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MeToaunyeckme ykaszaHusa ans ody4varowmxcsa Nno OCBOEHUIO ANCLUNIINHbI

Mpuctynas K wm3yvyeHuto y4yebHOM AUCLMNIMHBI, LenecoobpasHO O3HAaKOMUTLCS C
y4yeBHON NporpammMon ANCUUNINHBI, 3NEKTPOHHBIN BapuaHT KOTOPOWN pa3meLléH Ha cante b
BIy.

OTO NO3BONUT OBYyYaOLWMMCS NONYYUTb YETKOE NpeacTaBeHne o:

eriepeyHe N COoAep)KaHUM KOMMEeTeHUMH, Ha (popmMuMpoBaHME KOTOpbIX HanpasrieHa
ANCUNNINHA,

e OCHOBHBbIX Llendax 1 3agadax gUCUMUNInHbI;

e MIaHNPyeMbIX pesyrnbTaTtax, NpeAcTaBreHHbIX B BUAe 3HAHWN, YMEHUA U HaBbIKOB,
KOTOpble JOMKHbl OblTb CPOPMUPOBAHBI B MPOLIECCE U3YYEHUS OUCLMMIIVHDI,

® KONIMYECTBE YacoB, NPEAYCMOTPEHHbIX YY4EOHbLIM MMAaHOM Ha U3yvyeHne aUCLMMINHDI,
doopMy NPOMEXYTOYHOM aTTecTaumm;

® KONTMYECTBE YACOB, OTBEAEHHbIX Ha KOHTaKTHYIO M CaMOCTOATENbHYIO paboTy;

e (bOpMax KOHTAKTHOM N CaMOCTOATENbHOM paboThl;

e CTPYKTYp€E OUCLMMIMHBI, OCHOBHbIX pasgernax u temax;

e CICTEME OLIEHMBAHNA Y4E€OHbIX AOCTUXKEHUN;

¢ y4yebHO-MeTOANYECKOM U MHPOPMALMOHHOM obecneyYeHnn QUCUMUNITHDI.

3HaHMe OCHOBHbIX MOJIOXKEHUN, OTPaXeHHbIX B pabodver nporpamme OUCLMMMWUHBI,
NOMOXeT 00y4aloLLMMCH OPUEHTMPOBATLCH B U3y4aeMOM Kypce, OCO3HaBaTb MECTO U pPOfib
n3y4aemon OuCuMninHbl B MOAroTOBKEe Oyayulero BbIMYCKHMKA, CTPOUTb CBOKO paboTy B
COOTBETCTBUMN C TpeboBaHNAMM, 3aN0XKEHHLIMU B MporpamMme.

OCHOBHbIMM hOpPMaMK KOHTAKTHOM paboTbl MO AUCUMMAMHE SABNAKOTCA NEKunn u
npakTU4ecKkne 3aHATUS, nocelleHne KOTOpbIX obs3aTenbHO Ans BCeX CTyAeHTOB (Kpome
CTYAEHTOB, 00yYaloLUXCH MO MHAMBUAYANbHOMY MNaHy).

MogroToBKa K MpakTUYECKUM 3aHATUAM BeOeTCs Ha OCHOBE MflaHOB MpaKTU4eCcKUX
3aHATMA. B xoge noaroToBKM K MPaKTUYECKUM  3aHATUAM  HeobXoaMmo u3yunTb B
COOTBETCTBUM C BOMpocamMu AN NOBTOPEHUS KOHCMEKTbl FEKUUN, OCHOBHYK nuTepartypy,
03HaKOMUTbLCHA C AOMNOMNHUTENBHON NuTepaTypon. Kpome Toro, criegyet NnOBTOpUTL MaTepuan
NeKUnn, OTBETUTb Ha KOHTPOSbHbIE BOMPOCHI, U3y4nTb 00pasLbl peleHns 3agad, BbINoSHUTb
ynpaxHeHus (ecnn Takne NnpeayCcMOTPEHbDI).

[Mpy NOAroToBKE K MPOMEXYTOYHOM aTTecTauum HeobxoauMo NOBTOPUTL NPOVAEHHbLIN
mMaTepuan B COOTBETCTBUM C Y4ebOHOW nporpammMoun, MPUMEpPHbIM MEpPEeYHEM BOMPOCOB,
BbIHOCSALLUMXCA Ha 3a4eT. PekomeHOyeTcs MCNorib3oBaTb KOHCMEKTbl NEKUMA U UCTOYHUKN,
nepeynucrnieHHble B CNMcKe nuTepaTypbl B paboyen nporpamMme OUCUMMAWHBI, a Takke
pecypchbl N1IEKTPOHHO-OMBNNOTEYHBIX CUCTEM.

MeTtoaunyeckue MaTepuanbl Ana 06yt|arou.w|xc;| Mo OCBOEHUNIO TeopeTUn4eCKunx
BOMpocoB ANCLUUNIINHDLI

Tema 1. PekyppeHTHble COOTHOLWEHUA. CyMMbI U PeKYPPEeHTHOCTU
llnaH memsbi

1. ToHsIMue peKyppPeHMHO20 COOMHOWEHUSI.

2. Hekomopsbie criocobb! peweHuUs1 PEKYPPEHMHbLIX COOMHOWEHUL.

3. lNpeobpa3osaHusi CyMm.

4. Ce53b KOHEYHbIX CYMM U PEKYPPEHMHbIX COOMHOWEHUU.

1. MoHsimue peKyppeHmMHo20 COOMHOWeHUs

«PekyppeHTHasi» nocrnegoBaTenbHOCTb B MEpPeBOAe Ha PYCCKUMA A3blKk O3HayaeT
«BO3BpaTHaaA», TO eCTb Takas MNocrneaoBaTerNibHOCTb, B KOTOPOW BCE UYNiE€Hbl, HauMHas C
HEKOTOpPOro, BbIpaXalTcs 4Yepes npedblgywme. Yucnosble nocnegosaTenbHocTn 6Gyoem
obo3Ha4vaTb cnegytowmm obpasom:

{u t: u U,y u,,... (1).



OnpepeneHue. yctb {un} — yucnosas nocrnegosaTenbHOCTb. Ecnn cywectByoT

HaTypanbHoe umcrno k u umcna 4,,4,...,4, (4, 750), Takme 4TO, HaunHas C
HEKOTOPOro HoMepa m W Ans BCcex NocrnenyrLMx HOMEPOB BbINONHAETCSH COOTHOLLEHUE:

U =aU, Fau  +-+au, n>m >1 (2),

TO MOCNEeSoBaTeNbHOCTL {24, }  HasbiBAeTCs pPeKyppeHmHol nocredoeamensHOCMbI0

rnopsidka Kk, a COOTHOLIEHNe (2) — peKyppeHmMHbIM cOOmHoweHueM ropsioka K.
MpocTenwmmn  npyMmepaMmn  pPeKyppeHTHbIX  MocrefoBaTesibHOCTEN — ABMSAKOTCA
reomeTpuyeckas n apudmeTnyeckaa nporpeccun. Nokaxem aTo.

MycTb nocrenoBaTenbHOCTb {4, } €CTb reoMeTpuyeckasi MpPOrpeccusi, Toraa ee
YyneHbl MOXHO 3anucaTb B BUAE:

— _ _ n—1 _ n
ul—a,uz—aq,...,un—aq ,un+1—aq,...

Bbipaxasi (n +1) —zi uneH nporpeccuu Yepes npeablayLiuin, Nosly4nM COOTHOLLEHME:

U, =U,q4 cpasHmB KOTOpPOE C COOTHOLLUEHMEM (2), MPUXOOUM K BbIBOAY, YTO B Cryyae

reoMeTpuY4ecKomn nporpeccmm k= 1, a =q .
Takum obpasom, nwbas reomeTpuyeckass nporpeccust ecTb pPeKyppeHTHas
nocrnefoBaTesNibHOCTb 1ep8o2o rnopsioka.

rlyCTb Tenepb {un } eCTb apVI@MeTVI‘-IeCKaﬂ nporpeccud, Torga ee 4ieHbl MOXHO
3anncaTtb B BUAE:
ul =4, u2 :a+d""’un+l :un +d’ un+2 :un+1 +d""

M3 nocnegHux AByX paBeHCTB Bblpa3vM pasHOCTb apudPMETUYECKOWN Nporpeccum d -

d Zun+1 _un’

d=u u y = un+1 _un :un+2 _un+l nnm
—%ne2 T

n+l
u,,,=2uU,,, —U, - NONy4NIN peKyppeHTHOEe COOTHOLLIEHNe 2-ro nopsaaka. CnegosaTensHo,

BCSIKad apudmMeTnyeckas nporpeccusl ectb pPeKyppeHTHas nocnefoBaTenbHOCTb — 2-T0
nopsigka.

3ameyvaHune

1. MOXHO ckasaTb, YTO BCsiKasi PEKyppeHTHasi nocnefoBaTenbHOCTb onpeaenser
PEKYPPEHTHOE COOTHOLUEHME, W, HAobOpPOT, MO BCAKOMY PEKYPPEHTHOMY COOTHOLLEHMIO
MOXHO MOCTPOUTb PEKYPPEHTHYK nocnegoBaTenbHOCTb. [lo3ToOMy B OanbHEWWEM Mbl
nHorga 6ygem ncnonb3oBaTb 3TU TEPMUHBI KAK CUHOHUMBI.

2. CnegyeT MmeTb B BuAy, HEKOTOPbIE MPOrpeccum Kak reoMeTpudeckue, Tak U
apudmMmeTnyeckme, MoryT yaoBNeTBOPSATb PEKYPPEHTHBIM COOTHOLLIEHUSAM nopsiaka Bbiwe 1
munm 2.  TloatoMmy, kKorga TrOBOPSAT, 4YTO reoMmeTpuyeckass  nporpeccua  ecTb
nocnegoBaTenbHOCTb 1-ro nopsiaka, To peyb AET O HAaUMEHbWEM N3 BO3MOXHbIX MOPALKOB.

2. Hekomopbie cnocobbi peuweHuUs1 PeKyppeHMHbIX COOMHOWeHUU

MycTe gaHO NpPOU3BOSIbLHOE PEKYPPEHTHOE COOTHOLLEHME nopsiaka k:

Uy = Oyl Tl Tt aiy o (a, #0) (1),
OueBungHo, COOTHOLLEHNE (1) nossonseT paccynTbiBaTb YrieHbl
nocnenoBaTeNnbHOCTU, HAYMHAA C u,, (k >1).
Unenwol Uy, Uy, ..., U; | Ha3bIBATCA HayasbHbIMU Y/1€HaMU WNWU HavarbHbIMU

ycrio8usiMu COOTHoweHna (1) un 3agaBaemMon 3TUM COOTHOLLEHMEM MocnenoBaTenlbHOCTH.
3apaBas pasnuyHble YMCNOBbIE 3HAYEHMST HaYanbHbIM YneHaMm, 6yaem nonyyaTb pasnuyHble
4yncnoBble NOocrneaoBaTeNnbHOCTU (OHU ByayT oTnNuYaTbCca Apyr OT Apyra XoTa Obl KOHEYHbIM



YMCNOM NepBbIX YIieHOB). [103TOMY M3 CKa3aHHOro crieayeT NepBOe CBOMCTBO PEKYPPEHTHBLIX
COOTHOLLIEeHWI nopsaaka k .

CBOWCTBO 1. Bcsikoe pekyppeHTHOe COOTHOLLEHME Mopsaka k vMeeT BeckoHeuHoe
MHOXECTBO pPeLLUEHNN.

O606Las NoHATUS, BBEAEHHbIE AN COOTHOWeEHMA PrnboHavum nopsgka 2, npyBeaem
HEeKOTOpble onpeaeneHnsl U CBOMCTBA PEKYPPEHTHBIX COOTHOLLEHWI nopaaka k .

ONPEOENEHUE. &k  pelweHuidi COOTHOWEHUS nopsiaka k  HasbiBaloTCS
HenponopLMoHarbHbIMKU, €CrY OHM NONAPHO HEMPOMOPLMOHASTbHbI.

CBOWUCTBO 2. a). k pelueHWii COOTHOLLEHUS nopsiaka k SBRAOTCA GasUCHBLIMU
Torga v ToNnbKo Toraa, Korga k -MepHble BEKTOpbl, 06pa3oBaHHbIe HavamnbHbIMK YieHaMu
9TUX peLLIEHNI NMNHENHO HE3aBNCUMbI.

6). Cpean 6eCKOHEYHOIrO MHOXECTBA PELLEHUI PEKYPPEHTHOIO COOTHOLLEHUS NopsiaKa
k MoxHO BblIOpaTb k GasuCHBLIX peLUeHUi, Yyepe3 KOTopble NMHENHO BblpaxaeTcsa nboe
peLLeHne 3TOro COOTHOLLEHUS.

CBOWCTBO 3. BasucHble pelleHnss MOoryT 6biTb BbiGpaHbl He eaMHCTBEHHBLIM
obpasom.

Ecnu nocneposaTtensHoctM  {x,},{y,},....{z,} YyxXe BblbpaHbl B kKa4ecTBe 6a3nCHbIX

k pewenuii
peLlleHnin, To peLleHne
u,=Ax, +By, +---+Cz, (2)

HasblBaeTca obwum peweHuem cooTHoweHunsa (1).

UTtobbl HaMTM  4YacTHOe  pelleHne  PeKyppPeHTHOrO0  COOTHOLUEHUS,,  HYXHO
BOCMOS1b30BaTbCA HayanbHbIMU YCNOBUSIMU.

OgHuMm un3 Hambonee NpPoCTbIX U 3APPEKTUBHBLIX METOOO0B OTbICKaHUS Ga3nCHbIX
peLLeHNIn COOTHOLLEHUS Mnopsaka k Takke ABNAETCA METond reoMeTpuYecKux Mporpeccuit,
korga 6asmcHble pelleHns ULyTCs cpeay reoMeTpuvecknx Nporpeccuin ¢ NepBbIM YS1EHOM,
paBHbIM 1, M 3HameHaTenem q :

n

2
Lg,q",....q",... (3)

Urtobbl nporpeccust Buga (4) 6Obina peweHneMm cooTHoweHus (1), Heobxoammo,
YTOObI €e 4neHbl yOOoBMeTBOPSnM 3TOMYy COOTHOLWeHuto. MNoactasum B (1) BMmecTO U,
uneHbl nporpeccun (4). Tak kak i -it yneH nporpeccun (4) nmeeT Bua ¢', TO COOTHOLLEHME
(1) npumert BUA;

n+k __ n+k—1 n+k—2 n
q"=4-9" +4,-q +..+4 9" (4).
Pasgenum obe yactu paBeHctBa (5) Ha ¢, nonydyum anrebpavyeckoe ypaBHeHWe
TOW XXe CTENEHU, YTO N COOTHoLeHne (1) ¢ Temu xe koadpdmumeHTamu:
k__ k-1 k-2
q =4-9 +A4,-q +.+A4_ -q+A4 (5),
KOTOpOE Ha3bIBaETCs Xapakmepucmu4yeCcKuM ypasHeHuUem cooTHoweHmsa (1).
Pewwas ypaBHeHue (5), Hagem k ero KoHen:

ql’ QZD"'9 qk’
KoTopble 0603HauMm ansa ynoberea vepes o, fF.,...,»~ (7) COOTBETCTBEHHO.
Kk
Takum obpasom, ecriu ceomempuyeckas npo2peccusi ¢ nepsbiM YreHoMm 1 sensemcs
peweHuem coomHoweHusi (1), mo 3HameHamesnb 3molU npoepeccuu ydoesrnemeopsiem
Xapakmepucmu4ecKoMy ypagHEeHUH 3mo20 COOMHOWEHUSI.
O6paTHO, NyCTb ¢ = (- Kakou-NMHO KOpPEeHb XapaKTepucTUYEeCcKoro ypaBHeHus (5).

PaccmoTpum nocneposatenbHocTs {x, }, B kotopoir x, =", (N =0,1,2,...) n nonyium



nporpeccuid ¢ nepsbiIM 4YreHoM 1 M 3HameHatenem o, KoTopas yadoBrneTBopseT
cooTHoweHuno (1).
CnepoBaTtenbHO, ecriu o - KOPeHb Xapakmepucmu4yeckoz2o ypasHeHus (5), mo emy
coomeemcmeyem 2eomMempuyecKkasl rpo2peccusi ¢ rnepsbiM 4rieHom 1 u 3HameHamersnem q.
MoaToMy, 4TOGbl HalTM 6asuc cooTHoweHus (1) nopsaoka k , cocTosWMA U3
reoMeTpu4eckMx nporpeccum C nepBbiM 4YreHoM 1, xapakTepucTuyeckoe ypaBHeHue
LOIMKHO UMETb k pasnuyHbIX KOPHEM.

lMycTb BCe KOpHW ypaBHeHus  (5) pasnuyHbl: ¢, =&, q,=p,..., q.=y . Mo
BbILLECKA3aHHOMY MonyyYnm K reoMeTpuyeckMx MNpOrpeccuin, kaxaas M3 KOTOPbIX €CTb

pelleHne cooTHowweHns (1) co 3HameHaTenamm a, '8" )
%K—J

k

{a}: La,a,...,a,...

Br: LB, B, ...

Oy Ly.yr.Lr,...
OcTtanocbk gokasaTb, YTO 3TU nporpeccum obpasytoT 6as3nc cooTHowweHna (1), To ecTb,
41O Ntoboe peLLeHne ITOro COOTHOLLEHUS €UHCTBEHHBbIM 06pa3oM SIMHENHO BblpaxaeTcs
yepes AaHHble. MIHbIMKM cnoBamu, HY>KHO oKa3aTh CyLleCTBOBaHWe Takux Ymcen 4, B,...,C,
S
yTO Ans ntboro Homepa 7 :
u,=A-a"+B-p"+..+C-y" (8).
k cracaemvix
UToObl OOKa3aTb CylleCcTBOBaHME TaKMX Yucen, AOCTaTOYHO [oKasaTb, YTO cuctema
NUHENHbIX YpaBHEHMWI, NONy4YeHHast U3 paBeHcTBa (8) nogctaHoBkon BMecTo 1 dmucen ot 0

0o k—1, umeeT eaMHCTBEHHOE pelleHNe OTHOCUTENIbHO MNepeMeHHblX A, B,...,C npu

NoObIX PUKCUPOBAHHBIX 3HAYEHNSIX CBODOAHbIX YITEHOB 3TOW CUCTEMbI Ug, Uy, ooy Uy
n=0: A+B+-+ C=u,,
n=1: Ao +Bf+--+Cy=u,
©).

n=k-1: Aa""'+BB" ' ++Cy*'=u,_,

N3 kypca nuHelnHo anrebpbl M3BECTHO, YTO cucTemMa K NMMHENHO He3aBUCUMbIX
(HenponopuUnoHanbHbIX) ypaBHEHUI ¢ k NepeMeHHbIMU UMEET eAUHCTBEHHOE peLleHMe.

Ewe oanMH MeToa pelueHnsi peKyppPeHTHbIX COOTHOLLEHUI B 3aMKHYTOW dhopme AatoT
TakK HasblBaeMble 1pou3800siUe hyHKUUU.

ONPEOENEHUE. Mycte {g,}, n=0 - pekyppeHTHas nocrenoBaTenbHOCTb.
CreneHHou psag Buaa:
n 2 n
G(z)=2. 87" =g, +gz+gz ++gz ++
n>0
Ha3blBaeTCs npoussodswel yHkyuel nocnefoBaTensHoCTN {g }.

3AMEYAHUA. 1. VHorpa gns oOWHOCTM paccyXgeHurn CcymmupoBaHue YAobHO
NPOBOAMTbL MO MHOXECTBY BCEX LefbIX YnCen, a He TOnbKo HeoTpuuatenbHbiXx. Cymma (*)
MOXeT OblTb pacnpocTpaHeHa W Ha craraemble C OTpuUaTesflbHbIMWM MHAEKCaMW, ecnu

nonoxutb, yto g , =g ==g =---=0.

2. dyHkumst G(2) MoxeT BOCMPUHUMATLCS ABOSIKO: UMM KaK (YHKLMS KOMMIIEKCHOTO

NEPEMEHHOI0O z CO BCEMU BbITEKAKOLWMMN CBOMCTBAMU, NN Kak dOpMarnbHbIA CTENEHHOMN
ps4 C napameTpoMm z, Npupoaa KOTOPOro He BaXKHa.



3. Ponb napameTpa z 3aknto4aeTcsa B TOM, YTOoObl HaxoguTb B 3aMKHYTOM Buae
pelleHne peKyppeHTHOW NnocrnenoBaTesibHOCTU Kak KO3MULUMEHT Npu n-n cteneln z. lNpwu
9TOM 3Ha4veHue psga, 3anMcaHHoro B NpaBov YacTu paBeHcTBa (*), HUKoraa He BbluncnaeTcs
AN KOHKPETHbIX 3HadYeHun napametpa z. Hag atumm psgamu (unv npomsBOoasALLMMU
PYHKUNAMM) BbINONHAKTCA Hekne dopMarnbHble onepauuu, C MNOMOLLBK KOTOPbIX W

HaxoAWTCH peLleHne nocneaoBaTenbHOCTU {g | B 3aMKHYTOM Bue.

Hapg npousBogawmmm oyHKUUMAMWU MOXHO BbINOMHATL psg onepaumn. PaccmoTtpum
HEeKOTOpbIE U3 HUX.

MycTb G(z)=Ygz" u F(2)=) fz" - npousBoasiLme DYHKLMM

nocneposaTensHocTen {g } n {f } cooTBeTCTBEHHO U « u [ - HEKOTOpPble YMCMOBbIE

KOHCTaHTHI.
1. BoipaxxeHune Buga:

a-F(z)+ﬂ-G(z):a-Zn:fnz” +,B'Zn:gnz” =;(a-fn +pB-g)-z" (1)

SBNAETCA NPou3BoAALLEn PyHKUMEN nocnenosatenbHocTu {« - f. + [ - g, } . OTa onepauus

Ha3blBAETCS C/I0KEeHUEM MPOn3BOAALLNX PYHKLNNA.
2. Bwmecto nocnegoBaTenbHOCTU {gn} paccMOTpMM  MNocnefoBaTesNlbHOCTb,

NoJTy4EHHYIO N3 Hee 3amMeHon nepBbIX m 4YNeHOB HyINAMN. B aton nocnegoBaTesibHOCTU
YneH gO ,6yﬂ,eT CTOATb HA m +1 -M MecCTe:

0,0,...,0, g,, g,... (")

H—/

m

FoBOPSIT, YTO MocnefoBaTenbHOCTL (**) MonmyyeHa M3 nocnefoBaTenbHOCTU {g } cdsuzom
Ha m anemMeHmMos erpaso. YTobbl HaNTV NPon3BOAALLYI0 PYHKLUMIO NocrnenoBaTenbHOCTU
(*), YMHOXWUM UCXOAHYIO NocrenoBaTenbHOCTb Ha Z™ :

2"y g =28, =2e, 2" (2

OTa onepaums HasbiBaeTcs cdsu2om NPon3BoasLLEN DYHKLNN G(Z) Ha m no3uyuu
ernpaso.
3. Bmecto nocnepoBaTenbHOCTM {g } paccMOTpUM MOCMeAoBaTENbHOCTb,

MONYyYEHHYIO W3 Hee yaareHnem nepBblX M YNeHoB  g,, &»---»%,.; - B 9TOW

nocrnefoBaTenbHOCTV YneH g, 6yaeT ctosATb Ha 0-M MecTe:

{gm’ gm+1"' s gn’ i '} = {gn+m} -
MocTpoum ee npousBoasiLyio dyHkumo. [ns atoro BoiuTem U3 G(z) ee nepeble m
4yieHoOB U nogesiuM Ha z":
G(z)-g,—gz—gz’ — - — z"!
( ) gO gl gn:lZ gm—l — Zgnzn—m — ZgnerZn (3)

V4 n=m n=0

m

OTa onepauus HasbiBaeTcs cdsu2omM NPon3BoasALLEN DYHKLMN G(z) Ha m nosuyut
8/1e8o0.
4. Myctb C — HekoTopas KOHCTaHTa. PyHKLMS

G(C-2)=>.g,(C-2)'=>.C"-g.z" (4)

sIBNsieTcs NpousBoasLlen yHkumeir nocnegosatensHoctn {C” - g”}.
Oco60 BaXeH 1 YacTo ucnonb3yeTcs crnyyan, korga koHctaHta C=—1:

G(-z)= Y.(-D)"-gz" @)-



cyHkumst nocnegosatensHoctn {(—1)" - g }.
5. Onepauna oughghepeHyuposaHus. Hangem npomsBogHy0 Npomn3BoasLLen pyHKUnm
G(z) nocneposatensHocTn {g }:

G'(z)=g +2g,z+3g,2°++=).(n+])-g,.,-z" (5).

Bmecto gaHHOM bopMysibl AOCTAaTOYHO YaCcTO MCNOMb3YHT APYryH, NOSTYYEHHYHO U3
Hee COBUIOM Ha OAHY MO3uLMIO BNPaBo:

n-G(z)=>n-g, -z" (5,
n
Tak KaKk 9TO eCTb Mpou3BoAswWas (yHKUMS nocrnegoBaTenbHocTn {n-g }. MosTopHoe

AvdpcbepeHUMpoBaHne NO3BONSET YMHOXUMb YneHbl nocnefoBatenbHocT {g, } Ha noboi

TpebyeMmbli MHOIOYSEH OT 7.
6. Onepauusa uHmMezpuposaHuUs, HaNpPOTMB, OdaeT Cnocob rodeslume 3NEMEHTHI
nocnenoBaTeNbHOCTU Ha 71 :

r 1 1 1
[Gydt=gz+-gz" +=g,2+ =2 —-g,_ 2" (6).
0 2 3 n=1 N
Ecnn Hy>XHO NonyyYnTb NPOU3BOASALLYI0 (PYHKLMIO ONS nocnenoBaTefibHOCTU {l- g},
n
G(1) - g, .
TO B NOAMHTErPanbHOM Bbipa)KeHUMN HYyXHO 3ameHnTb G(f) Ha ———, Torga:
2 G(f) — 1 )
[P P ©).
0 t w N
7. Onepauus yMHOXeHUs1 NPON3BOAALLNX OYHKLINA.
F(Z)'G(Z):(fo +flz+f222 +"')'(g0 +glz+g222 +"'):
=fo-&+Uo-g+/i-8g)z+(fi-&+/-&+ /], 'go)'z2 o= (7).
:Z(Zk:]pk : g,,_k) -z"
MpaBass 4acTb paBeHCTBa (7) ectb npomsBogswlan  PyHKUMS  Ans
nocnepgosatensHoctTn {f, - g, .}, KOoTopas HasbiBaeTcsi ceepmkoli nocriefoBaTeNbHOCTEN

8,5 it}

N3 cdopmynbl (7) nonyyaeTcs Takke OOUH OYEHb BaXKHbIA YacCTHbIM Criyyan, Korga

1
dyHkuna F(z) = "

—Z

=1+z+2z"+---. 3neck Bce f, =1 ana nwboro k >0, noatomy:

F<z>'G<z>=1_lz-G(z>=Z(Zg,lkj-z"=z[2gkj-z" (7).

n \ k20 n \ k<n

Bce onepauuun Hag npom3BoaAWUMN (PYHKUMAMU MOXHO CBecTu B Tabnuuy, KoTopas
npeacrtaeneHa Ha c. 16.

3AMEYAHUE

MpousBogsawme QYHKUMM  ABASIOTCA  BaXHbIM  MHCTPYMEHTOM NpU  peLleHun
PEKYPPEHTHBIX COOTHOLIEHWA B 3aMKHYTOM Buae. B paHHOM crniydyae BblpaXeHue «B
3aMKHYTOM BMAE» MOXET MOHUMAaTbCSA Kak B OObIMHOM CMbICME, TO €CTb, Bblpa)KeHne n-ro

4neHa nocnepoBaTenbHOCTU {g } Yepe3 HOMep 7, Tak U B CMbICNE BbIpaXeHUsi camou

npoussoasiuen pyHkummn G(z) B 3amMkHyTOM BUAe Yepes z .



MpounsBogsawme yHKLUMU, pacCMOTPEHHbIe B npeablaywem naparpade, HasblBaloT
rnosIuHoMuarsbHbIMU wnn 0bbi4HbIMU. OOHAKO CyLWEeCTBYHOT U Apyrne BuAbl NPOU3BOAALLNX
dYHKUNIA, HEKOTOpbIE MOTYT 3afaBaTbCsd CaMUMW aBTOPOM UCXOAA U3 BUAA peLlaeMon Um
3agaun.

Hanbonee w4yacto w3 Apyrmx BMAOB NPOU3BOAALLMX YHKUMMA  UCNOSb3YHTCA
3KCrOHeHYuarbHble.

OMNPEOEJNEHMUE. lMNyctb {gn}, n 2> 0 - pekyppeHTHast nocneaoBaTenbLHOCTb.
CTeneHHon psag BMaa:

n 2 n

zZ zZ z
E(Z): Zgn—': g0+glz+g2—'+...+gn_'+... (***)
n=0 n: 2. n!

