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MeToaunyeckme ykaszaHusa ans ody4varowmxca Nno 0CBOEHUIO ANCLUNIINHbI

Mpuctynas K wm3yvyeHuto y4yebHOM AUCLMNIMHBI, LenecoobpasHO O3HaKOMUTLCH C
y4yebHON NporpamMmmMon ANCUUNIINHBI, 3NEKTPOHHBIN BapuaHT KOTOPOWN pa3meLléH Ha cante b
BIy.

OTO NO3BONMT OBYyYaOLMMCS NONYYMTb YETKOE NpeacTaBneHne o:

eriepeyHe N COoAep)KaHUM KOMMETeHUMH, Ha (popmMMpoBaHME KOTOpbIX HanpasrieHa
ANCUNNINHA,

e OCHOBHBbIX Llendax 1 3agadax gUCUUNInHbI;

e MIaHNPyeEMBbIX pesyrnbTaTtax, NpeacTaBreHHbIX B BUAe 3HAHWUN, YMEHUA U HaBbIKOB,
KOTOpble JOMXHbl OblTb CPOPMUPOBAHBI B MPOLIECCe U3YYEeHUS OUCLMMIIUHDI;

® KONIMYECTBE YacoB, NPEAYCMOTPEHHbIX Y4EOHbIM MAAaHOM Ha U3yvyeHne aUCLMUMINHDI,
doopMy NPOMEXYTOHHOM aTTecTaumu;

e KONIMYECTBE YACOB, OTBEAEHHbIX HA KOHTaKTHYIO 1 Ha CaMOCTOSITENbHYO paboTy;

e (bOpMax KOHTAKTHOM N CaMOCTOATENbHOM paboThl;

e CTPYKTYp€E OUCLMMNIIMHBI, OCHOBHbIX pasfgesiax u Temax;

e CICTEME OLEHMBAHNA Y4E€OHbIX AOCTUXKEHUN;

e y4ebHO-MeToANYECKOM U MH(POPMALMOHHOM obecneyYeHnn QUCLMUNIIHDI.

3HaHMe OCHOBHbIX MOJIOXKEHUN, OTPaXeHHbIX B pabodver nporpamme OUCLMMIUHBI,
NOMOXeT 00y4aloLLMMCH OPUEHTMPOBATLCH B U3ydaeMOM Kypce, OCO3HaBaTb MECTO U pPOfib
n3y4aemon OuCUMNnHbI B MOArOoTOBKE Oyayulero BbIMYCKHMKA, CTPOUTb CBOKO paboTy B
COOTBETCTBUM C TpeboBaHNAMM, 3aN0XEHHLIMU B MporpamMme.

OCHOBHbIMM OpPMaMK KOHTAKTHOM paboTbl MO AUCUMMAMHE SABNAIOTCA NEKunn u
npakTU4ecKkne 3aHATUS, MocelleHne KOTOpbIX obs3aTenbHO Ansi BCeX CTyAeHToB (Kpome
CTYAEHTOB, 00yYaloLUXCH MO MHAMBUAYANbHOMY MNaHy).

[MogroToBKa K MpakTUYECKUM 3aHATUAM BeOeTCs Ha OCHOBE MflaHOB MpaKTU4eCcKuX
3aHATMA. B xopge noarotoBKM K MNPaKTUYECKMM  3aHATUAM  HEeoOGXoAMMO U3yuYnTb B
COOTBETCTBUM C BOMpocamMu AN NOBTOPEHUS KOHCMEKTbl FEKUWN, OCHOBHYK nuTepartypy,
03HaKOMUTbLCHA C AOMNOMHUTENBHON NuTepaTypon. Kpome Toro, criegyet NOBTOPUTL MaTepuan
NeKUnn, OTBETUTb Ha KOHTPOSbHbIE BOMPOCHI, U3y4nTb 00pasubl peLlleHns 3agad, BbiNofHUTb
ynpaxxHeHus (ecnn Takne NnpegycMOTPEHbI).

Mpy NOAroToBKE K MPOMEXYTOYHOM aTTecTauum HeobxoauMo NOBTOPUTL NPOVAEHHbLIN
mMaTepuan B COOTBETCTBUM C Y4ebOHOW nporpammon, MpPUMEpPHbIM MEpPEeYHEM BOMPOCOB,
BbIHOCSLLMXCA Ha 3K3aMeH. PekomeHayeTcs MCnosib3oBaTb KOHCMEKTbI MEKUNN U MCTOYHUKM,
nepeynucrnieHHble B CNMCKe nuTepaTypbl B paboyen nporpamMme OUCUMMMAWHBI, a Takxke
pecypchbl N1IEKTPOHHO-OMBNNOTEYHBIX CUCTEM.

MeToaunyeckue MaTepuanbl onA o6yqarou.w|xc;| Mo OCBOEHUIO TeOpPeTU4eCKUnX
BOnNpocoB ANCLUNMJINHDbI

Temal. Anrebpanyeckme cuctemol
lnaH

1. OmHoweHus akeusaneHmHocmu. OmHoweHuUs NopsioKa.

2. Cesa3b OmHOWeHUU aKeusarieHmHocmu ¢ pa3bueHuUsMu MHOXXecmea.

3. NMoHsmue u ceolicmea buHapHoU anzebpauyeckol onepauyuu.

4. pynnbl. HopmarnbHblie denumenu. KoHe4YHble epynnbil.

5. Konbua u norns.

1. OmHoweHus 3keusasieHmMHocmu. OmHoweHusi nopsioka

OMPELOENEHWE. Oekapmosbim npoudsedeHuem MHOXeCTB A n B HasbiBaeTca
MHOXECTBO, COCTOSILLEE M3 BCEX YNOPSA0YEHHbIX Nap 3NEeMEHTOB Buaa <a, b>, B KOTOpPbIX
NepBbIN 3NIEMEHT NPUHAANEXUT NEPBOMY MHOXECTBY, a BTOPON — BTOPOMY.

O6o3Hayenne: AxB ={<a,b>/acA,beB}.

Ecnu mHOoXecTBa A n B coBnagaloT, TO 4EKAapTOBO NpOU3BeAEeHME Ha3bIiBaKT Takke
OekapmosbiM Keadpamom MHoxecTBa A: AxXA = A2,




OMNPEQOENEHWVE. BuHapHbiM omHOWeHUEM, 3a0aHHbIM Ha HENYCTOM MHOXecTBe A,
Ha3blBaeTCs BCAKOE NOAMHOXECTBO AeKapToBa KBagpaTa MHOXecTBa A.

[Ana o6o3HaveHnss GUHAPHbBIX OTHOLLUEHMI UCMONb3YT NMOO cneumanbHble 3HAYKK,
obLenpuHsTbie, Hanpuvep: =, <, 2, ||, L n 1.4., nM6o Gykesl rpeyeckoro andasura: a, 3, o,
®, pnT.AO

Ecnu anemeHTbl X 1 y MHOXecTBa A HaxOAsTCS B HEKOTOPOM GUHAPHOM OTHOLLEHUM
0, TO 9TO MOXeT 0603Ha4YaTbCA OQHMM U3 criegyoLlwmx obpasos:

<X, y> € 0,nmbo x o y.

OMNPELOENEHVE. BuHapHoe OTHOLIEHWE p, 3adaHHOE Ha HEenycToM MHOXecTBe A,
Ha3blBaeTCs:

e pegpriekcusHbIM, ecnn (Va € A) cnpaBeanueo <a, a> € p;

e aHmMupedgbriekcusHbIM, ecnn (Va €A) cnpaBeanueo <a, a> ¢ p;

e cummempu4HbiM, ecnn (Va, beA) ns Toro, 4Yto napa <a, b> € p, cneayert, 4Tto napa
<b, a> € p;

e mpaH3umueHbIM, ecrnv onsa (Va, b, ¢ € A), 3 Toro, 4to napa <a, b> € p n napa <b,
Cc> € p, crneayer, 4YTo napa <a, c> € p;

® aHMUCUMMEMPUYHbIM, eCnn ANa NobblX pasnuyHbIX 3NEeMeEHToB a, b € A n3 Toro,
yTo <a, b> € p n <b, a> € p cnegyet, yto a = b;

e acummempuyHbiM, ecnn (Va, b € A, a # b) ycnoeue <a, b> € p HMKOraa He BreyeT
3a cobowu BbInosiHeHue ycnosud <b, a> e p;

e OMHOWEHUEM 3K8UBANIEHMHOCMU, €CnN OHO pedneKkCMBHO, CUMMETPUYHO WU
TPaH3UTUBHO OQHOBPEMEHHO;

e OMHoweHUeM ropsidka, €Crnv OHO aHTUCUMMMETPUYHO U TPAH3UTUBHO;

Ecnn npn aTtoMm oTHOWeEHMe p obrnagaeT CBOMCTBOM aHTUPEMNEeKCMBHOCTWU, TO OHO
Ha3blBAeTCsA OTHOLIEHMEM CmMpPo2020 rMopsidka, ecnu xe p obnagaeT CBONCTBOM
pedNIEKCUBHOCTU, TO — OTHOLLEHUEM HECMPO2020 nopsidka.

OMPEOENEHUE. OTHOweHNe nopsigka p, 3agaHHOe Ha MHOXecTBe A, Ha3biBaeTcs
OMHOWeHUeM JlUHelUHo20 ropsidka, ecnu ana nwobblx ABYX anemeHToB a, b e A
BbIMOSIHAETCSA OAHO N TOSNbKO O4HO M3 YCIOBUNA:

a=bwnu<a, b>epunun<b,a>enp.

"oBOPAT Takke, YTO B 3TOM Clnyyae OTHOLLEeHne p obnagaeT CBOMCTBOM C853HOCMU.

Ecnn GuHapHoe OTHOWEHWe p 3agaHO Ha KOHEYHOM MHOXecTBe, TO ero HarnsigHo
MOXHO M3006pa3nTb C NOMOLLbLIO OpUEHMUpPOB8aHHO20 2pagha. Npn 3TOM 3MEMEHTbLI CaMoro
MHOXeCTBa M300paXkarTCa TOYKaMmn Ha NITOCKOCTM.

Ecnu napa <a, b> € p, TO COOTBETCTBYIOLME TOYKN COEANHAOTCA OPUEHTUPOBAHHBIM
pebpom oT a Kk b.

Takke MOXHO MNOCTPOUTb epaghuk OUHAPHOro OTHoWweHus. [Ons 3Toro no ocam
abcumcc n opamMHaT OTKNaabIBaAlOTCS SNEMEHTbI MHOXECTBA, @ Ha KOOPAMHATHON MNOCKOCTU
CTPOATCS TOYKM, KOOPANHATBI KOTOPbIX COOTBETCTBYIOT 3fiEMEHTaM GUHAPHOrO OTHOLLEHUS.

BepHo n obpaTHoe. Jltobon opueHTMpOBaHHLIM rpad, a Takke rpaduk MOXKHO
paccMaTtpuBaTtb kak rpad unu rpadumk OMHAPHOro OTHOLLEHMS U onpeaensaTb N0 HUM €ero
CBOWCTBA.

MPUMEP 1. lMyctb A ={1, 2, 4, 6}.

Torga oekapToB KBagpaT MHoXecTBa A ByaeT paBeH:

AxA = {<1,1>; <2, 2>; <4, 4>; <6, 6>; <1, 2>; <2, 1>; <1, 4>; <4, 1>;
<1, 6>; <6, 1>; <2, 4>; <4, 2>; <2, 6>; <6, 2>; <4, 6>; <6, 2>}.

Cnepylouiee NogMHOXECTBO p MHOXecTBa AxA ABNSETCH, COrnacHoO onpeaenieHunio,
GMHapHbIM OTHOLLEHNEM, 3aaHHbIM Ha MHOXecTBe A:

p ={<2,2>;<4,4>; <1, 2>, <2, 1>; <1, 4>; <6, 2>; <4, 6>}.

[laHHOe OTHoLleHne He obnagaeT CBOMCTBOM peddrieKCMBHOCTU, Tak Kak, Hanpumep,
napa <1, 1> eMy He NpPUHaAANEXMWT.



C aopyrow cToOpOHbl, OHO He obragaeT n CBOMCTBOM aHTUPEdNIEKCUBHOCTM, NOCKOSTbKY
OHO COOEPXUT napbl <2, 2> un <4, 4>,

OTHOWeEHNE P HE CUMMETPUYHO, XOTS Obl y)Xe NMOTOMY, YTO OHO COAEPXMT napy <1,
4> HO He cogepxut napbl <4, 1> OpgHako, OHO He OygeT Takke SABMATbLCA HU
aHTUCUMMETPUYHBLIM, HW aCUMMETPUYHbIM, MOCKOSIbKY €My OAHOBPEMEHHO npuHaanexar
napbl anemMeHToB <1, 2> 1 <2, 1>, npnyem 2 = 1.

OTHoweHMe p He obnagjaeTt Takke CBOMCTBOM TPAH3UTUBHOCTU, TaK Kak, XOTS napbl
<1, 4> un <4, 6> eMmy npuHaanexar, napa <1, 6> OTHOLIEHWNIO P HE NMPUHAOSIEXNT.

MocTtpoum rpad u rpaduk 3Toro GUHAPHOrO OTHOLLEHWS:

r

1 2 3 4 5 6

pachuk omHoweHust p

3AMEYAHWA. 1. N3 onpegeneHun cnegyeT, YTO HU OOHO BUHApHOE OTHOLLIEHWNE He
MOXeT obnagaTb OQHOBPEMEHHO CBOMCTBaAMU PEGEKCUBHOCTM N aHTUPEDIIEKCUBHOCTU UK
CBONCTBAaMM CUMMETPUYHOCTU U aHTUCUMMETPUYHOCTU (acMMMeTpUYHOCTM). B TO ke Bpems
N3 npumMmepa cnegyeT, YTO HEKOTopble BUHAPHbIE OTHOLLEHUS MOryT BoobLe He obnagaTtb HU
O[HMM M3 CBOMCTB COOTBETCTBYIOLLEN Napbl.

2. [NprmepamMn OTHOLLEHNSA 3KBUBANEHTHOCTU MOTYT CIY>XMUTb:

e OTHOLLEHME PaBEHCTBA « = » Ha NMOOOM YMCITOBOM MHOXECTBE;

e OTHOLLUEHWE napannenbHOCTH « || » HA MHOXXECTBe BCeX NPSAMbIX MIOCKOCTY;

e OTHOLLEHME P HA MHOXECTBE BCEX CITIOB PYCCKOro andasuta, ecnv aBsa Ccrnoea u u v
HaXOAATCSA B OTHOLUEHUM P TOr4a M TOSMbKO TOraa, Korga OHW Ha4yMHaKTCA C OOHOM U TOW Xe
OykBbl, MOCKOSIbKY KaXdoe W3 3TUX OTHOLIEHWW, o4YeBMOHO, obnagaeT CBOMCTBaMMU
pedIEKCUBHOCTU, CUMMETPUYHOCTU U TPAH3UTUBHOCTM.

3. Mpymepamm oTHOLIEHMSA NOpSAAKa MOTYT CYXUTb:

e OTHOLUEHMUSI CPABHEHUS MO BENMUYUHE « < » N « > » HA MHOXECTBE LIeTblX YNCEN;

e OTHOLLEHME AENMMOCTM HaLENOo « : » HAa MHOXECTBE HaTyparibHbIX YMcen.

Mpn 3TOM NepBble ABa OTHOLLUEHUS €CTb OTHOLUEHMSI CTPOroro NIMHEMHOro nopsiaka,
MOCKONbKY OHW 06nagatT CBOMCTBOM aHTUPEMNEKCUMBHOCTM U CBA3HOCTU (HU OAHO Lenoe
4YMCNO He MOXeT OblTb CTporo 6onblue MM MeHblue camoro cedsi U M3 ABYX pasnnyHbIX
uenbix 4ucen ogHo o6s3aTenbHO Oonblwe nMBO MeHblle Apyroro), a nocnegHee —
HEeCTPOroro HenMHerHOro nopsaka, Tak Kak OHO, HanpoTuB, pedneKkCMBHO U HECBS3HO
(ka>kgoe HaTyparnbHOe YUCo AenuTca caMo Ha cebsa n ona OByX pasnuyHbIX HaTypanbHbIX
yucen He obsiI3aTenbHO OOHO AENUTCH Ha ApYroe Hauesno).



2. Cesi3b OMHOWeHUll aKkeusasileHMHoOcmu ¢ pa3bueHusiMu MHoXxecmea

OMPEQOENEHUE. ToBopaT, 4to Habop nogMHOXeCTB MHOXecTBa A obpasyeT
pa3bueHue 3TOro MHOXXeCTBa, €CIM BbINOJTHAKTCA CrieayoLlmne yCcrnoBus:

1) xoTs1 6bl OOHO M3 NOAMHOXECTB HENYCTO,

2) HUKakue OBa NOAMHOXECTBA He nepecekaroTcs,

3) o6beamHeHe BCceX NOAMHOXECTB COBMagaeT C MHOXECTBOM A.

MogMHoOXecTBa Ha3bIBaKOTCHA B 3TOM Criyvae Kriaccamu pa3bueHus.

MHoXecTBO A , 3nemMeHTaMu KOTOPOro SBMSIKOTCS Kracchl [aHHOro pasbueHus,
Ha3bIBalOT hakmMop-MHOXeCmeoM MHOXeCTBa A NO AaHHOMY pa3duneHuto.

CyuwiectByeT camasi TecHasi CBA3b Mexay pas3duveHnsMM HEKOTOPOro MHOXECTBa U
OTHOLLEHMSIMN SKBMBAIIEHTHOCTU, KOTOPbIE MOXXHO HA AAHHOM MHOXECTBE MOCTPOUTb.

TEOPEMA. [lo kaxOomMy OmMHOWEHUK 3KeusasleHmHocmu, 3adaHHOMY Ha
MHOoXecmege A, MOXXHO r1ocmpoums HEKomopoe pa3bueHue amoao MHoxecmea. Y1 obpamHo,
Kaxoomy pa3bueHuro MHoxXecmea A coomeemcmeyem HeKomopoe OMmHoWeHuUe
aKeueasieHmHocmu.

3AMEYAHWA

1. CnencrtBnem 3TON TEOPEMbI, KOTOPOE MMEET MNpPaKTU4ecKoe 3HadeHune, SBMsieTcs
TOT (paKT, YTO CyLLUECTBYET B3aMMHO-O4HO3HAYHOE COOTBETCTBME MEXOY MHOXECTBOM BCEX
pas3nMyHbIX pa3duMeHnn MHoxecTBa A UM MHOXECTBOM BCEX PasfnyHbiX OTHOLLEHUN
9KBMBANEHTHOCTM, KOTOpPblEé MOXHO 3aJaTb Ha 9TOM MHOXecCTBe. Takmm obpasom,
Pa3nNUYHbIX OTHOLUEHNA SKBUBANEHTHOCTU Ha A4aHHOM MHOXecTBe OyaeT POBHO «CTOMbKOY,
«CKOMbKO» PasfnyHbiX pa3brueHnin 3TOro MHOXeCTBa MOXHO MOCTPOUTb.

2. lyctb paHo pasbueHne MHOXecTBa A U COOTBETCTBYHWOLlEE €My OTHOLleHue
9KBMBANEHTHOCTN p. Toraa ¢akTop-MHOXECTBO MO AaHHOMY pa3bMeHM0 Ha3biBalT TaKkKe
¢aKkTOpP-MHOXECTBOM MO OTHOLLIEHWIO SKBUBANIEHTHOCTU p 1 0603Ha4varT A/p .

NMPUMEP 2.

1. MNMycTb gaHo mHoxecTBo A = {a, b, ¢, d} n OTHOLIEHNE SKBMBANEHTHOCTM HA HEM:

p ={<a, a>; <d, d>; <a, d>; <d, a>; <c, c>; <b, b>}.

UTo6bl NOCTPOUTL NO OTHOLLEHUIO P pa3breHne 3TOro MHOXECTBA, LOCTAaTOYHO B O4MH
Knacc pasdneHns NOMecTUTb Te U TONbKO T€ 3MEMEHTbI MHOXECTBa A, KOTOPbIe HAaXOOATCA B
OTHOLLEHWM p:

A ={a, d}; A={c}; A={b}.
2. MNycTb faHo mHoxecTBo A = {a, b, ¢, d}, Ha KOTOpoM 3agaHo pa3dbueHune:
A={a}; A={b, c}; A={d}.

Utobbl MOCTPOMTL MO AAHHOMY pPa3dbMEHMI0O COOTBETCTBYHOLLEE €My OTHOLIEHME
9KBMBANEHTHOCTN, [OCTAaTOMHO OTHECTUM K 3TOMYy OTHOLIEHWIO T€ W TOMbKO Te napbl
3NEMEHTOB, KOTOpbIE NPUHaANexaTt ogHOMY knaccy pasbuenus: p = {<a, a>; <b, b>; <c, c>;
<.b, c>; <c, b>; <d, d>}.

MPUMEP 3. 3agagum Ha MHOXecTBe Z OTHOLLEHME = MO crieayrowemy npasuny:

b=a(modm)=>b-a=mq,qmeZ m>(1).

foBOpPAT, YTO @ cpasHUMO ¢ b o mModyro m.

OueBNOHO, YTO ITO OTHOLLUEHME eCTb OTHOLLUEHWE IKBMBASIEHTHOCTW, TaK Kak OHO
pedrIEKCUBHO, CUMMETPUYHO U TPAH3UTUBHO. Takke O4YEBMAHO, YTO Yucna a U b cpaBHUMBI
no mod m Toraa v TONbKO TOraa, Korga OHW AatoT Npu AeNeHMn Ha m O4MHAKOBbIE OCTaTKM.

Knaccamu pa3bneHnsa no gaHHOMY OTHOLLEHUIO = SABMATCA MHOXECTBa BMAa:

{atm-q | q - yenoe} ={...,-3m+a, -2m+a, -m+a, a, m+a, 2m+a, 3m+a,...},

KoTopble obOo3HavawTcsas 4Yepe3 a+tmZ unM NPoCTO & M HasblBAKTCA Kraccamu
8bI4EMO8 NN NPOCTO 8blYemamul.

dakTop-mMHOXecTBO Z/ = o06003HavaeTca o06blMHO uYepe3 Z,, M HasbiBaeTcs
MHOXXECMBOM 8bI4emOo8 Usflu MHOXECMBOM UEJIbIX YUCEes Mo MOOYIIo m.

3AMEYAHUME. Kaxagbim knacc pa3dbueHus No OTHOLUEHUID = coaepXuT 6eCcKOHeYHOo
MHOro anemeHToB. CamMO MHOXECTBO KNacCOB 3KBMBANEHTHOCTU COOEPXUT POBHO mMm



anemeHToB. OBbIYHO U3 KaXAOro Kracca 3KBMBANEHTHOCTM BblGuMpaloT npepcraBuTens —
HeoTpuUaTenbHOEe YACIOo, KOTOPOEe Npu AeneHnn Ha m gaet octatok r, rae 0 <r <m.

3. MoHssmue u ceolicmea 6uHapHoU anzebpauyveckoli onepayuu

Omob6paxkeHust unn byHKYuUU

OMNPEOENEHVE. BbuHapHoe oTHoweHune f, 3agaHHOe Ha nape MHoxectB A un B,
Ha3blBaeTcs omobpaxeHuem wnu gbyHkyueld n3 A B B, ecniv BbINOMHAKTCA YCNOBUS:

1) onsa noboro anemeHTa a € A HangeTca Takon aneMeHT b € B, 4to napa <a, b> € f;

2) ana noboro anemeHTa a € A n nobbix anemeHToB b, ¢ € B 13 Toro, 4to napsbl <a,
b> un <a, c> ogHOBpPEMEHHO NpuHagnexart oTHoweHuto f, cneayeT, Yto b = C.

Ecnn napa <a, b> npuHagnexuTt oTHOLWEHUIO f, TO NEPBLIN 3NIEMEHT Napbl Ha3bIBalOT
rnpoobpa3om BTOPOro, a BTOpon — 0bpa3om NepBoro.

3AMEYAHWE. YuntbiBast nocrnegHee, onpeaeneHme Kopoye MoXxHO chopMynmpoBaTth
cneaywoLwmnm obpasom:

BuHapHoe oTHoweHne f, 3agaHHoe Ha nape MHoxecTB A wn B, HasbiBaeTcs
omobpaxeHuem vnu ¢yHkuueli n3 A B B, ecnu kaxablh anemMeHT MHOXecTBa A umeeT
eOuHcmeeHHbIlU 0bpa3 B MHOXecTBe B.

O6o3Ha4vyeHne. Ecnn f ectb oTtobpaxeHne M3 A B B n napa <a, b> € f, 1o ato
3anucbiBaroT Kak f(a) = b.

OMNPEOENEHUE. OtobpaxeHne f mn3 A B B HasbiBaeTca UHBEKMUBHLIM (urnu
UHBbekyuel), ecnun onga niodbix anemMeHToB a , b € A BbINOMHSAETCS YCoBUE:

f(a)=f(b)=>a=b.

OtobpaxeHne f n3a A B B HasbiBaeTcs CHOpbEKMUBHbLIM (Unu cropbekyuel, unu
omobpaxeHueM «Ha»), eCnn Anga BCSAKOro anemMeHta b € B HangeTtca Takon anemMeHT a € A,
Aanga kotoporo f(a) = b (kaxgbii obpas umeeT npoobpas B MHOXeCTBe A).

OtobpaxeHue f ns A Ha B HasbiBaeTca buekmusHbiM (unu buekyued unu 83auMHO-
OOHO3Ha4YHbIM, €CNIN OHO UHBEKTUBHO U CIOPBEKTUBHO OAHOBPEMEHHO.

NMPUMEP 1.

1. Nyctb f = {<x, y> € R"x R/ x = y?}. [laHHOe OTHOLIEeHNe OTOBpaxkeHnem He
SIBMNSIETCS, TaK Kak He BbINOSIHEHO BTOpOeE ycrnosue 3 onpegenenuns 8. Hanpumvep, anga x = 4

nMmeem y = \/Z =2ny, = -\/Z = -2. Takum obpasom, napbl <4, 2> un <4, -2> 0gHOBPEMEHHO
npuHagnexaT OTHOWEHUIO f, XoTa 2 # -2.

2. Myctb f = {<x, y» € R x R/ x* = y}. O4yeBNOHO, 4YTO B 3TOM Cllyyae Kaxgoe
AENCTBUTENBbHOE YUCIIO X UMEeEeT eOUHCTBEHHbIM obpa3 B MHoOxectBe R, u notomy f
ABNAETCA OTOOPaAXKEHNEM.

OpHako u3 Toro, 4to f(2) = f(-2) = 4, He cnegyeT, 4yto 2 = -2, noToMy [ He
WHBEKTUBHO.

Kpome Toro, ecnu y < 0, TO HENb3s HAaNTU HU OOHOro anemMeHTa X € R, ons koToporo
BbINOMHANOCH Obl paBeHCTBO X? = y. CnefoBaTtenbHO, oTobpaxeHne f He CIOPbEKTUBHO.

3. Nyctb f = {<x, y> € R x R/ y = 2x}. O4eBngHO, 4TO B 3TOM Ccrniy4ae f TaKke
aBnsieTca otobpaxeHnem. bonee Toro, Tak kak Ans nobbiX 4eNCTBUTENbHbBIX YNCENT X U X, :

f(x) = f(x,) <=>2x=2 X, <=>X =X,
TO oToOpaxeHne f MHBLEKTMBHO, a Tak Kak Ans noboro OerWCTBUTENbHOrO yucna y

CcyLlecTtByeT TakKoe YNUCII0 X = % , UTO.
Y Y

X) = =)=2*= = ,

f09=1(3)=2'% =y

TO oTobpaxeHue f clopbekTuBHO. CriegoBaTtenbHo, f aBnseTcs buekumen.
OMNPEAENEHKE. MycTb f - oTobpaxkeHne n3 mHoxecTBa X B MHOXeCTBO Y:
f={x,y>/xe X yeY}L



CootBetctBue f~' = {<y, x> / roe <x, y> € f} HasbiBaeTca 06pamHbIM K
oTobpaxeHuto f.

TEOPEMA. CooteetctBue f~', obpatHoe kK oToBpaxeHuio f, camo aBnseTcs
oTobpakeHMeMm Torga u TONbKO Toraa, Korga otobpaxeHue f GuekTnBHO.

OMPELOENEHWE. BuHapHol anzebpaudyeckol onepauyuel, 3afaHHON Ha MHOXeCTBe
A, HasbiBaeTcs oToOpaxeHue f: A x A — A, KOTOpoe Kaxaou nape 3fEMEHTOB U3
MHOXeCTBa A CTaBUT B COOTBETCTBME HEKOTOPLIN 3fIEMEHT 3TOr0 XXe MHOXeCTBa:

(Va,be A)(IceA)f:<a,b>—c

O6o3Hayenue: a f b = c. [Ina o6o3HayeHns BUHapPHbIX onepauuin 06bIYHO UCMONb3YT
He OyKBbl, @ cneumnanbHbIe 3HAYKU: « +», « * »,«-», € 1 », € °© » N T.A.

3AMEYAHUE

MopobHoe onpepeneHve MOXHO cdopMynupoBaTb Afs N-apHOW anrebpanyeckon
onepaumm npu nOOBOM KOHEYHOM HaTtypanbHoM n. OpgHako B abcTpakTHou anrebpe
Hanbonee 4acTto, KpoMe BUHaAPHOM, UCMNOSL3YIOT MOHATUS YHAPHOW U HYNbapHOW onepauuni.

OMNPEQOENEHWE. YHapHou aneebpaudeckou onepayueu, 3a0aHHON HA MHOXeCTBe A,
HasblBaeTcs oTobpaxeHue f: A — A, KOTOpOe KaKaoMy afeMeHTy MHoxecTBa A CTaBuT B
COOTBETCTBME HEKOTOPbLIN 3NIEMEHT 3TOrO XXe MHOXECTBa:

(Vae A)(IceA): f(a)=c.

HynbapHolu aneebpauveckou onepayued, 3afaHHON Ha MHoXecTBe A, Ha3sblBaeTcs
BbleneHne B 3TOM MHOXECTBE HEKOTOPOro hMKCMPOBAHHOIO 3fiEMEHTA.

OMNPEOENEHUME. Onepaums « * », 3agaHHasi Ha HENMyCTOM MHOXecTBe A,
Ha3blBaeTCs:

e gccoyuamueHoU, ecrnu:

(Va,b,ce A)a*(b*c)=(a*b)*c;
® KOMMYyMmamueHOoU, eCIu:

(Va,be A)a*b=b*a.

OMNPEOENEHUE. INoBopAT, 4TO onepaums « * », 3agaHHasl Ha HerNnycToM MHOXeCTBe
A, obnapaert:

e s1€8bIM [rpasbiM] HelimparsibHbIM 3/1eMEeHMOM, ECIN:

(Jec A)(Vac A) e*a=ala*e=al]

© 08YCMOPOHHUM HelimparsbHbIM 3/IEMEHMOM (NN NPOCTO HelmparbHbIM), €CIA OHa
obnagjaet M neBbiM W MpaBbiM HEUTPASibHbIM 3feMeHTaMUu, MpUYeM 3TU SNEeMEHTDI
coBnagatoT:

(dee A)(vac A) e*ra=a*e=a.

OMNPEAENEHUE

Onepauus « * », 3agaHHas Ha HENyCToOM MHOXecTBe A, Ha3blBaeTCA:

e 0bpamumoli cnesa [cripasal, ecnu:

(VaeA)(3beA)b*a=e,[a*b=¢],

rae e — neBbli [NpaBbi] HEMTParbHbINM AIEMEHT MHOXECTBa A No onepaumm « * ».

e 08ycmopoHHe obpamumou (Mnu nNpocTo obpamumou), ecrnv oHa obpaTtnuma n cnpasa
n cnee.a:

(VaeA)(@beA)a*b=b*a=e,
rae e — HemTparnbHbIN ANEMEHT MHOXeCTBa A nNo onepaumn « * »,
e COKpamumoli crieea [cripasa], ecnu:
(Va,b,ce A)(c*a=c*b=>a=bh).
[@a*c=b*c=>a=Dh].

e COKpamumMoU, eCrnin OHa COKpaTMma 1 crnesa u cripasa.

OMNPEQOENEHUE. Myctb Ha MHOXecTBe A 3agaHbl ABe OuHapHble anrebpandeckue
onepaumm - «* » N « ° ».

Onepauua « ° » HasbiBaeTca ducmpubymusHou criega [cripaga] OTHOCUTENBbHO
onepaumm « * », ecnu:



(Va,b,ce A)ce(a*b)=(cca)*(c°b)
[(@*b)ec=(acc)”(bec).

Onepauus « ° » HasblBaeTcst OucmpubymugHoU OTHOCUTENBHO onepauumn « * », ecnm
OHa AMCTpnbyTnBHaA OTHOCUTENBHO JaHHOW onepaunn 1 crieBa u cnpasa.

3AMEYAHUA

1. MNMpwu npoBepke cBONCTB BUHApHOW onepauuun, 3agaHHOM HA HEKOTOPOM MHOXECTBE,
npexae Bcero Heo6xoaMMo NpoBEPUTb, ABMSETCA N AaHHas onepaumst anrebpanyeckon Ha
AaHHOM MHoOXecTBe. Tak, Hanpumep, onepaums BblYMTaHUA He ABnseTca anrebpanyveckon
Ha MHoXecTBe N HaTyparnbHbIX YUcen, Tak Kak Ansa crnydad, korga a < b, pesynbTaT aTOM
onepauun a — b < 0 n, cnegoBaTernbHO, HE NpUHAONEXNT MHoXecTBY N.

2. OyeBMaHO, YTO He BCe CBOWCTBa onepauun HesaBuCUMbI ApYyr OT gpyra. Tak, ecnu
No [JaHHOW onepauuMM B OaHHOM MHOXECTBE HeT HeWTparibHOro afieMeHTa, TO He umeet
CMbICNna roBopuTb 1 06 06paTUMOCTM 3TON onepaumu.

3. Ecnn onepaumsa « * » kOMMyTaTMBHa Ha MHOXecTBe A, To nboe n3 CBOWCTB,
KOTOpOe BbIMOSHAETCA AN Hee cneBa WNKU cnpasa, oYeBMAHO, ByadeT BbINOMHATHCA U C
APYron CTOPOHbI.

4. 'pynnbl. HopmanbHbie denumenu. KoHe4YHble 2pynnbi

rpynnbl UrpatoT B COBPEMEHHON abCTpakTHON anrebpe HaCTONbKO BaXKHYIO posfib U UX
NPUOXEHNA UMEIKOT HACTOMBbKO LUMPOKUI CMEKTP, YTO M3yYeHMe pasfIUYHbIX KiaccoB rpynm,
rPYNMNOBbIX KOHCTPYKLUMA U UX CBOWCTB BbIPOCHIO B CAaMOCTOSITENbHYHO Hay4yHYO TEOpUo —
Teoputo rpynn. [lloatomy B anrebpe 4alle WCNONb3YKTCA HECKONbKO OT/IMYHbIE OT
NpVYBELEHHOrO Bbille onpeaesnieHns rpynnbl Yepes Tak Ha3blBaeMble rpynnoBble akCUOMBbI.

OMNPELOENEHWE 1. MNpynnod Ha3biBaeTcs anrebpandeckas cTpyktypa G = <G, *,
e >, rge G # & - OCHOBHOE MHOXECTBO CTPYKTYpPbl, HA KOTOPOM 3a4aHbl:

- ogHa buHapHas anrebpaunyeckasi onepaums « * »;

- 0[lHa yHapHas anrebpaunyeckas onepaums ' ;

- 0QHa HynbapHas anrebpanyeckasa onepaunsi — BblAeneHne HeNTPanbHOro anemMeHTa
e, YOOBNEeTBOpSoLLME CNneayoLw MM akCuomMmam:

1) onepauuns « * » accoumaTtusHa: (V a, b, ¢ € G) a*(b*c) = (a*b)*c;

2) No gaHHOW onepauumn CyLecTBYeT HENTPanbHbIN 3NIEMEHT:

(Je€ G)(Vae G) e'a=a*e=gaq;

3) onepauus « * » obpatuma Ha M G:

(Vvae G)(Ib € G) a*b=b*a=e.

OMNPEQOENEHWE 2. Mpynnou HasbiBaeTcs anrebpanyeckasa ctpyktypa G = < G, * >,
rae G — HenycTtoe OCHOBHOE MHOXECTBO CTPYKTYpbl, « * » - GuMHapHasa anrebpauyeckas
onepauus, 3agaHHasa Ha G, npMyeM BbINOMHSAKTCH cnefyoLlme akcMoMbl:

1) onepaumns « * » accoumatmeHa: (V a, b, ¢ € G) a*(b*c) = (a*b)*c;

2)(Va,b e G)(3Ix,y € G) a*x=b un y*a = b (1.e. B rpynne paspeLinmbl ypaBHeHUH
Takoro Buaa).

TEOPEMA. Onpepgenedns 1 wn 2 rpynnbl 9KBUBANEHTHbl, TO €CTb, €Cnu
anrebpaunyeckaa CTpykTypa C ogHoM GUHApHOW onepaumnen sBRSeTcs rpynnon B CMbICIe
onpegenexns 1, To OHa sIBNsieTCa rpynmnon 1 B CMbIcne onpeaenexHns 2, n obpaTHo.

3AMEYAHUA

1. Tak kak B onpegeneHuu rpynnbl OTCYTCTBYeT TpeboBaHME KOMMYTaTMBHOCTU
OGuHapHon onepaumn, TO B onpegeneHmn 1 Heobxoaumo TpeboBaTb CyLIECTBOBAHUSA
peLueHms o6onx ypaBHEHUIN, NOCKOSbKY N3 pas3peLlMMOCTM ypaBHEHMS a*X = b B aToM cny4yae
He cnefyeT paspeLunMMOocCTb ypaBHeHUst y*a = b un HaobopoT. Ecnun xe onepauus B rpynne
KOMMYyTaTMBHa, TO rpynny HasbiBaloT abesiegod.

2. Yawe Bcero onepauuio B rpynne ob6o3Ha4yalOT CUMMBOMAMU « + » UNN « e» U
Ha3blBalOT C/IOXXEHUEeM W YMHOXeHUeM COOTBeTCTBeHHO. B nepBom cnydae rpynna
HasblBaeTcsa adoumueHoU, HEWTparbHbIl 3NEMEHT — HyseM, ObpaTHbI 3fEMEHT —
rpomueoronoXHeiM n 0b6o3HavatoTcst oHn Kak 0 n -a. Bo BTopom crniyyae rpynny HasbiBatoT
MynbmurnauKkamueHou.
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3. HamyparnbHoU cmerneHbro anemMeHTa g MynbTUNANKaTUBHOW rpynnbl

< G, > Ha3blBaeTCH anieMeHT g" = gege...eg(npa3),n € N;
CmerneHbto ¢ ompuyameribHbIM roKka3amesieM Ha3blBaeTCs dNeMeHT
g"=g'eg'e...eg” (npa3),neN.

4. Ecnu rpynna KOHEYHa, TO YMCIIO €€ 3NIEMEHTOB Ha3blBaeTCs r1opssOkoMm rpynnbl. B
NPOTUBHOM CIly4ae rpynna HasblBaeTcs rpynnon 6eCKoHe4YHo20 rnopsioka.

O60o3Hayenwme: nopsaok rpynnel G o6o3HavaeTcs kak |G|.

5. YacTto rpynna o6o3Ha4aeTcs ogHon bykBon G 6e3 ykaszaHusa onepauum.

NMPUMEPBHI

1. AoouTnBHbIMM abeneBbiMU rpynnamMu SBRSIOTCSA, HAaNpUMep, CTPYKTYpPbI:

<Z,+><Q, +> <R, +>,

roe Z, Q n R - MHOXeCTBa LeNbIX, paunoHanbHbIX U AENCTBUTENBHbBIX YACEN
COOTBETCTBEHHO.

2. MNpumepamn MynbTUNNNKATUBHBLIX abeneBbiX rpynn MOryT CRyXWTb CTPYKTYpbl: <

Q", > < R", o> rme Q" u R" - MHOXeCTBa BCEX HEHYNEeBbIX PaLMOHanbHbIX |
AENCTBUTENBHbIX YNCENT COOTBETCTBEHHO.

