .     
     

 
   –  .          

    : 
f(x) = 01

1
1 ... axaxaxa

n

n

n

n  
 ,   a i   P,  i  {0, 1, …, n},  n  N.    (1) 

 a i     f(x).  0na ,   n 

   f(x), a n  -  , a 0  –  
  f(x).  a n x n       . 

     ,   
 . 

 
1.    P     , 

      –  
,   P –      ( )  ( ) 

.  
        ! 

2.   (1)    : 

f(x) = 
i

i

n

i

xa
0

  (1) 

         P  
        .  

f(x) –   (1)  g(x) = ,... 01
1

1 bxbxbxb
m

m

m

m  
    

b j   P, j  {0, 1, …, m}, m  N –   (2). 
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  f(x)  g(x)   h(x) : 
h(x) = ,01

1
1 ... cxcxcxc

k

k

k

k  
 ,  

 c i  = a i  + b i , i  {0, 1, …, k}, k = max {n, m}.   (3) 

 
         

      , . .,  f(x) = i

i

i

xa


6

1

, g(x) 

= j

j

j

xb


4

1

,   g(x)  : g(x) = 

01
2

2
3

3
4

4
56 00 bxbxbxbxbxx  . 

 
  f(x)  g(x)    h(x) : h(x) 

= (
i

i

n

i

xa
0

) ( j

j

m

j

xb
0

) = 
k

k

mn

k

xc


0

,  022110 ... babababac kkkkk   . 

 ,     ,   
          
  . 

 
      ,      , 

           
 .       .     

 ,   ,      
,   ,  . 
 ,        

    ,   
 ,       

 ( ),  ,   f(x), – , 
   ,  (   P)  

 .   . 
 
        P   

      ,   
        [x]. 

 
   ,    [x]   P  
 . 

 

 0x     f(x), : 0)( 0
0

0 


i

i

n

i

xaxf  

 

    (1)         
P    ,       

  f(x)   = .  
 ,      ,   

  ,  . 
   [x]   P     – 
 ,  ,        . 

 
,   f(x)  (1)    g(x)  (2),  

   h(x)   P,  f(x) = g(x)h(x). 
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    « ». 
 1 

 

10 234  xxxx  100 23  xxx  

xxxx  234 00   1x  

- 13 x  

- 13 x  

0 

 f(x) = 10 234  xxxx , g(x) = 13 x , h(x) = 1x .  
       . 
     ,  

   . 
 1 

     f(x)  g(x)  , 
        ,  , 

    : f(x) =  g(x). 
 f(x)  g(x)     . 

,   ,     
,     . 

 2 
  f(x)       g(x)  h(x),   

    . 
 3 

     [x]   . 
 4 

  f(x)     g(x),    , 
  f(x),    g(x). 
 5 

     f(x)  g(x)     
h(x),         h(x). 

2.    .    . 
 .  . 

.   –  .     
       : 

f(x) = 01
1

1 ... axaxaxa
n

n

n

n  
 ,  a i   P, i  {0, 1, …, n}, n  N. (1) 

 a i     f(x).  0na ,   n 

   f(x), a n  -  , a 0  -  
  f(x).  a n x n       . 

     ,   
 . 

 
1.    P     , 

      –  
,   P –      ( )  ( ) 

.  
        ! 

2.   (1)    : f(x) = 
i

i

n

i

xa
0

 (2) 

         P  
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        .  
f(x) –   (1)  g(x) = ,... 01

1
1 bxbxbxb

m

m

m

m  
   b j   P, j  {0, 1, …, 

m}, m  N –   (2). 
.   f(x)  g(x)   h(x) : 

h(x) = ,01
1

1 ... cxcxcxc
k

k

k

k  
 ,  c i  = a i  + b i , i  {0, 1, …, k}, k = max {n, m}.  (3) 

.         
       , . .,  f(x) = 

i

i

i

xa


6

1

, g(x) = j

j

j

xb


4

1

,   g(x)  : g(x) = 

01
2

2
3

3
4

4
56 00 bxbxbxbxbxx  . 

.   f(x)  g(x)   

 h(x) : h(x) = (
i

i

n

i

xa
0

) ( j

j

m

j

xb
0

) = 
k

k

mn

k

xc


0

,  

022110 ... babababac kkkkk   . 

 ,     ,   
          
  . 

.       ,     
 ,          

   .       .   
   ,   ,     

 ,   ,  . 
 ,        

    ,   
 ,       

 ( ),  ,   f(x), – , 
   ,  (   P)  

 .   . 
.         P  

       ,  
        [x]. 

.    ,   [x]   P 
  . 

.  0x     f(x), : 

0)( 0
0

0 


i

i

n

i

xaxf . 

.     (1)     
    P    ,     
    f(x)   = .  

 ,      ,   
  ,  . 

3.    .       
. 

   [x]   P     – 
 ,  ,        . 

. ,   f(x)  (1)    g(x) 

 (2),     h(x)   P,  f(x) = g(x)h(x). 
        

. 



41 

     ,  
   . 

 1.      f(x)  
g(x)  ,         , 

 ,     : f(x) =  g(x). 
 f(x)  g(x)     . 

,   ,     
,     . 

 2.   f(x)       g(x) 
 h(x),       . 

 3.      [x]   
. 

 4.   f(x)     g(x),   
 ,   f(x),    g(x). 

 5.      f(x)  g(x)   
  h(x),         h(x). 

. ,   f(x)      
 g(x),      q(x)  r(x),   

 : 
f(x) = g(x)q(x) + r(x),   r(x)   g(x)  r(x) = ( )    (1) 

  ,       ,   
    . 

 (    ).     f(x)  g(x),  
g(x) -  ,       q(x) 

 r(x),    (1). 
      :  

  ,           
. 

.     f(x)   x – c   
 f(x)  x = c: f(x) = (x – c)q(x) + f(c). 
  f(x)    : 

f(x) = )0(... 0,1
1

10  


aaxaxaxa nn

nn
     (1). 

   : 
f(x) = (x – c)( 12

2
1

1
0 ... 

  nn

nn
bxbxbxb ) + r  (2) 

         
      (1)  (2), : 

.

,

.........................

,

........................

,

,

,

1

211

1

122

011

00

















nn

nnn

kkk

cbar

cbab

cbab

cbab

cbab

ab

     (3) 

 (3)         : 
 a 0  a 1  … a k  … a n  

x = c b 0  b 1 = a 1 + cb 0  … b k = a k + cb 1k  … r = a n + cb 1n  

,  r = f(c),  b i     q(x)  
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 f(x)  x – c. 
        f(x)  

  x – c. 
.         f(x)  (1)  n 

        :  
f(x)= )0(,)(...)()( 2

210  n

n

n bcxbcxbcxbb .   (4) 

   (4)    f(x)    
x – c. 

     ,     
     f(x)   x = c. 

.   (4)  f(x)    x – c, 

 b k    : 

b k  = 
!

)()(

k

cf
k

, (k  {0, 1, 2, …, n})   (5). 

  
   ,    

     f(x). 
 

       : 
f(x)=  mk

m

kk
xxxxxx )(...)()( 21

21 )(xg    (1). 

 mxxx ,...,, 21  -  ,  )(xg  - ,   .  

.   f(x)    (1),  mxxx ,...,, 21  -    
,    x i   k i . 

.       f(x)  
  ,        ,  

        . 
 ,       

.   f(x) = )0(... 0,1
1

10  


aaxaxaxa nn

nn
  

 nxxx ,...,, 21 ,     .   
: 

....)1(

........................................................

),...(

),...(

210

1312102

2101

n

n

n

nn

n

xxxaa

xxxxxxaa

xxxaa







    (6) 

 (6)   ,   
 f(x)      . 

        
       
         

(  ). 
   ,     . 
.   ,  ,    

  .        
  ,  ,   d(x) =  (f(x), g(x)),   

   d(x)      (f(x), g(x)). 
         ,  
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. 
.     f(x)  g(x)   ,  

      . 
.    ,    

        , 
  ,        

  . 
.         

 ,      u(x)  v(x),  
 :  (f(x), g(x)) = u(x)f(x) + v(x)g(x)  (7) 

.  f(x)  g(x)   ,   
        , ,  

,     . 
 )(),...,(),( 21 xfxfxf k      , 

    . 
 1.  f(x)  g(x),        

  ,     u(x)  v(x),  : 
u(x)f(x) + v(x)g(x) = 1      (8) 

 2.  g(x)         
 )(...)()( 21 xfxfxf k ,        . 

 3.    )()( 21 xfxf      
g(x),  f 1 (x)  g(x)  ,  f 2 (x)   g(x). 

 4.   )(...)()( 21 xfxfxf k      
 f(x)     ,       . 

 5.  )(...)()( 21 xfxfxf k       
,     ,   . 

     
.  ( )     ,   

          
. 

.      ,  ,   
  ,            
     . ,  f(x) = 32 x    
  ,      ,   f(x) = 

)3()3(  xx  -          
 . 

   ,     
 . 

 1.        . 
 2.     2,     ,  

  . 
.    , ,  

f(x) = 
22 )1(12  xxx      ,     

 . 
 3.   f(x)       

   ( )    ,  f(x)   ( ): 
f(x) =  ( ). 

 4.  f(x) –       ( ) – 
     .  f(x)   ( ),    

. 
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 5.    )(...)()( 21 xfxfxf k     
      ( ),       
  ( ). 
   ,      
      . ,    

,   ,    . 
.          

     (      
)    ,   : 

f(x)= )(...)()( 21 xpxpxp n  ,         (9) 

   0  , )(xpi  , i  {1, 2, …, n} -       
,  . 

 
1.    (1)     (   

)   ,    : 
f(x) = )(...)()( 21

21 xpxpxp mk

m

kk  , k i   N, i  {1, 2, …, m},  (10) 

       . 
2. ,     f(x)  g(x)     

  (     ), ,     
 ,           

. (    ). 
3.            