Ha3bIBaeTCSA 3KCMOHeHUuarbHou rpou3sodswel pyHKyuel nocnenosaTenbHOCTU {g n} )
Ta6nuua 1. NpeobpaszoBaHnAa nponsBoAALMNX (PYHKLMNA

Ne HaseaHue Bud ¢pyHKyuu
n/n onepayuu
- CroxeHve a'F(Z)"',B'G(Z):Z(a'fN"',B'gN)'ZN
N
2. m N N
Casur Ha 71 BnpaBo z 'ZgNZ = ZgN—mZ , m>0-uenoe
N N
> SQRt Tl ikt il TR SPIP
= N+ ,
Caosvr Ha 11 BneBo Zm = "
m > 0 — uenoe
4. a)G(C-2)=S(" .o 7. C —noboe u1cno;
YMHOXeHMe Ha )G( ) ZV: EnZ >
C =const h)G(-z)= Y. (-1)" -g,z" C=-1
N
5. a)G'(z) = Y (N+1)-g,., -z - 0Bwwi criyyair;
OudpdepeHumpoBaHme , Y v
b)N-G (Z):ZN.gN .z" - yMHOXeHuWe Ha 7
N
6. 4 _ 1 ¥ - 06 . .
a)_[G(t)dt = ZN.ngl .zV - 0BLmIn cnyyan;
N>1
WHTerpuposaHue ’
G(t)—g 1
H|—L 20 =N""—.¢o .z" -peneHve Ha N
)l t ;Ang
[ a)F(z)-G(z) = Z[Z 7. gj - OBLMii criyuai;
N k
YMHOXeHne | 1
by—Gz)= 3| Seg | - F@)= .
1-z N \ k<N -z

3. NMpeobpa3oeaHusi cymm

Mpn un3y4yeHMM pasnUYHbIX YUCMOBBIX MNOcnefoBaTeNbHOCTENW, B TOM 4ucre wu
PEKYPPEHTHBIX, 4acTO MPUXOOUTCA CTankmBaTbCA C HEOOXOOUMOCTbID HaWTU CyMmy
KOHEYHOro MnNu OEeCKOHEYHOro 4ucra 4feHoB 3TUX nocnefoBaTenibHocTen. Hanpumep,
CyMMa N nepBblX YEHOB apuUPMETUYECKON WU reoOMEeTPUYECKOM nporpeccum mn T.4.
MoHATMe cymmbl, kak 6ygeT BMOHO B AdanbHEWMWIEM, TECHO CBSA3@aHO U C MNOHATUEM
PEKYPPEHTHOCTU. PaccMOoTpMM MO3TOMYy pasnuyHbie crnocobbl 3annucu u npeobpasoBaHus
CYMM, KOTOpble NOTPebyoTCsA B AanbHENLLEM.

PaccMmoTpuM HeckosibKo npocTenwmx npumepos. [yCTb HYyXHO 3anucaTb CymMMy n
NepBbIX YNIEHOB HaTypanbHOro psaa U CyMMy N NepBbIX LerblX HeoTpUuLaTenbHbIX CTENEHEN
yucna 2.

14+243+--+(n=-D+n (1)



14+2+2° 420 +---42"7" 42" (2).
CnMBONUYECKN 3TN CYMMbI MOXHO 3anuncaTtb C UCNnosib3oBaHNEM 3HaKa Z :

W=k @=32" @)

3anuck Buaga (3), npu KOTOPOU N B BEPXHEN U B HXKHEN CTPOKE 3HAKa CyMMbl yKa3aHbl
npeaenbl CyMMUPOBaHWS, Ha3blBaeTCA 3annChio C I8HbIMU rpedesiaMmu CyMMUpPOB8aHUS.

CyuwlecTtByloT 1 gpyrme opmbl 3arnmcu KOHEYHbIX U BeCKOHeYHbIX cyMM. MHOXeCTBO,
MO KOTOPOMY MpPOXOAUT CyMMUpPOBaHME 006s3aTenbHO OOIMKHO ObiTb yKasaHO B HUXHeU
CMpPOKe 3HaKa CyMMbI, O B BEPXHEWN CTpoke MOXET OblTb He YKadaHO HUYero:

M= Yk @= 22" (4)
1<k<n 0<k<n

Takaa ¢opma 3anucu HasbiBaeTcss 06obweHHol. B abcTpakTHbIX, 0606LEHHbIX
paccyXOeHuax 4acto HeobXoAMMO yKasaTb, YTO CYMMMPOBaHWE MAET MO HEKOTOPOMY
MHOXEeCTBY MHAEKCOB [, He 06a3aTeNbHO YNCNIOBOMY, KOHEYHOMY NN BECKOHEYHOMY:

Zai (5).
iel

Takass 3anucb O3Ha4yaeT CyMMYy BCEX OfIEMEHTOB HEKOTOPOro MHOXeCTBa,
NPOHYMEPOBAHHbIX 3NIEMEHTaMN MHOXECTBa UHOEKCOB /.

O6o06uweHHaa ¢opma 3anucu npegnoyvTuTernibHee, ecrn HYXXHO NPOU3BECTU Hekue
npeobpasoBaHUsa CyMMbl, HAaNpumep, nepenMmeHoBaHe nHaekca. Ecnv nogobHyo onepauumto
npoAdenbiBaTb Hag CYMMOM C SIBHbIMW npegenamMmm CyMMUPOBAHUSA, TO MOXHO COBEPLUNTb
owmnbKy Npu 3aMeHe MHOEKca: NOTepsATb HECKONbKO criaraemblX, Unu, HaobopoT, fobasutb
NULWHKe.

B nocnegHee Bpems cTana ucnonb3oBaTbCs hOopMa 3anmvcu CyMMbl, CBA3aHHasA C
normyeckumn ucumncnenmsamu. Nyctb P(k) — HekoTopoe BbickasbiBaHue (YTBEPXKOEHWUE) O

HaTypanbHOM 4Yncne (unu BoobLe, oobekTe k). ATo yTBEpXKAEHNe BepeTcs B KBaapaTHbIe
CKOOKM M nonaraeTcd, 4TO pes3ynbTart paBeH 1, ecrnv camMo BbiCKa3dbiBaHMe B CKOOkax
MCTUHHO, N O - eCnn OHO NOXHO:
(P(K)] 1, ecw P(k)ucmunno,
0, ecmu P(k) noocho.
MpenmyllecTBo Takoro ob6o3HaYeHUs 3aknyaeTcsa B TOM, YTO OHO MO3BONSAET He
3aboTuTbCA 0 Npegenax cyMMmnpoBaHus. B aTom cnyvyae MOXHO paccmaTpuBaTtbh > a, -[P(k)]-
k

Te cnaraemble, ans kotopeix P(k) noxHo, npumyt Bug a, -0 =0 u He 6yayt BruaThL Ha

nTorosbin pedynbrtar. NogobHasa popma 3anmncu boina ncnonb3oBaHa B anropuTMe peLleHns
PEKYPPEHTHbBIX COOTHOLLEHMI C NOMOLLIbIO NMpon3BoadaLLmMX doyHKumn (§1.5., npumep).

nyCTb AJaHa CyMMa (I)IZk n nepsBbiX 4YreHOoB HaTypalibHOro p4dna. Mo>xxHo
k=1

[oKa3aTb (HanpuMep, METOOOM MaTeMaTU4YeCKOW MHAOYKLMK), YTO OHA paBHA BblPAXEHUIO
n(n+1)
5

Z":k _nn+l)
s 2

AHaNOrM4YHoO MOXHO [JOKa3aTb PpaBEHCTBO:
Z": 2+ D2+ D)
P 6 '




BhlpaxeHusi, cTosilLMe B NpaBbiX YacTsX 3TUX PaABEHCTB He 3aBUCAT OT MHOEKca k u
Ha3blBalOTCA peweHUeM CyMMbl 8 3aMKHymoMm eude. YacTto roBopsAT NpOCTO O peweHuu
HEKOTOPOW CyMMbl, UMEsi BBUAY €€ peLleHne B 3aMKHYTOM BUAE.

4. Cesi3b KOHEYHbIX CYMM U PeKyppPeHMHbIX COOMHOWeHUU

Yxe 13 npegpliaywen Tembl BUMAHO, YTO MeXAy CyMMaMu U PeKyppeHTHbIMU
COOTHOLLEHNSIMU CYLLIECTBYET TEeCHas B3aMMOCBA3b. PaccmoTpum, Hanpumep, cymmy:

n
5,= Ta,.
k=0

OueBnaHO, YTO OHa paBHOCUITbHA PEKYPPEHTHOCTMU:
S, =0,
{Sn:Sn1+an, n>0 (1)-

MoaTomy, Hay4YMBLUUCL pellaTb PEKYPPEHTHble COOTHOLLEHUS B 3aMKHYTOM BuAe, TO
ecTb 6e3 Bbl4MCNEHUS Bcex npeablaywmx YrieHoB nocnefoBaTenibHOCTU, 3TU Xe Cnocobbl
MOXHO NPUMEHATb U ONS peweHna cymm. PaccmoTpum cnyvan, korga cnaraemoe <, B
cymme (1) MMeeT NMHENHYI0 3aBUCUMOCTb OT HOMepa 7 :

a, =+ y-n, [ =const.
Torga cymma-pekyppeHTHOCTb (1) npumeT Bua;:
U,=a,
{Un =U, +p+y-n n>0 2).
Byoem uckatb pelleHne COOTHOLEHUSA (2) B 3aMKHYTOM BUAE.
n=1: U =U,+p+y1=a+p+y,
n=2: U,=U+p+2y=a+2p+3y, (3)
n=3: U,=U,+p+3y=a+3+6y um.o.
MoaToMmy MCKOMOE peLueHne npumeT odLwmii BUA;:
U,=An)-a+Bm)-f+Cn)-y  (4),
rae  A(n), B(n),C(n)— koadduUMeHTbl, 3aBuUCALME OT MHAEKCA N MpU  OCHOBHbIX
napametpax «, 3, ¥ . YTobbl HanT1 3TN koadpdmumeHTbl, BMecto U, Gynem paccmatpusaThb

Hekne OYHKUUW, UMetoLLIMe I0OCTAaTOYHO NPOCTYIO 3aBUCUMOCTb OT 7.
1.) Hangem A(n). Nycts {U,} — Takas nocnepoBaTenbHOCTb, y koTopoit U, =1 npu

nobom n, Torga cornacHo (2) u (3):
Uy=a=1, U =U,+p+y=1, =p+y=0,
U,=a+2+3y=1,=2+3y=0,
omkyoa f=y=0.
C Opyron CTopoHbl, 13 (4) nonyvaem:
1=A(n)-a+ B(n)-+C(n)-y.
MoacTaBuM B 3TO BblpaXKeHWe HaldeHHble 3Ha4YeHusl napameTpoB o, 3, 7 :
l1=A4(n)-1+ B(n)-0+C(n)-0, = A(n)=1.
2.) Haiigem B(n). B «kavectBe nocnegosaTtensHoctn {U,}  BO3bMeM
nocnefoBaTenbHOCTb, Y KOTOPOW 06LWuIA YneH 3agaetca dyHkumen U, =n . Torga:
Uy=a=0, U=U,+pB+y=1 =p+y=1
U,=a+2+3y=2,=20+3y=2,
omkyoa p=1, y=0.
Ncnonb3ysa obwuin Bug peweHus (4), nonyymm:
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n=Amn)-0+B(n)-1+C(n)-0, = Bn)=n.

C(n). B «kavectBe nocnegosatenbHoctn {U,}  BO3bMeEM

3.) Hangem
nocrnenoBaTenbHOCTb, Y KOTOPOW 00LLMIA YneH 3aaeTcsa PyHKUMen Un =n’. Torpa:
Uy=a=0"=0, U =U,+B+y=1"=1, = B+y=],
U,=a+2B+3y=2"=4, = 25 +3y =4,
omkyoa p[=-1, y=2.
Ncnonb3ys obwuin Bug peweHus (4), nonyymm:
n>=A4Amn)-0+ B(n)- (D) +C(n)-2, =

2C(n) =n® + B(n), = C(n)= @

WUTak, nycTb TpebyeTcs BbIYUCIIUTE CYMMY:
S, =Y (a+bk),
k=0

KOTOpasi CBOAUTCS K PEKYPPEHTHOCTH:
U, =a, ,rne a=Lf=a, y=>b.
Uu=U +p+y-n, n>0
Utobbl 3anucaTb peLUeHne 3TOro COOTHOLLUEHUSI B 3aMKHyTOW ¢hopme, NMOACTaBUM B
paBeHCTBO (4) HaiaeHHble 3HauveHusi koadbuumeHtoB A(n), B(n), C(n) v 3HaveHus

napameTpoB o= f=a, y =b.:
Unzl.a+n.a+n(n——‘rl).b’

Un:a~(n+1)+b-n(nT+1) (5).

BepHo n obpaTHOe - MHOrMEe pekyppeHTHOCTU MOTYT ObiTb CBEAEHbI K CyMMaM.
PaccmoTpum 9Ty CBs3b CHadana Ha npumepe 3ajadm O xaHouckon BalwHe. Bbiwe

ObINo ckasaHo, YTO ee peweHne cBoanTCAa K peieHnio COOTHOLLEeHUA:

T, =0,
_ (6).
T,=2T, ,+1, n>0

n—1
PaccmoTpum npeobpasoBaHune, KOTOpOe ABMSETCA YacTHbIM criyqyaem obLuero npyema
- pasgenuM Kaxxaoe M3 COOTHOLIEHU cucteMsl (6) Ha 2 B COOTBETCTBYIOLLIEN CTEMNEHMU:

T
nnu
T
L, =p- 1 i, n>0
2)1 2}’1 2n
2
7).
P (7)
Tt >0
2 2 2
MNonoxum Tenepb S, = 2T (8).
T, T, .
Torpa, Tak kKak S, = S0 S, = YRR TO paBeHcTBa (7) nepenuLlyTcs B BUAE:
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S, =0,

(9).

S, =S +L, n>0
2I'l

n-1
n3 nocneaHero paBeHCTBa CUCTEMbI (9) MO>XHO NONy4YnTb LENOYKY PaBEHCTB:

Sn = Sn—1+2_n’ Sn—1:Sl1—2 +?”"’52:S1+?, SIZSO—F?:

KOTOpble MO3BONSAIOT 3anucaTh S, , UCMOMb3ys 3HaK CyMMUpOBaHNS > .
S :Z": 1 — ponyyunu cymMMy n MepBbIX YNEHOB reoMeTPUYEcKOn Mporpeccumn c
n — 2k
k=1

1 1
nepBbiM 4J1€HOM 5 N 3HaMeHaTernev E 3Ty CyMMY MOXHO BbIHYUCIIUTE N OHa paBHA

1 n
S =1—(5) (10).

M3 (8) n (10) nonyyaem, 4To:

Tn =2n'Sn :271(1_(1) J=2n -1.
2

WNTak, pelueHne pekyppeHTHOro CooTHoLweHus (6) B 3aMKHyTON hopMe UMeeT BuA;:
_ n
T =2"-1.
O6wwnin npuem cocTouT B TOM, YTO 06Ee 4acTu PEKYPPEHTHOro COOTHOLUEHMS Buaa
a,-T =b T ,+c, (11) MOXHO CBecTM K CymMme, yMHOxasi obe ero yactv Ha Tak

Ha3blBaeMbI CYMMUPYOWUU MHOXUMESb S ,; -

s,-a, T =s,b T ,+s, ¢ (12).

n n
Mpn aTOM MHOXUTENb S, HY)XHO nogbupaTtb Takum obpasom, YTOOblI NpomnsBeaeHne
s, -b, oOkasanocb paBHbIM Npoun3BeaeHunto S, _; - d, _;:

S 'bn=sn—l .an—l (13)

Monoxum S, =s,-a, -1 (14). Torga, Tak kak
(13)
s,-b-T =5, _,-a, T =8 _,  710(12)nepenvweTcs B BUAE:
S =S8, ,+s,-¢c, (15).

n
Tak xe Kak U B YaCTHOM Crnydae MOXHO MOSfy4MTb LIENOYKy PaBEHCTB, pacnucbiBas
nooyepenHo no gopmyne (15) S S, ,, ut.A.:

n—17 n

S, =8, ,+s, ,-cC

n

e, =8 48, 00y,

n
L=
S, =8, +s ¢ =5 ¢

n (13) n
S, =50-a,T, +2Sk ¢ = 8,-b T, +Zsk "Cr (16).
k=1 k=1

n

S +a

n n

T, = ! -(sl-bl-T0+Zsk'ckj (17).
k=1

N3 popmynbl (14) Boipasum 7 : T, = . Torga u3 (16) nonyunm:

s -a

n n

Hanpumep, npyu n =1 nony4mm:
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1 (b, - T, + b T, +
T, = '(Sl'bl'To"'Sl'cl):S1 G-Iy +a) =2 T4
Sy 4 S, - a a,

I'Ile ncnosib3oBaHMM ITOro npumema BCe TPYAHOCTU CBA3aHbl C OTbICKAHUEM

CyMmmMmmpyroiero MHoOXunTtena s, . YTtobbl npaBuiibHO I'IO,EI,06paTb 9TOT MHOXWUTEJb, HYXHO

ncnonb3oBatb hopmyny (13), Bolpaxkas U3 Hee s, 1 3aTeM «pasBopadmnBas» 3Ty popmyny

S, ,-a,. S, ,-a,. S, ,-a,  -a,.
5, =Ly =t 2 o =22 Tl "2y 1.4, noka He Npugem K
bn bn71 bn'bn—l
OKOHYaTernbLHOMY BUay
a 71 a 72 ----- az a‘l
5, =—" (18)
b bbb,

«PasBopauunsasay copmyny (13), HyXHO cneguTb, YTOObl HU OOUH U3 MHOXUTENEN
a u b He okasancs pasHbim 0.

NMPUMEP. MpumMmeHM MeTo CYMMUPYHOLLETO MHOXUTENS K PEKYPPEHTHOCTU, KOTOpas
BO3HMKAET Npu «BbICTPOM COPTMPOBKE» AaHHbIX B KOMMbkoTepe. CpeagHee 4MCMO LaroB
CPaBHEHWI, BbIMOMHAEMbIX anroputMoM «ObICTPOM COPTUPOBKMY», MNPUMEHSEMOM K N
aNeMeHTaM AaHHbIX, YAOBNETBOPSET COOTHOLLEHWNIO:

T, =0,
5 n (19).
T,=n+1+=->.T, n>0

n k=0
PelueHue.
[Monpobyem npuBecTn 3TO COOTHOLWEHWe K Buay (11), NOHN3NB ero crnoXxHocTtb. [Ans
3TOro cHa4yana nsbaBumcs oT AeNeHUusi, YMHOXMB 06e YyacTn cooTHowweHus (19) Ha n :

n—-1

n-T, =n" +n +2-ZT,€, n>0 (20).
k=0

Mpounssenem 3ameHy n Ha n—1:
n—2
(n=1)-T,,=m-1" +(n-1) +2->.T,, n-1>0 (21)
k=0

n BbluTeM n3 (20) — (21):
ntl -m-1)-T ,=2n+2-T _,, n>1.
UTtak, ncxogHoe cootHoweHne (19) ceenock k 6onee npocTtomy:
T, =0,

nl =mn+1)-T, ,+2n, n>0 (22).

370 cooTHoweHue umeeT Bua (11),rae a, =n, b, =n+1, ¢, =2n.
Hangem ons aToro COOTHOLIEHNA CyMMUPYHOLNIA MHOXUTENb No hopmyne (18):
(n-1)-(n=2)-2:1 2
" m+)n-(n=1)-43 n-(n+l)’
Torga no obwen dopmyne (17) peweHnem cooTHoweHus (19) byaer:

1 2 2
T = : 2k =2m+1)- Y —— (23).
T2 ) Syarany (D 2

n-(n+1)

Tema 2. Llenouncnenubie dpyHkumm | xJ, [ x|, mod. Bunom HbloToHa
lMnaH mema
1. LjenoyucnerHsie yHkyuu /x| /x | mod u ux ceoticmea
2. buHoMuarsbHble Ko3ghgpuyueHmsl. TpeyaorbHUK ackans.
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1. UenoyucnerHbie pyHkuuu [x /x | mod u ux ceolicmea

®yHkuuu /x| /x Ju ux ceolicmea

OMPEOENEHWME. MNycTb X - NnpoM3BOSfibHOE AENCTBUTENBHOE YMcro. Toraa:

|_xJ paBHO HaUBOMbLLIEMY LIENIOMY YMUCITY, HE NPEBOCXOAALLEMY X (CDYHKLMS «MOM»);

(x—| pPaBHO HaMMeEHbLUEMY LEenomy uucrny, Gonbliemy unu paBHOMY X (PYHKLMS

«MOTOSOK®).

Takim o6pazom \_xj =a, ac€Z, a<Xx, a-Hauborvluee,

!_x—‘ =b, beZ, b>x, b-naumenvuee
OTMeTUM HeKoTOpble CBONCTBA 3TUX (PYHKUUMN.

CBOWCTBO 1.
lx|=x=[x] & xez
CBOWCTBO 2.
Ecw x¢Z, mo |[x]-|x]|=1.
CBOWCTBO 3.
(VxeR)(x—1<|_xJSxS|_x—‘<x+1.
CBOWCTBO 4.
. [-x=x] u [-x]=-x]
CBOUCTBO 5.
(VxeR)(VneZ):
a)\_szn & nx<n+l;
b)|x|]=n o x-l<n<x
ofxl=n o n-l<x<n
d)[x]=n o x<n<x+l.
CBOWCTBO 6.

(‘v’xeR)(VneZ)(Lx+nJ:\_xj+n u

[x+n]=[x]+n,
TO €CTb LIENIOYUCIIEHHOE CrlaraeMoe MOXHO BbIHOCUTb M BHOCWTb 3a CKOBKM (DYHKLIMIA

«MOJI» U «MOTOMOKY.
CBOUCTBO 7.

(VxeR)(VneZ):
a)x<n < LxJ<n;
o n<|x}
c)x<n & (x—|Sn;
dynix < n£|_xj.
Cay7 HepaBeHCTBA MNO3BOJIAKOT BCTABJIATbL WUIIM ONYCKaTb CKO6KM(byHKHMﬁ «non» "

«MOTOJI0K». .
CBOMNCTBO 8.

byn<x

(VxeR)
[Lxdl=[lx]]=[x}
[xl=MTxTl=[x]
OMPEOENEHWE. PasHocTb Mexay YncrioM X U QYHKUMEN LxJ Ha3blBaeTcs OpobHoU
yacmbto Yncna x n obosHavaetcs

oy =x—[x].
CBOWICTBO 9. Nyctb f(x) — HekoTopasi HenpepbiBHasl, MOHOTOHHO BO3pacTatoLLas
yHKuMs, Takas, 4yTo ecnn f(x) — Lenoe Y1crno, To X - ToXe Lenoe yvcno. Torga:
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Lr@l=Lrdx)] @

[f@ =[] @.
CJ‘Ie,EI,CTBl/IeM 9TOro CBOIZCTBa ABNAEeTCA cneuyrou.l,ee CBOIZCTBO.
CBOWCTBO 10.

(VxeR)(VmeZ)(VneN)

BRI
c2n] [ike]

CBOMNCTBO 11. Myctb o« u [ - nNpou3BOSibHbIE [AENCTBUTENbHbIE YWCha.
KonnyecTBO 3aKniOYeHHbIX MeXay HUMU LiesiblX Yuces paBHo:

ayna [a.fl: [fl-Tal+l, a<p;
byna [a.f): [Bl-lal as<p;
c)una (a,p]: \_,BJ—\_O(J, a < p;
dyna (a,p): ]—,B—‘—\_aj, a< p.

®dyHkyusi mod u ee ceolicmea
Ecnn m, n- uenble 4yucna, TO YacTHOe OT AENEeHUs 7 Ha m PaBHO 3HAYEHUIO

n n
yHKUMM «NON» OT pauMoHaribHOro Yucrna —, TO eCTb, pPaBHO L—J Ncnonb3ys 3anuch
m m

i
n=|—|-q+r,
m

rae » ecTb OCTaToK OT AeneHus. [na obosHayeHWs ocTaTka MCMOMb3YHT creuunanbHYyo
dyHKumo 7 =nmodm . YnTaeTcs KaK « 7 eCTb OCTaToOK OT AENeHUs 1 Ha m »:

n={nJ-m+nmodm (D).

m

JeneHna ¢ oCTaTkoM:

W3 (1) cnedyeT, YTO pmodm=n — [nJ m (2).
m

B BblpaxeHun (2) MOXHO cuntatb # U m NOObIMU OENCTBUTENBHLIMU YMCIIaMu,

m#0.
OTMEeTMM HekoTopble CBoWCTBa (oyHKUMM mod.
CBOMNCTBO 1.
(Vx,y€eR)
O0<xmody<y, ecmu y>0;
y<xmody<0, ecmu y<O0.
CBOWCTBO 2.
(VxeR)(x= LxJ + {x} = LxJ + xmodl.
CBOWCTBO 3.
(VxeR)(Vy#0eR)(VC =const,C+0)
C - (xmody)=(Cx)mod(Cy).
CBOWMCTBO 4.
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(VneZ)(VmeN)

e e =
n=|—|+|— |+ 4| ——
m m m

‘f{‘ ‘fl+1J Ln+m—1J
n=|— |+ oo | ———— |
m m m

(VxeR)(VmeN)

meJ:LxJJ{XJr;J+W+Lx+m_lJ'

CBOWCTBO 5.

m

2. BuHoMuanbHbIe KoaghpuyueHmsbl. TpeyeonbHuk lMackans
BuHom wunn pgByyneH HboTOHa — 3TO opmyrna, KOTopasi MNO3BONAET HaxoauTb

KO3 ULIMEHTBI MpU CcTeneHsix x*y"* npu Bo3BeaeHUM AByyneHa (x+y) B CTENeHb C

nokasatenem n. ATN KOIPMPUUNEHTLI NONyYnnM Ha3BaHue 6uHomuasrbHbIX. KoadduumneHT

"k npuHsTo 0603HaYATH:

(n} ww  CF
k

N YNTaTb: «KONUYECTBO SNEMEHTOB U3 72 MO K ».

npwn ogHo4ieHe xky

3AMEYAHVME. B kombuHaTOopuvke CUMBOIbI [”J wiw CFvecnonb3ylT  Ans
k n

0603HaYeHns Yncna cCodeTaHuin U3 1 ANEMEHTOB Mo k
TEOPEMA 1. KonnyecTBO 35eMeHTOB (YMCMO codeTaHuil) U3 7 no k BbluMcnsieTcs

no oopmysnam:
[Zj:cﬁ _ n(n—l)...-k('n—(k—l)) 0

n ok n!
(k} =G = ket (n — k)! @.

[okasarenbCcTBo.
YcTaHOBMM, CKOMbKUMK cnocobamu MOXHO BbiGpaTb kK 3MeMeHTOB U3 1 AaHHbIX 6e3
yyeTa nopsiaka ux criegoBaHusi. [epBbiii SMEMEHT U3 7 BO3MOXHbIX, OYEBUAHO, MOXHO
BblOpaTb 7 cnocoGamu, BTopon 3 (n —1) octaBwwxcs - (n—1)-m cnocobom u 1.4., k-i

anemMeHT - (n—(k—1))-m crnocobom. Bcero nonyyaetca n(n—1)----(n—(k—1))

nocrnenoBaTenbHOCTb ANMHOW k. Tak kKak k BbiGUpaeMblX 3NIEMEHTOB MOXHO YNopsaodnUTh
k! cnocobamu, To cpeam aTMX NocneaoBaTenbHOCTEN Kaxaas nepectaHoBka kK amnemMeHToB
BCTpeyaeTcs poBHO k! pas. YTobbl NoNyyYnTb YMCNO aremeHToB (codeTaHui) u3 n no k,
ocTanochk noaenuTs obllee Yucno nocneaosaTensHocTen Ha k!:

(ngc}f _n(m=D-(=(k=1) _nonyaurm dopmyny (1).

k k!
Ons nonyyeHus BTOpoit (hopMyrbl, AOCTATOYHO YMHOXWUTb YACIUTENb U 3HAMeHaTelb
Aopobu, 3anncaHHou B npaBor Yyactn copmynbl (1) Ha (n—k)!=1-2-3----- (n—k).

MpuBegemM HECKONbKO HayanbHbIX 3HA4YeHUn OUHOMMArbHBLIX KO3IHULNEHTOB,
KOTopble 06pa3yoT Tak Ha3biBaeMbIN TpeyronbHuk MNackans.

n CO Cl CZ C3 C4 C5 C6 C7 C8 C9 CIO
0 1 0 0 0 0 0 0 0 0 0 0
1 1 1 0 0 0 0 0 0 0 0 0
2 1 2 1 0 0 0 0 0 0 0 0
3 1 3 3 1 0 0 0 0 0 0 0
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4 |1 4 6 4 1 0 0 0 0 0 0
5 1 5 |10 /10 | 5 1 0 0 0 0 0
6 | 1 6 |15/ 20 | 15| 6 1 0 0 0 0
711 7 121 13535 | 21| 7 1 0 0 0
8 | 1 8 |28 | 56 | 70 | 56 | 28 | 8 1 0 0
9 | 1 9 |36 | 84 126 126 | 84 | 36 | 9 1 0
10 1 [ 10 | 45 1120 /210|252 210 (12045 | 10 | 1

Ntak, GuHOM HbtoTOHa B 06LLEM crnyyae BbipaXkaeTcsa hopMyIIon:
(x+»)"=>Cix*y"™  unm
k

k
BaxHyto pornb BO MHOMMX MPUNOXEHUSAX UrpaeT 4YacTHbIn cnyvan 6buHoma, korga y =1,

a X =Z — Npon3BOJiIbHOE KOMIJ1IEKCHOE 4YUNCIIO,

(x+)" =z@x"y"" 3)

Z‘<1:

(1+2)" :Z(ijk el (4),

k k

Tema 3. BBegeHue B acuMnToTn4Yeckue metoabl
lMnaH meMsbi
1. Cumeorn O u 0CHO8HbIE rpasusa e2o Ucrnofb308aHUs.
2. Acumnmomud4yeckue peweHUs1 PeKyppeHMmMHbIX COOMHOWeHUU.