3. [lpymepoM HEKOMMYTATMBHOW [PYMnbl MOXET CHYXWUTb MHOXECTBO BCeX
KBagpaTHbIX HEBbLIPOXAEHHbIX MaTPUL, NOPSAKa N No onepaumum MaTPUYHOTO YMHOXEHUS.

4. Haunbonblwmn TeopeTudeckurm W NpUKIagHon WHTepec npeactaBnsgeT rpynna
CAMMETPUA MNPaBUNBHOIO N-yroflbHUKA, HasbliBaemas oOuadpuyeckou epynnotd Dn wnu
epynnot ouadpa.

OnemeHTamu Dn saBnsoTCS, BO-NEPBbIX, N MOBOPOTOB BOKPYr LEHTpa MHOrOYrofibHUKa

27

Ha yrnbl @, =k-—,rmmek=0,1, .., (n - 1), BO-BTOpbIX, N 0CeBbIX cummMeTpun. Ocamu
n

CAMMETPUN CnyxaT: B Cfyd4ae 4YeTHOro n - n/2 pguaroHanen, CoeguHsIoLWmX

NPOTUBOMOSIOXKHbIE BEPLUMHbI, M (N/2) NPSAMbIX, COEANHSAIOWNX CepeaHbl NPOTUBOMOMOXHbLIX
CTOPOH; B Clny4ae HeYeTHOro N - n BbICOT MHOroyronbHuka (puc. 3). Apyrux cummeTpun y
MHOrOYrosibH/Ka HerT.

a b

c d

Puc. 3. Ocn cummeTpuii NpaBuribHbIX MHOMOYTOSTbHUKOB

Wcnonbayss rpynnbl cummetpuin, E. C. depopos B 1890 rogy pewmn 3agadvy
Knaccudukaumm npaBuibHbIX MPOCTPAHCTBEHHbLIX CUCTEM TOYeK, ABMANLYCA OLHOW U3
OCHOBHbIX 3agad Kpuctannorpaduun. CyuwlectByeT Bcero 17 nnockux peaopoBCKMX rpynn,
OHM ObINM HaWAEeHbl HEMOCPEACTBEHHO; MPOCTPAHCTBEHHbIX dhepopoBckux rpynn - 230, u
TOMbKO Teopus rpynn No3sonuna NpoBeCTM UX UCYEPnbIBaKOLLYHO Knaccudukaumo. 370 Obin
UCTOPUYECKN TMEepBbLIN  Crydan MNPUMEHEHUS Teopun Tpynn  HENOCPEeACTBEHHO B
€CTeCTBO3HaHUMW.

Cnepgyrowas Teopema BblpaXkaeT npocTenne ceBomucTBa rpynn.

TEOPEMA. Bo Bcgakon rpynne < G, -> BbINOMHATCA criegytoLime CBOUCTBA:

1) B G cyLwiectByeT 1 NpuUTOM €QUHCTBEHHbIN HENTPASIbHbIA 3NIEMEHT.

2) Ona Bcakoro anemeHta a rpynnsl G cywecTtsyeT U MNPUTOM €AUHCTBEHHbLIN

obpaTHbIil arnemeHT a .

3) Ons nobbix anemeHToB a 1 b rpynnel G cnpaseanvBbl paBeHCTBa:



@')y'=awn (ab)’ =b' a’.

4) B rpynne < G, -> HeT genvrtenen Hyns.

5) B rpynne G ypaBHeHusa a*Xx = b n y*a = b ogHO3Ha4YHO paspewnmbl Ans NobbIX
anemMeHToB a n b.

6) Bo Bcakou rpynne onepawumsi AByCTOPOHHE cokpaTuma.

OMNPELOENEHUE. NoamHoxecTtBo H rpynnbl < G, -> Ha3biBaeTcs ee nodzpynnod,
€Cnn OHO caMO ABNSAETCA rpynnon OTHOCUTENBHO onepauun «-», onpeaeneHHoun B rpynne G.

TEOPEMA (kpumeput nodepynnsi). NMogmHoxectso H rpynnel < G, -> gaBnseTtcs ee
noArpynnow Toraa v TonbKO Toraa, Koraa BbINOIHAETCH yCroBue:

(va,be H) ab™ e H.

3AMEYAHWE. TloBopaT, 4to nogmHoxectBo H rpynnel < G, -> gaBnsetca ee
NoArpynnown, ecrnn OHO 3aMKHYmoO OTHOCWUTErNbHO ornepauuu, onpegeneHHon B rpynne G, m
OTHOCMUTENbHO onepaunn B3aTUA obpaTHOro anemMeHTa.

NMPUAMEPBbI.

1. Moarpynnamu Bcsikon rpynnbl < G, - > ABAAKOTCA cama 3Ta rpynna u eanHu4Has
noarpynna E, cocrosilwas Tonbko U3 0AHOro HenTparnbHoro anemeHTa rpynnel G : E = { e }.
TN noarpynnsl HasbiBaTCA HecobecmeeHHbIMU. Becakas nogrpynna rpynnel G, oTnnyHasi ot
9TUX OBYX, Ha3blBaeTca cobCcmeeHHOU.

2. MHOXeCTBO BCeX YETHbIX YNCEST ABMSAETCS NOArpynnon aganTUBHOW TPynnbl BCEX
uenblx Yncen < Z, + >, Tak Kak gns nobblx YeTHbIX Yncen a n b ymucno a + (-b) aensetca
YeTHbIM.

3. MHoxectBo {-1, 1} oOpasyeT noarpynny MynbTUNIIMKATUBHOW TPYNMbl BCEX
HEeHyneBbIX 4eNCTBUTESNbHbIX Yncen <R, - >.

4. CoBokynHoCTb <g> = {g"/ n € Z} cteneHen anemeHTa g rpynnbl G siBnsetcsd
noarpynnou B G.

OTMeTMM HeKOTOpble NPOCTENLLME CBOMCTBA NoArpynmn.

CBOWCTBO 1. MepeceyeHrie Npon3BosIbHON COBOKYMHOCTM Noarpynn rpynnsl G camo
GygeT noarpynnon 3ToW rpynnebl.

CBOWCTBO 2. O6beauHeHve asyx noarpynn rpynnbl G 6yaeT SBnaTbCa Noarpynnoil
B TOM M TOSMbKO B TOM Criyyae, Korga ogHa U3 HUX COAEePXXUTCS B APYroun.

OMPELOENEHWUE. Mogrpynna <g> = {g"/ n € Z} rpynnbl G Ha3blBaeTCs YUKIUYECKOU
rnodzpynrnod, rnopoxxO0eHHoU 3/IEMEHMOM (.

3AMEYAHWE. Ecnn B rpynne npuHsaTa aganTuBHas dopma 3anucu onepauum, To
cTeneHn anemeHTa g rpynnbl G Ha3bIBaKOTCA KpamHbiMuU 1 0603Ha4vatTes ng, (n € Z).

TEOPEMA 2. MNMogrpynna <g> rpynnbl G KOHEYHA B TOM M TONbKO B TOM Cry4ae, Korga

(3neN)g" =e.

3AMEYAHWME. Ecnu n — MMHMManbHOE YMCIIO CO CBOMCTBOM g” = €, TO OHO
Ha3blBaeTcs rnopsiokom annemeHma g. Ecnv xe (V n € N) g" # e, ToO BCe CTENeHU arieMeHTa g
OyayT pasnuyHbl Mexay cobon, n noarpynny <g> HasbiBalOT 6ECKOHEYHOU YUKIUYECKOU,
caM 3reMeHT g — a/ileMeHmoM 6eCKOHe4YHOo20 nopsioKa.

HopmanbHbie denumenu. ®akmop-2pynnbi

OMPEAEJNEHUE. MycTtb H — nogrpynna rpynnbl < G, >, g — NPOU3BOSbHbIN 3NIEMEHT
rpynnbl G. MHOXecTBO He g [ge H] Bcex anemeHTOB rpynnbl G, KOTopble NpeaCcTaBUMbI B
Buae h eg[g eh], rae h npoberaet MHOXECTBO anemMeHTOB noarpynnel H, T. e.

Heg={h eg/h e H}
[geH={g eh/heH}]

Ha3bIBaeTCS rpasbiM [resbiM] CMeXHbIM Krnaccom rpynnbl G no nogrpynne H.

TEOPEMA. lNyctb aaHa rpynna < G, >, B Hen noarpynna H n g — npoM3BOSbHbIN
anemeHT 3 G. Torga BbINONHANTCA CrieayoLlne CBONCTBA:

1) ecnv aneMeHT a NPUHaANEeX T NpaBoMy CMEXHOMY Knaccy He g, To

Hea=Heg,
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T.€. BCSAKUI NpaBbln CMeXHbIN knacc rpynnel G no nogrpynne H 3agaetca nobbiMm 13
CBOMX 9NIeMEHTOB, KOTOPbIN Ha3blBaeTcsa ripedcmasumersieM Kriacca He g;

2) aBa nobbIX cMeXxHbIX knacca rpynnel G no noarpynne H nnbo He nepecekatoTcs,
nnbo coBnagaoT;

3) oAHUM 13 npaBblX CMeXHbIX knaccos rpynnel G no noarpynne H aBnseTtcsa cama
noarpynna H, n gpyrux nogrpynn cpeau npaBbIX CMEXHbIX Knaccos rpynnbl G no nogrpynne
H HeT;

4) obbeamHeHWe BCex MpaBbiX CMEXHbIX knaccoB rpynnel G no nogrpynne H
cosnagaet ¢ camown rpynnon G.

CIEOQCTBUE.

MHoXecTBO Bcex npaBbix knaccoB rpynnbl G no noarpynne H o6pasyeTt pasbueHne
9TOW rpynnbl, KOTOPOE Ha3bIBalOT 11PasoCMOPOHHUM pa3srioxeHuem rpynnel G no noagrpynne
H:

G=h,eguh,egu...uh;eg (h, € H).

3AMEYAHUA

1. AHanorn4Hble CBOMCTBa MOXHO CCHOPMYNMPOBaTb U ANSA NEBbIX CMEXHbIX KIaccoB.
CooTtBeTcTBYIOLEE pa3bueHne Ha3bIBAKT J/1e80CMOPOHHUM pa3sroxeHuem rpynnbl G no
noarpynne H. 3Tn oba pasnoxeHns COCTOAT U3 OAHONO U TOrO e YUCra CMEXHbIX KIacCoB.
Ecnn aT0 4Mcno KoHeYHo, TO OHO Ha3biBaeTcs UuHOekcom nogrpynnel H B rpynne G.

2. NMyctb G — KOHe4YHasa rpynna nopsgka n, H — ee noarpynna nopsiaka n 1 nHgekca k.
Torga us cnencTena npeablayLien TeopemMbl Noflyd4aeM paBeHCTBO: N =m ek,

TEOPEMA JlagpaHxa.

1. Mopsgok n mHaekc nobon nogrpynnbl KOHEYHOW FPYNMbl ABNAKTCA AENUTENSMU
nopsgka camou rpynnei.

2. lNopsgok nboro anemMeHTa KOHEYHOW rpynnbl SBNSIeTCS AenuTenem nopsiaka
rpynnbi.

OMPEQOENEHUE. Mogrpynna H rpynnbl G Ha3biBaeTcss HOpMasibHOU rnod2pynnou nnv
HopmarbHbiM denumerniem rpynnbl G, ecnn ans nwboro anemeHTa g € G neBbIN U NpaBbIN
CMeXHble Knaccbl No nogrpynne H coBnagatoT:

(VgeG) Heg=geH.

B aTom cnyyae roBopsaAT NpPOCTO O pasfoxeHuu epynnbl G Mo HopMmaribHOMY
oenumernto H. OBosHayveHne: HV G.

3AMEYAHWE. HeTpygHo npoBepuTb, YTO nepeceyeHne ndoro vymcrna HopMasnbHbIX
aenutenen rpynnel < G, > camo ABNSETCH HOpManbHbIM AenuTenem 3Ton rpynnbl.

NMPUAMEP 1

B abeneBou rpynne BcsAkas noarpynna 9BAsSeTCS HoOpMaribHbIM Aenutenem, no3Tomy,
HanpumMep, noarpynna Bcex YeTHbIX Yncen GyaetT HopmanbHbIM genuteneMm aganTUBHOW
rpynnbl BCeX Lenbix yucen < Z, + >,

OMNPEAEJIEHNE. SnemeHTbl X 1y rpynnbl G HasblBalOTCA CONpsikeHHbIMU 8 G, ecnu:

(3geG) y=g  exeg.

TEOPEMA (Kpumeputi HopmaribHo20 0esiumerisi)

Mogrpynna H rpynnel G Torga u Tonbko Torga OyaeT HopMarnbHbIM JenuTenem B
< G, >, xorga H BmecTe cO BCAKMM CBOMM 3anieMeHTOM OyaeT cogepaTb U BCE ANIEMEHTDI,
conpsikeHHble ¢ HUM B G.

TEOPEMA. MNyctb H — HopmanbHaga nogrpynna rpynnbl < G, e>. MHOXeCTBO BCex
pasfiMyHbIX CMEXHbIX KriaccoB rpynnbl G no nogrpynne H ¢ onepaumen yMHOXEHUS:

(Heg )e(Heg,)=He(g, eg,)
obpasyerT rpynny, KotTopas Ha3blBaeTcs ¢hakmop-gpynnou epynnel G rno nodepynne H
n obo3HavaeTcs:

G/H={Heg/ g e G}.
Fomomopgpusmbl u uzomMopghusmMbi 2pynn
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OMNPEQOENEHUE. OtobpaxeHue rpynnbl < G, e > Ha rpynny <S, * > Ha3blBaeTcs

20MOMOPGU3MOM 2Py, €CNN BbINOIHAETCA YCrOBUE:
(Va, beG) flaeb)=f(a)* f(b). (1)

Camu rpynnbl Ha3bIBAKOTCHA MpU 3TOM 20MOMOPHHbLIMU. Takke roBopsAT, YTo rpynna
<S, * > eCTb 20MOMOPGHbIU 0bpa3 rpynnbl < G, >,

O6o3HayeHune: G ~ S.

3AMEYAHWE. Ycnosue (1) n3 onpeneneHvs 1 Ha3biBaloT Takke mpebosaHuem
coxpaHeHus epyrnnoeou onepayuu. CnoBamm OHO YMTaeTCcsa Tak: obpas nponssBeaeHNs
3aNeMeHTOB rpynnbl < G, > paBeH NponsBeaeHnto nx obpasos B rpynne <S, * >.

[MoaTomy B npaBoun 4YacTu paBeHcTBa (1) CTOMT 3HaK onepauun « e» rpynnel G, a B
NEeBOW — 3HaK onepauum « * » rpynnol S.

OMPELOENEHUE. Nomomopdusm f rpynn G n S HasbiBaeTca U30Mopghu3mMoM, eCnmn
oTobpaxeHune f BUeKTUBHO.

Camu rpynnbl Ha3bIBaOTCS MPU 3TOM U3OMOPHbLIMU, a rpynna <S, * > - U3oMOpHbIM
obpasom rpynnbl < G, >, Ob6o3HayeHne: G = S.

OTMeTMM HEKOTOpble CBONCTBA M30MOPEU3MOB rpynm.

CBOWCTBO 1. Mpu usomopdusme rpynn HETpanbHbI 3feMeHT nepexoaunT B
HEeNTpanbHbIN.

CBOWCTBO 2. Mpu wusomopdpusme rpynn o6paTHbLIN SfeMEeHT nepexoauT B
obpaTHbIN:

. (VaeG)fa')=If(a)"
CBOWCTBO 3. lNpu nsomopcuname rpynn CoXpaHAeTcsi CBOMCTBO KOMMYTaTUBHOCTU
onepauun.
CBOWCTBO 4. M3oMopdHblii 06pa3s rpynmbl ABASETCS rPynmoi.
MPUMEP 1. AgantuBHaga rpynna Bcex uesnblX Yncen nsomopdHa ceoen nogrpynne,
COCTOSILLEN U3 YETHbIX YNCEN, TaK Kak oTobpaxeHue ¢: Z — 2Z Takoe, 4TO:
(V x e 2Z) o(x)=2x,
ABNAETCA M30MOPMU3MOM Py, Tak Kak 04eBUAHO, YTO ¢ - BUeKTMBHO U (V X, Yy € Z)
Q(x +y) = 2(x +y) = 2x + 2y = ¢(X) + ¢(y).
MPUMEP 2. ApanTuBHas rpynna BCex [OENCTBUTESNbHbIX 4ucen wusomopdHa
MYNbTUNNIMKATUBHOW rpynne BCeEX NOMOXUTENbHbIX AEUCTBUTESNbHbIX YNCEN:
<R, +> = <R", ¢ >,
Tak Kak oTobpaxeHue ¢: R — R™, npn koTopom:
(VxeR) o(x)=e"

aBnseTca Guekumen, NoCKONbKy:
(VX,y eR) o(X)=0(y) <=>e* =e” <=>x=Y,
(VreR")@x eR): @(X) =y, auMeHHo, X =Iny, TK. o(lny)=e™” =y
N COXpaHSIET rpynnoByo onepawumio:
(VX,yeR)o(x+y)=e™ =e" o e’ =¢(x) * oy).

TEOPEMA (o comomopgpusme epynn). Ecnn ¢: K — S ecTb romomopuam rpynnbl G
Ha rpynny S, To paktop-rpynna G / Ker ¢ nsomopdHa rpynne S.

Mpn atom nsomopdpuam y: S — G / Ker @ MOXHO BbliGpaTb Takum 06pasom, 4To AN
Bcex x € G ,0yaeT BbINOMAHATbLCA paBeHCTBO y( ¢(X) ) = m(X), rae m - eCTeCTBEHHbIN
romomopduam G Ha G/ Ker ¢ .

5. Konbua u nons

OMNPEOENEHUE. 1. Henyctoe MHOXecTBO A C 3adaHHbIMM Ha HeM OMHapHbIMU
onepaumsaMm « ° » U « * » Ha3bIBAETCS M0/1YKOIbUOM < A, *, o >, eCnu:

1) <A, * > - abenesa nonyrpynna, T.e., onepauus « * » accounaTuBHa, KOMMYyTaTUBHA
n obnagaet HeNTpanbHbIM 3IEMEHTOM;

2) <A, o> -rpynnong;

3) onepauusi « ° » CBsi3aHa C onepaumen «
ANCTPUBYTMBHOCTH, T.€.

*

» JiEBbIM U MNpaBbiM 3aKOHaAMWM
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(Va,b,ce A)ce(a*b)=(cca)*(c°b)
n (@*b)ec=(a-c)*(bec).

2. Monykonbuo <A, ¥ ° > Ha3blBaeTCsa KOJIbUOM, ECNU:

1) < A, * > - abGenesa rpynna, T.e. onepaumsa « * » accoumaTmBHa, KOMMYTaTUBHA,
obnapgaeTt HenTparnbHbIM 3NIEMEHTOM 1 0bpaTuma;

2) <A, ° > -rpynnoung,;

3) onepauusi « ° » CBsi3aHa C onepaumen «
ANCTpnBYTUBHOCTH, T.€.,

*

» NeBbiIM N MpaBbiIM 3akKoOHaMM

(Va,b,ce A)ce(a*b)=(cca) *(c-b)
(@a*b)ec=(a>c)*(b-c).
3. Konbuo < A, *, o > Ha3bIBaeTCA r10/1e€M, ECNN:
1) < A, * > - abenesa rpynna, T.e. onepaums «
obnapgaeTt HenTparnbHbIM 3NIEMEHTOM 1 0bpaTuma;
2) < A /{0}, - > -- aBeneBa rpynna, T.e. onepauus « ° » accoumMaTtMBHa, KOMMYyTaTUBHA,
obnapgaeT HenTpanbHbIM 3N1EMEHTOM M 0OpaTuUMa;
3) onepauusi « ° » CBsi3aHa C onepaumen «
ANCTPUBYTMBHOCTH, T.€.

*

» accounatmBHa, KOMMyTaTUBHA,

*

» JneBbiIM U MpaBblM 3aKOHaMU

(Va,b,ce A)ce(a*b)=(cca)*(ceb)
(@*b)ec=(a-c)*(b-c).

3AMEYAHUA

1. Boobuwe, ecnnm Ha HEKOTOPOM HEenycToM MHOXecTBe A 3adaHbl ABe OGuHapHble
anrebpanyeckne onepaumm « * » U « ° », TO TOBOPAT, YUTO 3ajaHa aseebpaudyeckas
cmpykmypa < A, *, ° > ¢ 08ymsi BUHapHbIMU orepayusimu.

2. Tak kak no onpegeneHunto onepaumsa « * » KOMMyTaTuUBHa 8 /1l060M Kosibye, TO
KOMMYymamueHbIM KOJIbUOM Ha3sblBaeTCs Takoe KOSbLo, B KOTOPOM KOMMYTaTMBHa BTOpas
onepauus « ° ». OOBbIYHO Onepauunio « ° » Ha3bIBAT YMHOXEHUeM, a onepauuio « * » -
C/I0)KeHUeM He3aBUCUMO OT MX Npupoabl. AHaNorM4Ho, ecnv peds naet ob accoyuamugHom
Konbye, TO 39TUM CBOWCTBOM ObnagaeT onepauus YMHOXeHus « ¢ ». Ecnu no onepauuu
YMHOXEHNSA B KOMbLE CYLLECTBYET HENTParbHbIA 3IEMEHT, TO KONbLIO Ha3bIBAKT KOJIbUOM C
eduHuyed.

OMPEOENEHUE. 1. MNyctb Ha mHOXecTBe A ¢ anemeHTom 0 3agaHa onepauus «oy.

OneMeHT X € A HasblBaeTCs s1e€8bIM [pasbiM] desiumernem Hyrs, eCNN:

1) x #0;

2) (JdaeA) a#0uxeca=0[a-x=0].

Ecnn anemeHT X € A gBnseTcs U NeBbiIM U NpaBblM AenuTeneM Hyns, To ero
Ha3bIBaOT 08YCMOPOHHUM (WX NPOCTO) derrumeriem Hyris.

2. AccounaTuMBHO-KOMMYyTaTMBHOE KonbLO 6e3 penutenen Hyns HasblBaeTcs
obnacmabto yerrocm{ocmu.

MPUMEP 2. 1. MHoxectBo N HaTypanbHbIX 4ucen no onepaumm OBbI4HOrO
YMHOXeHNA obpasyeT abeneB moHoug < N, o>,

MHoxectBo N no onepaumm 0Bbl4HOrO CNOXeHUs Takke obpasyeT abenes moHoua <
N, + >, TaK Kak:

(Va,b e N) a+beN;
(Va,b,ce N) a+(b+c)=(a+b)+c;
(Va,b e N) atb=b+a;
(VaeN) a+0=0+a=a;

O[HaKo ornepaumsa croxeHus He obpatuma Ha N, Tak Kak, Hanpumep, Anga 4Yicna 2 He
cywiecTtByeT obpaTtHOro (MPOTMBOMNOSOXHOMO) 3NieMeHTa B MHOXecTBe N.

Tak kak (Va, b, c € N) c(a +b) =ca + cb, TO ymHOXeHne Ha N aNCTpUBYTMBHO
OTHOCMUTENbBHO CMOXEHMS.

M3 ckasaHHoOro cnegyet, 4to cTpyktypa < N, +, > obpasyeT accoumaTvBHO-
KOMMYTaTMBHOE MONYKOSbLO C e4MHULEN.
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2. O4yeBUOHO Takke, YTO YMHOXEHME Ha MHOXecTBe Z BCex uenbix yucen obnagaet
TakuMu e CBOMCTBaMW, Kak U CIOXeHWe, KpoMe cBomcTBa obpaTMMOCTU, MOCKOMbKY ANs
BCSIKOrO LIernoro yucna a, 3a uckmodeHnem 1 u -1, obpartHblii anemeHT a~' He sBnseTcs
uenbiMm ymucriom. Noatomy cTpykTypa < Z, -> obpasyeT abeneBy nonyrpynny. Kpome Ttoro,
04YeBUOHO, YTO B MHOXecTBe Z HeT aenutenen Hyns. CnegosaTenbHO, CTPYKTypa < Z, +, ->
aBnseTca o0b6nacTbio LEeNoCTHOCTW.

3. HeTpyaHo npoBepuTb, YTO HA MHOXECTBE BCEX AEeUCTBUTENbHbIX YMCEST CITOXEHNe
N YyMHOXeHue obnagatT CBOMCTBAMWU acCOLMATMBHOCTW, KOMMYTATUBHOCTW, B KayecTBe
HenTpanbHbIX anemMeHToB BbicTynalT 0 u 1 cooTBeTCTBEHHO, 06e onepauun obpaTumbl U
YMHOXEHNe OucTpubyTMBHO OTHOCUTENBHO cnoxeHus. CneposatenbHo, < R, +, > no
onepauusiM CroXeHnsa n yMHoXeHus obpasyet none.

PaccmoTpum ewe oguH npumep, KoTopbii OyaeT mmeTb ocoboe 3HaveHue B
JanbHenLem.

NMPUMEP 3. Ha mHOXecTBe Z, onpeenium onepauum CroXeHUs U YMHOXEHUS
Bbl4ETOB MO Npasunam:

a+b —a-+ b,
a-b=a-b.

Hepr}J,HO npoBepUTb, 4YTO 3TN onepaunn Ha MHOXeCTBe Zm Bcerga BbINMOJIHUMbI U

O[HO3HA4YHO onpeferieHbl, TO eCTb pe3ynbTaT BbIMNOSHEHUS OMepauuMmM He 3aBUCUT OT
Bblbopa npencraBuTeNs Knacca BblMeToB. B nonyvatowenca takmm obpasom anrebpe < Zp,
+, > BbIMOMHSAKTCA BCE aKCMOMbl KOMMYTaTUBHOIO KonbLa ¢ eguHuuen. Konbuo <Zp, +, >
Ha3bIBaETCA KOIbUOM K/1aCCo8 8bI4€MO8 NN NPOCTO KOIbUOM 8bI14emo8 1o Modysio m.

CnpaBegnuebl  crnegywwme yTBEPXOEHWUs, KoTopble ©OyayT Ham nonesHbl B
JanbHenLemM.

TEOPEMA. 3nemeHT a konbua Z,, nmeeTt obpaTHbIn Torga u TONbKO Toraa, Korga

HO[M(a, m) = 1.

TEOPEMA

Konbuo BbliveTOB < Zp, +, -> TOrga M TONMbKO Torga sBMAsieTCsl nonem, Korga m —
NPOCTOE YMChO.

lpocmetwue ceolicmea kosiey u nosied. FlomomMoppusmMbl U U3OMOPEHU3IMbI
Kosiey u noseu

CBOWCTBO 1. Bcsikaa apgauTueHas abenesa rpynna <G, + > MOXeT CNyXuTb
agauTuUBHOWM rpynnon konbua <G, + , e >, rae YMHOXEHWE « e » OnpefesieHo crefylowmm
obpasowm:

(Va,be G)aeb=0.

CBOWCTBO 2. B nto6oM kornbLie BLINOMHATCS BCEe CBONCTBA afAUTUBHOI rpynbi.

CBOWCTBO 3. Bo Bcakom konblie <K, + , e > yMHOXeHMe ANCTPUBYTUBHO criesa
crnpaBa OTHOCUTENBbHO BbIYUTAHUSA:

(Va,b,ceK)ce(a—b)=cea-cebwu
(@a—b)ec=aec-bec.

CBOWCTBO 4

Bo Bcsakom konbue <K, + , e > noboe npousBegeHne, B KOTOPOM XOTHa Obl 04MH K3
COMHOXWUTENEN paBeH HYs, CaMO PaBHO HyIO, TO eCThb:

(VaeK)ae0=0ea=0.

3AMEYAHUME. O6paweHne nocnegHero csowcTBa, BooOLie roBopsi, HEBEpPHO. A
MMEHHO, CYLLeCTBYIOT KOfbLa, Hanpumep, KONnbLO KBagpaTHbIX MaTpuy nopsgka n, B
KOTOpPbIX M3 paBeHCTBA Hyno npousBegeHuss a eb = 0 He cnegyeT paBEHCTBO HYSO
COMHOXuTEenNen. To ecTb, CyLLECTBYIOT KOmbLa C 0esiumersisiMu HyIis.

ONMPEOENEHWUE. lNoodkonbuyom konbua K Ha3biBaeTcs Bcsikoe nogMHoxecTBo K' aToro
KOnbLa, KOTOPOEe CaMO ABNAETCS KOMNbLIOM OTHOCUTENBHO onepaumi, onpegeneHHbix B K.

TEOPEMA (kpumeput nodkonbua)
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MoamHoxecTtBo K' konbua <K, +, ¢ > ByaeT ero nogkonbLOM Torga M TOMbKO TOrAa,
Korga BbIMOSIHEHbI YCNOBUS:

1)(Va,beK)a+(-b) e K, T1.e., <K, +>-nogrpynna agouTtMeHOM rpynnbl KonbLa,

2)(Va,beK') aebeK.

CBOWCTBO 5. Tak kak Bcsikoe norne siBnsieTcs KonbLOM, TO BCe CBOMCTBA Korel
crnipaBeanuBbl 1 Ans NONen.

OMNPEQOENEHUE. MycTtb gaHo konbuo <K, + , e > PaccMoTpym MHOXeCcTBO P Bcex
TakMX YNopsAoYeHHbIX Nap anemMeHToB Konbua K, y KOTOpbIX BTOPOW 3NEMEHT He paBeH
HYMHO:

P={<a,b>/a,b e K, b #0}.

l

Bynem obos3HayaTb Takue napbl B Buae Apobell A UM HasblBaTb MX YaACTHbIMM

konbua <K, + , ¢ > 3a0aaMM Ha MHOXECTBE BCEX YaCTHbIX KOMbLa onepauum « + » U «e»
cneayoLmM obpasom:

a C aed+ceb
Vabcdek)y & * & = bed bF0.dF0;
(24 C aec

(Vabcdek) & * & = bed .b#0,d70.
ONPELAENEHVE. [lsa uyacTHbix Oyaem HasbiBaTb paBHbIMM, €CAM BbINOMHAETCA
paBEeHCTBO:

a c
- T, <=> aed=Dhec.

b d

MHOXeCTBO Bcex paBHbIX Mexay coboi YacTHbIx nonsa K 6yaem o6beauHaTs B oanH
Knacc 1 B Ka4yecTBe NpeacTaBUTENS 3TOro Knacca obbl4HO paccMaTpmBaeTCcs HecokpaTumas
Apobb, KOTopas B 4aHHOM Knacce eaANHCTBEHHa.

HeTpyoHO npoBepuTb, YTO oOnepaumm 3agaHbl KOPPEKTHO, TO €CTb pes3ynbTaT uX
BbINOSIHEHNSA HE 3aBMCUT OT BblibOpa npeacTaBuTens knacca. [loatomy B ganbHeWLem
OyoeM OTOXOECTBNSATb BECb KnacC paBHbIX Mexay cobon 4YacTHbIX KonbLa C  €ro
HecoKpaTMMbIM NpeacTaBUTENEM.

Cnepnyole CBOMCTBA MHOXECTBa BCEX YacTHbIX Komnblia K MokasbiBaloT, YTO Mo
3a4aHHbIM onepauusM 3TO MHOXEeCTBO obpasyeT none, KOTOpoe HasblBaeTCs r1osiem
yacmHbix konbya K.

CBOWCTBO 6. Onepauun CroXeHUs U YMHOXEHUS Ha MHOXECTBE BCEX YaCTHbIX
konbua K ob6nagatT CBOMCTBAMM acCOUMATUBHOCTM UM KOMMYTaATUBHOCTWU. YMHOXEHMe
CBS13aHO CO CrOXEHMEM NEBbIM 1 NPaBbliM 3aKOHaAMWU OUCTPUOYTUBHOCTW.

CBOWCTBO 7. Mo onepauumn « + » CylLecTBYeT HeiTpanbHbI 3MEMEHT, B KayecTBe
KOTOpPOro BbICTYNaeT kracc Apoben c uucnutenem, paBHbIM HyMO, U MPOM3BOSIbHLIM
3HamMeHaTenem.

a —a
fins anewmenta 4 MPOTMBOMOMNOXKHBIM SIBASIETCS 3neMeHT  ©
CBOUMCTBO 8. o onepaunn « ey cyllecTByeT HEUTpanbHbI 3NIEMEHT, B Ka4ecTse

KOTOPOro BbICTYNaeT Knacc Apoben ¢ yucrnuTenem, pasBHbIM 3HameHaTeno. [ns BCSKOro
a b

HEeHYNeBoro anemexTa 5 obpaTHbIM sBnsieTca anemeHt <% .

CBOWCTBO 9. EavHnua nomnsi He paBHa HymMio Monsi, CrefoBaTeribHo, BO BCSKOM
none nMmeeTcsd No KparnHen mepe ABa pasnnyHbiX anemeHTa — 0 un 1.

CBOWCTBO 10. Hukakoe nore He CoaepXXuT aenuteneit Hyns.

OMPEQOENEHUE. Myctb <K, +, e>1n <S§, *, °> - aBa Konbua. OtobpaxeHune ¢: K — S
Ha3blBaeTCs 20MOMOPEHUIMOM KOrsiel, €CNW BbINOSTHAIOTCSA YCNOBUS:
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1) (v a, b € K) o(a + b) = ¢(a) * ¢(b);

2) (Va, b eK)opaeb)=q¢(@@)° ob).

fomomopduam ¢ koney K n S HasbiBaeTca U30MOphuU3MOM, ecrnin oTobpaxeHue ¢
BMEKTMBHO.

OMNPELOENEHWUE. S0pom comomopgpusma koneuy, K n S HasbiBaeTCAa MHOXECTBO BCEX
anemMeHTOoB KonbLa K, koTopble 0TOBpaxalTcs B HyMb Konbua S:

Ker(p={x‘ x € K, o(x) = OS.

Tema. Teopus 4enUMoOCT B KOJbLe LenbiX YUCcesn U KosbLe MHOro4sieHOB
lMnaH

1. [JeneHue uernbix Yucesi ¢ 0CMamkoM.

2. HO4 u HOK uernbix qucen. Aneopumm Eeknuda. KaHoHu4yeckoe rpedcmasrieHue
Uesibix yucersnl.

3. [eneHue MHoz2o04rieHo8 ¢ ocmamkoMm. [eneHue MHo2o4sieHa Ha 0syyrieH. KopHu
MHO204/1eHa

4. HO4 u HOK wmHozo4neHos. Anezopumm Eeknuda u meopema Jlame O0ns
MHO204/1EHO8.

1. fleneHue yenbix Yuces1 c 0CMamKom

OMNPELOENEHWUE. MNoBopsaT, 4TO Lenoe 4ncno a desiumcs Ha uenoe yucno b # 0, ecnu
HangeTcsa Takoe Lernoe Ynucno ¢, Yyto a = b-c.

Yuncno a HasbIBaeTCcsa KpamHbIM qucrna b, umcno b — denumernem yucna a, YMCno C —
yacmHbIM om OerieHusi a Ha b.

3AMEYAHWE. OTHOWeEHME OeNMMOCTH, Kak BUOAHO U3 onpeaerieHns, BBOAUTCS Yepes
obpaTHylo onepauuio — YyMHOXeEHUe uenbix yncen. OgHako, ecnu paccmaTpuBaTb AeNeHue
Kak BuHapHyto onepaunto, Kotopas nape uenbsix ynucen <a, b>, b # 0, craBut B cooTBeTCTBMNE
yucno a : b, kotopoe, Boobule roBopsi, He 00siI3aTeNbHO ABNSETCS LEenbiM, TO onepauus
AeneHvst Ha MHoxecTBe Z byaet yacmuy4Hou onepayued.

OTMeTUM OCHOBHbIE CBOMCTBA OTHOLLEHUS AeNMMMOCTU B KosbLe Z.

CBOWCTBO 1. Myctb a u b — uenbie uncna, He paBHble 0. Ecnn ogHOBpeMEHHO
BbINOSHAIOTCA ycnoBusi: a:bub:a,toa= + b.

Ecnma:b,To0a:-bu-a:b. Lenoe yncno 0 genutcs Ha nioboe apyroe Lenoe 4ncno.

CBOWCTBO 2. Ecnu ans uenbix uncen a, b u ¢ # 0 BbINOMHSAIOTCSA YCNOBUS:

a:buna:c,toa: (b * c).

3AMEYAHWE. ObpaTHoe yTBEPXKAEHME B OOLLEM CryYyae HEBEPHO, TO eCTb, ecnn Ans
uenblx yucen a, b u ¢ BbiNonHaeTca genumoctb a : (b + ¢), To oTcloga He crnegyeT, YTo
4YMCNo a AenuTcAa Ha Kaxgoe u3 cnaraemblx. Hanpumep, 12 : (5 + 7), HO npu aToM 12 He
JennTca HUW Ha 5, HU Ha 7.

CBOMCTBO 3. OTHolweHne AenuMocTu Ha MHoxecTse Z \ {0} pedrekcmsHo u
TPaH3UTUBHO, TaK Kak:

(VaezZ\{0})a:+a wu
(Va,b,ceZ\{0})(@a:bnb:c=>b:c).

OueBngHO, 4YTO Ha MHOXecTBe Z° OTHOWeEHMe Aaenumoctn OyaeT Takke

aHTUCUMMETPUYHO, TaK Kak:
(Va,beZ")(@:bub:a=>a=Dhb).

Mo3TOMY Ha MHOXECTBE BCEX MOJIOXKUTESNbHbIX LENbIX YNCen OTHOLIEHNE OENMUMOCTU
SIBMSAETCA OTHOLLEHNEM HECTPOroro Nopsiaka.

CBOWCTBO 4. Ecnv ans uenbix aun b # 0, a : b, To ana mo6oro uemnoro ¢: ac : b.

CBOWCTBO 5. Ecnu kaxaoe n3 OBYX Lenbix yicen a n b genntca Ha yncno ¢ # 0, To:
(Vn,meZ) (na + mb):c.

ONMPEOENEHUE. NoBopSAT, 4TO Lenoe Yncno a 8esiumecs ¢ 0CmamikoM Ha Lernoe
yucno b # 0, ecnn CyLLECTBYIOT TakMe Liefble Yncna p U q, YTO BbINOSTHAKTCA YCNOBUS:
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a=bqg+r, 0<r<|b]| (%).

Yncno q HasbIBae€TCA HErNOJIHbIM YacmHbIM, @ YACAO I — OCMamkoM OT AENEeHus a Ha
b.

N3 onpepeneHus, BoobLle roBopsi, Henb3s caoenaTb BbIBOAOB O TOM, Bcerga nu
CYLLIECTBYET Takas napa LenbIX Yucen q U r u ogHO3HA4YHO N OHKU onpeaeneHbl Ana AaHHbIX
aunb. OTBeT Ha 3TN BOMNPOCHI JaeT COOTBETCTBYIOLLAA TeopemMa.

TEOPEMA (o OeneHuu uenbix yucesn ¢ ocmamkom). [Ans BCSKUX LenbiX Yncen a u b,
roe b # 0, geneHne ¢ octaTtkom Bcerga BbIMOSIHAMO M OAHO3HAYHO onpeneneHo.

MHbIMKM crioBamu, Ons BCAKUX Lernbix yicen a u b, rae b # 0, Bcerga cywectsyeT u
NPUTOM €OUHCTBEHHAs napa LernblX Yncen q v r, yaoBneTBOPSOLWMUX yCrioBuio (*).

3AMEYAHWE. Ecnu 3agaHbl Yicna a v q unv a n r, To Apyryto napy 4mcen ns ycnosus
(*) MmoxHO nogobpatb He O4HUM CNOCOGOM.

CBOWCTBO 1. Yucna a u b galoT oamMHakoBble OCTATKM MPU AESIeHNN Ha HEKoTopoe
Lernoe 4y1Mcrio m Torga u Tonbko Torga, korga pasHocTb (a — b) genutca Ha m Hauerno.

lMyctb m — HekoTopoe uenoe uncrno, m # 0, m # 1. PaccMOTpUM Ha MHoXecTBe Z
BMHapHOE OTHOLLEHME p :

(Va beZ)<a b>e p <= uucna awn b npu geneHnn Ha m gaoT OANHAKOBbIE
ocTaTKu.

Torga cnpaBegnvBo criegyroliee CBONCTBO.