  ,        . . , 
     [x],    ,   

,  .      
      . 

4.  .    
. 

.   f(x) = 01
1

1 ... axaxaxa
n

n

n

n  
    

  f’(x)   : 

f’(x) = 12
2

1
1 2...)1( axaxanxna

n

n

n

n  



    (11) 

 
1.    ,   ,   

        ,  
       .   

na n    : 

n

nn

nnn aaaa 
  

)1...11(... .  (12) 

        k : 

01...11  
k

, 

     (3)     f’(x)  
       n - 1.     (4)  
  . 
2.  ,    ,   

,     ,  : 
       ; 
       ; 
       : (f(x)g(x))’ = 
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f’(x)g(x) + g’(x)f(x). 
.     f(x)   

     f”(x). 

    k –   f )(k (x). 
   f(x)       
      ,       

.         . 
.   –   , ( ) –   

 f(x)    k.    ( )    
  f(x)  (k – 1).  

 ,  k = 1,  f’(x)    ( ). 
.  0  -   k  f(x),     

 (k – 1)   . 
    f(x)      

 . 
  f(x)      (10).   

)(),...,(),( 21 xpxpxp m      f’(x)  
k 1  -1, k 2 - 1,…, k ü  - 1 . 

 ,  d(x) =  (f(x), f’(x))  : 
d(x)= )(...)( 11

1
1 xpxpb mk

m

k   ,( b  0  P).  (13) 

,    d(x) =  (f(x), f’(x)) –    
   f(x).   d(x)   
 . 

   (f(x), f’(x))     
   f(x). 

 
.     

 

1.         
.     . 

2.        . 
3.     . 
1.        

 .     . 
 

   n    nxxx ,...,, 21         

 :  nk

n

kk
xxxa ...21

21 ,      –  , nkkk ,...,, 21   N    

(1). 
 

  n    nxxx ,...,, 21          
    (1): 
f( nxxx ,...,, 21 ) =  

i

k

n

kk

i
nxxxa ...21

21 ,          (2) 

       (    
 ). 

 1 f( 2
3
1

3
3

2
2

2
13

3
2321 32),, xxxxxxxxxx   

     n    nxxx ,...,, 21        
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. 

 ,        
,       ,  

      . ,     
     n    nxxx ,...,, 21      ,   

 : [ nxxx ,...,, 21 ]. 

      ,    
 .     1,       

   .    . 
 

    (1)    f( nxxx ,...,, 21 )    
    nkkk  ...21 ,    ,  

  nxxx ,...,, 21       (1). 

    f( nxxx ,...,, 21 )     

      . 
    f( nxxx ,...,, 21 )     i    

  ,       -   
   f( nxxx ,...,, 21 ). 

 2.    f( 2
3
1

3
3

2
2

2
13

3
2321 32),, xxxxxxxxxx      1: 

     1x     3,    2x    3,  
  3x  -   3; 

         7. 
 

      m,      
,   m. 

    f( nxxx ,...,, 21 ),      
 ,    . 

    ,      n  
      , ,   
   . 
      ,   

   . 
.  u = 

nk

n

kk
xxxa ...21

21      v = 

nm

n

mm
xxxb ...21

21     ,      i  {1, 

2, …,n}, : iiii mkmkmk   ......,,..., 1111 . 

   :    vu  . 
 3 

   
2
3232

2
21321

4
2321 23),,( xxxxxxxxxxxxxf   

   : 

32
2
32

4
2321

2
21321 23),,( xxxxxxxxxxxxxf  . 

.     ,   
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       ,  
   f( nxxx ,...,, 21 ). 

 
1. ,     , 

  ,     . 
2.   vu     w –  ,   uw   vw. 

3.   vu      w   t,   uw   vt. 
    ,     

   . 
 1 

        n     
        . 

 2 
    n           

. 
 
2.         

.  f ( , )  ,    
   x   y,  y  x. 

 
22

xyyx  - .   
23 3yx    

:   x y ,  y  x     
23 3xy  , 

    . 
   .    , 

       , . . 
xyyx      x    y . Э   ,   

yx    . 
        yxxy   

,   xy    . 
      

.       x  y .  
   : 

yx 1 , xy2  

 1  2 ,      , . . 

 ,....,...,, 3322 nn
yxyxyx     

nn
yx    ns

. 
  , 
                                                         yxs 1 , 

,22
2 yxs   

,33
3 yxs 
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4 yxs  , 
……………. 

  ,    
.   (  ,  )    1  

 2       1   2     x  . ,    
     x    

      1   2      1    2  
   1 = + ,  2= ,     f ( , ).  
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.     x  y     

   1=  + y    2 =xy.  
:         

,     .  ,  ,   

  sn=xn+yn         1  2 .  
       

sk-1= k-1 + -1   1= x+y. 
 :  
 1sk-1=( + y)( -1+y -1)= + yk-1+x -1 + k=  + yk +  ( k-2 + k-2) = 
   = sk +  k+ 2sk-2 

 ,  
sk= 1sk-1- 2sk-2   (1) 

  (1)   . 
 =1 s1=x+y= 1   . ,     k=n-1 . .  

sn    1  2 ,     k=n   sn= 1sn-1-

 2sn-2 ,   sn-1,sn-2   1  2 ,    sn 

 1  2 .      , 
 sk= 1sk-1- 2sk-2      k. 

      y  (   
 )   . 

- ,   ,         
, . .   k k. ,  k k =  ( )k=  k2, . .  

     2 . 
- ,   ,     

   , . ,   b k l,  k.  l. ,     
b k l        b l k   
b k l      .  ,     

  b( k l + l k) 
   lk,     

 : b( k l + l k)=bxkyk(yl-k+xl-k)=b k2sl-k..  . .   
  sl-k       1    2,   

      1    2. 
,        

  k k     )( kllk
yxyxb  ,     

  1    2 . ,      
    1    2.   .[6, . 9-13] 

     
       , , . . 

,         .    
  , , z       ,  :  

        z, , ,   z. 
.  f ( , , z)   ,   

      [1, . 47]. 
   f ( , , z)   

:  
f ( , , z)=f( , , z)=f(z, y, )=f( , z, ). 

   ,     
x+y+z,        xyz. 

    , . . ,  



49 

kkk
k zyxs 

. 
        : 

 +yz+xz, 
xyzzyx 3333  , 

),)()(( zyzxyx   
)()()( 444444

yxzzxyzyx   
,  2z + 2z    . ,  

    y   : 2z + 2  = 2z + 2z.   
 x  z     –     

zyzxxyxz
2222   

      zyx  , 
yzxzxy  , xyz . 

        

 x,y,z    321 ,, 
: 

1 zyx   
2 yzxzxy   
3 xyz . 

,   1  -   , 2 -    3
 

-   . 
     ,     

  .        , 321 ,, 
   

  1   x+y+z, 2 -  xy+xz+yz  3
-  xyz.     , 

   , , z.  
.     , , z     

   1 zyx  , 2 yzxzxy  ,
3 xyz . 

        
  ,     ,   

. (  3). 
  m .     . 

     
.   m    

,        .  
.   f(x1,x2,x3)=x12+x22+x32   . .  

f(x2,x1,x3)=x23+x13+x33= f(x3,x2,x1)= f(x1,x2,x3)    
 g(x1,x2,x3)=3x13+x23+3x33    . . 

g(x2,x1,x3)=3x23+x13+3x33   g(x1,x2,x3) 
.  x12+…+xm2+x1+x2+…+xm      

  x1,…,xm. 
. Э     x1,…,xm 

 [19, c. 496] 
1=x1+x2+…+xm;  
2=x1x2+x1x3+…+xm-1xm; 

3=x1x2 x3+…+xm-2xm-1xm; 
……………………………… 

m=x1x2…xm. 
Э    ,   

 =(z-x1)(z-x2)…(z-xm),     
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zm-(x1+x2+…+xm)zm-1+(x1x2+…+xm-1xm)zm-2+…+(-1)mx 1...xm. 

 , =zm-1zm-1+2zm-2-…+(-1)mm. 
    

1. , ,     
 , . .     

.   
2.         

 . 
3.   axn1 xn2…xnn    ,    

     ,     
 . 

4.        
    . 

5.  ax1k1x2k2…xmkm-     
  f(x1,…,xm) K[x1,…,xm].     f(x1,…,xm)  

a1k1-k22k2-k3…mkm . 
6.       

  K[x1,…,xm]    . 
3.      

.         
K[x1,…,xm]       K   

  . 
.   f(x1,…,xm) -    

  K  a0x1k1x2k2…xmkm  -   .  (1) f1= f- a0k1-

k2…mkm  - ,    , ,  
 50,  f   f1.  a1x1l1 …xm lm  -    f1. , 

 (2) f2= f1- a1 l1- l2…m lm   ,  f1 f2   . . 
       f f1 f2 

…..   60,      . ,   
  (s+1)-  , . . (s+1) fs+1= fs- asn1-n2…mnm  =0.  

  (1),(2),…,(s+1),   
f= a0k1-k2…mkm  + a1 l1- l2…m lm + …+ asn1-n2…mnm  . 
Э         f  

   K     1,…,m. 

.   = zm+a1zm-1+…+am-      K 
  = (z-c1)(z-c2)…(z-cm),  c1,…,cmC.  f(x1,…,xm)-   
 x1,…,xm     K,  f( 1,…, m) K. 

:    
(z-c1)(z-c2)… (z-cm) = zm+a1zm-1+ a2zm-2+…+am 

    (  ),    
   : 

1+…+ m= -a1; 
c1c2+…+cm-1cm= a2; 
……………………. 
c1c2…cm= (-1)mam. 
Э       

1( 1,…, m) = -a1; 

2( 1,…, m) = a2; 
                                                 ………………..                      (1)      
             m ( 1,…, m) = (-1)mam. ; 
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 f  K[x1,…,xm]      g   

  1,…,m    K, . .  
f(x1,…,xm)= g(1(x1,…,xm),…,m(x1,…,xm)). (2) 

   (2) x1=c1,…,xm=cm    (1),   
                     f(c1,…,cm)= g(-a1, a2,…, (-1)mam)               (3) 

 , g K[x1,…,xm]  a1,…,am K, , f(c1,…,cm)  K. 
 

