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MeToaunyeckme ykaszaHusa ans ody4arowmxcsa Nno 0CBOEHUIO ANCLUNIINHbI
MpucTtynas K nayyeHuto y4ebHom AMCUUNnHLI, LenecoobpasHo 03HAaKOMUTBLCA C
y4yebHON nporpaMmon OUCUMMNINHBI, SMEKTPOHHbIN BapuvaHT KOTOPOM pasMeELLEH Ha
caunte b® BI'Y.
OTO NO3BONMMUT 0BYYaOLMMCH NONYYUTb YETKOE NpeacTaBeHne o:

. nepeyHe 1 coaep>kaHnm KomneTeHUnn, Ha PopPMUPOBaHNE KOTOPbIX
HanpaeneHa OUCUUNINHA;

. OCHOBHbIX LENsX U 3agayax AMCUMNIvHbI;

. NNaHUpyemMbiX pesynbTatax, MpeacTaBneHHbIX B BUAE 3HaHWN,

yM€HVII7I M HaBbIKOB, KOTOpbl€ [OOJTKHbI ObITb C(*)OpMI/IpOBaHbI B Trpouecce
N3yvyeHna anCcunnimnHbl,

o KOnnyecTBe 4acoB, MPedyCMOTPEHHbIX Y4YebHbIM MraHoOM Ha
n3ydeHne ANCUUNINHLI, (hopMy NPOMEXYTOYHON aTTecTauuu,

o KONM4YecTBe 4acoB, OTBEAEHHbIX Ha ayaUTOPHble 3aHATUS U Ha
camocTosATenbHyo paboTy;

o dopmax ayauTOpPHbIX 3aHATUA N CaMOCTOSATENbHOM paboThl;

. CTPYKTYpe AUCLMNINHBI, OCHOBHbIX pasgenax u temax;

o cucTeMe oueHMBaHUS Y4eOHbIX JOCTUKEHWN;

. yyebHo-meTOAMYECKOM M MHOpMaUMOHHOM  obecneveHunn
ANCUUNIINHDI.

3HaHMe OCHOBHbIX TMOJIOXEHWUW, OTpPaXeHHblx B paboyen nporpamme
ANCUMNIINHBI, NOMOXeT 0o0y4allWnmMcss OpPUEHTUPOBATLCA B  U3y4aeMOM  Kypce,
OCO3HaBaTb MeCTO W poOflb M3y4yaeMou [OUCUMNIUHBI B NOAroToBke Oyayuiero
BbIMYCKHMKA, CTPOUTb CBOK paboTy B COOTBETCTBUM C TpebOBaHUAMM, 3aN0XKEHHBIMN B
nporpamme.

OcCHOBHbIMM hopMaMn ayauTOPHbIX 3aHATUIA NO OUCUMNINMHE SABMAKTCS NEKUMm
N NpaKTU4eCcKne 3aHATUS.

B xome noarotoBkM K MNpakTUYECKUM 3aHATMAM  HeobXoaMMo M3yy4nTb B
COOTBETCTBUM C BOMpoOCaMu AOf19  MNOBTOPEHMS KOHCMEKTbl FEKUMr, OCHOBHYIO
nuTepaTypy, O3HaKOMUTbCHA C OOMNOSHUTENbLHOW nNuTepaTypon. Kpome Toro, crnegyet
NOBTOPUTb MaTepman Nekunn, n3yuntb obpasubl pelleHns 3agad.

MpyM nNOAroTOBKE K MPOMEXYTOYHOM aTTectaumm HeobxoaMmo MNOBTOPUTL
NPONAEHHbIA MaTepuan B COOTBETCTBUM C Y4ebHOW nporpammon, MNpUMEPHbIM
nepeYyHemM BOMPOCOB, BbIHOCALWMXCA Ha 3a4eT. PekomeHngyeTca umcnonb3oBaTb
KOHCMEKTbl NEeKLUMA N UCTOYHWKW, NepeyucrieHHble B Cnucke nutepaTtypbl B paboyen
nporpamMmme OUCUMNANHBI, @ TaKKe PecypcCbl ANIEKTPOHHO-OMOMINOTEYHbIX CUCTEM.

MeToguyeckue MaTepuanbl Ans o6yqa|ou.w|xca no OCBOEHNIO ANCLUMNJIINHbDbI

Tema 1. HatypanbHbie 1 uenbie yucna

MnaH

lMoHATMe HaTypanbHOro ymcna. MHOXeCTBO LenbIX Yncen.
[lennmocTb HaTypanbHbIX N LenbiX Yucen.
MpocTble u cocTtaBHble Yncna. OcHoBHasi TeopeMa appmMeTUKN.
CBowcTBa 1 NpM3HaK1 AENMMOCTM HaTyparbHbIX YMCE.

B coBpemeHHOM MaTemaTuke HaTypanbHOE YUCMO SABMSETCA MNOHATUEM
aKCMOMATMYECKMM, MEPBUYHBbIM. B WKONbHbIX y4ebHMKAX OObLIMHO MULWWYT, 4TO
HamyparsibHble 4Yucna — 3TO 4ucra, UCNosib3yemMble B MOBCEOHEBHOW MpakTuke ANs
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cuéta, T.e. 1,2,3/4,5,...,n,... HatypanbHble umcna obpasytoT MHOXECTBO, Ha3blBaeMoe
MHOXecmeoM HamypalsibHbIX Yuces n 0603Ha4yaeMoe 3arfiaBHON NaTUHCKON BYKBOM

N ={,2;3:45;...;n;...}
(oT dppaHLy3ckoro crnosa «le nombre» — uncno). 3anuce N € N o3HavaeT, 4To Ymcrno N
NPUHAANEXUT MHOXECTBY HaTyparbHbIX YACEN, T.€. ABNAETCA HaTypasibHbIM.

Bonee cTporoe onvcaHve NOHATUS HaTypanbHbIX YMCEN, BbIXOASLLEE, BNPOYEM,
3a npegenbl  Kypca 9neMeHTapHOM MaTemMaTuKW, OnMpaeTcs Ha  akCUOMBbI,
ChOpMynMpoOBaHHbIE UTaNbAHCKUM MaTtemaTukoMm [Dky3erne NeaHo (1858-1932).

Akcuomsbl lNeaHo

1. EauHMua ectb HaTypanbHOe 4ucno. EgvHuua He crnefyetr HUM 3a Kakum
HaTypasnbHbIM YMCIIOM.

2. Yucno, crieaytollee 3a HaTypanbHbIM YUCIIOM, €CTb HaTypanbHOE YNCIIO.

3. Ecnu HaTtypanbHoe u4ucno a crieayeT 3a HaTypanbHbiM uucriom b wu
O[IHOBPEMEHHO 3a HaTyparbHbIM Y1crioM C, To D 1 C TOXOEeCTBEHHO paBHbI.

4 (Akcuoma mamemamudeckol UHOyKuyuu). Ecnun kakoe-nmbo npegnoxeHue
ookasaHo Ana 1, u ecny us gonyweHns, YTo OHO BEPHO ANS HaTyparbHOro Yncna a,
BblTEKaeT, YTO OHO BEpHO And cnefylouwero 3a a HaTypanbHOro 4ucra, To 3TO
npeanoXxeHne BEpHO AN BCeX HaTyparibHbIX YMcen.

Ceolicmea HamyparsbHbIX U UesbIX Yucersl

1. MHOXeCTBO HaTypanbHbIX Yncesnt 6€6CKOHEYHO.

2. MHOXeCTBO HaTyparsbHbIX Yucen SABNAETCS yriopsi00YEeHHbIM, T.e. Mexay
noBbIMU ABYMSI HaTyparnbHbIMK yucnamu @ u D Bcerma MoXHO mocTaBUTb OOMH U
TONbKO OOWH M3 TPEX 3HAKOB CPaBHEHUS: «=» (paBHO), «<» (MeHbLUE), «>» (bonbLue).

3. Ha MHOxecTBe HaTypanbHblX 4ucesl BBOOATCA Yembipe OCHO8HbIE
apumemudeckue orepayuu: CNOXeHWs1, BblYUTaHUS, YMHOXEHUS, aeneHus. Npn atom
CymMMa u npousBeeHne CyLLecTBYHOT A4 nobor napbl HaTypanbHbIX YUCEN, pa3HOCTb
M YacTHOe — TOMNbKO Ansl HEKOTOpbIX. Tak, pasHOCTb a—b He ABnsieTcs HaTypanbHbIM
yucnom, ecnm a<b.

4. CornacHo akcmomaTtuke lNeaHo 0 He siBNsieTCs HaTypanbHbIM Yncnom. OgHako
CYLLIECTBYIOT OpYrMe CUCTEMbl aKCMOM HaTyparsbHbIX YMcesi, cornacHo kotopbiM 0 ecTb
HaTypanbHoe 4ucro. Takum obpa3om, B OTAMYME OT KaTEropuyHOCTU LUKOSbHbIX
y4yebHMKOB MaTtemaTuku, cuntaTb 0 HaTypanbHbIM YUCIOM WX HET 3aBUCUT OT BbliOOpa
aKCMOMAaTUKKN HaTyparibHbIX YMcen.

5. byoem B panbHenwem cuuTaTb, YTO HaTypasbHble 4Yucna onpeneneHsb
akcmoMmamm NMeaHo. Ecnn kK MHOXECTBY HaTyparnbHbIX Yncen AobaBuTb YMCNO HyIMb, TO
NONy4YnM pacwupeHHOe MHOXeCmaB0 HamyparibHbIX YUCEIT:

N, ={0:2;3...n-Lnn+L..}=Z, .

MHOXeCTBO ompuyameribHbIX UesbIX 4Yucesl BBOAUTCA KakK MHOXECTBO,
cocTosilee M3 uucern, paBHblX NO abconTHOM  BenuMyuHe  (MOoAyno) WU
NPOTMBOMOJIOXHbIX NO 3HAKY HaTypanbHbIM YMCaM.

Hanpumep, HaTypanbHOe 4ucro a, B3ATOE CO 3HAaKOM «MUHYyC» (—a),
Ha3bIBalOT YNCIIOM, MMPOMUBOMNOIOXHbLIM HAaTypanbHOMY uncny a. Tonbko ansa dmicna 0
cnpaseanueo +0=-0=0.

MHOXeCTBO OoTpuuaTenbHbIX Lenbix Yncen obo3HavaeTcs

Z ={-1-2,-3,...in;..},rae neN.