CBOWCTBO 2. OTHOLWeHWe p Ha MHOXEeCTBe LerblX Yncen SBNAeTcs OTHOLUEHUEM
akBMBaneHTHocTn. OHO pa3bmBaeT BCe MHOXECTBO Z Ha KnacCbl 3KBMBANEHTHOCTU, B
KaXabl N3 KOTOPbIX MonagatT Te U TOSMbKO Te Lenble Yncna, KoTopble nNpu AeneHnn Ha m
AalT OOUH W TOT Xe OCTaToK r. Tak Kak pasnunyHbIMK OcTaTkaMu Nnpu AeneHnn Ha m MoryT
ObiTb uncna 0, 1, 2, ... m — 1, TO CywWeCTBYET POBHO M Pa3fUYHbIX KI1AaccoB pa3bmneHuns no
AAHHOMY OTHOLLEHUIO p:

K.={aeZla=xq+r,x,qc¢eZ}
IMoboe uenoe uncrno, NnpuHagnexatlee knaccy K, HasbiBatloT ero rnpedcmasumerem.

O603HauYMM MHOXECTBO BeX KnaccoB pa3bueHnst Mo OTHOLLUEHUIO 3KBMBANIEHTHOCTU p
yepesZ/p:
Zlp={K, K, . ,.K, ...K, }
n 3a4aguM Ha 3TOM MHOXECTBE Onepaunn CroXeHUs U YMHOXEHNS KITaCCoB:
K, +K, =K, ;
K. K, =K,,rger,s €{0,1, ..., m-1}.

HeTpyaHo npoBepuTb, YTO oOnepauun onpegerieHbl KOPPEeKTHO W pesynbTaT Uux
BbIMOSNIHEHNS He 3aBUCUT OT Bblbopa npeacTaBUTENs  Knacca. Torga  MOXHO
cthopmynunpoBaTb criegyoLmne CBoUCTBa.

CBOWCTBO 3. Onepauus CroxeHuss Ha MHoxecTBe Z / p accouuaTuBHa W
KOMMyTaTVBHa. HeWTpanbHbIM 3nemMeHToM ABRseTcs kKrnacc K,, npOTUBOMOMOXHbLIM

anemeHToM Ana knacca K, gaBnfetca knacc K,, roe s — HauMeHbluee Uenoe

NOMNOXUTENbHOE YNCIIO CO CBOMCTBOM: CyMMa (r + S) Aenntcsa Ha m Haueno.

CBOWCTBO 4. Onepauma yMHOXeHMs Ha MHoxecTBe Z/p accounaTuBHa,
KOMMyTaTMBHa 1 obnagaeT eamHuuen, kotopon sensaeTcs knacc K .

CBOMCTBO 5. YMHOXeHME KNaccoB CBSI3aHO CO CIIOXEHVMEM  3aKoHamu
ANCTPUBYTUBHOCTH:

K, (K, +K,)=K, K =K

CBOWCTBO 6

N3 ceonctB 4 — 6 cnegyeTt, YTO MHOXeCTBO Z / p MO onepaumsm CroXeHus wu
YMHOXEHNA KnaccoB obpasyeT KOmbL0, KOTOPOEe Ha3bIBAETCH KObUOM K/1acco8 8bI4emos o
MOOYITo m.

3AMEYAHME. MoxHO nokasaTb, 4TO dakTop-konbuo Kombua Z u3 npumepa 2

=K =Krs +Krt =Kr'Ks +Kr'Kt'

r(s+t) rs+rt
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naparpadga 2.6 Buga Z / mZ 6yaet M3oMopcHO KOSMbLy KraccoB BblMETOB MO MOAYMIO M.
Moatomy konbua Buaa Z / mZ Takke HasbIBalOT KOMbL@MM KNAacCoB BbIYETOB MO MOAYMO M.

2. HOOQ u HOK uenbix yucen. Aneopumm Eeknuda. KaHoHu4eckoe
npedcmaeJsieHue yesnbIix Yuces

HO4 u HOK uenbix yucen

ONMPEOENEHUE. Uenoe uncno d # 0 HasbiBaeTca obwum desiumernemM LenblX YnNcen
au b, ecnu kKaxxgoe 13 3TUX YNCEN AennuTcs Ha Yucno d.

Obwmn genutenb 4Ymicen a u b HasbiBaeTca ux Haubornbwum obwum denumernem,
€Cnu OH JenuTcsa Ha nbon apyron nx obwmun genuTens.

O6o3Ha4veHne: d=HOL (a, b)unud = (a, b).

OTmeTm HekoTopble cBouctBa HO[L uenbix uucen, kotopble OyayT BaXHbl B
JanbHenLemMm.

CBOWCTBO 1. Ecnnd = HO[ (a, b) n d, =HOQM (a, b), Tod, = £ d.

CBOWCTBO 2. Ecnu uncno a genutes Ha yucno b # 0 Haueno, To HOJ (a, b) = b.

CBOWCTBO 3. Myctb d, = HOQA (a, b), d =HOQ (d,, ¢), Toraa d = HOA (a, b, ¢).

CBOWCTBO 4. Ecnu 41cno a 4ennTtcs Ha Yncno b ¢ octaTkoMm, TO ecTb

a=bg+r,0<r<|b|, ToHOL (a, b) =HO[ (b, r).

3AMEYAHWA

1. MepBoe cBoncTBO 03HavaeT, Yto HO/L AByx Uenbix yscen onpeaeneH ¢ TOYHOCTbIO
A0 3Haka. OB6blYHO NPUHATO NPOBOAUTL PACCYXAEHUSA C MONOXUTENbHbIM 3HadyeHnem HO[
LenbIX ymcen.

2. TpeTbe CBOWCTBO (pakKTUYECKM yTBEpXAaeT, 4YTo onepauus HaxoxaeHua HOL
LenbiX Yncen accoumaTmBHa, Tak Kak:

HOL (HOA (a, b), ¢c) = HOA (a, (HOL (b, c)) = HOL (a, b, c).

OT0 o03HavaeT, 4YTo BbluMCcNATb HOL HecKonbKMX UenbiX 4Yucen MOXHO B
NPON3BOSIbHOM MOPSIAKE.

OMNPELOENEHUE. Llenoe uncno h HasbiBaeTcss 06WUM KpamHbIM HEHYNEBBIX LENbIX
yncen a v b, ecnun h gennuTca Ha KaXkgoe N3 3TUX Ynucern.

O6Lee kpaTHOE LenbIX Yncen a n b HasbiBaeTCcA UX HaUMEHbWUM OBWUM KpamHbIM,
€cnu Ha Hero genutca nboe apyroe nx obuiee kpatHoe. O6o3HaveHne: h = HOK (a, b) unun
h =[a, b].

OtmeTtum HekoTopble cBorcTBa HOK uenbix ymcen, KoTopble CXOXW CO CBOMCTBaMMU
HanbonbLlero obLlero genurens.

CBOWCTBO 1. Ecninh = HOK (a, b) n h, =HOK (a, b), Toh, = £ h.

CBOWCTBO 2. Ecnn uncno a genutca Ha yucno b # 0 Haueno, To HOK (a, b) = a.

CBOWCTBO 3. Myctb h, = HOK (a, b)u h = HOK (h,, c), Toraa h = HOK (a, b, ¢).

3AMEYAHWA

1. lNepBoe cBoncTtBO oO3Ha4daet, 4yto HOK pgByx uUenbix 4ymMcen onpegeneHo c
TOYHOCTbIO [0 3HakKa.

2. TpeTbe CBOWCTBO YyTBEPXAAET accouMaTMBHOCTb onepaumm Haxoxgenus HOK
uenbix yncen: HOK HecKonbKkux LenbiX Yucen MOXKHO BblYMCIISATb B MPOU3BOSIbHOM MOPSIAKE.

HOK (HOK (a, b), ¢) = HOK (a, (HOK (b, c)) = HOK (a, b, c).

Anzopumm Eeknuda. Teopema Jlame

3amMeTMm, 4TO M3 OonpeaeneHuss U CBOWCTB Haubonbliero obuwiero genutens wu
HanMeHbLlero obuiero kpaTtHoro uenblx vyncen He cnegyet, Yto HOL n HOK gByx uncen
BCerga cyLlecTByoT. VX cylecTBoBaHME HY)XHO A0Ka3blBaTb OTAENbHO.

Myctb a, b # 0 — uenble 4yucna. [llocTpouMm pAnAsi HUX TaK Ha3biBAeMYyo
rnocnedosamersibHocmb EeKnuda, BbINOMHASA NOCneaoBaTeNbHO AENEHNE C OCTaTKOM.

1) Ecnn a genutca Ha b Haueno, To nocriegosaTensHOCTb EBKMaa nmveet Bua: a, b.

2) MNyctb a > b n a He genuTtca Ha b Hauerno. Toraga, BLINONHASA AeneHve a Ha b ¢
OCTaTKOM, MOSYYUM:

a=bq, +r,, 0<r, <|b]|.
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3aTeM Jenum Y1cro b Ha Nomy4YeHHbI OCTaToK I
b=r,q, +r, 0=sr, <r,.
CHoBa fenum Tenepb yxe r, Ha OCTaToK I, :
ro=rq, +r,, 0sr, <r,.
MNpopomkaem npouecc AeneHna ¢ oCTaTtkoM [0 TeX Mop, Noka Ha HeKOTOPOM Luare He
MOSy4MM OCTaTOK, PaBHbI HYIIO:

r.,=r,q,+r,,0sr <r

n—1 n n—-17?
rn—l = rn qn+1 + 0
lMocnenoBaTenbHOCTb, NOMyYEHHAsA B Xo4e 3TUX onepauui:
a>b>ry>r >...>r _, >r, >r ., =0 (*),
n 6yaeTt nocnegoBaTenbHOCTbIO EBKNMAa ans cnyyas 2).
MocnepoBaTenbHOCTb (**) 06s13aTenbHO 060OPBETCS Ha Hyrne 4Yepe3 KOHEYHOE YUCHO
laroB, Tak Kak OHa fIBNAeTCHA CTpOoro ybbiBalowen nocrefoBaTeribHOCTbIO HaTyparnbHbIX

yncen (HaumHas ¢ r ;). MHOXeCTBO HaTypasbHbIX YUCEN OrPaHNYEHO CHU3Y HyMneM, No3TOMy

nocrnegoBaTenbHOCTb (**) He MOXeT ybbiBaTb 6E€CKOHEYHO.

AnNroputM nocTpoeHus nocnegoBaTtenbHOCTM EBKNMAa HasbiBaeTcs as2opummom
Esknuda, KOTOpPbIN MCNONb3yeTCca Npu AokasaTenbcTBe cyuectBoBaHna HOL aByx uenbix
yncen.

TEOPEMA (o cywecmeosaHuu HO/L yenbix Yucern). MNMyctb an b # 0 — uenble yncna.
Anroputm EBknunaa goctasnsiet HO/L uncen a n b, KOTOpbIN paBeH nocregHemMy He paBHOMY
HYm0 OCTaTKy B nocregoBaTenbHocTn EBknnaa (**):

HOAO (a,b)=r, .

TEOPEMA (o cywecmeosaHuu HOK uenbix qyuces). Nyctb a n b — He paBHbIE HyNO

uensle yicna. Torga cnpaesefnMBo COOTHOLLEHUE:

n+l

ab
HOK (a, b) = HOZ (a,p) (***).

3AMEYAHKME. B cBs3n ¢ ucnonb3oBaHnem anroputma EBknvaa Bo3HMKaAeT BOMPOC:
CKONbKO LWaroB Heobxoammo BbINOMAHUTL Ans Bbluncnenmsa HOL? OTtBeT Ha 3TOT BOMpocC
AaeT Teopema, [oKkasaHHash paHuy3CKMM MaTemMaTuKkoM, U3MKOM W  UHXEHEPOM
"abpuanem Jlame (1795-1870).

TEOPEMA (/lame). IycTb a 1 b - HaTypanbHble ynucna. Yucno waros B anroputme
EBknnaa ans ymucen a n b He npesocxoauT 5k, rae k - Yncno 4ecaTUYHbIX ULMGP MEHbLUEro 13
yucenawub.

TEOPEMA. MNMyctb d = HO[ (a, b). Torga cywecTByrOT Takue Lesble Yncna x n'y, 4to d
NIMHENHO BblpaXaeTca Yepes3 caMun Ynucna a un b:

d=xa+tyb,x,yeZ. (1)

ANropuTtMm, NO3BONSIIOWNIN BBIYUCIIATL YMUCHA X U Y, YAOBNeTBopsitowme paBeHcTBy (1)
ANa gaHHbIX 4Yncen a M b n mux Hambonbwero obwero genutens d, nonyyYun HasBaHue
pacwupeHHo20 aneopumma Eeknuda, KOTOPbIN 3aKIOYaETCH B CreayoLeM.

M3 kaxxgoro paBeHCTBa, KOTOpPble MOSy4aloTCa NPy NOCTPOEHUN NocnenoBaTeNbHOCTH
EBknunga, Bbipasvm ocTaTok U NOACTaBMM €ro B CrieayloLlee paBeHCTBO, Noka He AonaeM L0
HO[L uucen a u b. B nocnegHem paBeHcTBe npuBegemM nNogobHble criaraemble Npu 3TUX
yucnax. Nony4eHHble KO3PUUMNEHTBI N BYAYT YNCIIEHHBIMU 3HAYEHUSIMU X U Y:

r,=a-bq,,r,=b-r,q,,=>r,=b-(a-bq,)q,, n 1.0

OMNPEQOENEHWE. HaTypanbHOe 4MCno p Ha3blBaeTCs rnpocmbiM, €CIi OHO HE NMeeT
Apyrux genutenen, kpome cebsa n eguHuubl. Ecnum xe 4ynucno nmeet genutenu, oTrnyHble OT
ceba n eguHULbI, TO OHO Ha3bIBAETCA COCMAaBHbIM.

MPUMEP 1. Yucna 2, 3, 19, 31 gaBnsaoTca npocTtbiMK, a yucna 6, 222, 18, 864 —
COCTaBHbIMMU.

3AMEYAHWE. EguHnua, o4eBMOHO, He SABMNSAETCA HU MPOCTbIM, HU COCTaBHbIM
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yncrnom. MoXHO ckasaTb, YTO MHOXECTBO BCEX HaTyparbHbIX 4ncen pasbuBaeTcs Ha Tpu
HenepeceKkalwLMXCs Krnacca: KnacCc NPOCTbIX YMCen, KnacC COCTaBHbIX 4YMCENn W Knacc,
coaepXalumi TONbKO eanHnLLy.

CBOWCTBO 1. Bcsikoe cocTaBHOE YMCHO a MMeeT XOTs 6bl OAUH NPOCTON AenuTens

p, He npesocxoaaumit N a (ps a .

CBOWCTBO 2. Ecnu npon3BeaeHve AByX LENbIX YNCen AeNUTCS Ha MPOCTOe YMCHO P,
TO XOTS Obl OANH N3 COMHOXUTENEN OENNTCS Ha 3TO YNUCHO:

ab:p=a:puwmb:p.

CBOWCTBO 3. Ecnup nq— npocTble yucnamp : q, Top = q.

MpocTble uncna wurpatoT ocobyto porb Cpeau BCEX HaTyparbHbIX, U Aaxe LUenblX
yucen, KoTopas BolpaxkaeTcs crieyroLen TeopemMon.

TEOPEMA (ocHogHasi meopema apugpmemuku). Bcskoe HaTyparibHOe YMCIIO MOXET
ObITb NpeacTtaBneHO B BMAE MNPOU3BEAEHUSA MPOCTbIX COMHOXUTENEN €eOUHCTBEHHbIM
obpa3om C TOYHOCTbIO 40 NOopsiAKa CrieAoBaHUA COMHOXUTENEN.

3AMEYAHNA

1. Teopema cnpaBeanuea v Ans LEenbIX YNCEN, TaK KaK BCAKOE LIENOe YMCIIO a MOXHO
npeacTaBnTb B BUAE:

a= &,lal-rne €, -3nak, alal - naTypansHoe uncno.

2. Ecnn B pa3noxeHun Lenoro Yncna a Ha npocTble MHOXUTENW cobpaTb BMECTe B
BMAE CTENeHN OaMHAKOBbIE MPOCTbIE YNCHa, TO NOSTYYEHHOE pasnoXeHne Ha3blBaeTCs
KaHOHU4YecKkolU ¢gbopmMol 3anucu Yyucna a:

a=&,p"py-...pr, (2
raep,,pP,,.-., P, - pas3fityHbi€ NPOCTbIE MHOXUTETN.

OcHoBHas Teopema apMdMETMKM TakKe MOXET MCMNOSfb30BaTbCA ANA HaxoXOeHus
HO[L n HOK uenbix uncen no crnegyowmm npasuam, KOTopble CrneayroT U3 onpeaeneHus u
CBOWCTB 4efMMOCTU U CBONCTB NPOCTbIX YMCEn.

MPABUJTIO 1. YTtobbl Hantn HOL aByx (MM HECKOMNbKMX) LENbIX YNCEN, HYXKHO B MX
KaHOHMYECKOM PasfnOXeHUN Ha MpOoCTble MHOXUTENnu BblbpaTb BCE MHOXWUTENWU, KOTOPble
BXOOAT B pasfoXeHUsa Kaxaoro U3 4ncer, npyuyemM B HauMeHbLUEN CTENEHU, N NEPEMHOXUTD
nx.

MPABUJTIO 2. Ytobbl Hantn HOK gByx (MnNn HECKONMbKUX) LENbIX YMNCES, HYXXHO B MX
KaHOHMYECKOM Pas3fNOXEeHUN Ha MpOCTble MHOXUTENM BblOpaTb BCE MHOXWUTENMU, KOTOpPble
BXOOAT B pasnoxeHue XoTd Obl O4HOro M3 4yucen, npuydem B Haubonbllen cTeneHu, u
NEPEMHOXUTb UX.

OcHoBHOM bakT, KOTOpbIN Obil YCTAHOBMEH O MHOXECTBE MNPOCTbIX uYMCEN,
BblpaXxaeTcs crieytoLen TeopemMomn.

TEOPEMA. MHOXeCTBO NpOCTbIX Yncen 6eCKOHEYHO.

OMPELOENEHUE. OBa uenbix yMicna a u b HasbiBaOTCA 83aUMHO-MPOCMbIMU, €CIN
OHW HE UMEIDT ApYrMX obLWNX genvTenen KpoMe eanHNLbI.

CBOWCTBO 4. Yncnaaub B3aMMHO-NPOCTbI TOrga M ToNbKo Torga, korga mx HO[L
paBeH eguHuue: HOL (a, b) = 1.

CBOWCTBO 5. Ecnn uncna a 1 b B3aMMHO-NPOCTbI, TO CyLLECTBYIOT Takue Lernble
yncnaxwuy, yto: ax + by = 1.

CBOWCTBO 6. Ecnu uncna a 1 b B3aumHo-npocTsl, To HOK(a, b) = ab.

KUTANCKAA TEOPEMA OB OCTATKAX. Myctb my,my,...,my — NonNapHoO B3anUMHO

npocTble uucna, o — uenoe uucno. Ona moboro Habopa ji, jo2,...jk » (0= j, <m,)

CYyLLLeCTBYET €QMHCTBEHHOE Liefioe YMCIOo Y, YAOBNETBOPSIOLLEE YCITOBUSM:
Y Eji(mod my), raei=1,2,....k n ag y <a+mimy:--m..
3. [eneHue MHo204neHo8 ¢ ocmamkoMm. [esieHue MHO204YsIeHa Ha O8Y4JlEH.
KopHu MHO204neHa
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OMNPELOENEHWUE. Myctb P — HekoTopoe none. MHozo4yneHom om 00HOU repemeHHoU
Had nonem P 6yaem Ha3biBaTb (hopManbHyo Cymmy Buaa:

f(x) = a x" +an_1x'“1 +..+tax+a,, rpea, e P,ie{0,1,...,n},n e N.(1)
Uncna a, HasbiBaloT KoagguyueHmamu mHorouneHa f(x). Ecnm a, # 0, 1o uncno n
Ha3bIBalOT cmerneHbio MHo204eHa f(x), a, - cmapwum KoaghguyueHmom, a, - c60600HbIM

4Y/1eHOM MHOcO04JIeHa f(X) OpHouneH a, X" HasblBaeTCcHa B 3TOM cnydae cmapwum 4H4r1eHOoM.

Ecnu crapwmn ko3 UUMEHT MHOroyrieHa paBeH eguHuue, TO  MHOrouneH
Ha3blBaeTCA HOPMUPOBAHHbIM.

3AMEYAHWA
1. Bcakmn anemeHT nona P Oyaem cuvMtaTtb MHOrMOYSIEHOM HYNEBOW CTEMNEHW,
MHOrOYNEH MNPOM3BOSIbHOM CTEMEHW C HYNEeBbIMM KO3IPPUUMEHTAMU —  HYMEBbLIM

MHOro4neHoM, eguHuuy nons P — eAnHWYHBIM MHOrounieHom u obosHavatb ux 3(x) n E(x)
COOTBETCTBEHHO.
He cnegyet nytaTb MHOrOYNeH Hysiegol cmereHu C Hyrieg8bIM MHOro4rneHom!

n
2. BmecTo 3anucu (1) uHoraa 6yaem 1cnonb3osaTs 3anmeb: f(x) = > ax' (2)
i=0
Ha MHOXeCTBe BCEX MHOMOYMEHOB OT OAHOW MEPEMEHHON Had morem P MOXHO
3a/]aTb ONepaLMmn CIIOXEHUsS U YMHOXEHMUSI MHOTOUNIEHOB MO CrieayoLWwmMM npasunam. MycTb

f(x) — mHorouneH Buaa (1) ng(x) = b, x" +b _x""' +...+bx+h,, roe b, eP,je{0,1,....,m},
m € N — MHorouneH suaa (2).
OMPEOENEHUE. Cymmod mHorouneHoB f(x) n g(x) HasoBeMm MHoroudneH h(x) suaa:
h(x) = ckxk +ck_1xk_1 +..+cx+¢,,raec, =a, + b,,ie{0,1,..., k} k=max{n, m}. (3)
3AMEYAHWME. Onsa yoobcTBa B MHOrousieHe MeHbllen cTeneHn bygem npeacrasnstb
HegoCTalLWWe CTENEHN B BUAE OAHOYNIEHOB C HYNEBbIMU KO3dhdULMEHTamu, T.€., ecnm f(x)

6 4
Z ax', 9(x) = > b,x’, TO npeactasum  g(x) B Bude:  g(X)
i=1 j=1

0x°® +0x° + b,x* +b,x> + b,x> +bx + b, .
OMPELOENEHWE. [lpoussedeHuem mHorouneHoB f(x) u g(x) 6yoem HasbiBaTb

n+m

MHOro4neH h(x) BMAA: h(x) = (Z a[x[)o(z b_].x"') = Z Ckxk, roe
i=0 j=0 k=0

¢, =ab, +ab,_,+ab, ,+..+ab,.

MHbIMK crioBamu, 4TOObI HaAWTU Mpou3BedeHne ABYX MHOMOYMEHOB, HYXXHO Kaxabln
OAHOYNEH MNEepBOro COMHOXUTENS YMHOXWUTb Ha Kaxdbll OOHOYSIEH BTOPOro M 3aTem
npuBeCTM NOAOBHbLIE cnaraemsble.

3AMEYAHME. Tak kak Mbl paccMatpvBaeM MHOrOYfieHbl Hag MNonem, a B norne Het
AenuTenen Hyns, TO CTapLUMii YreH Npon3BeAeHUs ABYX MHOrouneHoB Bcerga bynet paBeH
Npon3BeaEeHNIO NX CTapLumX YneHoB. B obliem xe crnyyae a1o He Tak. Ecnn koadbduumeHTsl
B35iTbl U3 MPOWU3BOSILHOMO KOSbLia, TO MOXET OKasaTbCH, YTO Npou3BeAEeHUe OBYX CTapLumx
HeHyneBbIX KO3 PULNEHTOB, TEM HE MEHEE, PAaBHO HYIIIO.

HeTpygHO nNpoBEpUTb, YTO CrOXEHME W YMHOXEHWE MHOroYSIEHOB Hag nosiem
obnagatoT CBOMCTBAMU KOMMYTaTUBHOCTM U aCCOLMATMBHOCTU, YMHOXEHNE ONCTPUOYTUBHO
OTHOCUTENbHO CIIOXEHUSA, HEWUTPanbHbIM 3fIEMEHTOM MO CIIOXEHUIO SBMISIETCA HYNEBOW
MHOroYneH 9J(x), a 9nemMeHToM, MPOTUBOMOMOXHBIM MHOrodneHy f(x), — MHoroudnen,
KO3 PULUMEHTBI KOTOPOro €ecTb 4Yucra, NpPOTMBOMOSOXHbLIE (B none P) koadpdpuumeHtam
AaHHOro MHoroyneHa. Noatomy cnpasegnuea TeopemMa.

TEOPEMA. MHOXecTBO BCEX MHOrOYSIEHOB OT OOHOW nepemeHon Hag nonem P no
3a[jaHHbIM OrnepauusM CIIOXEHUS U YMHOXEHUA MHOrodneHoB obpasyeT KOmbLo, KOTOpoe
Ha3bIBaeTCA KOIbUOM MHO204/1eHO8 0m OOHOU nepemeHHoU n obo3HavaeTcs P[x].
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3AMEYAHWME. U3 npegbigywero sameyaHus cnegyet, 4to konbuo P[x] Hag nonem P
ABNsieTcss 06nacTbio LeNnoCTHOCTW.

OMPEOENEHUME. Ymcno X, HasbiBaeTca KopHem MHozouneHa f(x), ecnu:

f(xo)zzn: aixé =0.

3AMEYAHWME. Ecnu noactaeBuTb B BbipaxeHue (1) BMECTO NMepeMeHOon X HEKOTopoe
4ncrno o M3 nonsa P 1 npousBecTn HeobxoanMble OAEWCTBUSA, TO MOMyYeHHOe B pesyrnbTaTe
4YMCNO HasblBaeTCcs 3HaYyeHMeM MHoroyneHa f(x) npy x = a.

YuuTblBasg 3TO, KOPEHb MHOrOYsieHa MOXHO OrpefesiuTb Kak Yucro, Ha KOTOpOM
MHOrMO4SEH MPUHMMAET 3Ha4YeHNe, paBHOE HYIIH.

B konbue mHorouneHoB P[x] Hag nonem P MOXHO 3agaTb YaCTUYHYKO onepauuioo —
AeneHne MHOroYsieHoB, NogO0BHO TOMY, Kak 9TO ObIfo caenaHo B KomnbLe LernblX Yucenn.

OMNPEQOENEHUE. lNoBop4at, yto mHorouneH f(x) Buga (1) 0ennumces Ha MHorousnieH g(x)
BMaa (2), ecnun HangeTcsa Takon MHoroureH h(x) Hag nonem P, yto f(x) = g(x)-h(x).

HyneBble KO3(dUUMEHTHI B 3anMCU MHOMOYNIEHOB MOSABMNUCL And  yoobcTea
BbIYMCIEHMS.

OTMeTM HekoTopble NPOoCTENLLME CBONCTBA AEMNMMOCTM MHOIOYNEHOB, aHanornyHble
CBOWMCTBaM AeNMMOCTU LierbIX Ymcern.

CBOWCTBO 1. Ecnu 0HOBPEMEHHO BbINOMHAETCH AENMMOCTb MHorodneHa f(x) Ha
g(x) n obpaTHO, TO MHOrOYMNEHbl OTNNYAIOTCA TOSNbKO HA MHOXMWUTENb HYNEBOW CTENEHN UMW,
WMHBIMW CITOBaMu, NPOCTO Ha YUCIIOBOW MHOXMUTErb C: f(X) = ¢ g(x).

MHorouneHs! f(x) 1 g(x) HasblBatOTCA B 3TOM Crydae accoyuupo8aHHbIMU.

OyeBMOHO, 4YTO Cpeau MHOrOYNEHOB, acCOUUMMPOBAHHBLIX C AaHHbIM HEHYNeBbIM
MHOrOYNIEHOM, UMEeeTCst POBHO OAUH HOPMUPOBAHHbLIA MHOTOYSIEH.

CBOWCTBO 2. Ecnv MHorouneH f(x) AenuTcs Ha Kaxablii U3 ABYX MHOMOUNEHOB g(X) U
h(x), TO OH 4enNnTCa 1 Ha X NPon3BeaEHNE.

CBOWCTBO 3. OTHOLIEeHMe AeNMMOCTY MHOMOUMEHOB B Konblie P[X] pednekcmsHO 1
TPaH3UTUBHO.

CBOWCTBO 4. Ecnn mMHorouneH f(x) gennTcs Ha HeHyneBoW MHOrodneH g(x), To u
nobor MHorouneH, accounnpoBanHbin ¢ f(x), Byaet genntbca Ha g(Xx).

CBOWCTBO 5. Ecnu kaxabin U3 ABYX MHOrOYneHos f(x) n g(x) AennuTCs Ha HEeHyNeBoil
MHorouneH h(x), To u nbas nx nHenHas kKoMbuHaums genutca Ha h(x).

OMNPELOENEHWUE. lNoBopsaT, 4To MHorouneH f(x) 0enumes ¢ ocmamkom Ha HEHYIEBOMW
MHOrouneH g(x), ecnu HangeTcs Takas napa MHOroudnieHoB q(x) M r(x), Ans KOTOpbIX
BbINOJSTHAETCSA PaBEHCTBO:

f(x) = g(x)-q(x) + r(x), npnyem cteneHb r(x) < cteneHu g(x) unm r(x) = 3(x) (1)

B komnbue MHOrouneHoB, TaKke Kak M B KOfbLe UenbiX 4Yucen, MOXHO [oKasaTb
TeopeMy O [erleHUN C OCTaTKOM.

TEOPEMA (o deneHuu ¢ ocmamkom). [Ana Bcsikon napbl MHorouneHos f(x) n g(x), rae
g(X) - HEHyNeBON MHOrOYfMEH, CyLecTByeT N NPUTOM e4MHCTBEHHAsA napa MHOroYneHoB q(x)
1 r(x), KoTopble yAOBNEeTBOPSIOT ycnosusam (1).

PaccmoTpum 6Gornee nogpobHO 4YacTHbIM criydyas AeneHuss MHOrOYNEeHOB: AeneHve
MHOroYfieHa Ha ABY4YfleH, TaK Kak OH JaeT HEKOTOpble NHTEPECHbIE U NOSe3HbIE Ha NPakTUKe
pes3ynbTarhbl.

TEOPEMA. OctaTok OT AgeneHust MHoroyneHa f(x) Ha ABYy4YneH X — C paBeH 3Ha4YeHuto
MHorouneHa f(x) npu x = c: f(x) = (x — ¢)-q(x) + f(c).

MycTb MHoOrouneH f(x) 3anucaH B criegyloLiem Buae:

f(x) = ax" +ax"" +...+a,_x+a,(a, =0) (1)
lMpepcTtaBum ero B BMAE:
f(x) = (x = C)-(bx" " +bx" > +...+b,_,x+b,_, )+ 1 (2)
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PackpbiBass MbICNEHHO CKOOKM B npaBOM YacTu paBeHCTBA M NpupaBHUBAs
KO3 PULUMEHTBI MPU OONHAKOBbLIX CTEMEHAX B paBeHcTBax (1) u (2), nony4nm:

b, = a,,
b, =a, +cb,,
b, =a,+cb,

b,,=a,,+cb,,,
r=a,+cb .
BblumcneHnus (3) obblvHO 3anuckiBaloT B BUAE Tabnuubl U Ha3blBaOT cxemol opHepa:
a, a, a, a,
X=c b, b,=a, +tcb, ... | b,=a,+cb,, | ...| r=a,tcb,

OueBunaHo, 4TO r = f(C), KOapDPULMEHTbI b, ecTb KOIPDULMEHTBI YacTHOro q(x) oT
aenenus f(x) Ha x — c.

Cxemy [opHepa ygoGHO ucnonb3oBaTb Takke ANs pasnoxeHus MHorodvneHa f(x) no
CTeneHsM pasHOCTU X — C.

TEOPEMA. [Ina nto6oro umcna ¢ u3 nonsa P mHorouneH f(x) Buaa (1) ctenenu n Bcerga
MOXHO NpeacTaBUTb M NPUTOM €AMHCTBEHHbLIM 0Opa3oM B BUAE:

2
f(x)=b, +b,-(x=c)+b, - (x=c)" +..4b, -(x—=¢c)",(b, #0). (4)

MpencraBneHune B Buae (4) n HasbIBaeTCA passioxeHuem f(x) no cmeneHsm pasHocmu
X—C.

Wcnonbays dopmyny Tennopa n cxemy 'oOpHepa, MOXHO Takke HaxoauTb 3HAYEeHUs
NPON3BOAHbIX PA3NNYHbIX NOPSAKOB AN MHOroyneHa f(x) B Touke x = c.

TEOPEMA. B pasnoxeHun (4) mHoroudneHa f(x) mo creneHsAm pasHOCTM X — C,
koadpunumneHTsl b, onpegenstoTca cneayowmm obpasom:

b, = %,(k c{0,1,2,....n}) (5).

KopHu MHO2041eHa

YuuTbiBas NOHATUE KPATHOCTU KOPHA, MOXHO cdopmynmpoBaTb cregylowme
yTBEPXKOEHMUS O YMcne KopHen MHorouvneHa f(x).

JIEMMA

Bcsikuin HeHyneBon MHOrouneH MoXeT ObITb NpeACcTaBneH B BUAE:

k k k,
fo)=(x—x)" - (r=2x,)" - (x=x,)™ - g(x) (1)
rae X;,Xy,.. X, - pasnuumble uncna, a (X) - MHorouneH, He UMetoLLMIt KOPHEIL.

JIEMMA. Ecnn mHorouneH f(x) npeactaeneH B Buge (1), To X, X;5,...,X,, - 3T0 BCe ero
KOPHW, NpUYEM KPaTHOCTb KOPHS X, paBHa k.

TEOPEMA. Cymma KkpaTHOCTEM BCeX KOpHeW HeHyneBoro MHoroudneHa f(x) He
NpeBOCXoauT ero CTeneHu, NpuyemM paBeHCTBO MMeeT MeCTO Torga M TOMbKOo Toraa, korga
MHOFOYSIEH MOXHO NpeAcTaBuTb B BUAE NPOU3BEAEHNSA MHOXUTENEN NEPBOW CTENEHMN.

CyllecTBYIOT paBeHCTBa, Bblpaxallme CBA3b KOPHEM MHOrouyrieHa C  ero

-1
koacppuumeHTamu. Myctb MHorouneH f(x) = ax" +ax" +..+a, x+a,(a, #0) nveer
KOPHU X5 X55eus X

., NpUYeM OHM He o006si3aTenbHO pasnuyHbl. Torga chnpaBennvBbI
paBeHCcTBa:
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a, =—a, (X, +x, +..+x,),
a, =a, - (X%, + X%, +..+x,_X,),
a,=(=1)"-a, xx,..x,.

PaBeHcTBa (6) HasbiBalOTCS hopmMmyrnamu Buema, BblpaxaloWwuMn KO3I(PPUUNEHTDI
MHorourneHa f(x) yepes ero KopHu 1 cTapLnm KO3 PUUNEHT.

4. HO u HOK mHozo4nerHos. Anzopumm Eeknuda u meopema Jlame Ons
MHO204J1eHO08

OnpepgeneHne wn npocTtenwmne cBoncTBa Haubonblwero obuwero penutensa wu
HanmeHbLllero obuiero KpaTHOro MHOFOYSIEHOB aHanorM4Hbl MNPOCTEWMLMM CBOMCTBaM
Hanbonbwero obuwero genutens W HauMeHbluero obuwlero KpaTHOro wuenbiX 4ucen
(cchopmynupoBaTb CaMOCTOATESLHO).

OcTaHoBUMCS Ha HEKOTOPbIX 0cobeHHoCTAX, Npucywmnx HOLO n HOK mMHorouneHos.

3AMEYAHWE. HO[L uenbix uyucen, Kak W3BECTHO, onpedeneH OAHO3HA4YHO C
TOYHOCTbIO A0 3Haka. HOJ[ MHorouneHoB onpefeneH OOHO3HAYHO C TOYHOCTbIO A0
MHOXMUTESNS HYNEeBOW CTENeHn, NOCKOMNbKy oyeBnaHo, 4to ecnu d(x) = HOO (f(x), g(x)), To n
nobor accounmnpoBaHHbIn ¢ d(x) MHorouneH Takke dyget asnatbca HOL (f(x), g(x)).

lMockonbKy B KOMbLEe MHOMOYNIEHOB HaA NOSfieM BbINOMHUMO AEefNeHne C OCTaTkoM, TO
AokasaTb cyulectBoBaHne HO[ MHOrouneHoB TakkKe MOXHO C MOMOLLbI anroputMma
Esknunaoa.

TEOPEMA. [nsa Bcakux aByx MHoro4vneHoB f(x) n g(x) cywectsyet nx HOJ, koTtopbin
paBeH nocriegHemMy HEHyreBOMy OCTaTKy B nocnegoBaTenbHocTn EBknnaa.

3AMEYAHVE. W3 npeabigywero 3amedaHus cnegyet, 4to ans  ygobcersa
BbluMcrieHMn npu HaxoxaeHun HOL ABYyX MHOrOYSIEHOB MOXHO [AOMHOXaTb OCTaTKu,
AenuMble UNu genuTenn, KoTopble Nony4arTcsa B NpoLecce nocrneaoBaTerbHbIX AeNeHUI Ha
noboe HeHyneBoe YnCho.

3AMEYAHWME. B konbue MHOroYsieHoB Hag MOMIEM TakKkKe BbIMNOMHAETCS PacCLUMPEHHbIN
anroput™ EBKNnga, KOTOPLIN NO3BOSMSET BbIMUCIIUTL TakMe MHOMOYNEHbl U(X) U v(Xx), KoTopble
yposnetBopstoT paBeHcTBY: HOL (f(x), g(x)) = u(x)-f(x) + v(x)-g(x) (7)

OMNPEAENEHME. MHorouneHsl f(x) 1 g(x) HasbiBaloTCS 83aUMHO pOCMbIMU, €CITA OHU HE
UMEKT Apyrnmx obLmx genvtenen KpoMe MHOrOYSIEHOB HYNeBOW CTEMEHWU, UW, MHave roBops,
KpOMe MOCTOSAAHHbIX M3 nons P.

MHorouneHs!  f,(x), f,(X),..., f,(x) Ha3bIBalOTCA 83aUMHO [POCMbIMU 8 COB8OKYNMHOCMU,

€Cnv OHW NonapHO B3avMHO NPOCTHI.
CBOUCTBO 1. MHorouneHs! f(x) 1 g(x), 3agaHHble Hag nonem P B3aMMHO npocCTbl Torga u
TONbKO TOrAa, Korga HanayTesl Takme MHorouneHbl u(x) v v(x), 4nsa KoTopbIX:

5 u(x)-f(x) + v(x)-g(x) =1 (8)
CBOWCTBO 2. MHorouneH g(x) Toraa n TonbKoO Toraa B3auMHO MPOCT C Npon3BeaeHMEM

MHorouneHoB f,(x): f,(x)-...- f,(x), korga oH B3aMMHO NPOCT C KaXAbIM U3 COMHOXUTENEN.

CBOWCTBO 3. Ecnu npoussefeHne mHorouneHos f,(x)- f,(x) nenntcs Ha MHorouneH
g(x), npnyem f, (x) 1 g(x) B3anmHo npocTsl, To f, (X) Aenutcs Ha g(x).