.        
 

1.       . 
        .  
2.        

 (   ). 
3.        

 . 
1.       . 
        .  

   1799 .    ,  
   «   ». 

.       
      . 

  ,     .  
 1,,)( 1

1  
nCaaxaxxf in

nn                      (1) –  

   . 

 1.     ,    Cx 0 , 

  Ax 0 ,   )0()( 0 fxf  . 

 2. ( ).   )(xf        

Cx 0 ,    0    Cu ,  

.)()( 00 xfuxfu    

2.        
 (   ) 

  . 
  – ,    1.     

         .      
 )(xf      ,  )0(f . ( ,  
, ,       0    ). 

  )(),( ivufvu       u, 

v. (   x       
      ).     

(1)  )(xf   ivux  ,      
   jjj icba  ,      

      ,  ,      
    (    ): 

),(),(),( 21 vuivuvu   . 
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     biaz     : 
22

babiaz  ,  ,  2
2

2
1 ),(),(),( vuvuvu   . 

. .  21     ,       
     .  

,     ,   
     ,  

     .  ,       

    000 ivux  ,      . 

    ,   Kx 1 , )()( 10 xfxf  .   (2) 

. . 0 , ,  , )0()( 0 fxf  . 

   ,   )(xf      
 ,  )0(f ,   , ,  )( 0xf : 

)()0()( 0 xffxf  . 

,  (2)      
. ,   , ,  )(xf   

  0   0x , , 0x  –  )(xf .  . 
         , 

    n       
   n  (   ). 

,    biaz     

   biaz     z . 

 1.    0x      

 ,    0x     
 . 

.  1,,)( 1
1  

nRaaxaxxf in

nn   –   

   0x  –  , . . 

0)( 01
1

0100  


nn

nn
axaxaxxf  .  

  )( 0xf     : 

21212121 , zzzzzzzz  ,   ,      
 : 

.00)(

)(

001
1

010

01
1

01001
1

01100














xfaxaxax

axaxaxaxaxaxxf

nn

nn

nn

nn

nn

nn




 

. . 0x     )(xf . 

3.       
   

.  )(xf      
,           

   . 
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 2.        
        ,  

  . 
.  )(xf  –   n 3   

   0x  – -    .    – 

 ,  )(xf        0xx     R, 
, , . 

 0x  –  ,    1, 0x     . 
     )(xf     

000
2

00 )()()( xxxxxxxxxx  .   00 xxxx   –  

,  )(xf        . 
,   R   ,  2, . 

  2–     ,    
 .  . 

 
.         

 

1.   .    . 
2.       .  
3.     . 
1.   .     

.     –  ,      
 :   .      ,   –    
 . 

        –    . , 
  ,     ,   . ,   

     .  
  : 

  ,      ,   , 
   ,    ():   ()  .  ,  

() –      ,       
. 

.  ,       . 
          

(   )   ,...,...,, 21 n . 

     ,   
 . 

  () – ,           , 
,   ,    , 

,   . 
.  ()         

,      . 

       : (). 

        : 
Kaaaaa k

n

n  ...,...2
210      (14) 

  (1)    

 k

ka  = f()        (15) 
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    – [x]: 

f(x) = 
n

nxaxaxaa  ..2
210 =  k

k xa      (16) 

  ,   : [x]  ,   
: 

:  k

k xa   k

ka        (17) 

  . 
 

1.  (4)     ,     -

 [x] / Ker ,         f(x) 

 [x],         : ( f(x)) = f() = 0  , 

. .,     ,     . 
,  Ker      [x]. 

        ,   Ker  
 , . .    .     

 ,        , 
   .           

,     . 
2. Ker  = (g(x)),  g(x) –    .    
 (g(x)), g(x) –      g() = 0.   
   [x] / (g(x)). 

   [x]/(g(x))   (   ); 
      ,       

   [x]. 

3. Ker  = {0},    [x]    ,  , 
      .       

.  
4.   2,       

 g() = 0  ,        ,  
 () –     .  

  3,    f() = 0 ,  f(x) =0,    
  ,    () –   

  . ,         
  ,      . 

 ,        
  . 

.       ,   
  -       .  

        . 

.    ,    .    
  ,           . , 

  =       ,     
  f(x) = x - ,        

. 
2.        

.       ,   
 w         

nuuu ,...,, 21      : nnuauauaw  ...2211 . 

. ,        
   .      
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      nuuu ,...,, 21 .   
, . .     ,     

     [P : K]. 

  –         , 
     n. 

  12,...,,,1 n  (18)     = (), . . ()  
  n  . 

  L –      , . .,   L  .  
 . 

 (  ).     ,   L   ,    
 L. ,  L   ,     L,     ,  

[P : K] = [P : L][L : K].   (19) 
.        

  . 
 1.    L    [P : K] = [L : K],   = L. 

 2.    L    [P : L] = [P : K],  L = . 
 3.    L  ,   [L : K]    [P 

: K]. 
       
   . 
.           , 

   ()    .     
      . 

.   –  ,   .  
    ,         . 

.   ,     , 
 ,     . 

.    ,   
           

 . 
           

 ,      . 
.        

   . 
Э   ,    ),...,,( 21 n     

  ,      ,  ),...,,( 21 n = (). 
.        ,  

       . 
        
. 

.           
    . 

. Э      «   
»  «  ». 

   
.    ,    

      ,  ( , , 
). 

       
.       ,   

   ,       . 
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    f(x). 

.    f(x),    , 
 ,        f(x)=0.  

.       ( n ,...,, 21 ),   
 f(x)   [x]     : f(x)=(x - 

 1 )(x -  2 )…(x -  n )         i   
 . 

     
.    f(x)    [x]  

  . 
 

.      
 

1.     xx , , .mod    .  

2.   
3.  Э . 
1.     xx ,     

 
 x -   . : 

 x     ,   x  (   
« »); 

 x     ,    x (  
 « »). 

 , 
 
  .,,,

;,,,

е шееbxbZbbx

шееaxaZaax




 

    . 
 1 

    .Zxxxx   

 2 

    .1,  xxZx  

 3 

    .11()(  xxxxxRx  

 4 

       .xxxx   

 5 

 
 
 
  .1)

;1)

;1)

;1)

:)()(








xnxnxd

nxnnxc

xnxnxb

nxnnxa

ZnRx

 

 6 

   
    ,

()()(

nxnx

nxnxZnRx
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« »  « ». 

 7 

 
 

 
 .)

;)

;)

;)

:)()(

xnxnd

nxnxc

xnxnb

nxnxa

ZnRx









 

Э         « »  
« ». 

 8 

       
       .

;

)(

xxx

xxx

Rx






 

.    x     x    
  x    

 xxx }{ . 

 9.  )(xf  -  ,   
, ,   )(xf  -  ,  x  -   . : 

    
     ).2()()(

);1()()(

xfxf

xfxf




 

. 

  xx  ,   (2) .   xx  ,    

 « » ,   .xx     )(xf  -  ,  

      )()()()( xfxfxfxf  ,   « » 
.  

,         )()( xfxf  ,  
    y ,  : 

   )()( xfyfxyx  , 

     )(xf .    , y   

  .      x ,   x    x   

   ,    x .    
 (2).  

 (1)  . 
     . 
 10 
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  ).2(

);1(

)()()(





 





 





 





 



n

mx
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n

mx

n

mx

NnZmRx

 

 11.       -   . 
      : 
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;,:],()

;,:),[)

;,1:],[)













d

c
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 mod    
 nm, -  ,     n   m    

 « »    
m

n
,  ,  




m

n
.   

  : 

,rq
m

n
n 



  

 r     .      
 mnr mod .   « r      n   m »: 

).1(modmnm
m

n
n 



  

 (1) ,  ).2(mod m
m

n
nmn 



  

  (2)   n   m    , 
.0m  

. 

.2135
3

5
)3(5)3mod(5

;1)2(35
3

5
353mod5

;1)2(35
3

5
)3(5)3mod(5

;2135
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5
353mod5
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.0,0mod

;0,mod0

),(






yеyxy

yеyyx

Ryx

 

 2 

    .1mod}{()( xxxxxRx   

 3 

).mod()()mod(

)0,()0()(

CyCxyxC

CconstCRyRx




 

. 

).mod()()mod( CyCx
Cy

Cx
CyCx

y

x
yxCyxC

def


























  

 4 
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)1(1
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m

mn

m

n

m

n
n

m

mn

m

n

m

n
n

NmZn



  

 5 

    .
11

)()(





 





 



m

m
x

m
xxmx

NmRx


 

2.   

 Θ(a)  , : 
     Za ,    a1:Θ(a1)≠0; 
 

Zaa 21, : (a1,a2)=1  Θ(a1∙a2)=Θ(a1)∙Θ(a2).  

.   
s

a  –  . 
  : 

1.  Θ(a) –  ,  Θ(1)=1. 
: 

   ,  a1: Θ(a1)≠0. 
  Θ(a1)=Θ(a1∙1)=Θ(a1) ∙ Θ(1).   Θ(1)=1. 

2.  Θ –  ,      
a1,a2,…,ak  Θ(a1∙a2∙…∙ak)= Θ(a1)∙Θ(a2)∙…∙Θ(ak). 

 ,        ....... 2121

2121
kk

kk pppppp
   

(      2-    
 .) 

  Θ1, Θ2, … ,Θk – ,    
Θ=Θ1∙Θ2∙…∙Θk  –   . 

 Θ(a) –  , 
k

kpppa
  ...21

21  –  

 , ,  ad \


     ,  

             k
kk

ad

pppppd
  ...1......1 1

1
2
11

\  
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( ,     ). 
3.  Э  

 Э  φ(a)     0, 1, …, –1,     

 ( Za
). 