Taknm obpasom, Kaxgoe Lenoe YMcno umeeT OBe XapakTepPUCTUKN — MOOYIb U
3Hak. Moaynb Lenoro yucna ecTb YUCNO HaTypanbHOEe U yKasblBaeT paccmosiHue, Ha
KOTOpPOE YMCNO yaaneHo oT Havyana OTCYETa Ha YMCNoBOM NPAMON. 3HaK LLeNoro Yicna



yKa3biBaeT, B KaKyld CTOPOHYy OT Hayana OTCYéTa ydaneHo [aHHOE 4MUCNOo: 3Hak
«MWHYC» O3Ha4yaeT yaarneHue BreBO M COOTBETCTBYET OTpuuaTeNbHbIM YncriaMm, 3HaK
«MIOC» — BNPaBOo U COOTBETCTBYET NONOXUTENbHBIM YMCNaMm.

MHoxecTBO, coaepxallee Bce HaTyparbHble Yucna, Yucra, NPoTUBOMONOXHbIE
HaTyparnbHbiM, a TaKKe YUCMNO Hyfb, Ha3blBAETCA MHOXECTBOM UesibiX 4uces W
o603HayaeTcs 3arnaBHol NaTMHcKon Gykeoin Z :

Z ={0,41,42;43;...;4n;..}, e ne N .

OyeBMAaHO, YTO MHOXeCTBO N ABMNSIETCH MOOMHOXECM8OM MHoXecTBa Z , YTO
ob6osHavaetcs N — Z. 3ameTum, 4TO HaTypanbHble YMCra MOXHO HasbiBaTb Takke
MONOXUTESbHLIMU LieNbIMN YUCraMu.

6. Mogynem uenoro uucrna a HasbiBalOT HeoTpuuaTenbHOE Lenoe 4ucro,
onpegensieMoe ycroBuem:

|a|:(a, a=>0.

—-a, a<0.

7. BBepém onepauuu cpasHeHUsi Ha MHOXeCTBE, COCTOSLWEM U3 LenblX
oTpuuaTeribHbIX 4YUCen, 4YTO MO3BOMUT YMNOPSAOYMTb JNIEMEHTbl 3TOr0 MHOXecTBa
mMexay cobomn.

MNycte & n b — wHatypanbHble umucna. Byoem roBoputb, 4TO [Ba LEMbIX
oTpuuatenbHbix uncna (—a) u (—b) paenbi, ecnn pasHbl @ u b. Bynem cuntaTs,
nanee, 4to yucno (—a) merbwe yucna (—b), ecnn a Gonbwe b. CooTBeTCTBEHHO
yucno (—a) 6onbwe uncna (—b), ecnn a meHblue b.

8. Onepauun CNoXxeHUs M YMHOXeEHUS UenbiX yucen (a, cnegosaTefibHO, U
BBOAMMbIE MOCPEACTBOM HUX OMNepaumm BblMUTAHUA U OeNeHus) MNOAYMHSIOTCS
OCHOBHbIM 3aKoHam apugpmemuku. Myctb &, b, C — npousBonbHbIE Lenble Yucna.
Torga cnpaBeanvBbl cneyloLiMe paBeHCTBa:

1. a+b=b+a (koMmmymamueHocmb CRoOXeHWsl, UM nepemecTUTENbHbIN
3aKOH CINOXEeHUS);

2. (a+b)+c=a+(b+cC) (accoyuamueHocmpb CrOXEHMUS, UK COYETaTESbHBbI

3aKOH CINOXEHUS);

3. a-b=Db-a (kommymamueHocmb yMHOXEHMS, NN NEPEMECTUTENbHBIN 3aKOH
YMHOXEHUS);

4. (a-b)-c=a-(b-c) (accoyuamueHocms ymHOXeHUS, UNK coYeTaTENbHbIN

3aKOH YMHOXEHMS);
5. (a+b)-c=a-c+b-c (GucmpubymueHocmb YMHOXEHUS OTHOCUTENBHO

CnoXeHud, nnun pacnpe,u,enMTeanbM 3aKOH YMHOXEHNA OTHOCUTEJIbHO CJ'IO)KeHI/IFI).

Henumocmb HamypanbHbIx U yenbix Yuces. Ceolicmea desrumocmu

OnpedeneHue. [0BOPAT, YTO HaTypanbHoe (Uenoe) yMcno a p[genuTcs Ha
HaTypanbHoe (uenoe yucno C, ¢ #0), ecnu cywecTByeT Takoe HaTypanbHoe (Lernoe)
yucrno b, yto

a=b-c

Ceolicmeo 1. Jlloboe uenoe 4ucno genutca camo Ha cebsi, Ha 4ymicno, cebe
NPOTMBOMOSIOXHOE, Ha 1 1 Ha —1.

Ceoticmeo 2. Hynb genntcsa Ha nboe uenoe 4ncro.

Ceoticmeo 3. Ecnu Lenoe u1cno a aenutcs Ha uenoe uucno bu [a<|b|, To
a=0.

Ceolicmeo 4. enutensamun eanHULbl ABNAKTCA TOMbKO Lenble Ynucna 1 n —1.

Ceolicmeo 5. Ecnu Lenoe uicno a aenuTes Ha uenoe uicno b, To a genutca
Ha uenoe yicno —b, u uenoe yicno —a genutcs Ha b.



Ceolicmeo 6. Ecrnin uenoe uncno a penutca Ha uernoe umucno b, a uenoe
yucno b B cBol oyepeab genuTca Ha Lenoe Yncno ¢, To d AenuTcs Ha ¢ (ceolicmeo
mpaH3umueHocmu 0esIluUMOCMuU UesbIX Yucers).

Ceolicmeo 7. Ecnn uenoe uncno a p[genutca Ha uenoe uucno b wm
oJHoBpeMeHHo b menuTcs Ha uenoe yncno a, To nmbo a=b, nubo a=-b (ceolicmeo
aHmucumMmMempu4yHocmu).

Ceolicmeo 8. Ecnn kaxpoe u3 aByx (Tpex, yeTbipex u bonee) cnaraembix
AEennTCs Ha Lenoe 4ucrno c¢, To nbas nuHerHas KoMOMHaUMs aTUX 4YMucen Takke
JenuTcs Ha c.

Ceolicmeo 9. Ecnu N3BECTHO, yTO B paBeHCTBE BMAa
a+a,+...+a,=b +b,+...+b, BCe uneHbl, KpOMe Kakoro-To OOHOro craraemoro

[eNnATca Ha HeKoTopoe Lernoe yucno b, To n ato cnaraemoe genutca Ha b .
Ceoticmeo 10. Ecrnu uernoe uncno a penutcd Ha uenoe uucrno b, To
npousseneHue k; -k, -...-k , rae k;,k,,...,k,— HekoTopble Lenble yncna, genutcsa Ha b.

lMpu3sHaku denumMocmu HamypasibHbIX YUces

MNyctb n=aa,,..8,8438, — MNPOU3BONIbHOE HaTyparbHOe 4WCno, 3anvcaHHoe
undppamm fecaTU4HoOn cuctemnl cumcnenunsa: 0<a,,a, 4,...8,,8,,8, <9.

Kpumeput denumocmu Ha 2. HaTypanbHoe 4ncro N kpaTHO ABYM Torga u
TONbKO TOrAa, Korga ero nocneaHss uudgpa a, kpatHa asym, T.e. a, = 0;2;4,6;8):

n2<a,:2.

Kpumepui denumocmu Ha 3. HatypanbHoe uncno N genutcsa Haueno Ha 3

TOrga v TonbKO TorAaa, Korga cymma Bcex ero undp genutcs Ha 3:

k
ni3< > a:3.
i=0

Kpumepui denumocmu Ha 4. HatypanbHoe uncno N genutcsa Haueno Ha 4
Torga v TONMbKO TOrAda, Korga 4Yucno, cocrosiwee u3 AByxX nocrnegHux umdp ymcna N,
aenuTtca Ha 4:

n:d<aa,:4.

Kpumeput denumocmu Ha 5. HatypanbHoe uncno N genutca Haueno Ha 5

Torga un TonbKO Torga, korga nocnegHasa umdgpa ymcna N pasHa 0 unun 5:
n:5< a,:5.

Kpumepui denumocmu Ha 8. HatypanbHoe uucno N genutcsa Haueno Ha 5
TOr4a v TONbKO TOrAaa, Koraa Yncrio, COCTaBeHHOE U3 TPEX nocneHux undp, 4enmtca
Ha 8:

n:8< aaa,:8.

Kpumepui denumocmu Ha 9. HatypanbHoe uncno N genutcsa Haueno Ha 5

TOrAa v TonbKo Toraa, Korga cymma Bcex ero undgp genutcs Ha 9:

[S
ni9< > a:9.
i=0

Kpumepui denumocmu Ha 10. HatypanbHoe uncno N genutcs Haueno Ha 10
TOrAaa v TONbKO TOrAaa, Korga ero nocneaHss umdgpa pasHa 0:
n:10 < a, =0.
Kpumepuii denumocmu Ha 11. HaTypanbHoe 4ncno N genutcs Haueno Ha 11
TOraa u TOMbKO TOrga, Korga cymma umdp, CTosWwmMX B YETHLIX paspsgax, nnmbo paBHa
CymMMe undp, CTOoAWMX B HEYETHbIX paspsagax, MMbo oTnuyaeTca OT HEeé Ha 4ucho,
KpaTHoe 11.



Kpumepui denumocmu Ha 25. HaTypanbHoe uncno N genutcs Haueno Ha 25
Torga v TONMbKO TOrAda, Korga 4Yucno, coctosiuee u3 AByx nocrnegHux umdp ymcna N,
aenuTca Ha 25:

n:25< aa,:25.

Mpocmebie u cocmaeHble Yucna. OcCHoeHasi meopema apughmemuku
OnpedeneHue. HatypanbHoe 4ncno, 6onbluee 1, HasbIBaeTCs MPOCMbIM, €CNN
OHO OEenuTCs TONbKO Ha eauHUUY M camo cebst U Opyrux HaTypanbHbIX AenuTenen He
nveeT. HatypanbHble uucna, 6GonblinMe eauHuubl U He SBNSOLWMECS MPOCTbIMM,
HasbIBalOTCS COCMasHbIMU.
OCHOBHble CBOWCTBA NPOCTbIX YMCEN:
1. Bcakoe cocTaBHOE YMCNO A UMEET XOTsi Obl OAMH NPOCTOM AenuTenb P, He

npeBoCcXoasALmnm \/5: szE.

2. Ecnn npousBegeHvne AByx ULenbIX YMcen OAenuTcs Ha NpOCTOe 4Yucno p, TO
X0TS 6bl OAMH N3 COMHOXUTENEN OENNTCA Ha P .

3.Ecnu p n q —npocTble uucna u p:q, 7o p=q.