OnpedeneHue 1:
f(n) = O(g(n))ans Bcexn € N (1.1.1)
0O3HayaeT, YTO CyLLeCTBYeT Takas KoHcTaHTa C, 4To

|/ (n)| < Clg(n)  ansiBcexn e N; (1.1.2)

a ecnu o6o3Ha4veHne O(g(n)) ncnonb3oBaHO BHYTPU (POPMYIibl, TO OHO 0603HaYaeT (PyHKLUUIO
f(n), ynosneTtBopsitoLwyto (1.1.2). 3HavyeHns pyHKUnKM f(n) HEM3BECTHbI, HO Mbl 3HAEM, YTO OHM
HE CINULLKOM BESUKM.
Cumeon «O» BKNYaeT HeonpeaeneHHy KoHCTaHTy C, kaxgoe BxoxaeHue O MmoxeT
noapasymeBaTb pa3nnyHble C, HO KaXaas U3 3TUX KOHCTaHT He 3aBUCUT OT N.
lMpumep 1: Mbl 3HAeM, YTO CyMMa KBaZApaToOB NEPBbIX N HaTyparsibHbIX YACEN paBHa
sn =ln(n+l)(n+l):ln3 +ln2 +ln_
3 2 3 2 6
MoskHO 3anucaThb s, =0(n°),
L
6
MoxHO nony4nTb Gonee ToYHyto hopmyny

TaK Kak

S%|n|3+%|n|2+é|n|S%‘n3‘+%‘n3‘+%‘n3‘=‘n3‘ Ons BCEX UuenbiX n.

1 5
sn = gn + O(n°), Tak Kak

L
3 2 6
MoXHO Takke HeBpexHO oTBpocHTb YacTb MHopMaumn u 3anucath O, = O(n'°).
Onpegenenve O He 3acTaBnsieT HAac AaBaTb HAUMYULLYH OLEHKY.
OnpedeneHue 2: cootHoweHwne f(n) = O(g(n)) nNpun n—oo 03HaAYaeT, YTO CYLLECTBYIOT
ABe KOHCTaHTbl C 1 ng, Takue, 4To

|/ () < Clg(n)| npm BCeX N > no. (1.1.3)

< %|”|3 +%|”|2 +é|”| Sé‘n3‘+%‘n2‘+%‘n2‘ S%‘#an‘ NS BCEX LenbIX .
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3ameyaHuve 1: 3HaveHnss C u ng MOryT ObiTb pasHbiMU AN pasHbiX O, HO OHM He
3aBUCAT OT N.

OnpedenerHue 3: 3anucb f(x) = O(g(x)) npu x—0 o3Ha4yaeT, YTO CyLEeCTBYIOT OBeE
KOHCTaHTbl C U &, Takue, 4YTo

/() <Clg(x)|,  ecrm Tonbko ‘x‘ <E€. (11.4)

Terlepb (@) npeacrtasndeTr HeonpeneneHHyw (*)yHKLl,I/II-O n oOoagHy wunn OBe
HeonpeaerieHHble KOHCTaHTbl, 3aBUCALLNE OT KOHTEKCTAa.

3ameyanue 2: 3anucb %n3+%n2+%n:0(n3) KOPPEKTHa, HO B 3TOM paBEHCTBE HenNb3s

MeHsITb MecTaMu MpaByld W NEBYIO 4acTW. B MPOTMBHOM cryyae Mbl MOXEM MPUIATU K
HenenbIM BbIBOAAM, Hanoaobyve n = n%, Ncxoas U3 BepHbIX TOXAECTB n = O(n%) u n® = O(n?).
Pa6oTas ¢ cuMBOMOM «O» Mbl UMEeM [0 C OAHOCTOPOHHUMM paBeHcTBamu. Mpasas
YacTb YpaBHEHUSI COAEPXUT He Gorblue MHOPMaLMK, Yem neBasi, ¥ PaKTUHYECKN MOXET
coaepxaTb MeHblLe MHAOPMaLMK; NpaBast YacTb SIBMSIETCSH «OrpyGrneHneM» NeBOiA.
Ecnn roBoputb cTporo popmanbHo, To 3anuck O(g(n)) o6o3Ha4yaeT He Kakyt-TO OfHY

yHKUMIO f(N), @ cpasy MHOXECTBO (OYHKLWIA f(Nn), TaKWX, 4TO ‘ f (n)‘ < C‘g (n)‘ LSt HEKOTOPOI

koHCcTaHTel C. O6bluHas dopmyna g(n), He Bkmwoyawwaa cumeon O, obosHavaet
MHOXeCTBO, coaepawiee ogHy dyHkumto f(n) = g(n). Ecnn S n T cyTb MHOXecTBa OYHKLNI
OT n, TO 3anucb S + T obo3Ha4YaeT MHOXeCTBO BceX dpyHKUun Buaa f(n) + g(n), rae f(n)eS v

g(n)eT, ppyrme obo3HauyeHusa Bpoge S-—T, ST, S/T, VS, €5 InS onpegensaTcs
aHanormyHo. Torga «paBeHCTBO» MexAy ABYMS TakMMU MHOXeCcTBamu (PyHKUMA ecCTb
TEOPETUKO-MHOXECTBEHHOE BKITIOYEHME; 3HaK «=» B ENCTBUTENbHOCTU O3HA4YaeT «C».

Mpumep 3: «YpaBHEHUE» %n3+0(n2)=0(n3) o3HayaeT, 4Yto S1c Sy, rae S; ecTb

|
MHOXeCTBO Bcex (pyHKLMIA BMAaa gn + f,(n) , ans KoTopbIX HageTcs KoHcTaHTa Cq, Takas,

yTOo | fl(n)|£C1‘n2‘, a S; eCTb MHOXecCTBO BceX (byHKumi f,(n), Ans KOTOpbIX HanaeTcs
KOHCTaHTa Cz, TaKasi, uTo |f,(n)| < Cz‘;f‘.
MOXHO CTPOro [JokasaTb 3TO «PaBEHCTBO», €CNN B3SiTb MPOU3BONbHBIN 3NEMEHT 13

|
NeBOi YacTU M MokasaTb, YTO OH NPUHAAMEXUT NPaBo YacTu: NycTb 5” + f,(n) TakoBo,

4yTO ‘fl(n)‘gcl‘nz, cnegyet [gokasatb, YTO CywecTByeT Takasi KoHcTaHTa Cj, uTO

1 2 3
<C,|n’|. KonctanTa C2=§+C1 pelwaet npobnemy, Tak Kak 7 S‘n‘ ans Bcex

R0

uernbix n.

3ameyvanve 3: Ecnvn B hopmyne MCnonb3yeTcsl HECKONbKO NepeMeHHbIX, To cumaon O
npeacraBnseT MHOXECTBO (PYyHKUMMA OT ABYX UM Oonee nepemeHHblX, a He TOMbKO OT
ogHon. B obnacTtb onpegeneHus kaxgon (OyHKUMM BXOOAT BCE MEPEMEHHbIE, KOTOpble B
AAHHOM KOHTEKCTE «CBODOAHbLI» OS5 UIBMEHEHUS.

TyT ecTb HeKOTOpasi TOHKOCTb BBUAY TOrO, YTO NepeMeHHble MOryT UMeTb CMbICH NNLLb
B YaCTU BbIpaXXeHUs!, ECNN OHU CBA3aHbl 3HAKOM X UK NOAOBHbIM.

! ', '
Coomnowenue 1: n" =0(n"), ecnum<m; mm,neN. . (1.21)
Lokazamernbcmeo:

' m m' . m m'
Mycte m <m , Toraa ‘n ‘S‘n ‘ Nno CBOWUCTBY CTEMNEHU U MOAOYnNS. ‘n ‘S C‘i’l ‘ roe

C =1. Ano onpegenenuio (1.1.2) cumBona O 3TO 1 O3HaAYaeT, YTO n" =0(n"), npwu
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', '
m<m; m,m,n e N . CooTHoleHMe 1 foKa3aHo.

Coommowenue 2: O(f (m)+0(g(n)) = O ()| +|g(n))). (1.2.2)

Jlokazamernbcmeo:
[Mokaxxem CTpOro B COOTBETCTBMU C TEOPETUKO-MHOXECTBEHHBLIM onpeaeneHnem cumsona O,
YTO NneBasi YacTb ABNSETCA NOAMHOXECTBOM MpaBoun YacTu.

IMobBasa dyHKUMS 13 neBon Yactu umeet Bua a(n) +b(n), N CywecTBYIOT KOHCTaHTbI
mg, B, no, C, Takmne, 4to
la(n)| < B|f(n)] Vnz=m, " b(n)| < Clg(n) Vn=n,.
CnepoBaTenbHO, PYHKLMSA B TIEBOW YacTu
|a(n) + b(n)| < |a(n)| + |b(n)| < B|f(n)| + C|g(n)| <max(B,C)- Qf(n)| + |g(n)|)
onr  n=zmax(my,n,)

A, 3HauuT, No onpegeneHuto cumeona O nesBasi YacTb NPUHAANEXUT NPaBoOW YacTu.
CoomHoweHue 3: f(n) = O(f(n)); (1.2.3)
Lokazamernbcmeo:

Onsa no6oi dyHKUMK f(n) BEpHO HEPABEHCTBO ‘f(n)‘ < ‘f(n)‘ ‘f(n)‘ < C‘f(n)‘ roe C
= 1. Mo onpegenexnto cumsona O (1.1.2) aTto 1 o3HavaeT, uto f(n) = O(f(n)). CooTHOwWeEHNE 3
[0OKa3aHo.

CoomHoweHue 4: O(f(n))O(g(n)) = O(f(n)g(n)); (1.2.4)

CoomHoweHue 5: O(O(f(n))) = O(f(n)); (1.2.5)

CoomHoweHue 6: C - O(f(n)) = O(f(n)), ecnu C — koHcmaHma; (1.2.6)
Jlokazamernbcmeo:

CyuwiecTtByeT Takasi KOHCTaHTa B, 4To ‘C‘ <B-1, no onpepenenwnio (1.1.1) C = O(1).

Torga C - O(f(n)) = O(1) - O(f(n)) = (no 1.2.4) = O(f(n)).
CoomnoweHue 7: O(f(n)g(n)) = f(n)O(g(n)). (1.2.7)
Jlokazamernbcmaso:
MokaxkeM, 4TO NeBasi YacTb SABMSETCHA NOAMHOXECTBOM NPaBoOn 4YacTu.

B neBon yactn yHKUMM uMetoT Bug a(n), Takme, YTo CyLeCTBYIOT KOHCTaHTbl C, Ny,

4yTO
la(m)| < Clf (n)- gm)] < Clr )] -[gm)] =| ()] - C-|g(m)| Vn=n,.
Mo onpepenexuio cumsona O Mbl Nony4yaeM BepHoe paBeHCTBO (1.2.7).
CoomHouweHue 8: O(f(n)?) = O(f(n))*. (1.2.8)
Lokazamernbcmeo:

O(f(n)?) = O(f(n) - f(n)) = (no 1.2.7) = f(n) - O(f(n)) = (no 1.2.3) = O(f(n)) - O(f(n)) =
O(f(n))*

2. AcuMnmomud4eckue peuwleHUs1 PpeKyppeHMHbIX COOMHoweHul

B Tabnuue 1 npuBedeHbl camble MOfe3Hble acumnToTuydeckme dopmynbel [2],

NoJ1OBMHA N3 KOTOPbLIX Moftyd4eHa npoCcTo nytem OT6paCbIBaHI/IFI YreHoB CTeneHHoro pAaga B
COOTBETCTBUN C 3TUM MNMPaBUJIOM.

Tabnuua 1. AcumnToTMYeckme annpokcMMmauun, cnpaseanuebie npu n —» oz — 0

1 1 1 1
H=hn+y+————+—F+0 — 1.2.10
" "o 12n’ 1204 (nﬁj ( )
n!:q/zm[ﬁ) 1+ 1 + 1 =~ — 139 3+O[i4j (1.2.11)
e 12n  288n 51840n n
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2 3 4
z_ Z 2.2 5
e —1+Z+2!+3!+4!+O(z) (1.2.12)
ln(l+z)—z—i+i—i+0(zs) 1.2.13
2 3 4 (1.2.13)
11 =l4+z+z2°+22+2'+0(2°) (1.2.14)
—Z
(I+z) =l+az+C’ 22 +C’ 2 +C' z* +O(z") (1.2.15)

AcvmnToTudeckue dopmynbl ans H, n! He ABNSAOTCA HavanbHbIMW OTpe3kamu
CXOASALUNXCA PSAOB; €CrM HeOrpPaHUYEHHO NPOAOIKUTL 3TN POPMYIbl, TO NOMYyYEHHbIE PAAbI
ByayT pacxoauTbCs Npu BCEX N.

[[OBOPAT, YTO acMMnTOTMYECKas annpokcumauus MMmeeT abCOMTHYH MNOrpeLlHOCTb
O(g(n)), ecnn oHa nmeet BuAa f(n) + O(g(n)), rae f(n) He BknoyaeT O. Annpokcmaums Buaa
f(n)(1 + O(g(n))) nmeeT oTHocuTernbHytO norpewHocTb O(g(n)), ecnn f(n) He BknoyaeT O.
Hanpumep, annpokcumaums H, B Tabnuue Ne1 nmeeT abcomoTHyto norpeluHocts O(n™®);
annpokcumaums n! - oTHocuTenbHyto norpeluHocts O(n™). (Mpaeas yacTb (1.2.11) He Takas,
kak Tpebyetcs, - f(n)(1 + O(n™)), Ho ee MoXHO NepenvcaThb Kak

\/%(ﬁﬂnll 1 __139 j(1+o(n—4)).

N _
e 2n  288n° 51840n°

ABconioTHas MOrpellHocTb 3TOW anmpokcumaummn ectb O(n>°e™). ABcontoTHas
MOrpPeLIHOCTb COOTHOCUTCS C YMCIIOM BEpPHbIX JECATUYHBIX LMdp crpaBa OT AeCSTUYHON
TOYKM, KOTOPblE COXPaHSIOTCS nocne oT6packiBaHUs YneHa O; OTHOCUTENbHAs MOrPELLHOCTb
CBSI3aHa C YMCMOM BEPHbIX «3HauaLLMX Ldp».

Tema 4. OCHOBHblIE KOMOUHATOpPHbIE KOHUrypauum
lnaH memsbli
1. OcHosHble moxdecmea ¢ buHoMuabHbIMU KO3ghghuyueHmamu.
2. MemoO0 8KroHYeHUSI-UCKTIOYEHUS U €20 MPUMEHEHUS.
1. OcHo8HbIe moxdecmea ¢ 6UHOMUaNIbHLIMU KO3ghghuyueHmamu
OTMeTUM HeKOTOpble BaXKHble CBOMCTBA BUHOMMANbHBIX KO3 (PULNEHTOB.
CBOWCTBO 1. (CoomHoweHue cuMmmempuu)
ct=cr* unu (ng(n J, neZ ,keZ.
k n—k
[lokasaTtenbCTBO NOsfy4YaeTcsa HenocpeaCcTBEHHOM MNPOBEPKOM MNpU  MNOOCTaHOBKE
COOTBETCTBYHOLUNX MHOEKCOB B hopmynbl (1) unu (2).
CBOWCTBO 2 (lpasurio eHeceHus)
ck=".ckb ("j:”(” 1), k#0,keZ.
k k) k (k-1
[lokasaTenbCTBO TakxKe Nnosiyd4aeTcs HeNOCpPeACTBEHHOW NPOBEPKON NPU NOACTAaHOBKE
COOTBETCTBYHOLUNX MHOEKCOB B hopmynbl (1) unu (2).
CBOMCTBO 3

-1
k-Ct=n-Cct] unu k-{n]:n-(n j, unu

B K i B ny n—1
(n—k)y-C,=n-C,_, unu (n—k)- . =n- ‘ k+0,keZ.

OTu paBeHCTBa CriefyloT U3 CBOWCTBa 2.
CBOWCTBO 4 (®opmyna crioxeHus1)
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k _ o~k k-1
C,=C,_,+C unu

Wi
= + .
k k k-1
[lokasaTenbCTBO.
C’]:_l " Cr]:__ll _ (n - 1)' n (l’l - l)' _
kK n—1-k)! (k=D (n—1)—(k-1))!
_(n=DY(n-D— (k=) + (D% _ (n=D)n _

K (n—1)— (k—1))! CkMn—k)
o ck
K\n—-k) "

CBOWCTBO 5 (BbipaxeHue 00H020 6UHOMUAanbHO20 KoaghguyueHma 8 8ude CyMMbi
opyaux)

kK _ ~0 1 2 n _
zcm+k_cm+cm+l+cm+2+”'+c =C

m+n m+n+l
k<n

A

YacTHbIM cnyvyaem aBnsaeTcs ghopmyria CyMMUPO8aHUS N0 8EPXHEMY UHOEKCY:
SCE=C)+Ch +--+Ch=Cl um

m+1
0<k<n

EHOHL) A oo

CBOWCTBO 6 (lMpasurio obpauieHusi sepxHe2o uHdekca)
Cr=(-D"-Cly  wm

n——lk k—n-1 bz
k—()-k , e”/.

[okasarenbCcTBo.
ok = nn=1--(n-k-1) _
"= ! -
SOt Dy

uau

CBOWCTBO 7

(_l)m Cl = (_1)” : Cfm—l um

-n—-1

” (—n—l] ., (—m—lj
-n"- =(-1"- , mn=>0, mmneZ.
m n

OTO CBOWCTBO MO3BONISIET nepemMewatb MHOEKCbl U3 BerHeI?I CTPOKM B HUWXHIOKO U
Hao6op0T n ABndeTcA HenocpeanctBeHHbIM CrencTBUEM CBOWCTBa 06pal.l.l,eHI/IF| BepXxHero
nHaekca. Eue ogHuUm crnengcTtBMEM 3TOrO XKe CBOMCTBA SIBNSETCS cpopmyna:

YD Gy =Cl =Gyt ()" Cl=(=D"Cy

k<m

o (HoHo) o oo 1)

CBOWCTBO 8 (®opmyria yMHOXeHUsI GUHOMUAITbHBIX KO3GhGUUUEHMOS)
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m k _ o~k m—k
c'-c,=C, -C", unu

CHEHEHE) mine

[oka3aTenbCcTBo.
cn.ck = n! _ m! _
" mMn—m)! kM (m—k)!
B n! B n! ‘ (n—kK)! B
S (m—m)Km—k) K(n—k) (m—k)N(n-k)—(m—k)
=Cr.crk.

CBOWCTBO 9 (Ceepmka BaHdepmoHOa)
Sch-art=q;
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m+s

(T =
m 5
-
A

dopmysa BKIYEHHH-HCKIYEHUH — 310 KomOuHatopHas dopmya,
[103BOJISIOIIAS HAHTH MOLUHOCTb OObEAMHEHHMs] KOHEYHOIO 4YHCIla KOHEYHbIX
MHOKECTB ¢ YYETOM TOI'0, YTO MHOKECTBA MOI'YT [1€PECeKaThCsl APyl ¢ APYroMm.
Jltst ciyvast aByx MHOkecTB 4 W B Qopmyna BKIHOYEHUI-HCKIHOUEHHUI
uMeeT BU:
|4U B|=|4|+|B|-|4n B] (5

A‘+|B| IEMEHThI, lpHHALIeKALUKWEe MHOKecTBaM A u B,

B cymmy
OJHOBPEMEHHO BKJIKOYEHb! JBaxbl, H YTOObl KOMIIEHCHPOBATh 3T0, HEOOXOIHMO
BbIYECTb MX M3 [IPaBOH YacTu (GOpPMYIIbI.

Takum e oOpazom [OCTYHAWT W B cilydae JIKOOI0 KOHEUHOI'O 4MClla
MHOxkecTB. CHauyala B 00beAMHEHHE 3THX MHOKECTB BKJIKYAKT BCE IJIEMEHTHI, B
TOM YMCJIe [PHHALIEKALIHE CPpa3y HECKOJIbKHMM MHOXKECTBAM, 3aTE€M HCKIHUYAKT
BKJIKOYEHHbIE JIMILIHHI pa3, HCK/II0YAKT BKIKOUYEHHBIE OowMO04HO H T.1. OTcroaa
[POMCXOAUT W Ha3BaHue camoii dopmyibl. Cama dopmyna i ciaydas n
MHOKECTB UMEeT BHUII:

U4 =>14]|=-> |4~ AJ,_‘ +
i=l

i< i<j<k
rae A,4,,...,A, — KOHEUHbIE MHOKECTBA.

Bunepssle 31y opmyity onyOiIMKoBal HOPTyranbCKuid maremaruk [lanuais
na Cunbsa B 1854 r. Ho ewé B 1713 r. Hukonait bepuynau ucrnons3osail 310T
METO/ [UIs PeLIEHHs TaK Ha3bIBAEMOH 3a1a4H O BCTpevax. B Teopuu BeposTHOCTEH
aHasor 3Toi opmyJibl H3BecTeH Kak npuHUun Ilyankape.

[TpuBeném BapuaHT 3arucu 310l GOPMYJIbl B TEPMHHAX CBOICTB.

[lycte umeercs N npeameroB u n CBONICIB 4.d,,...,a,. Kaxuablil w3

n

4N4, r‘wAn,_|—...+(—1)""'|AI NA,N...N4,,(6)

peAMETOB MOKeT Kak o0sanaTe, Tak M He 00JazaTh JHOBIM M3 ITHX CBOMCTB.
Obo3nauum uepes N(a,,d,,...,a,) KOIMYECTBO 3JIEMEHTOB, O001axarOLIMX

CBOHCTBAMU @, d,,... .a,, a uepes N(a.da,,...,d,) — KOIHUYECTBO 3JIEMEHTOB, He

001aJar0IUKUX HH OJIHUM U3 CBOICTB a,.d,....,a, . Toraa cripasenmsa Gpopmya:

N(E,,Ez._. % ,ﬁ‘_ﬂ)= N - Z;V(Q) + ZN(G’.-”;) ek (—l\)”_] N(a,az 2 ..G”) (7)

Tema 5. OCHOBHbIe NOHATUA Teopuun rpacdos
lnaH memsbi

1. NoHsamue epagha. Criocobki npedcmasneHusi 2paghos.

2. Mapwpymsi, nymu, uenu U Uuknibl. W3omopgpusm 2paghos. Juneposbl U
2amMusibmoHo8bI epagbbl.

3. [epesbs. lNnaHapHbie u rinockue epagbl. Teopema Alnepa u eé€ criedcmeaus.

4. Packpacka sepuwuH u pebep epagha. XpomamuyecKoe 4ucrio.

5. PackpawugaemMocmb 8epWUH rraHapHo20 epagha nsmberlo Kpackamu. [urnomesa
YyembIipex Kpacok.

1. [ToHssMue 2pagha. CnocobsiI npedcmaesneHust 2paghos

2
OnpepeneHune. lyctb ) — Henyctoe MHOXecTBo, V' ° — MHOXeCTBO BCEX €ro
OBYXaneMeHTHbIX noagmHoxecTB. Mapa (V, E), rae  E — npou3BonbHOE NOAMHOXECTBO

2
MHOXecTBa V'~ , HasbiBaeTcs epaghom (HEOPUEHTUPOBAHHBLIM rPadom).
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OnemeHTbl MHOXECTBa J/ HasbiBaloTCa 8epuwuHamMmu rpada, a arieMeHTbl MHOXeCTBa
E — pebpamu.

Byoem paccmatpuBaTb B AarnbHeWweM TONbKO Takue rpadbl, Y KOTOPbIX YUCIIO
BEPLLNH KOHEYHO.

TepmuH «rpac» BnepBble NOSIBUNCH B KHUMe BblAalOLLErOCs BEHIEpCKOro MatemaTuka
. KéHura B 1936 r., XOTS HavarnbHble 3agayvm Teopun rpadoB BocxogaT ewe k dunepy (XVIII
B.).

MHoxecTBa BepwuH 1 pebep rpacdpa G ob6osHauaTCA COOTBETCTBEHHO V(; U E ;.

Uncno sepwunH rpada G HasbiBaeTcs ero rmopsiokom n obosHavaetcs ‘G‘ .
Ecnu |‘VG‘ =n, ‘EG‘ =m G|, To rpac HasbiBatoT (1,m) - epachom.

OnpepenexHue. 1. BepwuHbl # 1 v rpacda G HasbIBAOTCA CMEXHbIMU, ECNA Nnapa
(u,v) sBnsieTca pebpoM, U He CMEXHbIMU B MPOTUBHOM Cry4ae.

Ecrm e=(u,v) — pebpo, TO BepLWMHbI % W V Ha3blBalT ero KoHuyamu. [1Ba pebpa

Ha3bIBalOTCA CMEXHbIMU, ECIIN OHN UMEIOT OOLLYIO BEPLUMHY.

2. BepwuHa v 1 pebpo e HasbiBalTCs UHUUOEHMHbIMU, €CRN V SIBNSIETCA OAHUM U3
KOHLIOB pebpa e, U He UHUYUOEeHMHbIMU B NPOTUBHOM Crlyyae.

Takum 06pa3oM, OTHOLLUEHME CMEXHOCTU 3afjaeTcss Mexay OAHOPOAHbIMU
anemMeHTamu rpadga, a OTHOLLIEHNE UHUMAEHTHOCTU - MeXay pa3HOPOAHbIMU 31IEMEHTaMMU.

OnpepeneHne. MHoXecTBO Bcex BeplwuH rpada G, CMEXHbIX C HEKOTOPOIA
BEPLUMHOW V, HA3bIBAETCSA OKPYXEHUEeM 8epliuHbl v 1 obo3Havaetca N(Vv). Yucno BeplumH

B OKPY)XEHMM BEPLUMNHBbI V Ha3blBAaETCs CMereHbo 3TON BEPLUMHbI.

MOXHO Takke CkasaTb, YTO CTENeHb BepLUMHbI — 3TO YMCNO MHUMOEHTHbIX en pebep.
Ecnn creneHb BepwmnHbl v paBHa k, To aTOo 06O3Ha4yaeTca credylowwyM o6pas3oM:
deg(v)=k.

OnpepeneHue. BepwunHa cteneHn 0 Ha3biBaeTCa U30/1UPOBAHHOU, BEPLUMHA CTEMNEHMN
1 — sucayeld (unu koHyeeol). Pebpo, NHUMOEHTHOE KOHLIEBOW BeEpLUMHE TakkKe Ha3blBaeTCs
KOHUEBBIM.

Teopema. Cymma cTeneHen Bcex BepLluMH rpada eCTb YMCno, paBHOE YyOABOEHHOMY
yucny pebep.

CneactBue (/lemma o pykonoxamusix). B nmobom rpace 4mcno BeplinH HeYeTHOM
CTENeHn YeTHO.

OnpepeneHue.

1. lpac HasbiBaeTca peayrnsapHbIM (Unu OOHOPOOHbLIM), €CRN CTENeHU BCEX €ro
BEPLLVH PaBHbI.

2. CmeneHbto perynsapHoro rpacda HasbiBaeTcs CcTeneHb ero BepwuH. CTeneHb
perynsipHoro rpaca G o6osHavaeTcs yepes deg(G) .

OnpepeneHue. 1. pap G HasbiBaeTcs MosHbIM, €Cnv nobble ABE €ro BEepLUUHbI
cMexHbl. MNonHbin rpad nopsiaka n o6o3Havaetcsa K, .

2. 'pad HasbIiBaeTCa 8bIPOXOEHHbIM (ycmbiM), ecnn nobble OBe ero BEPLUUHbI He
CMEXHbI (T.e. y Hero HeT pebep).

padbbl gonyckatoT HarnsgHoe n3obpaxeHne B BUAE PUCYHKOB. [Mpy 3TOM BEpPLUMHDI
rpacba unsobpaxkaloTcsa TOYKkamMu Ha nNrockoctTu, a pebpa rpada - coeguHSAIWUMN UX
NNHUSIMWA.

Mpumepsbl.

1. PaccmoTtpum (5, 6) — rpad G, MHOXecCTBa BepLUUH 1 pebep KOTOPOro ecTb:

Ve =11,2,3,4,5},  E; ={(12);(1,5);(2,3);(2,4);(2,5) (4.5)}

n n3obpasnm ero rpadonyecku:
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-

1 1 3
Puc. G
CmexHbiMM BepwmHamu rpada G 6yayT, Hanpumep, BepwuHbl 1 1 2 unm 1 un 5;
HECMEXHbIMWN — BePLUMHBbI 1 1 3 nnu BepwnHbl 1 n 4.
BepwwuHa 4 n pebpo (2,4) 6yayT MHUMAEHTHbI, a BepwuHa 4 n pebpo (2,3) — He
WNHUNOEHTHbI.
OkpyxeHveM BepLunHbl 2 siBnsieTcst MHoxectBo N(2) ={1, 3, 4, 5} n, cnegosaTtenbHo,

cTeneHb 3ToW BepluuHbl paBHa 4: deg(2) =4.