CBOWCTBO 4. Ecnu mHorouneHsl f;(x) - f,(x)-...- f,(X) nonapHo B3auMHO NpoCTbl U
MHOrouneH f(X) AenUTCA Ha Kaxabiii U3 HUX, TO OH AENWUTCA U Ha UX NPoV3BeaeHMe.
CBOWCTBO 5. MHorouneHbl f;(X) - f,(X)-...- f,(X) B3auMHO npocTbl Toraa v TOMbLKO

TOrAaa, Korga y HUX HET KOpHs, 0bLLero ons BCex.
Pa3noxeHue MHO204/1eHO8 Ha HernpueoOUMbie MHOXXumesnu
OMNPELOENEHUE. MHorouneH p(x) Ha3blBaeTca HernpueoOuMbiM Had roriem P, ecrnv OH He
packnagbiBaeTcs B Npon3seneHne AByX MHOMOYSIEHOB NOSIOXKUTENbHOM CTENEHN HaL 3TU NOMEM.
3AMEYAHWE. Korga peyb nget o HENpPMBOAUMBIX MHOFOYSIEHAX, TO BaXHO, HaL Kakum
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nosiemMm OHU paccMaTpmBardTCA, TakK Kak OguH N TOT XK€ MHOIo4YrneH MoXeT ObITb HenpmneoaAMM Haj

O[HVM Morfem v npueoauM Hag apyrum. Hanpumep, mHorouneH f(x) = x° —3 HenpusBoaum Hag
nosieM pauuoHarnbHbIX YMCeSl, HO NPUBOAMM Haf Monem AenCTBUTENbHbIX Yuces, Tak Kak f(x) =
(x—\/g)-(x+\/§) - ero pasroxeHue B npousseaeHne OBYX MHOMOYrIEHOB MepBOM CTErneHu C
AEenNCTBUTENbHbIMU KO3 PULMEHTaAMN.

OTMeTMM cBOMCTBA HENPUBOAUMbBIX MHOTFOYSIEHOB, KOTOPbIE BbINOMHATCA Hag foObIM
nonem P.

CBOWCTBO 1. Tio60i MHOrouneH nepsbii CTENeHN HENPUBOAMUM Haz Mo6bIM NONEM.

CBOWCTBO 2. Bcsikuint MHOTOMMEH CTENeHn > 2, MMEIoLLMiA KopeHb B none P, npmsoaum
Hag 9TUM Monem.

3AMEYAHNE. O6paTHoE He Bcerga BEPHO, Hanpumenp, MHOrouYneH
f(x) = x* +2x+1=(x+1)’ npvBoAMM Hag NONEM [eiCTBUTENbHBLIX YMCEM, XOTS HE UMeeT B
HEM KOpHEWN.

CBOWCTBO 3. Ecrnu MHorouneH f(x) HeHyneBoW cTeneHn Hag nonem P sensieTtcs
AenutenemM HernpuMBoOUMOro MHOroYrneHa p(x) Hag 3TuM xe nonem, To f(x) accoummpoBaH ¢ p(X):
f(x) =c p(x)._

CBONCTBO 4. Tlyctb f(X) — nNpou3BOMbHbLIAN MHOroYneH Hag nonem P un p(x) —
HEeNPUBOAMMBIA MHOIOYMNEH Hag aTuUM Xe nonem. JInbo f(x) genutca Ha p(x), NGO OHM B3aUMHO
NpOCTHl.

CBOWCTBO 5. Ecnu npowsseaeHne mHorouneHos f;(x): f5(x)-...- f,(x) nag nonem P
AENNTCSA Ha HeNpUBOAMMbIA Hag P MHorouneH p(x), To XxoTs 6bl OAMH U3 COMHOXUTENEN ennTca
Ha p(x).

M3 npeablgywnx naparpadoB BUAHO, YTO TeOpust AENIMMOCTM MHOMOYSIEHOB MMeeT
rnybokoe cxoAcCTBO C Teopuen SenuMOCTU uenblx yucern. Ponb, aHanorMyHyo ponu npocTbiX
yucen, UrparT HeNPUBOAMMbIE MHOMOUNEHbI, YTO MNOATBEPXKAAETCS cneayowen TeopemMon.

TEOPEMA. Kaxgblh MHOrousrieH HeHyneBoW cTeneHn Hag nonem P moxeT 6bITb
npeacTaBneH u npuToM eAMHCTBEHHbIM 06pa3oM (C TOYHOCTBIO A0 nopsAgka cregoBaHus
MHOXWUTeNen) B BuAe NpomMsBeeHns MHOroueHoB, HenpneoauMblx Hag P:

fx)=a-p(x)py(x) oo p,(¥) . (9)

raea=0eP, p,(x) ,ie{1,2,...,n}-HenpuBoanmble Hag P MHOroYNEHbI CO CTapLLUMMM
KoathpuumeHTammn, paBHbIMM egMHNLE.
3AMEYAHUA

1. Ecnn B pasnoxeHun (1) cobpaTb BMeCTe OAMHAKOBblE MHOXWUTENU (ecnn TakoBble
UMEIOTCS) B BUAE CTEMEHU, TO OHO NPUMET BUA;:

f(x) = a-p(xX) pR(x) - P (%), k, e N,ie{1,2, ..., m}, (10)

rae Bce HEMPMBOAMMBIE MHOXUTENN YKe PasnnyHbl Mexay cobon.

2. OyeBngHoO, 4TO ecnn ana MHoro4neHoB f(x) M g(x) M3BECTHbl UX Pa3fOXEHUA Ha
HENPMBOAMMbIE MHOXUTENWN (MW TakMe pPasfnoXeHUs Nerko nonyvnTb), TO, Kak U B Criyyae
LenbIX Yncer, OHM MOryT GbITb MCcnonb3oBaHbl Ans Haxoxaennst HOL n HOK aTux MHOro4neHos.
(OnnwKnTe 9T anropMTMbl CAMOCTOATENBHO).

3. Ecnu roBopuTb 06 aHanornm mexay KOnbLOM LernblX YNCen M KOSNbLOM MHOMOYSIeHOB
OT OQHOM NepeMeHHOWN, TO He crneayeT 3abbiBaTh M O NOHATUM naeana. Hanpumep. o4eBMAHO,
4YTO COBOKYMHOCTb BCEX MHOrOYsIeHOB konbLa P[X], MMetoLWwmxX o. CBOMM KOPHEM, ByaeT aBnaTbCA
ngeanom, npudem rnaeBHbIM. [lopoxgaeTca 3TOT  wmaean MHOMOYSIEHOM  HavMeEHbLUEN
NONOXUTENbHOM CTENEHM U3 BCEX MHOIOYNEHOB JAHHON COBOKYMNHOCTH.

OMPEOENEHVE. [na mHorouneHa f(x) = ax"+a, x""' +..+ax+a, 6ygem HasbiBaTb
ero rnpoussodHol f'(x) popmanbHOe BbipaXkeHne Buaa:

n—1

Px) = na X" +(m-a, X" +..+2ax+a (11
SAMEYAHUA
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1. ToBopa 0O opmManbHOM BblpaXeHun, Mbl MMeeM BBUAY, YTO onpeneneHue
NPOM3BOOHOMN MHOrOYrieHa Kak HEeKOTOpouM (OYHKLMWU CBA3AHO C MOHATMEM npenena, KoTopoe
MOXeT oKa3aTbCA HENPUMEHUMbIM K 3fleMeHTaM npoussorbHoro nonga P. MNMNoaTtomy BbipaxkeHue
na, HY)XXHO MOHWMaTb KakK:

a,+a,+..+a,=1+1+..+D-a, (12)

n pa3 n pas
Ecnu B none P gns noboro HatypanbHoro Ynicnak :

1+1+...+1+0,
k pas

TO COOTBETCTBYHOLUME KOIDDULMEHTLI B BblpaeHun (3) He paBHbl Hymo 1 f(X) MOXHO
TaKkKe cynmTatb MHOrovneHom Hag ronem P ctenenu n - 1. MNone P co ceoncteom (4) HasbiBaoT
rnonem Hyrnesou xapakmepucmuKu.

2. HeTtpygHo npoBepuTb, YTO AN NPOU3BOAHbLIX MHOFOYIIEHOB, OMpedernieHHbIX TakuM
obpa3som, BbINOSTHAKTCA OCHOBHbIE CBOMCTBA NPON3BOAHbLIX (PYHKUMIA, @ UMEHHO:

® YNCIOBOWN MHOXUTENb MOXHO BbIHOCUTb 3@ 3HaK NPOM3BOLHON;

e NPON3BOAHAs CYMMbl MHOFOYNIEHOB paBHa CyMMe UX MPOU3BOAHbIX;

e NPOM3BOAHANA NPOM3BEAEHNSA OABYX MHOrouneHoB Haxoautcs no dgopmyne: (f(x)-g(x)) =
f(x)-9(x) + g'(x)-f(x).

OMNPEAEJIEHME. TlpousBogHass oT npou3BOOAHOW MHorodneHa f(x) HasbiBaetTca ero
8mopou rnpou3sodHou n obosHa4vaeTcs Kak f’(x).

AHarnornyHo onpegenseTcs u npoussoaHas k — ro nopsaka f* (x).

Hantn pasnoxeHune mHorouneHa f(x) B npousBegeHue HenpuBoguMbliX Hag nonem P
MHOXUTEeNen B obLemM criyyae He Tak MpOCTO, Kak pasfoXeHue Lenoro 4mcria Ha npocTtble
MHOXWUTENW. B 3TOM CyLLIeCTBEHHYIO MOMOLLb MOXET OKa3aTb BBEAEHHOE MOHATME NPOU3BOSHOWN.

TEOPEMA. lycTtb P — none HyneBon xapakTepUCTUKK, P(X) — HEMPUBOAUMbLIN OENUTENb
MHorouneHa f(x) Hag P kpatHoctn k. B atom cnydae p(x) bygeT HenpuBoAMMbBIM AenuTenem
npoun3sogHon MHorouvneHa f(x) kpatHoctn (k — 1).

B wyactHocTu, ecnin k = 1, 1o f(X) He genuTcs Ha p(X).

CNEACTBUE. Ecnn x, - KopeHb kpaTHOCTM Kk MHorouneHa f(x), To oH GyaeTr KopHem

kKpaTtHocTu (k — 1) onst ero Npon3BoOAHON.

Pewwnm 3apgavy pasnoxeHuss MHoro4neHa f(x) Ha HenpMBOAMMbIE MHOXUTENM C NOMOLLbIO
nocnegHen Teopemsil.

Myctb pasnoxenne f(x) Hag nonem P wumeer Bua (10). Toraa MHOroyneHsl

2(X), py(x),..., p,,(X) sBRa0TCA HENPUBOAUMBLIMU AenUTENAMU NpousBogHoii f'(X) kpaTHoCTK K,
-1, k,-1,..., k, - 1 cooTBETCTBEHHO.
Otcroga cnepyeT, uto d(x) = HOL (f(x), f(x)) nmeeT BuA:
dx)=b- pi ' (x)-...- p& (%) (b0 e P). (13)
Monyyunu, 4to Henpusoaummble MHOXUTenn d(x) = HOLO (f(x), f(x)) — aTto B TOYHOCTU
KpaTHble HenpuBogumble MHoOXuTenu f(x). Ona HaxoxgeHnsa d(X) MOXHO MCNoNb3oBaTb
anroput™m EBknnga.

Mpouenypa otbickaHua HOLO (f(x), f(x)) nonydynna HasBaHwe omoesieHUs KpamHbiX
HerpugoOUMbIX MHOXUMesiel MHo2oureHa f(x).

Tema. PacwumpeHus noneun
lnaH
1. MNoHssimue pacwupeHus rnoss. Aneebpaudeckue u mpaHcueHOeHMHbIe Yucrna.
2. MuHumarbHbIlU MHO204/IEH anzebpauyeckoao Yucra u e2o ceolcmea.
3. lpocmoe u cocmasHoe aneebpauydyeckue pacuiupeHuUs.
1. ToHsimue pacwupeHusi noJssi. Aneebpauyeckue u mpaHcuyeHOeHmMHbIe Yucsa
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OlMNPEQOEJNEHUE. MNycte K 1 P — HekoTopble nongd, npudem none K cogoepxutcs B
none P: K < P. Toraa K Ha3biBaeTca nodrnonem nonsa P, a P — Hadnonem vinn pacwupeHuem
nons K.

Myctb P ecTb pacwupeHue nons K n o, — Npon3BoribHbLIN arieMeHT nons P. O4eBngHo,
YTO CYLLECTBYHT MOSis, KoTopble cogepxat u none K, n anemeHT a. Hanpumep, ogHUM 13
Takux rnosnen asnsetca camo none P.

Torpga cnpaseanueo YTBEPXXOEHWUE:

[NepeceyeHune Bcex nonen, cogepxalumx nosie K n anemeHT o, camo ABMSETCA Nnonem,
cogepxawmm K n o, kotopoe obosHavaeTca kak K(a): K < K(a) < P. OueBngHo Takxke, 4To
K(a) — HanmeHbllee cpeau Bcex nognonien nonst P, cogepxawmx none K n anemeHT o
OAHOBPEMEHHO.

3AMEYAHWME. VHorga roBopsT, 4TO aneMeHT a rnpucoeduHeH K nonto K.

Pacwupenne P nona K moxeT OblTb NONy4YeHO npucoeguHeHnem mnoboro KOHEYHOro
(1 paxxe GECKOHEYHOr0) YNCna ANEMEHTOB &), (X5 5eues &, - -

Ecnn pacwwmpeHne nonyyeHo NPUCOEANHEHMEM OAHOrO 3fieMeHTa, TO OHO
Ha3bIBaETCS MIPOCMAbIM.

Tak kak K(a) — none, To Hapagy ¢ anemeHTamu nons K n cammm 3n1emMeHToM o, OHO,
OYEeBUOHO, COAEPXKUT BCEBO3MOXHbIE 3fIEMEHTbI, MOoflydaeMble MNpU  UX  CIIOXEHUH,
BblYMTAHUN, YMHOXEHUN U AENEHUN.

TEOPEMA. lMone K(a) coctont n3 paumoHanbHbIX kKoMbuHaumn anemeHtoB u3 K c
aneMeHTamMu, NpeacTaBnsoWNMM CTENEHN U KpaTHbIE SNIeMEHTA .

MycTb AaHo npoctoe pacwupeHune nons K anemeHtom o K(a).

Torga OHO COAEPXUT KOMbLO BCEX MHOMOYSIEHOB OT o BUAaA:

a, +aa+ad’ +..+aa" +..,a, € K (14)
3anuwem BblpaxeHue (1) B Buae Cymmbl
Yaa =fa)  (15)

N CPaBHUM €ro C 3fieMeHTaMm KosibLia MHOIO4YS1IEHOB () OT OAHOW NepeMeEHHON Hag
Tem xe nonem K — K[x]:

f(x) = a, +a1x+a2x2 +.+ax"= Zakxk (16)

Torga HeTpyaHO NpoBepuTb, YTO oTobpaxeHue ¢: K[x] — Q, 3agaHHOe crnegyowmm

obpasowm:
o Y axt - aat  (17)

ABNAeTCA roMmoMopdU3MOM KorneLl,.

3AMEYAHUA

1. 3 (4) n Teopembl 0 roMOMOpdU3Me cregyeT, YTO KOnNbLuo Q n3oMopdHO dhakTop-
konbuy K[x] / Ker ¢, npnyem 94po romomopdunama COCTOUT U3 BCEX TaKMX MHoroyneHoB f(x)
€ K[x], koTopble npu romoMopuname ¢ otobpaxatrotcs B Hynb konbua Q: o( f(x)) = fla) =0 ,

T.e., OHO COCTOUT M3 TaKMX MHOrOYNEHOB, AN KOTOPbIX o ABMSETCHA KOPHEM.
OueBungHo, uto Ker ¢ ectb ngean B konbue K[x].

[MockonbKy B KOMbLAX MHOrOYNEHOB Ha NonemM HeT genutenen Hyns, To ngean Ker ¢
ABNAETCA NPOCTbIM, T.€. He coAepXawmm cobCTBeHHbIX maeanoB. OH He MoOXeT ObITb
€[IVHWYHbIM naearom, KOTopbi NPy roMOMOPdU3ME NEPEXOANT TakKe B eOUHUYHBLIN uaean,
a He B HyneBOoW. Tak Kak B KOSbLE MHOMOYMSIEHOB Hag Mnofem Kaxabl uaean ssnseTcs
rmaBHbIM, TO OCTAKOTCA TOMbKO [BE BO3MOXHOCTH.

2. Ker ¢ = (g(x)), rae g(x) — Henpusogmmbln Hag K mMHorouneH. B cuny npocTtoThl
noeana (g(x)), g(x) — MHOrouneH HaumMmeHblLen cTeneHn co ceormcTBoM g(a) = 0. B atom
cny4dae Q = K[x] / (9(x)).
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Konbuo knaccoB BbideToB K[x]/(g(x)) sBnsetca nonem (NOCKONbKY uaean npocTon);
n3omMopdHoe emy Konbuo Q Takke OyaeT nonem, KOTOpoe B AAaHHOM criyvyae u sBnAeTcd
NPOCTbIM pacLumpeHuem konbua K[x].

3. Ker ¢ = {0}, Torga B konbue K[x] He cywiecTByeT OpYrnX MHOMOYSIEHOB, KpOME HyIS,
KOTOpble oTobpaxanucb Obl B HyNnb kKonbla 2. B atom cniyyae ¢ asnseTcs M3oMopu3Mom
koneL.

4. B cnyyae 2, korga anemMeHT o YOOBNETBOPSIET HEKOTOpomy anrebpanyeckomy
ypaBHeHuto g(a) = 0 Hag K, cam anemeHT o Ha3biBaeTcs asnieebpaudeckum Had rnosiem K, a
none K(a) — npocmeim aneebpaudeckum pacwupeHuem nons K.

B cnyyae 3, korga n3 paseHctsa f(a) = 0 cneayeT, 4to f(x) =0, anemMeHT o Ha3bIBaeTCs
mpaHcueHOeHmHbiM Had K, a camo none K(a) — npocmbiM mpaHCUeHOEHMHbIM
pacwupeHuem nonsa K. OyeBngHO, 4YTO BO BTOPOM Crlydae He CyLlecTByeT MHOroudfieHa ¢
koadppmumeHTamm ns K, KopHeM KOTOPOro ABNAsNock 6bl YNCHO a.

Boob6ule rosopsi, kK NOHATMIO anrebpanyecknx U TpPaHCLEHAEHTHbIX Yncen noaxoaar
0bbl4HO cneayowmnm obpasom.

OMNPEOENEHUE. Yucno o HasbiBaeTca aneebpaudeckum Had ronem P, ecnn oHO
ABMAETCA KOPHEM KaKoro-nmbo MHoOrovneHa c koadpdpuumeHtamm u3 atoro nons. B
NPOTMBHOM Clydae YMCho o HasblBaeTca mpaHcuyeHOeHmMHbIM Had ronem P.

3AMEYAHKE. lMyctb o ecTb yucno, anredbpandeckoe Hag nonem P. Ecnn K ectb
noanone nons P, TO o MOXET yxxe U He BbITb anrebpanyeckum Hag 3TUM nonem. Hanpumep,
yncno o = n byaet anrebpanyeckum Hag nonem OencTBUTENbHbBIX YMCen, Tak Kak OHO ecCTb
KOpeHb MHorouneHa f(x) = x - ©, HO He byaeT anrebpandeckum Hapg nonemM paunoHanbHbIX
yncen.

2. MuHuManbHbIU MHO204J1eH anizebpauyecKoz20 4Yucra u e2o ceolicmea

OMNPELOENEHWUE. MNone P HasbiBaeTcs KOHEYHbIM pacuwupeHuem rons K, ecnu nobon
aneMeHT w € P 4gaBngetca nuHeMHoM KOMOMHAaUMENW KOHEYHOro 4ucrna I3nemMeHTOB

U, Uy,..., U, cKkoadpduumnentamm ns nona K: w=aqu, +a,u, +...+au, .

3AMEYAHUME. OueBuagHo, 4TO none P MOXHO paccmaTpumBaTb Kak KOHEYHOMEPHOEe
BEKTOPHOE npocTpaHcTBo Hag K. basncom 3TOro npocTpaHCTBa SIBMSIETCA MakcuMarnbHas

NNHENHO He3aBUcMMasi NoAcUcTeMa 3N1EMEHTOB B CUCTEME U,ly,...,.u,. Yncno anemeHTOB

6asuca, T.e. pasamepHocTb NpocTpaHcTBa P Hag K, HasbiBaeTca cmeneHbio pacwupeHusi P
Hag K n obosHavaetcs yepes [P : K].

Mycte P — npocTtoe anrebpanyeckoe paclumpeHne nons K ¢ nomouwbo aneMmeHTa o,
cTeneHb koToporo Hag K pasHa n.

Toraa anemenTsl lL,a,a’,...,a”"” (18) obpasytoT 6asuc nonsa P = K(a), T.e. K(a) nmeet
KOHe4Hyto cTeneHb n Hag K.

Mycte none L — npomexyTtoyHoe mexagy nonsmu K u P, 1.e,, Kc L < P. Torga
crnpaseasiBa Teopema.

TEOPEMA (o cmeneHsix). Ecnu P koHeuHo Hag K, To n L koHeuHo Hag K, a P koHe4HO
Hag L. O6bpaTtHo, ecnu L KoHeuHo Hag K, a P koHe4Ho Hag L, To P koHe4yHo Haa K, npnyem

[P:K]=[P:L]L:K]. (19)

3AMEYAHME. Btopyto 4acTb 9TOW TeopeMbl Ha3sblBalT Takke ceolcmeom
mpaH3umueHOCMU KOHEYHbIX PacCLLUMPEHNN.

CINEOCTBUME1. EcrmKcLcPu[P:K]=[L:K], ToP=L.

CNEACTBUE 2. Ecru KcLcPu[P:L]=[P:K],ToL =K

CNEACTBUE 3. Ecrim K c L < P, To cteneHs [L : K] saBnseTtca genutenem crenexn [P
: K]

YcTaHoBMM  B3aMMOCBA3b  MeXOy  pacLUMPEeHUsSMW  KOHEYHOW  CTeneHu U
anrebpanyHOCTbIO0 YMcna Hag Nonem.
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TEOPEMA. Yucno o sensetca anrebpanyeckum Hag nonem P torga n Tonbko Toraa,
Korga BeKTOpHoe NpocTpaHcTBo P(o) kKoHeYHOMepHO Haa nosiem P. [pu aToM cTeneHb Yncna
o Haa P paBHa pasmMepHOCTM 3TOro NpoCcTpaHCcTBa.

CNEAOCTBUE. TMyctb K — HekoTOpoe Konbuo, cogepxawee none P. Ecnu
npocTtpaHcTBO K kOHeYHOMEpPHO Hag P, To BcAkoe umcrno m3 konbua K anrebpanyHo Hag P.

TEOPEMA. CoBOKynHOCTb BCeX uucen, anrebpanyeckux Hag AaHHbIM nonem P,
ABNAETCHA NONeM, KOTOpoe Ha3bliBaeTCA rosieM aszebpaudyeckux qucerl.

OMNPEOEJNIEHUE. lMone HasbiBaeTcs asnezebpaudyecku 3aMKHymbiM, ecnv nobon
MHOrOMYSIEH MOJSIOXKUTESTIbHOW CTeneHun C KoIdULUMeHTamu 13 3Toro rnond MMeeT KOpPHU B
3TOM none.

Tak kak nobom MHOroYNeH ¢ KOMMEKCHBIMU KO3dhULMEHTAMM UMEET KOPEHb B Nose
KOMMIEKCHbIX Yncen, To none C asnseTcsa anrebpanyeckn 3aMKHYTbIM.

TEOPEMA. Bcsgkoe KOHe4yHOe pacliMpeHue 4YUCIOBOro nomns SABnAeTcs MpoCTbIM
anrebpanyeckum paclumpeHnem 3Toro rnons.

OTa Teopema o3HauaeT, 4to ecnu none P(¢,,a,.,...,a,) ecTb koHe4YHOe paclumpeHune

yucnosoro nons P, To MoxHO nogobpatb Takoe uncno y, uto P(a,,a,,....,cx,) =P(y).

OMNPEQOENEHUE. Pacwupenne P nonsa K Hasbieaemcs anzebpaudeckum Hao K, ecnv
Kaxabl anemeHT ua P asnsetca anrebpanyvecknm Hag K.

Mexay KOHeYHbIMK U anrebpanyeckuMmy pacliMpeHnaMU Nonen CyuwecTByeT TecHas
B3aMMOCBS3b.

TEOPEMA. Kaxgoe KoHeuHoe paclumpenune nonda P anrebpanyHo un nony4vaetcsa ns P
npucoeanHeHNneM KOHEYHOro Ymcna anrebpanyecknx afemMeHToB.

3AMEYAHME. 3OTa Teopema no3BONSAET roBOPUTb O «KOHEYHbIX anrebpanyeckmx
PaCLLUMPEHNSIX» BMECTO «KOHEYHbIX PACLLUMPEHUIY.

CnpaBegnuea n obpaTtHas

TEOPEMA. Kaxpgoe pacwuvpeHne nons P, koTopoe nonyyaeTca NpucoeanHeHnem
KOHEYHOro MHOXecTBa anrebpaudecknx umcen K nono P, KoHe4yHO (M, criegoBaTeribHO,
anrebpanyHo).

[Ansa pelueHnsa HEKOTOPbLIX 3a4ady NonesHa cregyroLlas

TEOPEMA. Ecnu anemeHT o anrebpanyeH Hag nonem P, kotopoe sBnsieTcs
anredbpanyecknm pacwimpeHuem nong K, To o anrebpanyeH un Hag nonem K.

Cpeon Bcex KOHeYHbIX anrebpanyeckmx pacluMpeHUin Oocobyk ponb UrparT Tak
Ha3blBaeMbIe 1107151 pa3/ioxeHust MHoz2o4eHa f(x).

OMNPELOENEHWE. lMonem pasnoxeHuss mHoeo4neHa f(x), 3agaHHoro Hag nonem P,
Ha3bIBaeTCsa none, NonyyYeHHoe npucoeamHeHmem K P Bcex kopHen ypaBHeHus f(x)=0.

3AMEYAHME. Peub B onpegeneHun uget o nonax P(«a,,a,,....a,), B KOTOPbIX

MHoro4neH f(x) n3 konbua P[x] NonHOCTLIO pasnaraetca Ha fiMHenHble MHoXuTenu: f(x)=(x -
a, )X - a,)....(X - a,) U KOTOpble MNonyyalwTcs npucoeanHeHneM K P KopHen o, 3Tux

NIMHENHbBIX MHOXUTENEWN.

B Teopuun nonen gokasbiBaeTcs

TEOPEMA. [nsa kaxgoro mHoroyneHa f(x) n3a konbua mMHorouneHos P[x] cywecTtByeT
HEKOTOpOE Nosie pasnoXeHus.

Tema. KoHeuHble nons
lnaH
1. CmpoeHue noned anya.
2. lpedcmasneHue  anemeHmoe  nonss  [anmya  KOHEYHbIMU  HUCII08bIMU
rnocriedogamesibHOCMAMU U MHO204Y/1eHaMu Had KOHEYHbIM MOJIEM.
1. CmpoeHue noneu lNanya
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PaccmoTpum BaxHbIV BUA Nosie — KOHeYHble Nons. Takne nonsi HasblBalTCA Takke
nonsamu [anya no vMmeHu ydyeHoro JBapucTta [anya, KoTopbiM NepBbiM MUccnegoBan Ux
csowncTBa. None, cogepxallee q anemeHToB o6o3Havato T GF(q).

Tak Kak Kakgoe nosie CoOAepXUT eanHULy (HENTPanbHbIN ANIEMEHT NO YMHOXEHUMUIO) U
HOMb (HEeWTpasibHbIN 3NEeMEHT MO CrOXEHUK), TO HauMMeHbLUee YMUCIIO 3SSIEMEHTOB,
obpasylouwmx none, paBHo 2. Takoe nosfe AOMMKHO codepXaTb TONbKO 2 €ANHUYHbIX
anemeHTa: 0 n 1.

9710 none GF(2), nnn gBonyHoe. lNMpaBuna CNOXeHNa U YMHOXEHUN AN 3NIEMEHTOB
GF(2)npuBoasitcs B Tabnumuax Ha puc 1.

a) + o 1 5 -
ool o1
1 ‘ 1 ©

Puc. TI1.1
GF(3) —TponyHoe none c¢ anemeHTamu 0, 1, 2. [1ns Hero npasuna CrnoXeHust n

YMHOX€EHMS NIPUBOASATCS HA puUC.2.

— O
Ly ]
[

2) B |

ra o= |+
I )
L R
— O 3| D
—_ O
[ o R )
e
L =

Puc. T11.2

Myct P — none Fanya u q — uucno ero anementoB. MNyctb I1 - npoctoe none,
cogepxalleeca B P (HanoMHMM, 4YTO MpPOCMbIM Ha3blBaeTCs MNofie, KOTOpoe He wumeeT
coBCTBEHHbLIX noanonen). Xapaktepuctuka nons P He MoOXeT ObiTb HyneBOW, MHA4e B
npoctoe none I1 Takke nmeno 6b xapakTepucTuKy Hynb, U, CnegoBaTenbHO, COCTOANO Bbil
13 6ECKOHEYHOro Yncra af1eMeHTOB.

MycTb p — XxapaKTepucTKa AaHHOTO KOHeyHoro nons. Torga npoctoe none 11
N30MOPMHO KOMbLly KITAaCcCOB BbIYETOB KOMbLA LenblX Yucen no mod p U NOTOMY COAEPXKUT p
3N1EMEHTOB.

Tak kak none P KOHEYHO, TO Cpean ero 3reMeHTOB MOXHO BblOpaTb MakCcMMarbHyHo

CMUCTEMY 3NIEMEHTOB, NMNHENHO HesaBucumblx Hag 11 :
oy, 0,...,Q, .
Torga uucno n OygeTr cTeneHbto pacwmpenunsa [P:M1], n kaxablh anemMeHT u3 P
npuobpeTaeT BUA:
qa +ca, +...+tc,a,, (20),

roe KoadULUMEHTbI C, 13 nons I1 opgHo3HauHo onpeaeneHol.

Tak kak none Il comepxuT poBHO P pasnMUHbIX 3MEMEHTOB, TO KaXAbIA U3
koadppmumeHToB B paBeHcTBE (1) MOXET nMpuUHMMAaTb P PasfnyHbIX  3HAYEHUN.
CnepoBaTtenbHO, MMeeTCsa B TOYHOCTU p” BblpaxeHun Buaa (1). NockonbKy MHOXECTBO BCEX
anemeHToB Buaa (1) coBnagaeT C MHOXECTBOM BCeX anemMeHTtoB nona P, To nonyyaem
paBeHCTBO q =p" (2).

Takvum obpasom, crnpaBeanuea

TEOPEMA. Yncno anemeHToB KOHEYHOIO MOoNA SIBMSIETCA CTENEHbI XapakTepPUCTUKN
p; NokasaTernb 3TN cTeneHn paBeH crenenu pacluvpenus [P:M], rae 11 — npoctoe noanone
nons P.

Ecnu BbIGBPOCUTL HYMb M3 MHOXECTBa 3neMeHToB, obpasywmx none anya, 10 aTo
MHOXeCTBO obpaTtuTtcs B abenesy MynbTUNNMKATUBHYIO rpynny nopsgka q - 1. I3 ceoncts
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rpynn crniegyet, 4To Nopsigok noboro anemMeHTa o NONyYeHHOW rpynnbl AOMKeH ObiTb
aenuTtenem yucna q — 1, cnegosaTernbHo,

(VaeP\{0}) a’" =1. (21).
OpHako, n3 paeseHcTBa (3) criegyeT, 4ToO ypaBHeHne af - o = 0 UMeeT CBOUM KOpHEM
nao=0.
Takum obpasom, ecnvm paccmaTpuBaTb MHorouneH f(x) = x? - X, TO BCe 3NEMEHTbI
nonga Manya 6yayT ero KOpHAMM.

C Apyron CTOpPOHbI, ecnn &, &y,...,X, - Bce anemeHTbl nons [anya, TO MHOrouneH

f(x) = x? - x gennTca Ha MHOro4neH

[[G-2). (22

B cuny paBeHcTBa cteneHen mHorouneHos f(x) n (22) nonyyaem nx paBeHCTBO:
q
X7 -x= H(X—Oti)- (23).
1
PaBeHcTBO (23) 03Ha4vaeT, 4yto none Manya P cocTouT n3 BCeX KOPHEN MHOrouvneHa
f(x) = x? - X, koTopble npucoeamHsiotca k nomo II. 3tumm ycnosusmn none P
onpegensieTcs 04HO3Ha4YHO C TOYHOCTbLIO 40 n3oMopduama. OTcioga cnegyer
TEOPEMA. lMpn 3agaHHbIX 4ncnax p M n Bce Nonst u3 p" 3rnemMeHTOB U3OMOPMHbI
mMexagy cobon.
OpHako 13 3TOoN TeopeMbl Hemnb3sA caenatb BbIBOAOB O TOM, ASS KakMx Yymucen p m n
cywecTBytoT nongd Nanya. Ha aToT Bonpoc oTBevaeT
TEOPEMA. [Ina kaxnon HaTyparnbHOW cTeneHn q = p”" npoctoro vmicna p (n > 0)
cyliectByeT OOQHO M TONbKO OAHO (C TOMHOCTbIO A0 M3omopdwuama) none lanya m3 q
9N1EMEHTOB, KOTOpPble ABMSTCA KOPHAMM MHOrouneHa f(x) = x? - x.
O6o3Ha4veHue: none Nanya n3 p” anemeHToB 0603Ha4aeTcsa Yeped GF(p").
Mpeobpasyem mMHorouvneH f(x)=x? - x cneagyrowmm obpasom:
f(x)=x(x*"'=1)  (24) n 0603HauMm g—1=h.
Torga Bce OTNMYHbIE OT HyNSA anemMeHTbl nond Manya aBnaTCa KOPHAMW MHOroYieHa

h o
X _1, T.€. KOPHAMU h — Ton cTteneHn n3 egnHuubl. Tak kak ymucna h un p B3aNMHO MPOCTHI,

TO cpeau KopHen h — Tom cTeneHn M3 eguHULbl CyLECTBYEeT KOpeHb &, BCe pasnuyHble
CTENeHn KOTOpOro coBnagalT C HeHyneBbiMU anemeHTamu nonga Manya. OTcioga cneayer,

uyto P = II(€) — npocroe pacwupenvie nonsa I1. Crenenb anementa & nag Il pasha
CTeneHn pacumpeHns n.

lMpuBeOeHHbIE BbIWe pacCyXOeHus sBASTCA, MO CyWecTBY, AoKasaTelbCTBOM
TeopeMbl, KOTOpasa NOSTHOCTbIO ONUCbIBaET CTpoeHme nonen anya.

TEOPEMA. MynbtunnukatmeHaa rpynna nonsa GF(p”") sBnseTcs UMKIMYECKON
rpynnown, nOpOXOEHHON HEKOTOPbIM MPUMUTMBHBIM (NepBoobpasHbiM) KOopHeM h — Towm
CTENeHn U3 eguHnLbI.

Cnepgytoliee CBONCTBO MNO3BOMSET ONpeaenuTb Bce asmomMopgu3mbl (U30MOpPghU3MbI
«Ha cebs1») KOHEYHbIX NONewn.

CBOWCTBO. Mone lanya xapakTepucTMKM p COAEPXMT BMECTe C KaXablM CBOUM
3M1IEMEHTOM a POBHO OOUH KOPEHb P — TOM CTENEHU 13 a.

CJIIEOQCTBWE. Bcemu aBTomopduamamu nons GF(p” ) asnsatoTca oTobpakeHnsa Buaa

ba—>a’.

Taknx otobpaxeHuin GygeT poBHO N , N BCE OHM €CTb CTENEHN aBToMopumama ¢.

3AMEYAHWE. HeTpygHo nokasaTtb, 4TO BCe TeOpPeMbI, cnpaBeinvBble 5151 KOHEYHbIX
nonen GF(p"), npyn n=1 cTaHOBATCA TeopemMaMu O KOfbLie Bbl4ETOB LESbIX 4Yucen no
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noeany, NOPOXAeHHOMY NPOCTbIM Yucnom p — Z /(p), U NpUBOAAT K pesynbTaTtam, XOpoLuo
N3BECTHbIM N3 TEOPUM YUCES, HAaNnpUMep, K TakuMm, kak Teopema Pepma:
a’"'=1(mod p),a=pq, q € Z

2. [lpedcmaeneHue 3nemeHmoe nosns [anya KOHeYHbIMU YUC/I08bIMU
nocsiedoeamesibHOCMSIMU U MHO204J1eHaMu Hal KOHEYHbIM MosieM

PaccmoTpum Tenepb BO3MOXHOCTb MOCTPOEHUS KOHEYHbIX MOSieh C dneMeHTamu B
BMAEe nocnefoBaTeNnbHOCTEN 4ucen, Ans 4ero onpegenum  YCrnoBusi, MNpU  KOTOPbIX
nocnefoBaTeNbHOCTU ANMHBI M ¢ anemeHTamum M3 nons GF(q) obpasytoT none.

Paccmotpum nocnepoBaTtenbHOCTM AnvHbl 4 ¢ anemeHTamn u3 GF(2). Takue
nocrnefoBaTefibHOCTU MOXHO CKMagblBaTb KaK BEKTOPbl, W HyNeBbIM 35IEMEHTOM MO
onepaumn cnoxeHna asnsetca 0000. [ns 3agaHus onepauuMm YMHOXEHWS COMoCTaBuM
Kaxxgow nocriegoBaTefibHOCTM MHOIOYSIEH OT o

IlocnenoBaTemBHOCTE Muorounen
Dooo o
1000 1
D100 o
1100 1+
Do10 o
1010 142
Dool o3
1111 1ot ot of

YMHOXEHMEe Taknx MHOrMoYneHOB MOXKeT OaTb CTeneHb, 6OJ'IbUJy}O 4yem 3, T.C.
nocnenoBaTeNIbHOCTb, HE NpUHaAnexallyto paccMaTpMBaeMoMy MHOXECTBY.

Hanpumep, (1101)-(1001) <> (1 + a + o)-(1 + ¢®) = 1 + o+ o + o°. [ns Toro yToBwI
CBeCTn OTBET K MHOrouvriedHy creneHun He bonee 3, NOoJIOXKMM, YTO O YyOoOBJiETBOPAET
ypaBHEHUIO CTENEHU 4, Hanpumep:

p(a)=1+a+a*=0.
Torpa:
0L5=0L+oc2, oc6=oc2+ OL3;
1+a+rat+ol=1+a+1+a+®+a’=a?+a’

3OTO 3KBMBANIEHTHO AeneHnw Ha MHOoro4dsneH 1+ at OL4 N HaxXxoXOeHUK OocCTaTKka OT

JernexHuns:

4

N oot ] ceH ot 1
oA N e ot 1
ot raRt et
+ a4t
a1

oo — OCTATOK

Takum 06pasomMm, MMeeT MeCTO aHamnorus npu OopMUPOBaHUM MOMS U3 4YUCen W
nocrnegoBaTeNibHOCTEN Yncen (UM MHOrOYNEHOB). JTa aHanornmsa PacnpoCTPaHSAETCs U Ha
TO, YTO AnA o6paTMMOCTN BBEAEHHOM onepauun yMHOXeEHUs (YTOObl cucTtema 3r1EMEHTOB B
BMAEe nocnefoBaTeNbHOCTEN ASIMHBI M WKW MHOTOYNIEHOB CTEMEHM MeEHbLen m,
obpasoBbiBana none) mHorouneH p(oall) gormkeH OblTb HENPUBOAMM Hag MOMeEM CBOUX
KO9hPULMEHTOB.

OMPEOEJNEHUE. MNone, obpaszoBaHHoe MHorouneHamu Hag nonem GF(p) no moaynto
HENPMBOAMMOro MHOrodfnieHa p(x) CTeneHn m, Ha3bIBAETCA pacWupeHUeM rnossi cmerneHu m
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Had GF(p) wnn pacwupeHHbiM nonem. OHo coaepxut p™ anemeHToB u asnaetca GF(p™) —
nonem, pacCMOTPEHHbIM BbiLLE.

Mone, o6pa3oBaHHOE LeCcTHaAUaTbio ABOUYHLIMM NOCeA0BaTeNbHOCTAMU ANUHbI 4,
UM MHOrovneHamm crteneHn 3 M MeHee ¢ kKoadpduumeHtamm m3 GF(2) no moaynto
MHorouneHa p(x) = x*+ x+1, HenpuBoAMMOro Hap GF(2), aBngeTca npumepoM pacLuMpeHHOro
nonst GF(2*), koTopoe mMoxeT 6bITb 0603HaueHo Takke GF(16)

Tema. AnemeHTbI TEOpPUU KOAUPOBaAHUS
lnaH

1. Badayu meopuu koOuposaHusi, meopemb! LLleHHOHa.

2. Cxamue uHegpopmayuu. lNMpocmedwue an2opummbl CXamus.

3. lNomexoycmouyugble KOObI KaK rnpumep ornmumaribHbIX K0Oo8.