Teopema (ocHoeHasi meopema apugpmemuku). Kaxgoe COCTaBHOE 4YMCIO
pasnaraeTca B NPOU3BEOEHME HECKOSbKMX TMPOCTbIX 4ucen, He obsa3aTtenbHo

pa3nnyHbIX, I'IpVI‘-léM Takoe pasrnoxeHne eagmMmHCTBEHHO C TOYHOCTbKO A0 MnopsAdka

COMHOXUTENen:
K
|

n=pt-p; ... p

rae N — cocTaBHOe 4MCMO, O KOTOPOM WAET peyb B Teopeme, P, P,,...,p, —

pas3nuyHble npoctele yucna, K ,K,,....K — HaTypanbHble nokasatenu creneHeit. 3To

pa3noXxeHne 4Yacto Ha3blBalOT KaHOHUYEeCKUM pasrioXkeHuemM 4Yucrna Ha npocTtble
MHOXUTEIN.



MNMpakTu4yeckoe 3aHaTue 1
PeweHue 3apay B HaTypanbHbIX Yucnax

NnaH 3aHaTUA
1. 3agaum Ha npusHakM n cBOMCTBA OENUMOCTU
2. 3agayu Ha NpPoCTble N COCTaBHbIE YMcna

HeobxoaumMo oTMETUTb, YTO AeneHue 3adady B HaTyparnbHbIX YMCax Ha BuAabl
BecbMa ycnoBHO. MHoOrve 3agaym Ha CBOMCTBA M NPU3HaKM OEeNMMOCTU MOrnun BbiTb C
TaknM Xe NpaBoM pasmellieHbl B NMyHKTaxX «3adaym Ha npocTble U COCTaBHblE YMcna»
mnn «Pewenne 3agady Ha HOO wn HOK» u HaobGopot. [lMpuuucnas 3agadvy B
HaTypanbHbIX 4uUcrax K TOMY WM WHOMY BMAy, aBTOPbl PYKOBOACTBOBaNMCb TeMM
MOHATMAMM U CBOMCTBAMM, KOTOPbIE NPEUMYLLLECTBEHHO MCMONBb30BaNNCh NpU peLleHnmn
AaHHOW KOHKPETHOW 3aJayn.

3ada4u Ha npu3Haku u ceolicmea desrlumocmu

Mpumep 1. [lpuBegute npumep NATU3HAYHOIO Yucna KpatHoro 12,
npoussegeHne umdp Kotoporo pasHo 40. B oTBeTe ykaxnte poBHO OL4HO Takoe YMCIIO.

PeweHue. Pasnoxmm uucrno 40 Ha npocTtble MHOxuTenun: 40=2-2-2.5.
MHoXuTenen Bcero 4yeTblpe, TO €CTb 3TUX UMUPP HEeOAOCTaTOYHO AN NATU3HAYHOro
yucna.

Y4TéM, 4TO B UMPbI ICKOMOIO Y1Cra BCceraa MoXxHoO fo0aBUTb eanHULY, Tak Kak
npounssegeHne ungp vmcna npy 3ToMm He namenutcs: 40=2-2-2-5.1.

Takum 06pasom, MICKOMOE YUCNO MOXHO COCTaBUTb TOSMbKO U3 undp: 1,2,2,2,5.

Utobbl 4ncno Obino kpaTHbIM 12, OHO OOSMKHO YAOBNETBOPSATb NpU3HaKam
aenumoct Ha 3 1 Ha 4, Tak kak 12=3-4. Cymma undp 1+2+2+2+5=12 — penutcsa
Ha 3, noaTomy ymcro byaet aenutbes Ha 3 npu NbbIX NepecTtaHoBkax undp 1,2,2,2,5.

Utobbl uucno pgenuvnocb Ha 4, nocnegHue pnBe ero  uudpbl  OOSMKHbI
obpasoBbiBaTh 4ncno, gensduwieeca Ha 4. OyeBmaHO, YTO NocrnegHen LMdpPon OOoSmKHa
ObITb 2, Tak Kak undpbl 1,5 — HeveTHble. [TpoBepuM BapuaHTtbl 12,22,52 :

12:4=3; ,22:4=55; 52:4=13.

Bbigo0: ockonbKy 22 He genutca Ha 4 Haueno, To nocrnegHue Ase undpsbl
MCKOMOTO 4mcna JOoSmkHbl ObiTb 12 vnn 52, a nepBbiMu Tpemsa umdpamm MoryT ObiTb
nodble NnepecTtaHOBKM N3 OCTaBLUMXCS TPEX undp. BoamMoXxHble OTBETbI:

12252,21252,22152,22512,25212,52212 B oTBET NULLIEM OANH U3 HUX.

Omeem: 21252.

Mpumep 2. BbluepkHute B unmcne 181615121 Tpu uudpbl Tak, 4TOOLI
NoSTyYMBLUEECS YMCIIO Aennnocb Ha 12. B oTBeTe yKkaxuTe kakoe-HMbyab O4HO Takoe
yumcro.

PeweHue. PacknagbiBaem genuTtenb — YMCro 12 Ha NpOCTblie MHOXUTENN:

12=3-4=3-2-2.

CnepoBaTtenbHO, 3aaHHOE YUCIIO MOCne BblYEPKMBAHUS TPEX UMAP LAOSMKHO
aenntbcsi Ha 3 1 4 nnM Ha 2, ewle pa3 Ha 2 U, HaKoHel, Ha 3.

Ha 2 MoryT 0enutbca TOMbKO YETHbIE YMcha, NO3TOMY 1 B KOHLE BblYEPKMBAEM.
OcTtaHeTtca yucno 18161512. Ho HaMm HyXXHO, 4YTOBbI YNCNO AENUNOCb Ha 2 ABaxAbl,
T.€. YToObl OHO OENUNOCHL Ha 4.

Mpu3Hak genMmMocTn Ha 4 yTBepXOaeT, YTo Ha 4 OOIMKHO AennTbCsa ABY3HAYHOE
yucno, obpasoBaHHOe nocnegHumu ABymMs uudpamu. Tak kak 12:4=3, TO ABe
nocrnegHue uudpbl Yucna 18161512 BblYepkMBaTb HENb3A — OHU rapaHTUpYoT
AenMMOCTb Yucna Ha 4.



YToObl YnCNO Aennnocb Ha 3, HYXXHO 4YToDObl Ha 3 genunacb cymma ero umgp.
Cymma undp umncna 18161512 pasHa 1+8+1+6+1+5+1+2=25.

Tak kak 25=3-8+1, TO ANA AefIMMOCTM Ynucna Ha 3 HYXXHO BblYEPKHYTb OOHY U3
eanHuy,. OgHako No yCroBUKO 3a4ayvn HYXXHO BblYEPKHYTb ABe LMdpbl.

25=3-7+4 — B uucne 18161512 HeT OBYyX uUMp ANA Bbl4EPKMBAHUA, CyMMa
KOTOpbIX paBHsAnack 6bl 4, T.K. nocrneaHune umdpbl 1 1 2 BbIYEPKMBATD HEMbB3S.

25=3-6+7 — cymmMa [ByX BblMEPKHYTbIX uUudpp Oyaetr paBHa 7, ecnu
Bbl4EPKHYTb LMdpbl 6 1 Nobyto n3 eguHU, Kpome nocrneaHen.

NTak, BO3MOXHble oTBeTbl: 811512 mnnun 181512 . Beibpaem oanH 13 HUX.

Omeem: 181512.

Mpumep 3. Hangute Bce TpéxaHadHble HaTypanbHble 4ucna, 6onbwwme 800,
KOTOpble OENATCS Ha Kaxayl CBOK UMdpy M BCe UMEPbl KOTOPbIX PasfnUyHbl U He
paBHbl HYM0. B oTBETE yKaxuTe Kakoe-HMbyab O4HO Takoe YMCho.

PeweHue. MycTb n=xyz — nckomoe uncno. Toraa no ycrnosuio:

8<x<9,1<y,2<9, x#y=#1Z
n:x, n:y, n:z.

MycTb x=8=>n=8yz=800+10y+z. O YCMOBMIO MCKOMOE YWUCMO [OIDKHO
Aenntbcs Ha 8, noaTomy:

(800+10y +2):8,800:8 = (10y +2):8.

To ecTb 4ucrno, 3anncaHHoe nocrneaHuMu AByMSA uudpamu yucna n, AOSDKHO
aenutbes Ha 8. Tak kak Bce undpbl Yicra N JOfKHbl ObiTb pasnnyHbl, TO Ha poSb
MCKOMbIX MOryT npeTeHgoBaTb 4yucna 816, 824, 832, 836, 852, 856, 864, 872, 876.

OcTtanocb Tenepb oTobpaTb U3 3TUX YUCen Te, KOTOopble OeNATCA Ha Kaayt CBOH
undpy. 3To ymcna 816, 824, 864 .

MycTe Tenepb Xx=9=n=9yz=900+10y+z. [MO YCMOBMIO WCKOMOE YWUCIO
AOSDKHO OennTbCsa Ha 9, NO3TOMY Ha POSfib UCKOMbIX MOFYT MpeTeHaoBaTb Yucna, Bce
UMpbl  KOTOPbIX  pPasfnMyHbl U CcymMa uUudp KOTopbiXx genutca  Ha  9:
918, 927, 936, 945, 954, 963, 972, 981.

O1bepéM 13 aTNX ynucen Te, KOTOPble AENATCH Ha Kaxayt CBOK uudpy. IT0
ymncno 963.

Omeem: 824.

Mpumep 4. doma n Epema Hawnm Ha gopore no nadvke 1ll-pybnesok. doma
BbiNMn 3 CTakaHa 4as, cben 4 kanada u 5 6ybnukoB. Epema Bbinun 9 crakaHoB 4as,
cben 1 kanay n 4 6ybnuka. CtakaH 4as, kanady n 6ybnuk cToat no uenomy uvmcny
pybnen. doma MoxeT pacnnatutbcs 1l-pybneBkammn 6e3 coauun. NokaxuTte, 4To 3TO
MOXeT caenatb 1 Epema.

PeweHue. Myctb x py6. cTouT cTakaH yasi, Y py6.—kanauwu Z py6. — 6y6nuk.
Torga ®oma notpaTtun Ha Bcé 3x+4y+5z (py6.), N0 ycrnoBmo aTta cymMma OenuTcs Ha
11. Epéma notpaTtun 9x+y+4z (py6.). MNokaxem, 4To aTa cymma Takke genutcs Ha 11:

Ox+y+4z=33x+4y+52)-(11y +11z).

denumcsina 11 denumcsina 11
no ycnoeuio

OueBunaHo, 4TO 9Xx+Yy+4z pgenutca Ha 11 Kak cymma BblpaXXeHUNn, Oensiumxcs
Ha 11.

Mpumep 5. [ecAaTnyHoe yncno Ha 1 Gonblle KBagpaTa HaTypanbHOro 4ucna.
AokasaTb, YTO B HEM eCTb OZIMHAKOBbIE LN(pbI.