φ(1)=1,  φ(2)=1, φ(3)=2, φ(4)=2, φ(5)=4, φ(6)=2  . . 
  Э : 

1) φ(1)=1;  
   . 

2) φ(p)=p–1,   – ;  
: 

   – ,    0, 1, …, p–1    
  p  «0».  p–1      p   

 .    Э ,  . 
3)φ(pα)=pα–1(p–1) ,   – ; 

: 
    0, 1, … , p, … , 2p, … , 3p, … , p2, … ,(p+1)p, …  

       pα    ,  
 p,    0, p, 2p, …, (pα–1–1)p.    pα–1.    

    pα.  
 ,     ,    

pα  pα–pα–1= pα–1(p–1). , φ(pα)=pα–1(p–1). 
4)φ(a) –  . 

: 
,    Э ,     

 ,    №1  Э , φ(1)=1. 
,  φ(p1p2)=φ(p1)φ(p2),  p1, p2 –  . 

,    0, 1,  … , p1p2—1  p2   
 p1   p1    p2. ,     p1  

p2,    ,    «0»   p1,  p2.  , 
,  p1  p2  p1+p2—1.  ,     p1,   p2 
  p1p2—p1—p2+1=p1(p2—1)—(p 2—1) =(p1—1)(p2—1)= φ(p1)φ(p2).  

 ,      a1  a2  
φ(a1a2)=φ(a1)φ(a2).  

,    0, 1,  … , a1a2—1  a1a2—φ(a1)a2   
    a1  a1a2—φ(a2)a1  –     a2. 

       0, 1, … , a1—1  a1— φ(a1)    
    a1,    0, 1, … , a2—1  a2— φ(a2)  

      a2.     0, 1,  … , a1a2—1  
     a1 ,   a2   (a1—φ(a1))(a2—φ(a2)) 

.  
 ,       a1a2    

,  a1a2,  
a1a2—( a1a2—φ(a1)a2+ a1a2—φ(a2)a1—(a1—φ(a1))(a2—φ(a2)))= 
= a1a2— (a1a2—φ(a1)a2— φ(a2)a1+ φ(a1)a2+ φ(a2)a1— φ(a1)φ(a2))= φ(a1)φ(a2). 

, ,   Э  – . 
 

.  φ(28350322).  
. 

 ,     Э ,   
  . 

28350322=2·14175161=2·7·2025023=2·72·289289=2·73·41327= 
=2·73·11·3757=2·73·11·13·289=2·73·11·13·172. 
φ(28350322)= φ(2·73·11·13·172)= φ(2) · φ(73)· φ(11)· φ(13)· φ(172)= 
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=1·72·6·10·12·17·16=9596160. 
: φ(28 350 322)=9 596 160. 
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 ,  , ,    
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 ,      ,   , 
. 

: . 

2) . 

   mod 10: .    
     mod 10: {0, 1, 2, 3, 4, 5, -4, -3, -2, -1}.   

   ,     . : 

  

  

  

  

  
,     ,     ,  

 , ,     . 
: . 

 1.    

 
(2.4) 

, .   (2.4)   . 
 : 

 
(2.7) 

 , , .     
   . 

  ,   :  

 
 : .    

   ,     : 

 
 ,   (1),  ,    

   ,   : .   . 
.    (2.7)  .   (2.7) 

  . 
 1.  (5,9) = 1, ,    

.    « »,        
   mod m: {0, 1, 2, 3, 4, 5, , 7, 8} (m = 9). 

 

 
,   ,     

   mod m , - , . 
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  .     

 2.      15. 
.      Э  

  3 ( , . 

  ,      99    
 4. ,    : 

. 

  3     : , . . 
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 (3.1). 
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 .     .  

    ,    
,  ,  ,     

 (3.1).       , , ,   
   mod m   ,   (3.1).  1 
. 

 
 2.   (3.1)      

m,   ,   (3.1). 
   mod m    (3.1),   ,  

    (3.1).    (3.1)  
    mod m,   (3.1). 

  ,   (3.1),   
 ,    
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    ,   

 ,  ,  , ,  

   ,  

1)       mod m: 

 
2)   
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2)  

    . 
3)  

 
:  

     ,  
        . 

        (R, )   
  .    ,      

Zm    mod m. ,      
   .   ,    m   

,    ,    , 
           

. 
   

      

 
(3.3) 

 , ,         
  m. 
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1.   

   : 
–    ,     

  .   ,     
  ,  ,   –   

     ,      
 ,     . Э   
 . , 11 + 6 = 17.  11  6 – , 17 – . 

   ,    : 11 + 6 = 17  6 + 11 = 17. 
–   ,   ,     

        .    
 ( )  ( ) -      

( ),       : 17 – 6 = 11.  
17 – , 6 – , 11 – . 

– .    n ( )     m 
( ) –    n    m .  

  .   : n x m  n ∙ m . 
, 12 x 4 = 12 + 12 + 12 + 12 = 48.  , 12 x 4 = 48  12 ∙ 4 = 48. 

 12 – , 4 – , 48 – .   n  
 m  ,    . , 12 · 4 = 12 

+ 12 + 12 + 12 = 48  , 4 · 12 = 4 + 4 + 4 + 4 + 4 + 4 + 4 + 4 + 4 + 4 + 4 + 4 
= 48.       . 

–   ,   ,     
        : 

   ( )   ( ) –     
 ( ),      ё  : 48 : 4 = 12.  

48 – , 4 – , 12 – .        
        .     

  .   –  ,  ,     .  
      . : 23    4,  

    : 23 = 5 · 4 + 3.  3 – . 
–   .   (  )    

(  ) –      ,  
 .   .    : 

3 5 = 3 · 3 · 3 · 3 · 3 = 243 
 3 –  , 5 –  , 243 – . 

     ,  – .  
      . 

–    ,     ,  
         ё .  

 n-   (n –  )   a (  ) –  
  , n-      .   . 
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32435   
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 : 
( 1) 1 1b b     (    ); 
( 2) ;a b a b a b       

( 3) (  ).  B  –   A  ,  
 : 

( ) 1 ;B  

( ) a A    .a B a B    
 .B A  

      .  .a A  : 1 ;a a   

( )a x a x      x A  (  ).      
,  a b     , .a b A  

      , . .  .a b b a    
     . 

 1. 1 1 .a A a a      

  ё    .a   1a    .  
 1 1 ;x x    ,  1 1 .x x     : 1 ( ) ( 1) (1 ) 1 .x x x x x              

 2.  a b a b       , .a b A  
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 a x a x       a A    .x  ,      .x  
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kk aaan 201        . 
   :        

 ,          
2 ? ( , 72128 n ,       128    

 ). 
      9 :   , 

    ,     9   
,  ,      9      m2 : 

 
 2  

  
 
  9  

12  2  
22  4  
32  8  
42  7  
52  5  
62  1 
72  2  
82  4  

  
 

,       9    
1,5,7,8,4,2     6 .     63222 6  mmm  – 

,    9 , ,  6     . 
.  ,       

   (   !).     
  9   ,     6   ( . . 6   

   2 ).          
     6426   , , ,      

 .    . 
:     ,     

   . 
 3.       m   7   3 .  

    7   153 2  mm . 

.   ,   m   : 37  km .  

 1)62321(71)37(5)37(3153 222  kkkkmm .  

:     153 2  mm   7   1. 

 4. ,     x   )5( 2 xx    
 6 . 

. ё     x   6      
    6 , . .  6  : qnx  6 ,   5,4,3,2,1,0q . 

1)      6  ,   nx 6 ,  
6)536(6)5( 22  nnxx . 

2)       6  ё   1,   16  nx ,  
 )5)16(()16()5( 22

nnxx  

.6)126(6)16()61236)(16( 22  nnnnnn  
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3)       6  ё   2 ,   26  nx ,  
 )5)26(()26()5( 22

nnxx  

.6)3812(3)13(2)92436)(26( 22  nnnnnn  

4)       6  ё   3 ,   36  nx ,  
 )143636)(36()5)36(()36()5( 222

nnnnnxx

.6)71818(2)12(3 2  nnn  

5)       6  ё   4 ,   46  nx ,  
 )5)46(()46()5( 22

nnxx  

.6)71612(3)23(2)214836)(46( 22  nnnnnn  

6)       6  ё   5 ,   56  nx ,  
 )5)56(()56()5( 22

nnxx  

.6)5106(6)56()306036)(56( 22  nnnnnn  

      6    ,    
   x   ,        )5( 2 xx  

 6. 
 5.     ё  .   

  .    2     ,   1  
.    13    ,    7   . 

     9    ,    . , 
 ,  ё  ? 

.    n  ё  .      
 
















?

),(          9

,...),2,1,0(   713

,...),2,1,0(       12

min
n

Nmmn

kkn

lln

 

 ,     ё   n , 

  9       13  7 . ,    
ё  713  kn   k    ё ,   ,...)2,1,0(   2  ppk , 

ё   n    p ,    
)2(927726  pppn .  

  n   927 p     9 , , ,  
2p      9  (     ).  

  p ,     ,  7 ,  
 1897726726  pn .  

:   – 189  ё  . 
 6.     ,    

    100 ,      , 
       1995 .      

? 
.  n  –     . : 

ktn

rqn




1995

100
, 
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 tq,  –  , kr,  –     100   1995  . 
 ktrq  1995100     ktrq  .     : 

    tqkttrqq 199499199499  . 

  99   1994    , : tq  99721132 . 

   99   1994   ,     ,  q  

   1994 , t –  99 . 
: Nmmtmq  ,99,1994 . 

 

 

1.    ,   .      
  4 ,  5    6  ,       ,   

  7    ,     .    
    ? 

2.   ё  ,     2  ё  
 1,    3  ё   2 ,    5  ё   3   
    ё  . 

3.   ё   ,     
6    11 ё           

    . 
4.    ,  500 ,    

 4 ,  5    6     2 ,         
.    -    . 
5.    ,  600 ,    

 4 ,  5    6     3 ,       
  .    -    .  