1. 3ada4u meopuu kodupoeaHusi, meopemsbi LLleHHOHa

BaxHenwuvm pasgenom Teopum UHOpMaUMKU  SBRSIETCA meopusi KOOUPOBaHUs,
KOoTopas uayyaeT cnocobbl 0TOXAECTBAEHNA COOOLLEeHN C OTOBpaXaroLWMMN UX CUrHanamu.

OMNPELOENEHUE. OTtobpaxeHne MHOXeCTBa COCTOSIHAA WMCTOYMHMKA B MHOXECTBO
COCTOSIHUM HOCUTENS HasblBaeTCa crocobom KoduposaHusi, a obpa3 COCTOosHMA npwu
BblGpaHHOM cnocobe KoanpoBaHUS — KOOOM 3TOrO COCTOSAHUA.

3agaven TeopuM KOOMPOBAHUA SABMSIETCA Hawnydlwee B HEKOTOPOM CMbICre
cornacoBaHMe WCTOYHMKA WHAQOpMaLMM C KaHanom CcBs3u (Hanpumep, obecneyeHue
MaKCMMasnbHOM CKOPOCTU nepedavM NS 3afaHHbIX CTAaTUCTUYECKUX XapaKTepUCTUK
coobweHnn nmbo obecneyeHne 3adaHHOM MNOMEXOYCTOMYMBOCTM NPU  3adaHHbIX
XapakTepucTMkax nomex B KaHane, nmbo obecneyeHne MakcMmarnbHOM CKOPOCTU
nepepaboTkn MHopMaL MM nNpu apumMeTnyecknx onepaumsax). B cootBeTCTBUM C NPUHATBIM
KpUTEPMEM OMTUMM3ALMM Pa3nMyaloT HECKONbKO HanpasfieHUA B TEOPUN KOAUPOBAHUS.
Hanbonee wu3BeCTHbIMM U3 HUX SABAAKOTCA - CTAaTUCTUYECKOE KOAUpOBaHue U
nomexoyctonymBoe koampoBaHue. O6beKkTamMn KOANPOBAHUSA MOTyT ObITb Kak OUCKPETHble,
TakK U HENpPEpPbIBHbIE COOBLLEHNS.

K.LLleHHOH cdhopmynupoBan 1 gokasan ABa OCHOBHbIX pe3yrnbTaTa.

TEOPEMA 1. Ina cny4asa kaHana 6e3 nomex BO3MOXHO OCYLLECTBUTbL KOgMpoBaHMe
ANCKPETHbIX cO0BLLEHMI TakuM 06pa3oMm, 4Tobbl cpeaHee KONMYeCcTBO ABOUYHbIX 3HAKOB Ha
3NeMeHT ucxogHoro andasuta ObINo Kak yrogHo 651M3Ko, HO He MeHee HEKOTOPOW BESTUYUHBI
- QHTpPOMMM WUCTOYHMKA WHOpMaUuK, onpeaensdeMon CTaTUCTUYEeCKMMU CBOMCTBaMMU
NCTOYHMKA. Takoe KogupoBaHMe Nony4Mno Ha3BaHne CTaTUCTUYECKoOro (3ddeKTUBHOrO).

TEOPEMA 2. [ina kaHana cBaA3u C WymMmaMn CyLLeCcTByeT Takon cnocob KoampoBaHus
KOHEYHOro Konu4yecrtea nHdgopmMaumm, Npyu KOTopoM nHdopmauus Gyaet nepefaHa c Kakowm
YrOAHO BbICOKOM OOCTOBEPHOCTBIO, €CMM TOMBbKO CKOPOCTb MOCTYMSIEHNSA €e He npeBblaeT
NPOMNYCKHYIO CMNOCOOHOCTbL KaHasna CBS3W.

3AMEYAHUME. Peanusauusa 31O BO3MOXHOCTU HepaspbiBHO CBs3aHa C Teopuen u
TEXHUKOM KOAOB KOPPEKTMPYIOLLMX W MOMEXOYCTOMYMBLIX METOAOB Mpuema. TeopeMmbl
LLleHHOHa yCcTaHaBNMBAOT TOSbKO CYLLLECTBOBAHWE ONTUMAanbHbIX UM BAN3KMX K HUM KOAOB,
HO He yKa3blBaloT cnocoba NoCTPOEHUs UX.

B obwem cny4ae ycnoBusi OCHOBHbIX TeopeM LLUeHHOHa BbIMNOMHATCA NUWb MNpU
yBENMYEeHUN AnnHbl Kognpyembix coodueHnn ao 6eckoHeyHocTu. MccnegoBaHus B obnactu
TeopuMM KOAMPOBaHMSA BedyTCA B OCHOBHOM B HarnpaBreHun o6ocHoBaHMs W pa3bopa
YCINOBWUA OCHOBHbIX TeopeM LLeHHOHa M B HanpaBneHuM CO3[4aHusi Haumyywmx MeTonoB
KOAMpOBaHMA MHopmaunn.

2. Cxxamue uHgpopmayuu. lpocmedwue anzopummbi cxamusi

MpumeHeHne cxxaTusa AaHHbIX No3BoNsAeT 6onee 3PPEKTUBHO NCNOSb30BaTb EMKOCTb
ANCKOBOW NamMAaATn. He MeHee nonesHo npuMeHeHue cxatusi Npu nepegade nHdopmaumm B
nobbix cuctemax cBaA3n. B nocnegHem crnyyae nosABNsieTCS BO3MOXHOCTb NepefaBaTb
3Ha4YNTENbHO MeHbLUME (Kak NpaBuiio, B HECKOMbKO pa3) 00beMbl JaHHbIX U, crneaoBaTernbHo,
TpebyloTCa 3HaYMTENbHO MEHbLUME pPecypCbl MPOMYCKHOW CNOCOBHOCTM KaHanoB Ans
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nepefayn TOM Xe camou MHopmauun. Bbiurpbill MOXeT BblpaXaTbCsi B COKpaLleHUn
BPEMEHU 3aHATUSA KaHana n, COOTBETCTBEHHO, B 3HAYUTESTbHOWN SKOHOMUM apeHaHOoW nnarthbl.

CxaTne gaHHbIX — noapasgen Teopuu mHpopmauun, 6nmsko conpukacarLnncs ¢
Teopuen KoOMpOBaHWS, MOCKOMbKY nobble MeToabl CKaTus AaHHbIX OCHOBaHbl Ha Moucke
n36bITOYHON MHGOPMaUMM W MocneaylweM ee KOAMPOBaHUM C  LUenbl  NofyyYeHus
MUHUManbHoro obbema. Mo cywecTBy, ckaTue OaHHbIX — 3TO KOOUPOBAHWE WCTOYHUKA,
KOTOpOe npUBOAUT K YMEHbLUEHMIO 4YMCra CUMBOSIOB B COOOLEHUW [0 MUHUMYMA,
Heob6xoaMMOoro Ans npeacraBneHns Bcerm nHgopmauum coobLleHnsa nnu, Nno KpamnHen mepe,
anga obecnevyeHns yCnoBuUn Takoro coodLweHus.

CyLlecTBYyIOT Ba OCHOBHbIX Knacca MeTodoB cxXaTna nHopMaunn:

1) knacc meTo4oB HEOOPATUMOro CXXaTusi, UMEIOLLMX Takke Ha3BaHWEe SHTPOMUAHOIO
cXaTus, Unu cxaTus € NoTepsaMMu,

2) knacc metogoB o06paTMMoOro — BOCCTAHOBMMOINO npeobpasoBaHUA WCXOOHOW
NHdopMaLun.

B.M. ®utuHrodp, P.E. Kpudesckuin, KO.M. LUtapbkoB un Jgpyrme paccmoTpenu
CcnyyanHble rnocnegoBaTenNbHOCTUM C HEM3BECTHLIM 3apaHee pacrnpeneneHneM BeposaTHOCTEN
n paspabotanu ontTuManbsHble A5 6eCKoHeYHbIX nocrnegoBaTenbHOCTEN MeTOAbl ONUCaHNS
Ha OcCHoBe HabnwaeHna CTaTUCTUKM NepBbiX CUMMBOMOB MOCNeaoBaTeNbHOCTU. JTO
HanpasfieHMe Nosly4ynno HasBaHwe ONTUMarbHOro YHMBEPCAanbHOro KogmMpoBaHus. Xopolume
pesynbTaTtbl MO CXaTUI MOXHO NOSTyYUTb TOMbLKO ANA onpeaerieHHOro UCTOYHMKa Ha OCHOBE
TOYHOrO 3HaHUS ero CBOUCTB.

Hay4Hon npeanochbifikon BO3MOXHOCTU CXaTuUA OaHHbIX BbICTynaeT W3BECTHas U3
Teopun MHopMauumn Teopema kogmposaHus LLleHHoHa onst kaHana 6e3 nomex.

[N XapakTepucTuku AOOCTMKMMOM CTEMNEHU CXaTus MCnonb3yeTca KoadhPUUNEHT
n36bITouHocTM (KN3B).

[Ana xapakTepucTuku e OOCTUrHYTOW CTEMEHU CXaTus Ha NpakTuKe NPUMEHST Tak
Ha3blBaeMbll KO3IMULUMEHT CXaTuUs, KOTOPbIA BblpaXaeT OTHOLUEHWE MepBOHAaYanbHOro
pa3mMepa aHHbIX K UX pa3Mepy B CXaToM Buage. M3aBecTHble MeToAbl CKaTuUs HanpaseHbl Ha
CHMWXEHME UN3ObITOYHOCTU, BbI3BBAHHOW KakK HepaBHOW BEPOATHOCTbIO CMMBOSIOB, Tak WU
3aBMCUMOCTbIO MexXay MOopsaKoM MX MnocTynneHusi. B nepBom cnyyae And KOOUPOBaHUS
NCXOOHbIX CMMBOJSIOB UCMNOSb3YEeTCA HepasHOMEPHbIU KOO. YacTo nosBnsaoWmnecss CMMBOSbI
KogupyTca 6boree KOpPOTKMM KOLOM, a MeHee BeposiTHble (pedko BCTpevarolmnecs) —
oonee ANMWHHBIM KOOOM.

CyuwiecTBylOT [Ba OCHOBHbIX crnocoba npoBedeHUst cXaTusa: CTaTUCTUYECKUN U
CcnoBapHbIn. Jlyylne cratmctTmyeckme MeTodbl MPUMEHSAIOT apudmMmeTuyeckoe KoanpoBaHue,
nydwme crnosapHble — metog 3mBa-flemnena. B ctatmctMyeckom cxatum KaxgomMy CUMBOSY
npucBaMBaeTCA KO, OCHOBaHHbIN Ha BEPOATHOCTUM €ero TMosABMNEeHUs B TeKCTe.
BblcOKOBEPOSATHLIE CMMBOJSILI NOSTy4aOT KOPOTKME KOAbl, U HaobopoT. B cnosapHoMm meTofe
rpynnbl nocnegoBaTeNbHbIX CMMBOMOB UK "dpas" 3ameHaTca kogoM. 3ameHeHHas ppasa
MOXeT ObITb HangeHa B HEKOTopoMm "crnoBape". Tonbko B nocneaHee Bpemsi Obifo NokasaHo,
yto nwbas npakTMyeckas Cxema CrOBapHOro ©xXaTus MOXeT ObiTb cBegeHa K
COOTBETCTBYHOLLEN CTAaTUCTUYECKOM CXEME OXaTusl, W HangeH obwuin anroputm
npeobpasoBaHUsa CrioBapHOro Metoga B CTAaTUCTMYECKUW. [MO3ToMy npu MOUCKe mnyyllero
ckaTua ctaTUcTMyeckoe KogupoBaHuve obewaet OblTb Hamboree nOAOTBOPHBIM, XOTA
CrnoBapHble METOAbl U NpUBIEKaTeNbHbI CBOEN ObICTPOTOMN.

B ocHoBe BEpOATHOCTHbIX MeTodoB oxatus (anroputmoB LlleHHoHa-®PaHo W
XappmeHa) nexnT nagea nocTpoeHus "aepesa”, NonoxeHne cumBona Ha "BeTBdaX" KOTOPOro
onpegensieTca 4actoTon ero nosisneHund. Kaxgomy cumBosy npucBavBaeTCHa Ko, ASNMHa
KOoTOporo o6paTHO NponopunoHanbHa YacToTe NosBNeHNsa 3Toro cumeona. CyllecTByloT ABe
Pa3HOBMAOHOCTU BEPOATHOCTHbIX METOAOB, pasnuyalwmxcs cnocobom onpegeneHns
BEPOATHOCTU MOSIBIIEHUS KaX0ro cumBona:

eCcTaTMyeCKME MeEeTOoAbl, MWCMonb3ylwme UKCUPOBaHHYD Tabnuuy 4acToThl
NosiBNEHN CUMBOJIOB, pacCYnTbIBAEMYIO Nepen Ha4varom npolecca cxaTus;
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e INHAMNYECKME UNN adanTMBHbIE METOAbl, B KOTOPbIX YacToTa NOSIBNIEHNS CUMBOSIOB
BCE BPEMSA MEHSeTCHd M N0 Mepe CUYUTbIBAaHUS HOBOro 6rioka [OaHHbIX MNpOUCXOoauT
nepepacyeT HayarbHbIX 3Ha4Y€eHU YacToT.

CtaTudeckme MeToabl XapakKTepU3yrTCs XOPOLMM BbICTPOAENCTBMEM U He TpebytoT
3HauuTemnbHbIX pecypcoB onepatuBHOWM namAaTU. OHW HaWW LWMPOKOE MpPUMEHEHVE B
MHOrOYMCNEHHbIX NporpammMax-apxmesatopax, Hanpumep ARC, PKZIP v gp., HO ansa cxatus
nepefasaeMblXx MOAeMaMM [aHHbIX WCMONb3YKTCA peako — rnpeanodTeHne oThaeTtcd
apudpMeTMYecKoMy KOOMPOBaHWIO UM MeTody crioBapen, obecneuvvsalowumMm OOMbLUYIO
cTerneHb cxaTus.

Apugmemuydeckoe koduposaHue

MpuHUMnbl apndmeTnyeckoro kKoanpoBaHusa Obinu paspaboTaHbl B koHUe 70-X roaos.
B pesynbtate apudmeTMyeckoro KoOMPOBAHWSA  CTpOKa CUMBOJIOB  3aMeHsAeTCd
AENCTBUTENbHLIM  4YnCrioM  Bonblie  Hynsa W MeHblle eauHuubl.  ApudmeTndeckoe
KoanpoBaHue no3BonseT obecneynTb BbICOKYHO CTEMEHb CXaTus, 0COBEHHO B cryvasix, korga
CKUMAIOTCA OaHHble, rAe YacTtoTa MOsIBMEeHNA pasfnyHbiX CUMBOSIOB CUMbHO BapbUpyeTcs.
OpgHako cama npouedypa  apuMETMYEcKoro  KoauMpoBaHus  TpebyeT  MOLUHbIX
BblYMCNUTENBHbLIX PECYPCOB, N OO HeJaBHEro BpeMeHu 3TOT MeToh Mano NpUMEHSsNcsa npu
cXKaTum nepefaBaeMblX [aHHbIX M3-3a MeAsieHHon paboTbl anroputma. Jluwbe nosiBneHuve
MOLLHbIX NpoueccopoB, 0ocobeHHOo ¢ RISC-apxuTekTypoin, no3Bonnmno co3gatb 3EKTUBHbIE
YyCTPONCTBA apuPMETNYECKOrO CXXaTUA AaHHbIX.

Hanbonee BaxHbIMU CBOMCTBaAMU apnpPMeTUHEeCKoro KogMpoBaHNA sIBASOTCS
cnegywowue:

e CMOCOBHOCTb KOANPOBAHUA CMMBOSIA BEPOSITHOCTU P KOSIMYECTBOM BMTOB
NPOM3BOSIbHO BIM3KNM K -log p;

e BEPOSATHOCTM CUMBOJSIOB MOTYT BbITb Ha KaXXOOM Luare passinyHbIMU;

e O4YEHb HE3HAUYMTESbHBIM 3anNpPoC NaMATU HE3AaBMCUMO OT KONMMYECTBa KIlacCcoB
yCrioBum B Mogenu;

« BbOMbLIAA CKOPOCTb.

B apudmeTnyeckom KoOMPOBaAHUM CUMBOST MOXET COOTBETCTBOBATb ApPOGHOMY
KONM4YecTBY BbIXOAHbIX OUTOB. B Hawem npumepe, B criydae nosiereHust 6yksbl "0" OH MOXET
nobasutb K Hemy 0.014 6uta. Ha npakTuke pesynbTaT JOMMKEH, KOHEYHO, SABMSATLCA LefbiM
4ncriom GUTOB, YTO NPOU3OMAET, €CIIM HEeCKOSbKO MocnefoBaTeSibHbIX BbICOKO BEPOSATHbIX
CMMBOJIOB KOAMpPOBaTb BMeCTe, MOKa B BbIXOAHOW MOTOK Henb3s OygeT nobasutb 1 6uTt.
Kaxgbln 3aKoguMpoBaHHbIN CUMBOST TpebyeT TONMbKO OOHOMO LeNOYUCIIEHHOMO YMHOXEHUS U
Heckonbkux pobaBneHun, Ona 4Yero OObIMHO MCNOMb3YeTCs TOMbKO Tpu 166UTOBBIX
BHYTPEHHUX peructpa. Moatomy, apudmeTnyeckoe KogupoBaHue naeanbHO NOaxXoauT ANnd
aganTUPOBaHHbBIX MOAENen U ero OTKPbITUE NOPOAUIIO MHOXECTBO TEXHUK, KOTOPbl€ HAMHOIO
NPeBOCXOAAT Te, YTO NPUMEHSIIOTCA BMECTe C KogupoBaHuem XaddpmaHna.

CnoXHOCTb apudMeTUYECKOro KOAMPOBaHUS COCTOMT B TOM, YTO OHO paboTtaeTt C
HakannMBaeMon BEPOATHOCTbIO pacnpedeneHus, Tpebyrolen BHeceHus ANns CUMBOJIOB
HeKkoTopon ynopsiaoveHHocTM. COOTBETCTBYOLWAA CMMBOSY HakannnBaemasi BEPOSITHOCTb
€CTb CyMMa BEPOATHOCTEN BCEX CMMBOJIOB, NpeALecTBYOWNX eMy. O deKkTMBHAA TEXHNKA
opraHusauumn Takoro pacnpegeneHus npueogutca B [115]. B [68] paetca adpekTmBHbLIN
anropuTM, OCHOBaHHbIA Ha ABOMYHON Ky4ye Ans criydyas oveHb 6onblioro andasuta, apyrown
anropuTM, OCHOBAHHbLIA Ha paclMpsaLMXCa gepeBbsx, gaetca B [47]. Ob6a oHM umetoT
NPUBNN3NTENBHO CXOXMNE XapaKTEPUCTUKN.

MemoOosi LLleHHOHa-®aHO u Xagh¢hmeHa

B kauyecTtBe npumepa, NOSICHAOLWEro NPUHLUUMLI CXaTus, paCCMOTPUM NPOCTON MeTo[,
LLleHHOHa-®aHo. CornacHo aToMy MeToay, AN Kaxgoro cumeona opmupyeTca GUToBbIn
KO4, MpuUYeM CUMBOSIbI C Pa3fNUYHbIMKM YacToTaMW NOSBIIEHUS UMEKOT KOAbl PasHOW OMUHBI.
Uem MeHbLUe YacToTa NosiBIeHNs CMMBOSIOB B dhanne, Tem bonblie pasmep ero 6uToBOro
koga. CooTBETCTBEHHO, YaLle NOSABMSILWMACA CUMBOST UMeET MEHbLUUIW pa3mep Koaa.
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Kog ctpoutca cnegyrowmm obpasom: BCe CUMBONMbI, BCTpevatowmeca B pavine,
BbINUCbIBAKOT B Tabnuvuy B nopsake ybbiBaHMSA 4acToT UX NOsBNeHus. 3aTemM ux pasgenstoT
Ha OBe rpynnbl Tak, 4YTOObl B KaXXAoW M3 HUX OblNMM MPUMEPHO paBHbIE CYyMMbl 4acToT
cumBosioB. [NepBble GUTbHI KOOOB BCEX CMMBOSIOB OOHOM MOSIOBMHbLI 0Bo3Havatotca "0", a
BTOpon — B "1". lNocne atoro kaxayw rpynny Oendat ewe pas nonosiam 1M Tak go Tex nop,
NnoKa B KaXk4oW rpynne He OCTaHeTCH MO OAHOMY CUMBOSY.

OpHako gaHHbIM cnocob He Bcerga NPUBOAUT K MOCTPOEHMIO OOQHO3HAYHOrO Koaa.
XoTs B BepxHen noarpynne cpefHsisi BEPOATHOCTb cumBona bornblie (U, cnegoBaTesnbHO,
KoAbl AOMMKHbI OblTb KOpPO4YE), BO3MOXHbI CUTyauuwn, Mpu KOTOPbIX MNporpamMmma caenaet
ANUHHEE KoObl HEKOTOPbIX CUMBOJSIOB N3 BEPXHUX NOAIPYMM, a He KOAbl CUMBOJSIOB U3 HUXKHUX
noarpynn. [JencrteuTtenbHo, pa3genss MHOXeCTBO CMMBOJSIOB Ha nNoAarpynnbl, MOXHO caenatb
BornbLuern No BEPOATHOCTU KaK BEPXHIOK, TaK U HUXKHIOK NOArpynnbl.

Bonee ynaveH B gaHHOM OTHoweHUn metoa XadpdpmeHa. OH No3BonseT O4HO3HAYHO
NOCTPOUTb KOA C HAaUMEHbLUEN CpeaHen ONMHOW, npuxoasdiulenca Ha cumeon. CyTb meToda
XadpdpmeHa ceogutca k cnegytowemy. CMMBOIbl, BCTpevatolmnecs B anne, BbINUCbIBAKOTCA
B cTonbey B nopsigke yobiBaHMS BEPOATHOCTEN (4acTOThbl) UX NosBneHus. [1Ba nocnegHux
cMMmBosia 06beauHATCA B OOMH C CyMMapHOM BEepOSITHOCTbI. M3 nonyvyeHHOW HOBOW
BEPOSATHOCTM U BEPOSTHOCTENM HOBbIX CUMBOJSIOB, HE MCMOMb30BaHHbIX B OObeOUHEHWUN,
dopmmpyeTca HOBbIN cTonbew B nopsiake yobiBaHNSA BEPOSATHOCTEN, a ABE NocrneaHne BHOBb
obbeaunHsaTCA. OTO npoporkaeTca A0 Tex Nnop, Noka He OCTaHeTCs OA4Ha BEPOSTHOCTb,
paBHas CyMMe BEpPOSATHOCTEN BCEX CMMBOJSIOB, BCTpevatowmxca B panne. [1na coctaBneHns
Koda, COOTBETCTBYOLLEro AaHHOMY CUMMBOMY, HeobxoouMmo npocneuTb NyTb nepexoaa
3HakKa no cTpokam u ctonbuam Tabnuubl Koga.

3. Momexoycmolivyuebie KOObI KaK NpuMep onmumarsibHbIX KOO0

Mpobnema noBbIWEHMS BEpHOCTM OOycroBneHa HECOOTBETCTBMEM  Mexay
TpeboBaHUAMK, NpeabABNAEMbIMU MPU Nepefayve OaHHbIX, U Ka4eCTBOM pearibHbIX KaHanoB
cBs3n. B ceTsix nepenaun gaHHbIx Tpebyetcst o6ecneuntb BepHOcTb He xyxe 10° - 107, a
NPy UCNONb30BaHMK pearibHbIX KaHaroB CBS3M M MPOCTOro (NepBMYHOr0) Koga ykasaHHas
BepHOCTb He npeBbiwaeT 102 - 10°. OgHMM U3 nyTel pelleHVst 3ahaun MoBbILLIEHUS
BEPHOCTM B HaCToslLLlee Bpems SBMSETCA MCMNOMb30BaHWE CchneumanbHbiX npoueayp,
OCHOBAaHHbIX Ha MPUMEHEHNN TOMEX0ycmoU4usbix (KOppeKmMuUpyrowux) KoOoB.

MpocTble KOObl XapaKTepusylTca Tem, YTo Ana  nepedadm  MHopMaumm
UCMOMb3YyITCA BCE KOOOBbIE crosa (KOMBMHaLMK), KonmyecTBo KoTopbix paBHo N=q" (q —
OCHOBaHue Koda, a n — AnuHa koga). B obuem criyyae oHM MOryT oTniMyaTbCsa Apyr oT gpyra
OAHUM CUMBOSIOM (3nemeHToM). [loaTomy paxe oAMH OWMOOYHO NPUHATBIN CMMBON
NPMBOAMWT K 3aMEHe OOHOro KOO4OBOrO CrioBa APYrMM U, CredoBaTenibHO, K HenpaBWUilbHOMY
npuemMy coobLLeHns B LENOM.

lMomexoycmoliyuebiMU Ha3bIBalOTCA KOAbl, Mo3Bonswwmne obHapyxuBatb U (unu)
ncnpaeBnATb OWNMOKM B KOLOBbLIX CrOBax, KOTOpble BO3HWMKAKOT NpU nepegade no kaHanam
CBSA3N. DTN KOAbl CTPOATCA Takum obpasom, 4To Ansa nepepaymn cooblueHus ncnonb3yeTcs
NMWb YacTb KOAOBLIX CIIOB, KOTOpble OTAMYAlOTCs Apyr OT apyra 6onee 4yem B OOHOM
cMMmBorfe. OTU KOAOBble CNoOBa Ha3blBalOTCA paspelleHHbiMW. Bce ocTanbHble KogoBble
CrnoBa He UCMOMb3YKTCH U OTHOCATCS K YACITY 3anpeLyeHHbIX.

MpMeHeHNe NOMEXOYCTOMYMBLIX KOAOB AN MNOBbIWEHUA BEPHOCTU nepegaydn
AaHHbIX CBS3aHHO C peLleHneM 3a4ay KOANMPOBaHUSA 1 AeKOANPOBaHMS.

3adava KoOuposaHUs 3akNi4aeTCa B MOMyYeHUU nNpu nepefade ana kKaxgom k -
9MEMEHTHON KOMBUHALMM N3 MHOXECTBA ¢ COOTBETCTBYIOLLETO eil KOJOBOrO CIIOBa AMMHOI
n 13 MHoXecTBa q".

3adavya dekoOuposaHuUsi COCTOUT B MNoOfyvyeHun K - 3NeMeHTHOM KOMOuHauun u3
NPUHATOrO N — paspsgHOro KOAOBOro CrioBa Mpu OOHOBPEMEHHOM OBHapyXeHun unu
ncnpasneHnn ownobok.

K OCHOBHbIM napameTpam MOMEXOYCTOMYMBLIX KOOOB OTHOCATCA criegyowime
BENNYMHBbI:
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e INNHa Koda — n;

e ANTHA MHOPMAaLMOHHON nocreaoBaTenbHOCTUN — K;

e INIMHA NPOBEPOYHOM NocneanoBaTenbHOCTU — r=n-Kk;

¢ KOZIOBOE pacCTosaHue koaa — do.

OMNPEAEJNIEHNE. Kodosbim paccmosiHuem wmexgy [OBYMS KOAOBbIMW  CroBamu
(paccTtosiHne XaMMWHra) HasblBaeTCsl YMCIO MO3ULUK, B KOTOPbLIX OHU OTNUYatTCs Apyr oT
Apyra.

KodoebiM paccmosiHuem koda HasblBaeTCA HaMMEHbLlee pacCTosiHue XaMMmuHra
Mexay pasnuyHbiMK napamm KogoBbIX crnoB. CmupaHuem HasblBaeTcs "noteps” 3HayYeHus
nepegasaemMoro CMMBOJS1a B HEKOTOPOM MO3nLMN KOOOBOMO CroBa, KoTopas n3BecTHa.

OMPEOENEHVME. Kog, B KOTOPOM KaXgoe KoOoBOe CrioBO HayMHaeTcs C
MHPOPMALMOHHBLIX CMMBOSIOB U 3aKaH4YMBaAETCH MNPOBEPOYHbIMM CUMBOMAaMK, Ha3blBaeTCH
cucmemMamu4ecKumM.

OpaHoOM 13 BaxXHeWWMX 3aday MOCTPOEHUS NMOMEXOYCTOMYUBLIX KOAOB C 3adaHHbIMU
XapakTepuUCTUKaMu SBNAETCA YCTAHOBMIEHNE COOTHOLUEHMS MeXAy €ero crnocobHOCTbIO
obHapyxuBaTb UM UCNpPaBnsaTb OWUOKM U M3BLITOYHOCTLI. [1ogoBGHbIE COOTHOLLEHUS
NONYyYMnn HasBaHWe 2paHUYHbIX COOMHOWeHUU Mexay napameTpamMu NoMexXoyCTONYMBBIX
KOOOB.

JluHeliHble 6510KO8bIE KOObI

OMNPELOENEHWE. JluHelHbiMm 6rokosbiM (n, k) - KOOOM Ha3biBaeTcs MHoOXecTBo N
nocrnegoBaTenbHOCTEN ANWHBI N Had KoHevHblM nosieM GF(q), HasbiBaeMblX KOOOBbIMU
croBaMu, KOTOpoOe XapakTepusyeTcs Tem, 4YTO CymMma [BYX KOAOBbIX CIOB SABMSETCH
KOOOBbLIM CIOBOM, a npou3BedeHne nboro KOAOBOrO CrfioBa Ha 3feMeHT Mons Takke
SBNsieTCcA koaoBbIM croBoM. O6biiHO N=q* |, rge k - HekoTopoe Lienoe Yucro.

3AMEYAHWME. HanomHum, 4yto obosHadeHve GF(q) mcrnonb3yeTcss AnA KOHEYHOro
Nons XxapakTepuUCTUKKM (, T.€. TaKOro nosisi, B KOTOPOM BbINOSIHAETCA PaBEHCTBO:

l,+1,+..+1, =0,

q pas

OMNPEOENEHUVE. Ecnn g=2, nuHenHble KoAbl Ha3bIBAKOTCA 2pyrrnoebiMuU, TaK Kak
KoOoBble crioBa 06pasyoT MaTeMaTUYECKYO CTPYKTYPY, Ha3biBaeMyHo rpynmnown.

Mpu popmupoBaHnn aToro Koga NMMHEMHOW onepaumnen aABnsaeTca CyMMmMpoBaHue Mo
mod 2.

Ha3oBem ocHOBHbIe cnocobbl 3aJaHnNsA NMHENHbIX KOOO0B.

1. lNepeyucneHue K0OOBbIX €108

OTOT cnocob 3aknyaeTcs B COCTaBNEHUN CMMCKA BCEX KOOOBLIX CrOB Koaa.

2. Cucmema rpoe8epoYHbIX ypasHeHULl

Cuctembl NPOBEPOYHBLIX YpaBHEHWUA onpenensawT npasuna HOPMUPOBaHUSA
NPOBEPOYHbBIX CUMBOJSIOB MO N3BECTHbIM MHAPOPMALIMOHHbIM:

k
by = a by,
i=1

roe: j — HoMep MpOBEpOYHOro CMMBOMA; i — HOMep MHgopMauuoHHOro cumeona; hj —
KO(ppUumMeHTsl, NpuHMMatowme 3HadeHuss O wmnm 1 B COOTBETCTBMM C nNpaBuiaMmu
POpPMMPOBaHNSA KOHKPETHBIX FPYMNMNOBbIX KOOOB.

3. MampuyHbIt

OTOT cnocob OCHOBAH Ha NOCTPOEHUN rTopoxxdaroweli N MpPo8epoYHOU MaTpUL.

BekTopHoe npocTpaHcTBo Vn Hag nonem GF(2) BkniovaeT B cebsa 2" Bektopos (n-
nocrenoBaTenbHOCTEI), a NMOANPOCTPAHCTBOM €ro SIBMSIETCS MHOXECTBO M3 2% kopoBbix
CMOB AJINHbI N, KOTOPOE O4HO3HAYHO onpeaensaeTca ero 6asnMcom, COCTOAWMUM U3 K IMHENHO
He3aBUCMMbIX BeKTopoB. [1oaToMy nuHenHbin (n, K) - KOA4 MONHOCTbK onpefensieTcs
HabopoM M3 K KOAOBbIX CroOB, MpuHagnexawmx atomy kogy. Habop m3 k kogoBbIx Crios,
COOTBETCTBYHOLMX Basncy, 06bIYHO NpeacTaBnseTca B BUAE MaTpuubl, KOTopasi HasbiBaeTcs
nopoxgatoLlen.
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OCTaﬂbele KOOOBblEe ClioBa I'IOJ'Iy‘-Ial'OTCFl CclioXXeHnem CTpOK ManI/ILl, B pa3]'||/|'-|Hb|X
coyetaHuax. O6Llee KOMMYECTBO pPasnUYHbIX BapMaHTOB, MOPOXAALWMX MaTpuLy,
Onpeﬂ,eﬂﬂeTCﬂ Bblpa)KeHVleM

k-1 )
M, = (2 -2')

i—0
[na nckntoveHnsa HeogHO3HaYHOCTK B 3anucy G(n,k) BBOAAT NOHATUE O KAHOHUYECKOM
UM cuctemaTuyeckon dopme MaTpuubl, KOTopas UMeeT BUA;

G(n,k) = (Ik > Rk,r ),

roe: [k — €dVHn4YHaa MaTpuua, cogeprkallad I/IH(bOpMaLI,I/IOHHbIe CMMBOIJ1bI, Rk,r —

NpAMOYronbHaa MaTtpuua, cocTaBfieHHasi U3 NPOBEPOYHbLIX CUMBOJIOB.
Mopoxpatowaa matpuua Gk B CMCTEMaTUYECKOM BUAe MOXeT BbiTb nornyyeHa u3
nobon gpyrom MaTtpuubl  NOCPEACTBOM  3fIEMEHTapHbIX Onepauun Hag CTpokamu
(nepecTaHOBKOW OBYX MPOU3BOSIbHbLIX CTPOK, 3aMEHOW MPOU3BOSIbHOM CTPOKM Ha CyMMy ee
camou 1 psiga opyrmx) n ganbHenwen nepectaHoBKOW cTonbuos.
lMpoBepoyHas maTpuua B cCUCTEMaATUYECKOM BMAE UMEET BUA;:

H(n,k) = (RTk,r N I

ro)s

T
roe 1 — €edWHU4YHaa mMaTpuua, R k,r — nNp4amMoyrofibHada Matpuda B

P
TPaHCNOHMPOBAHHOM BMAEe MaTpuLbl Rk,r N3 nopoxaaroLien MmaTpuubl.
OTMeTVM OCHOBHbIE CBOMNCTBA NIMHENHbIX KOOOB.
CBOWMCTBO 1. [pousBegenne noboro  KoOOBOTO  CrOBa V; (X) Ha
TPaHCNOHMPOBAHHYIO MPOBEPOYHYIO MaTpULly AaeT HYNeBOW BEKTOP padMepHocTH (n-K):
T —
Vl-(X)' H(n,k) = (OO . )

OMPEOENEHME. TpousBegeHue HekoToporo kogosoro croBa V;(X), Te. ¢
OLIMGKOW, Ha TPAHCTOHMPOBAHHYK MPOBEPOYHYIO MaTpuLly Ha3bIBAETCS CUHOPOMOM W
o6o3HavaeTcs Sl.(x):

' T
Vi(x)- H{, oy = S,(x).
CBOWMCTBO 2. Mexay nopoxaawoweld W NpoBEpOYHOil  MaTpuuamMu B

cncremMmatTn4eCckomMm sunge Cyl.Ll,eCTByeT OAHO3HAa4YHOEe cooTBeTCTBME, a MMEHHO:
T —
Gy Hini) = 0.

CBOWCTBO 3. KogoBoe pacctosiHe do (n,k) kKoga paBHO MUHMMANbLHOMY YMCIY
NMHENHO 3aBUCUMMbIX CTONOLOB NPOBEPOYHON MaTPULbI.

CBOWCTBO 4. MNMpown3sseaeHne MHHOPMAaLIMOHHOO CIoBa Ha NOPOXAAOLLYI0 MaTPULLY
AaeT KOAOBOe CroBO Koaa.

OMNPELOENEHWE. [Ba koga Ha3bIiBaKOTCA 9K8UBASIEHMHbIMU, ECIN NX NOpOXAaloLmne
MaTpULUbl  OTNMYAKOTCA MEepecTaHOBKOW  KoopAwHaTt, T.e. MopoXxgawwme maTpuubl
nony4arTca O4Ha 3a ApYrol nepecTtaHOBKOW CTONOGLOB M 3neMeHTapHbIX onepauun Hag
CTpOKaMMU.

CmaHdapmHoe pacriosioxeHue 2pyrnrnoeoz2o koda

CraHpapTHOe pacnonoXeHue rpynnoBOro kKoga npeacraBnser cobor pasnoxeHue
MHOXECTBa BCEX BO3MOXHbIX N-3MIEMEHTHbIX CMNOB, NPeaCTaBnAlLWMX cobon rpynny, Ha
CMeXHble knacchl No noarpynne u3 2X kogosbix cno., coctaensowwmx (N, k)-koa (Tabnuua 1).

Tabnuuya 1. CTaHgapTHOE pacnonoXxeHue rpynnoBoro Kkoaa.

v (x) v@ Lo v | v, (x)
[ (x) v (x)+ [, (x) ... v, (x)+ A (x) ... Vo (x)+ A (x)
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Zj(x) vl(x)+lj(x) vl.(x)+lj(x) vzk,l(x)+lj(x)

/ - (x) v, (x)+ / - (x) v (x)+ / - (x) . Vo (x) +1/ - (x)
Obpa3syruwue vnn rudepbl CMEXHbIX KIaccoB BblbupatoTca Takum obpasom, 4ToObI B
X COCTaB BoOLWIM Hanbonee BeposATHble obpasLbl OLWMBOK B KOAOBOM croBe, T.e. obpasubl
OLWMBOK C HAMMEHbLUUM BECOM.

OMNPEQOENEHUE. Kodom XammuHea HasbiBaeTca (n, K)-kogd, npoBepoyHasi maTtpuua
KOTOporo umeert r=n-k cTpok un 2-1 ctonbuoBs, npuyem cTonéLaMm ABNAITCA BCe pasnuyHble
HEeHyneBble NOCneaoBaTENbHOCTMW.

MpoBepoyHass maTpuua noboro koga XaMMUHra Bcerga COLePXUT MUHUMYM Tpu
NMHENHO 3aBUCUMbIX CTONOLA, NO3TOMY KOAOBOE pacCTOSIHME KOofa paBHO TPEM.

Ecnn ctonbubl nNpoBEpOYHOM MaATPULbl MPEACTaBASAT YNOPSALOYEHHYH 3anucb
AECATUYHbIX Yncen, T.e. 1,2,3... B 4BOMYHOM (pOopMe, TO BbIYMUCIEHHbIN CUHAPOM

S,(1,0)=S,,...5,8, =v,(1,0)- H[,,,

O[HO3HA4YHO yKa3blBaeT Ha HOMEpP MO3ULMMN UCKAXKEHHOIO CMMBONA.

Huknuyeckue KoObI

OMPELOENEHVE. Huknuyeckum KOOOM Ha3blBaeTCsA NMHENHbIN GnokoBbIn (N, K)-kopa,
KOTOPbIN XapakTepudyeTcs CBOMCTBOM LIMKMUYHOCTM, T.€. CABUI BIIEBO Ha OAMH Lar nodoro
pa3peLLEHHOro KogoBOro CrioBa AaeT Takke paspeLlleHHOe KOAoBoe CIoBO, NpuHagnexailiee
3TOMY Xe Koay, M Y KOTOPOro MHOXECTBO KOAOBLIX CIIOB MpeacTaBNAeTCsi COBOKYMNHOCTLHO
MHOrou4neHoB cteneHn (n - 1) 1 MeHee, OENAWNXCA HA HEKOTOPbLIA MHOMOYEH g(x) cTeneHun
r=n-k, SIBRSIIOLMIACS COMHOXMTeNeM gsydrieHa X" MHorouneH g¢(x) Ha3biBaeTCs
1OPOXKOaUUM.