PeweHue. Jonyctum obpaTHoe: Bce 10 umdp B MCKOMOM 4YuCrie N pasfnyHbI.
Torga B 3anucu Ymcna n ucnone3ytotces Bce 10 uyudgp ot 0 go 9. Cymma atux undp
paBHa 45, cnegoBaTtenbHo, N genutca Ha 9. Torga TOuYHbIM KBagpaT, KOTOpbIA Ha 1
MeHbLUEe N, Npu AeneHnn Ha 9 gaeT ocTaTok 8.

OpHako, kBagpaT HW OAOHOrO HaTypasribHOrO0 4Yucna He MOXeT OKaH4YMBaTbCA
undppor 8. lMonyumnn npotmeopeymne. 3HaAYUT, B AECATUYHOW 3anucu 4mcra n ecTb
OAMHaKoBbIe LNpBbI.

3adayu Ha npocmabie U cocmaeHble Yucna

Mpumep 1. MNMpounsBegeHne OByx HaTypasbHbIX YUCES, KaXO4oe U3 KOTOPbIX He
aenuntcsa Haueno Ha 10, pasHo 1000. Hangute nx cymmy.

Pewerue. Tycte n-m=1000. Pasnoxum 1000 Ha npoCTble MHOXUTENMW:
1000=2°.5°, TaK Kak no ycrnoBuio Y1ucna N u M He genatca Ha 10 Haueno, To B 9TK
yucrna He MOryT BXOAUTb MPOCTble MHOXUTENM 2 u 5 opgHoBpemeHHo. Torga
n=2°=8 m=5 =125 (unu Hao6opoT). Cymma aTuX uncen pasHa: n+m=8+125=133.

Omeem: 133.

Mpumep 2. CKONbKMMKU HYNAMM 3akaH4ymBaeTca ymcno 100!?

PeweHue. Yncno sakaH4yMBaeTCs HYNEM, €Cnu B €ro pasfoXeHUn Ha NpocTble
MHOXWUTENN COAEepP)KaTCs OAHOBPEMEHHO MHOXUTENN 2 K 5. O4eBMAOHO, YTO «OBOEK» B
pasnoxeHun 100! 6ymet Gonblue, YeM «MNATEPOK», TO €CTb MHOXWUTENb 2 BXOAUT B
KaHoHM4Yeckoe npeactasneHne 4vncna 100! B Gonblieé cTeneHn, YeM MHOXUTENb 5.
MoatomMy wn Hynew OyaeT CTONMbKO, 4YeMy paBHa CcTeneHb 5 B KaHOHW4YECKOM
npeactasneHun yicna 100!,

1001=1-2-3-4-5-...-99-100, cnepoBaTenbHO, 4ucen, KpaTHbIX 5, B 9TOM
npousBegeHnn poBHo asaguatb: 5,10,15,...,95,100. YeTbipe yMcna n3 atux gsaguatm

20
genatca Ha 5°. 31o uucna 25,50,75,100. Utak, B KaHOHWYeckoe pasnoxeHue 100! Ha
NpoOCTble MHOXWUTENW MHOXUTENb 5 OygeT cogepxaTbCs B ABaguaTb YeTBEPTOM
cTeneHu (4ucen, Aenawmxcs Ha 5°=125 B pasnoxeHun HeT, Tak kak 125>100).
CT1onbKo xe byaet v Hynewn.
Omeem: Yucno 100! 3akaH4MBaeTCa 24 HynsMW.

Mpumep 3. Asnserca nu NpocTbiM uncro 437 4 8%?
PeweHue. 3ameTuMm, 4YTO AaHHOE YUCNO eCTb CymMa KybOB OBYX 4ucern, u
PasnoXnM ero Ha MHOXUTENN NO COOTBETCTBYHOLLEN dOpMYyIe:

43111+837 _ (4337)3 n (237)3 _ (4337 4 237)((4337)2 _4337 . 237 n (237)2)_
nOCKOJ'Ibe HYMACNO yAanoCb pas3fioKnUTb Ha npou3dBeneHne OByX HaTypalibHbIX

COMHOXUTENEW, Kaxabli U3 KOTOPbIX, OYEBWAHO, OTMMYEH OT €eAMHULbBI, TO 3TO
03HavaeT, Mo onpeaeneHno COCTAaBHOMO YMCa, YTO UCXOAHOE YMCIO ObINO COCTaBHbIM.

Omeem: Yucno 43 + 8% aBnseTcs cocTaBHbIM.

Mpumep 4. MNMpu Kaknx HaTypanbHbIX N 4ncno n®—1 asnsetcs NpOCTbIM?
PeweHue. Pasnoxunm pasHoCTb n*—1 no doopmyne:
n?—1=(n-1)n+1) @).
Tak kak N> —1 JOmKHO GbiTb NPOCTbIM YUCIIOM, TO OHO [OIMKHO AerMTbCs
TONbKO Ha cebs 1 Ha eguHuuy. VI3 paBeHCTBa (1) cnegyeT, 4To n’>—1 penutcs Ha



N—1 n Ha N+1. Toraa oavH U3 MHOXUTENEH B 3TOM paBeHCTBE paBeH eavHULE, a

BTOpPOI — N —1. OYEeBWUHO, YTO EAMHULIE PABEH MEHBLUMIA MHOXUTENb:
Nn-1=1=n=2=n+1=3.
Omeem: Yucno N’ —1 GyaeT npocTbIM npu N =2,

Mpumep 5. YctaHoBuTb, siBnseTcs nvM yucno n*+64 (neZ) npocTbiM Unu

COCTaBHbIM.

PeweHue. O4yeBMOHO, [OCTATOMHO OFPAHMYUTLCA PACCMOTPEHUEM  Cryyas
HaTypanbHbix N (Npu Uenbix oTpyuatenbHblx N pesynbtat GygeT aHanorMyeH, a npu
N=0 uucno GyaeT cocTaBHbiM). YTOGbI AaTb OTBET Ha 3TOT BOMPOC, Monpobyem
PasnoXuTb AAHHOE YNCIIO HA MHOXUTENN:

n* +64=(n*+16n° +64) —16n° = (n* +8)* — (4n)* = (n* +4n +8)(n* —4n +8).
3ametM, yto Vne N kaxagbli M3 OByX COMHOXWUTENeN cTporo Gornblue
€avHMLUbl. OTO 03Ha4yaeT, YTO MCXOOHOE YMCIO — COCTaBHOE.

Omeem: Yncno n* +64 (neZ) SBNAETCA COCTABHbLIM.

Mpumep 6. Kakum MoXeT ObiTb NPON3BEAEHNE HECKOSbKMUX Pa3fMYHbIX MPOCThIX
yuncer, eCnmn OHO KpaTHO KaXXaoMy U3 HUX, YMEHbLUEHHOMY Ha 17?

Hanante Bce BO3MOXHbIE 3HAYEHMWSI 3TOr0 NPON3BEAEHNS.

PeweHue. [MponsBegeHne HECKONbKUX pPasnnyHbIX MPOCTbIX YMCEN MOXET
AENUTBCA TONMbKO Ha 3TU XXe camble NPOCTble YMCra M Ha eanHuLy. OTO 3HaAYUT, YTO
Kaxkgoe M3 9TUX NPOCTbIX YMCen, YMEHbLUEHHOe Ha efuHuuy, saBndetca nubo apyrnm
NpOCTbIM 4YMCNIOM K3 Habopa, nNMbO npousBeAEeHWEM HECKONbKUX W3 HUX, NMbo
eavHuuen. EgnHCTBEHHOE MpOCTOe YMCMO, MPU YMEHbLUEHUN KOTOPOro Ha eauHuuy
nosly4aeTcd Takke NpPocToe YMCIo — 3TO Yncno 3.

EOWHCTBEHHOE nNpOCTOe 4YUCMO, MNPU  YMEHbLUEHWM KOTOPOro Ha eguHuuy
nony4yaeTca eanHuua, — 3To Ymcrno 2. Nonyvyaem nepsBbiv BapuaHT — 2-3=6.

Cnegywowmin  BapuMaHT MOXET MOMyyYnuTbCs, €ecnv  npegblaywiee  4ucro,
yBESIMYEHHOE Ha efuHULY, TaKkKe ABMSeTCA NPOCTbIM Ynucnom: 6+1=7 — 310 npocrtoe
4Yncno, NO3TOMY BTOPOW BapuaHT — 2-3-7=42.

CnegylowmMm 4reHoM Mpou3BEeAEeHUs MOXeT cTaTb nubo 2-7+1=15, nmbo
3-7+1=22, nnbo 2-3-7+1=43. Yucna 15 n 22 He 49BNAKOTCA NPOCTbIMM YMCraMW,
yumcno 43 — npocToe.

3HauuT, TpeTun BapnaHT — 2-3-7-43=1806.

UTtobbl gokasaTb, 4TO Oonblue Takmx 4Yucen HeT, Hago ybeamTbCs, YTO yucna
2-43+1=87, 3-43+1=130, 7-43+1=302, 2-3-43+1=259, 2-3-43+1=259,
3:7-43+1=904 n 2-3-7-43+1=1807 He a9BNAOTCA NPOCTbIMU YUCIAMM.

Omeem: 6, 42, 1806.



3amaHus 1y CAMOCTOSATEILHOM PadoThl K MPAKTHYECKOMY 3aHATHIO 1
3adauu Ha npu3HaAKU U CEOIICMEA 0ETUMOCHIU

1. Haiimute u4€THOE NSATU3HAYHOE HATypaJbHOE YHCIO, CyMMa LU
KOTOPOT'O paBHA UX MPOU3BEJCHUIO. B 0TBETE yKaKuTe Kakoe-HUOYlb OJTHO TaKOe
YUCJIO.

2. Haiinure yeThlpéXx3HAyHOE 4YHUCIIO, KpaTHoe 15, mpowusBeneHue wudp
KoToporo Oonpiie 0, HO MeHblie 25. B oTBeTe ykaxuTe Kakoe-HUOYIb OIHO
TAKOE YUCJIO.

3. Haiinute Tpéx3HauHoe 4uCIO A, o0OJaaaroiiee BCEMHU CIEAYIOUIUMHU
CBOWCTBAMU:

— cymma nudp uuciia 4 AEIUTCS Ha 5;
— cymma 1udp uucna A4+3 JASIUTCS Ha 5;
- quciao A Oosbine 700 1 MeHbIne 900.

B otBeTe ykaxkute kakoe-HUOYb OHO TAKOE YHCIIO.

4. Halimute TpEX3HAuHOE YHUCIO A, O0JIajaroliee BCEMHU CICAYIOIMIUMU
CBOWCTBAMU:

— cymma nudp uucia 4 ASIUTCS Ha 8
- cyMma mudp yuciaa A+2 JEIUTCS HaA 8
- yuciao 4 Mensble 3000.

B otBeTe ykaxkute kakoe-HHUOYb OHO TAKOE YHCIIO.