N3onupoBaHHbIX BepwnH rpacdd G He MMeeT, BepluMHa 3 SABNSeTCcA BUCAYEen unu
KOHLIEBOM.

Tak kak rpacdd G MMeeT napbl HECMEXHbIX BEPLLMH, TO OH HE SAABMAETCS NOJHbIM.

OnpepeneHue. 'pad HasbiBaeTCca 08y00sIbHbIM, €CNN CyLLLeCTBYET Takoe pasbueHue
MHOXeCTBa €ro BEpLUMH Ha [Be 4YacTu — 00/uU, YTO KOHLbl Kakgoro pebpa npuHagnexat
pasHbIM A0NIAM.

Ecnn npn atom niobble ABe BepLUMHLI, BXOASLLME B pa3Hble A0S, CMEXHbI, TO rpad
Ha3bIBAETCS 10/IHbIM 08YO0sIbHbIM.

AHanorMyHo MoXHo aatb onpeaenenune k -0osbHo20 epagha.

MonHbin  AByOONbHBLIA  rpadd, [ONM  KOTOPOro cogepXatr p WM ¢  BeEpLUMH

COOTBETCTBEHHO, 0003Ha4aeTcs qu. Mpnu p=1 nonyyaem rpadp K KOTOPbIV

Lg’
Ha3bIBalOT 38€3000.

K Puc. ke,
K] 5 Puc. 2 K3 3
C kaxabiM rpadom cBsi3aHbl ABe MaTpuLbl, KOTOPblE MOMHOCTLIO €ro OnpeaensioT:
mampuuya cmexHocmu S v mampuya uHyudeHmHocmu 1 .
OnpepeneHune. Mampuueli cmexHocmu (n,m)-rpacdpa G HasbiBaeTca matpuua A
nopsaka 7 cnepgyowlero Buaa:

S=(SU.)={

O4yeBUOHO, YTO MaTpuLa CMEXHOCTU — 3TO CUMMETPUYHas maTpuua C HynsMu Ha
rMmaBHOM AuaroHanu. Yvcno eguHuL B KaXkdoW CTPOKe paBHO CTEMeHW COOTBETCTBYIOLLEN
BEPLUMHbI.

AHaNoOrM4yHo MOXHO onpeaenuTb MaTpPULbl CMEXHOCTM S MYNbTU- U NceBaorpadoB:

k, eciu éepuiunbl ¢ Homepamu i u j coeounenvl k  pebpamu;

1, ecnu 6epuiunbl ¢ HOMepamu i u j cmedicHbl;

0 6 npomusHom cryuae.

S=(s;)=
Y 0, eciu onu He cMmedicHbI.

CnepnyeT 3aMeTUTb, Y4TO NPV 3TOM NETNS 03Ha4YaeT ABa pebpa.
Mo>XHO onpeaenuTb 1 MaTpULly CMEXHOCTU OPUEHTUPOBAHHOTO rpada:
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+1, ecnu 6epuunbl ¢ Homepamu i u j cmedcHbl, npuuem  GepuiuUHa |

ecmv  Hauano, a eepuiuHa j — KOHey peobpa;
S =(s;) =1L ecu éepuunsvt c Homepamu i u j CMeNCHbL, NpUYEM  BEPUIUHA
ecmv KoHey, a Gepwiuna j — Hayano peopa;

O, eciu OHU He CMEOJNCHDL.

Onpepenenune. Mampuuet uHyudeHmHocmu (n,m)-rpadpa G HasbiBaeTca Matpuua
[ pasMepHOCTM 1 xm crnenylwLlero suaa:
1, ecu sepuura ¢ Homepomu i uHYUOeHmMHa pebpy

I =(x;)=1cnomepom j;
0 6 npomuenom cyuae.

YT06bl NOCTPOUTL MATPULY MHUMOEHTHOCTH, pebpa rpada Hy>HO nepeHymepoBaTh (B
NPOU3BOSIbHOM MOPSIAKE).

B kaxxgom ctonbue maTpuubl MHUMOEHTHOCTU POBHO ABE €4MHULbI, PaBHbIX CTONOLIOB
HeT. UMcno eauHuL, B KaXXaon CTPOKE paBHO CTENEHU COOTBETCTBYIOLLEN BEPLUMHDI.

2. Mapwpymbi, nymu, uyenu u Uuknbl. A3omopgusm 2paghos. Idineposnbl U
2aMusibmoHoe8bI 2pabi

OnpepgeneHus.
1. Yepepyouwasca nocnegosaTenbHOCTb
Vsl Voslsse o sV LVl v, (1)

BeplwuH un pebep rpadpa G Takas, yto [/, =(v,,v,,), i €l,n, HasbiBaeTCa mMapwpymom,

COeVHSIOLLNM BEPLUNHBI V; U vV, i (V;,V,,,) Mapwpymom.

OueBugHO, 4TO ANa  3agaHus  Mapwpyta B rpade [JocTtatodHO  3agaTtb
nocrnefoBaTesNibHOCTb €ro BepLUvH, MMbo nocnenoBaTenbHOCTb ero pebep.
2. BepwuHa v Ha3sbiBaeTcss 00cmuxumoli U3 BepLMHbI U, ecrnu cywlecTsyeT (u,V)-

MapLpyT. Jllobas BeplinHa cumtaeTcs JOCTUKMMON n3 cebsa camon.

3. MapuwpyT HasblBaeTCs yerbro, ecriv Bce ero pedpa pasnuyHbl, U npocmou yersio,
€CInn BCe €ro BepLUnHbl, KpOME, BO3MOXKHO, KpaHUX, PasfnyHbI.

4. MapwpyT HasblBaeTCA UYUKIUYECKUM, eCnn nepBas M NOCNenHss ero BepLUWHBbI

cosnagatoT: V, =V . Liknuyeckas uenb HasblBaeTCs YUKIOM, a UMKNUYeckas npocras

uenb — IpocmeiM Yukiom. Yncno pebep B MapLupyTe HasbiBaeTcs ero 0/1UHOU.
5. LUmkn gnuHel 3 HasbiBalOT mpeyaosibHUKoM. MuHnmanoHas U3 anvH LMKos rpada
HasblBaeTCcs ero obxearmom.

H 4

Puc. 3.I'pach G

Hanpumep, B rpace G Ha puc. nocnegosaTensHOCTb 5, (5,6), 6, (6,1), 1, (1,2), 2
asnsaetca (4,1)-mapwpytom. OyeBnaHo, 4YTO NOOON MapLpyT MOXeT BbITb 3aaH NPOCTO Kak
nocrnefoBaTeNbHOCTb BEPLNH: 5, 6, 1, 2 unu npocTo Kak nocnegoBaTensHoCcTb pebep: (5,6),
(6,1), (1,2). NMobasa sepwmnHa rpacha G gocTwxkmma 13 nNdoON SPYron BepLUUHbI, MOCKOSbKY
rpad CBA3HbLIN.

lMpuBeOeHHbIN B KayecTBe npumMepa MapLipyT ABNSETCA Takke Lenbo U NpoCcToun
Lenbto.

MapuwpyT 1, 2, 8, 7 npeactaBnget cobon Uuk onvHbl 4, Npyu4em 3TOT LMKIT NPOCTON.
O6xeart rpada G, KaKk BUOHO M3 PUCYHKa, paBeH 4.
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OnpepeneHune. 'pad HasbiBaeTca c853HbIM, ecriv nobble ABe ero HecosnagaroLue
BEPLUNHbI COeQNHEHbI MapLLPYTOM.

OuyeBnaHoO, 4TO ANs CBA3HOCTU rpacha HeobxoaMMO U JOCTATOYHO, YTOOLI B HEM ANns
Kakon-nnmbo (PMKCMPOBAHHOW BEPLUMHBbI U W KaXOOW LPYrOA BEPLUMHbI V CyLlecTBOBar

(u,v) - MapLupyT.
Teopema 1. lpacp G =(V,E) cBsizeH Torga u TONbko Toraa, KOrAa MHOXECTBO €ro

BEPLUMH Henb3a pas3buTb Ha OBa HenycTblx nogmHoxectsa V; wn V, Tak, utobbl 06e

rPaHMYHbIE TOYKN Kaxaoro pebpa Haxoannucb B OOQHOM U TOM e MHOXeCTBeE.

OnpepeneHue. Bcakmii makcumanbHbI CBA3HbIM nogrpad rpadga G HasbiBaeTcd
C8513HOU KOMMOHeHmMouU (M1 KOMNOHeHTon) rpadpa G.

CnoBo "MakcMmarnbHbIN" 03Ha4YaeT MakCUMarbHbI OTHOCUTENBHO BKIIOYEHUS, T.€. HE
cogepXalummca B cBaA3HOM nogrpadpe ¢ 60nblMM YMCIOM 3eMeHTOB. MHOXECTBO BEPLUMH
CBSI3HOM KOMMOHEHTbI Ha3blBaeTCa 0b6s1acmbio C85I3HOCMU.

Ceolicmea mapwpymos, yeneu u Yuksos

CBOWCTBO 1. Bcskuin HesaMKHyTbii (u,V) - MapLupyT, COaepXuT B cebe npocTyto

(u,v)- uenb. B yactHocTu, nobas (u,Vv)- uenb, coaepxuT B cebe npoctyto (u,V) - Lenb.
CBOWCTBO 2. Bcsikuin HENMpOCTON LMK MOXHO pa3buTb Ha ABa unv 6onee npocTbiX.
MpuyeM 4NA 3aMKHYTOro MaplLUpyTa Takoe YTBEPXKOEHUE He BEPHO.
CBOWCTBO 3. Besikas HenpocTas (u,V) - uenb, MOXeT 6biTb pasbuta Ha npocTyko
(u,v)- uenb n oguH unu Gonee nNpocTbiX UMKIOB. Mpuyem AnNs He3aMKHYTOro mapLupyTa

Takoe yTBepXaeHue He BEPHO.
CBOWCTBO 4. [1ns nobbIx Tpex BepLUNH 1, V, W W3 CyLLECTBOBaHWS (u,w) - uenu unx

n (w,v) - uenu, cnegyet cywiectBoBaHve (u,Vv) - uenu. MNpruyem MOXET He CylLlecTBOBaTb
(u,v) - uenu, cogepxxaller BEPLUMHY W .
CBOUCTBO 5. O6beauHeHue [AByX HecoBnagawolwmx npocteix (u,v) - ueneil

COOEPXKUT NPOCTON LMKI.

CBOWCTBO 6. Ecnin rpac cogepXuT 2 HecoBnagaroLmx Lykna ¢ obwmmM pebpom [,
TO nocrne yganeHusa atoro pebpa rpad no-npexHemy CoaepXuT LK.

Hayano Teopuu rpacoB kak pasgena mMateMaTuku CBA3bIBAlOT C Tak Ha3blBaeMomn
3agadven o KEHurcbeprckmx mMocTax. OTa 3HaMeHWTas C CBOe BpeMs 3ajaya COCTOUT B
cnegyowem. Cemb mocTtoB ropoga Kénurcbepra (HbiHe KanunHuHrpag) Obinv pacnonoXeHsl
Ha peke lperenb Tak, kak M3006paxeHO Ha pucyHke. CnpaluMBaeTcsi, MOXHO N, BbIMASA U3
AoMa, BEPHYTbCA 06paTHO, Nponas B TOYHOCTM OAMH pa3 No KaKaomy MOCTY?

Aunep gokasan HepaspeLMMOoCTb 3a4a4vm 0 KEHUrcbeprcknx moctax. B ceoen paboTe,
onybnukoBaHHoOW B 1736 rogy, oH cchopMynupoBan v peLlumn crneaytowyto obuyto npobnemy
Teopumn rpadpoB: NPU KakMxX YCIOBUSAX CBSA3HbLIA rpadd COAEPXKUT LMK, NPOXOASLWMUN Yepes
Kaxxgoe ero pebpo?

ONPEAOEJIEHUA

Llenb, cogepxallyto Bce pebpa rpada, HasbIBaloT 30s1epo8ol Uerbio.

Linkn B rpade HasbiBaeTCs alisiepo8biM, ECIN OH COAEPXKUT Bce pebpa rpada.

CBs3HbIN rpady, B KOTOPOM €CTb 3NNEPOB LUMKN, Ha3blBaeTcs alsiepo8biM 2paghom.

Takon rpad MOXHO HapucoBaTb, He OTpbiBasi kapaHgawa oT Gymarn n He NoBTOPSAS
NNHUNA.

TEOPEMA 3UNEPA. CBsi3HblIl rpac sBngeTcs annepoBbIM Toraa M TONbKO Toraa,
KOAa CTeneHu BCEX ero BEPLUNH YETHBI.

Lokazamersnbcmeo.

Heobxodumocmeb. Tlyctb G — annepoB rpad. IUnepoB LUK 3TOro rpada, npoxoas
yepes Kaxayrt ero BepLlnHy, BXOOUT B Hee No ogHoMy pebpy, a BbIXOAMT MO Apyromy. 3To
O3Ha4aeT, YTO Kaxaas BeplUMHa MHUMAEHTHa 4YeTHOMYy uucny pebep annepoBa uukna, a
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MOCKOSMbKY TakoW UMKN coaepxuT Bce pebpa rpada G, 1o oTcoga criegyeT YeTHOCTb
CTerneHemn BCex ero BEPLUUH.

LocmamouyHocmb. MNpeanonoXxmnm Tenepb, YTO CTeneHn BepLumnH rpada G YeTHbI.

HayHem uenb P1 13 npon3BonbHOM BepwunHbl v1 1 Bygem npoaosmkaTtb ee, HAaCKOSbKO
BO3MOXHO, BblGunpas Kaxaplh pa3 HoBoe pebpo. Tak kak CTeneHun BCEX BEPLUMH YETHbI, TO
nonae B OYepPeaHyl0 OTIIMYHYI0 OT v1 BepLUMHY, Mbl Bcerga 6yaem umeTb B pacnopsKeHun
ewe He npomnaeHHoe pebpo. lMNoatomy uenb P1 MOXHO NPOAOIMKUTL NyTeM AobaBneHus
aToro pebpa. Takum obGpasom, nocTpoeHue uenn P1 3akoHunTca B BepwuHe v1, T.e. P1
HenpeMeHHO Byaem umknom. Ecnu okaxeTtcs, yto P1 cogepxut Bce pebpa rpada G, 1o aT0
Oynet Tpebyembin avnepoB LMk, B npotuBHoM crniyyae, yaanue n3 G Bce pebpa umkna P1,
paccmoTpum rpad G1, nonyyeHHbln B pesynbTate Takon onepauuun. MNockonbky P1 n G
MMENnn BEPLUMHbI TONbKO YETHbIX CTEeneHen, To, oyeBngHo, n G1 bygem obnagatb Tem xe
csorictBoM. Kpome TOro, B cuny cBAsHocTM rpadpa G rpadbl P1 n G1 JOMKHbI UMETb XOTS
6bl 0gHy 06LWyto BepLlunHy v2. Tenepb, HAa4YMHasa C BEPLUMHBI V2, MOCTPOMM LmMKn P2 B rpade
G1 nopgo6bHo Tomy, Kak ctpomnu umkn P1. O6o3Haumm yepes'1 Pun" 1 P yactn umkna P1 ot
vl 0o v2 un oT v2 go v1 cooTBETCTBEHHO. [Mony4YnM HOBBLIN LMK, KOTOPbIA, Ha4yuHasa ¢ v1,
npoxoamt no pebpam uenn ' 1 P go v2, 3atem obxogut Bce pebpa uukna P2 n, HakoHel,
Bo3BpaLllaeTcs B v1 no pedbpam uenn" 1 P..

Ecnu umkn P3 He annepos, TO npoAenas aHasnornyHble NOCTPOEHUs, Nonyymm eLle
BonbWKiA UMK U T.A4. STOT NPOLLECC 3aKOHYUTCH NOCTPOEHMEM ANNepoBa Uukna.

Teopema gokasaHa.

OMPEOENEHUA. pad HasbiBaeTCcs 2aMusibmoHO8bIM, €CNU B HEM UMeeTcs
NPOCTOM LMKN, coaepXallmi Kaxayo BepLUMHY 9Toro rpada.

Cam 3TOoT UMK Takke Ha3bliBaeTCa 2amMusibmMOHO8bIM.

'amunbmoHo8oU Ha3bIBalOT M MPOCTYIO LieNb, COAepXKaLLyto KaXayto BEPLUMHY rpada.

CnoBo «ramunbTOHOB» B 3TUX OMNpeferieHnsAX CBA3aHO C WMMEHEM W3BECTHOrO
npnangckoro matematmka Y. NlamunbToHa, KOTOopbiM B 1859 roagy npegnoxeHa cnegyrowias
urpa «KpyrocsetHoe nyTtewectBme». Kaxgon u3 20 BepwnH [oAekasgpa npunucaHo
HasBaHMe OAHOro M3 KPYrMHbIX ropogoB Mupa. Tpebyetcsa, nepexogs OT OAHOro ropoga K
apyromy no pebpam fopekasgpa, MOCeTUTb Kaxabl ropod B TOYHOCTM OAMH pas u
BEPHYTbCS B UCXOOHbIV FOPOA.

Cnepyrouwme TeopeMbl JaOT AOCTATOYHbIE YCIIOBUS CYLLECTBOBAHUS raMUiibTOHOBbIX
rpadooB.

TEOPEMA. Bcakuii nonHbln rpad sBRseTca ramunbTOHOBbLIM. [eNCTBUTENbHO, OH
COOEPXKUT TaKoM MPOCTON LINKIT, KOTOPOMY NpuHagnexart Bce BepLUMHbl AaHHoro rpada. Bo-
BTOpbIX, ecnu rpad, NOMMMO MPOCTOro UMKra, MNpOXOAsLlero 4epes3 BCe €ro BepLUMHBbI,

COOEPXKUT 1 Apyrne pebpa, To OH TakkKe SBMNSeTCA raMUbTOHOBbIM.
2 3

4

1 5}
Puc. 4. TaMmnnbTOHOB rpad.
TEOPEMA XBATAJIA. N'padh co cTeneHHon nocnegoBaTtenbHOCTbIO d1<d2<...<dn
ABMSAETCA raMuUrbTOHOBbLIM, €Cnv ANS BCAKOro K, YOOBETBOPSOLLEro HepaBeHCTBaM

1<k<n/2, nCTMHHaA MMNnMKaLuunsa

(dk<k) =>dn-k<n—Kk).
TEOPEMA OPE. Ecnn gnsa no6on napbl U U vV HECMEXHbIX BEPLIMH rpada G nopsgka
n=3 BbINONHAETCH HepaBeHCTBO deg u+deg v=n, T0 G — raMubTOHOB rpad.
Kputepun xe cyLecTBoBaHUS raMUibTOHOBA LMKNa B NPOU3BOSIbHOM rpadpe eLle He
HangeH. [Mouck HeobxooMMOro M [OCTAaTOYMHOrO YCroBMS ANnst TOro, 4To6bl rpad Obin
raMMnNbTOHOBLIM, CTan O4HOM M3 MMaBHbIX HEPELLEHHbIX 3a4a4 Teopun rpados.
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OMNPEAOENEHUE. WM3omopduamomMm [ByX rpadoB Ha3biBalOT OUeKkuuio mexay
MHOXECTBaMW UX BEPLUNH, COXPaHSIWEN CMEXHOCTb, KpaTHOCTM pebep, netnn u
HanpaBneHus Oyr.

JIEMMA

Ecnn gBa rpadha nsomMopdHsb!:

1) TO OHM OAHOrO NopsakKa;

2) y HUX OAMHaKOBOE KOnmMyecTBo pebep;

3) konunyectBo BepwuH ctenenn [ (i, 0<i<mn, n - nopsgok rpacos), y oboux
rpadoB 04MHAKOBO;

4) y HMX coBnagatoT obxBaThbl;

5) y HUX 0QMHAKOBOE KONMYECTBO MPOCThIX LIMKIOB MUHUMATbHOW ASNNHBI.

TEOPEMA 1. lpadbl n3oMOpHbl TOraa WM TONbKO TOrda, Korga ux maTpuubl
CMEXHOCTW Nony4yarTcsa Apyr u3 gpyra OANHAKOBbIMU NepeCTaHOBKaMM CTPOK U CTONGLOB.

TEOPEMA 2. lpadbl M30OMOp(HbI TOrAa WM TONMbKO TOrda, Korga ux maTpuubl
WHUMOEHTHOCTU nonyyalTca Apyr M3 Apyra npou3BOSibHbIMA MepecTaHOBKaMU CTPOK U
cTOnNOLOB.

MoHaTMA MapwpyTa W uukna no3BONSAlT CcopmynmpoBaTb Heobxogumbii  u©
OOCTaTOuYHbIN  MPU3HaK [OBYOONMbHOCTM rpada, a Takke pelwunTb psg  CBA3aHHbIX C
ABYOONbHbIMU rpadamn 3aaau.

Teopema Kénura. [1ns oByaonbHoOCTM rpada Heobxoammo M OOCTaToOYHO, YTOObI OH
He codepkan LMKNOB HEYETHOWN ANUHbI.

CnepctBue. ['pad aBnseTca ABYAONbHLIM TOrga U TONbKO Torga, Korga OH He UMeeT
MPOCTbIX LUKNOB HEYETHOW AJIUHbI.

3. depeebs. [NnaHapHbIe u nnockue 2pagbl. Teopema Jlnepa u eé cnedcmeus

Knacc gepeBbeB 3aHMMaEeT B Teopun rpadoB ocoboe nonoxeHne. C 0gHON CTOPOHHI,
9TO AOCTATOYHO NPOCTO YCTPOEHHbIE rpadbl, U MHOTME 3aayun, BeCbMa CrOXHble B 00Len
cuTyaumn, ans gepesbeB peluatoTca nerko. C gpyron CTOPOHbI, AEPEBbA YAacTO BCTpeyatoTcs
B 06nacTsax, Ha NepBbIN B3rMs4 HE MMEKLLNX OTHOLLEHMSA K Teopun rpadoB.

[epeBbs OTKPbIBaNMCb HE3aBUCMMO HECKONbKO pa3. ELle B npownom Beke

I". Kupxrod BBEN AepeBbs U NPUMEHUN UX K UCCNEOBAHMIO SNEKTPUYECKUX Lenen, a
A. Kanun, nepeuncnsis n3aoMepbl HaCbILWEHHbIX YrNeBogopoaoB, elle pa3 OTKPbI AepeBbs U
nepBbIM UccnegoBan ux CBOWCTBA. Torga e aepeBbs Obinyv BBeAEHbl M uccrnegoBaHbl K.
YKopaaHoMm Kak YncTto maTemMaTU4ECKUN OOBEKT.

[epeBoM HasblBaeTCHA CBA3HbIN rpady, He cogepxawwmn uuknos. Jltobon rpad, He
coAepxawmni LUMKNOB, HasblBaeTcs auuknudeckum (unu  necom). Takum obBpasom,
KOMMOHEHTaMu fneca sBMAsiTCA AEPEBbS.

TEOPEMA. [1na (n, m)-rpada G crnegyowime yTBepXXOAeHNS 9KBUBASIEHTHbI.

1) G — gepeBo;

2) G — cBA3HbIN rpad n m=n-1;

3) G — auuknu4yeckui rpad u m=n-1;

4) nwobble OBe HecoBnagawwme BepwuHbl rpacda G coeanHsaeT eOUHCTBEHHas,
npuyemM npocras, Lenb;

5) G — aumknu4yeckun rpacp, obnagarowmin TeM CBONCTBOM, YTO €Cnn Kakyk-nnbo
napy ero CMeXHbIX BEPLUMH COeauMHUTbL pebpoM, TO nony4YeHHbIn rpad GygeT copepxaTb
POBHO OAVH LIMKI.

JIEMMA. B nto6om rpade nopsaka n=2 MMeeTca He MeHee ABYX BUCAYMX BEPLUUH.

Myctb H — ocToBHOM nogrpac npomsBosnbHOro rpada G. Ecnmn Ha KaXkaon KOMNOHeHTe
cBA3HOCTU rpacdba G rpacdom H nopoxpgaeTca gepeBo, TO H HasbiBaeTcssi OCTOBOM (Mnu
kapkacoMm) rpacda G. OueBMOHO, YTO B KaXaoM rpade CyllecTByeT OCTOB: paspyluasi B
KaXkOoWn KOMMOHEHTE LMKIbI, T.e. yaanss nuwHue pebpa, npuaem K ocToBy.

JIEMMA. Yucno pebep nponsBonbHOro rpaga G, Kotopble HeobxoaMmo yganuTb Ond
Nnofly4eHuUs OCTOBa, He 3aBUCWUT OT MOcCredoBaTefNlbHOCTM UX yadaneHus un paBHo m(G)—
|G|+k(G), rae m(G) n k(G) — uncno pedep 1 YMCnNo KOMMNOHEHT rpada G COOTBETCTBEHHO.
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Yuncno y(G)=m(G)—-|G|+k(G) Ha3bIBaeTCA LMKIioMaTU4eckum ymcriom rpadgpa G.

JIEMMA. pad G aenaeTea necom Torda u TonbKo Torga, korga | (G)=0.

JIEMMA. 'pacd G MeeT eaMHCTBEHHbIN LMKIT TOraa 1 Tonbko Torga, korga y(G)=1.

JIEMMA. 'pad, B KOTOPOM 4mcno pebep He MeHbLUE, YEM YMCNO BEPLUNH, COOEPXKUT
LMK,

NIEMMA. Ecnu B rpade G nopsgka n23, Y4Crno BUCAYMX BEPLUMH paBHO yucny pebep,
To G nnbo He cBA3eH, NMbo aepeBo.

KopHeeble depesbsi

Yacto B AepeBe 0cobo BblOensieTCcs OAHa BepLUMHA, urparllasi ponb CBOEro poaa
"Havana otcyeTta". [lepeBo C BblAeNEeHHON BEPLUMHOW Ha3blBaOT KOPHEBLIM AEPEBOM, a caMy
9Ty BepLUMHY — KOpHeM. /13 aepeBa € n BepuMHAMU MOXHO, TakuMm obpasom, obpasoBaTtb n
pasnNU4YHbIX KOPHEBbLIX AEPEBLEB.

Mpu rpaduyeckom un300paxxeHUM KOPHEBOro JepeBa OObLIMHO NpuaepKMBaTCA
Kakoro-Hmbyap ctangapta. OanH n3 Hanbonee pacnpoCTpaHEHHbIX COCTOUT B CreAyHLLEM.
Bo3bMeM Ha nMocCKOCTM CEMEWCTBO napasnfieribHblX MPsSMbIX C pPaBHbIMU PaACCTOAHUSMU
Mexagy cocegHumMn npambiMU. M306pasvM KOpeHb TOYKOM Ha OOHOM M3 3TUX MNPAMBbIX,
CMEXHble C KOPHEM BEPLUNHBI - TOYKAMKN Ha cocefHen NPSAMON, BEPLUUHbI, HAXOASLWMECs Ha
pacCTOSIHUKU 2 OT KOPHS, - Ha crnefyowen, u T.4. Pebpa nsobpasnm otpeskamun npsimbix.

FACHO, YTO BEPLUMHBI Ha KaXKaow NPSMOM MOXHO Pa3MeCcTUTb Tak, YTobbl pebpa He
nepecekanucb. pMMmep HapuMCOBAHHOIO TakMM 0OOpa3OM KOPHEBOro AepeBa MNokas3aH Ha
pUCyHKe (kopeHb 0bBedeH KpyXKom). Yalue, BNpovem, AEPEBO PUCYIOT KOPHEM BBEpPX, a He
BHU3.

=/
Puc. 5. [lepeBo.

Ecnn pobaButb pebpo, To gobaensieTca u BepwunHa. Takum obpasom, OepeBO C n
BepLnHamu nmeet n-1 pebpo.

ONPEOENEHUE. Pebpa rpada, npuHagnexawme nepesy, Ha3sbiBalOT BETBAMMU,
ocTanbHble pebpa HasbiBalOT Xopaamu.

MHoraa GbiBaeT nonesHo pebpa KOPHEBOro AepeBa OpPUEHTUPOBATL Tak, YTOObl B
KaXXayl0 BeEpLUMHY Benl OPUEHTUPOBAHHbLIN NYTb U3 KOPHS (ONs AepeBa Ha PUCYHKe 3TO
O3Hauvaer, 4yTOo Kaxxgoe pebpo opmeHTupyeTca CHN3y BBEPX). Takoe
OPVEHTUPOBAHHOE KOPHEBOE AepeBo byaeM HasbiBaTb NCXOOSALNM OEPEBOM.

B wucxopswem gepeBe Kaxaasl BEPLUMHA, KPOME KOPHS, SBMAAETCH  KOHLOM
eANHCTBEHHOro pebpa.

ONPEOENEHUE. Ecnn B wucxogswem gepeBe umeetcs pebpo Xy, TO
BEPLUMHY X Ha3bIBAKT OMUOM BEPLUMHbLI Y, @ BEPLUMHY Y — CbIHOM BEPLUMHbI X.