Kak cnegyeTt u3 onpegeneHus, B LMKNMYECKOM KOAe KOAOBbIE CrIOBa NPeAcTaBisanTCs
MHOro4sieHamMmu Buaa:

_ n—1 n—2 1 0
v(x)=v X" v X"y X X

roe n — anvHa koga; vV; — koadduumeHTtbl 3 nona GF(q).

Ecnn kog noctpoeH Hag nonem GF(2), To koadhdpuumeHTbl npuHMMaoT 3HaveHus 0
nnun 1 1 Ko HasblBaeTCs OBOUYHbIM.

OMPELOENEHVE. OnnHa uMKNM4eckoro koaa HasblBaeTCH rMpUMUMUBHOU N caM Kopg
Ha3blBaeTCa NPUMUMUSHbLIM, ecnu ero anuHa n = q™ - 1 Hag GF(q).

Ecnn pnvHa koga MeHblle ANuHbI NPUMUTUMBHOMO Koda, TO Ko HasblBaeTcs
YKOPOYEHHbIM VNN HENPUMUMUBHbIM.

OObLee CBOMCTBO KOAOBLIX CIIOB LIMKITMYECKOTO Koda - 3TO UX AenuMocTb 6e3 octaTka
Ha HEKOTOPbIN MHOroYneH g(x), HasbiBaeMbI NOPOXOAOLLNM.

PesynbTatom AeneHus asydneHa X" + 1 Ha MHorouneH g(x) ABMAeTCA NPOBEPOYHbIN
MHorouneH h(x).

Mpn gekoaMpoBaHMM LMKIIMYECKUX KOOOB UCNONb3YTCA MHO204Y/1eH owuboK e(x) v
CUHOPOMHBIU MHO204sIeH S(X).

MHoro4neH ownbok, cteneHn He Bonee (n - 1) onpeaenseTcs U3 BblpaXXeHNUs

e(x)=v'(x)+v(x),

rae v(x) n v/x) - MHorouneHbl, otobpaxarLime COOTBETCTBEHHO NPUHATOE (C oWwmMbKomn) U
nepefaHHoe KoAoBble CIOBa.

HeHyneBble koOa(ppuUMEHTbI B €(X) 3aHMMalOT MNO3ULUKN, KOTOpPble COOTBETCTBYIOT
oLumbkam.

Mampu4Hoe 3adaHue Kkodoe
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LUnknuyecknin kog MoXeT ObiTb 3adaH MOpOoXAalLwen U NpoBEPOYHON MaTpULAMMN.
Ana ux nocTpoeHns [A0oCTaTovHO 3HaTbh nopoXgawwmin g(x) m npoBepoyHbi  h(x)
MHOTIOYJIEHbI.

[na HecuctemaTMyeckoro UMKNUYECKOro Koda MaTpuubl CTPOATCS  LMKINYECKUM
CABUIOM MOPOXAAtoLLEro 1 NPOBEPOYHONO MHOMOYSIEHOB, T.€. NYyTEM UX YMHOXEHUS Ha X:

g(x) h(x)

x-g(x) x- hix)
Gop) = x* - g(x) o Hi,p = x* -h(x)
X g(x) X h(x)

Mpn noctpoeHnn maTpuubl Hpk CcTapwmn  kosdduumeHT MHorodneHa h(x)
pacnonaraeTcs cnpasa.

OpfHa 13 OCHOBHbIX 3ajay, CTosWwmMX nepep paspaboTymkamm yCTPOWCTB 3aliuTbl OT
ownboK npu nepepadye OUCKPETHbIX COOOLWEHUNn Mo KaHanam CBA3W, - 3TO BbIOOP
NopoXXaatoLLero MHorovneHa g(x) anst NOCTPOEHNSA LMKIMYECKOro koga, obecnevmBatoLLEero
Tpebyemoe MUHMMArbHOE KOOOBOE pacCTosHWE [Af1S rapaHTUMHOrO OBHapyXeHns wu
ncnpasnenns t-kpaTHbIX OLLMOOK.

CywecTtByloT cneumanbHole Tabnuubl no BbIGOpy g(X) B 3aBUCMMOCTU OT
npeabsaBnsemMbix TpeboBaHUA K KOPPEKTUPYIOLNUM BO3MOXHOCTAM Koda. OOHaKo y Kaxaoro
LUMKINNYECKOro Koda WMerTcs cBouM ocobeHHocTu dopmupoBaHusa g(x). lMoatomy npwm
N3YYEeHUN KOHKPETHbIX UMKNIMYEeCcKUX KogoB OyadyT paccmatpuBaTbCs COOTBETCTBYHOLLME
crnocobbl NOCTpoeHus g(Xx).

MeToguyeckue MaTepuanbl Ans o6yt|a|ou.w|xc9| no nNnoaAroToBkKe K NpPpakTu4eCKnm
3aHATUAM

Tema. AnreGpanyeckme cUCTeMbI
lnaH

1. OmHoweHus akeusaneHmHocmu. OmHoweHus nopsioka. Pa3bueHusi MHOXecmaa.

2. NMoHamue u ceolicmea buHapHoU anzebpauyeckol onepauyuu.

3. pynnbl. HopmarnbHsie denumenu. Konbya u rnosis.

1. OmHoweHusi 23keueasieHmHocmu. OmHoweHus1 nopsioka. Pa36ueHus
MHO>Kecmea

3adaHue 1. [JaHo MHOXecTBO A={1;2;3;4;5;6}. Ha Hem 3agaHO GMHapHOe OTHOLLUEeHMEe
p «bonbwey, T.e. <x,y>ep<>x>y.

MocTpouTb rpad n rpadmk 3TOro OoTHoweHus. Kakummn cBonmctBamu obrnagaeT 3To
OTHOLWEeHne?

PeweHue.

1) Npad ykazaHHOro oTHOLIEHUS:

2) N'paduk aTOro OTHOLLEHMS:
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3) PednekcuBHoCTb. Ecnin 6bl 3TO OTHOLWeEHME BbINo pednekCUBHbIM, (VxeA)x>x,
Hanpumep, Obino 6bl BEpHO 2 > 2 (NOXb). 3HA4YMT OTHOLWIEHME «>» Ha A He saBnseTcH

pedneKCUBHbBIM.
CuMMETpUYHOCTb. ECnin Bbl 3TO OTHOLLIEHNE BbINTIO CUMMETPUYHBIM HA MHOXECTBE A,

10 (Vx,yed)x>y=y>x). Hanpumep, 3 > 2 =>2 > 3(noxb). 3HAuNT, OTHOLIEHNE « > »
Ha A He sIBNSIETCA CUMMETPUYHbIM.

TpaH3UTMBHOCTL. ECnn Obl 3TO OTHOLWEHME ObINO TPaH3UTUBHBLIM HA MHOXECTBE A, TO
(Vx,y,z S A)(x >SYAY>SZz=>Xx> z). OTO yTBEpXAeHWe WUCTMHHO ANns MobblX HaTypanbHbIX
yucen, T. €. U ansa Ymcen n3 A. 3HaunT, OTHOLLEHME « > » Ha A ABNAETCA TPaH3UTUBHbIM.

AcMMMeTpuUYHOCTb: Hu gna kakmx uvmcen A He MOXeT ObiTb 04HOBPEMEHHO
NCTUHHBIM

x>y

V=X
T.e. OTHOLLUEeH1e «>» Ha A acCUMMETPUYHO. OTHoweHne «>» Ha
MHOXeCTBe A ABMSAETCA OTHOLUEHMEM CTpororo nopsgka, T. K. OHO aCUMMMETPUYHO "

TPaH3UTUBHO.

T.K. OTHOLUEHNE «>» HA MHOXeCTBe A CBSI3HOE U SIBMSIETCA OTHOLUEHWEM CTPOroro
nopsiaka, To OHO €CTb OTHOLLIEHWE CTPOroro NIMHENHOro Nopsiaka.

3adaHue 2. MNocTpouTb rpad OTHOLWIEHUSA «ferdye, Yem» Ha MHoxecTBe A = {KpOmnuK,
3asu, cobaka, NOPOCEHOK}, €Cnu W3BECTHO, YTO 3asL Tskenee cobaku, Kponuk nerye
NOpPOCEHKa, a cobaka Tshkenee nopocéHka. KTo n3 XXMBOTHbIX Cambli NErkuin, KTo — camblit
TXKEenbIN.

PeweHue.
CTtpoum rpac ykazaHHOro OTHOLLEHUS:

FaAL

L -‘_“mhﬁ“\\\‘
KPOMMK g

g Codaka

L TR

MNOpOCEHOK
Omeem: KponuK — cambii NErknum, 3asil — cambii TSXKENbIN.
Ha mHoxecTBe niogen 3emnun BBeaeHO BnHapHoe OTHoweHue «bbiTb POACTBEHHMKOM
no KpoBw». byaeTt nu 370 OTHOLLEHNE OTHOLLEHMEM SKBUBAIIEHTHOCTUN?
PeuweHue.
3adaHue 3. O603HauUNMM Yepe3 A MHOXECTBO Noaen 3emnu, a 3agaHHOe OTHOLLEeHMe
OykBon p. Torpa xpy <=> 4enoBeK X ABNAETCA pPOACTBEHHMKOM 4enoBeka y. YTo Obl
OTHOLUEHME p ObINTIO OTHOLIEHMEM 3KBMBANEHTHOCTU, OHO [AOSDKHO ObiTb pednekCUBHbIM,
CUMMETPUYHBIM, TPAH3UTUBHbIM.
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PednekcusHoctb. Ecnu 66l p 6b1n0 pednekcneHbiM, TO 6bino 6bl BEPHO: (Vx € A) XpX,

T. e. mobon 4enosek 3emMnu SABMASETCA POACTBEHHWKOM camomy cebe (MCTuHa), T.e.
OTHOLWLEeHME p Ha A pedIeKCUBHO.

CuMMeTPUYHOCTL. Ecrin Bbl p BbINO  CUMMETPUYHO. (Xpy => ypX), T. €. ecnum Obl
YyeroBekK X Obis pPOACTBEHHUKOM yernoseka Yy, TO y ObIN Obl POLACTBEHHUKOM
yenoseka x (UCTUHA). 3HAYNT, OTHOLLEHNE p Ha A CUMMETPUYHO.

TpaH3nTnBHOCTL. ECnn Gbl p 6GbIN0 TPAH3UTUBHO Ha A, TO ecnn Bbl YernoBek X Obin Gbl
POLCTBEHHUKOM 4yeroBeka y, a yObin  poOACTBEHHWKOM 4YerioBeka z, TO X Obin Obl
POACTBEHHWKOM z. HO 31O He obsA3aTtenbHo. Hanpumep, 4enoBek X pOACTBEHHUK ANs ¥ No
MaTepu, a y — pOACTBEHHVK AN1s Z Mo oTuy. Toraa X U y MoryT He OblTb pOACTBEHHMKaMK MO
KpOBW. 3HA4YUT, OTHOLLEHNE p HA A He SBNAETCS TPaH3UTUBHbIM.

CnepoBaTtenbHO, OTHOLWEHWE «BblTb POACTBEHHUKOM MO KPOBU» Ha MHOXECTBE Ntogen
3eMnu He ABMSeTCH OTHOLIEHNEM IKBUBANEHTHOCTMU.

3adaHue 4. ChopmynupoBaTb CBOWCTBA OTHOLLIEHUA «bonblue B 2 pa3ay, 3a4aHHOro
Ha MHOXeCTBe HaTyparibHbIX Ynucen.

PeweHue.

«Bbonblue B 2 paza» — 3TO kpaTKas 3anMCb OTHOLLEHUSA «4ncrno X Gonblle yncna y B 2
pasa».

OTO OTHOLUEHME aHTUCUMMETPUYHO, TaK KaK BbIMOMHSETCS YCroBME: U3 TOro, 4To
yncrno x 6onblue Ynucna y B 2 pasa, crnegyeT, YTo 4ncrno y He Bonblle Yucna X B 2 pasa.

[laHHOe OTHOoLweHMe He obnagaeT CBOMCTBOM pedrieKCUMBHOCTM, NMOTOMY YTO HU NPO
OAHO YMCIO HENb3S cKasaTb, YTO OHO BonbLle camoro cebs B 2 pasa.

3agaHHOe OTHOLLEHNE He TPaH3UTUBHO, Tak Kak M3 TOro, Y4To Yncrno x 6onblue ynucna y
B 2 pasa, a uicno y bonblle yicna z B 2 pasa, crnegyeT, YTO YMCMO X HE MOXeT ObiTb
Bonblle Yynucna z B 2 pasa.

OTO OTHOLWEHWE Ha MHOXEeCTBE HaTyparnbHbIX 4YMCen CBOWCTBOM CBSA3HOCTU He
obnagaer, TakK Kak CyLeCTBYOT napbl TAKMX YNCES X U Y, YTO HU YMCNO X He Bonblue Yncna 'y
B ABa pasa, HM Yncno y He 6onblue x B 2 pa3a. Hanpumep, atouncna 7 n 3, 5mn 8 u ap.

3adaHus
1. Ha MHOXecCTBe A=1{1;5,7} 3afJaHo 6uHapHoe OTHOLLIEHME

p={11),(1;7),(51),(5:5), (7;5)}. 1) Haittu o ';p;p '; 2) HauepTUTb rpad W rpaduk
BMHapPHOro OTHOLLEHUS p.

2. Ha mHoxecTBe 3agaHo GMHapHOE OTHOLUEHNE € NomMoLbio rpaduka. OnpeaenuTs,
Kakmmu cBoncTBaMu oHo obnagaet. [lobaBuTb 0OHY TOYKY Tak, 4TOObl BUHApHOE OTHOLIEHNE
cTtano pedgnekcnBHbiM. [lo6aBnTb ABE TOYKM TaK, YTOObLI OHO CTaNo TPaH3UTUBHbIM.

3. Ha MHOXecTBe HaTypanbHbIX Yncen 3agaHo BMHapHOEe OTHOLLEHME p CrieayoLWwmMm

obpasom: xpy <> |y —x|=12. OnpeaenuTs, kakMmMm CBOCTBaMM OHO OBnaaaert.

4. [Ona cnegywouwero ©OMHapHOrO OTHOLLIEHMS, ONPEedEeNiéHHOr0 Ha MHOXeCcTBe
HaTypanbHbIX Yicen, HauTu obnactb onpegeneHns, obnacTb 3Ha4YeHUn, ykasaTb CBOMCTBA U
HapucoBaTb rpaguk: X Py <> x =3y .

5. YkasaTb cBoMCTBa OMHAPHOrO OTHOLLEHUS p, ECNN p - ATO OTHOLLIEHNE «paboTaTb
Ha ofHOW Kadbeape» BO MHOXECTBE rnpernogasarteneun U COTPYAHUKOB MHCTUTYTA.

6. Onpepenutb, aBnsieTca Nu cnegyouiee GUHaApPHOE OTHOLUEHWE OTOGpaXeHUeM.
Ecnm pa, TO 9BNgetcA M OHO  MHbEKUMEW, clopbekumen, Ouekunen? a)

(ﬂ={(x;y)eRxR\y=x2}, 6) f={(x;y)e NxN|x—y=3}.
7. BbIFICHVITb, ABNAeTcAd N OaHHoe 0T06pa>|<eH|/|e MHBEKTUBHbIM, CIHOPBbEKTUBHbIM!

f:R —>R,x—>log2(x2 +%j

42



8. [HaHo mMHOXecTBO A={1;2;3;4}; A ={1;2}, 4, ={3}, 4,={4} - pasbuenne atoro
MHOXeCTBa Ha knacchl. [ocTPonTb MO AaHHOMY Pa3BUEeHMNI0 OTHOLLIEHME 3KBUBANIEHTHOCTMU.

9. [Hokasath, uto o ={(@a)(B:b)(c;c)(d;d)(c;d)(d;c)(a;b)(b;a)}  sBnseTca
OTHOLLIEHMEM 3KBMBAMNEHTHOCTW 1 NOCTPOWTb MO Hemy pasbueHne MHoxectBa A={a,b,c,d}

Ha Knacchbl.

10. Ha MHOxecTBe UenbiX 4ncen 3agaHo OWHaApHOE OTHOLWIEHWE p CreaylLmm
obpasom: Xpy <= (x—y)f7. [okaszaTb, 4YTO p — OTHOLIEHWE 3KBUBASIEHTHOCTU, W
NOCTPOUTb pa3bueHne Ha Knaccbl N0 JAHHOMY OTHOLLUEHMIO 3KBUBANEHTHOCTMW.

11. MNMocTponTb pasdbueHne Ha Knaccbl MO OTHOLLEHUIO PaBEHCTBA Ha MHOXecCTBe Z,
npeaBapuTenbHO YOeaMBLUNCH, YTO OHO ABMSIETCHA OTHOLUEHNEM SKBUBANEHTHOCTW.

12. M — MHOXeCTBO ropoAoB nriaHeTbl 3eMns, p — OTHOLLEHNE «rOpO4 X PacnosioXeH
B TOM >e rocygapctBe, 4TO W ropog y». [okasatb, 4TO p SBMASETCA OTHOLUEHMEM
9KBMBANEHTHOCTU, N MOCTPOUTbL NO HEMY pa3bueHne MHoXecTBa M Ha knacchl.

13. daHo MHO)KeCTBOAZ{a, b,c}. CKOnMbkO MOXHO 3agaTb Ha HEM pasHbIX

OTHOLLEHUWI 3KBUBANEHTHOCTN?

2. [ToHssmue u ceolicmea 6uHapHoU anzebpauyveckoli onepayuu

3adaHue 1. MNMpumepammn GUHapHbLIX onepaunn, 3agaHHbIX Ha YNCMOBbLIX MHOXECTBAX,
MOTYT CIyXWUTb onepaumm 0BbIMHOIO CIOXEHUA U YMHOXEHUS Yncer, npuMmepammn yHapHbIX
onepauun — B3ATME OBpPaATHOrO M MPOTMBOMOSIOXKHOIO 3NIEMEHTOB, BO3BEAEHME B CTEMEHb
WNU W3BIIEYEHNE KOPHSA, MNpuUMepamMu HynbapHbIX oOnepauun - BblOeNeHue Hyns unm
eaVHULbI.

3adaHue 2. MHoxecTBo N HaTypanbHbIX Yncen No onepaunm 0ObIMHOrO YMHOXEHUS
obpasyeT abenes moHong <N, >,

MHoxectBo N no onepaumm oBbIMHOIO CroXeHust Takke obpasyeT abeneB MoHoMg
<N, + >, TaK Kak:

(Va,b e N) a+beN;
(Va,b,ce N) a+(b+c)=(a+Db)+c;
(Va,b e N) a+b=b+a;
(Va e N) a+0=0+a=aga;

O[lHaKo onepauusi crnoxeHust He obpatuma Ha N, Tak Kak, Hanpumep, Ans yucna 2 He
cyliecTByeT obpaTHOro (NPOTUBOMNOJSIOXKHOIO) afieMmeHTa B MHoxecTBe N.
Tak kak (Va, b,c € N) c(a+b)=ca+ cb, To ymHOXEHME HA N gncTpnbyTNBHO
OTHOCMUTENbHO CHOXEHMS.
M3 ckasaHHOro cnegyet, 4Tto cTpykTypa <N, +, > o06pasyeT accoumaTmBHO-
KOMMYTaTMBHOE MOMNYKOSbLO C eAUHULEN.
3adaHue 3.
1). Onepauyus 0ObIYHOIO CNOXEHUST HA MHOXECTBE BCEX Lienblx yncen Z:
- accouymatmBHa, TK. (Va,b,ce Z) a+(b+c)=(a+b)+c;
- KOMMyTaTMBHa, T.K. (Va,b e Z)a+b=Db + g;
- obnagaeT ABYCTOPOHHUM HEeWTparbHbIM 31IEMEHTOM, POflb KOTOPOro UrpaeT Lenoe
yncno 0: (310eZ)(vae Z) a+0=0+a=a;
-obpatuma, TK. (Vae Z)(3-aeZ) -ata=a+(-a)=0;
- OBYCTOPOHHe cokpaTuma, T.K. (Va,b,ce Z)(a+c=b+c => a=Db).
2). Onepauusi 06bIMHOMO YMHOXEHWSI Ha MHOXecTBe BcCexX Luenbix uyucen Z
ANCTPUBYTMBHA OTHOCUTESNBHO ONepaLmm CROXEHNd, Tak Kak:
(Va,b,ce Z) cla+b)=ca+cbwu
(Va,b,ce Z) (a+b)c=ac+bc.

3adaHus

1. BbliCHMTb, Kakmmu cBoncTBamu obnagatoT cnegywowme OuHapHble onepauuu,
3a[jaHHble Ha yKa3aHHbIX MHOXeCTBaXx:
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A:RivmbeRymbza;b;

A=R",aob=ad";
A= N, a*b=max{a; b}.

5. Onpepenutb, kakonm anrebpanyeckon CTPYKTYpOM SBMSETCHA MHOXecTBO A Mo
onepauun YMHOXeHWs, ecnu: a) A = {2” ne Z}, 6)A= {x+ y\/§| X,V E R}.

6. fAsnawTca nu anrebpanyecknmmn cnegyroLmne YMCnoBble onepaumm:
onepauus geneHns Ha MHoxecTtee Q;
onepaunsa gerneHns Ha MHoxecTBe Z;
onepauus BblYMTaHUS HA MHOXeCTBe Z,;
onepauns Bbl4UTaHUA Ha MHoxecTBe N;
onepauus n3BrneYeHnsa KOpHS Ha MHoxecTBe R;
onepauus n3srneyvyeHnsa KopHa Ha MHoxecTBe A = {xeR, x > 1};
g. onepauus nssreyvyeHnsa KopHa Ha MHoxecTBe A = {xeR, x > 2}7?
7. B rpynne wun3 Jetblipex nogpoctkoB: Cawwn, [Hawun, [Metm wun Mawwm
B3aMMOOTHOLLEHWS ONpeaensTca cnegyowmmm yCrnoBUsMu:
Y Cawwu v Jawwn astopuTteT [awa.
Y Cawwu 1 Mawm astoputeT Cawua.
Y Cawwu aBToputeT Cawa.
Y Oawwn n Mawwm astoputeT Cawla.
Y Oawwm asToputeT [awa.
Y Mawmwu astopurterT lleTs.
Y lMetn v Jawwn asTtopuTert lleT4.
Y MNetn n Mawwm astoputeT leTs.
Y MNetun n Cawm asToputeT Cawa.
j- Y lNetun asToputeT Cawa.
8. MoxHOo nn yTBepxaaTb, YTO Ha MHOXeCTBE W3 4eTbipex 4ernoBeK 3ajdaHa
ObuHapHas anrebpaunyeckas onepauus? Kakobl ee ceoncTea?
9. Kakyto cTpykTypy o6pa3syeT MHOXXeCTBO A MO onepauum «*»:

B N

"0 Q0T

T TQme a0 T

a. A=R"; x*y= x+y.

b. A=Z; Xy =x+y—-1.

c. A=Q; x'y= \/E

d. A=N; xy=1.

e. A=R; x'y=xy%

f. A={a+b~/3|a, b eQ, a2+ b’ 0}; onepaums «*» - onepaLms OBLIYHOMO

CINnoXeHuna vmucern.

9. A={a+b/5|a, b €Q, a2+ b%¥ 0}; onepaums «*» - onepaLms OBLIYHOMO
YMHOXEHMS Yncer.

a
h. A= {—k| a €Z, k eN}; onepaums «*» - onepauns 06bI4HOrO CrOXeHUs
7

yucen.
i. A=N; x*y = max{x, y}.
jo A=Z X'y=|x-yl|
3. M'pynnbi. HopmanbHbie denumenu. Konbya u nonsi
3adaHue 1. AoanTBHaA rpynna Bcex Lenbix Yncen mdomMopdHa CBOeW nogrpynne,
COCTOSILLEN M3 YETHbIX YNCEN, TaK Kak oTobpaxeHne o¢: Z — 2Z Takoe, 4TO:
(VxelZ) ox)=
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ABNSETCA U30MOPPM3MOM Fpynn, TaK Kak O4EBUAHO, YTO ¢ - BuektuBHo u (V X, y € Z)
P(x +y) =2(x +y) = 2x + 2y = ¢(X) + ¢(y).

3adaHue 2. ApouTuBHaAa rpynna BCeX AOEWCTBUTENbHbLIX 4ucen wn3omopdHa
MYTNbTUNIIMKaTUBHOM rpyrne BceX NoJIOKUTENbHbIX JENCTBUTENbHbBIX YMCEN:

<R, + > = <R", e >,
Tak kak otobpaxeHune ¢: R — R, npu koTopom:
(VxeR) okx)=e"
aBnseTca buekumen, NOCKOIIbKY:
(Vx,yeR) oXxX)=0y) <=> e" =e’ <=> x=y,
(VreR") @xeR): ¢o(x)=y,aumerHo, x=Iny, Tk. ¢(lny)=e"™ =y
N coXpaHsaeT rpynroByto ornepaumio:

(VX yeR) ox+y)=e™ =e" e e’ =0(x) e oy).

3adaHus
1. BbISICHUTb, 06pasyeT Nn KOMNbLIO OTHOCUTENBHO OObIYHBIX CITOXEHUS 1 YMHOXEHWS
MHOECTBO HaTyparbHbIX YMCen.

2. BblSICHNTb, siBNSieTCs I (M ,+,-) KOMbLIOM, ecrin M = {a+b\/§|a,b eZ}.

3. Onpepenutb, sBNsieTcs nu <Z,*,°> KOnbLUOM, T[OJsieM, e€ecnu (Va,b € Z)
a*b=a+b+1,acb=ab+a+b.
4. TomomopcHbl nu anrebpbl (Z,+) u (2Z,+), ecnu 3ajaHo oOToGpaxeHue

@:Z—>27Z no cneaywowemy npasuny: (Ver) go(x)=2x? fABnsetca M ¢
nsomoppmnamom?
5. BbISICHUTb, ABNAETCA NN ¢):<Z+,+>—><Z,-> usomopduamom, ecrim @(x)="7x.

6. BblicHUTL, saBnseTcA M ¢ rOMOMOPU3IMOM  (M30MOPCEU3MOM),  E€ChN:
@(Z,%0) >(Z,+,), pla)=a+5a*b=a+b+5,aob=ab+5a+5b+20;

@ {Z,+,) >(Z,+,), pla)=0.

7. BepHO nn, 4TO...a) MHOXECTBO C 3aJaHHOM Ha HEM OMHapHOW onepauuen — 3To
rpynnoua; 6) moHoma — 3TO rpynnous, B KOTOPOM CyLIECTBYET HENTpasnbHbIA 3fIEMEHT; B)
rpynna — 3T0 MOHOUA, B KOTOPOM A8 KaXO0ro afeMeHTa cyLectByeT o0paTHbIn?

8. BbisicCHUTb, Kakonm anrebpanmyeckon CTPYKTYpoOu SABNSAETCS <R\{0},*>, ecnu

a*b=5ab Ya,be R\{0}.

9. Onpenenutb, ABNSETCA NK <A,+>,A:{12"|keNU{0}}, NoArpynnon aaauTUBHON
rpynnbl Lenbix Yyncen.

10. Onpegenutb, sBnseTca  nu <M,+> noarpynnon  agauvTUBHOW  TPyNnbl

AENCTBUTENbHbIX YyMcern, ecnm M = {a +b5|abe Q}.

11. Onpegenutb, ©OygeT M MynbTUNAMKaTMBHaAsA anrebpa NoONOXUTENbHbIX
AEeNCTBUTENbHbIX YMicern NoArpynnov agauTUBHOW rpynnbl AENCTBUTENBbHbIX YMCETT.

12. CocTtaBuTb Knactep NoHATUI No Teme «[ pynna» n obocHoBaTb €ro.

13. (3agayao HacnepoBaHuM npusHaka). NycTb MmMeeTcs KOHeYHoe MHoxecTBo M
NPOCTENLLMX CYLLECTB, Kaxaoe u3 KoTopblix obnagaet ogHum u3 npusHakos A, B, C. lNycTb,
Hanpumep, 9TW TMPU3HAKN XapakTepusylT dOopMy rna3: COOTBETCTBEHHO Kpyrrible,
KBagpaTHble U TpeyronbHble. 3BeCTHO, 4YTO B pe3ynbraTte cnuaHusa Osyx cywects X n Y
nony4yaetca ofgHo HoBoe cywectso Z. [lpy aTtoM HacnegosaHwe OpMbl  rnas
OCYLLECTBNAETCS NO 3aKOHY «*» ONMCaAHHOMY Tabnuuen Ha PUCYHKe:
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® oA
HEHA®
A A oNR

14.
15. B pesynbTaTe 3BOMOLMM CYLIECTB OCTaeTCs OAHO CywecTBo. [lokasaTb, 4TO

doopma rna3 ocraBLUEerocsd cyliecTBa He 3aBWCUT OT TOro, B KakOM Mopsake CrvBarTcs
cyllecTBa.

16. K kybuky Pybuka npuMmeHunu nocregoBaTenbHOCTb MNOBOPOTOB. [lokasaTb, 4TO
NPUMEHSSI €€ HECKONbKO pas, MOXHO NPMBECTU KyOMK B HaYanbHOE COCTOSIHME.

17. JokasaTb, 4YTO MHOXECTBO BCeX HabOpOB (PUKCUMPOBAHHOW ANWHbLI N,
coctaBneHHbix 3 0 u 1, obpasyeT agauTUBHYKO rPynny Mo onepaumMm CyMMUPOBAHUA MO
mMoayno apa. Yto npencraBnsieT cobown 3neMeHT, NPOTUBOMOSIOXHbLIA MPOU3BOSTIbHOMY
SNeMeHTY a 3ToW rpynrbl?

18. BoccTaHOBUTL  LIEMOYKY MNOHATUM  MeXQy MNOHATUAMM  «OTOOpaxeHue» wn
«n3omopmam rpynn», B KOTOPOM Kaxpoe cnegywouwiee noHATMe obpasyetca U3
npegblayLiero Yyepes BugoBoe oTnnyme.

19. MNMocTponTb neBoe W npaBoe pasbueHus rpynnbl CUMMETPUA NPaBUSTbLHOIO
TpeyrosfibHMKa Ha CMeXHble Kracchbl: a) No noarpynne BpalleHnn aToro TpeyronbHuka; 6) no
nogrpynne A= {Ro,a}, roe a — ogHa U3 CUMMeETPUN.

20. MNMocTpouTb neBoe W MNpaBoe pPasfOXeHUs  MyMbTUNANKATUBHOW  FPynnbl
AEeNCTBUTENbHbIX YMCEN Ha CMEXHble Kracchkl No noarpynne 4= {— 1;1}.

21. MoctpouTb Tabnuuy Kanu ansa rpynnel CUMMETpUIA KBagpara.

22. MNocTpouTb (hakTop-rpynny aganTUBHOW rpynnbl LenbiX Yncen no ee nogrpynne
LenbiX Yncen, KkpaTtHbix NATU. MNMocTponTb Tabnuuy Kann ana aTon rpynnbl U HANTU 3MEMEHT,
NPOTUBOMOSIOXHbLIN 3reMeHTy 2+B.

23. [laHo MHOXeCTBO F =1{f;; f,; fi: f,}, roe fl(x)=x,f2(x)=—x,f3(x):§, f4(x)=_i_
BbiscHnTb, 0BpasyeT N gaHHOE MHOXEeCTBO rpynny no onepauyvM KOMMNo3vumm (QyHKUMNA.
Ecnn pa, TO HanTM Bce noarpynnbl 3TOW TPynnbl U NOCTPOUTL pasbueHne Ha CMeXHble
Knaccbl No Kakon-nubo nogrpynne.

24. Onpegenutb, obpasyeT nv rpynny no onepauum YMHOXEHUS MHOXECTBO KacCcoB
Bbl4ETOB, B3aUMHO NPOCTbIX C MOAyreM m=8.

Tema. Teopusi 4ENUMOCTU B KOJbLE LenbiX YACEeN U KONbLie MHOrO4YNeHoB
lnan
1. eneHue uenbix 4ucen ¢ ocmamkom. HO/L u HOK uenbix 4ucen. Anzopumm
Esknuda.
2. [leneHue ¢ ocmamkom. [JeneHue MHo2o4nneHa Ha dg8yyrneH. KopHU MHO204/eHa.
3. Anzopumm Eeknuda 0nsi MHO204/1€HO8
1. deneHue yenbix Yucen ¢ ocmamkom. HO u HOK uyenbix Yucen. Anzopumm
Eeknuoda
3adaHue 1. Hantn ¢ nomoLLbio pacluMpeHHoro anroputma EBknuaga uicna x u 'y ans
a=1250, b=675.
PeweHue.
M3 npumepa 1 nonyuunu, yto HO[ (1250, 675) = 25.
3anuwem warun anroputma EBknnaa B BUae paBeHCTB:
a=1250=6751+575=r,
b=675=5751+100=r,
575=1005+75=r,,
100 =751+ 25 =d.
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Bblpa3VIM Tenepb M3 KaXXgoro paBeHCTBa OCTAaTOK M nNoacTtaBMM €ro B nocneaytouiee
paBeHCTBO
575=a-b,
100 =b —575=>100=b — (a— b),
75 = 575—100-5 => 75 = (a— b) — [b — (a — b)]-5,
d=25=100-75=>d =[b—(a—b)]—{(@-b)—[b- (a—b)5.

B nocnegHem BblpaxkeHun npmueseaem nogobHble Npu Yncnax a u b
d=b-a+b-{a—-b-[5b-5a+5b]} =
=2b—-a—-a+b+5b-5a+5b-=
=13b - 7a.
HO[L (1250, 675) =-7-1250 + 13.675 =>x=-7,y = 13.
3adaHue 2. [1poCTbIM U COCTaBHbIM ABNSieTcs Ymcno 12677
PeuweHue.
Monb3ysack NpusHakamu 4eNUMOCTU Ha 2, 3 1 5, MOXHO yTBepXaaTb, YTO HU Ha OOHO
N3 3TUX NPOCTLIX YNCeN AaHHoe Yncno He genutcd. Yncno 1267 Takke He genutca Ha 11,
13, 17, 19, 23, 29, 31. JenumocTb Ha nocneaywwue npocTble 4ucna, no CBoOUCTBY 1,

NpoBepATb HET HEOBXOANUMOCTHN, TaK Kak /1267 > 37 " =13609.

lMoaTomy yncno 1267 aBnseTca NpoCTbIM.

3adaHue 3. Hantu HOO n HOK uumcen 1250 mn 675 pasnoxeHnem Ha NpocCTble
MHOXMWTENMW.

PeweHue.
Tak kak 1250 = 2.5* , a675=3"-5", 10
HOQ (1250, 675) =5° = 25;
HOK (1250, 675) = 2.3°-5* = 33750.

3adaHus
1. Oavo a=b+c. a) a:d,b:d. Cnegyet nu n3 atoro, ytoc:d ? 6) a:d . BepHo
i, uto bid nc:d?

2. [aHo a:b. BbifcHuTb, BepHo nu, uyto (Yne N) a:bn.

3. BbinonHuTb genenue c octatkom: 168 Ha 35; 168 Ha (-35); -168 Ha 35; -168 Ha (-
35).

4. Hantm penutenu n COOTBETCTBYKWOLWIME MM OCTaTKn, ecnu: a)genumoe 534,
yacTHoe 26; 6) gennmoe 741, yactHoe (-14).

5. [okasaTtb, 4TO KBagpat noboro uenoro 4yicna nnbo Haueno genutca Ha 3, nmbo
paet B ocTaTke 1.

6. Yucna a,b,c npun pgeneHmm Ha 7 paroT octatkm 1, 4, 5 cooTBETCTBEHHO. HamTu

OCTaTOK OT AeneHnms ymucna a+b+c Ha 7.

7. Hawntm Bce uucna, G6onbwwue 25000, HO meHbwmne 30000, y KOTOpbIX Kak npwu
aeneHuu Ha 131, Tak u npu geneHun Ha 1965 octatok paBeH 125.

8. Hanmtn HOO n HOK uncen 531 n 93; -78 n 24.

9. Hantm HO[(663, 731, 2516, 3655).

10. PewnTb B HaTyparnbHbIX YUcnax criegyroume CUCTeMbl YpaBHEHUN:

a) x+y =180, 5) (x,y)—4, ) (a,b)—lS,

(x;)=30; x-y =720; [a;b] = 420.

11. Hantn nuHenHoe npegctasnenne HOL (90; 35) yepes atn yncna.

12. Myctb a, b, ¢, d — pas3nnyHble undpbl. JokasaTtb, 4To 4Ynucno cdcdcded He
AenuTcsa Ha ymcno aabb.”

13. Yucno npu HeKOTOpoW nepecTtaHoBKe CBOMX UMdp yaBamBaeTcs. [JokasaTb, 4TO
OHO genutca Ha 9.
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14. Hantn HaTypanbHble yMcna, gawwme npu geneHunm Ha 2, 3, 4, 5un 6 ocraTtok 1
N, KpOMe TOro, gensiwmecs Ha 7.

15. N'eHepan nocTpoun congaT B KOMOHHY Mo 4, HO Npy 3TOM corngat ViBaHoB ocTarncs
nuwHuM. Torga reHepan nocTpoust congaTt B KOMMOHHY no 5. U cHoBa KBaHOB ocTtarnca
nwHuM. Korga e n B KONOHHE No 6 VMBaHOB okasarncsa NULWHWMM, reHepan Mnocynun emy
Hapsi4 BHe odvepeawn, rnocrie Yyero B KOJNIOHHe no 7 VBaHoB Hawen cebe MecTto M HUKOro
nuwHero He octanocbk. CKonbko congat Morno 6biTb y reHepana?

16. [JokasaTb, 4to ecnn HOK(a, a+5)=HOK(b, b+5), rae a n b — HaTypanbHble Yncna,
TO a=bh.

17. Mycte d = HOQO(1819, 3587). Hantm d u uenble yucna X, y Takue, YTO:
1819x+3587y=d .

2. [deneHue c¢ ocmamkom. [eneHue MHoz204JsleHa Ha OeyysneH. KopHu
MHO204/1eHa

3adaHue 1. [JaHbl MHOrO4NEHbI

F,(x)=6—5x+4x* =3x* +2x",
0,(x)=1-3x+x".
Wcnonbays onpegenenue, Haiitn F,(x)0, (x).
Pewenue.
Tak  kak  deg[F(x)O(x)|=deg F(x)+degQ(x), TOo cTeneHb  npowsseneHMs

deg[F(x)O(x)]=deg T(x)=6.
Mwem  mHorouneH Bupga  T,(x)=d, +dx+d,x* +dx’ +dx" +dx’ +dx°, rhoe
KO3(hdULIMEHTBI BblUMCTIIEM MO 0bLLen hopmyne d, = Zaiaj (k=0,1,2,...,6).

i+j=k

MNoactaBnAs AaHHble a, =6, a,=-5, a,=4, a,=-3, a,=2, by=1, by=-3 b, =1
B 9Ty hopmyny, nonyyaem:

d,=ayb,=6;

d, =apb +ab,=-18—5=-23;

d, = ab, +ab +a,b, =6+(=5)-(-3)+4-1=25;

d, =ab, +ab, +ab, =(~5)-1+4-(=3)+(-3)-1=-20;
d,=ab, +ab +ab,=4-1+(-3)-(-3)+2-1=15;
ds=apb, +ab =(-3)1+2-(-3)=-9;
di=ab,=2.
CnepoBatenbHo, NCKOMBIVA MHOrouneH nveet BUA

T.(x)=6—23x+25x> —20x> +15x* —9x° +2x° . @
3adaHue 2. BbinonHUTb AerneHne ¢ 0OCTaTKOM MHOrouneHa:
F,(x)=3x"+4x* +x* —x—18 Ha MHorouneH G,(x)=x"+3x+2.
PeweHue.