5. Haiiqute Tpéx3HauHoe 4YHMCIO 4, 0OJiajaroiee BCEMH CIECAYIOIMIUMU
CBOWCTBAMU:

— cymma nudp uucia 4 ASIUTCS Ha 8

- cymma mudp uncna A+1 IeIuTcs Ha 8

- B YHClI€ A4 CyMMa KpalHUX LUPp KpaTHa cpeaHei
uudpe.

B oTBeTe ykaxkute kakoe-HHUOYb OHO TaAKOE YHCIIO.

2n+1
6.Jlokaxxute, 4TO IPOOH 310 HECOKpaTUMa NpH JIFOObIX HATYPAJIbHBIX N .
n+

7. JlokasaTh, 4TO IpH TI0O0OM HATypadbHOM N BhIpaxkeHHe N°—N gemurcs
HaleJo Ha 6.

8. JlokazaTp, 4To uncio 10 —-1999 nenuTcs Haresao Ha 9.

9.1lpuBenute mpuMep TPEX3HAYHOIO 4YMCIIa KpaTHOro 15, mpowusBeneHue
uudp koroporo pasHo 30. B oTBeTe ykakuTe poBHO OJHO TAKOE YHUCIIO.

10. JlokazaTh, 4TO €cliu cyMMa JBYX TPEX3HAYHBIX YKCEN AeNUTCA Ha 37, TO
Y IECTU3HAYHOE YHUCIIO, ITOJYYEHHOE MPUNMCBIBAHUEM OJIHOTO U3 JAHHBIX YHCEN K
JIpyromy, Takxxe IeauTcsa Ha 37 .

11. ITpuBenute nmpuMep TPEX3HAYHOTO YKCia, CyMMa U(pP KOTOPOTO paBHA
20, a cymMmMa KBaJIpaToB UQP IeTUTCS HA 3, HO HE JACIUTCS Ha 9.

Haiinute Tpéx3HauHOe YUCIIO0, KpaTHOE 25, Bce HU(PBHI KOTOPOTO PA3IUYHBI,
a cyMMa KBajaparoB HUGp IeauTcs Ha 3, HO He Aenutcd Ha 9. B oTBere ykaxute
KaKoe-HUOY/Ib OJTHO TaKOE YHUCJIO.



12. Hudps! yeThIpEX3HAYHOTO YMCIIA, KPAaTHOTO 5, 3amucald B 0OpaTHOM
HOPSJKE U MOJIYYUIIM BTOPOE YETHIPEX3HAUYHOE YMCIIO. 3aTEM W3 MEPBOro 4ucia
BBIYJIM BTOpOE U Noay4miin 4536 . [IpuBenuTe poBHO OMH IPUMEP TAKOTO YHUCIIA.

13. Haiinute uyeThIpéX3HAUHOE YMUCIO, KpaTHOE 22, MPOU3BEACHUE LUPpP
KOTOpOTO paBHO 24 . B oTBeTe ykakuTe Kakoe-HUOy1b OJIHO TaKOE YHUCIIO.

14. Haiigute Tpéx3HauHOE HaTypaJbHOE YHCIIO, Oonbliee 400, KOTOPOE MpU
JICJICHNU Ha 6 W Ha 5 Ja€T paBHbIE HEHYJIEBbIE OCTATKM, U IE€pBas cieBa LUPpa
KOTOPOTO SIBISETCA CPEIHUM apHU(PMETHUECKUM IBYX Apyrux mudp. B orsere
YKaXKHUTE KaKOe-HUOYIb OJTHO TaKOE YHCIIO.

15. Haiigure mecTu3Ha4yHOE HATYypaJIbHOE YHMCIO, KOTOPOE 3aIlUChIBACTCS
TOJIbKO ITUpamMu 1u 0 U AETUTCS HA 24.

16. Cymma mudp TpEX3HAUHOTO HATYpPAJIbHOTO 4YHCIIa A JAENUTCA Ha 12.
Cymma 1udp uucnad+6 Takke jgenutcs Ha 12. Haiinure HauMmeHblnee
BO3MOYKHO€ YHCIIO A4 .

17. Cymma uugp TpEX3HAYHOIO HATypajbHOrO yucia A JAenauTcs Ha 13.
Cymma uudp uncna 4+5 taxoke nenurcs Ha 13. HaiinuTe Takoe uucio 4.

18. Boruepkuute B uucie 123456 Tpu 1udphl Tak, YTOOBI MOJTYyUUBIIEECS
TPEX3HAYHOE YUCJIIO IEINIIOCh Ha 27 . B 0TBETE YKa)KUTE MOIYYUBILIEECS YUCIIO.

19. Beruepkuute B yucie 141565041 Tpu mU@pbl TakK, YTOObI MOTYYHBILEECS
yucIo aenuiock Ha 30. B oTBeTe ykaknTe pOBHO OJTHO MOJTYUYHBIIEECS YUCIIO.

20. Haiinute uyeThIpEéX3HAUYHOE YMCIIO, KpaTHOE 88, Bce IU(PPBI KOTOPOTO
pa3nuyHbl M YETHBL. B 0TBETE yKa)KUTE KaKoe-HUOYIb OJJHO TAaKOE€ YHCIIO.

21. HaniguTe 4eThIpEX3HAYHOE HATYPAIBHOE YHCIIO, MEHbIIeE 1360, KOTOpOE
JEJIATCS Ha KaX]yI0 CBOIO LU(py U Bce HUPPHI KOTOPOTO Pa3IuyHbl U HE PABHbI
HyJ10. B oTBeTe yKa)xuTe Kakoe-HUOYb OJJTHO TaKOE€ YUCIIO.

22. Haiigute HaTypanbHOE uuncio, Oombinee 1340, HO MeHbiee 1640,
KOTOPOE JIEIUTCA Ha KKIYIO0 CBOIO IIU(PY U Bce HUPPBI KOTOPOTO pa3InyHbI U HE
paBHBI HYJI0. B 0TBeTe ykaxuTe Kakoe-HUOY b OJTHO TaKOE€ YUCJIO.

22. HailTu dYeThIpeXx3HAYHOE YUCIO, KpaTHOE 44, J0ObIe JBE COCEIHHE
UG psl KOTOPOro OTJIMYarOTCs Ha 1. B oTBeTe ykaxkuTe 11000€ Takoe YucIo.

23. HaliquTe nmaTU3HAYHOE HATYpajdbHOE YHUCIIO, KpaTHOE 5, cymma uudp
KOTOPOT'O paBHA MX MPOU3BEICHUIO. B 0TBETE yKaKuTe Kakoe-HUOYlb OJTHO TaKoe
YUCJIO.

24. B 0OMEHHOM MYHKTE MOXHO COBEPIINTH OJHY U3 ABYX OIEPAIlHii:

- 32 2 30JI0TBIX MOHETHI MOJYYUTh 3 CEPEOPSIHBIX U OJIHY
MEJIHYIO;

- 3a 5 cepeOpsSHBIX MOHET MOJYYUTh 3 30JI0THIX U OJHY
MEJIHYIO.

Y Hukonas ObuUM TOJNBKO cepeOpsiHble MOHEThL. [locie HecKoJIbKuX
MOCEIIeHU OOMEHHOro0 MyHKTa CEepeOpsSHbIX MOHET y HEro CTajo MEHbIIE,
30JI0TBIX HE MOSIBUJIOCH, 3aTO MOABUIOCH 50 MeaHbIX. Ha CKOIBKO yMEHBIIMIOCH
KOJIMYECTBO cepeOpsiHbIX MOHET y Hukonas?

3m—-n
25. Ha kakue HaTypajgbHbIE YHCIia MOKHO COKPATUTh JAPOOh T om’ eCciiu
n+2m



W3BECTHO, YTO OHA COKPATHMa M YTO YMCJIa M U N B3aUMHO IIPOCTHI.

26. Haiinute HaumMeHbIIEe HATYypajJbHOE YMCIIO, TMOJOBHHA KOTOPOIO —
KBaJpaT, TPETh — Ky0, a MATas 4acTh — MATask CTCTICHb.

27. 3BecTHO, 4TO a°+b” AenuTcs Ha ab, a,b e N . Jloka3aTh, 4To a=Db.

28. Jlokakwure, uto (a°+b®+c°):6 <> (a+b+c):6.
3aoauu na npocmeie u cocmagnvie uucna

1. YUucno yMHOXUIM Ha cymMMmy ero nudp v noayunau 2008. Haiiaure 310
YUCJIO.

2.JIoka3atk, 4TO YMCIIO 8n° +10n + 3 SBJIIETCS COCTABHBIM.

3. Haiitu Bce p, npu koTopbix P, P+10, p+14 — npocTeie unca.

4. KopHu ypaBHeHHs X’ +aX+b+1=0 sABaAIoTCcsA HATYpaTbHBIMI YHCIAMH.
MoskeT 1 umcio a’ +b® 6BITh TPOCTHIM?

5. SIBnsieTcst i IpOCTBIM ynco 507 —49M7?

6. SBmgercs mm 4wmemo 100007-100013-10001+55 mpocteimM?  OtBeT
000CHOBATh.

7. Y CTaHOBUTB, SIBISIETCS MTPOCTHIM MIJIM COCTABHBIM YHCIIO

n®—6n°+12n+117 (neN).

8. JlokaszaTp, 4TO MPOCTOE YUCIO P>5 Mmpu ACNEHUH HAa 6 HAET ocTaTok 1

WA 5.

9. [loxaszaTh, 9TO KBaJpaT MPOCTOTO Yuciaa P>5 MpH ACICHUH HA 24 1MaéT

OCTaToOK1.

10. Haiitu HaTypanbHble 3HAYEHHS N, TaKhe, 4ToObl unciaa n,n+10,n+14 Bce
OBLIIM IPOCTHIMH.

11. HaifTu Takoe MPOCTOE YHUCIO P, YTOOBI YUCIIO 2p°+1 OBLUIO TaKXKe
MPOCTBIM.

12. Haiiti Takoe mpoOCTOE YKCIO P, YTOOBI umciaa 4p°+1 u 6p°+1 Obun
TaKXe MPOCTHIMH.

13. [Ipn KakuX HaTypaldbHBIX N YUCIO X' —1 SBISETCS NPOCTHIM?

14. CymiecTByeT 11 TAKOE HATypAIBHOE YKCIIO N, PU KOTOPOM YHUCIO X' +4
SABJISIETCA MPOCTHIM?

15. PemuTh B HATypaJIbHBIX YHCIIAX YPaBHEHUE X —Yy°=p, [JIe P — IPOCTOE
YUCIIO.

16. /loka3zarh, 4TO CYyLIECTBYET OECKOHEYHOE MHOKECTBO IMPOCTHIX YHCEIl
Buaa 3n+1, neN.

17. 3Has, 4TO cyliecTByeT OECKOHEUHOE MHOKECTBO MPOCTHIX YMCEN BHUAA
3n+1, moKazaTh CyIIECTBOBAHME OECKOHEYHOTO MHOKECTBA MPOCTHIX YUCET BUIA
ok +1.