6.   ё   ,  500 ,  
   8    5  ё         

      .     
  . 

7.   ё   ,  500 ,  
   3 , 4    5  ё    2         

 .       . 
8.   ё   ,     

3 ,  5    7  ё    1,        
 .       . 
9.   ё   ,     

3 ,  5    7  ё    2 ,         
.       . 
10.     ,     
  100 ,      ,     

    2007 .        ? 

11.    yux , : yxcyxbyxa 377);4532);88392)     
  4   3 ,     11  7 . 

12.      2001   2002  ё   315 .  
      58? 

13.   ,    ,  
      k . ,   k  
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k , ё    . 

14.    ,     6  ё  
 5 ,    7  –  6 ,     11 –  10 . 

2.     .   
 1.        x  y  

a=1250, b=675. 
. 

  1 ,   (1250, 675) = 25. 
      : 

 = 1250 = 6751 + 575 = r 0 , 

b = 675 = 5751 + 100 = r 1 , 

575 = 1005 + 75 = r 2 , 

100 = 751 + 25 = d. 
           

 
575 =  - b, 

100 = b – 575 => 100 = b – (  – b), 

75 = 575 – 1005 => 75 = (  – b) – [b – (  – b)]5, 

d = 25 = 100 – 75 => d = [b – (  – b)] – {(  – b) – [b – (  – b)]5}. 
 

       a  b: 
d = b – a + b – {a – b – [5b - 5a + 5b]} = 

= 2b – a – a + b + 5b – 5a + 5b = 
= 13b – 7a. 

 (1250, 675) = – 71250 + 13675 => x = -7, y = 13. 
 2.      1267? 

. 
    2, 3  5,  ,     

       .  1267     11, 
13, 17, 19, 23, 29, 31.     ,   1, 

  ,   1267  37
2

 = 1369. 

  1267  . 
 3.      1250  675    

. 
. 

  1250 = 25 4 ,  675 = 3 3 5 2 ,  

 (1250, 675) = 5 2  = 25; 

 (1250, 675) = 23 3 5 4  = 33750. 

 4.      a   b ,  3),( ba , 

630),( baК ,     ba   . 
. 

  3),( ba ,       
 nm, ,  ma 3 , nb 3 .      : «  
  nm, ,  1),( nm , 210),( nmК ,     

nm  ». 
  . ,     

m   n . ,  ё , nm  .   7532210  ,   
 : 
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m  n  nm  

2  753   70  

3  752   70  

5  732   40  

7  532   37  

32   75   41  

52   73   31 

72   53   29  

 
,  nm   (   29 ),  14m , 15n .  

 42a , 45b .  ё    .  
:       42;45;45;42; ba . 

 5..     ,    
  78 ,      13 . 

. 

 a   b  –  .     13, ba , ,  

   , 11 13,13 bbaa  ,   1a   1b  

 .     78, baК      ba

ba
baК

,
,


 ,   

21361378
13

78 


 ba
ba

. 

  , 613136131313 1111
22

11
2

11  bababababa . 

     ,    6   
   a   b : 

26,392,3

39,263,2

13,781,6

78,136,1

11

11

11

11






baba

baba

baba

baba

. 

 ё  ,     a   b ,  . 
:       39;26;78;13; ba . 

 6. ,   
1210

76




n

n
     n . 

. 
,  ,       

   –    d : 

    dndn :1210,:76  . 

    .    
( )     ,     

       : 
     dnn :121076   . 

ё        ,    n   
: , 3,5   .  

       
.1363536303530

12103765121076




nn

nnnn 
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,  d:1 .      1d , 
,        . 
,      . 

 
 7.      ё  , 

   ,  15 , 20   24   . 
   55.7  05.17          

  ё  ,        35.12 ? 
. 

,          
. ё ,         . 

Э          15 , 20   24 . 
  5315  , 5220 2  , 3224 3  ,  120)24,20,15( К .  

     35.12 ,    , 
      55.7  05.17  – 

35.16,35.14,35.12,35.10,35.8  –  5 . 
: 5 . 

 8.. ,   abacbc ,,     cba ,,2 . 

. 

    cbadabacbcd ,,,,, 1  .  

 111111 ,, cdcbdbada  .  :  

11
2

1111111
2

1111111
2

11111 ,, cbdcdbdbccadcdadaccbdcdbdbc  . 

 , 2
1d      abacbc ,, ,  d    

2
1d . 

 9. ,     bababa 813,35,  . 

. 

  bad , .     , bua  

  d , ё  d        .  
 babad 813,351  ,   bauba 81335     1d , ё  1d    

    . 
  , ba 35     d , ba 813     d , 

, d       ,  ,  11 dd  . 

  ,       baba 81335      1d  

    u . ё   5,13   : 

    11 4065396581353513 dbbabadbaba   . 

ё   3,8   : 

    11 243924408133358 dababadbaba   . 

,  1d  –    bua .    bad , ,  
 21dd  .    1    2  ,  dd 1  (  1dud   

). 
 

 

1.  cba  . ) dbda  , .    , dc ? ) da .  
,  db   dc ? 

2.  ba . ,  ,   Nn  bna . 

3.    : 168  35; 168  (-35); -168  35; -168  (-
35). 
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4.      , : )  534, 
 26; )  741,  (-14). 

5. ,          3,  
   1. 

6.  cba ,,     7   1, 4, 5 .  
    cba    7. 

7.   ,  25000,   30000,     
  131,      1965   125. 

8.      531  93; -78  24. 
9.  (663, 731, 2516, 3655). 
10.       :  

)  






;30;

,180

yx

yx
    )

 







;720

,4;

yx

yx
   )

 
 






.420;

,15;

ba

ba
 

11.     (90; 35)   . 
12.  a, b, c, d –  . ,    cdcdcdcd   

    aabb.`  
13.       . ,  

    9.  
14.   ,      2,  3,  4,  5   6    1 

,  ,    7. 
15.       4,       

.        5.     

.       6   ,    
  ,      7       

  .      ? 
16. ,   (a, a+5)=HOK(b, b+5),  a    b –  , 

  a = b.  
17.  d = (1819, 3587).  d    x, y , : 

1819 +3587y=d . 
 

. .   
    

 
   

 L      P –  .  L 
 ,  ,     

 u, v  L     L,   u + v. 
      L    P,  

  ,    u  L     P,  
  L,   u. 

      ,   L, 
     ,   

   P. 
 : 

 u, v  L  u + v = v + u. 
2)  : 
 u, v, w  L  (u + v) + w = u + (v + w). 

 : 
 u, v  L    x  L,  u + x = v 

(    x    v  u  :  x = v - u). 
     P: 

 u  L   ,   P   (u) = ()u. 
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      : 
 u  L   ,   P   ( + )u = u + u. 

      L: 
 u, v  L     P   (u + v) = u + v. 

  : 
  1  P   u  L   1u = u. 

Э        
 L –     P.    L’ 

 L    L,   
 :  

 u, v  L’    u + v  L’, 
 u  L’     P    u  L’, 

. . L’        . 
,   v   L   P  

   u1, u2, …, um  L,     
1, 2, …, m  P,   

v = 1u1 + 2u2 + ... + mum. 
,    ,     

u1, u1, u2, …, um . 
 u1, u2, ..., um   ,   

  1, 2, …, m  P,      ,  

1u1 + 2u2 + ... + mum = . 
  u1, u2, ..., um      ,  

   . Э  ,   

1u1 + 2u2 + ... + mum =  

   1 = 2 = … = m = 0. 
 

 1.    

321 823 AAA   

 :  
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2

0

5

,

5

4

3

1

,

4

0

1

1

321 AAA . 
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14

8

3

35

24

16

0

40

10

8

6

2

12

0

3

3

3

2

0

5

8

5

4

3

1

2,

4

0

1

1

3823 321 AAA . 

 2. ,       
. 



































15

2

6

,

5

1

3

21 aa . 

.       ё  : 
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0155

,02

,063

0

0
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2

63
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2

6

5

1

3

;021
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 , : 

0
3
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0155

,02
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,       ,  
    . ,    

 . 
 

 
1.   : 

)  XAAA 432 321  

.

7

5

2

3

,

3

4

1

2

,

2

1

8

5

321





































































 AAA  

) )(5)(2)(3 321 XAXAXA   

.

1

1

1

4

,

10

5

1

10

,

3

1

5

2

321




























































 AAA  

) 4321 732 AXAAA   

.

1

2

1

2
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3

1

5

2

,

5

1

1

1

,

4

3

2

1

4321





























































































 AAAA  

2. ,       : 







































49

21

7

,

28

12

4

) 21 AA . 









































1

6

4

2

,

0

3

2

1

). 21 AA .        
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10

7

3

,

7

5

2

,

3

2

1

). 321 AAA . 

3. ,      
V(3) = {(a1, a2, a3)| ai  R, i = 1 3}   R   ,  : 

)    ; 
)    ; 
)    ; 

 .  
4.     : 

 



















































































4

3

2

1

,

1

1

1

1

,

0

1

1

2

,

1

0

0

1

). 4321 AAAA ; 

















































































1

0

3

1

,

0

1

0

1

,

0

1

1

1

,

1

0

2

1

). 4321 AAAA ; 


















































































2

0

2

1

,

3

1

3

1

,

4

1

1

1

,

1

1

1

1

). 4321 AAAA . 

 
5. ,    rqp


,,  .  ,   

 x


   . 

1. 




































































3

1

3

,

1

2

4

,

1

0

1

,

0

1

2

xrqp


. 

2. 






































































7

2

13

,

1

0

1

,

3

1

2

,

0

1

5

xrqp


. 

3. 






































































5

5

9

,

1

2

1

,

3

0

2

,

1

1

4

xrqp


. 

4. 




































































4

3

3

,

4

1

2

,

1

1

0

,

2

0

1

xrqp


. 