Bocnonb3yemca obwum  anrop¥tMOM  COFfIaCHO  KOTOPOMY  MMeEeM  AerieHust
MHOMO4S1IEHOB C OCTaTKOM:

1) F3(1)(x)= ﬂ(x)—%x4"2G2(x)= 3xt+4x +x* —x—18-
2
—3x%(x? +3x+2)=—5x° —5x% —x—18;
(1)
2) F(x)= E(l)(x)—%x3_2G2 (x)=—5x" —5x> —x—18+

2

+5x(x> +3x+2)=10x> +9x—18;
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2
3) F](S)(x) = E(z)(x)—%x}sz (x) =10x" +9x—18—

2
~10(x> +3x+2)=—21x—38.
Nmeem:
3t +4x +x% —x—18 = (¥ +3x+2)3x* —5x+10)—21x-38 .
3adaHue 3. BblumcnnTb 3HaveHne F(c) MHorouneHa F(x)=x* —8x® +24x* —50x+22,
ecrm ¢=2.

Pewenue.
Mo Teopeme Beay 3HaueHre MHorouneHa F(c) paBHO OCTaTKy OT AeNeHus

MHorounieHa F(x) Ha NnHeliHbIi AByqneH x—c. MoaToMy, aens MHorouneH F(x) Ha x—2,
nonyyaem:
F(x)=x" —8x® +24x” —50x + 22
- (x4 - 2x3)
—6x° +24x” —50x +22 )
—(-6x" +12x?) X} —6x +12x-26
12x% —50x +22
—(12x% — 24x)
—26x+22
—(~26x+52)
s
Wtak, F(c)=-30.
3adaHue 4. Mpu kak1x ycrnoBusax MHorouneH F(x) aenutca Ha MHorodneH G(x), ecnn
F(x):x3 +px+gq, G(x)zx2 +mx—1.

PeweHue.
Mycts ans onpeaenéuHoctn, F(x)eClx] n G(x)eC[x]. Toraa no onpemenenuto
[EeNIMMOCTM MHOTOUTIEHOB UMEEM:
F (x)f G(x) = (Eq)(x) eC [x]): F (x) = G(x)- q)(x).
[lns HaxoxaeHWs MHorodrneHa ®[x] npoussoaum aeneHne «yronkom»:
F(x)=x"+px+gq Gx)=x* +mx—1
—(x3+mx2—x) q)(x)zx—m
—mx’ +(p+1)x+q

—(—mx2 —m2x+m)
R(x)=(p+m2 +1)x+q—m
UTo6bl BLINOMHSANOCH paBeHcTBO F(x)=G(x)-®(x), To ecTb
F(x)=x"+px+q= (x2 +mx—1Xx—m),

00mKHO 6biTb R(x)=(p+m’ +1)r+g—m=0, oTkyaa, NpUpaBHNBas KOIMMULMEHTBI K
HYMIO, MOMy4YaeM UCKOMbIe yCroBus: p=—l—m, g=m.
3adanue 5. Haittn HOL (F(x), G(x)), ecnn F(x)=x"+4x’ —=7x+2, G(x)=x"+3x* - 4.
PeweHue.
Wcnonbayem obLuyto cxemy anroputMa Eeknmaa
1) envm F(x) Ha G(x) c ocTatkom:
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F(x)=x*+4x> =7x+2
x*+3x —4x G(x)=x" +3x> -4
¥ =3x+2 O =x+1
¥ +3x° -4

R (x)=-3x"-3x+6

2) Denum G(x) Ha R (x) ¢ ocTaTkom:

G(x): x*+3x7 -4

¥’ +x?—2x Rl(x):—?)x2 -3x+6

2x*+2x—4 1 2
0, =733
2x*+2x—4
0

Monyyaem Hambonbwnnm oBWMKN genuTeNnb OaHHbIX MHOMOYSIEHOB B BUAE
(F(x), G(x))= R (x)=-3x>-3x+6, wumM nO HeogHO3Ha4HOCTW onpedenexns HOL
(F(x), G(x))=x* +x-2.
3adaHue 6. Haiity MHorounen F(x)=a, +ax+a,x*, ecnm F(1)=1, F(2)=2, F(3)=3.
PeweHue.
Ans HaxoxaeHWst MHorodneHa TpebyeTcs onpeaenntb ero KosPUUMEHTbl a,, a;, a, .

M3 ycnoBua 3agaunm ang KoddPUUMEHTOB MMEEM CUCTEMY JMHEWHbIX anrebpandeckmx
ypaBHEHNN

a,+a, +a, =1,
a,+2a,+4a,=2,
a,+3a,+9a, =3.

Pewaem CJIAY metogom [aycca. [Ins aToro cosepliaeM psia nocrnegoBaTefibHbIX
NCKINIOYEHUN.
1) N3 nepBoro ypaBHeHus a, =1—a, —a, NOACTaBNsieM BO BTOPOE:

a,+a, +a, =1,
a,+3a,=1,
a,+3a,+9a, =3.
2) U3 BTOpOro ypaBHeHus a, =1-3a, NoacTaBnsas B TpeTbe:
a,+a,+a, =1,
a,+3a, =1,
2a,=0.
[Buraemcs «obpaTHbIM X040M» (HaxoaUMCsl B norne AeiCTBUTENbHbIX Yncen):
3) u3 TpeTbero ypaBHeHUs Haxooum a, =0;
4) U3 BTOPOro ypaBHEHUSI HAxXoauMMm a, =1;
5) 13 nepBOro ypaBHeHWUs Haxoaum a, =0.
CocTtaBnsieMm MHOro4sneH
F(x):a0+a1x+a2x2 =X.
MpoBsepka oueBmaHa. Mickomblii MHorouneH umeeT eua F(x)=x.

3adaHue 7. Pasnoxutb MHorodneH f(x)=x’+1 Ha HeNnpuBOAMMbIE MHOXUTENW Haz
nonamm R n C.
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PeweHue.
X +1=(x+1)(x*+x+1) (1) Hag R: MHorouneH x’+x+1 He UMeeT AeNCTBUTENbHbIX
KOpHen, cnegoBaTenbHo (1) n ecTb pasnoxeHue Hag nonem R.

143

Han C: x*+x+1=0,D--3=3i, i’ =-1,=> x,, = . Toroa nckomoe pasnoxeHve

Ha nonem C 6yaeT umeTb BUA: x° +1= (x+1{x— _lélﬁJ[x+ _1_21\/5}

3 2
3adaHue 8. Pasgenutb c ocTtaTkom MHorouneH f(x)=% —4x" +3x+3 g

2
MHorouneH g(x)=% —3x+1,

PeweHue.
3 — 4% 4 3z + e':|.-r:2 3r +1
4 — 312 4+ x |.-r: 1
> 3
4+ 2r + 9
2 . .
r° + 3r 1

r+06
Omeem: —4x +3x+45= (.x—l)(.:«:2 —3.x—|—1)-|— (—.x +5).

3adaHue 9. Pasnenutb MHorouneH f(x) = x’ +2x—5 Ha [ABYYNeH X —2 C NMoMOLLbiO
cxembl [[lOpHepa.

PeweHue.
B gaHHom cny4vae c = 2.
1 0 2 -5
c=2 1 0+21=2 2+22=6 -5+26=7

WUtak, x*+2x—5 = (x—2)-(x> +2x+6)+7, cregoBaTenbHO, 3Ha4eHne MHOrouneHa
f(x) npu x =2 paBHO, cornacHo Teopeme 1, cemun: f(2)=7.
3adaHue 10. Pa3noxuTb MHorouneH f(x) =x° +2x—5 1o cTeneHsiM pasHocTU X — 2.

PeweHue.
Mo cxeme MopHepa BbINOMHUM pPsiA NOCNeAoBaTeNbHbIX AENEeHU C OCTaTKOM Ha X — 2:
1 0 2 -5
c=2 1 0+21=2 2+22=6 5+26=7
c=2 1 4 14
c=2 1 6
c=2 1

Takum obGpasom, bepa B kayecTBe KOIMMMPULMEHTOB MOCNEeAHME YneHbl B Kaxaow
CTPOKE NONy4YEeHHOWN CXeMbl, MOXHO 3anucaThb:

C42x=5 = (x=2P +6-(x=2)" +14-(x-2)+7.
3adaHue 11. HaiiT 3HaYeHUsi NPOM3BOAHbLIX MHorouneHa f(x) = x* +2x—5 npu x = 2.
PeweHue.
M3 cxembl lOpHeEpa, NOCTPOEHHOW B NpuMepe 3, Nosfyyaem:

0=%=7, = f(2)=701=71=7,

b =/ 44 = f2)=1411=14,
: 1!
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b, = f3'(2) =1, = f®=131=16=6,
Tak kak Bce nocriegyowmne koadpduumeHTtel b,, by, ..., b,, paBHbl HYNHO, TO U

3Ha4yeHMs1 BCeX NPOWU3BOAHBLIX AAHHOrO MHOroYsieHa, HayMHasi ¢ NPOM3BOLHON YETBEPTOro
nopsiaka, Takke 6yayT paBHbI HYIHO.

3adaHue 12. Pa3noxuTb Ha MHOXUTENW MHOrouneH Hag nonem &

flx) =zt — 152 + 692 — 72z — 108,
PeweHue.

Bo3amoxHble uenblie kopHn — genutenu 108: :1:2, +3, =4, +6, +£9, =12 +27,
+36, £54, =105,

MycTb a— Uenblit KopeHb, fla) =0,

flz) = (z — a)g(x),

f(1)=1—15+69 —72 — 108 = —125,

f(1) = (1 —a)g(1),

f(1):i(a —1).
3 nocnegHen 0envmocTu cnegyeT, Y4TO KOPEeHb HY)XHO UCKaTb cpeaum Yncen 2; —4 u 6.
[MpoBepnM nx ¢ NOMOLLLIO cXeMbl [TOpHepa:

L |-15 | 69 | -T2 | -108
2 (1 ]|-13| 45 | 14 | -80
411 -19 (119 [ 590 | #0
6 |1 -9 ] 15 | 18 0
6 |1 -3 | -3 0

Uucna 2 n —4 He ABNAKTCS KOPHSAMW MHOrFOYeHa, Ymcro 2 — asndetcs. [oatomy

flz) = (x —6)*(z* — 3z — 3).
3adaHus
1. Banucatb B CTaHdapTHOM BuWAE CYMMYy W PasHOCTb  MHOMOYSIEHOB

F(x)=2x"—8x" +3x° =35x —18+17x" 1 g(x)=5x" —2x* —2x° +10x° +35x +8.

2. 3anucatb B CTaHAapTHOM BMae npouseeneHne MHOMO4s1EHOB
F(x)=3x" -2 +2x" +7 1 g(x)=5x" +4x-5.

3. TpoBepuTb, 4TO B KonblUe Z[x] MHorouneH f(x)=6x>+11x* —13x+2 genuTtcs Ha
MHOrouneH g(x)=2x"+5x—1 (aBymsa cnocobamw).

4. Pa3spgenutb c ocTaTkoM f(x)=x"—4x’ +5x* +x—1 Ha g(x)=x" —2x—3.

5. Haiit MHorouneH f(x)=a,+ax+a,x’, ecnn f(1)=1, £(2)=2, f(3)=3.

6. WsBecTHbl genumoe f(x)=2x"*+x’ +3x” +1, HenonHoe YacTHoe ¢(x)=2x" +3x+2
M octatok r(x)=—4x—3. Hantu genutenb g(x).

7. Nyctb f(x)eZ[x]. Mpu kakux p,q MHorouneH f(x)=x"+px’+q nenntcs Ha
g(x)=x"+x+17?

8. MHorouneH P(x) penutca 6es octatka Ha (x—1) n (x+1), a npu geneHun Ha
(x+3) AaéT B octatke 8. Hantn octaTok oT AeneHuns P(x) Ha X +3x—x-3.

9. [okasaTb, 4TO npu ntobom HaTtypanbHOM N a€ A (A — obnacTb LENoCTHOCTK):
a) (x" —a")f(x—a); 0) (xZ" —az”)f(x+a).

10. CoctaBuTb KyOMYECKMN MHOTOYNEH, KOPHAMM KOTOPOro SABNAOTCA ymicna 2, 4 u (-
1), a cTapwmin KOAPULMEHT paBeH 4.
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11. MNMonb3yscb  cxemon  [opHepa, pa3genuTb € OCTAaTKOM  MHOrOYfeH
F(x)=x°"+4x° —5x* +3x° —4x* + 2x —1 Ha AByuneH (x—2).

12. Hantn nokasarenb KpaTHOCTHU KOpHS X, =—2 ans MHOrousneHa
f(x)=x"+7x" +16x° +8x* —16x—16.

13. Pasnoxutb MHorouneH f(x)=x*—6x"+12x"—26x+37 NO CTeneHsM [OBy4neHa
(x - 2).

14. Hantn 3HadveHne MHorouneHa f(x)=2x"+7x*—x’+3x-2 un Bcex ero
MPOM3BOAHBIX MPU x =—3 U Pa3NOXNUTb f(x) MO CTeneHam asyurneHa (x+3).

15. BbluMCnUTh  3HaYeHUss MHorodneHa f(x)=x"+5x’-9x*+7 npn x=3,01 u
x=2098.

3. Anzopumm Eeknuda 0511 MHO204J1€HO8

3adaHue 1. Hantu HO,ZZ(f,g) Ans f:x2 —lng=x+1lHag R,
PeweHue.

MHorouneH f OenuTcst Ha BCe MHOroYreHbl BUaa i(xz —1), AeR, (A#0), Ha Bce
MHorouneHsl Buga S(x—1), BeR, (B #0), Ha Bce MHorouneHsbl Buaa ¥ (x +1), yeR,
(¥ #0), Ha Bce MHorouneHbl Buaa t, ueR, (#0). MHorouneH g penuTcs Ha BCe
MHOrouYNeHbl BUaa §(x + 1), o0eR,(0+#0), nHaBce MHorouneHsl BuAa @, weR, (@ #0).
O6LWMMM OEenUTENSIMU MHOTOYNIEHOB f M g SIBNSAOTCA BCE MHOTOYrneHbl BuAa a(x+1),

acR, (a#0) n Bce MHorouneHsl Buaga ¢, ceR, (c#0). Cpeam HUX OenaTcs Ha Bce
obLume JenuTeny MHOroOUNEHOB f U g TONMbKO MHOMOYNEHbI Buaa a(x+ 1), aeR,(a#0).

3HaunT, OHM U SBNAOTCA OOWMMWU OenuTensiMM MHorouneHoB f u g. WX GeckoHeyHo
MHoro. Cpean HUX BblaenseTcs HOPMUPOBAHHbIN HO,ZZ(f, g)z x+1.
HOﬂ(f,g) MOXXHO HaNTK C NOMOLLbI0 anroputma EBknnaa.

MycTb AaHbl f¢6 " g;t(_) ndeg f>degg.

1)Paspenum f Ha g: f=g-q, +1, degry <degg,

2)Ecnn n # 0, To pasgenum g Ha r:g=nmn-q,+r,, degr, <degn,

3)Ecrm r, #0, To pasgenam rHa 1y g =1, -q3 +13, degry <degr,, n 1.4. OO

TEX MOpP, NOKa B OCTATKe HE MOJTYHUTCA 0:

rk_zzrk_l‘qk +I’k, degrk <degrk_1, Vk ¢6
et = 7% i1 T 0.
HOA(f, g)=r.

3ameTnM, YTO AeneHne Hy)KHO NPOV3BOANUTL «YTrONKOMY.
3adaHue 2. Hantu HO,ZZ(f,g), ecrm f=2x> —3x% +x-5, g=x> —2x+1.

PeweHue.
Y f=g-9+n, 2x% —3x2 +x-5 | x? —2x+1
g =2x+1, n=x-6 2 —4x? +2x 2x+1
x> —-x-5
S xt-2x+1
x—6
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2)  g=r-qy+r, x2 —2x+1 |X—6

g, =x+4, r, =25 2 —6x x+4
4x +1
4x-24
25
3) I”1=I”2'Q3+I’3, x_6 25
g3 =1/25x—6/25,r, =0 X 1/25x - 6/25
-6
-6
0

3HauuT, HOﬂ(f,g)z 25. 3anuwem HOpMMPOBAHHbIN HOﬂ(f,g): d=1.
C nomolupbto anroputma EBknnaa ans MHorouneHoB f v g Bceraa MoxHo nogobpatb
Takue m; n m,,uto f-m; +g-m, = HOA(f, g).
3adaHue 3. [ins mHorouneHoB f W g nopobpaTb TakMe MHOrOYMEHbl My, U iy,
yTobbLl f-my +g-m, = HOJA (f, g), ecnu anroput™ EBknupa ona f u g coctouT 13
ABYX CTPOK.
PeweHue.
MycTb anroputM EBKNMaa Anst MHOroYneHoB f M g COCTOWUT U3 [BYX CTPOK:
/=g q +n,
g=r-q; +0.
Torna HOH (f,g)=n.
Belaenum 7, 13 nepBoii CTpoku anroputma: # = f —g-q, :f-1+g(— ‘]1)- Torpa
m; =1, my =—¢q,.
3adaHue 4. BbigenuTb KpaTHble HEMPUBOAWMbIE MHOXWUTENM MHOToureHa
f=x"—x—2x"+2x +x* —1 e R[x].
PeweHue.
OudpcbepeHumpys [, nonydaem f =8x’ —6x°—10x*+6x°+ 2x.
C nomolupbto anroputma EBknnga Haxoaum
HOA(f, f )=x* —=x* —x+1=(x* =1)- (x=1) = (x* + x +1)- (x=1)".
Otcioga crnefyeT, YTO KpaTHbIMW HENPUBOAUMBIMU MHOXUTEMSIMW MHOTOYNeHa  f
SIBMSAIOTCSH MHOTOUNEHbl p, =x” +x+1 (KpaTHOCTN 2) U p, = x—1 (kpaTHOCTK 3).
Pasperme f Ha (x> +x+xf(x—1) nonyuum p,=x-+1.
Urak, £ = +x+1f (x=1)(x+1).
Tak kak KOPHWU MHOTOYrIEHa COOTBETCTBYIOT €r0 HEMPUBOAVMBIM MHOXMTENSM NEPBOW

CTeneHu, TO KOPHM MHOroYneHa HOﬂ(f, f')— 3TO KpaTHble KOpPHW MHoroudneHa f . Moatomy

BblAEeNeHne KpaTHbIX HENPMBOAMMBIX MHOXUTENEN SBMSEeTCS B TO e BpeMsi BblaerieHnem
KpaTHbIX KOPHEN MHOroYneHa f .

3adaHus
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1. Haintm HOL mHorouneHoB f(x)=3x"+6x"+3x —x* —2x—1 n g(x)=x"-2x>+1.
(OTtBeT: x* +2x+1)

2. Hantn nuHenHoe BblpaxeHne HOL MHOrouneHoB 4yepes camu 3TM MHOMOYSIEHbI:
Fx)=2x*+3x"=3x" =5x+2, g(x)=2x"+x" —x—1.

3. PasnoxuTb MHOrouneH f(x)=x>++/2 Ha HeNnpMBOAVNMbIE MHOXUTENM Haz NoNeM
R ; Hag nonem C.

4. PasnoXutb MHOrouYneHbl Ha  HENpMBOAMMbIE  MHOXUTENW Hag  nosem
oencTBUTeEnbHbIX Yncen: a)a’ —a” —a—1;6)x* +x* —2;8) »"* =3y° +1.

5. Pa3noxutb MHorouneH f(x)=x*+1 Ha HENPUBOAMMbIE MHOXMTENMN Hag MOMsAMU
C,R, Q.

6. Hawntn HO[ mHorouneHna f(x)= (x+1)- (x4 —1)- (x3 —1) N ero Npon3BoOaHON.

3
7. Haittn HOJ(f,g), ecrn f:(x—l)2 -(xz —1) mg=(x+1) x.x(x—-2)
8. [Onsa MHoroudneHoB f M g nogobpaTtb Takme MHOroYNeHbl m; W m,, YTOObI

f-my +g-my=HOHJ(f, g), ecnv anroputm EBknuga ans f M g coctout U3 Tpex
CTPOK.

9. Bblgenutb KpaTHble HenpuBoaMMbIe MHOXWTENN MHOrouneHa
f=x"—x"—2x" +2x° +x* —1eR[x].

10. OTOEnUTb KpaTHbIE MHOXUTENM MHOrodneHa f(x)=x° —6x* —4x’ +9x* +12x+4.

Tema. Pacwumpenus noneun. KoHeyHble nonsa
lnaH

1. MNMoHssmue pacwupeHusi nons. MuHumarnbHbIl MHO204eH anzebpaudyeckoao yucna
u ee2o ceolicmea.

2. lNonsa Manya. lNpedcmasneHue anemeHmMos nons [anya KOHeYHbIMU YUC108bIMU
rocrie0ogamesisHoCMsAMU U MHO204/IeHaMu Had KOHEeYHbIM [10S1EM.

1. lNoHssmue pacwupeHusi nons. MuHumManbHbIU MHO204/1€eH anizebpauvyeckoz20
qyucsa u e2o ceolicmea

3adanue 1. Onucatb ctpoeHue nonga K=Q(a), rae Q — none paumoHanbHbIX YMCEN:

oa=+T7+ \/5 .
PeweHue.

nOCTpOVIM MWUHUManbHbIA MHOFO4MIEH YXCA o Hag Nofiem paunoHarnbHbIX YNCe.

x:\/7+\/5:>x2=( 7+\/§j2:>

x2:7+\/§:>x2—7:x/§:>(x2—7)2 :(x/E)Z:
X' —14x+49=2 <= x* —14x+47 =0.

Uncro a=+7++2 OyaeT KopHem MHorourneHa p(x)=x4 —14x+47 no nNocTpoeHuto,
MPU4EM OYEeBUAHO, YTO CTEMNeHb 3TOr0 MHOro4NeHa MMHUMarnbHa u paBHa n=4.

CnepoBaTtenbHo, 6a3nc npoctoro anrebpaunyeckoro pacwmpeHua K=Q(o)Hag nonem
paLMOHarnbHbIX YNCEN TaKKe COCTOUT U3 YETbIPEX INIEMEHTOB:

a’=La o, a.
Tak kak a =~/7++/2 , To 6a3nc NpUMeT BUA;

L7442, (J7+\/5]2,(\/7+\/5j3 N
1, \/7+\/5, 7+x/§, [\/7+\/5)3.
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Torga nponsBonbHbIN aneMmeHT nons K=Q(a) 6yaet nmeTb BUA:
3
Va)eQ(\/7+\/§) w=a,+a- 7+\/§ +a, -(7+\/§)+a3 ( 7+\/§) ,a,€0,i=03.

3adaHue 2. N36aBnTbCS OT MppaLMoHanbHOCTN B 3HaMeHaTene apobu
at+a’+2

PR rme o’ +a—1=0.
PeweHue.
Mycte o +a* +2= fla) a® +2=g(a), Toraa f(x)=x*+x*+2, g(x)=x>+2

3
Hepr,EI,HO npoBepuTb, 4TO MHOIO4JIEH p(X):X +x—1 He umeet paunoHalribHbIX

KOPHEN 1, 3Ha4uT, HenpneoauMm B Konbue Q[x]. Tak kak p(a)=0, TO 3TOT MHOrouYsieH ABNASETCA
MWUHMMAarbHbIM AN Ynucna o.
Mcnonb3ys 3amevaHue, Hangem IMHEWHOE BblpaXXeHne MHOoro4neHa f(x) yepes

MHorouneHsl g(x) n p(x) MmeTogom HeonpeaeneHHbIX KO3PULINEHTOB.
/3 3ameyaHnsi cnedyeT, YTO CTeneHb M(X) ByneT paBHa 2, a cTeneHb v(x) — 1

f(x): ¥t x? 42 =(ax® + bx + c)g(x) + (dx + k)p(x) (5).
) el
BbInonHMB oencTeus B NpaBon YacTu paBeHCTBa M NpmBeasa Nogo0HbIe, NOyYNM:
fx)=x*+x"+2 =@+ d)x* +(b+ kx> +Qa+c+d)x* +2b—d + k)x + (2c — k).
MCI'IOJ'Ib3y$I onpepgeneHne paBeHCTBa [OBYX MHOro4rieHoBs, npunaem K CcCUucreme
JINHEUNHbIX YpaBHEHUN

a+d=1
b+k=0;
2a+c+d =1
2b—d +k=0;
2c—k=-2.
a=1;
PelunB cuctemy, Haxogum: ¢ =—1; = u(x)=x"-1; v(x)=0.
b=d=k=0

MoaTtomy:
fla)=a' +a’ +2 :(az —1)-g(oc)+0-p(oc)=(oc2 —1)-g(a):(a2 —1)-(052 +2).
MogCTaBUM B MCXOOHOE BbIPaXEHWE 3HauyeHue, nonyyeHHoe aAns o +a’+2,
NOMYYMUM:
o' +at+2 (o -1)-(a® +2)
at+2 a’+2
3adaHue 3. Myctb P=Q(+/2,4/3) — KOHEYHOe paclUMpeHUe MOMsi paLMOHANbHBIX

=a’—1.

uncen. Haiitu uncno y, Takoe, 4tobbl Q(v/2,4/3) = Q(y).
PeweHue.
Byaem vckaTtb YiCno y B BUAE:

Y= \/5 + C\/g, roe ¢ — nogxogsiwee yncno u3 nonsa Q,  (2).

Uucno c Bbibepem crniegyowmm obpasom. Myctb P (X) n p, (x) - MUHUManbHbIE
MHOrOUNeHbl Yncen V2 U /3 COOTBETCTBEHHO:

p(x)=x"-2 p,(x) =x*-3 (3
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W3 (2) cnepgyerT, 4to J2 = Y- cV3 (4).
PaccmoTpyum MHOroyneH
a(x) =p,(y-cx) (5),
KO3(h(PULIMEHTBI KOTOPOro MpuHaanexat nono Q(y). OueBMaHO, 4To /3 siBRsieTCs
KOPHEM 3TOro MHOrOYfIeHa, Tak Kak

q(+¥3)=p,(y-cv3)=p,(~2)=0.

C [pyron CTOPOHHI, V3 ectb KOpeHb P, (X) KOS(PPULMEHTLI  KOTOPOro
npvHagnexaT nonto Q, a cnepoBatenbHo, 1 nonto Q(y). NMoTpebyem, YTOObI MHOrOYNEHbI

ax)un P, (x) He uMenu gpyrnx obLUMX KOpHEN, KpoMe Yncna V3.

Tak Kak MHorouneH P, (X) umeeT Tomnbko fBa KopHst: /3 1 - /3, To - +/3 MoxeT 6biTb
06LLMM KopHeM P, (X) 1 q(x), TONLKO €CK YUCTIO

y-c(-+3)
OyneT KopHeEM MHorouneHa P (X) , TO eCcTb, ecnu
v-c(-v3)= V2 Mumy-c(-3)=-2 (7)

Moatomy, 4tobbl MHOrOYNeHbl q(X) u P, (X) He MMenu gpyrnx obLUmMX KOpPHEN, Kpome

NE) , AocTaTto4yHo notpeboBaTtb, YTOObI

+42 -2
243

C#

J2

T.e.,4ytobblCc 20N C# ——.
V3
BosbmemMm, Hanpumep, ¢ = 1. Toraa u3 paBeHcTBa (2)

=2 + B uQ(2,V3)=Q(2 +43).

M3 pelueHna aTon 3agadm BUOHO, 4TO, BOOGLLE roBOpSsl, YACHO Y MOXET ObITb BbIOpaHO
HEeOQHO3HAa4HoO.
2. [lMons [lanya. [IpedcmaeneHue 3semeHmMoe nossi [anya KOHeYHbIMU
qyucs108bIMU nocsie0oeamesibHOCMSIMU U MHO204J/1eHaMu Hao KOHeYHbIM roJjieM
3adaHue 1. NocTtpouTb none Manya GF(3).
PeweHue.
30ecb ¢g=3. Bce oanemeHTbl nona [anya SABASAKTCA KOPHAMW MHOrodneHa

f(x)=x"—x=x{x* —1). Kopu mHorounera f(x) pasHbi x, =0, x, =1, x, =1,
Mostomy GF(3)={0,1,=1}. 3agagnMm CroxeHue M yMHOXeHUE Tak, 4Tobbl Ha
MHoxecTBe GF(3) Gb1nn rpynnoBbiMy onepaumsiMu:

+ 0 1 -1

e 1 -1
0 0 1 -1

I 1 -1
1 1 0 O

-1 -1 1
-1 -1 0 O

Monyunnn < GF(3), +, e > — none lanya.
3adaHue 2. lMoctpoutb none GF(4) kak pacwwupeHne nons GF(2) no mogynto
MHorouneHa p(x)=x’+ x+1.
PeweHue.
MpenctaBum anemMeHTbl NONSA B BUAE NocrneaoBaTenbHOCTEN ANNHBI 2 (ABYMEpPHbIe
BEKTOPbI) M KaK MHOFOYNeHbl cTeneHn 1 n MeHbLLe 1 3a8aanM UX B Buae tabnuupbi:
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NocnepgoBaTenbHOCTb ANUHBLI 2 MHorouneH
00 0
10 1
01 o
11 1+a

MpaBuna CnoXXeHnst 1 yMHOXEHWUsI B 3TOM NoJsie NpUBEAEHbI HA PUCYHKE:

a) + |0 1 o a6 S R s A v
0 0 1 o o oo o o o
111 0 o o 110 1 o o
o | o ot 01 a | 0 o ot 1
o | o 1 0 ot | 0 @t 1w
Puc. I11.5
3adaHus

1. Hamtm 3HadyeHna Bcex 9nNemMeHToB nond kKak pacwupenne: a) GF(2) no
HeNpUBOAMMOMY MHOrourneHy p(x)=x>+x+1; 6) GF(3) no HenpuBOAMMOMY MHOrouneHy p(x) =
3
XT+X+2.

2. Hawntn unknunyeckue nopoxpatowme nonen GF(4) v GF(9).
3. HanTtun Bce HenpuBogMMble MHOroYneHbl cTenenn aea Hag nonem GF(5).
2
4
4. Pewwutb B none GF(7) ypaBHeHns x =3unx +x+1=0.
5
5. W3baBuTbCA OT MppauMOHanbHOCTU B 3HaMeHaTene BblpaXeHus ——————.
1-42 +42
6. W3basButbecs oT nppaLmoHanbHoOCTH B 3HameHaTene BblpaXKeHUs
2

a” —3a-1
————, &’ +a’+3a+4=0;
a” +2a+1

7. Onucatb ctpoenne nons K=Q(a), rae Q — none paumoHanbHbIX YUCEN U HaUTU

3NneMeHT, obpaTHbIV ANnd aneMmeHTa B: a = N7+ %/5, = 3\/5 — 7 +3\/§.

Tema. dnemeHTbl TEOPMUN KOAUPOBaHUS
lnaH
1. NpedcmasneHue 06 anghasumHOM KOOUPOBaHUU.
2. Cxamue. lNpocmeltiwue an2opummbl Cxamus.
3. lNomexoycmolidugblie KOObI KaK rnpumep ornmumaribHbIX K0O08.
1. [IpedcmaeneHue 06 anghasumHom KoOupoeaHuu

MycTb paHo wMHoxectBo A=1{a,,a,,...,a,}, cocTosiliee W3 n 3NEMEHTOB.

MHoxecTBO A Byaem HasbiBaTb asighasumom obbema n, a ero aNeMeHTbl - cuMgosiaMmu Unmn
bykeamu andaBuTa. KoHeuHyo nocnenoBaTenbHOCTb CUMBOSOB andasnTta 6yaem HasbiBaTb
c/1o8omM B 3TOM andasuTe, a KONM4YeCTBO CMMBOJSIOB B CIIOBE — €ro Gs1uHOU.

JTioboe HenycToe MHOXECTBO CIoB, 3annucaHHoe B andaBuTe A, Ha3biBaeTcst KOOOM B
aToM andasute. MOLWHOCTL 3TOr0 MHOXECTBa CIOB Ha3blBaeTcss o0bbemMom koda, a
3N1EMEHTbI 3TOr0 MHOXECTBA — KOOOBLIMU C/lI08aMLU.

Kop HasbiBaeTcs pasHomepHbiM, Ecnv Bce ero kogoBble CnoBa UMEKT OOUHAKOBYHO
AnnHy m. B aTom cnydyae m HasbiBaeTcs O/1UHOU pagHOMepPHO20 Koda.

PaccmMoTpuM Ha KOHKPETHbIX NpUMepax HeKOoTopble Cnocobbl KOAMPOBaHWSI CroB
PYCCKOro A3blKa.

lModcmaHoeo4YHbIe WugpbI

B pycckom andaBute OTOXAECTBUM OYKBbl «€» U «€», a Takke OYKBbl «b» U «b».
Monyyum andasut n3 31 6ykebl. [Jo6GaBUM K HMM HOBbIN, 32 —A CUMMBOJI, O3HA4aoLLNN
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NPOMEXYTOK Mexay crnosamu. Ecnn Tenepb paccMOTpeTb MHBEKTMBHOE OTOBOpaxeHue
npeobpas3oBaHHOrO BblleyKka3aHHbIM 0bpa3oM pycckoro andasuta B NPOU3BOSIbLHOE
MHOXecTBO M MoLWHOCTK > 32, a 3aTeM 3aMEHUTb B HEKOTOPOM TEKCTE Kaxayto OykBy Ha ee
obpa3s n3 mHoxectBa M, To nonyuntca Habop cnoB B andasute M, KOTOpbIN Ha3biBaeTCcs
rnodcmaHo804YHOU KpurimoapamMmodu.

YTo6bl pacwmdpoBaTb NogobHy Kpuntorpammy, Tpebyetca 3HaTb OTHOCUTESbHYHO
4YaCTOTY NOSABMEHMS TOW UNN MHOW BYKBbI PYCCKOro andasuTta B NPOU3BOSbHOM TeKCTe. JTO
MOXHO cAenaTb creaytowmm obpas3om: B3ATb AOCTAaTOMHO OObLEMHbIN TeKCT (Hanpumep,
pomaH J1.H. Tonctoro «BorHa u Myp») n nogcumMtatb YacTOTy BXOXAEHUSA B HEro Kaaoom
OykBbl. Pe3ynbTatbl MOXXHO CBECTU B Tabnuuy:

Takum cnocobom, Hanpumep, 3HaMeHUTbIn cbiwuk Lepnok Xonmc pacwmdpoBan
TavHCTBEeHHoe nocrnaHne B pomaHe A. KoHaH [owvna «[lnsawyuwme 4venoBeykum» (C TOM
pasHULEN, 4YTO OH, KOHEYHO COCTaBnsn nogobHyw Tabnuuy ans OykB  aHrUMUCKOro
andasuTa).

[0BOMBHO M3BECTHBIM NPUMEPOM  MOACTAHOBOYHOrO LUMdpa sABnseTcsa  Tak
HasblBaeMbIn wugp Llezapsi. OH COCTOUT B TOM, YTO OS89 KOOMPOBKM CUMBOJSIOB Kakoro-nnbo
andasuta (Hanpumep, PyccKoro) BMECTO KaXOoro CUMBONia NoAcTaBnsAeTcs CMMBOJST 3TOrO
Xe andasuTa, MNpedwecTBylOWmMN JaHHOMY (UM crnegylwun 3a HUM) Ha HECKONbKO
no3nunn.

3adaHue 1. Paccmotpum wwngp Llesapa co coBurom Ha OBe MNO3MUMN BHU3
NPUMEHNTENBHO K pyCCKOMY andasuTy, T.e.:

a—>,b6->98B—>ar—->6mnrtag (1)
N 3aKOAMpPYEM C ero NoMoLLbio ppasy:
XKXN3Hb BE3 MATEMATUKN HEBBIHOCUMO CKYYHA.
PeweHue.

Mcnonbays npasuno (1), nonyyum cnegyowtyto dpasy:

KEJW AE KKOPTKIOPXIXK NALUIMIKM MUCXIRO.

Ana Toro, 4tobbl 06nerynTb pacwmpPOoBKY TEKCTa, 3aKOAMPOBAHHOMO LUMGPOM
Llesaps, npumeHsieTcs «meToq nonocoky». Kaxgas nonocka COCTOMT M3 BbIMMCAHHbIX
BepTuKanbHO noapsn Oyks pycckoro andasuta. Ona pacwudpoBKkM, Hanpumep, crosa
«KEJIW» 6epyTcsa nATb Takmx MOMOCOK WM NPUKNaabiBalOTCa ApYyr K Opyry Tak, 4ToObl
Nony4Ynnocb 93TO CroBO. Torga Hwke 3TOro crnoBa MOXHO ©OyaeT npouynTaTb €ro
pacLmMdpoBKy.

lNepecmaHo80YHbIE WUGPLI

CambIi npocTton cnocob UCnonb30BaHWUS NepecTaHOBOYHOrO Wndgpa 3aknvaeTcs B
TOM, YTO Kaxaon BykBe pycckoro andasuta conocrtasnseTca ee Homep ot 1 go 31 cornacHo
Tabnuue 1, a npobeny mexay crnosamn — Homep 32. [lonydeHHy nocrnegoBaTenbHOCTb
yncen paccMmaTtpusaloT B Konbue Z,, KnaccoB Bbi4eTOoB No mod 32. 3ateM B 3TOM KonbLe

BblOMpaeTcss NPOM3BOSbHLIN 0BpaTUMbIN ANIEMEHT P 1 KaXablA YNeH nocnenoBaTerlbHOCTH
yMHOXaeTca Ha p. Ecnm nonydeHHoe npyv yMHOXEHMM 4Mcno npeBocxoauT 32, TO OHO
3aMeHSEeTCs Ha COOTBETCTBYHOLLEE YMCo Mo mod 32, KOTOpPOE B CBOK OYepenb 3aMeHsAeTCs
BykBou pycckoro andasuta no tabnuue 1.

UTtobbl pacumdpoBaTb NonydeHHoe coobuieHmne, HeobxoaMmo CHoBa nepenucaTtb ero

B BMUAe nocrenoBartesibHOCTU Yncesl, YMHOXUTb KaXaoe U3 Ynces Ha 3JIEMEHT, O6paTHbIIZ P
B KoIbUe Z32, M HaKoHeu, 3aMeHUTb HOBYIO NocreanoBaTesibHOCTb YUCeEn 6yKBaMI/I no

Tabnuue 1.
3adaHue 2. 3akogmpoBaTb COObLLEHNE:
OK3AMEH MO NH®OPMATUKE YCMNELWHO COAH.
PeweHue.
[epenbit criocob
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3ameHsin OykBbl Ha WX MOPSIAKOBblE HOMepa B pycckoM andasuTe, MonyyYnm
nocrnenoBaTeNbHOCTb YMCEN:
29, 11,8,1,13, 6, 14, 32, 16, 15, 32, 9, 14, 21, 15,17, 13,1, 19,9, 11, 6, 32, 18, 5, 1,

14, 32, 20, 18, 16, 6, 25, 14, 15. ()
B kauyecTBe 06paTMMOro aneMeHTa Konblia Z,, BO3bMeM, HanpuMmep, BbiYeT 3 :
3.11=11-3

N YMHOXMM Ha 3 Bce yncna nocnegosatenbHocTh (*):
23,1,24,3,7,18, 10, 32, 16, 13, 32, 27, 10, 31, 13,19, 7, 3, 25, 27, 1, 18, 32, 22, 15,
3,10, 32, 28, 22, 16, 18, 11, 10, 13.  (*)
3ameHuM yncna nocnegosanbHocTh (**) BykBamu no Tabnuue 1:
«LLAYBXXCH MM bINAMTXBLLLIAC XOBW BXMNCKAM».
UTo6bl pacwmdgpoBaTth 3Ty bpasdy, BEpHEMCA K NOcneaoBaTenbHOCTU (**) 1 YMHOXUM

KaXK[0€ e YMCIOo Ha anemeHT, o6paTHbIn K 3, KoTopbin paseH 11:

29,11, 8,1,13, 6, 14, 32, 16, 15, 32, 9, 14, 21, 15, 17,13, 1,19, 9, 11, 6, 32, 18, 5, 1,

14, 32, 20, 18, 16, 6, 25, 14, 15,

T.€. MNONyYunu nocnegoBaTenbHOCTb (*), 3aMeHsAs 4yucna KOTOpOM COOTBETCTBYHOLLMMMU
BykBamu no Tabnuue 1, nonyynm ncxogHyro dpasy.

Bmopou crocob.

Bonee cnoxHein cnocob MCnonb30BaHWs NepecTaHOBOYHOMO LWndpa 3aknoyaeTcs B
MCMONb30BaHNN HEBLIPOXAEHHBLIX MaTPUL, Haj Konbuom Z ., .