18. [oka3aTh, 4TO Ka)KJ0€ HATypaJibHOE 4uciIO BUaa 4k+3 uMeeT Mo
KpallHEeW Mepe OJUH ITPOCTOM JEIIUTENb TOTO XK€ BUAA.

19. Haiitu Bce HATypasibHBIE N, TIPH KOTOPBIX YMCIO0 N’ —10n+21 MpocToe.



20. Tlycts puq p — mpocthie yucia, 0onbimme 3. Jlokazarh, 4yT0 p°—Q°
JEJIUTCS Ha 24.

21. JlokazaTp, 4TO IS JOOOT0 HATYPaJIBHOTO N>2, OAHO W3 umcen 2" +1
uad 2" —1 COCTaBHBIM.

22. JlokaszaTh, 4TO BCAKOE YHCIIO Buaa 19-8" +17, ne N — cocTaBHOE.

23. Llemple umciaa aub TakoBel, 4TO 56a=65b. JlokaxkuTe, 9TO0 a+b —
COCTaBHOE YHCJIO.

IIpakTHuyeckoe 3ansaTue 2
MeTtoab! pelieHus 3a/1a4 ¢ HEeJOYHUCTCHHBIMY IePeMEHHbIMU

IIman 3angaTHg
1. lecaTuuHas 3anuch HaTypaJIbHOTO YKCJIA
2. MeToJ1 aHaiIHn3a OCTaTKOB
3. MeTon aHanu3a mocieIHUX MUdp Yucia

Zlecnmulma}l 3aAnuCo HamypajlbH0O20 Hucia
B CICAYIOIHUX IIPpUMCPAX ITOKAa3aHO IIPUMCHCHUC PABCHCTBA!

—_—m— k -
N=a.a,..a,33 =310 +a,,-10" +..+a,-10' +a, = > a10' (1),
i=0
rie k — HarypanbHOE YMCIO WM 0, 8,8 ;,..8,,3,8, — WHppsl oT 0 10 9,
npu4YeMm a, =0
a Takke OOOOIICHHMS DTOTO PAaBEHCTBA HA ClIydall CHCTEM CUHCIEHHSA C
IIPON3BOJIbHBIM OCHOBAHHUCM.

IIpumep 1. JlokazaTh, YTO Pa3HOCTh JBY3HAUHBIX YHCEI ab—ba Bcerna
nennuTcs Ha 9.

Pewenue. [Tockonbky ab=10a+b, ba=10b+a, TO
ab—ba = (10a +b) — (10b+a) =9(a—b):9.

Ipumep 2. lllectuznaunoe uncio HaunHaeTcs ¢ uudpsl 2. Ecnu oty mudpy
NEPEHECTH Ha TOCJIEJHEE MECTO, TO MOJY4YeHHOe 4Hcio OyneT BTpoe Ooublie
IepBOHAYaJIbHOr0. HaliT mepBoHavyaapHOE YHCIIO.

Pewenue. O603naunM nepBoHavaabHoe ynciao 2abcde. Torma B pesynabrare
NIePECTAHOBKU MEpBOW IM(PBI B KOHEI[ YKMCIa MOJydyuTCss HOoBoe ymcio abcde?2.

[To ycnoBuro 3amaun mMeeM ypasHenue 3-(2abcde)=abcde2. TIIpeoGpasyem

yrcia K Buay 2abcde = 200000 + abcde, abcde2 = abcde-10+ 2, u BBeaém HOBYIO
HeusBecTHyro N =abcde. Torga ypaBuenue npumet By 3-(200000+n) =10n+2.

PemuB ypaBHeHue, Haiiném N =85714.
Omeem: VIckomoe uncio — 285714.



Mpumep 3. M3BecTHO, YTO HATypajbHOE TPEX3HA4YHOE uuciao P =abc

JeATCA Hareno Ha 37. MoryTt nu yucna ( =bca u r=cab Ttakxe JEJIIUTHCAI

Hareso Ha 377
Pewenue. 1o ycnopuro 3k € N : p=100a+10b+c =37k . Torma

q =100b +10c + a =10(100a +10b + c) —999a = 37(10k — 27a):37,
r =100c +10a + b =100(100a +10b +¢) —9990a —999b =

=37(100k — 270a — 27b):37 '

Omeem: Yucna (| u r Bcerjaa aensarcs Ha 37.

IIpumep 4. Ecnu Hem3BeCTHOE JBY3HAYHOE YHUCIO Pa3leiIUTh Ha YUCIIO,
n300pakEHHOE TeMU ke LudpamMu, HO B OOpaTHOM MOPSAKE, TO B YaCTHOM
HOJyduTCsl 4 U B ocTrarke 3. EciM ke HCKOMOE YHCIIO Pa3fesinTh Ha CYMMY €r0
uu@p, TO B YaCTHOM MOJy4YuTcsa 8 U B ocTaTke 7. HaiiTu 3710 "mco.

Pewenue. Ilyctp E =10X+Yy — HEW3BECTHOE JBYy3HAYHOE YHCIIO, TOTJIa
yx =10y + X — unciIo, M300pak€HHOE TEMU K€ HU(PpaMH, HO B OOPaTHOM MOPSIKE.
[To ycnoBuro 3324 MOJy4aeM J1Ba COOTHOIICHHUS:

Xy yx = 4(ocm.3)
xyi(x+y)=8(ocm.7).

3anuIIeM 3TY COOTHOLIEHHS B BUJIE YPABHEHU, IIOJYYUM CHCTEMY:
10x +y = 4(10y + x)+3,
{10x+ y=8(x+y)+7.
BpIuTs M3 MEPBOTO ypaBHEHUS BTOPOE, BBIPA3MM OAHY IEPEMEHHYIO 4epes3

Apyryto:
{10x +y=4(10y + x)+3,

10X+ y =8(x+y)+7.
0=32y-4x-4 =
x=8y-1.
[ToacTaBuM TOJYYEHHOE BBIPAKEHHWE BO BTOPOE YpPaBHEHHE CHCTEMBI M
pEIIM €ro:

108y -1)+y=8(8y -1+y)+7=y=1=x=7.
Omeem: UUckomoe yucio 71.

IIpumep 5. YyeHuky Hamo ObUIO HAWTH TPOU3BEICHHE YMCiIa 136 Ha
HEKOTOpOE JBY3HAYHOE YHCIIO, B KOTOPOM I(pa eauHull BIBoe Oosibiie mudpbl
necsatkoB. [lo paccessHHOCTH OH MOMEHSUT MeCTaMU IUMPHI TBY3HAYHOTO YHCIIA,
OTUET0 W TOJY4YWJ TMPOU3BENCHHE Ha 1224 Oojblne HUCTUHHOTO. YUemy paBHO
HMCTUHHOE MPOU3BEeHNE?

Pewenue. Tlo ycnoBuio, NBy3HaYHOE YHKCIO, Ha KOTOPOE HYXHO OBLIO

YMHOXWUTh 4YHUCIO 136, paBHO x_y =10x+y,y=2Xx= x_y =10x+2x=12x. Torma
4HCIIOo, Ha KOTOpOEC YYCHHUK YMHOKHII 136, nMeeT BHU/I



yx =10y +x=10-2x+x=21x. PasHocTs MEXIY OJTUMHU MPOU3BEIACHUSIMU IO

YCJIOBHIO COCTaBuJjIa 1224
136-21x-136-12x =1224,
136-9x =1224,
1224x =1224,
X=1=y=2=xy=12.
Hckomoe ncTuHHOE Mpou3BeAeHUE paBHO 136-12=1632.
Omeem: VictTunHoe nipousBeeHue 71.

Memoo ananuza ocmamxos

CyTp MeTOAa COCTOMT B PACCMOTPEHHH CIIYy4aeB PA3IUYHBIX OCTATKOB OT
JIEJeHUs] Ha 3aJaHHOE€ YHUCJIO, YTO IMO3BOJSET B KOHEYHOM HWTOI€ PEIIUTH
MOCTaBJICHHYIO 3a/layy. B mpumMepax 3TOro myHKTa HCHOJb30BAIUCH CIEIYIOUINE
CBOMCTBAa OCTaTKOB: OCTaTKH, IOJYYEHHBIE TpPHU JEJIEHUU JBYX HATypaJbHBIX
YHrCceJl Ha HEKOTOpPOE HAaTypalbHOE YHCIO (|, MOXKHO CKJIAJbIBaTh (BBIUUTATSH),
MEPEMHOKATh MPHU BBINOJHEHUH COOTBETCTBYIOIIMX JEUCTBUU HAJl CaMUMU
yucnami. Eciu mnpu  BBINOIHEHUHM ATUX ONEpaluid  MOJIYYUTCS  YHUCIO,
MPEBBILIAIONICE IETUTEND (, TO OHO OMSATh-TAKHU 3aMEHSAETCA OCTAaTKOM OT JI€JICHUS
Ha q.

OTHU CBOMCTBA OCTATKOB 00Jiee HATIISIIHO (DOPMYIUPYIOTCS Ha A3BIKE TEOPUU
CpaBHEHHUM, OCHOBHBIE MOJIOKEHUSI KOTOPOU Oy TyT pacCCMOTPEHBI TO3KE.

Ipumep 1. Tokaxxute, 4TO KBaJApaThl HATYPAJIBHBIX YUCEI HE AAIOT OCTaTKa
2 TIpH ACIICHUU Ha 3.

Pewenue. Yuciio N MOXET IaBaTh npu geineHud Ha 3 ocrarku 012.
CocTtaBuM TadIuILy:

Ocrarok gncia N mpH | Ocrarok uncna N° mpu
JCIICHUH Ha 3 JeTICHUH Ha 3
0 0
1 1
2 1

[TosicHuM 3amofTHEHUE TPEThEeW CTPOKU TAOJIUIIBL:
n=3q+2=n’=(3q+2) =9q° +12q+4 =3(39% + 4q +1)+1.

IIpumep 2. CymecTByeT M Takasg CTEINEHb JABOMKH, M3 KOTOPOU
MEPECTAaHOBKON MOKHO MOJYYUTh APYTYIO CTENEHb IBOMKA?
m
Pewenue. Tlycts uucno N=a,a, ;...8, =2" ecTb HEKOTOpas CTEHEHb

nBOMKH. Bompoc 3akiouaercs B CAEAYIOMIEM: €CIIU MBI IePECTaBUM ITU(PBI ITOTO
YUClIa B IIPOU3BOJIBHOM MOPSAKE, MOXEM JIM IPU O3TOM CHOBA MOJIYYUTh



HEKOTOPYI0 crenenb unciaa 2°? (Hampumep, n=128=2", no Hm oxna
nepecTaHoBKa 1P unciia 128 He SBIISIETCS CTETICHBIO JBOWKH).