5. 








































































8

1

3

,

1

0

2

,

1

2

1

,

3

1

0

xrqp
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.      . 
   

 
   

 L –     P.  ,  
 ,  L    φ: L → L,  

   : 
1)  u, v  L    φ(u+v) = φ(u)+φ(v), 

2)  u  L    P    φ(u) = φ(u). 
    L    P    

U = {u1, u2, …, un}     φ :  L →  L .    
φ (u1), φ (u2), …, φ (un)     U   :   

φ (u1) = α11u1+α12u2+…+α1nun, 
φ (u2) = α21u1+α22u2+…+α2nun, 
················································· 
φ (un) = αn1u1+αn2u2+…+αnnun, 

  αij  P, i=1n, j=1n.      
φ (u1), φ (u2), …, φ (un)      u1, u2, …, un  

AU(φ ) = 



















nnnn

n

n














21

22212

12111

 

    φ    U .   
 

 1.  ,  ,     
    y–z=0. 

 ,  

. 
  ,  

  . 
 

 

. 

 
. .    . 

 : 
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. 
   –     

. 
   –    ,  A 
  - :  

. 
 

 
 ,  ,      ,   

: 

 1.  

 2.  

 3.  

.4.  

 5.  

 
.        . 

     
 

   

 L –     P.  ,  
 ,  L    φ: L → L,  

   : 
1)  u, v  L    φ(u+v) = φ(u)+φ(v), 

2)  u  L    P    φ(u) = φ(u). 
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    L    P    
U = {u1, u2, …, un}     φ :  L →  L .    
φ (u1), φ (u2), …, φ (un)     U   :   

φ (u1) = α11u1+α12u2+…+α1nun, 
φ (u2) = α21u1+α22u2+…+α2nun, 
················································· 
φ (un) = αn1u1+αn2u2+…+αnnun, 

  αij  P, i=1n, j=1n.      
φ (u1), φ (u2), …, φ (un)      u1, u2, …, un  

AU(φ ) = 



















nnnn

n

n














21

22212

12111

 

    φ    U .   
   

    A   ,  

 
 

        

. 
 . 

          
   ,   –     

    . 
1.   : 

. 

2.    . 

3.          . 
 

. 1.     ,  
 

, 

     : 

. 
 
2.      . 
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. 

       . 
 

. 

   . 
: 

. 
 : 

; 

; 

. 
 : 

. 
    : 

 

 
. .       : 

. 

  det A=

111

110

012


 =1110,  rang A=3=rangR3  ,    – 

     . 
 

 

1.      ,  
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, 

     . 
 
2.     . 

 1.   2.   3.  

 4.   5.   6.  

 7.   8.   9.  

 
       

 
   

 L –     P.  ,  
 ,  L    φ: L → L,  

   : 
1)  u, v  L    φ(u+v) = φ(u)+φ(v), 

2)  u  L    P    φ(u) = φ(u). 
    L   P   U = {u1, u2, …, un}  

   φ: L → L.   φ(u1), φ(u2), …, φ(un)  
   U  :  

φ(u1) = α11u1+α12u2+…+α1nun, 
φ(u2) = α21u1+α22u2+…+α2nun, 
················································· 
φ(un) = αn1u1+αn2u2+…+αnnun, 

  αij  P, i=1n, j=1n.      
φ(u1), φ(u2), …, φ(un)      u1, u2, …, un  

AU(φ) = 



















nnnn

n

n














21

22212

12111

 

    φ   U.  
 L –     P  φ: L → L –  . 

Э  w  L     φ,  w       
   P, ,  φ(w) = w.      
  φ,   w. 

 A = (aij)n×n –    P    P.  f( ) = |A – E| 
    A,    
     A. 

  .  
       ,   

   



122 

. 
 

 . 
        

 . 
1.         

  (      ). 
2.        .  

          
. 

3.        ,  
 . 

 
.       , 

  

 
 

. 

. 
      : 

. 
 

 : . 
  : 

:      
 

:      
 

 : 

. 
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1.       ,   
   





















100

121

112

.1 A ;                   

















113

151

311

.2 A  






















201

335

212

.3 A .                   



















212

044

010

.4 A .    






















496

375

254

.5 A .                       





















1000

0001

0000

0001

.6 A  

 
2. ,       

. 
 

.      
 

1.    .    .  
.  . 

2.    .       
. 

3.  .    . 
 
1.   .    .  

 
 1.    

   432
4 23456 xxxxxF  , 

   2
2 31 xxxQ  . 

 ,     xQxF 24 . 

. 
          xQxFxQxF degdegdeg  ,    

       6degdeg  xTxQxF .  

     6
6

5
5

4
4

3
3

2
2106 xdxdxdxdxdxddxT  ,  

     



kji

jik aad   6,,2,1,0 k .  

  60 a , 51 a , 42 a , 33 a , 24 a , ,10 b  31 b   12 b   

  , : 
 6000  bad ; 

 2351801101  babad ; 

     25143560211202  bababad ; 

       201334150312213  bababad ; 

    151233140413224  bababad ; 

    9321314235  babad ; 

2246  bad . 
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,     
  65432

6 29152025236 xxxxxxxT  .   

 2.     : 

  1843 234
4  xxxxxF       232

2  xxxG . 

. 
       

  :  

1)          1843 234
2

24

2

4
4

1
3 xxxxxGx

b

a
xFxF  

  1855233 2322  xxxxxx ; 

2)      
 

    1855 23
2

23

2

1
31

3
2

2 xxxxGx
b

a
xFxF  

  18910235 22  xxxxx ; 

3)      
 

    18910 2
2

22

2

2
22

2
3

1 xxxGx
b

a
xFxF  

  38212310 2  xxx . 

:  
   38211053231843 22234  xxxxxxxxx . 

 3.    cF     2250248 234  xxxxxF ,  

 2c . 
. 

      cF      
  xF     cx . ,    xF   2x , 

: 

 

 
 

 

 

 

26126

2

30

5226

2226

2412

225012

126

2250246

2

2250248

23

2

2

23

23

34

234


















xxx

x

x

x

xx

xx

xx

xxx

xx

xxxxxF

 

 ,   30cF .  

 4.      xF      xG ,  
  qpxxxF  3 ,   12  mxxxG . 

. 

  ё ,    xCxF       xCxG  .    
  : 

              xxGxFxCxxGxF  : .  

    x    « »: 
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  mxx

mxxxG

mqxmpxR

mxmmx

qxpmx

xmxx

qpxxxF










 1

1

1

2

2

22

2

23

3

 

        xxGxF  ,    
    mxmxxqpxxxF  123 , 

      012  mqxmpxR , ,    
,   : mqmp  ,1 2 . 

 5.      xGxF , ,    274 34  xxxxF ,   43 23  xxxG . 

. 
      

1)   xF    xG   : 

 

 

 
1

43

633

43

23

43

274

1

23

2
1

23

3

34

34












xQ

xxxG

xxxR

xx

xx

xxx

xxxxF

 

2)   xG    xR1   : 

 
 

3

2

3

1

633

0

422

422

2

43

2

2
1

2

2

23

23












xQ

xxxR

xx

xx

xxx

xxxG

 

        

       633, 2
1  xxxRxGxF ,      

     2, 2  xxxGxF .  

 6.      2
210 xaxaaxF  ,         33,22,11  FFF . 

. 
       210 ,, aaa . 

         
 

 













.393

,242

,1

210

210

210

aaa

aaa

aaa

 

   .      
.  

1)    210 1 aaa     :  
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.393

,13

,1

210

21

210

aaa

aa

aaa

 

2)    21 31 aa     : 
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 ,   . ,  







 

4

5
sin

4

5
cos3


ia ,  






 

2
sin

2
cos5


ib  







 














 






 

4

7
sin

4

7
cos15

24

5
sin

24

5
cos53


iiba  
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   a   b    .    
 ,    ,   ,  

 . ,  







 

4

5
sin

4

5
cos3


ia ,  






 

2
sin

2
cos5


ib  







 














 






 

4

3
sin

4

3
cos

5

3

24

5
sin

24

5
cos

5

3 
ii

b

a
. 

 
10.3.        

1.      
2. , ,  
 
10.4.        

          
 



1. Б ы  ш я   . 
2. О ш я э   

я . 
3. Р  . Ф -

. 



Б ы  ,     
 ≠,     
 = 2. 

 

: <a, b>ρ    aρb –   a  b 
   ρ. 

 

 : =, <, ||,   . . 
 

Ы.   I.    ={1, 2, 4}.  

 = 2={<1,1>, <1,2>, <1,4>, <2,1>, <2,2>, <2,4>, 
<4,1>, <4,2>, <4,4>}. 
 

ρ={<1,2>, <1,4>, <2,1>, <4,2>, <4,4>} –  

   , . . ρ  . 



II.  =N, (a, b A) <a, b>ρ  a-b=0. 
 

III. A –    ; 
(x, y A) <x, y>ρ   x  y 

   . 
 

IV. A –  ,   ; 
 (x, y A) <x, y>ρ   x –  

 y. 



 <  -  « »  N. 
  3 < 5  (3, 5)  «<« 

1 

2 

k 

... 

N 

N 1 2 3 n .. . ... 

  « | »     -  « »  N: a | b,  b   a. 

,     3 | 12,     5 | 5,     1 | k   k. 

 « »   { 1, 2, 3, 4, 5, 6 }  
      

1 

2 3 

4 5 6 

Ы    ЫХ  Ш  



 , ы    , 
  ≠,   

-1 = {<b, a> <a, b>}. 
 

Д     ,  
 ,   

 
}.,/,{,\)(   babaAA

. 

={1, 2, 4},  ρ={<1,2>, <1,4>, <2,1>, <4,2>, <4,4>}. 
 

   -1 ={<2,1>, <4,1>, <1,2>, <2,4>, <4,4>}; 
 

  }.1,4,4,2,2,2,1,1{ 



 ЫХ Ш  

1.   ρ,    
,  ы ,   

(a A) <a, a>ρ  (   aρa). 