EcTtecTBeHHbI U ANs MHOrMX uenen yaobHbin cnocob 3agaHusi KOPHEBOro aepeBa
COCTOMT B YKa3aHuM N5 KaXKAOW BepLUnHbI ee oTua. MNpun 3TOM MHOrga CYMTAloT, YTO KOPEHb
NPUXOANTCSA OTLIOM camoMy cebe — 3TO paBHOCUIBHO A0GABNEHMIO NETNN NPU KOPHE.

ONPEOENEHUE. Ecnu B ncxogswem gepese T UMeeTCs OPUEHTUPOBAHHBIV NyTb U3
BEPLUMHbI X B BEPLUNHY Y, TO FTOBOPAT, YTO X — rIPedOK Y, a Y — MOMOMOK X.

B wvacTHocTn, Kaxgas BepluMHa SIBNSIETCS NPeakoM M NOTOMKOM camon  cebs.
MHOXeCTBO BCEX NPEnKOB BEPLUMHbI X NOPOXAAET OPUEHTUPOBAHHBLIN NYTb U3 KOPHSA B X.
MHOXeCTBO BCEX NMOTOMKOB BEpPLUMHbI X MOPOXAAET UCXOoasiLlee AEPEBO C KOPHEM B X, OHO
Ha3blBaeTCs BETBbIO AepeBa T B BepLUMHE X.

ONPEOENEHUE. YrnopsidoyeHHbIM Oepe8OM HasblBaeTCs [LOepeBO, B KOTOPOM
noaaepeBbs Kaxaoro yana obpasyoT ynopsiAo4eHHOe NogMHOXECTBO.
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Ana ynopsgoveHHbIX AepeBLEB MPUHATA TEPMUHONOMMA: CTapliMi U MNaALnn CbiH
Ana 0603HaYeHns COOTBETCTBEHHO NEPBOro U NOCNeAHEro CbIHOBEN HEKOTOPOro y3na

ONPEOENEHUE. Bsicomol KopHegoao0 0Oepesa Ha3blBAETCHA IKCLEHTPUCUTET €ro
KOpHS. ECnin Mbl XOTMM NpeBpaTUTb HEKOTOPOE AepeBO B KOPHEBOE N NPUTOM MUHUMAITbHOM
BbICOTbI, TO B KQYECTBE KOPHS CrneayeT B3sTb LEHTPanbHY0 BEPLUUHY.

ONPELOENEHUE. B3geweHHbIM 2pachom HasbiBaeTca napa (G, w), rae G —rpadp, w -
B3aMMHOOOHO3Ha4yHOoe oTobpaxeHwe, KoTopoe kKaxaomy pebpy | rpacda G conocraensier
nonoxutensHoe uncno w(l), HasbiIBaemoe BecoM pebpa. Cymma BecoB Bcex pebep rpada
G HasblBaeTcsi BECOM camoro rpadga.

3agaya HaxoXaeHus ocToBa MMHMMAaNbHOrO Beca BO B3BELUEHHOM CBS3HOM rpade,
BO3HMKaEeT NpU NPOEKTUPOBAHUN NMHMI 3nekTponepeadayun, Tpybonposoaos, Aopor u T.n.,
korga TpebyeTcA 3adaHHble UEeHTPbl COeAMHUTb HEKOTOPOM CUCTEMOW KaHamoB, CBSA3HbIX
nmbo HenocpeacTBEHHO COEAMHAIWNM X KaHanoMm, nmbo Yepes Apyrne LEeHTPbl U KaHarbl,
Tak, 4ToObI 0bLas anvHa (Mnu, HanpuMep, CTOMMOCTbL) KaHanoB CBA3U Oblfia MUHMMAarbHOMN.

PeweHne aton 3agaynm «cnenbiM» nepebopom BapuaHToB noTpedoBano Obl
Yypes3BblYaHO BOMbLUMX BbIMUCNEHUA OaXe NPU OTHOCUTENbHO MarnbiX N (MOXHO foKa3aTb,
4YTO NosHbIN rpad Kn coaepXuT n—2 pasnuyHbiX OCTOBHbIX AepeBa).

OpHako Anga ee pelleHns nMeroTca adEKTMBHbIE anropnTmbl. Onuwiem Ba U3 HUX —
anroputmbl . Kpackana (1956) n P. lNpuma (1957), npymeHsAemble K NPOU3BOSIbHOMY
cBasHoMy rpady (G, w) nopsagka n.

Anzopumm Kpackana

MycTb G — CBA3HbLIN B3BELLEHHBIV (N, m)-rpad.

War 1. Ctpoum nycton rpadp O, . Bbibupaem pebpo |! MuUHMManbHOro Beca wu

cTpoum rpad T X

T1=O

n4

LWar 2. Ecnm rpad T, yxe noctpoeH, To ctpoum rpad 1, :

T,'+1= Tl + 11 roe |'*'- pebpo MMHMManNbHOroO Beca M3 BCEX, HE BKIHOYEHHbLIX B
rpad T, npn atom HeobxoanMo cneauTb, 4TOBbI OHO HE 06Pa3OBLIBANO LIMKIIOB B rpade

T, ,.Yepe3a n—1 wwar oCTOB MUHUMASILHOMO BECa NOCTPOEH.

Mpn 3TOM BECOM OCTOBa Ha3blBaeTCsl CyMMapHbIA BeC BXOgsAWmMX B Hero pebep. B
obLiem cnyyae 0CTOB MMHMMAIbHOIO Beca MOXET ObITb BbiIOpaH HEOAHO3HAYHO.

Anzopumm lNpuma oTnn4aeTcs TONbKO TEM, YTO cpa3dy CTPOUTCS AepeBO, NO3TOMY Ha
BTOPOM Llare BblOMpaeTcsi pebpo MMHMMAanbHOro Beca He U3 BCEX OCTaBLUMXCS, @ TONbKO U3
Tex pebep, koTopble B rpagge G Obinn CMeXHbl C pebpamu, yxXe BKMIOYEHHbIMU B OEPEBO

T,

;-

YacTto BCTpeyalTcsa CUTyaumu, Korga BaXKHO BbISCHUTb, BO3MOXHO M HapucoBaTb
rpad Ha nnockocTu Tak, 4ToObl ero pebpa He nepecekanucb. Hanpumep, B
pPaOMO3NEKTPOHMNKE MPU U3FOTOBMNEHUM MUKPOCXEM MeYaTHbIM CnocoboM 3neKTpuyeckmne
Lenn HaHOCATCS Ha MNJIOCKYI MOBEPXHOCTb M30MNAUMOHHOrO MaTepuana. A Tak Kak
NPOBOOHMKN HE W30NUPOBaHbI, TO OHW He [OOIKHbl NepecekaTbcs. AHanorMyHasi 3agada
BO3HMKAET NPX MPOEKTUPOBAHNN XKENE3HOAOPOXHbIX U APYrUX NyTEeW, rae HexenaTesbHbl
nepeesnbl U T.A4..

Takum o6pa3omM BO3HMKAET MOHATME MIOCKOro rpaga.

OMNPEDENEHUE. [llnockum epaghom HasbiBaetTca rpad, BepLUMHbI KOTOPOro
ABMATCA TOYKaMM MIIOCKOCTM, a pebpa — HenpepbiBHbIMU MAOCKUMUA NUHUAMK 6e3
camonepecevyeHnin, COeaVHSIOWNMM COOTBETCTBYHOLLME BEPLUMHbI TaK, YTO HUKakne ABa
pebpa He NMEeIT OBLLMX TOYEK, KPOME MHUMOEHTHOM MM 000MM BEPLUUNHBI.
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OMNPEAOEJNIEHUE. JTiobon rpad u3oMOpdHbIA NAockoMy rpady Oyaem HasbiBaTb
rnnaHapHbIM.

O nnaHapHbIX rpacax roBOPSAT, YTO OHW YKMNaOblBAlOTCA Ha MSIOCKOCTU (UMeT
NMOCKY YKNaaky).

TEOPEMA. Kaxabin rpac MOXHO YIIOXUTb B TPEXMEPHOM €BKITMAOBOM NPOCTPAHCTBE
R3. OueBugHo:

1) yTo BCAKUW nogrpad nnaHapHoro rpada nraHapeH;

2) rpac nnaHapeH Toraa u TONMbKO TOrAda, Koraa kaxaas ero cBA3Hasi KOMMOHeHTa —
nnaHapHbIn rpad.

OMNPEOENEHUE. [paHbro nnockoro rpada HasblBaeTCd MakcMmaribHoe o
BKITIOYEHUIO MHOXECTBO TOYEK MSIOCKOCTU, Kaxaas napa KOTOpbIX MOXET OblTb coeanHeHa
KpnBOW, HE nepecekatoLen pebpa rpada.

Tem cambIM Kagas TOYKa NIIOCKOCTM MPUHAANEXUT XOTA Obl OQHON rpaHn NOCKOro
rpadpa. NpaHuuen rpaHm Oygem cumTaTb MHOXECTBO BepLUMH U pebep, npuHagnexawmx
AAHHOWN rpaHu.

OTMeTMM, 4YTO BCSAKMA MAOCKUM rpadp MMeeT OOHYy, WU NPUTOM €OUMHCTBEHHYIO,
HeorpaHWYeHHy rpaHb. Takasg rpaHb HasblBaeTCs BHELWHEW, a BcCe OcCTallbHble —
BHYTPEHHUMMW.

JIEMMbI.

1. Besikmi nnaHapHbIi rpad AonyckaeT Takyko MMOCKYK YKMagaky, B KOoTopow niobas
Bbl6paHHasa BepLlumHa (pebpo) rpadpa byaet npuHagnexaTb BHELUHEN rPaHu.

2. MNyctb rpacp G cocToUT U3 OBYX KOMMOHEHT H n Q, ABNAKOLWMUXCA MNOCKAMMU
rpadpamu, 1 nNpomsBosbHbIM 06pa3om BbibpaHbl BepwunHbl v1EVH n v2eVQ. Torpa rpad G,
NoSly4eHHbIN U3 G crvsiHMeM BeplnH v1 1 v2 B BEPLUMHY V, UMeeT NIIOCKyto yknagky. lMpwu
9TOM BEpLUMHA V ABNAETCS TOYKON couneHenuns rpada G'.

3. Bcakne pOBe BepluuHbl, NpuHagnexawme rpaHvue HEKOTOPOW rpaHuM MNSI0CKOro
rpada, MOXHO COeAUHUTL NPOCTON LieNblo NPOU3BOSIbHON ASIMHbI TaK, YTO BblibpaHHas rpaHb
pa3obbeTcs Ha ABe rpaHu.

4. na noboro nnockoro rpada kaxgas Tovka MroCKOCTU, He nexawas Ha pebpe,
BXOOWUT TONbKO B OAHY FpaHb, a Kaxaasi Touka pebpa, He ABNALWAaAca BEPLUMHOW, BXOAUT
TONbKO B OAHY rpaHb, €Crniv 310 pebpo SBASeTCA MOCTOM, Y TOYHO B [BE FPaHK, €Crfii OHO He
MOCT.

TEOPEMA 3MNEPA. [1ns BCAKOro CBSI3HOTO MIOCKOrO rpacda BEepHO PaBEHCTBO: fN—
m+f=2, rge n — 4nucno BepLunH rpada, m — vncno pebep, f— 4ncno rpaHen.

CINIEOCTBUA. 1. Yucno rpaHen nobon nrockon yknagkm CBA3HOro nnaHapHoro (n,
m)- rpaca NOCTOSIHHO U paBHO M—n+2.

2. [Insa Bcakoro nnaHapHoro (n, m)-rpada m<3n—6 npn n<3.

3. Ecnn B cBA3HOM nnockoMm (n, m)-rpadpe rpaHnua Kaxxgon rpaHn SBnsaeTcs r-uukiom,
r=23, To m(r-2)=r(n-2).

4. Nnockun rpad OABYCBA3EH TOrda 1 TOMNbKO Torga, Koraa rpaHuuen BCSKOW ero rpaHu
ABMSAETCA NPOCTOM LK.

5. CBA3HbIN rpad® nniaHapeH Toraa v ToNbKo Toraa, Koraa Kaxabld ero 6nok nnaHapeH.

ONMPEOEJIEHUE. 'paHb nnockoro rpada, orpaHUYeHHY LUKITOM MNHbI 3 Ha3biBaloT
mpeyaosribHUKOM.

CBA3HbIA MNOCKMIA rpadd HasbiBaeTCa M/I0CKOU mpuaHaynsayuel, ecnn kaxaasa ero
rpaHb (B TOM YMCIE N BHELUHSS) SBMSETCS TPEYrofbHUKOM.

ONPEAOENEHUE. MakcumarbHbiM 0CKUM (fnaHapHbiM) epachoM HasblBaeTca n-
BEpPLUMHHBIN (N<3) rpacd, KoTopbIM NnepectaeT ObiTb NNOCKMM (MaHapHbIM) Npu gobasneHnn
ntoboro pebpa.

TEOPEMA. Npad siBnseTca MmakcMmaribHbIM NSIOCKUM rpadpomM Torga u ToNbKo Toraa,
Koraa OH npeacTaBnseT cobom MOCKy TPUAHTYNALMIO.

TEOPEMA TNOHTPAITMHA-KYPATOBCKOI'O. pad nnaHapeH Toraa u TONbKO
Toraga, Korga oH He cogepXut nogrpados, romeoMopdHbix K5 1 K3,3.
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OueBnagHo, 4TO ecnu rpad nnaHapeH, To nbon rpad, romeoMopdHbIN eMy, Takke
ABNAETCA NNaHapHbIM.

OMPEQOEJIEHUA. lMycte noctpoeHa HekoTopas yknagka nogrpacda H rpadga G.
CeameHmom S oTHocuTenbHO H (MHOrgaa npocTto cerMeHToM) Gyaem HasbiBaTb nogrpad
rpacpa G ogHOro nx cneayrLmnx AByx BUOOB:

1) cBA3HY0 KOMMNOHEHTY rpadha G—H, gononHeHHyio Bcemu pebpamum rpada G,
NHUMOEHTHBIMWN BEPLUMHAM B3ATOW KOMMOHEHTHI.

2) BepwuHy v cermeHTa S oTHocuTenbHO H ByaeM HasblBaTb KOHMaKmMHoOU, ecnu
veVH.

Mockonbky rpad H nnockun, To OH pa3buBaeT NSIOCKOCTb Ha rPaHu.

OMNPEOENEHUE. [lonycmumol epaHbto pansa cermeHta S oTHocuTenbHo H
HasblBaeTcs rpaHb I rpadha H, cogepallasa Bce KOHTaKTHbIE BEPLUNHbI cerMeHTa S. Yepes
(S) 6yaem o603Ha4YaTb MHOXECTBO LONYCTUMbIX rpaHen ansa S.

OMPEOEJNIEHUE. MMpoctyto uenb L cermeHTa S, coeauHSIOWYHO [BE pasfnyHble
KOHTaKTHble BEPLUMHbI U HE coaepXalLlyto APYrMX KOHTaKTHbIX BEPLUMH, Ha30BEM a-Uerbio.

OuyeBnaHoO, YTO BCSKasA o-Lenb, NPUHaanexawas cerMeHTy, MOXeT ObiTb yrioXeHa B
nobyto rpaHb, AONYCTUMYHO OS5 9TOro CermMeHTa.

Aneopumm yknadku 2pagha Ha nnockocmu

War 1. BeibpaTb HekoTopbii npocton umkn C rpada G 1 ynoXxuTb ero Ha niocKoCTu;
nonoxute H=C.

War 2. Hantn rpann rpacda H mn cermeHTol oTHocutenbHOo H. Ecnu MHOXecTBO
CErMeHTOB NyCTO, TO NepPenTn K wary 7.

War 3. [na kaxpgoro cermeHTa S onpegenutb MHoxecTBo [(S). Ecnu cywectByeT
cermeHT S, ansa kotoporo (S)=@, To rpacd G HennaHapeH, koHew,. VIHavye nepenTu K wary 4.

War 4. Ecnn cywecTtByeT CerMeHT S, Ons KOTOpPOro MMeeTcs eaMHCTBEHHas
ponyctumas rpaHb [, To nepenTtu K wary 6. MiHave Kk wary 5.

War 5. [ina HekoToporo cermeHTa S ([(S)>1) BbibpaTb NPON3BOSbHYIO AOMYCTUMYHO
rpaHb I.

War 6. NomMecTuTs Npon3BONLHYW -uenb LES B rpaHb [; 3ameHnTb H Ha HUL u
npevgem K wary 1.

War 7. MNocTtpoeHa yknaagka H rpacda G Ha nnockocTw.

4. Packpacka eepwuH u pebep epagha. XpomMamu4yeckKoe  4HUCIJIO.
PackpawueaemMocmb eepwuH nnaHapHo20 epagha nsmbro Kpackamu. lunome3sa
Yyembipex KPacok.

BO3HWKHOBEHME rMNOTE3bl YEThIPEX KPACOK MCTOPUYECKM CBA3AHO C pacKkpallnBaHueMm
reorpadumyecknx kapT. Ecnn mmeetca kapTta C m3o0OpakeHMeM HECKONbKMX CTpaH, TO
WHTEPECHO y3HaTb, CKONMbKO MOHaZobuUTCA LBETOB A5 TAaKOW pacKpackn 3TUX CTpaH, YTobbl
HWKakue OBe cocedHue CTpaHbl He ObinyM OKpalleHbl B OAMH U TOT Xe uBeT. Bo3MOXHO,
camasa npuBblYHas opma rmnoTesbl YETbIPEX KPacoK TakoBa: OOy KapTy MOXHO
pacKpacuTb C NMOMOLLbIO YeTbIPEX KpaCoK.

Utobbl cpoenatb 9TO  yTBEPXAEHME  TOYHbIM, Hago  onpeaenuTb,  4TO
o3Ha4vaeT cnoeo "kapTa". llockonbky B paccMaTpyMBaeMblX HaMu 3agadyax O packpacke
TpebyeTcs, 4Tobbl CTpaHbl, pacnosnoXeHHble No 06e CToOpoHbl pebpa, Gbinu pasHoro LBeTa,
npuaeTcs  UCKMNOYMTb  KapTbl, obnagatowme MoctoM. Takum obpasom, YyaobHo
onpenenuTb KapTy Kak CBA3HbIN NIOCKMA rpad, He cogepalmn MoCcToB. 3aMeTuMm, YTOo npu
TakoM onpegeneHnn KapTbl He UCKIToYaeM NeTenb NN KpaTHbIX pedep.

ONPEOENEHUE. Kapta HasbiBaeTcsa Kk-packpawusaemoli, €Crnn ee rpaHn MOXHO
packpacuTb k Kpackamn Tak, 4ToObl HMKaKMe ABEe CMEXHble rpaHu, TO eCTb rpaHu, rpaHuLbl
KOTOpbIX MMetoT obLiee pebpo, He Bbin ogHOro uBeTa.

Tam, rge MOXHO 3anytaTtbcsd, Oyaem wucCnonb3oBaTb TEPMWH BEPLUMHHO K -
packpaluMBaemoun, uMesi B BuAy k-packpawimBaemMocTb B OMUCAHHOM BbllE CMbICHE.
Hanpumep, un3obpaxeHHbI HuXe rpad saBnsieTca 3-packpallMBaeMblM W BEPLUMHHO 4-
pacKkpalLuMBaeMbIM.
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Puc. 6. 3-packpawumBaembiu rpad.

Tenepb ccopmynupyem rmnoTesy YeTblpeX Kpacok Afs KapT: BCsKas kapTta 4-
packpaluvsaema.

TEOPEMA. Kapta G aBnsetca 2-packpaluMBaeMon Torga W TOSMbKO — Toraa,
ecnu G npegcrasndeT cobown annepos rpad.

Lokaszamernbcmeo. JTtobyo BepLlumHy vV n3 G OMKHO OKpYXXaTb YETHOE YMCIO FpaHen,
Tak Kak MX MOXHO packpacuTb B fABa uBeta. OTcioga cnegyet, 4YTO CTeneHb KaXaown
BEPLUUHbI YeTHa, 1 noatomy G — annepos rpad.

ONPEOENEHUE. ’KopdaHosol Kpueol wnv xopdaHogol Oy20U Ha NfOCKOCTU
Ha3blBaeTCs HernpepbiBHAs KpuBasi, He WMelWwas camMonepeceyeHu; 3aMKHYTOM
XXOp4aHOBOW KpMBOW HasblBaeTCH XXOpAaHOBa KpmBasi, Ha4yarno M KOHeL, KOTOpOW coBnagatoT.

Onuwem meTo, AatoLmnin HYXXHYIO pacKkpacky rpaHen rpadga G.

Bbibepem npousBonbHyt0 rpaHb Fu okpacum ee B KpacHbli uBeT. [lpoBegem
XOpAAHOBY KPMBYHO M3 TOYKM X FpaHu F B HEKOTOPYHO TOYKY NOBON rpaHun, npuyemM Tak, YTobbl
aTa KpuBas He NPOXOAMUNA HY Yepes Kakyto BeplmnHy rpaca G. Ecnv Ha nyTu OT TOYKM X [0
TOYKM Y rpaHn F Hawa kpuBasi nepeceveT YeTHoe Yncno pebep, okpacum rpaHb F B KpacHbIv
LBET; B NPOTUBHOM CIly4ae — B CUHWNA.

a1

Puc. 7. XXopaaHoBa KpuBas.

HeTpyaHO nokasaTb, YTO packpaluvMBaHME OnpenerieHO KoppekTHo: 6epem "umkn",
COCTOSILLMI N3 ABYX TaKUX XKOPLAAHOBbLIX KPUBbLIX (TO €CTb 3aMKHYTYIO XXOPAAHOBY KPUBYHO), U
nokasbiBaem, 4YTO OH nepecekaeT 4eTHoe uucno pebep rpada G (Hago wmcnonb3oBaTb
WHOYKUMIO MO YMCNY BEPLUMH, HaXOOALUMXCHA BHYTPWU LMKNA, WU TOT (akT, YTO KaKaown
BepLumHe rpada G MHUMOEHTHO YeTHOoE Yuncno pebdep).

OMNPEOENEHUE . HanmeHbLLee Yncno Kpacok, Heobxoammoe ans npasusibHON
packpacku rpacda G HasblBaeTcsa xpomamudeckum ducriom rpada G. MNpaBunbHyto
pacKpacky Taknm YMCNoM Kpacok Byaem HasbiBaTb OnmumasibHOU.

XpomaTtunyeckoe 4ncrno obosHavaeTcs yepes y(G).

NcTtoprnyeckn nOHATME XPOMATUYECKOro Ymcna BO3HUKAO C Npobnemon 4yeTbipex
Kpacok. lNpobnema Bo3HMKNa B maTemaTuke B cepeauHe 19 Beka. NepBoHavYanbHO BONpoc
dopMynmMpoBancs Tak: CKOMbKO HYXXHO KpacoK [Ons packpacku nwobon reorpaduyeckomn
KapTbl, NPU KOTOPOW COCeAHME CTpaHbl packpalleHbl B pa3Hble uBeTa? [loa reorpaduyeckomn
KapToM NoHMMaeTcsa pas3bueHne nIoCKOCTM Ha KOHEYHOE YUCIO CBA3HbIX obnacTten, CTpaH,
rpaHnLbl KOTOPbIX COCTOSIT M3 3aMKHYTbIX HEMPEpPbIBHbIX NUHUI 6e3 camonepeceveHun, a
COCEOHUMMN SABMAIOTCS CTPaHbl, umMetowme obLLy0 rpaHuLy HEHyneBoW ANUHbI. [JOBOSbHO
04YEBUAHO, YTO YeThbIpeEX Kpacok He4OCTaTOYHO. 1 BONpoc dhopMynunpoBarcs obblvHo B 6onee
KOHKPETHOM BMAe: OOCTATOYHO NN YeTbIpeX KpacoK Ansa packpacku nobown reorpaduyeckomn
KapTbl? OTO M ecTb npobrnema 4YeTblpex Kpacok. [lonoXuTenbHbIi OTBET Ha BOMpPOC
Ha3bIBaeTCA rMNoTe30n YeTbIpex Kpacox.

Mpobnema packpacku reorpadmyecknx kapT cBoguTca K npobneme (npaBuibHOW)
packpackm nnockmx rpagos. [NpounnocTpupyem 3TO CBeAeHMe KapTou, u3obpakeHHOW Ha
PUCYHKe.
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Puc. 8. Packpacka rpada.

Ha pucyHke msobpaxeHa kapTa, umerowasa natb cTpaH (BHELWHSA obnacTb - Toxe
CTpaHbl). BHyTpM Kaxgow cTpaHbl 3aduKCupyem TO4KY, TOYKM coeanHum pebpom, ecnu
CTpaHbl MmelT obuwyto rpanHudy. (Ha pucyHke pebpa npoBefeHbl NMYHKTUPHLIMUA FIMHUAMM).
Pebpa npu 9TOM MOXHO nNpPOBECTU TakK, 4YTOObl OHM He nepecekanucb, T.e. 4YTOObI
nonyYeHHbIN rpad O6bIn NNOCKMM. FACHO, YTO packpacka KapTbl onpefensieT npaBuibHYH
packpacky rpadga v obpaTHo. [NMpobnemy 4eTbipex Kpacok MOXHO Tenepb copMynmpoBaThb
TakK: JOCTaTOYHO NN YeTbIpeXx Kpacok A51s NpaBuUilbHON packpacku nNiockoro rpadga?

OTa npobrema BbI3Bana 6onbLUOM MHTEpeCc B MaTeMaTtuke. ECTb cBMaeTenbcTea, 4to
el 3aHuManucb M3BecTHble mMatemaTukm Mebuyc n ge MopraH. B 1880 rogy A. Komne
onybnukoBarn NosioXutenbHoe pelueHne npobnemel YeTblpex kpacok. OgHako B 1890 rogy
P. XvByg o6Hapyxun owmnbKy B 3TOM AOKa3aTenbCcTBe.

OpgHoBpeMeHHO OH Mokasas, YTO NATU KPacoK AOCTAaTOYHO ANs packpacku Jioboro
nnockoro rpadga. lNocrne aToro NosBNANOCHL AOBOSIbHO MHOMO «4oKasaTenbCTB» rMnoTesbl
YyeTbIpex KpacoK N «KOHTPNPUMEPOB» K HEW, B KOTOPbIX OOHapyxuBanucb owmndku. B 1969
rogy X.Xenu cen npobnemy 4eTblpex Kpacok K wuccrnegoBaHuio MHoxectBa C  Tak
Ha3blBaeMbIX KOHUrypauun. MHOXeCTBO C sBNSieTCA KOHEeYHbIM. Ho goBonbHO GonbLumm
(nopsigka HeckomnbkuX Tbicad). Heckonbkumu rogamm nosxe, B 1976 rogy matemaTukam
K. Annento n B. XerkeHy yaanocb nokasatb. YTo Bce koHuUrypaumm n3 MHoxectsa C MOXHO
NpaBubHO packpacuTb B YeTbipe uBeTa. B Bo3HMKatowem npu atom nepebope CyLlecTBEHHO
ncnonb3oBarncsa KoMnbloTep. Takoe pelleHne Npobrnembl YeTbIpeX KpacoK AOoNroe BpeMs He
nNpu3HaBanocb MHOMMMU MaTeMaTUKaMK, MOCKOMbKY ero CnoXHo nostoputb. OgHaKo cenyac
npakTnyeckn obienpusHaHo, 4to K. Annenem n B. XenkeHOM OokasaHa runotesa veTbipex
Kpacok.

PaccmoTpum npumepsl rpadoB, n3obpaxkeHHbIX Ha pUCyHKe 9.

Puc. 9. KoMnoHeHTbI cBA3HOCTU rpacoB.

O6a rpadha cogepxaT TpexaneMeHTHbI nonHbii nogrpad K3, nostomy ans
npaBunbHON packpacku Heobxoaumo, No KpamHen mepe, Tpu kpacku. Onsa rpada G1 atoro
poctatouHo. padp G2 nmeeT umkn gnvHbl 5. HeTpygHO MNOHATb, YTO ANA NpaBUSIbHOM
packpackym BepluH uukna HeobxoguMmo Tpu Kpacku. Ho ueHTpanbHas BepluvHa rpada
G2 cmexHa cO BCeEMU BepLUMHaAMK LMKMa, MNO3TOMYy ANs NpaBWUibHOWM packpacku rpada
noHagobutca yetBepTas kpacka. Utak, y(G1)=3 n y(G2)=4.

OueBMOHO, YTO e€Ccnu KOMMOHEHTbI CBA3HOCTM rpada G npaBunbHO packpacuTb K
Kpackamu, TO U caM rpady OKaXXeTcs NpaBUITIbHO pacKpalleHHbIM 3TUMK Kpackamu. OTctoga
cnepyer, 4yto ecnm G1,G2,...,Gy — (BCce) KOMNOHEHTHLI CBA3HOCTM rpadpa G, 1o

c(G)=max{y (G1), y (G2),..., y (Gc)}.

OkasbiBaeTcd, YTO aHanorMyHoe YTBEPXKOAEHWE CrnpaBeaiIMBO U ANS KOMMOHEHT

OBYCBSI3HOCTH.
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TEOPEMA. MycTtb nto6on 6nok rpadha G MOXHO NpaBuibHO packpacuTb K Kpackamu.
Torga v cam rpad G MOXHO NpaBuUIbHO packpacuTb K kpackamu.

Llokazamernbcmeo npoBeaemM MHAyKUMEN No ymcny 6nokoB. MoxHoO cumtaTb, Yto G —
CBSA3HbIN rpad.