MonyyeHHyo nocrnegoBaTesnibHOCTL Yncen (*) pasobbem Ha napbl. Tak kak B 3TOW
nocrnefoBaTesfibHOCTU  HeYeTHOe  KONMMYecTBO  uucen, TO  gobGaBum B KOHUe
nocrnegosaTenbHOCTU Npober, KOTOPbIM KOAUPYETCS YMcnom 32:

(G s (MG G MG ) )
e} e

YMHOXMM ntobyto obpaTumyto KBagpaTHyH MaTpuLly BTOPOro nopsiaka, Ha Kaxayto us
NOMyYeHHbIX OAHOCTONOLOBbLIX MaTpUL, HaNnpumMep, 3To MOXeT OblTb MaTpuLa

2 7
A= 3 6 EMz(Zn),

obpaTHon ons kotopon byaet matpuua

L, (6 =T
A = ) € M,(Z,,).

Mocne YMHO>XXeHUA nosiydymmMm HOBYIO NMocrneaoBaTesibHOCTb CTONOLOB:

i oo o o G e ) 5 G s )
S

3ameHssa kaxgoe ymcno 6ykson no Tabn. 1, Nony4ynum 3akoaMpoOBaHHYIO MH(OpMaLnIo

B Buae dpasbl:
XKUUHMIBXUNAXOYSLWAAAS 32 NPLUBLXEMAYLIOT.

UTtobbl pacwmdpoBath 3Ty dpasy, HY>KHO BMECTO OyKB NOoACTaBUTb B HEE UX HOMepa
n pasbutb Ha napbl. [lony4nTcsa nocnegoBaTenbHOCTb CTONGBLOB (****). YMHOXasa matpuuy
A" Ha kaxgbim ctonbel, M3 ATOM MOCMNeAOBATENbLHOCTM U 3aMEHSsi BHOBb MOMYyYeHHbIe
HOMepa COOTBEeTCTBYHOLMMM BykBaMn, BOCCTAHOBUM MCXOOHYKO (bpasdy. EcTecTBeHHO, 4TO
AN NCnonb3oBaHUA 3Toro cnocoba HeobxoanmMo 3HaTb maTpuuy A.
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3adaHue 3. 3akognpoBaTb (hpasy:
YXM3Hb CTYAEHTA NONHA ONACHOCTEN
C UCMONb30BaHMEM KNOYEBOro CroBa.
MoxxHo cHumampb amom criocob KoOuposaHuUsi mMpembsUM CriocoboMm.
PeweHue.

B kayecTBe KnOYEBOro CrioBa MOXeT OblTb MCNONb30BaHO Ntoboe CnoBo, B KOTOPOM
OykBbl HE NOBTOPAOTCA, Hanpumep, cnoso JEKAH.

Becb TekcT BMecTe C KNn4YeBbIM CNI0BOM MOMECTMM B Tabnuvuy:

ole)=]t~]=4ENR
OQOM|T ||

<> 9T0X vy

X(I|> DK WRAX

MmO I|H N X|wm

Uucna, 3anucaHHble HWXKe KIIYEeBOro CroBa, 03Ha4alT Nnopsgok criefoBaHusa Gyks
3TOro crnosa B andasuTe. YTobbI 3akoanpoBaTh Hally pasdy ¢ nomMoLbo Tabnuuel 2, byaem
BbiNUCbIBaTb M3 Hee OykBbl B creaylolemM nopsgke: cHadana Bce OykBbl, 3anvcCaHHble
(cBepxy BHM3) B cTonbue nog Homepom 1. 3atem B ctonbue nog HoMepom 2 U T.4.:

HOMOOXCHNATUTTHCE3YAAHMBEOMC. (1)

[Ana gekognpoBaHUs NosTyYeHHOM hpasbl HY)XXHO 3HaTb NGO KnNYeBoe CroBo, NMBo
yucno 23415.

Ecnn uyucno Oyks B 3akogupoBaHHOM dopase Haueno [enutca Ha 4ucro Oyks
KrNYeBOro crosa, TO CTPOMM Tabrnuvuy COOTBETCTBYHLLEN Pa3MEepPHOCTU K 3anosiHaem ee
OykBamn (HauvMHas c nocnegHen B (ppase n OBUrasicb K ee Hadany): cHadana crtonbey c
camMbIiM 60MbLWMM HOMEPOM U fanee no yobiBaHuo. Ecnn xe uncno 6yks cdpasbl He genutcs
Haueno Ha 4ucno BykB KNo4eBoro cnosa, To 6epem camoe 6nmM3koe K HEMY YUCHO, KOTOpOe
yXXe OenUTCS Ha Hero Haueno u ctpoum Tabnuuy.

Hanpumep, B Hawem crydae 4ncno BykB KNYeBOro CrioBa paBHoO 5, a Bcen dpasbl —
28. lMoatomy Gepem umcno 30 m ctpoum Tabnuuy pasmepHoOCTM 5 x 6, B KOTOpoW ABe
nocrnegHue s4enkn dyayT NUWHUMMN.

3adaHue 4. 3akognpoBaTb Wndpom Tputemmnyca cdpasy:

KAXKObIV JOMKEH YMETb CUUTATD.
PeweHue.

Wndp Tputemmnyca TakKke OCHOBAH Ha WCMNONb30OBaHUN  KIKOYEBOro Criosa.
Kogupyemyto dpasy 3anucbiBatoT nogpsg 6e3 npobenos. Nog Hen 3anuckiBaloT Takke 6e3
nNpo6enoB Kr4YeBOe CrOBO CTOMBKO pa3, CKOSIbKO OHO yMecTutcs (BykBbl KIHOMEBOro CrioBa
He OOJMPKHbl NOBTOPSATLCA). 3aTeM 3aMeHsI0T OyKBbl BEPXHETO M HKHEro psga Yncnamm no
Tabnuue 1 n cknagbiBalOT BEPXHEE YMCNO C HWXHMM, NpuBoAas pesynbtat no mod 31.
MonyyeHHy0 nNocnenoBaTeNbHOCTb YMCEN 3aMEHAT  COOTBETCTBYOWMMKU  BykBamu.
Mony4aeTca 3akognpoBaHHaa pasa.

B kadecTBe kntoyeBoro cnosa Bo3bMeM crioBo «JIOMMKA».

3anucbiBaem nop Hawewn opason KnyeBoe CroBo:

KAXObIMOOIMKEHYMETbCUYNTATD
JIO'K ANNOTMKANOTIMKANOTINKAJIO
3ameHnm OyKBbl B BEPXHEM W HMXKHEM psigy MX HOMepamu, nocre Yero, cknagbiBas
yucna nepBon U BTOPOW CTPOK 1 NpuBoasa pesynstat no mod 31, nony4nm:
2,16,11,14,7,11,17, 30, 16, 16, 17, 15, 1, 28, 10, 28, 8, 19, 5, 24, 23, 10, 30, 29.
3ameHsiem Kaxgoe 4ncno bykson:
BMKHXKPIOMMPOABBL3TAULIMIOS  (2).

YTo6b!I pacwmdpoBaTb NOAYHYEHHYO dpasy, HY>KHO 3HaTb 3anNUCb KMOYEBOro CrioBa B

konbue Z,, (B Hawewm cny4yae — 12, 15, 4, 9, 11, 1), nepentn ot 3akoagnpoBaHHOro TekcTa (2)
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K YMCNOBOW 3anvcu N BbIHECTb U3 Kaxaoro yucna ( no mod 31) HOMep COOTBETCTBYIOLLEN
Knto4YeBon ByKBbI.
3adaHue 4. 3akoanposaTb croeo «MHCTUTYT» TabnmyHbiM cnocobom.
PeweHue.

PaccmoTpuM NpOM3BONbHOE WHBEKTMBHOE OTOOpaxeHue ¢ pycckoro andasvTa B
MHoxecTBO NxN. KogupoBaHue CnoB 3aknioyaeTcs B 3amMeHe Kaxaow bykBbl ee obpasom —
TO eCTb HEKOTOPOW napoun HaTypanbHbiX Yncen. OtobpaxeHne ¢ yaobHo 3agaBaTb B BUAE
Tabnuubl. Nyctb oTobGpaxeHne ¢ 3agaHo Tabnuuen 3 (6x6):

1 2 3 4 5 6
1 a o H n M K
2 n 6 u
3 p A e w u
4 c o bl 2 w 3
5 m 3 b y (6] X
6 y ¢ X y e

Torga cnosy «MHCTUTYT» cooTBeTCcTBYET HAabop ynopsiAo4eHHbIX nap:
<3, 6>; <1, 3>; <4, 1>; <5, 1>; <3, 6>; <5, 1>; <6, 1>; <5, 1>

nnu yucno 36 13 41 51 36 51 61 51.

3Hasa Tabnuvuy, N0 AaHHOMY YMUCITY MICXOAHOE COBO AeKoanpyeTcs O4HO3HA4YHO.

PaccmoTpeHHble cnocobbl  andaBUTHOTO  KOAMPOBAHUSA  SABMASKOTCSA  MPOCTbIMMU.
EcTtecTBeHHO, VMW He ucYyepnbiBalOTCA Bce crnocobbl andaBUTHOIO KOLMPOBAHUA.
CyLecTBYIOT A0CTaTOMHO CIIOXHble Crnocobbl, Tpebyllwune 3HaHUA Teopun CpaBHEHUN WU
Apyrux pasgenos abctpakTHOM anredpbi.

2. Cxxamue. lNMpocmediwue anzopummsbl cxamusi

3adaHue 1. Cxatb meTogom LUeHHoHa-®aHO dhann COCTOMT W3 HEKOTOPOWN
CMMBOJIbHOWM CTPOKU: aaaaaaaaaabbbbbbbbccccccdddddeeeefft.

PeweHue.
Kaxxgbln CMMBON 3TON CTPOKN MOXHO 3aKOAMPOBaTb, Kak NokasaHo B Tabnuue 1.

Tabnuuya 1. Npumep noctpoeHns koga LleHHoHa-®aHo

CumBon YacToTa nosiBneHus Kom

a 10 11

b 8 10

C 6 011

d 5 010

e 4 001

f 3 000

Ntak, ecnm O0ObIMHO Kaxablh CUMBON KogupoBancsa 7—8 Owutamn, TO Tenepb
TpebyeTtca makcumym 3 bura.
3adaHue 2. 3akogmpoBaTb MeToaoMm XaddMeHa CUMBOSbHYIO CTPOKY, Y KOTOPOW
yacToTa NosIBIIEHNS CMMBONOB 3afaHa Tabnuuen 2.
PeweHue.
Tabnuua2. KognposaHue metogom XadpmeHra.
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CumBon YactoTa BcnomoratenbHble cTono6ubl
nosiBreHus
c 22 22 | 22| 26 | 32| 42 | 58 | 100
e 20 20120 | 22 |26 | 32 | 42
h 16 16 | 16 | 20 | 22 | 26
I 16 16 | 16 | 16 | 20
a 10 10| 16 | 16
k 10 10 | 10
m 4 6
b 2

Bonee HarnagHoO npuHUKMN gencTeua metoaa XapdmeHa MOXHO npeacrtasnTs B Buge
kogoBoro gepesa (puc. 1) Ha ocHoBe Tabn. 2.

M3 TOYKM, COOTBETCTBYIOLLEN CyMME BCEX BEPOATHOCTEN (B AAHHOM Cryyae OHa
paBHa 100), HanpaBnsaTca ABe BeTBU. BeTBn C¢ Gonbluen BEpPOSATHOCTbIO NpucBanBaeTCH
eanHuua, C MeHblen — Hynb. [lpogomkas nocnefoBaTenbHO pPas3BeETBMAATb AEpeBo,
A0X0OMM 40 BEPOSATHOCTU KaXKaoro CMMBOSa.

R
/\ /\/
/\

/\

Puc.1. Kogosoe p,epeBo ana koga Xa(b(blvleHa

Tenepb, ABUrascb NoO KOAOBOMY AEPEBY CBEPXY BHU3, MOXEM 3anucaTb 4S8 KaXgoro
CMMBOJIa COOTBETCTBYOLWNIA Ko (Tabn. 3).

Tabnuua 3. Kogbl CMMBOSIOB 4151 KOOOBOro AepeBa.
CumBon Kon
01
00
111
110
100
1011
10101
10100

3adaHue 3. OnpegenuTb YacToTbl NOSAABNEHMA OykB, MOCTPOUTbH KOLOBOE OEepeBO U
kog XadpdmeHa, HanuTu CpeaHIo ANTMHY KOOOBbIX CITOB AN MOrOBOPKU:
YETbIPE YEPTEHKA YEPTUJTN YHEPHBLIMA YEPHUNAMUW YEPTEX.
PeweHue.

Bcero B aton dpase 43 GykBbl, NOACYMTAEM YACTOTY MOSABMNEHUSA KaXOOW U3 HUX, U
pes3ynbTaTt 3anvwem B Tabnuuy 4.

o3 |x|o|—|T|o|0

Tabnuua 4. lNMocTpoeHne koga XaddmeHa.
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BykBa | YacToTa BcnomoraTtenbHble cTONOLbI

E 9 9 19191919 ]| 9 [11]| 14 |18 (25|43
Y 6 6 | 6|6 |6 |8 9 | 91|11 1418
P 6 6 | 6|6 |6 |6 8 | 9 9 |11
n 5 55| 5|56 6 | 8 9

T 4 4 |14, 4|5 |5 |6 |6

H 3 314|144 |5 |5

bl 2 2 13|44 4

A 2 2 |23 |4

n 2 2 | 2|2

M 2 2 |2

K 1 2

K 1

> 43

BcnomoraTeneHble cTonbubl NonyyatnTcs creayrowmm obpasom:

eCHa4ana cknagbliBaem 4actoTbl nosirieHns 6ykB «K» 1 «XK», n cyMmapHyto 4acTtoTy
3anucoblBaem B MNepBOM BCrnomMoratenbHOM cTonbue BMecTe C ocTalbHbIMW YacToTamu (B
nopsigke yobiBaHusi CBEPXY BHU3);

eCHOBa CcKNnagblBaem [fBe nocrnegHue B MOSTlyYEHHOM BCromoraTesnibHOM cTonbue
4YacToTbl M 3anNUCbiBaeM BO BTOPOM BCMoMoraTenbHbl cTonbey Takke B nopsiake yobiBaHMS
(B cTpoke BykBbl «H» nossunack umdpa 4) n 1.4.

Ecnn Bce penctBusa BbINOMHEHbI MPaBUSIbHO, TO B MOCAEeAHEM BCMOMOraTefbHOM
ctonbue nony4nMTca 4ucno, paBHoe obLiemy kKonmyecTtBy OykB B MOroBopke (B AaHHOM
cnyyae — 43).

Tenepb MOXHO CTPOUTb KOOOBOEe AepeBo. M3 TOYKM, COOTBETCTBYHOLLEN CyMMeE BCEX
yacToT (B 4aHHOM cny4ae OHa paBHa 43), HanpaBngawTCca ABe BeTBU. BeTBu ¢ Bonbluen
YacToTOM MpucBamBaeTCa efuHuMua, C MeHbllen — Hynb. [lpogormkas nocrnegoBaTesibHO
pa3BeTBNATb AepeBo, JOXOAMM 0 YacTOTbl NOSABAEHNSA Kaxaon Byksbl (puc. 2).

43

Puc. 2. KogoBoe aepeBo ans dpasbl «HeTbipe YepTeHKa YepTUnn YepHbIMU
YepHUNaMmn YepTeX».
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Mo kopgoBomy fepeBy CTpouM KoA XaddMeHa Afis Hawen MNOroBOpKW, KOTOPbLIN
3anuwem B Tabnuuy 6.5

Tabnuua 5. Kog XaddmeHa ansa dppasbl «HeTbipe YepTeHka YepTunm YepHbIMn
YepHUamMmn YepTex».

BbykBa Kon
E 01
Y 110
P 101
7 100
T 000
H 0011
bl 0010
A 11101
J1 11100
M 11111
K 111101
XK 111100

MoacunTaem cpefHo ANVHY KOAOBLIX CMOB Kak cpeaHee apudMeTuyeckoe AnvH
BCEX KOAOBbIX CMNOB 13 Tabnuupl 5:

] :2+4-3+2-4+3'5+2‘6 :£z4,08_
? 12 12

3adaHus
1. 3awmndposaTb, ncnoneays: a) wudp Llesaps co caBurom BHU3 Ha 2 nosvuuu; 6)
KONbLO KrnaccoB BbiMETOB N0 mod32; B) knto4eBoe croBo n3 6 Oyks; r) wundp Tputemmyca c
KrnoYeBbIM COBOM M3 3afaHus B), ppasy Yeriogseky He xgamaem myOpocmu yCrioOKOUmMbCs
Ha 0ocmueaHymom.

2. MNocTtponTtb ansa dpasbl 3aboma 06 usnuwHem 4acmo coeduHsiemcs ¢ nomeped
Heobxodumozo kop LLleHHoHa-daHo.
3. 3awmndgpoBaTb TEKCT, NCNONb3Yst MOACTAHOBOYHbIE LLINAPBI:
Umob myOpo XU3Hb NpoXXxumsk, 3Hamb HaO0bHO Hemario,
Lea eaxHbix npasuna 3arnoMHu 0rsl Havana:
ThbI nydwe eosio0al, Yem 4mo rornasno ecme,
U nyywe 6yOb 00UH, 4emM 8mMecme C Kem rionario.
4. MoctponTb kof LLeHHoHa-®aHo ana dpasbl KyKywka KyKyuwoHKY Kyrusa KarouwloH,
KaK 8 KarrowoHe KyKyUWOHOK CMEUWIOH.
5. Onpegenutb YacToTbl NoABRNeHUs ByKB B NOrOBOPKE, MOCTPOUTL KOOOBOE AEPEBO U
Kog XadppmeHa, HaWTU cpefH ANWHY KOAOBbLIX CrnoB Ana dgpasbl [Jea wieHka weka K
weKe epbI3iu Wemky 8 y2oriKe.

3. lMomexoycmolivyuebie KOObI KaK npumMep onmumarsibHbIX KOO0

lMpumep 1. B T1abnuue 1 npencraeBneHbl Bce KogoBble croBa (5,3)-koga (aj —
NHPOPMaLUUNOHHBIE; bj - NPOBEPOYHbIE CUMBOSbI).

Tabnuua 1. Kogosble cnosa (5,3)-koaa.

Ne n/n a, az as b1 b,
1 0 0 1 1 0
2 0 1 0 1 1
3 0 1 1 0 1
4 1 0 0 0 1
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lMpumep 2. [ins (5,3)-koga NpoBepPOYHbIE YPaBHEHUS UMEIOT BUA:
b1=az + as;
b,= a4 + as.
lNMpumep 3. (5,3)-koa, KoTOpbIN BbIN NpeactasneH B Tabnuue 1, MoxeT ObITb 3agaH
nopoxaaroLen maTpuuen:

Sep =

Ol = o
== R L =
e =
O

lMpumep 4. MNopoxaatowan matpuua ang (5,3)-koga B cucteMaTnyeckom Buae:
1 0 0 0 1

01 1 0

lNMpumep 5. NpoBepoyHaa matpuua (5,3) — koaa:
011

= =
G711 0 0

(S
— 2

lNMpumep 6. [insa koga (5,3)

[Lo111]-

=]
= T = B T
I
=
=

lNMpumep 7. Ana kopa (5, 3):

1
H(ﬁj:] = N {fn :2,

[
=
=

ans koga (5, 2):

Heiy =

] ——
(D) e

lNpumep 8. Ons kopna (5, 3):

110]-j0 1
00110

3adaHue 1. Hawntm ero crangapTHoe pacnonoxeHue (5, 2)-koga, 3agaHHOro
MaTpuLaMMm:
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1 1 0 0

G _1 ﬂ ]. ]_ ]_ H(j,z:l= D ﬂ ]. ﬂ,

%7 11 0 1 1 0 01
PeweHue.

Bcero cywectByeT 32 crnoBa anuHbl 5, coctodwmx n3 0 n 1, kotopble obpasyloT
abenesy rpynny OTHOCUTENBLHO cnoxeHust No mod 2. N3 H1X kogoBbIMKU siBRsOTCA aAngd (5, 2)
koga 2 =22 =4 cnosa:

v, = 00000, v, =10111, v, =01101, v, =11010.

HeTpyaHo npoBepuTb, 4TO 3TW cnoBa 06pa3yoT OTHOCUTENBHO CROXEHUsS Mo mod2
noarpynny B rpynne BCex CrioB AnuHbl 5 (Tabn. 6).

Tabnwuua 6. MNoarpynna kogoBbix cnos (5, 2)-koaa.

+ mod2 v, v, v, v,
v, v, v, v, v,
v Vi Vo Vs v,
V2 V2 V3 VO Vl
V3 V3 V2 Vl VO

Hanpuwmep, v, +v,=10111+10111=00000=v,, v, +v,=01101+11010= 0111=v, wu T1.A4.

Mpnyem, Tak Kak rpynna Bcex crnoB AnNuHbl 5 abenesa, To nogrpynna KoAoBbIX CrioB Gyaet
ABNATbCS B HEM HOPManbHbIM Aenutenem. [103ToMy MOXHO pasnoXuTb rpynmny BCEX CrOB
ANWHBI 5 Ha CMEeXHble Knaccbl Mo NOArpynne Ko4oBbIX CrOB.

Mo Teopeme JlarpaHxa, nHaeKc aTon noarpynnel Oyaet paBeH 32:4 = 8, T.e. CMEXHbIX
knaccos 6yget 8, B Kaxgom no 4 anemeHTa (crnosa). COOTBETCTBYWLLEE pasnoXeHue
npuBeneHo B Tabnuue 7.

Tabnuuya 7. CtaHgapTHoOe pacnonoxeHue (5, 2)-koga.

v,= 00000 v,=10111 v,= 01101 v,= 11010

I, = 00001 I +v,=10110 I +v,=01100 1 +v,= 11011
1, =00010 1,+v,= 10101 I,+v,=01111 1,+v,= 11000
I, =00100 I,+v,= 10011 I,+v,=01001 I,+v,= 11110
1, =01000 1,+v,=11111 I,+Vv,= 00101 l,+v,= 10010
I, = 10000 I,;+v,=00111 I+ v,= 11101 I+ v,=01010
I, = 00011 I,+v,=10100 I+ v,=01110 I+ v,= 11001
I, = 10001 I,+v,=00110 I,+v,= 11100 I,+v,=01011

OtoT kog wmeeTr do = 3. OH rapaHTMpyeT ucnpaBfieHne OAMHOYHbIX OLUMBOK,
KOHdUrypaumsi KOTopblx AaHa B nepBom ctonbue.

Mpouenypa wvcnpaBneHuMss owunbok cnegytowas. [lpyHAToe KO4OBOE — CINOBO
aHanu3npyT 1 onpeaenstoT, B KaKOM CToNbLe OHO HaXOAUTCS, B KAYEeCTBE UCMPaBIIEHHOrO
KOAOBOro crioBa 6epyT CrnoBo, Haxoasiweecsl B BepxHen ctpoke. OgHako, ecnvu anvHa koga
Oonbluasi, Nonb30oBaTbCA TaKMM anropuTMOM HeyaobHo. [MoaToMy npu AekoanpoBaHUK
ncnonb3yT Tabnuuy CUHOPOMOB (OEKOAMPOBAHUS), NpeacTaBnsalolwyo cobon Ccrnmcok
obpasyoB owunbok (CcM. nepBbi CcTONGEL CTaHAApPTHOrO pPacrnonoXeHust) W CNUCOK
COOTBETCTBYHLLUNX CUHOPOMOB.
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3adaHue 2. [NocTpouTb Tabnuupbl 4eKoANPOBaHMA ONs NIMHEMHOrO rpynnoBOro Koaa,
MMEIOLLIErO NMOBEPOYHYIO MaTpuLy:

I 1100
H={1 0 0 1 O

I 1.0 01

PeweHue.

B paHHom cnyyae n =5, k =3, = r=n —k = 2. [loaTOMy Mbl UMEEM rPYyNnoBou 5, 2) —
kog. B tabn. 4 npencraeneH cnucok obpasuoB owmnbok (l1 17 )-Hanpem gns kaxgow
OLWNBKM COOTBETCTBYIOLLMIA CUHOPOM:

1 1 1 1 1 1
1 0 1 1 0 1
S, =1-H" =(00001)-|1 0 0|=(001); S,=1,-H" =(01000)-[1 0 0|=(101);
01 0 01 0
0 0 1 0 0 1
1 1 1 1 1 1
1 0 1 1 0 1
S,=1-H" =(00010)-|1 0 0|=(010); S, =L -H" =(10000)-|1 0 0|=(111);
01 O 01 0
0 0 1 0 0 1
1 1 1 1 1 1
1 0 1 1 0 1
S,=L-H" =(00100)-{1 0 0|=(100); S,=[-H" =(00011)-/1 0 0|=(011);
01 0 01 0
0 0 1 0 0 1
1 1 1
1 0 1
S, =01 -H" =(10001)-{1 0 0|=(110).
01 0
0 0 1

Tak kak S,= (001), To nepeBoAsa 3Ty 3anncb B AECATUYHYIO CUCTEMY CUYUCIIEHUS,
nony4um 4ymcno 1, 4To o3Ha4vaeT owmnbky B nepson nosvuun. Ans S, = (101) aHanornyHo
nonyaum: 101,= 5, T.e. owmnbka cosepwieHa B nNATON no3vumn, n T.4. Ha ocHoBaHwuu

NOSTYYEHHbIX AAHHbIX CTPOMM Tabnuuy AeKOANPOBaHUS:
Tabnuua 8. Tabnuua gekogmpoBaHus.
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Cnucok o6pasuoB CHHapom Ne nosuuum c
OLIMOOK OLUMOKOMN
[/, =00001 001 Ne 1
[, =00010 010 Ne 2
I, =00100 100 Ne 4
[, =01000 101 Ne 5
I, =10000 111 Ne 7
I, =00011 011 Ne 3
I, = 10001 110 Ne 6

lMpumep 9. OAnga (7,4)-koga XaMMUHra NpoBepoYHas Matpuvua B ynopsago4eHHOM Buge
nmeet BUA;

0 001111
Hop=0 1 1001 1
1010101
Myctb nepepaHHoe koposoe croBo - V(1,0)=1101001, a npuHAToe cnoso -

v(l, 0)=1101101.
CuHOpoM, COOTBETCTBYHOLLMI NMPUHATOMY CrioBYy OyaeT paBeH:

0 0 1
01 0
01 1
5Q.0) = o'(L0) - H7 4 =[1101101]-1 0 o|=[101]
1 0 1
1 1 0
1 1 1

BblYMCNEHHbBIV CMHAPOM YKa3biBaeT Ha OLWMOKY B NATOM NO3ULNN.
lMpoBepoyHas maTpuua B YNOPSOOYEHHOM BuAe nNpencTaBnsieT COBOKYMHOCTb
MPOBEPOYHbIX YpPaBHEHWUA, B KOTOPbIX MPOBEPOYHbIE CUMBOSbI 3aHUMMAlOT MO3NUMK C
Homepamu 2' (i=0,1,2...).
ana (7,4)-koga XaMMuHra npoBEPOYHbLIMU ypaBHEHMUSIMI ByayT:
B =t + U+ by
U4 = Uj + Uﬁ + U‘F N

rge Vi, V,, V4 - MpOBEpPOYHbIE CUMBOIbI.
OnemMeHTbl CMHAPOMA ONpeaenstoTCAa U3 BblpaXXeHUI:
e Tl ¥
S =ty t g b g,
Sy = g+t 4 g + .
KoppekTupytoLiasi cnocobHOCTb koga XaMmMuHra MoxeT ObITb yBeNuMYeHa BBEOEHUEM

AOMOMNHUTENBbHOW NPOBEPKM Ha YeTHOCTb. B aTomM cnydae npoBepoyHass martpuua ans
paccmoTpeHHoro (7,4)-koaa byget umeTb BUA;
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Hga =

==
| e B o
e e D =
==
e =
= T )
ot
o o o

a kogoBoe paccTtosiHune koga do = 4.

[MpoBepoYHble ypaBHEHNSA UCMONb3YIOTCA ANS NOCTPOEHNA Kogepa, a CUHOPOMHbIE -
aexkopepa koga XaMMuHra.

lMpumep 10. INycTb KOOQOBOE CMNOBO LUKIIMYECKOro Koga MMeeT BUA:

£(1,0)=1011101001,
Tora COOTBETCTBYIOLLMI €My MHOrouYneH 6yaeT paBeH:
H)=x" +x +x Hx” HxT 41

Hanpumep, ecnu koA nocTpoeH Hag nonem GF(q)=GF(23), koTopoe sBnsieTcs

paclumpeHvem nonsi GF(2) no Moaynio HenpuBOAMMOrO MHorouneHa f(z)=z>+z+1, a

9MNeMeHTbl 3TOro Nons UMeKT BuA, NpeacTaBrneHHbIV B Tabnvue 9.
Tabnuua 9. AnemeHTbl nonst GF(2°).

0 000 0 o 011 Z+1
o’ 001 1 o 110 Z2%+7
o] 010 Z o’ 111 Z°+7+1

o 100 Z? o 101 Z%+1

TO KOS(beMU,VIeHTbI V, NpUHUMaOT 3Ha4YeHUa 3NIEMEHTOB 3TOro Nons 1 No3TOMy OHXM camMu

oTobpaaloTcs B BUAEe MHOMOYSIEHOB CreayHoLLero Buaa

(@)= apy 2" a2 a2 ey 2Y,

roe m — CTeneHb MHOroudneHa, no KoTopoMy nonydeHo pacwwupenue nona GF(2); aj —
KO3 PULUMEHTBI, NpUHUMatoLme 3HavyeHne anemeHToB GF(2), T.e. 0 n 1.

Takoun ko HasblBaeTCs q-UYHbIM.

3adaHue 3. OcylwecTBUTb €OUHUYHBIN NPaBbI LUKIIMYECKUA CABUI KOAOBOrO CroBa
[1011], ncnonb3ya NofIMHOMMWAaNbHYHO MHTEpPNpeTaLmio.

PeweHue.

BekTopy [1011] cooTBeTCTBYET MHOroUneH 1 + X* + X°. YMHOXWM ero Ha X, 4To AaeT: X
+x2 + x4, Nanee, HaoeM ocTaTtok oT AeneHus Ha X" + 1. B Hawem cnyyae n = 4, Tak Kak
KOZOBOE CMOBO MMeeT ANMHY 4, noatomy X" + 1 = x* + 1

Xx+x°+x*=1+x+x>(mod x* + 1),
MO3TOMY OCTaTOK paBeH: 1 + X + X°.

MHorouneH 1 + x + x® cooTBeTcTBYET BekTopy [1101], KOTOPbIV NONy4aeTCcs U3
BekTopa [1011] npaBbIM LMKANYECKMM COBUIOM Ha OOHY MO3MLNIO.

Omeem: [1101].

lMpumep 11. a) Cymma MHOro4sneHoB:

é 4 3
LJx o oFtx +x x4l

x3 +;=:2

2

&

R e e R N |

3
Tak kak B CymMMe MHOrousieHoB koadpdumumeHT npu X okasancs paBHbiM 2, TO

npueoaa ero no mod 2, nony4vaem 0.
6) MNMponsBegeHne MHOroYNEHOB:
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xxﬁ +rxtedrx4l
2
X" +1

+:>:"j I A |

IE +I6+I5 +I3+I2

et rxal ]
AHanorMyHo NyHKTY a), B MHOro4neHe, paBHOM Npoun3BegeH 0 NCXOOHbIX, He
OKasasiocb crnaraembix B LLECTON U TpeTben cTeneHun. [lanee, ecnun gnnHa koga pasHa,
Hanpumep, 7, To pesynbTaTt NpMBoANM rno mod x'+1.

,,:.::8+:a:j+:a:4+:::2 +x+1 }I? +1

I8+I X

©+xtrxt 4l

Mp¥ NOCTPOEHUN N AEKOANPOBAHUN LIMKITMYECKMX KOOOB B pe3yrbTaTe AeneHus

MHOIO4SIEHOB 00ObIYHO HEOBXOAMMO NMMETb HE YacTHOe, a OCTaTOK OT AeNeHus. I'IoaTomy

pekomeHayeTcs 6onee npocTor cnocob genexHns, NCNonb3yst He MHOFOYSIEHbI, @ TOMbKO ero

KO3 pULUMEHTBI (BapuaHT 2 B npumepe 4).
lpumep 12.

+.ﬁ:g+:=:j T S B A e ey |
|

2 é 4 3 3
X4y +¥ +Xx r+r+1

& 3 3 2
A o S R S S S S S S |
x6+x4+x2+x

5 4 3
A S ol S W |

3:5 +:::3 +xr+1

x +x (10010) —ocmamox

L100110111
101011

110111

101011

111001

101011

10010 - ocmamox.

3adaHus

1. Hamtm npoBepoyHble YypaBHEHWUHA, MNOCTPOUTL CXEMbl KOAMPYHOLLErO
AEKOAMPYIOLLLErO YCTPONCTB ANs KOOOB XAMMUHra co crnegyrowmumm napametpamm (9,5).

n

2. Hantn npoBepo4Hyto MaTpuuly An4a Koga XaMmmuHra anuvHel 11, obecneumsatoLlero

KOOQOBOE pacCTosiHMeE paBHoe 4.

3. T[llocTpouTb cTaHOapTHOE pacnonoXxeHne koga XOMMUHra, KodoOBble CrnoBa

KOTOPOro MMerT ANnHY, paBHYIO CEMMW.
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4. OcywecTBUTb €QUHUYHBIA NpaBbIn LMKNUYecKkun casur kogosoro cnosa [1011],
MCNonb3ysa NONMHOMUATBbHYIO UHTEPNPETaLMIO.

5. MHorouneH g(x)=x8+ X"+ x%+ x*+1 nopoxaaet umknuyecknn kog Hag GF(2) onvHbl
15. CkonbKko OWKMOOK 1 CTUPAHUIA MOXET UCNPaBNATb KOA?

6. Hantn nopoxgatowmnn MHOroYNeH NMMHENHOro LMKNWYEeCcKoro koga AnuHel n=15,
KOTOpbIN OCYLLECTBNSAET KoAMpOBaHME COOBOLIEHUN OnuHbl K=7 ecnu paHo pasnoXxeHue
MHOrouneHa X >+1 Ha MHOXUTENH:

7. XPH1=(1+x)(1+x+x%) (1 +x+x2+x3+x) (1 +x+x42(1 +x3+x4),

8. noatoMy MOXHO B3siTb g(X)=(1+x+x2+x>+x*)(1+x+x*)=1+x*+x%+x"+x®. KoguposaTb
coobuieHune [0110110].

9. [ekogupoBatb nonyvyeHHoe cnoeo [011010111010010], koTopoe Obino
OTNpaBfeHo mnocre KoaupoBaHWs KooOM W3 npedblaywen 3agadn. CoOTBETCTBYHOLLMM
BekTopy [011010111010010] MHOro4yneH nmeet BuAa: X + X2+ xt+x8 +x"+ 38+ X0+ x"3

10. JluHenHbin (5, 3)-koa Hag GF(4) nmeeT nopoxgaroLlyo MaTpuly

10011
Gsyp=[0 1 0 1 2|
00113

a) HaNTK NPOBEPOYHYIO MaTpuULy;

0) QokasaTb, YTO 3TOT KOA UCNPaBseT OANHOYHbIE OLLINGKN.
B) A0Ka3aTb, YTO 3TOT KO UCMpaBNseT ABa CTUPAHUS.

r) coctaBuTb Tabnuuy koaa.

TemaTtuka pecpepaToB/aoknagoB/acce, MeToan4Yeckme peKkoMeHaauum no BbINOSTHEHUIO
KOHTPONbHbLIX U KYpCOBbIX paboT, MHbIe MaTepuanbl

Tembl poknapoB (cooOweHuMW) nNo gucuvniiMHe JNeMeHTbl abCTpakTHOU w
KOMMNbIOTEPHOU anredpbl

1 Knaccudgmkaumns nomexoyctonymBebix KOLOB

2 OnemeHTbl Teopum Nanya

3 OnncaHue v npuHUunbl paboTbl HOpMarnbHbIX anroputmoB Mapkoea (HAM)

4 PasbueHne MHoxecTBa. PakTop-MHOXeCTBO. Knaccudukaumm.

5. OTHoweHus nopsagka. OTHOLWEHMSA CTPOroro, HECTPOroro 1 IMHENHOrO nopsiaka.

6. YnopsigovyeHHble MHOXeCTBaA.

7. Anrebpaunyeckme CTpPyKTypbl C ogHOM BuHapHon onepauuven. MNMonyrpynnbl.

8. flomomopdm3Mbl U N30MOPU3MbI FPYMM.

9. N'omomopm3amMbl 1 N3oMopdU3Mbl KONeL, 1 Nonen.

10. PaanunyHble dopMbl NpeacTaBneHnsa KOMMNIEKCHbIX YUCen.

11. Onepaumn Hag KOMMAEKCHBIMM YMCNaMn B TPUFOHOMETPUYECKON chopme.

12. MHOro4neHbl OT HECKOSbKUX MEPEMEHHbIX. QNEMEHTAPHbIE CUMMETPUYECKME
MHOTrOMJIEHbI.

13. ®opmynbl Bueta ans MHorovneHa npousBosibHOM cTeneHn. CBA3b afieMeHTapHbIX
CUMMETPUYECKNX MHOIoYNeHoB ¢ hopmynamu BueTa.

14. N3 nctopum angaBnTHOrO KOOMPOBAHUSI.

15. Teopemsb! LleHHOHa 1 ponb B pa3BuTUM TEOPUN KOOUPOBAaHUS.

PasHoypoBHeBble 3ajaHuMsA nNoO AUCUUNNMHE JJfieMeHTbl abCTpakTHOM M
KOMMNbIOTEPHOMN anredpsbl

1 CocTaBrneHue rnoccapus u Krnacrepa OCHOBHbIX TEPMUHOB pasfena (HeCKOMNbKUX
pasgenos) ANCUUNINHDBI (PEKOHCTPYKTUBHBIN YPOBEHD)

2 CocTaBneHue cpaBHUTENbHbIX, KOHLENTyarnbHbIX Tabnuy No 3agaHHoON Teme
(TBOpPYECKMIA YPOBEHD)

3 CocTtaBneHue, KOPPEKLUNS CUHKBEMHOB M AEHOTaTHbIX rPadOB C OCHOBHbIMM
NOHATUAMM (TBOPYECKNIN YPOBEHD)
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4 CocTaBneHue aHHOTUPOBAHHOIO NepeyYHst ICTOYHUKOB ceTn HTepHeT
(PEKOHCTPYKTMBHbIN YPOBEHD)

5 HanucaHwue peLeH3nin Ha roToBble pedepaTbl N0 pasgenam ANCUMMANHLI,
CKayaHHble C pasfiIMyHbIX CanToB (TBOPYECKMI YPOBEHD)

6 CocrtaBneHune Tabnuupbl TONCTbIX M TOHKMX BOMPOCOB MO pasgenam UCLMNINHDI
(PEKOHCTPYKTMBHbLIN YPOBEHD)

7 CocTaBneHune BONpocoB K pomaluke briyma (TakcoHoMus Lenen) K pasgenam
ANCUMNNNHBI (TBOPYECKUIA YPOBEHD)

Mpe3eHTaumMm no AucuvninHe J3NeMeHTbl abCTPaKTHOM U KOMMbIOTEPHOWM
anre6pbl
. BuHapHble onepaunn 1 anrebpanyeckue CTpyKTypbl
. [pynnbl, konbua, nons
. Mogrpynnel. Nopagok anemeHTa rpynmnbl.
. Konbua 1 nons
. KoHeyHble rpynnbl
. AnchaButHOE KOOMpPOBaAHNE
. Mpoctenwne anroputmbl cxxaTna nHopmMauum

NOoO O, WN -

Matepuanbl AnA npoBeAeHUsI TeKylleM UM  NPOMEXYTOYHOM aTTecTtauum
npeactaBneHbl B (OHAAX OLEHOYHbIX CpeacTB No  AUCUUNINHE JDneMeHTbl
abCTpaKTHOM U KOMNLIOTEPHOWN anredpbl
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