2.    ρ,    
,  ы ,  

  (a A)  <a, a>ρ. 

3.   ρ,    
,  ы ,   

(a, b A)  (<a, b>ρ => <b, a> ρ).  



4.   ρ,    
,  ы ,   

 
 

5.   ρ,    
,  ы ,   

 
 

 

6.   ρ,    
,  ы ,   

 

 

(a, b A)  (<a, b>ρ  <b, a> ρ => a=b).  

(a, b A)  (<a, b>ρ     <b, a> ρ).  

(a, b, c A)  (<a, b>ρ  <b, c> ρ => <a, c>ρ).  



7.   ρ    
: 

•   ,   
,    

; 
 

•   ,   
,   ;  

 

•   ,   
,   . 

 

•   ,  (a, b A) 
      : a=b,  

aρb    bρa. 



Ы 

1.   «=»    
   . 

 

2.    «» 
,    . 

 

3.     N 
  , 

  , =>  
   . 



,     
     , 

 : 
 1)      ; 
 2)     ; 
 3)      

 . 
    .  

 

 ={a, b, c, d}      A1={a, c}      A2={b}      A3={d}. 
 

  A1={a, c}, A2={b}, A3={d} 
   . 



     1, 2,..., n.  

 Â ={ 1, 2,..., n}  -

     .  
 

 .  
  I.   ш  , 

  А     
. 

 II. ,    А 
  ш  

. 
 



. 

I. ≠,  -    . 
   : 

(a A) Aa={xA xa },  Aa A. 

1.  . .  ,  aa => aAa => Aa≠. 

2.   AaAb={c}, => cAa  cAb => ca  cb.  

. .  ,  ca => ac.  

 ac  cb => ab ( . .  ), => aAb. 

, bAa, => Aa=Ab. 

3.  . . (a A) AaA =>  

 
 

 

)1(AA

Aa

a





(a A)  aAa =>  
Aa

a
AA



 ).2(

 (1), (2) =>  .AA

Aa

a







II.    ,   
 .      ρ: 

(a, b A)  aρb   a, b       
. 

 

1. . .           
 ,  (a A)  aρa, ρ . 

2.  aρb, => a, b   , => b, a   
 , => bρa, => ρ . 

3.  aρb  bρ  => a, b     b, c  
 , => a, c      aρ , 

   =>  ρ . 
 

 1 – 3 ,  ρ –   
 . 



. Z –   ,    m >1, m Z. 

 ρ = {xρy| x, y Z; (x - y) : m}  
    m:   x  y (mod m). 

 

. . (x Z) (x – x)= 0 : m => xρx    ρ . 
 xρy => (x - y) : m => (y – x) : m => yρx =>  

ρ . 
 xρy, yρz => (x - y) : m, (y – z): m =>  

x – z= [(x – y) + (y – z)] : m => xρz,     

ρ , => ρ –  . 
 

    ρ –   
 ,     m    

 

 : Zm = }.1,,1,0{ m



  

1. О     я .  
 

2. n –  я   . 
 

3. я  . 
   . 



 

1. . . .    .  
.,   , 1979. . 48-54, 65-70. 

 

2. . . . Э    
 . , 

2006. . 5-10. 

 



1. О я  ц . 
 

2. С  . 
 

3. О ь . 



  ƒ,      
 A    B,        

  A    B, : 
1) (   )(b B)  <a, b> ƒ; 

2) (   )(b, c B) (<a, b> f    <a, c>ƒ) => b = c. 
 

: <a, b>   ƒ  ƒ(a)=b. 

Э  b –   a,    –  b. 
 

 2)   3) f (a)=b,  f (a)=  => b = c. 
 

  ƒ,      
 A    B,          
A    B,       

   . 



  ƒ    A    B    
(  ),  (a, b )  ƒ(a) = ƒ(b)  =>  a = b. 
 

  ƒ    A    B    

(  ,   « »),  

  (b B)(a A)  ƒ( ) = b.  
 

  ƒ    A    B     
(    - ),  

     .  

B 

a 

b 

c 

d 

A 
1 

2 

3 

4 

5 

B 
a 

b 

c 

d 

A 
a 

b 

c 

d 

A 
1 

2 

3 

4 

5 

B 
1 

2 

3 



И Ы.  
1. ƒ = {<x, y>  R× R / x = y²}.  
ƒ –  , . .   x = 4: y = 2    y = - 2,  

=> ƒ(4) = 2  ƒ(4) = – 2,   2 ≠ -2. 
 

2. ƒ = {<x, y>  R × R / x² = y}.  

(x R)(!y R)  y= ƒ(x) = x2 => ƒ – . 
ƒ   , . . ƒ(2) = ƒ(-2) = 4,   2 ≠ – 2.  

ƒ   , . .   y < 0,  (x R) x² ≠ y.  
 

3. ƒ = {<x, y>  R × R / y = 2x}.  

(x R)(!y R) y = 2x, => ƒ – . 
. . (x, x1 R) ƒ(x) = ƒ(x1)  <=>  2x =2 x1  <=>  x = x1 

=> ƒ  . 
. . (y R)(  =     R) ƒ(x) =ƒ(     ) =2      = y,   

ƒ - .  ,  ƒ - . 
2

y

2

y

2

y

2

y



 ƒ={<x, y>/x X, y Y}–   X  Y.  

  ƒ-1={<y, x> /  <x, y>  ƒ}   

     ƒ. 
 

 

С и   ƒ-1,   и  ƒ,  
  и   и ь  

,  и   ƒ  и и . 
 

. 
I.  ƒ: XY – , => ƒ –  => 

(y Y)( x X) <x, y> ƒ  <y, x> ƒ-1. 



 <y, x> f--1  <y, x1> f-1 => <x, y>   <x1,y>  f. 

. . f ,   y = f(x)= f(x1)  x = x1. 

: (y Y)(!x X) <y, x> f—1, =>  

f—1 -  Y  X. 
 

II.  f—1: Y  X – , =>   

(y Y)(! x X) <y, x> f—1,=> (y Y)( x X)  

< x, y > f, => f –   (1). 

  f(x)= f(x1) = y, => <x, y>  <x1, y>  f, => 

<y, x>  <y, x1>  f—1, => f—1(y) = x   f—1(y) = x1. 

. . f—1 -  Y  X,  x = x1. 

: f(x)= f(x1) => x = x1,  => f  (2). 

И  (1), (2) ,  f . 



Т ы  : 

1. П     
ы  . 

 

2. я . 



 

1. . . .    .  
.,   , 1979. . 54 - 65. 

 

2. . . . Э    
 . , 

2006. . 11 - 12. 

 



1. А  . 
 

2. С    
. 

 

3. А      
я  я . 



я я я,   
 ≠,  –    ƒ:   ×  → : 

(a, b A)(   )  ƒ: <a, b> →  
 

: aƒb = c.     
    : 

 « +», « * »,«-», « : », « ◦ »  . . 
 

У я  ,   
  , –    ƒ:   → : 

(a A)(   ) ƒ(a) = . 
 

Н я  ,   
  , –      

 . 



  :  «+»  «» 

, 
  : «-1»  «–», n  ,  

   -  0  1. 
 

. .    –   
  2  ,       

       
     . 

 

,  «*»: NNN,   

(x, y N) <x, y>  1   
 

«*»: (x, y N) x*y = 1. 



   

 «»,   ≠,  : 
, :  

(a, b, c  A)  a (bc) = (ab) c; 

, : (a, b A)    ab = ba. 

,   «» : 
 [ ]  , : 

( L A)(a A)      eLa = a      

[( R A)(a A)     aeR = a]; 

   (  
 ), : 
(e A)(a  A)      ea = ae = a. 



 «»,   ≠,  : 
  [ ], : 
(a A)(b A)       ba = eL, 

[(a A)(c A)        ac = eR]; 
 

  (   ), 

      : 
(a A) (b  A)     ab = ba = e; 

 

  [ ], : 
(a, b, c  A)     ca = cb   =>  a = b, 

                         [ac = bc   =>  a = b]. 

,       . 



   ≠    
 - «*»    «». 

 

  «◦»     

[ ]    «*», : 
(a, b, c  A)    c (a*b) = (c a)*(c b) 

                                        [(a*b) c = (a c)*(b c)]. 
 

  «◦»    

   «*»,   
     

  . 
 

,    , «» 
  «+»: 

(a, b, c  A)    c (a+b) = c a+c b. 

 



1.    ,   
 ≠,     

    .  
 

,  «–»  я  N, . . 
  < b,   a – b < 0, =>  N. 

 

2.         
 ,      

   .  
 

3.      ,    
,     ,  

   ,   . 



 <A, > -      
 «». 

1.  С  <A, >  ,  «·» 
    : 

(a, b A)     (a ·b A). 

2.  <A, ·>  ,  «·» 
  . 

 

3.  <A, ·>   (  
 ) ,    «·»    

 . 
 

4.  <A, ·>  ,   «·» 
  . 

 

5.   «·»   ,    
<A, ·>    .   



Ы. 

1.      
    , 

. .  a, b N  a<b,  a-b<0, => a-b N. 
 

2. <Z, -> - , . .  «-»  Z  

,   . 
 

3. <N, +> -  . . .  «+»  
  N,  <N, +>   . 

 

4. <Z, +>  <R’, > -  , . .  
«+»  «» , ,  

     
 . 



Те ы  е е : 
1. О ее я е е е  

ы  е ы. 
 

2. О е е э   е  
. 

 



Л е  

1. . . .    .  
.,   , 1979. . 75-93. 

 

2. . . . Э    
 . , 

2006. . 12-19. 

 



1. ы. ш  а . 
 

2. ы  ы .  
 

3. ш  а  
. 



 1  

   <G, , -1, e>,  

 G  , «» - , «-1» - ,  
 -    G  , 

: 
 

1) «·»  - (x, y G)   x (y z)=(x y) z; 

2)  –     «·»; 
3) (x G) (x-1G)  xx-1= x-1·x = e – .  
 