Ecnn rpacd copoepxut oguH 6ROk, TO yTBEPXKOEHWE TeopeMbl, O4YeBWUAOHO,
cnpasenveo. Npegnonoxum, 4To Teopema cnpasensnivea Ans nobbix rpados, UMELWNX He
6onee k 6nokos. MNycTb rpad G nmeet k+1 6nok. 3admkcnpyem ogmMH 13 KOHLEBbLIX 6510KOB
rpada G. 3toT 6nok ob6o3Hauyum vepes B, a o6beanHeHne octanbHbix 6510k0B — Yyepes B' .
pacbbl B n B’ umeloT TOYHO oaHy oOuwyio BepwmHy a (KoTopas SBNSETCH TOYKOW
couneHeHunsa rpadga G). Mo npeanonoxeHuto MHAYKUMKM rpadbl B n B’ MOXHO npaBunbHO
packpacuTb k kpackamn. Ecnu BepwmnHa a B obonx rpadax B n B’ okpalueHa ognHakoBo, TO
B pes3ynbTaTte nonyyaemM npaBunbHyH packpacky rpadga G. Ecnu BeplumHa a B rpadpax B n B’
oKpalleHa no-pa3HomMy, TO 04eBMAHBIM 06pa3oM nepekpawmBaeM rpad B Tak, 4tobbl HOBas
Kpacka BepLUMHbI a coBnagana c KpacKkon 3Ton BepLUMHbI B rpadoe B'.

MpuBegeMm npumepbl 3agad, KOTOpble CBOASATCA K HaXOXAEHUIO XPOMaTUMYEeCKOro
yumcria N COOTBETCTBYHOLLEN ONTUMANbHOW pacKpacKu.

3adaya cocmaeneHusi pacrucaHudl.

Mpeanonoxum, 4to B y4eBHOM LEHTpe Hago NpPOBECTM HECKONbKO 3aHATUMM 3a
KpaTyanwee Bpems. [AnMTenbHOCTb BCEX 3aHATUM OOMHAKOBa, CKaXeMm, OAWH u4ac.
HekoTopble 3aHATMS He MOryT NPOBOAUTLCA OOHOBPEMEHHO, Hamnpumep, 3TO 3aHATUS B
O[IHOM U TOM Xe ydebHom rpynne (No pasHbIM npegMeTam), U 3aHATUS NPOBOAUT OOUH U
TOT >Xe npenogasatenb. [na peweHus 3agadm noctpoum rpad G, BepluMHam KOTOPOro
OMEeKTMBHO COOTBETCTBYIOT 3aHATUSA. [1Be BepwuHbl coeanHeHbl pebpom, ecnu
COOTBETCTBYIOLUNE 3aHATUS HeNb3d MPOBOAUTbL OOHOBPEMEHHO. FCHO, 4YTO npaBuibHas
packpacka rpada G onpegensieT pacnucaHue, yaosneTBopsiowee TpeboBaHMAM
HECOBMECTMMOCTU MO BPEMEHU: 3aHATUHA, COOTBETCTBYIOLLME BepLlUMHaM, OKpalleHHbIM
OAMHAKOBO, MOXHO MPOBOAUTL OAHOBpeMeHHO. CnpaBeanuBo M obpaTtHoe, noboe Takoe
pacnucaHue onpegenseT npaBunbHYy packpacky rpada G. CnegosaTtenbHO, KpaTyawnilee
BpeMsa Heobxoaumoe Ons nNpoBedeHust BceX 3aHATUW paBHo v (G), a 13 onTumarnbHOWm
packpacku rpaca G nony4vaetcst Heobxoanmoe pacrnvcaHue.

3adaya pacripederieHusi pecypcos.

Heobxoaumo BbINOMHUTL HekoTopoe MHoxecTBo V={v1,v2,...,vn} pabot. UmeeTcs
MHOXecTBO S={s1,s2,...,sI} pecypcoB, He0bXoaUMbIX AN BbINOSHEHUS 3TUX paboT. Kaxaas
paboTa ucCnonb3yeT 4acTb YKa3aHHbIX PECypcoOB, OAHOBPEMEHHO MOTMYT BbINONHATHCA
paboTbl, Ucnonb3ylLmne pasHble pecypcbl. Bce paboTbl BbIMNOMHAKTCA 32 O4HO U TO Xe
Bpemsa t. Heobxoaumo pacnpenenuTtb pecypcbl Tak, YToObl obLiee BpeMs BbINOMHEHNS BCEX
paboT ObiN0 MUHUMANbHbLIM.

Paccmotpum rpadp G ¢ MHOXecTBOM BepwwuH V. [1Be pasnuyHble BEpLUMHbI V U V
rpacba G cMexHbl Toraa M TONbKO TOrAda, Koraa Ans BbINONIHEHWSA paboT v u V' TpebyeTca
X0Ts1 6bl 0OUH 06K pecypc. HammeHbllee BpeMsi BbINONMHEHMS BCeX paboT pasHo y (G)-t.
OnTtumanbHas packpacka rpada G onpefensieT pacnpeneneHve pecypcos.

Tema 6. AnemMeHTbl TEOPUN HEYETKUX MHOXECTB
llnaH memsbi

1. MNoHsmue Hedyemkozo MHoxxecmea. OCHOBHbIe c80olicmea HeYemMKUX MHOXEeCmS.

2. JluHesucmuyeckue nepemeHHble U mepmbl. [ega33uukayus He4yemkoao
MHoO)Xecmea.

3. Onepauuu Had HeYeMKUMU MHOXXecmeamul.

1. [lMoHssimue Heyemkoz20 MHoxecmea. OCHOBHbIe ceolicmea HeYemKux
MHO)Xecme

Heuemkum MHOXecmeoMm A Ha yHuMBepcanbHOM MHOXecTBe U HasbiBaeTca
COBOKYMHOCTb nap (w(x), x), rae w(x) - cTeneHb NpuUHagnexHocTn anemeHta x € U k
HeYyeTKkoMy MHoXecTBy A .
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CTeneHb nNpuHagnNexHoCTn — 370 4Yucno u3 auanasoHa [0, 1]. Yem Bblwe cTeneHb
NpUHagnexHoctn, Tem B Oonblen Mepe dnemMeHT YHMBEepcanbHOro MHOXecTBa
COOTBETCTBYET CBOMCTBAM HEYETKOro MHOXECTBA.

Bbicomoli  HeyeTKoro  MHOXecTBa A HasblBaeTCs  MakCUMyM  CTeneHen
NpUHaLNEXHOCTUN ero 9fIeMeHTOB:

hgt A =max{ u(x,)} .

HeyeTkoe MHOXecTBO A Ha3blBaeTCA HOpMasibHbIM, €CNVU €ero BbiCOTa paBHa
eouHuue. HedyeTkne MHOXeCTBa He  SABMASKOLIMECA  HOPMAanbHbIMM  Ha3blBaKOTCS
cybHOpMaribHbIMU.

Hocumenem He4yeTkoro MHOXecTBa A  HasblBaeTCs YeTKoe MOAMHOXECTBO
yHMBepcanbHOro MHoXectBa U, 3nemMeHTbl KOTOPOro WMEKT HEHYreBble CTEeneHu
NPUHAOIEXHOCTH

HeueTkoe MHOXECTBO Ha3bIBaETCs MyCMbIM, ECIIN €0 HOCUTENb ABMNSETCA NYyCTbIM
MHOXECTBOM.

S0pom  HeyeTKOro MHOXecTBa A HasbiBaeTcd  4YeTkoe  MOAMHOXECTBO
yHMBEpPCanbHOrO MHoXecTtBa U, amemMeHTbl KOTOPOro MMEKT CTEeneHu NPUHAANEXHOCTM
paBHble eguHuLe. Aopo cybHOpManbHOro HeYeTKOro MHOXeCTBa MyCcToe.

a -ce4yeHueM (Uuru MHOXECMmBOM o -yPOBHS)) HeYEeTKOro MHOXecTBa A HasbiBaeTcs
4yeTkoe NOAMHOXECTBO YHMBEPCANbHOro MHoxecTBa U, 3neMeHTbl KOTOPOro MMEKT CTEMNEHM
NPUHaANEXHOCTM BoMbLUNE NN PaBHbIE o

A, ={x:u(x)za},a<l0,1].

3HayeHre o HasblBalOT o -yposHeM. Hocutenb (940p0) MOXHO paccMaTpuBaTb Kak
CeYeHmne HeYeTKOro MHOXeCTBa Ha HyrleBoOM (€ANHWYHOM) o-ypPOBHE.
HeueTkne mHoxecTBa A 1 B HasblBaloTCA pasHbIMU, €CIN:

(Vx, €U) (u,(x,)=pp(x,)) .

2. JluHeeucmu4eckue nepemMeHHble u mepwmbl. [egha3supukayuss He4yemkKo20
MHO)ecmea

JluHzeucmu4yeckou repeMeHHOU HasblBaeTCAa nepemMeHHasd, 3Ha4yeHUsIMMU KOTOpPOoK
MOryT BbITb CIOBa UM CNOBOCOYETAHUS HEKOTOPOro €CTECTBEHHOIO UM UCKYCCTBEHHOTO
A3blKa.

TepM—MHOXecmeoM Ha3blBaeTCA MHOXECTBO BCEX BO3MOXHbIX 3HAYEHUI
TNIMHIBUCTUYECKON NEPEMEHHOWN.

Tepmom HasbiBaeTCs Nobon aneMeHT TepM—MHOXeCTBa. B Teopun HeveTknx
MHOXECTB TepM oopManm3yeTcs HEeYETKUM MHOXECTBOM C NOMOLLbIO (PYHKLMM
NPUHALMNEXHOCTN.

Legassugukayueli HasbiBaeTCcs npoueaypa NnpeobpasoBaHMs HEYETKOrO MHOXECTBa
B YETKOE YMnCho.

CyulecTBylOT Takne metoapbl Aedasandmkaummn KOHEYHbIX HEYETKMX MHOXECTB, Kak MeToz
LEeHTpa TSHKEeCTU; MeTog MeauaHbl; MeTo HambonbLUEro N3 MakCMMyMOB; HAMMEHBLLIETO U3
MaKCMMYMOB; LLleHTpa MaKCUMYyMOB.

Heda3sandgurkaums He4eTKoro MHOXeCTBa 110 MemooOy ueHmpa msixecmu

ocyLiecTBngeTcs no gopmyrne:

k
in - p(x;)
q = = )

2 H(x)

Hedasandukaums no Mmemody meduaHbl COCTOUT B HAXOXAEHUN TaKOro 4Yicna a, 4to:
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) J 1 k
a=Vjy ux)= EZu(xi)
i=1 i=1

3. Onepayuu Had HeYyemMKUMU MHO)Xecmeamu
LoronHeHuemM He4YeTKoro MHoxecTBa A ,3agaHHOrO Ha yHMBEPCASlbHOM MHOXECTBE

U, Ha3blBaeTca HevyeTkoe MHOXeCTBO A C dpyHKLMEN NPUHAANEXHOCTH:
ey (x) =1—p,(x), (Vxel).
lMepecevyeHuemM HeYeTKUX MHOXecTB A u B, 3agaHHbIX Ha OOHOM M TOM Xe

YHUBEPCAJIbHOM MHOXeCTBe U, HasbiBaeTcsd He4YeTKoe MHOXECTBO Cc (byHKLI,VIeVI
NpUHaONEeXXHOCTU:

/uC = mm{luA ('x))luB (X)}, (VXEU)
ObbeduHeHUeM HevyeTKux MHoxectB A u B, 3agaHHbIX Ha OOHOM U TOM Xe

yHMBepcanbHOM MHoxecTBe U, HasblBaeTcsi HeyeTkoe MHoxecTtBO D ¢ dyHKuuen
NPUHaANEXHOCTU:

pp =max{ p1,(x), tz(x)}, (VxeU).
PaszHocmblo HevyeTKMX MHoxecTB A ¥ B, 3afaHHbIX Ha OOHOM M TOM e
yHMBepcanbHoOM MHoxecTBe U, HasblBaeTca HeYeTkoe MHOXecTBO FE , paBHOe nepeceyeHnto
MHOXecTBa A ¢ JornonHeHnem MHoxecTtsa B :

E= A\B = ANB.
Ero doyHKUMS NpUHAANEXHOCTU paBHa:

py =min{z, (x),(1 = g3(x))}, (Vxel).

Onepauuun Hag HEYETKMMIN MHOXECTBaMM ob6nagarT TEMU Ke CBOMCTBaAMU, YTO U
onepaumn Hag YETKMMM MHOXXEeCTBaMW:

-KOMMYTaTMBHOCTb M aCCOUMATUBHOCTL onepaumii o6beguHeHNs U NepeceyeHns
MHOXeCTB

-OUCTPUBYTMBHOCTL onepauun 06 beaNHEHNS OTHOCUTESNBHO ONepaLmm nepeceyeHns
n HaobopoT

-3aKoHbl Ae MopraHa 1 4BOMHOro OoTpUUaHna 1 T.4.

9. MeToauyeckne maTepmanbi ANA 00y4alOLWMUXCA NO NOAroTOBKE K NMPaKTUYECKUM
3aHATUAM

Tema. PekyppeHTHble COOTHOLLEHUA

1. PeweHue peKyppeHmHbIX COOMHoWweHUU MemodoM 2e0MempuYecKuXx rpoepeccutl

2. PeweHue peKkyppeHmHbIX COOMHOWeHUU MemodoM rnpou3eo0suux ¢hyHKUUU

1. PeweHue peKyppeHMHbIX COOMHOWEHUll MemodoM 2eoMempu4yecKux
npozpeccuu

Mpumep. Pewuntb MeTOOOM  reoMeTpUYecKMX  MpPOrpeccun  pekyppeHTHoe
COOTHOLLIEHNE:

Uy,=-3U,, +10-U,,N >0,
{UO =LU, =3.
PewweHne.

Mopsigok aTtoro cooTHoweHns K = 2, cnepgoBaTenbHO, 6a3nc ero cogepXuTt asa
pelenus, koapdpuumeHtol A =-1, A, =10. CocTaBum xapakrepnucTnyeckoe ypaBHeHue
AAHHOIO COOTHOLLEHUS:

q*=-3q+ 10,
roe Q- 3HameHaTernb reoMeTpuUyecKon Nporpeccun ¢ NepBbIM YIIEHOM, paBHbIM 1.
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MNMepeHeceM Bce cnaraeMble B NpaByto YacTb C MPOTMBOMOMOXHbLIMY 3HAKaMU U
pelLaeM KBagpaTHOE ypaBHEHUE:

q°+3q-10=0.
KopHu aToro ypaBHeHuS:
q,=a=-5 q,=p=2.
CnepoBaTtenbHoO, 6a3mc COOTHOLLEHMS UMEET BUA;
{ay3:1,-5,(-5)°, ,(-5",...
Byr1,2,2%,..2",..
Torga obuiee peleHne NnpumeT BUA:
Uy=A4-(-5"+B-2", N>0 (*
Hangem koadpomumeHtTel A 1 B 13 HavanbHbIX yCrioBun.
N=0,= U,=1,(-5°=2°=1, = (*) npumetBna: 1=A+B;
N=1, = U,=3,(-5)'=-5 2'=2, = (*) npumet Bug: 3 =-5A + 2B.
WTtak, nony4nnu cuctemy:

—54+2B =3,
pellasa KOTopyto, Hangem 3HavyeHust koadpgpuumneHtos A n B.
B=1-A = -5A+2(1-A)=3, = -7TA=1,0Tkyga
A=-}, B=3.
OkoH4aTenbHo obLee peLleHne NCXOQHOro COOTHOLLIEHUS UMEEeT BUA;:

Uy, =——=-(=5)"+=.2".
N 7( ) 5

{A+B:1,

3apaHue.

PelwunTb pekyppeHTHOEe COOTHOLLEHNE MEeTO40M reOMeTPUYECKUX NPorpeccui.
a) {UM =2.Uy, +3-Uy +(-)",.N>2;

U, =0,U, =2.
Uy =6:-Uy,, +11-U,,, +6-Uy N 20,
) {UO =LU, =2,U, =3.

2. PeweHue peKyppeHmMHbIX COOMHOWeHUl MemoAoM rMpou3eodsiuyux oyHKUUL

Onuwem obLwmi anropuTm peLleHnsa peKyppeHTHbIX COOTHOLLEHWI B 3aMKHYTOM BUAe
C NOMOLLbIO NPOM3BOAALLNX PYHKUUN. OH COAEPXUT YETbIPe OCHOBHbIX LLuara.

LWWAI 1. 3anncaTtb COOTHOLWIEHME, Bbipaxatowee 10600 YneH nocnenoBaTenlbHOCTH
Yyepes HeKoTopble Apyrue YreHbl 3TOW NocneaoBaTeNbHOCTU (BKINOYaa HaYarnbHble YCNOBUS)
B BUAE OHOro paBeHCcTBa.

LAl 2. YMHOXMTb 06e 4acTu Nony4eHHOro paBeHCTBa Ha z" M NpocyMMUpPOBaTh MO
BCEM n. B pesynbtate B NeBOW YacTu MONY4YMM NPOM3BOASALLYI0O  PYHKLUUIO
nocneposatensHocTM {f }: F(z)=) f.z", a B NpaBoi — BbipaXeHue, coaepxallee

n=0

CyMMbl Buaa kazk, rae k r|p06eraeT HEeKOoTopoe MHOXEeCTBO MHOEKCOB l. Bblpa>KeH|/1e B
kel

npaBoOM 4acTW paBeHCTBa HyXHO npeobpasoBaTb, MCNONb3ys onepaumm  Hag
Npoun3BoaAWMMN (PYHKUNAMU TakuMm 0bpa3oM, 4ToObl OHO MPEBPATUNIOCH B BblpaXeHue oT
F(z2).

WAI 3. PewuTtb nony4yeHHoe B pesynbTaTe BbIMNOMHEHUS Lwara 2 YypaBHEHWe
oTHocutenbHo F'(z). 3To pelueHne AacT BblpakeHUe Npou3BoasLLei PyHKUMN B 3aMKHYTON

dopme.
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LAl 4. Pasnoxutb F(z) B cTeneHHoOW psg v npocymTaTh koadduumeHT npu z”.

3HaueHue aToro koadpduumeHTa 1 byaet 3amkHyTOM dbopmon Anst f .
MPUMEP. NMokaxem, kak paboTaeT aTOT anroputMm Ha yXe U3BECTHOM HaM npumepe
nocnegosaTenbHOCT ®uboHayumn {F }:

F

n+2
Fy=F =1
Kaxpgoe uucno B psage PuboHayym, HaymHass CO BTOpPOro, paBHO CyMMe [BYX
npegblayLwmx, no3aToMy MOXHO nepenucatb cuctemy (1) B Buae:
F =F +F ,, nz2, )
F,=F =1
LWAI 1. 3anuwem coOTHOLIEHME, KOTOpoe BKItoYaeT B ceba oba ypaBHEHUSI CUCTEMBI
(2), ucnonbays crnegytowmii npueM. 3anuck [# =1] o3HavaeT, YTo 3TO BblpaXKeHUe paBHO 1
TONbKO B TOM Cry4dae, Korga n = 1, ons Bcex ocTalibHbIX 3Ha4eHu n, OHO paBHo O:
1, ecu n=1
1 ={’ © (3).

0, eciu n#1

=F

n+1

+F,n20,

(1).

[n=

Monyunm pasencteo: £, =F, | +F,_, +[n=1] (4), koTopoe 03HayaeT, 4TO Npu

n =1 k npaBoW YacTi NepBoro ypaBHeHUs1 cuctembl (2) npubaenseTcs 1, npu nobom apyrom
3HayeHUM n nNpaBagd YacTb paBeHCTBa ocTaeTcsa 6e3 nameHeHus. lNposepum, noyvarTcs Nu
n3 paBeHcTBa (4) HavanbHble ycrosus. Npn 3TOM HEOBXO0AMMO MOMHUTL, YTO NOOOK YneH

nocnegoBatensHocTu {F } ¢ oTpuuaTtenbHbIM MHAEKCOM, paBeH 0.
n=0: F,=F,+F,=0+0=0,
n=1: FF=F,+F,=0+0=0 "
crnegoBaTernbHO, B paBeHCTBe (4) yY4TeHbl HayarbHble YCIoBUS.
WAL 2. YMHOXMM 0bBe yacTu paBeHcTBa (4) Ha z" 1 NpocymMMUpyeM No BCeM nN:

an'Zn:ZE1—1'ZH+ZF/1—2'Z”+Z[”=1]'Z” (5)

B neBoi Yactu paBeHCTBa NOy4Mnun cymmy ZF,, -z" | koTOpas paBHa nNpoussoasLlei

n

dyHKUMN nocrnenoBaTesibHOCTU (FY:F(2)=YF,-z" (6).
Mpeobpasyem npaByto YyacTb paseHcTBa (5). NepBoe 1 BTOpoe crnaraemMble B NpaBow
4yacTu 3TOro paBEHCTBA MOXOXM Ha Mpou3BoasLyo dyHkuMo F(z), n oTnuyarTcs OoT Hee

TONBbKO UHAEKCAMM YNeHOB nocrefoBatenbHocTn {F }.

Mpounssegem B nepsor Ccymme caBur Ha ofHy, a BO BTOPOW — Ha ABe Mo3nuuun Brnpaso
(cm. Tabnmuy 1) n ydtem, 41O cornacHo (3), U3 Bcex cnaraemblx nocrnegHen CyMMmbl

Z[n =1]-z" HeHyneBbIM 6yaeT Tonbko TO, y kKoTOporo n =1,

n

Moatomy, > [n=1]-z"= z'. C yyeToMm BCex nNpeobpas3oBaHuii MOMy4nMm:

an -z" =Z'ZFn "+’ 'ZFn z+z (7).
HakoHeL, cornacHo (6) u (7), Ha BTOPOM Luare nNpuxoauM K ypaBHeHuo oT F(z):
F(z)=z-F(z)+z>-F(z)+z (8).

WAl 3. Pewwum norny4yeHHoe B peasyrnbTaTe BbINOMHEHUA LWwara 2 ypaBHEHWEe
oTHocuTenbHo F'(z):
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F(z)[1-z—z"]=2z wmm
F)=—"— (9)-
l1-z-z

BbIpaXXeHve AN Npon3BoasLLENn PYHKLUM B 3aMKHYTOM BUAE.

LA 4. YTo6bl pasnoxuTb dyHkumMo F(z) B cTeneHHoM psia, cHavana Hangem KopHu
MHoroudneHa Q(z)=1-z -z, KOTOPbIN CTOMT B 3HameHaTene BbipaxeHus (9). Mepenuviiem
ero B Buge: Q(z)=-z* —z+1 v HangeM KOpHU KBapaTHOro TpexyneHa.

Takkak D =(-1)> —4-(=1)-1=5, To KOPHU UMEIOT BUA;

1-+/5 1+4/5
z, =— , Z,=— .
2 2
Moatomy F(z)= z . Pasnoxum npaBylo 4acTb MNOYyYEHHOrO
—(Z—Zl)-(Z—Zz)
paBeHCTBa Ha npocTeiime apoou:

-z ! B A(z-z,)+B(z—z)
(z-z)(z-2) z-2z z-z (z-z)(z-2,)

OTKyZa cnefyer, 4To
—z=A(z—z,)+B(z—-2z) (10).

Tak Kak 9TO paBeHCTBO [OSMKHO BbIMNOSHATLCA NPU MOBbLIX 3HAYEHUAX <z, TO

BOCMOMb3YeMCs METOZIOM YacTHbIX pelleHnin n Bo3bMmeM B paBeHcTBe (10) cHavana z =z, a

3aTeM z =z,.
z=z,: —z=A(z, —z,) + B(z, —z)) = A(z, — z,).
MoacTaBnss YACNEHHbIe 3HAYEHNUS! Z, U Z,, NOSy4NM:

1-45 A(_1—\/§+1+\/§J:A_\/§’: Azl—\/g

2 2 2 245
z=z,: —z,=A(z, —z,)+ B(z, —z,) = B(z, — z,) wnm
1+£=B-[—1+\/§+1_\/§J:—B‘\/§,:> B:_l"‘\/g'

2 2 2 245

Wtak, npousBogswas QyHKUMS nocnegoBaTtenibHOCTM PuboHaydunm MoxXeT ObliTb
npeacTaBfeHa B criegyowem Buge:
A B _1-V5 1 1445 1
z—z, z-2z, 245 zZ-z 2J§Az—%
YTo6bl pasnoxuTte F(z) B cTeneHHoON pad, 4OCTATOMHO PasfOXWUThL B P Kaxayo U3

. 1 1
npoGer " . N3 Teopun psigoB m3BecTHa dopmyna pasnoxeHuss B psfg

z -2z, zZ—2z,
MaknopeHa ans dyHkumm BMaa

F(z) =

fmzl—ieW¢z

= f<1, 11).
1+¢

1 1
MpuBenem opobu " K TakoMy BUAY.
z—z Z—2Z,
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AHaNOrM4yHo:

Z—ZZ_ ( ( ZD:ZZ(1+M)’ _Z
Zy| 14+ | ——
Z,

Torga c yyetom cpopmynbl (11) nony4nm:

Pz)= ) \/3( 1 J_Hﬁ( 1 J:
o5 \z0+0) 205 | 0+

IR ERCT N U E AT N (14).
2\/_ z, 1+t 25 =z, 1+u
_1-45 H\/_'L'Z( 1y

(=D"-
~F TR 25 1+

BbinonHmMe Heobxoanmble cokpalleHust B nocnegHemM mn3 paBeHcTB (14) n noacrtaBvB
BMECTO U U WX 3Ha4YeHusa no popmynam (12) u (13) NPUAEM K paBeHCTBaM:

F(z)=\/1§'2(—1)"'(1 IJ Z( 1)’ ( j

. a+J5"—a—J3
. 1" .2,
{Z{() ((1=5)1+~/5)"

,1 J<)
(1+\E)"—(1—\E)"J }
-

. —n".2".
(e —
(FDW2¢O+J$”—O—J$

(_1)n22n
1 (a+45) -a=-v5") ,
- : 2
5 2
Mpn BbINOMHEHMM 3TMX nNpeobpas3oBaHU MCMONb30BANUCL OMNepauun  CroXeHUs
Npoun3BoaAWMX PYHKUMA U YMHOXEHUS Ha KOHCTaHTy (Tabn. 1). MNony4unu, 4to ¢ oagHom

n

CTOPOHbI:
F(z)=)F, -z",

a c gpyrom:

Fy=y L .[@ed5 =045 )
5 2
MpupaBHAeM ko3 puLUmneHTLI Npy z" B NEPBOM M BTOPOM paBEHCTBaX:
Fn—L~ A+5)" —1-5)" (15) —
J5 2"
3aMKHyTas oopma 7 -ro YneHa nocnegosaTenibHOCTU GuboHayuu.

Tema. LlenouncnenHbie ¢pyHkumm [ xJ, [ x 1, mod

1. LlenoyucneHHsie pyHkyuu /x| /x | mod u ux ceolicmea.
2. PeweHue 3aday ¢ ucriosnib3o8aHueM UesioHUCieHHbIX OyHKUUU.

MPUMEP 1.
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5m0d3:5—3-BJ:5—3-1:2;

5m0d(—3):5—(—3)-[ 53J:5+3-(—2):—1;

—5mod3:—5—3-{_35J:—5—3-(—2):1;

— 5mod(-3) =5 — (-3)- tiJ =-5+3-1=-2.

MPUMEP 2. [lokasaTb cBorMCcTBO 3 (pyHKLUMM mod
(VxeR)(Vy#0eR)(VC =const,C+0)
C - (xmody)=(Cx)mod(Cy).
[okasaTtenbCcTBo.

def

C-(xmody) = C- {x e FD —Cx—Cy- LC)‘J = (Cx)mod(Cy).
y Cy

Tema. BBegeHne B acMumMmntoTuyeckue metoabl.
OCHOBHble KOMOMHaTOpPHbIE KOH(Urypaumn.
1. PeweHue 3aday c ucrnonb3osaHuem ceoticme cumeorna O.
2. PeweHue 3aday Ha OCHOBHbIe moxdecmea ¢ bUHoMuabHbIMU KO3ghbuyueHmamu.
3. PeweHue 3ad0ay Ha Memo0d 8KITHOHYEHUSI-UCKITIOYEHUS.
1. PeweHue 3aday ¢ ucnonb3oeaHuem ceolicme cumeosia O
3adaya 1. YTOo HeBepHO B creaywwmx paccyxgeHuax? [Nockonbky n = O(n) u

n n
2n = O(n) v Tak aanee, To 3akmiouaem, uto Y kn=» O(n)=0(n>)?
k=1 k=1
PeweHue:
3ameHa kn Ha O(n) nogpasymeBaeT pasnuyHble C Ans pasfiMyHbIX K; a HYXXHO, YTOObI
Bce O nmenun obLuyto KOHCTaHTy. B gencreButenbHOCTU, B JaHHOM cryvae TpebyeTcs, YTobbl
O o6o3Hayano MHOXeCTBO (PYyHKLMI ABYX NepeMeHHbIX, kK u n. lNpaBunbHo OygeT 3anucaTtb

Skn=3 0(n?)=0(r).

3adaya 2. [okaxute unu onposeprHute: O(f(n) + g(n)) = f(n) + O(g(n)), ecnn f(n) n g(n)
nonoXxuTernbHbl 4ns Bcex neN.
PeweHue:

YTBepXaeHue NMOXHO.