Bocrnons3yemcsi ciencTBieM M3 MpU3HAKA JCIMMOCTH Ha 9: JoOble J1Ba
YHCIIa, OTIIMYAIOIIMECS JIUIIb MOPSIKOM CIeA0BaHus HU(]p, JAIOT MpHU JIEJICHUU Ha
9 OIMHAKOBBIE OCTATKHU, U PACCMOTPUM, KaKH€ OCTATKU IIPHA JEICHUHA HA 9 MOTYT
JlaBarhb yucia syuga 2" :

Crenennr | OCTaTOK CTEIIEHHA
yuciaa 2 npu
JCJICHUM Ha 9

2! 2

2° 4

2° 8

2° 7

2° 5

2° 1

2’ 2

2° 4

JIlokaxkeM, 4TO MOCIIEI0BATEILHOCTh OCTATKOB IIPU JCJICHUHA Ha 9 CTEIECHEU
JIBOMKHU 2,4,8,7,51 mepuoJnuyHa ¢ nepuogom 6. J[Jist 3TOro pacCMOTpUM pa3HOCTh
2™® 2™ =2"™.63 — OYCBHUHO, OHA JCIUTCS Ha 9, CJICJA0BATEIBHO, Yepe3 6 IIaroB
OCTaTKU OYyAyT MOBTOPSTHCS.

lIpeononooicenue. JlonycTuM Teneph, 4TO JIBE CTEIEHU JBOMKHU OTINYAIOTCS
TOJIBKO TOPSIAKOM ciieoBaHus 1udp (komudectBo 1udp oaunakoso!). Torma onu
JIAIOT TIPU JEJICHUA HAa 9 OJIMHAKOBBIE OCTATKH, YTO BO3MOXKHO JIMIIb 4epe3 6
maroB (T.e. 6 pa3 yMHO)KaeM 4uciio Ha 2 ). Torga ogHa U3 cTerneHel TBOWKHU OyieT
OoJIbIlle PYroi Mo BEJIWYWHE HE MEHEE YeM B 2° =64 pa3a, u, ciaeaoBaTeIbHO, B
HEeW JOKHO OBITh OoJbliee KoaudecTBO Iudp. Iloayuunu mpoTuBopeune ¢
MIPEANOI0KEHUEM.

Omeem: He cyliecTByeT Takas CTENEeHb JBOWKH, U3 KOTOPOMU
MIEPECTAaHOBKON MOKHO IOJIYYHUTh APYTYIO CTEIEHb IBOVKH.

Ipumep 3. I[IycTs ocTaToK OT A€NEHUS HATYpPaJIbHOIO YKncia M Ha 7 paBeH
3. Haiitu octatok ot feneHus Ha 7 uucna 3m° +5m+1.

Pewenue. N3 ycroBus cieayer, 4To 4ucio M umeer Bua: M= 7K + 3.

Torga 3m? +5m+1=3(7k +3)* +5(7k +3) +1=7(21k* + 23k +6) +1.

Omeem: OCTaTOK OT JeNeHus unciaa 3m” +5m+1 na 7 paseH 1.

Ilpumep 4. [lokaszath, 4TO NpU JTOOBIX LEeabIX X unciao X(X* +5) memurcs
HaIeJIo Ha 6.



Pewenue. Pa306bEM MHOKECTBO BCEX LENBIX X HAa 6 TPyNI B 3aBUCUMOCTH
OT OCTaTKa TpW JAeNeHUH Ha 6, T.e. pacCMOTpUM 6 ciydaeB: X=06Nn+(, rae
qe{0,1234,5}.

1) Ilycte nenoe umcio OedauTcss Ha 6 HaLEno, TO €cTh X =06Nn, toraa
X(x* +5)=6n-(36n*+5):6.

2) Ilyctp mernoe 4Ymcino MpU JejeHHH Ha 6 1aéT OoCTaToK 1, TO €cCTh
x=6n+1, rorma X(x* +5)=(6n+1)-((6n+1)*+5) =

=(6n+1)(36n° +12n+6) = (6n+1) -6 - (6n° + 2n +1):6.

3) Ilycts menoe 4ucio mpu AeideHUHM Ha 6 Aa€T OCTaTOK 2, TO €CTh
X=6n+2, torga X(x*+5)=(6n+2)-((6n+2)*+5)=

=(6n+2)(36n* +24n+9) =2-(3n+1)-3- (12n* +8n + 3):6.

4) IlycTe 1enoe YWCIO TpU JACTeHUH Ha 6 JaéT OocTatok 3, TO €cCTh
X=6Nn+3, Ttorma X(x*+5)=(6n+3)-((6n+3)°+5)=(6n+3)(36n°+36Nn+14) =
=3-(2n+1)-2-(18n? +18n +7):6.

5) Ilycte nenoe 4Mclio TpU JACJICHUM Ha 6 1aéT OCTaTOK 4, TO €CTh
X=6n+4, torga X(x*+5)=(6n+4)-((6n+4)*+5)=

=(6n+4)(36n°*+48n+21)=2-(3n+2)-3-(12n* +16n + 7):6.

6) Ilyctp memoe uuciao mpu JeleHud Ha 6 Jaé€T OcTaToKk 5, TO ecTh
X=6n+5, torna X(x*+5) = (6n+5)-((6n+5)*+5) =

= (6n+5)(36n* +60n +30) = (6n +5) -6 - (6n> +10n +5):6.

Tak xak Ipyrux BapHaHTOB JCIUMOCTH Ha 6 IIENBIX YHUCET HET, TO MBI
paccMOTpenu Bce IeNble uncia X M J0Ka3alld, YTO B KaKIOM U3 IIECTH CIIy4acB
BeIpakenune X(X° +5) kpatHo 6.

IMpumep 5. YuurenbHuLIa TpUHECIA B KJIacC CUETHBIE NANOYKH. JleTn
pacKiIaplBAIM MX B NakeTUKU. Korma pasioxwin 1o 2 NajlO4yKh B KaXIbId
MaKeTUK, TO OCTalach 1 JUIIHAA MHalo4yka. 3aTeM pa3JIOKUIU Mo 13 ITyK B
MAKETHUK, U TOrAAa OCTAJIIOCHh 7 JIMIIHUX nanodek. Koraa ke majouyku pasyioKWiIn
no 9 MITYK B MAKETHUK, TO JUIITHUX HE ocTanoch. CKOJIbKO, caMoe MeHbIIee, ObLIo
CUYETHBIX MAJIOYEK?

Pewenue. IlycTh Bcero 0bUI0 N CUETHHIX MajiodyeK. Torga yciaoBus 3aadyu
MIPUBOJSAT K CUCTEME
n=21+1 (1=0212,...),
n=13k+7 (k=0212,...),
n=9m (meN),
n.=?

min

Takum oOpa3zoM, TpeOyercsd HAWTH HaWMEHbIIEE HATypajibHOE HEYETHOE
yucso N, nensieecs Ha 9 U Jarolliee Ipy JeJIeHNU Ha 130cTaTtok 7. 3aMeTHM, 4To
B cwiny HeuétHocth N=13K+7 wumcino K 10mKHO OBITH YETHBIM, TO €CTh



k=2p (p=012,...), npuuém MeHbIIEeMy N COOTBETCTBYeT MEHBIIEe P, HO
tTorma umeeM N=26p+7=27p+9—-(p+2).

[Tockonmpky yucna N u 27p+9 AENATCS HalENo Ha 9, TO, ClIeOBATEIbHO,
YUCIO P+ 2 TakXKe JOJKHO OBITh KpaTHO 9 (M MpU 3TOM OBITh MUHHUMAIBHBIM).
HanMeHnpimiee 1enoe HEOTpUIATENIBHOE P, MJII KOTOPOTO BBITIOJHSIOTCS 3TH
YCIIOBUS, paBHO 7, OTKyJ1a HaXoauM N=206p+7=26-7+7=189.

Omeem: Camoe MeHbLIee — 189 CUETHBIX MaJOYEK.

IIpumep 6. CymMa HEMNOJHOTO YaCTHOTO M OCTAaTKa, MOJIYYEHHBIX MpHU
JEJICHUU HEKOTOPOro HarypajlbHOro yucia Ha 100, paBHa CyMMe€ HEMOJIHOIO
YaCTHOI'O M OCTAaTKa, ITOJYYEHHBIX IIPU JEJICHUU TOrO e uuciia Ha 1995. Yemy
MOTYT OBITh PaBHbI HETIOJIHBIC YACTHBIE?

Pewenue. Ilycte N — HaTypaibHOE YKCIIO U3 YCIIOBUSA 3a1a4un. Torzaa:

n=100q+r
n=1995t+k’
rae ¢,t — HENOJHBIE YacTHBIE, r,k — OCTaTKU Ipu AejeHur Ha 100 m 1995
COOTBETCTBEHHO. Torma 100q+r =1995t +k u mo ycinoBuro q-+r =t+k. M3 3Tux nByx
PAaBEHCTB IOJIyYaeM:
99q +(q+1r)=1994t +(t + k)= 99q =1994t .

PaznoxuB umcima 99 w1994 Ha MNpPOCTBIE MHOXKHTEIW, HOJIYYUM:
3?.11.9=2-997-t. Tak kak yncia 99 u 1994 B3aUMHO IIPOCTHIC, TO M3 MOCIICTHETO
PaBEHCTBA CIEAYET, UTO § JOJKHO OBITh KpaTHO 1994, t— KpaTHO 99.

Omeem:. q=1994m, t=99m, me N.

Memoo ananu3za nocieoHux yugp uucia

Ipumep 1. Jlokazare, yTo wymcio 19981999200020012002 He ABISETCA
KBaJpaToM LEJIO0ro Yucia.

loxazamenvcmeo. HaTypanbHoe 4nCIO N MOKET OKaHYMBATHCS HA JOOYIO
u3 geciatd mupp or 0 no 9. BeisicHuMm, Ha Kakyio Uudpy OpH 3TOM MOXKET
OKaHYMBATBHCS KBAAPAT ATOr0 YHCIA!
[Tocnenuss uudpa | [locneanss mudpa

quciaa N gpcaa N’

0

o

O |0 (N || W |-
= b O0 | 0110 o|~ |




Cpenn mudp, Ha KOTOpblE OKaH4YMBAaeTca N°, OTCyTcTByeT mudpa 2.
[ToaTOMYy JaHHOE YUCIIO HE MOXKET SBJISITHCSI KBAJIPATOM II€JIOTO YHCIIA.