 2  

  <G, · >,  G  ,  

«·» -    G,  
, : 

1)«·» ; 
2)(a, b G) (x, y G)  a·x = b    y·a = b, 

( ,      

 a·x = b   y·a = b). 
 

а  

О  ы 1  2 ы. 
 



I.  < G, ·, e, -1> -    1. 
   «·» ,  

     . 
: G –    2, . .,   G  

       b      
a· x = b      y· a = b.   
 

II.  <G, ·> -    2. 

   «·»      
a· x = b      y· a = b    G        b.  

: G –    1, . .,   
«·»    G   ,       

 



Е Е А  

1.     : 
 e, f –    <G, ·>. 

:  e ·f = f,  .     –   

          e ·f = ,  . .   f –  , =>  

e = f. 
 

2.       
: 

 b, c –      G. 

: a ·b = b ·a = e,  . .  b  -     

          a ·c = c ·a = e,  . .     -     , => 

b = b ·e = b ·(a· c) = (b ·a) ·c = e ·c = c. 



3.      a ·x = b  y ·b = a 
     a, b G. 

 =>   2. 
 

 

4.     ( -1)-1= ,   (  ·b)-1= b-1 · a-1: 

(b-1 · a-1) ·(a ·b) = b-1 ·( a-1 ·a) ·b = b-1 ·e ·b = b-1 ·b = 
e, 

 (b-1 · a-1) –   (a ·b);  

 (  ·b)-1 –   (a ·b)  , 
=>   (   ). 
 

 

5.     . 
 



Г   <G, ·>   <S, *>  

  f: G  S,   

(x, y G)  f(x ·y) = f(x)* f(y), 
,  f   . 

 

 

 f(G)={s S | (x G) s = f(x)}   
ы     G   (f(G)  S).   

 

 

 

   , 
 f –  . 

 

:  G ~ S –  , 
                          G  S –  .  



f 

<G, ·> <G, ·> <S, *> 

x 

y 

z= 
x·y 

f(x) 

f(y) 

f(z)= f(x)*f(y) 



Е Ы 

1. <Z, +>  <2Z, +>, . .     
f: Z  2Z     (x Z) f(x) = 2x   

 <Z, +> : 

(x, y  Z) f(x +y) = 2(x +y) = 2x +2y =f(x) +f(y).  

 

2. <R+, ·>  <R, +>, . . , кц я ( ок ть!!!)  
f: R+  R  (x R+ ) f(x) = lgx   

 <R+, ·> : 
(x, y  R+ ) f(x y) = lg(x ·y) = lgx +lgy =f(x) +f(y).  



Е Е А   
 

 

1.     
  :       f(eG) = S 

 

2.      
  :        f(x-1) = [f(x)]-1. 

 

3.     . 
 

А Е А Е 

И      
  ,    
. 



Т ы  а : 
Ра ч ы  ы  

: 
э ы, а ы  

  а. 

 



Л а а 

1. . . .    .  
.,   , 1979. .94 - 100. 

 

2. . . . Э    
 . , 

2006. .29 – 31, 35 - 37. 

 



1. Г ф   ф    
. 

 

2. а  я.  
 

3. К     
. 

 

4. К  а    mod m. 



Г   <К, +, ·>   <S, , >  

  f:   S,   

1) (x, y  )  f(x +y) = f(x)  f(y); 

2) (f(x y) = f(x)  f(y); 

3) (x  )  f(-x) = - f(x); 

4) f(1K) = 1S. 
 

,  f а  а  а  . 
 

 

   ,  f – 
 . 

:   ~ S –  , 
                          G  S –  .  
 

А а    а   . 



Т а 

  f: <K, +, >  <S, ,  >  1  
   1S  S      , 

 f  0K    0S  S   
 .    

 

. 
      f: 

f: <K, +, -, 0K >  <S, , -, 0S > 

  f   «+», =>    
   f: 0K  0S     

=> f    . 
)),()(()( xfxfKx 



 

1.  f                                      
 

  Q  ,     
  . 

 
2.  f                                      
 

  Q  ,    
  . 

 
 

 f: <K, +, >  <S, ,  > -  . 
    ,  

  0S  S,   
 f   Ker f = {x K | f(x) = 0S}. 

Qba
b

a









,,

0

0

Qa
a









,

00

0

a
b

a
f 
















0

0

a
a

f 















00

0



 ,     
    . 

 

 

 S   <K, +, >   
  ,      

 ,   . 
 

Т а (  ) 
 S  <K, +, >   

 : 
(1) ( a, b S)   (a –b) S; 

(2) ( a, b S)   a b S. 



. 
 

1.  S –   <K, +, >, =>  
 S      «+» 

 «»   (1), (2)    . 
 

2.  S  K    (1), (2)  .  
 

  (1) (  ю ) => S -  
  , => <S, +> -    (  
ю ).  

 

 (2) => <S,  > - . . .  
 «»  «+»   

  ,       
 S. . .  S    

, => S –    (  ю 
а). 



 1.  К      

  –    0  . 
М     а   
( ) К    : 

   

 

 

Ч  n N    f(x), an – 
а  . 

       
     «+»  «» . 

Э      
      а  

 ( ) К. 
       : K [x]. 

,,)(
0

01
1

1 Kaxaaxaxaxaxf i

n

i

i

i

n

n

n

n  



 



  K [x]     O(x): 

O(x) = 0xn +0xn-1 +…+0x+0. 

  O(x)  а;    
 O(x)     n. 

   

 

  

 

   ( )     
     ,   

   .   
 

      0,    K [x ]   
 0.     

    . 

Kaxaxf i

n

i

i

i 


,)(
0

.,)()(
0

Kaxaxf i

n

i

i

i  




 2.  К  а    mod m 

 Z –   , m > 1 –  
 .  

  Z    «≡»: b ≡ a (mod m)   

 b  a    m    

,   а  а    b   ю  m.  

             «≡» -    Z. 

     «≡» : 
Kr = {r+m·q | q - } = {…,-3m+r, -2m+r, -m+r, r, m+r, 

2m+r, 3m+r,…}. 

  Kr =           а а  
   а   mod m. 

r



 
  Kr     

,      m:  
 

 
   Zm   «+»  «·»: 

  
 
 

 Zm   «+»  «·»  
,    а   

 mod m. 
 

  m ,  Zm  . 

}1,,1,0{  mZm 

., 1111 rrrrrrrr 



Ы 

1. m =6,   

  

  Z6   : 
                                                                                          

-  . 
 

2.  m =5,   0    Z5     
 . , . . 5 – ,   

    : 5 
= 51, : 

 
 

 

).6(mod410..,4105252

),6(mod17..,175252};5,,1,0{6



Z 

32,032,06,03,02.32326 

).5(mod05..,05,15155 



  а в: 

1. П я и  а а и и и 
я. 

 

2. я  а и 
я.  

 



Ли а а 

1. . . .    . .,  
 , 1979. . 107-112. 

 

2. . . . Э    
 . , 2006. . 

37 – 39. 

 

3. Ф. . , . .   . 
. , , .   

 .  . 
., « », 1978. . 50 – 60. 



1. е е  ч е . 
 

2. А ге че я  е г  
ч .  

 

3. г е че я  е я 
 е г  ч . 

 

4.  n-  е е   е  
ч е . 



 

   = RR = {<a, b> | a, b R}  
 

1.      
,    –  . 

2.     <a, b>    <c, d>  
 ,    

  : a = c,  b = d. 
 

 ,    
я я   . 

 

     «+»  «·»: 
<a, b> + <c, d> = <a + b, c + d>                      (1), 

 

<a, b>  <c, d> = <a c – b d,  a d + b c>        (2). 



 «+»  «·»    : 
–   ; 
– «·»   «+»; 
–    «+» -  <0, 0>;  

 –  <1, 0>; 

–    <a, b>   
  <-a, -b>. 

 

     <a, b>  0  
  «·»: 

<a, b>  0  <a, b>  <0, 0>  a2 +b2  0, 

    <a, b>  <a, b>-1 = <1, 0>  

. . <a, b>-1  ,  ( x, y R)  <a, b>-1 = <x, y>, => 

    <a, b>,     



<a, b>  <x, y> = <1, 0>        
 
 
 
 

 
. ,  <a, b>  0    : 

 
 

 
А 

       
  «+»  «·»  , 

    . 
























.

,

0

,1

22

22

ba

b
y

ba

a
x

xbya

ybxa

.,,
2222

1

ba

b

ba

a
ba









А 

  R  ,  R = {<a, 0> | a R} 
   . 

 

. 
  f: R  R,  f (a) = <a, b>. 

, f – .     ( a, b  R) 

(1)  f (a +b) = <a +b, 0> = <a, 0> + <b, 0> =  f (a) + f (b);  
 

(2) f (a b) = <a b, 0> = <a, 0> · <b, 0> = f (a)  f (b),  => 

f       R ,  

=> f – , =>  < R , +,  > -  (  
ы   я), => R  -   . 

 



Д      
 <a, 0>,     a:   

<a, 0>    . 
 ,  <0, 0>    0;  <1, 0>   1;  <-1, 0>    -1. 

 
А 

      
z 2 =  -1   (*).  

. 
 z = <0, 1>, => <0, 1>  <0, 1> = <00-11, 01+10> 

= <-1, 0>  -1. 
 

 <0, 1>,     (*) 
     i:  =>  

<0, 1>  i,    i2 = -1.  



А 

       

z = a + b i    (**) 

. 
 z = <a, b>, a, b R. : 

z = <a, b> = <a, 0> + <0, b> = <a, 0> + <b, 0>  <0, 1>. 

. . <a, 0>  a, <b, 0>  b, <0, 1>  i,  z = a + b i 
 

 (**)    
 . 

 = Re z -     z, 

b = Im z –     z. 



     
  : 

 

(a + b ·i) + (c + d ·i) = (a + c) + (b +d) ·i  
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