MycTtb f(n) = n2, a g(n) = 1. Hangem Takyto yHKUMIO ¢(n), KOTOpas 6bl NpuHagnexana
NeBOMY MHOXECTBY, HO He npuHagnexana 6bl npasomy MHoxecTBy, T.e. (3C1) (Vn) [o(n) <
C1(n2 + 1)] n (VC2) (In>n0) [p(n) > n2 + C2].

Bosbmem ¢(n) = 2n2.

1). Myctb C1 = 3, Torga (VYn>n0) 2n2 < 3(n2 + 1). 3HAUUT PyHKUMA @(N) NPUHAONEXNT
NeBOMY MHOXECTBY.

2). (vC2) (3n>\/C—2) 2n2 > n2 + C2. 3HaunT PyHKUMA ¢(n) HE NPUHAONEXUT NpaBoMy
MHOXeCTBY.

3adaya 3. [lokaxute unn onpoeeprHute: cos O(x)=1+ O(x*) ans Bcex
BELLECTBEHHBbIX X.
PeweHue:
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Ecnn cdyHKUMA g(x) npMHaanexmT neBon 4Yactn Tak, 4To g(X) = COS y ANna HEKOTOPOro
Y, npuyem | y| < C|x| ans HEKOTOPOW KOHCTaHThI C, TO
g(x)=cosy=1 - 2sin*(y/2)<1 =1 + 0 - x°. 3HauuT CylLEeCTBYET TaKasi KOHCTaHTa B, 4To
g(X) <1 + B - xX°. CnefgoBaTenbHO, MHOXECTBO W3 NEBOIl YacTV COAEPKUTCA B NPaBOii YacTy,
n doopmyra BepHa.
2 _ 2 _
3adava 4. [lokaxure, uto 1+ +0(n™?) :[1+—j-<1+0(n %)) npun—oo.
n n
PeweHue:
Mpeobpasyem neByto YacTb cnegyowmm obpasom:
-2
1+z+0(n‘2):(1+2j- 14 90)
n n 2

1+—
n

——=—1 npu n—>oo, TOorpa %SC, roe C — KoHcTaHTa, Torga
1+—

3ameTum, 4To
2
1+~

n n

—1 =0(1
MOXHO 3anucatb No onpegeneHnto cumeona O, 4To 7 (). Wcnonb3yss ato gnsa
I+—
n

Nnpeobpa3oBaHHOIrO paBeHCTBa, Nory4Yaem, Yto

( zj_ 0@):%}+%)Q+oaxxnﬂ)=momzq

1+— || 1+
& 1+2
n

1+3)a+oaw*»=@+3)a+0m*»
n n

Uto n TpeboBanock gokasartb.
OCHOBHble moxodecmea ¢ OUHOMuUaANbHbLIMU

2. PeweHue 3ada4 Ha
koaghpuyueHmamu
PaccmMoTpuM Ha HeCKOMbKUX npumepax, Kakum obpasom cBovcTBa OMHOMMANbHbIX
KO3(p(PMLIMEHTOB MOXHO MCMOMNb30BaTh AN PELUEHNA KOHEYHbBIX CYMM.
3A0AYA 1. Cymma omHoweHud.
PewunTb B 3aMKHyTOM bOpME CyMMY:
m Ck
Z—’,’:, n>m=>0, nmeZ 1.
=0 C,
Peuwenve:

Pasgenum obe 4actn popmynbl 8 (yMHOXeHME BUHOMMANbHBIX KO3(MPMLMEHTOB) Ha

cr-cr
Cm . C/( Ck . an;{k Ck C”i_kk
n m n n - m _n .
k m
Cn C}’l

e e

B pesynbTate cymma (1) npyumet BuA:
e G

E) & (2).

Tak Kak BblpaxeHne B 3HaMeHaTterne He 3aBUCUT OoT nHaekca CyMMnpoBaHuUA k , TO ero

MO>XHO BbIHECTU N3-NO4 3HAKa CyMMbl:

44



Z G 0O

k=0 Cm Cm =0
UTo6bl YyNpoCTUTL CyMMY B MpaBoOM YacTu paseHcTBa (3), nepengem K o6obLieHHOn

3anMcu NpefenoB CyMMUPOBaHWUS: Oyaem cumtaTtb, YTO CyMMMpOBaHME BEOETCS MO BCEM
LienbIM HeoTpuUaTenbHbIM & . ATO AONYCTUMO U HE U3MEHUT CYMMbI, Tak Kak npu k > m Bce
yneHbl CyMMbl BCE paBHO OyayT paBHbl Hymno. B nonyyeHHom cymme ¢ 000OLEHHLIMM
npeaenamu NpousseaemM nepeMmMmeHoBaHne nHaekcoB ¢ kK Ha m—k -

St =Y ert= Y=Yk, @,

k=0 k>0 m—k>0 k<m

K nocnegHen cymme nNpuMEHMM CBOWCTBO 5 OMHOMManbHbIX KO3IMULNEHTOB,
COrnacHoO KOTOPOMY:

ch m+k zc(n m)+k (n m)+m+1 r’z’:—l (5)
k<m k<m
C y4yeTOM BbIMOSHEHHbIX Npeobpas3oBaHnin U OPMyIbl YMCNa COYETaHUA U3 N
3N1EMEHTOB MO 771, MONYYUM:
ic,’;_ 1 (+)! mn-m)!  n+l
Sckcr T mn+l-m)! o a+l-m

kOC n+l—-m

3ANAYA 2. Ynpocmumb cymmy
>Ch.ct ok ).
k

OtBer: i m_ n+l _

Pewenue:
Bocnonb3yemcs I'IpaBI/IJ'IOM BHeceHus1 (CBOMCTBO 2 BUHOMMArbHbIX KO3(hpnLMEHTOB):

Cct =7 .M, = kCh=scH, = Y .che=Ychcl
k k

=526 CH ).
k
[Ana npeobpasoBaHnss CyMMbl npousBefeHun OGuHOMMUanNbHbIX KO3 ULNEHTOB,
noy4YeHHon B cpopmyne (2), Bocrnonb3yemca popmynon b) ceonctea 10:
(n+s-1)! +s-1)!
s Xkl =i =g 2SS ()
(n—1)!s! (n—D!(s—1)!

OtBeT: S°ck.ck k= (n+s-D)

x (n=DI(s-D!
3AOAYA 3. Ynpocmumbs cymmy
—l)k
c2, .cr, D D).
SCCh T M

Peluexue:

MpMeHUM K npou3BedeHnto BUHOMMANbHbIX KO3(MUUMEHTOB NOA4 3HAKOM CYyMMbI
CBOMNCTBO 8:

2k k
Cn+k Cz Cn+k Clniork = =Cl-Cy, =

n+k no
= Y.CX -Cy, (_1) =S¢k, .ck =Dt ).

k>0 k+1 k>0 ik " k 1
MonyyeHHas cymMa (2) npolle NnepBoHaYanbHOW, Tak Kak MHOEKC CyMMUpOBaHuUs k
BCTpeyvaeTcs B Hen 5 pa3 BMecTo 6. BHecem Tenepb MHOXUTENb I B KoahpuumeHT Ck

k+1
no npaBuny BHECEHUS:
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chi=tlck > ke,
k+1 k+1 n+l
EDf ke
= cH. -cy o~ ck 1
];) n+k k+1 I’l+1 I;) n+k n+l ( )
MpumeHnM K KO3 PUUNEHTY ck ik npanmo obpalleHnss BepxXHero nHaekca:
(=D Crix =Ciui1 =Chi
Torga cymma I'IpVIMeT BUA;
k+1 k k+1
1 — ) C 3).
l’l+1 kz>(:) n+k n+1 ( ) n+1 kz() n+1 ( )

Bocnonb3yemcs chopmyron b) ceonctea 10, co cnenytoLlen 3aMeHoN:
[l—>n+l, s—>-n-1, n—>0, m—>I:

ch+1 . Cicn71 — Cn+1:1i0 — Cg.

n+l n+l-n-1
k>0
OtBeT: S 2k .k . (Gl D ! n
g(:) kT T e O

3. PeweHue 3a0ay Ha MemoO B8KJIHOYeHUSI-UCKJTHOYeHUSs]
PﬁCCMO'l‘pHI\J NpUMEPbI HMCITOJIb30BaHHA METOJa BK/IHYEHWUA-HCKITHOYCHHA

[IPH peLUeHUH 3a/1au.

3apaua 1. B zpynne 25 emyodenmos. Cpedu Hux 2() coanu ceccurn YeneuiHo,
12 3anumaiomes 6 cnopmusHulx cexyusix, npuuwém 10 uz Hux coaiu ceccuio
venewno. CKOIbKO  Heycnesamoujux CcmyoeHmos He Roceujarm CnopmueHblx
cexyui?

Pemenne. O003HaYMM MHOMKECTBO BCEX CTYAEHTOB Ipyibl uepes U,

|U =25, MHOXKECTBO CTYASHTOB IPYIIIbI, YCIELWHO CAABLIMX CECCUIO uepe3 A,

|A|=20,_ a4 MHOJKECTBO CTYJIEHTOB, 3aHUMAIOLIMXCS B CHOPTHBHBIX CEKLHSIX —
uepes B, |B|=12.

Torga MHOKECTBO HEYCIEBAKIUMX CTYIEHTOB Oyler JI0I0JHEeHUEeM
MHOX)ecTBa A 70 MHOMECTBA BCEX CTYIEHTOB IPYIIbl, TO ecTh A, MHOXKECTBO
CTYAEHTOB, HEIOCELIAKLWNX CHOPTHBHbBIE CEKLMH — JOIOJIHEHHEM MHOKecTBa B
710 MHOKECTBA BCEX CTYJIEHTOB IPYIIIbL, TO ecth B. B 3amaue tpebyercs Haiitu,
CKOJIEKO CTYIEHTOB HE CAAJIM CECCHID H IIPH 2TOM HE IIOCEIIAKT CEKLHH, TO €CTb
HAIfTH HYXHO MOLIHOCTL MHOXKecTBA A N B .

Ilo 3akonam zne Moprasa Ui MHOMXKECTB ClPAaBeIJIHBO COOTHOLUCHKE

AnB=A4uUB. Takum o0pasom, B|=|4UB|.

Hanpaém chHauana MOLIHOCTE MHOKECTBA AW B, a 3areM — MOLUHOCTb
MHOXKECTBa AU B KakK ero J0I0JIHEHHs 10 MHOXKeCcTBa U BCeX CTYASHTOB I'PYIIIILL.
[lo Gpopmyie (5) umeem |4u B|=|4|+|B|-|4 B|.
B nawewm ciyuae: [4UB|=20+12-10=22.
Tak kak AUB=U—-(4AUB), 1O
4~ B|=[40B|=|U|-|4uB|=25-22=3.

OtseT: 3 eTyaeuTa.
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3anaua 2. [lycre 1aHa cTonka U3 3 KapTouyek, Ha KaK/10i U3 KOTOPbIX CTOUT
Homep or | mo 3. CkonbKHMH clioco0amMy MOKHO PacliO/IORHTh KapTOYKH B
CTOIIKE TaK, 4TOObl HM O/IHAa KapTO4Ka ¢ HoMepoM i(1<i<3) He OoKa3ajach Ha n-M
mecre?

Pemenune. B Hauiem ciydae 4yMClIO KapTouyeK n=3, CBOMCTBO a, O3HAYaerT,
YTO KapTo4kKa ¢ HoMepoMm i(1<i<3) oxaszaiack Ha n-M MecTe. Torga cBOUCTBO &,
03HA4yaeT, HAIPOTHB, YTO KAPTOUYKA C HOMEPOM | He OKd3dldch HA n-M MECTE.

Huciio Bcex BO3MOMKHBIX PAacllONOKEHHM TPEX KapTOUYeK B CTOIKE PAaBHO
N=n!=3!=6.

N(g,) — 4uCIIO CLOCODOB paclOllOKeHHs TPEX KapTO4yeK B CTONKe, IIpH
KOTOPOM Kaprodka ¢ HOMepoMm | OKaxercs Ha lepBoM MecTe (pacro/ioKeHue
OCTaJIbHBIX KApPTOYEK HEBAXKHO), CJedoBaTelbHO, N(a)=2. AHAJIOIHYHO,
N(a,)=N(ay)=2.

N(a,a,) — 4HCIIO CIIOCODOB pacrojloxeHus TPEX KAPTOUeK B CTOIKE, IIPH
KOTOPOM KapTo4dka ¢ HoMepom | okakeTcs Ha [1epBOM MecTe, C HOMEpOM 2 — Ha
BropoM. Toraa kaprouka ¢ HoMepoM 3 00s13aTelIbHO OKa)KeTCsl Ha TPeTheM MecTe.
AHaJIOrMuyHO MPOU30HIAET MUl ciay4yaeB N(aa,) U N(a,a,). ClenoBareinbHO, 3TH
CJIy4aH COBIIAIal0T M COBHANAKT ¢ N(aa,a,)=1.

N(a,a,a,) — YHCIO CHOCOOOB paclojiokKeHUs: TPEX Kaprodek B CTOIKE 110
HOPAAKY UX HOMEPOB, 103TOMY N(aa,a,)=1.

B 3agaue tpedyercs HalTh yuciio N(aa,a,). Haliném ero o dopmyiie (7).

Z.:\-’(a{.) =N(a,)+N(a,)+N(a,)=2+2+2=06, Z N(aa,)= N(aa,a;)=1;
i i<

(-1)y"'N(aa,...a)=(-1)’N(aa,a,)=1; N(ga,a,)=6-6+1+1=2.
OtBeT: 2 ciocodamu.

Tema. OCHOBHbIe NOHATUA Teopuu rpacoB

1. Cnocobbl npedcmasneHuss epagos. Mapwpymsi, nymu, uenu U UUKIIbI.
H3omopgbusm epaghos.

2. Quneposbl U 2aMuslbmMoHO8bI 2padbl.

3. epesbs. lNnaHapHble U nrnockue epacgbi.

4. Packpacka sepuwuH u pebep epagha. XpomamuyecKoe 4ucrio.

1. Cnocobbl npedcmaeneHusi 2paghos. Mapwpymsbl, nymu, yenu u UYUKNbL.
Usomopepusm epacghos.

3apaua 1. M13o6pasute rpacmnyecku:

1. HeopueHTpoBaHHOE N OPUEHTUPOBaAHHOE pebpa;

2. HeopueHTtnpoBaHHbii rpad G(V,E), 3agaHHbIi MHOXecTBOM V={Vvq, V1, V2, V3, V4, Vs}
n cootseTcTBMeM: E(Vo)={V1, V2}={Vo, Va2, Va}; E(v1)={Vo, V2, Va}; E(v2)={Vo, V1, Vs}; E(v3)={Va};
E(vs)={va};

3. Mnocknin rpad;
[MoNHBLIN HEOPUEHTUPOBAaHHBIN rpad Ha Tpex, YeTbipeXx U NATU BepLUMHAX;
HenonHbIn opueHTUPOBaHHLIN rpad Ha NATU BEpLUNHAX;
MeTnto rpada;
HeopueHTUpoBaHHbIN U OPUEHTUPOBAHHLIN MynbTUrpad.

NoO Ok
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3apaya 2. [leBATb LWaxmMaTUCTOB MNPOBOAAT TYPHUP B OAWMH Kpyr (Kaxabld w3
YYaCTHUKOB AOSDKEH CbirpaTb C OCTanbHbIMK MO OAHOMY pasy). [Nokaxute, 4yTo B nobon
MOMEHT HanayTcs [ABa WaxmaTucTa, Cbirpaslune oAMHAKOBOE YMCIO NapTUMN.

PelweHne.

[MepeBegem ycnosue 3agadn Ha A3blk rpadoB. Kaxagomy waxmaTtucty noctaBMMm B
COOTBETCTBME BEPLUMHY rpada, coeamHnm pebpamum nonapHO BEPLUMHbBI, COOTBETCTBYIOLLNE
lWwaxmaTuctam, Yyxe cCbirpaBwmnm mexagy cobor naptuo. [lonyuum rpad C OeBATbLO
BepwmHamu. CTeneHn ero BepLIMH  PaBHAKTCA  4ACNy  NapTUX,  CbirPaHHbIX
COOTBETCTBYHOLMMN UrpokamMun. [lokaxem, 4YTO BO BCAKOM rpade C AEeBATbIO BepLinHaMu
BCcerga HangyTtca XoTs 6bl ABe BEPLUMHBI OOUHAKOBOW CTEMEHN.

Kaxpas BeplumHa rpada ¢ AeBATbIO BEPLUMHAMU MOXET UMeTb ctenenb 0, 1, 2, 3, 4,
5, 6, 7, 8. lNpegnonoxum, 4To cywecTtByeT rpacd G, BCe BEPLUMHBI KOTOPOro MMEKT PasHyto
cTeneHb, T.e. Kaxgoe u3 ymcen nocneposatenbHoctn 0, 1, 2, 3, 4, 5, 6, 7, 8 aBnsaeTtca
CTENEHbO OAHOW M TONbKO OOQHOM U3 ero BeplwunH. Ho aToro He MOXeT ObITb, Tak Kak ecrnv B
rpadpe ectb BepwmHa v; cteneHn 0, TO B HEM HanOEeTCs BepLUnHa Vvj co cTeneHbto 8. 3Ta
BepLUMHA V; JoSMKHa ObITb coeamHeHa pebpamu co BCeMu ocTarnbHbIMU BepLUMHAaMK rpada, B
TOM YuCre U C Vj, MO3TOMY CTerneHb BEPLUMHbI Vi HEe MOXeT paBHATbCA 0. Takum obpasom, B
rpadpe C OEBATbIO BEpLUMHAMM HE MOryT ObiTb O4HOBPEMEHHO BepLUMHbl cTeneHb 0 u 8.
CnepoBaTtenbHO, HangyTca XoTa Obl ABe BEPLUMHBI, CTENEHN KOTOPbIX paBHbl MeXay coOOon.
Taknum obpasom, gokasaHo, 4YTO B 06O MOMEHT HamayTcs xoTa Obl ABa LWaxmMaTucTa,
CbirpaBLUMe OQMHAKOBOE YNCNO NapTUNn.

3apaua 3. ([1na caMoCTOATENBHOrO peLleHns.)

[leBATb YenoBek NPoOBOAAT LWAaXMaTHbIA TYPHUP B OAMH Kpyr. K HEKOTOPOMY MOMEHTY
BbISICHAETCS, YTO ABOE Cbirpany OAMHAKOBOE 4MCNO napTuin. [JokaxuTte, 4To Torga nimbo
O[MH yYaCTHUK eLle He cbirpast HA OgHOW napTuu, NMbo OAWH Chirpas Bce napTuun.

3apava 4. MoxeT nM Tak CNyYnTbCsl, YTO B OAHOW KOMMAHUM U3 LIECTU 4YerioBekK
KaXabli 3HaKOM C ABYMS U TONbKO C ABYMSA ApPYrnMun?

PeweHne.

Y4yacTHUKOB 3TOW KOMMaHuM m3obpasum BepLumHoW rpada (puc. 1), a OTHOLIEHUe
3HaKoMCTBa MeXxay ABYMSI yvacTHukamm — pebpom. M3obpasum rpadobl, KOTOpble MOryT
COOTBETCTBOBATb TAKOM KOMMaHUM.

Gy Ga

Puc. 1

Mpo rpad G4 roBOpPSAT, YTO OH CBSA3HbLIN, TaK Kak U3 KaXX4oW BepLUMHbI Mo pebpam
MOXHO nonacTb B Nobyo apyryto. [lenaem BbIBOA, YTO B 3TOM CIly4yae Kaxkabli Yepes CBOUX
3HaKOMbIX MOXET NO3HAKOMUTLCS CO BCEMU OCTasbHbIMM.

Mpo rpac G, roBOpSIT, YTO OH HECBA3HbLIN, TAK KAk COCTOUT U3 OBYX NMPOCTbIX LINKIIOB.
[enaem BbIBOA, YTO rpad COOTBETCTBYET ABYM KOMMaHUAM, YY4aCTHUKA OQHOWN U3 HUX MOTYT
ObITb HE 3HAKOMbI C Yy4aCTHUKaMU OPYrOn.

3apaya 5. M3 nyHkTa A B NyHKT B Bblexanu nsaTb MallvH OOHOM MapKu pasHoro uBeTa:
Genas, 4epHad, KpacHas, CuHAdA, 3eneHasd. YepHas ener Bnepeau CuHeEW, 3eneHaa —
Bnepeaun 6enon, HO NO3aan CUHEN, KpacHas Brnepean YepHon. Kakast MmalimHa eget nepBon m
Kakasi nocrnegHen?

PeleHue.

Pewaem 3agayy, NnOCTPOUB OpUEHTUPOBAaHHLIN rpad Ans oTHoweHus f: «x egeT c3agu
y». Ha nnockoctn oTMeETUM NSATb TOYEK, COOTBETCTBYIOLLMX KaXOoW MalluHe, 1 0003Ha4ymMm
nx nepsown BykBOW LiBeTa MaLLUHbI (pUc. 2)
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C

Puc. 2
AHanunaupysa rpadp, noriydyaem criegyrowmn nopsagok ABWKEHUA: KpacHas, YepHas,
CuHAS, 3eneHas, 6enas.

3apava 6. 3agaH rpad G(V,E), rae V={v4, Va2, V3, Vs, Vs}; Eu1={v1, V3, Vs}; Euf@i
E, ={v1, v2, vs}; E,, ={vi}; E,,_={v1, V2, V3, V4, Vs}.

1. 3aganTte rpad ¢ NOMOLLBIO BUHAPHOrO OTHOLLEHWUS, T.€. COBOKYNHOCTU MHOXECTBa
V 1 noAMHOXeCcTBa MHOXECTBA YNopsAaA0YeHHbIX nap <v;, v;> € VxV.

1. N306pasnte oprpad Ha pUCYHKe.

2. NocTponTte MaTpuLy CMEXHOCTMW.

PeweHne.

1. V={V1, Vo2, V3, V4, V5}.

MHoxecTBO nap: {<V1, V1>, <Vq, V3>, <V4q, V5>, <V3, V1>, <V3, V2>, <V3, V5>, <V4, V1>, <Vs,
V2>; <Vs, V3>; <Vs, V4>; <V5, V5>}.

2. Cm. puc. 3.

w
R T o
(R e R o
[ T e T e B )
= o o o o
[ o RS o R

3apanusa. [1ns rpada 3agaHHOro MaTpuULEN CMEXHOCTH
HaNTWU MaTpULy MHUNOEHTHOCTU
NoCcTpouTb rpad
3agaTtb rpad GUHapHbLIM OTHOLLEHNEM
onpegenuTb ABNAETCH N rpad anneposbIM
MOXHO S NONyYnTb AMNEPOB LUK yaanue HekoTopble pebpa
. cAenauvTe NpegnosioXeHwe, aBnseTcs nu rpad raMmnbTOHOBbLIM

2. dunepoebl U 2aMusibMOHO8bI 2pabl

Arneopummbi MocmpoeHuUs 3uneposa Uukia

Bblwe 6bin ycTaHoBeH addeKTUBHbIN CNOCOD NPOBEPKN HanNn4ns anneposa Lukna B
rpacde. A MMEHHO, Ans 3Toro HeobxooMMO M OOCTATOYHO yOeauTbCsl, YTO CTEeneHn Bcex
BEPLUMH YeTHble, YTO HETPyaHO caenatb npu nbom npeactasneHun rpada. Octanoch
3aMeTUTb, YTO NpPenrioXKEeHHbIN B JOKa3aTenbCTBE anropuTM fIMHEEH, T.e. YMCNO OeUCTBUN
NpPAMO NPONopLMOHanbLHO Yncny pebdep.

Bxo0: annepos rpac G

S N
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Bbixo0: cnncok pebep rpada G B Ton nocnegoBaTenbHOCTU, B KOTOPOW OHM 0BpasytoT
3MNEPOB LUK,

1. Tlonoxutb Tekywmun rpad pasBHbiM G
nponssoribHon BepLunHe VEV(G).

2. BbibpaTb Npoun3BOsfibHOE, C Y4ETOM OrpaHudeHust (CM. Hxe) pebpo e Tekyliero
rpada, MHUMOEHTHOE TeKyLLen BEPLUMHE.

3. HasHauuTb TekyLen BTOPY BEPLUMHY, UHUMOEHTHYIO €.

4. YpanuTb e U3 TekyLlero rpaga 1 BHeECTU B CNUCOK.

5. Ecnu B TekyweM rpade elle octanucb pebpa, BEpHYTbCS Ha war 2.

OepaHu4eHue: ecnu CTeneHb TEKYyLLEN BEPLUNHBI B TekyLlem rpade 6onblue 1, Henb3ga
BblOMpaTb pebpo, yaaneHue KOTOporo m3 TeKywero rpada yBEenUYMT YMCNO KOMMOHEHT
CBSA3HOCTW B HEM.

3apayva. Vicnonbays anroputm ®népu, HanTn annepoBy Lenb B rpade:

, @ TeKylyl BepLlUMHYy — paBHON

1 2

4 3

i

PeweHue. 3pecb BeplnHbl 0603HaYeHbl undpammn 1, 2, 3, 4, a pébpa — BykBamu
natuHckoro andgasuta— A, B, C, D, E, F, G, H.
HayHéM MMeHHO ¢ BepwnHbI 1, nponaém no pedbpy A 1 COTpéM ero:

1 2
d@ﬁ
OtmeTuMm npongeHHbIn «nyTb» A(1, 2). 3TO 03HavaeT, 4YTO M3 BepLMHbI 1 nepewwnu B

BepLUMHY 2 no pebpy A.
Cneaytouwee nepemelyeHune B(2, 1):

.p.i_'.
) [

3atem C(1, 2):

Hanee G(2, 3):
i

o
g

i -
I - E‘:
41} [

BepwuHa 2 ctana nsonnpoBaHHOW, 3Ha4YnT, eé Toxe ctupaem D(3, 4):
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E(4, 3):

.
»

H(4, 1) — 3akntounTenbHbIN War B NOUCKe 3NNepoBoOn Lenu.

1
4’1%3
1
i |
F(3, 4):
1
i |
1

4

2. PaccmoTpum annepos rpady, N300paXKeHHbIN Ha PUCYHKeE.

Va Vs Ve Vg Vs Ve
&

' e e @

%] Vo V3 %1 % V3

MycTb Ha ware 1 BbibpaHa BepLmHa v1. Ha Bbibope Ha ware 2 orpaHUyYeHne HUKak He
CkasblBaeTcs; NyCcTb BbiOpaHo pebpo (v1,v5). Ha aByx cnegyowmx ntepaumsix orpaHn4eHni
Ha BbIOOP NO-NMpexXHeMy He BO3HUKAET; MNyCTb BbibpaHbl pebpa (v5,v2) n (v2,v6).

Torga Tekywum rpadomMm CTaHOBUTCA rpady, W300paKeHHbI Ha PUCYHKe cnpaBa
(Tekywas BepwmHa — v6). Ha crneayowen utepauun Henb3sa BblbpaTb pebpo (v6,v3) n3-3a
orpaHu4eHusi; nycTb BblbpaHo pebpo (v6,v5).

HanbHenwunn Bbibop pebep onpedeneH OA4HO3HAYHO (TeKyllash BepluMHa Bcerga
OyneTt nmeTb cTeneHb 1), Tak 4YTO B utore GyaeT NOCTPOEH CneayoLWnin SNNEPOB LMKI:

v1—-v5-v2—-Vv6—-Vv5—-v4—Vv6—Vv3—Vv2—Vv1.

3. flepeebs. NnaHapHbIie u niockue 2paghbi

Ha npakTuke 4yacTto BO3HWKAET 3adava OTbICKaHUSA B HEM OCTOBa MMHMMarlbHOro Beca.
CyuwiecTByeT nNpoCTON anropuMTM peLleHns 3TOW 3adadn, KOTOpbI Ha3bliBAETCA anropuTm
Kpackana (anroputm Npuma oTnNn4aeTcs OT HEro 0MeHb HE3HAYUTESTLHO).

Anzopumm Kpackana

MycTb G — cBA3HbIN B3BELLEHHbIV (N, m)-rpad.

War 1. Ctpoum nyctoun rpad On. Bbibupaem pebpo [/, MuUHMManNbHoro seca u
ctpoum rpacp I :
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T, = O,+ /.

LWar 2. Ecrm rpadp I, yxxe noctpoen, To cTpoum rpad T .:

T, =T+ ..., rae I, - pebpo MMHMManNbLHOTO Beca M3 BCEX, HE BKIHOYEHHbIX B
rpad T, npu atom Heobxoaumo cneauTb, 4TOBbI OHO He 06pPa3oBLIBANO LIMKIOB B rpade

TM .Yepe3 n—1 war ocToB MMHUMAIILHOrO Beca NOCTPOEH.

Mpn aTomM 8ecom ocmosa Ha3blBaeTCA CyMMapHbIA BEC BXOAsWmMX B Hero pebep. B
obwem cnyyae 0CTOB MUHUMarbHOIO BeCa MOXET ObITb BbiOpaH HEOQHO3HAYHO.
Anzopumm lNpuma
OTNMYyaeTCca TONMbKO TeM, YTO cpasy CTPOUTCS AEpPeBO, NMO3TOMY Ha BTOPOM Liare
BblbnpaeTcst pebpo MUHMMANbLHOIO Beca HEe U3 BCEX OCTAaBLUMXCS, a TONbKO U3 Tex pebep,

koTopble B rpade G 6binm cMexHbI ¢ pebpami, yxxe BKIoYeHHbIMM B aepeso 1, .

NMPUMEP. Hantn meTpuyeckne xapaktepuctuku rpacda G, noctpoutb Ons HEro
MaTpuLbl CMEXHOCTU U MHUNMOAEHTHOCTU N HAWTU OCTOB MWHUMASLHOMO Beca no anroputmy
Kpackana un anroputmy lNpuma.

Beca pebep rpaca G:

w(12) = 4; w(13) = 5; w(23) = 8; w(24) = 6;
w(36) = 2; w(45) = 5; w(46) = 7; w(56) =
6
) '\.
4

5

3
PEWEHWE.
Hangem octoB MnHMManbHoro Beca rpagpa G no anroputmam Kpackana u lNpuma.
Anroputm Kpackana

LLlar Pebpo | Bec pebpa

1 (36) rpagp |
2 (12) G
3 (13) 5

4 (45) 5

5 24) 6
CyMmapHbI BEC OCTOBa 22

Bonblwe H1 ogHoro wara 4o6aBnTb HeMb3s, Tak Kak B pe3ynbTaTte o6pa3yeTc;| LIKKT1.

Anzopumm lNpuma

LWar Pebpo Bec pebpa
1 (36) 2
2 (13) 5
3 (12) 4
4 (24) 6
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5 (45) 5
CymMmapHbI BeC ocToBa 22

Ln

~—

1 4

(TN
3 rpatha G

4. Packpacka eepuwuH u pebep epagha. Xxpomamu4yeckKoe 4ucsio

3adaya cocmaesieHus1 pacnucaHusi

B ctymeHuyecknx rpynnax 01 n 02 Hago NpoBecTu 3aHATUA no anrebpe, ANCKPETHON
mMatemaTuke, MaTemMaTMyeckomy aHanusy u uctopum Poccum (N0 OQHOMY 3aHATUIO MO
Kakgomy npegmeTty). 3aHATUS NO KaKaoMy npegMeTy npoBOAATCA C KaxdoW rpynmnown
OTAeNbHO. 3aHATMSA No anrebpe n No ANCKPETHOM MaTemMaTuke BedeT npenogasatenb X, no
MaTteMaTuyeckoMy aHanuay — npenogasartesib Y, no ucropum Poccun — npenogasartesns Z.

Hantm MuHMManbHoe 4ucro nap, B KOTOpblE MOXHO YNOXWUTb BCE 3aHATUSA, U
COCTaBUTb COOTBETCTBYIOLLIEE pacnncaHue.

PeweHue.

Moctpoum rpacd c BepwwmHamu A1, A2, 01, 02, M1, M2, 1 n N2 (Bykea
COOTBETCTBYET npeamMeTy, a uudpa — Homepy rpynnbl). CoeanHum pebpammn BepLUUHBbI,
COOTBETCTBYIOLLUME Napam, KOTOpble Henb3s NPOBOAUTb OAHOBPEMEHHO. [lonyyum rpad,
n3obpaxeHHbI Ha pucyHke cnesa. BepwuHbl A1, A2, 11 n [12 atoro rpada nopoxgatoT B
Hem noarpad, nsomopdHbin rpady K4. CnepgoBaTenbHO, XpOMaTMYECKOE YMUCMO Hallero
rpada He MeHbLUe 4. Ha pucyHKe cnpaBa ykasaHa npaBuiibHas packpacka Hawero rpadga B
4 kpacku. CnegoBaTtenbHO, XpOMaTMYECKOE YNCOo rpada paBHO 4, T. €. BCE 3aHATUS MOXHO
npoBecTu 3a 4 napebl.

Al A2 1 2
M1 ¢ y 91
| ."Ir
N1 k- 5 " L
\'\ J.'.J . \-" ;.-. 7 4
\-\_‘-" \ \-\iy
Al n2 ) 3
CooTBETCTBYIOLLEE pacnCaHne ykaszaHo B Tabnuue:
pynna 01 pynna 02
1 napa Anrebpa MaTtemaTtnyeckun aHanus
2 napa MaTtemaTtnyeckum aHanms Anrebpa
3 napa NcTopusa Poccum [nckpeTHas matemaTtumka
4 napa [nckpeTHaa maTemaTtuka Nctopua Poccun

3adaya pacnpedeneHusi o6opydoeaHusi

Ha npeanpuatun nnaHupyetcs BbINONHUTL 8 pabot: v1,v2,...,v8. [na BbINOfHEHUA
3TuX pabot HeobxoauMmbl MexaHmambl ail,az2,...,a6. Mcnonb3oBaHne MexaHW3MOB ASis
Kaxkgon u3 paboTt onpepensieTca cnegyrowen Tabnuuen:
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Pabota

Mexammsm | vi | vo | va | va | Vs [ V6 | W | W
ai + + + | +
az + +
as + + | +
as + | + + | +
as + + +
as + | + +

Hu oOuH M3 MexaHM3MOB He MOXeT ObiTb MCMONb30oBaH OOHOBPEMEHHO Ha ABYX
paboTax. BeinonHeHne kaxgon paboTbl 3aHMMaeT 1 4ac. Kak pacnpegenutb MexaHu3mbl,
yTOoObl CyMMapHOEe BpeMS BbIMOMHEHMS BceX paboT O6biN0 MUHMMAarnbHbIM M KakoBO 3TO
Bpems?

PeweHue.

PaccmoTtpum rpacd G, BepluMHamMuM KOTOPOro SABASKOTCA NraHUMpyemble paboTbl
v1,v2,...,v8, a pebpa coeanHsT paboTbl, B KOTOPbIX y4acTByeT XOTa Obl OAUH O6Lnn
MEeXaHu3M (U KOTopble, MO 3TOW MPUYMHE, HENb3S NPOBOAMTbL OLHOBPEMEHHO). JTOT rpad
n300paxkeH Ha pUCyHkKe

3 ’ .
i )

v \ \ / N
w(4) ¢ =in(2)
\ I\ ~

W ~_ \ |/ / _~W®3
A\
vs(4)

BepwuHbl  v1,v2,...,v8 nopoxgatoT noarpacdp rpapa G, wusomopHbin K4,
CnepoBatenbHo, X(G)24. Lindpbl B ckobkax Ha pUCyHKe yKa3blBalOT NPaBUIbHYIO packpacky
rpadpa G B 4 Kkpacku. CneposaTtenbHo, X(G)=4. Takum obpasom, Bce paboTbl MOXHO
BbIMNOMNHUTL 3a 4 Yaca. [1nda aToro, B COOTBETCTBMM C HANLAEHHOW packpackon rpada G, Hago
B 1-11 Yac BbINONHATL paboTbl V1 1 v6 , BO 2-1 — paboTtbl V2 n v3, B 3-1 — paboTbl v4 n v8, B
4-n — paboTbl V5 1 V7.

Tema. dnemMeHTbl TEOPUU HEYETKNX MHOXECTB

1. OcHoBHbIE ceolicmea HeYemKUX MHOXecme.

2. JluHesucmu4eckue rnepemMeHHble U mepMbl. [egha3sugukayusi He4emkoao
MHO>xecmea.

3. Onepauyuu Had HeYeMKUMU MHOXXecmeamul.

1. OcHOBHbIe ceolicmea He4YemKux MHOXecme

NMPUMEP. Hantn Bce xapakTepuctukm (HocuTenb, $S4PO, BbICOTY) HEYETKOro
05 0 0,7 08 04

+—+—+—+
XX, Xy Xy X
PELWEHWE

BbIiCcOTa HeYeTKoro MHoxecTBa A pasHa 0,8:
hgt A = max{0,5; 0; 0,7; 0,8; 0,4} = 0,8.

HocuTenem mHoxectBa A sBRsieTcs MHOXECTBO:
{x,, X5, X,, Xs} < U.

MHOXecTBa A =
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Tak kak MHoxecTBo A — cyGHOpMansHoe, TO ero SApPo MycTo.
0,5 — ceueHneM MHoxecTBa A SBNSIETCS MHOXECTBO:
A =1{X X5, X, 1
3apgaya 1. Hamtnm Bce xapakTepucTuku (HocuTernb, SOpO, BbLICOTY) HEYEeTKOro
MHoxecTBa A

04 01 0 08 1 0,6
a)A= +—+—+ =+ —+—
XX, Xy X, X5 X,
02 05 01 0 1 05
6) A= e —+— 4+
X, X, X3 X, X5 X
02 05 1 02 1 05 09
B)A = + = — T —

X, X, X3 X, X5 X, X,

2. JluHeeucmu4yeckue nepemMeHHble U mepmbl. [eghaz3ugukayusi He4emkrKo20
MHO)Kecmea
NMPUMEP. [lpeactaButb B BMAOE HEYETKOrO MHOXECTBa MOHATUE «HEMONOO0M
YernoBeKk» U BbINOSHUTL Aeda33nmkaunio 3Toro MHOXeCTBa.
PELUEHUE

Myctb A — HeyeTkoe MHOXECTBO, MNPEACTABMSIOLIEE MOHSTME «HEMOIOAOW
yenoBek». Toraa 3To MOXHO 3anucaTb creayroLlmM o6pasoM, y4nuTbiBas cnocobbl 3agaHus
HEeYEeTKNX MHOXECTB:

ol 03 05 1 04 0]l
+ =+ =+ —+ =+ .
4550 55 60 65 70

MpoBegem gedassndukaumo 3TOro MHOXeCTBa MO MEeTOAY LeHTpa TSHXKeCTu:

e 45-0,1+50-03+55-0,5+60-1+65-0,4+70-0,1 :@:5&(3)“%58(]%)'
0,]+03+05+1+04+0, 2,4

3apaua 2. NpencraBntb B BUAE HEYETKOIO MHOXECTBA MNOHATUSA
a) «HopManbHaga TemMnepaTtypa Tena YyenoBeka»
0) «cpegHaa CTOMMOCTb aBTOMOGUNA»
B) «BblCOKasi 3apaboTHasa nnaTta»
N BbINOMHUTL Aedas3ndurKkaumno 3TOro MHOXeCTBa.

MPUMEP. Onpenenvtb NUHIBUCTUYECKYID MNEPEMEHHYID U TepMbl, COCTaBnstoLme

TEPM-MHOXECTBO.
PELUEHUE

PaccmoTpum nepemeHHyto “cCkopoCcTb aBToOMOBMNA”, KOTopasa oueHUBaeTCs no Lwkane
“Hnskas"”, "cpegHsasa", "Bbicokasa” n “oyeHb Bbicokas".B aToM npumepe NMHIBUCTUYECKON
nepemMeHHom aBnsaeTcs “ckopocme asmomobuss’, TepMmaMn - IMHIBUCTUYECKNE OLLEHKMN
“Huskas", "cpeOHss", "ebicokasi’ N “O4eHb 8bICOKas”, KOTOPbIE N COCTaBMAIOT TEPM—
MHOX€eCTBO.

3apava 3. OnpegenuTb JIMHIBUCTUYECKYHD MEPEMEHHYID M TepMbl, COCTaBndaloLwmne
TepM-MHOXeCTBO.

a) CTOMMOCTb aBTOMOOMNA oueHMBaeTca no wkane “Huskag”, "cpegHasa”, "Bbicokasa” u
“oyeHb Bbicokas"

0) TemnepaTypa Tena 4enoBeka OLEHMBAEeTCA MO LWKane «MOHWKEHHasy,
«HOpMarnbHasa», «NOBbILLEHHAsA», «BbICOKAsA», «O4YEHb BbICOKas»

B) pasmep 3apaboTHOM nnaTtbl OUEHMBaeTCa MO LWKane «MUHMManbHas,

«MarneHbkaa», «CpegHAA», «BbICOKadA», «0O4eHb BbICOKaA».
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3. Onepayuu Ha0 He4YeMKUMU MHO)Kecmeamu
MPUMEP. Hantn ob6begmHeHune, nepeceveHne, 4onofIHEHNE N Pa3HOCTU HEYETKUX
mMHoxxecTs A n B, ecnu:
05 1 02 08 1
A=+ —+2+ 2 +—;
X, X, X3 X, X
05 0 05 06 04
B=""4 42y

XX, X3 X, Xg

PELUEHUE
- 05 0 08 02 0 » _O5 1 05 04 06
A= —+2+224+ ;B = 24—+ 2+ 2+,
X, X, X3 X, X5 X X, Xy X, Xg
AnBo%5,0,02.06 04 , p 05 1 0508 1.
XX, Xy X, X XX, Xy X, Xg
05 1 02 04 06 05 0 05 02 0
A\B =—+—+—>—+—"—+—"—; B\A = ——+—+—"—+—"—+—.
XX, X3 X, X X X, X3 X, X

3apava 4. Hantn o6beanHeHne, nepecevyeHme, 4ONOSTHEHNE N PA3HOCTU HEYETKMUX

mMHoxkecTB A n B, ecnu:
04 01 O 08 1 0,6
4 —
XX, Xy X, Xy X,
02 05 01 0 1 05
+ 2 —+
X, X, X3 X, Xs X,
04 1 03 08 1
+—
X, X, X3 X, X
05 0 07 08 04
B= +— 2+
X, X, X3 X, X
05 0 0,7 08 04
= 4
XX, X3 X, XS
05 1 03 02 0,6
B = +— =2y
X, X, X3 X, Xg

a)A=

6) A =

2

b

TemaTuka pedepaToB/goknagos/acce, MeTogMyeckue pekomeHgaLmm no BbINONTHEHUIO

KOHTPOJIbHbLIX U KYpPCOBbIX paboT, UHbIe MaTepuarnbl
Tembl poknanos (coobLweHun) no aucumnnude [UckpeTHass MaTeMaTuka
. Uucna CtmnpnuHra 1-ro n 2-ro poaa.
. BeiBoa popmynbl CTupnuvHra.
. PasnnyHble goctaToyvHble yCnoBusi raMmnnbTOHOBOCTM rpada.
. JokazaTenscTBO TeopeMbl XKXopaaHa.

rpaco
. 3aHnmaTenbHble 3a4a4m Teopumn rpados.

. MNpnumeHeHne dopmynbl Annepa K peLleHnto HEKOTOPbIX NPUKNaaHbIX 3a4av.
. ctopusa cosgaHna n pa3sBnutna HEYETKOM NOTUKMN.

O~NOT AN WN

Pa3H0ypOBHeBble 3agaHuAa no agucuuniinHe D,VICerTHaSI MaTeMaTUuka

. 'padbbl B MmaTemaTuke. [Nprmepbl peleHna pasnuyHbliX 3agad cpeactsamMn Teopun

1 CocTtaBneHune rnoccapuna n Knacrtepa OCHOBHbIX TEPMUHOB pasfeiia (HeCKOJ'IbKVIX pas,u,enos)

ANCUMNANHBI (PEKOHCTPYKTUBHbBINA YPOBEHbL)
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2 CocTtaBreHne CpaBHUTENbHbIX, KOHLENTYanbHbIX Tabnuuy, No 3agaHHon Teme (TBOPYECKUIA
YPOBEHb)

3 CocraBneHune, KOppPeKUMSt CUHKBEMHOB U AE€HOTaTHbIX rPadhoB C OCHOBHLIMU NOHATUAMM
(TBOpPYECKMI YPOBEHbL)

4 CocTaBneHne aHHOTMPOBAHHOMO NEPEYHst UICTOUYHMKOB CeTU MIHTEPHET (PEKOHCTPYKTUBHbIN
YPOBEHb)

5 HanucaHue peueH3nin Ha rotToBble pedepaTtbl N0 pasgenam UCUMNANHbBI, CKavyaHHbIe C
pa3fNYHbIX CalTOB (TBOPYECKUIN YPOBEHD)

6 CoctaBneHue Tabnuupbl TONCTbIX M TOHKMX BOMNPOCOB NO pasgenam AnCUUNInHbI
(PEKOHCTPYKTUBHbBIA YPOBEHD)

7 CocTaBrneHune BoNpocoB Kk pomallke brnyma (TakcoHoMUs Lienen) K pasgenam UCUUNInHLI
(TBOPYECKUIN YPOBEHD)

KomMnnekT TecToBbIX 3afaHuMn no aucumnnuHe [UCKpeTHass mMaTemaTuka
Ne n/n Bonpoc BapuaHTbl OTBETOB

1. a) HekoTopast PYHKUMS OT NpeablayLmnx
PekyppeHTHOI Ha3blBaeTCs YEHOB;
nocrnegoBaTenbHOCTb, Y KOTOPOR 6) HekoTopas PyHKUMSI OT NOCNEeaYHLLNX
KaXkObIM YneH onpegensieTcs Kak: YIIEHOB;
B) HEKOTOpPAs YNCIIOBas KOHCTAHTA;
r) NPOn3BONbHLIM 06pPa3oM.

a) HaTK CyMMY N NepBbIX YNIEHOB
PEKYppPEeHTHOM NocrneaoBaTeNbHOCTY;
Pewntb pekyppeHTHOE 6) NoNy4MTb aHanNMTU4eCcKoe BblpaXKeHne n-
COOTHOLLIEHME «B 3aMKHYTOM ro YrnieHa nocreaoBaTenbHOCTU Yepes3 HoMep
dopme» - 3TO 3HAUUT: n;

B) NONYYnUTb aHanNMTUYECcKoe BblpaXkeHune n-
ro urieHa, He 3aBucsLLee OT Homepa n;

r) BBIMUCIIUTB N- 1 YneH
nocnegoBaTenbHOCTH.

3. 1 Uy=Uy, +Uy.,,

U =U,=1
MocnenoBaTenbHOCTb YNCEN U . =U. +U. .+U

N N-1 N-2 N-3°

dunboHayum 3apgaeTcs .
COOTHOLLUEHMEM: UsU,=U; =1
.U, =U, +U, ,;

Uy =Uy, +Uy,

U,=U, =1
4. | PaBeHcCTBO: a) COOTHOLLEHWE CUMMETPUM;
Ck — (—l)k -Ck 0) dhopmyny cnoxeHns GUHOMUANbHbIX

n k=n-1 KO3(PPULINEHTOB;

BbIpaXaeT: B) NpaBurio obpalleHnsa BepXHero NHAEKCa;
r) NPaBWIIO BHECEHWSI.
5. a) BblABWXXEHUN TMNoTe3bl 0 BUae obuiero
YfieHa CyMMbl, KOTOpas 3aTeM npoBepsieTcs
MeTopn 3aMeHbl CyMM MHTErpanamu | No UHAYKUUK;
3akn4aeTcs B: 0) 3ameHe CyMMbl Ha BblUMCIEHME nroLwaan
HeKoTopow curypel;
B) BblAeneHnn NepBoro 1 nocneaHero
YIEHOB CyMMbI;
r) 3ameHe CyMMbl COOTBETCTBYIOLLMM
PEKYPPEHTHBIM COOTHOLLEHVEM
6. a) Heob6XoANMO NPOBEPATL
HeNponopLMOHaNbHOCTb BCEX
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Ytobbl npoBepuTb
HenponopLMOHAanbHOCTb ABYX
PELLEHNN PEKYPPEHTHOrO

COOTBETCTBYHOLUNX YNIEHOB 3TUX
nocnegoBaTernbHOCTEN;
6) 4oCTaTOYHO NPOBEPUTL

COOTHOLLEHMS: HenponopLMOHanbHOCTb NEPBbIX ABYX
YNIEeHOB;
7. | PaBeHcTBO: a) COOTHOLLEHME CUMMETPUU;
P 0) dbopmyny cnoxeHms GUHOMManNbHbIX
Cn = C;H KoahpnUneHTOB;
k B) NpaBurno obpalleHns BepXHero NHOeKea;
Bblpakaer. r) NPaBUIIO BHECEHMS.
8. a) Bcerga MMeeT poBHO K peLueHunis;
6) Bceraa nmeeT 6€CKOHEYHOE MHOXXECTBO
PekyppeHTHOe COOTHOLLIEHNE peLleHun;
nopsiaka k: B) MOXET HE UMETb HN OAHOrO peLUeHuns:;
r) meeT NMbo 6ecKoHEYHOE MHOXECTBO
peleHnn, Nnbo eaNHCTBEHHOE.

9. | basnc pekyppeHTHOro COOTHOLLEHNS
k- ro nopsigka:

1) MoXeT 6bITb BbIOpaH a) 1) n 3);

O[JHO3HAYHO; 6) 2) n 4);

2) cocTouT 13 k peLueHuii; B) 3) n 4);

3) coctout 13 (k + 1)- ro pelueHus; rN1)u4).

4) moxeT b6bITb BbIOpaH

HEeOAHO3HA4YHO.

10.| Cneaytowee paBeHCTBO a) CBOMCTBO NepeMMEHOBAHUS UHOEKCOB

Zc,ak :C'Zak CYMMbl; ) .
= = 6) coyeTaTenbHbLIN 3aKOH CYMMWpOBaHNS;

BbIPAXAET: B) pacnpefenuTenbHbIi 3aKoH;

r) nepemMecTUTENbHbIN 3aKOH.
11.| MeToa CyMMUPOBaHUSA, KOTOPLIN a) MeToA4 NpuBeaeHus;
COCTOUT B peLleHnn BMECTO AaHHOW | 6) MeToq YCNOXHEHMS U YNPOLLEHNS;
CyMMbl COOTBETCTBYHIOLLETO el B) MeToq rmnoTesbl C NOATBEPXAEHNEM MO
PEKYPPEHTHOrO COOTHOLLEHUS B NHAOYKUNW;
3aMKHYTOM (popme, Ha3bIBaeTCs: r) meTog nogdbopa penepTyapa.
12.| Cymma Bcex BMHOMMArbHbIX a) 2n;
KoadbpnUMeHTOB paBHa: 6)2";
B)n’;
2",

13. | OhdeKkT «kkKoMBUHATOPHOIO a) B 9KCMOHEeHUManoHoM pocTe Yy1cna
B3pbiBa», KOTOPbIA BO3HUKaET Npu peLLeHnn 3a4a4n Npu IMHENHOM yBENNYEHUN
peLleHnn HeKOTOpbIX 3a4ad, ee pa3mepos;
3akroyaeTcs: 6) B HEOrpaHM4YeHHOM BO3pacTaHmm

YUCNEHHbIX PELUEeHU 3aaauu;
B) B TOM, YTO peLleHne 3aa4um BblpaxaeTcs
YUCNOM, KOTOPOE PaBHO HEKOTOPOMY
BUHOMMUANBLHOMY KO3(PULMNEHTY.

14.| CnepytoLlee paBeHCTBO a) CBOWCTBO NepevMeHOBaHWs MHOEKCOB

Z(ak +b,) = Zak + Zbk CyMMBL, .
- T p 6) coveTaTenbHbIN 3aKOH CYMMUpOBaHS;
BLIDAXAET: B) pacnpenenuTenbHbIid 3aKoH;

r) NepeMECTUTENBHbIN 3aKOH.

15. | PewweHne kombuHaTopHOM 3aaun C¢ | a) peLleHne CBOANTCS K PELLEHNIO TOM e

MOMOLLIbH0 PEKYPPEHTHOIO
COOTHOLLEHUSI 03HAYaET, YTO:

3aa4un Npu MEHbLUMX 3HAYEHMAX N;
0) peLUeHne BbipaXKaeTcsl MONOXUTENbHbBIM
YUCIIOM;
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B) peLleHne HaxoamTcs B NpUOAnmKeHHOM
BUAE;

r) Npu peLleHnn Bo3HNKaeT agppekT
«KOMOMHATOPHOro B3pbiBay.

16.

PaBeHcTBO:
k ok k-1
Cn - Cn—l + Cn—l

Bblpaxaer:

a) COOTHOLLEHNE CUMMETPUM;

6) bopmyny cnoxeHus GUHOMMaNbHbIX

KO3 PULNEHTOB;

B) NpaBusio obpaleHns BEpPXHEro HOEKCA;
r) NPaBWIIO BHECEHWSI.

17.

MeToa npuBeaeHNst 3aKnio4aeTcs B:

a) BblABWKEHMM rMNoTesbl 0 Buae obuiero
yneHa cyMMbl, KOTOpasi 3aTeM npoeepsieTcs
No MHAYKLMMK,

6) 3amMeHe CyMMbI Ha Bbl4MCREHME NnoLwaamn
HeKoTopow urypebl;

B) BblAENeHn NepBoro 1 nocrneaHero
YIEHOB CYMMBbI;

) 3aMeHe CyMMbl COOTBETCTBYHOLLUM
PEKYPPEHTHBIM COOTHOLLEHVEM

18.

CyMMUPYIOLLMIA MHOXUTESb
NO3BONSAET:

a) ynpoCTUTb BblpaxeHue, cTosiliee nog
3HaKoOM CyMMbl;

6) HaNTN peLLeHne peKyppeHTHOro
COOTHOLLEHUSA B «3aMKHYTOM BMAE» METOLOM
reoMeTprUYecKuX NPorpeccui;

B) CBECTU peLLeHne PEKYPPEHTHOIO
COOTHOLLEHUS K PeLLUEHNI0O COOTBETCTBYHOLLEN
CYMMbI B «3aMKHYTOM BUAEY;

r) n36aBnTbLCA OT CyMMbl U NEPENTU K
PELLEeHN0 COOTBETCTBYIOLLIEr0o
PEKYPPEHTHOrO COOTHOLLIEHUS.

19.

FeomeTpmquKaﬂ nporpeccud
ABNAEeTCA:

a) peEKYpPPEHTHbIM COOTHOLLIEHMEM 1-ro
nopsiaka;

6) BTOPOro nopsaka;

B) BOOOLLE He SBNAETCA peKyppPEHTHbIM
COOTHOLLEHUNEM.

20.

CnepytoLlee paBeHCTBO

Zak = Zamk)
k (k)
BblpaXaerT.

a) CBOMCTBO NEpPENMEHOBAHUSA MHOEKCOB
CYMMbI;

0) coyeTaTeNbHbIN 3aKOH CYMMUPOBAHUS;
B) pacnpenennTenbHbIv 3aKOH;

r) NnepemMecTUTENbHbIN 3aKOH.

21.

MeTtoq rmnoTteabl ¢
NOATBEPXOEHNEM MO MHOYKUUN
3akrnovaeTcs B:

a) BblABWKEHWM rMnoTesbl 0 Buae obuiero
YfieHa CyMMbl, KOTOpas 3aTeM npoBepsieTcs
Nno MHAYKLMMK;

6) 3amMeHe CyMMbI Ha Bbl4MCREHME NnoLwaamn
HeKoTopow urypel;

B) BblAeneHnn NepBoro 1 nocneaHero
YIEHOB CyMMbI;

r) 3aMmeHe CyMMbl COOTBETCTBYIOLLMM
PEKYPPEHTHBIM COOTHOLLEHVEM

22.

MpaBnno, No KOTOpoOMy
BbIYMCNAOTCA 3HA4YEHUA
BUHOMManNbHbIX KO3 PMLMEHTOB
Ha3blBaeTCH:

a) hopmyna cyMmMnpoBaHus dunepa;
6) anroputm Kpackana;

B) TpeyronbHuk Nackans;

r) 6uHom HbloToHa.

23.

ApudmeTnyeckas nporpeccus
ABnseTcs:

a) peKyppPEHTHbIM COOTHOLLEHMEM 1-T0
nopsiaKa;

6) BTOPOro nopsaka;

B) BOOOLLE HE ABNAETCS PEKYPPEHTHbBIM
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COOTHOLLEeHneM.

24.

MeTopn reoMeTpuy4eckmx nporpeccuii
NPU pPeLLEHUN PEKYPPEHTHOIO
COOTHOLLEHUS UCMONb3YyeTCs, ecnu:

a) ero xapakrepuctmyeckoe ypaBHeHue
CTeneHn n MMeeT KpaTHble KOPHWU;

0) BooObGLLIE HE NMEET KOPHEN;

B) MMeeT N pasnuU4YHbIX KOPHEWN;

) UMeeT TOSbKO LieNble KOPHM.

25.

MeTon noagGopa penepTyapa
3akno4yaeTcs B:

a) BblABWXXEHUN rMNoTesbl 0 Buae obuiero
yrieHa CyMMbl, KOTOpasi 3aTeM NpoBepsieTcs
No MHAYKLMMK;

0) 3ameHe CyMMbl Ha BblUMCIIEHME MoLwaan
HEeKOTOpOn pUrypobl;

B) Bbl4eneHnMn nepBoro 1 nocneaHero
YIEHOB CyMMbI;

) 3aMeHe CyMMbl COOTBETCTBYHOLLMM
PEKYPPEHTHBIM COOTHOLLEHVNEM

26.

PaBeHcTBO:
k _ -k
Cn - Cn

Bblpaxaer:

a) COOTHOLLEHME CUMMETPUM;

0) dbopmyny cnoxeHms GUHOMMAanNbHbIX
KoahpnumneHTOB;

B) NpaBuro obpalleHnsa BepXHero NHAEKCa;
r) NpaBuO BHECEHWSI.

Kputepum oueHku pesynbTtaTta
Kaxkgoe npaBunbHO BbINOSTHEHHOE 3agaHne — 1 6.

«5» — 24-26 6annos, «4» — 18-25 6annos,
«3» — 12-17 6annoB, «2» —0-11 6annos
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