Ipumep 2. Haiitu nocneguioro nudpy yucia 54324,

Pewenue. Pemum cHavasia 0Oojiee IPOCTYIO 3ajady, a UMEHHO HaWJIéM
nocienHion nudpy unciaa 2'°°°, BeiscHUM, Ha Kakue U(PBI MOKET OKAHYMBATHCS
HaTypaJibHasl CTEIICHb YKCIA 2 :

Crenienp N | Tocnenuss nudpa
qucia 2 gucna 2"
2! 2
2° 4
2° 8
2* 6
2° 2
2° 4

OueBHIHO, 4YTO TMpU JajdbHEHIIEM YBEIWYEHUU ITI0Ka3aTelisd CTEICHU
MOCJIE0BATEILHOCTD MOCHSAHUX UD 2,4,6,8 OyACT IIUKINUECKH TTOBTOPATHCS.

[IpencraBum  4wucio 1998 B  BHIE: 1998=4-499+2. Hmeem:
21998=24'499*2=(24)499-4. 3aMeTuM, 4YTO 4YHMCIO 2°=16 B CKOOKaX OKAaHYHMBAETCS
uuppoit 6, W MOITOMY JI0Oas €ro HaTypalibHas CTENEHb Takxke Oyaer

OKaH4YMBaThCA ToW 1u(ppoil. Utak, yncio (24 )499 OoKaHuyMBaeTcsa uupoit 6, u 31O
YUCII0 YMHOKaeTcs Ha 4. [loatomy nmocneaneit nudpoi ux mpousBeacHus OyieT 4
. Ecnn Temepbh MOBTOPHUTH TPOBENEHHBIC PACCYXACHUS I uucia 5432°%) 1o
OKaXKeTCsl, UTO TOOABJICHHE OAHOW MM HECKOJIbKMX LU(]p mepen 2 He OKa3bIBaeT
BJIMSIHUA Ha MOJYYEHHBIN pe3ybTar.

Omeem: 4UCIIO OKaHYMBAETCS HUDPOIL 4.

Ipumep 3. CylecTByeT M Takoe HaTypaibHOE 4uciao N, uto N’ +2n+3
JIeJINTCS Hareno Ha 20057

Pewenue. Tlocnennedt 1mudpoil y HaTypadbHOTO uuciia N MOXKET ObITh
mobas u3 dp 0, 1,2, 3,4, 5,6, 7, 8, 9. INocnenneii nudpoii y unciaa N> Moxer
ObITh cooTBeTCcTBeHHO 0, 1,4, 9, 6, 5, 6,9, 4, 1. Torna nocneauss nudpa y gucia
N®+2n+3, Kak HECJIO0KHO IOCYUTATh, MOKET COOTBETCTBEHHO IPUHUMATh
3Hauenwus 3, 6, 1, 8, 7, 8, 1, 6, 3, 2. Ho Torma »To 4nuciao He AEJIMTCA JaKe Ha 5, a
3HAYUT, HE MOXET JeauThcsa U Ha 2005.

Omeem: He cyiiecTByeT.



3amaHusd 1 CaMOCTOSATEILHOM PadoThl K NPAKTUYECKOMY 3aHATHIO 2
Jlecamuunasn 3anuce HAMypaiIbHO20 YUCla

1. Ilectuznaunoe uwmcio, okaHuuBaercsa uudpond 7. Ecmu sty mudpy
MIEPEHECTH B HAYaJIO YUCJIA, TO OHO YBEIMYUTCA B 5 pa3. Uto 310 3a uncno?

2. Ilpou3BeneHUE HATypaJbHOTO YHWCIA W YHWCIA, 3allMCAHHOTO TEMHU K€
udpamu, HO B 00paTHOM TMopsaake paBHO 2430 . Haiitu 5Tu uncna.

3. Tpéx3nauHoe uyuciao mpu JneineHurn Ha 10 gaér B ocrarke 3. Ecim
MOCIIEAHION UGy YKCIa IEPEHECTH B HAYAJIO €T0 3alHCH, TO MOJYyYEeHHOE YHCIIO
OyJzer Ha 72 OoJiblilie MIepBOHaYAIbHOTO. HaliiuTe ncxoaHoe 4ucio.

4. Kakue nudpbl HaJO MOCTaBUTh BMECTO 3BE3/I0UEK, UTOOBI YUCIO 454**
menuiocbHa 2, 7 U 97?

5. Ilycte a,b,c,d — paznmuunbie mudpel. Jlokazats, uTo uncio cdededed He

JECJIMTCS Ha YMCJIO aabb.

6. Uucino mnpu HEKOTOpPOW TMEepecTaHOBKE CBOMX IU(p y/IBaHBaETCH.
Jlokazatp, 4TO OHO JIeIUTCS Ha 9.

7. HaliauTe Takyro nudpy X, 9ro0bl: a)573x2:6; b)890x52:72; ¢)367x5:75.

8. Cymma uudp nBy3HayHOTO uuciaa paBHa 12. Ecou k sToMy uyuciy
npubaBUTh 36, TO MOJYYUTCS YHUCIIO, 3allMCAHHOE TEeMH K€ HudpamMu, HO B
oOpatHoM nopsiake. Haitaure ucxomnoe yucio.

9. Cymma kBaapatoB nudp ABy3HauyHOro yucia paBHa 13. Eciau oT storo
yyciaa OTHATH 9, TO TMOJYYUTCS YHUCIIO, 3allUCAHHOE TeMU ke Iudpamu, HO B
oOpatHoM nopsiake. Haitaure ucxomnoe gucio.

10. /{anbl 1Ba OBY3HAUYHBIX YMCIIA, U3 KOTOPBIX BTOPOE 3aIMCAHO TEMH XKE
nudpamu, 4TO U NEPBOE, HO B 0OpaTHOM mopsike. YacTHOE OT JeleHHs] TIEPBOTO
gyuciaa Ha BTOpoe paBHO 1,75. IlpoumsBeneHue mepBoro umcia Ha mUPpy €ro

JIECSATKOB B 3,5 pa3a Ooubliie BToporo yucia. Halaure 3T uncna.

11. Eciiu ABy3HAYHOE YUCIO PA3AEIUTh HA CyMMY €ro uudp, To B 4aCTHOM
MOJYy4YUTCA 4 U B ocTaTke 3. Ecin e 3TO 4MCiIo pa3aenuTh Ha MPOU3BEACHUE €r0
uudp, To B 4aCTHOM MOTYYUTCs 3 M B ocTaTke 5. HaliauTe nucxoaHoe 4yucio.

12. Onpenenuth 1EI0€ MOJOXKUTEIBHOE YHUCIO MO CIEAYIOUIMM JaHHBIM:
€CJIM ero 3amucaTh IudpaMu U NPUCOCAUHUTH cipaBa MUGPY 4, TO MOITYUUTCS
4HCII0, JeTseecss 6e3 ocTarka Ha YMCI0, OOJbIIIee HICKOMOTO Ha 4, a B YaCTHOM
MOJIYYUTCS YMCJIO, MEHBIIIEE ACIUTENA HA 27 .

13. beio 3amano nenoe uucio. TpeboBanoch yBenIWyuTh ero Ha 200000 u
MOYYEHHOE YHUCJIO yTpouTh. BmecTto 3TOro mnpunucain K UIUPPOBOM 3amucu
JAHHOTO Yucia crpaBa HUPpPY 2 U MONYYWIM NPaBWIbHBIA pe3ynbTaT. Haiinurte
HCXOJIHOE YHMCIIO.

14. B pykomnucu 3amayHuka Mo apudMeThke ObLT MOMEIIEH MpuUMep, B
KOTOPOM JIaHHO€ YHUCJIO HYXHO OBUIO YMHOXHUTh Ha 3 M OT TIOJYYEHHOTO
pesyibTara OTHITh 4. B Tumnorpaduu D0omyCTWIM OIEYaTKy: BMECTO 3HaKa
YMHOKE€HUS MOCTABWIM 3HAK JICJICHUs, 4 BMECTO MUHYCA — IUIIOC. TeM He MeHee,



KOHEYHBIM pe3yJbTaT OT 3TOro He u3MeHwiIcs. Kakoll mpumep mnpeamnosiaraioch
pa3MECTUTh B 3ala4HUKE?
15. Uckomoe uuncio 6ombine 400, Ho MeHbIe 500. Halitu ero, eciau cymma

47 =
ero nudp paBHa 9, ¥ OHO paBHO 3¢ THCT2, M300paKEHHOTO TeMH ke Iudpamu, HO

B 00paTHOM TOPSIIIKE.

16. Haiitu Tpéx3HayHOE YHCIIO, 3HAS, YTO YUCIIO €T0 JIECATKOB €CTh CpeaHee
TeOMEeTPUUECKOe YHCia COTeH W eauHuIl. Eciu B ero 3amvcu mOMEHSTh MeCTaMu
upsl COTEH W E€IUWHUI] U BBIYECTh HOBOE YHCIO M3 HMCXOJHOTO, TO Pa3HOCThH
Oyznet paBHa 297.

Memoo ananuza ocmamkoe

1. Ha crone nexxar KHWATM, KOTOPBIE HANO YNAKOBaTh. ECiM WX CBA3aTh B
OJIMHAKOBBIC IMAYKHU 10 4, IO 5 WM II0 6 KHUI, TO KaXKAbIA pa3 OCTAHETCSA OJHA
JUIIHAS KHHATA, a €CJIM CBA3aThb 0 7/ KHUT B MA4yKy, TO JMIIHUX KHUI HE
ocraHetcs. Kakoe HanMeHblIee KOJMYECTBO KHUT MOXKET OBITh Ha CTOJE?

2. Haiinure HanmMeHblllee TPEX3HAYHOE YMCII0, KOTOPOE MPHU JCIICHUH HA 2
Na€T OCTaToOK 1, IIpU JeJIeHMU Ha 3 Ja€T OCTAaTOK 2, IPU AEIEeHUM Ha 5 nacT
OCTaTOK 3 M KOTOPOE 3alUCAHO TPEMs pa3IMYHbIMU HEUETHBIMU LIU(PpaMu.

3. Halimure HanMmeHpliee TPEX3HAYHOE HATYPAIbHOE YHUCIO, KOTOPOE IMpHU
JeJICHUU Ha 6 W Ha 11 1a€T paBHBIC HEHYJIEBBIC OCTATKU U Y KOTOPOTO CPEHHSA
uu(pa ABISETCA CPEAHUM apu(PMETHUECKUM ABYX KpaHUX LUPD.

4. Haiinute Tpex3Ha4yHOE HATypaJlbHOE YMCIIO, Oosbliiee 500, KOTOpoe Mpu
JICJICHUU Ha 4, Ha 5 XM HA 6 JaeT B OCTaTKE 2, U B 3aIIMCH KOTOPOTO €CTh TOILKO
JBe paznuuHble HU(dpbl. B 0TBeTe yKakuTe Kakoe-HUOYb OJTHO TAKOE YHUCIIO.

5. Haligute Tpex3HauHOe HaTypajbHOE 4ucio, Oombiiee 600, KOTOpoe Mpu
JIelieHUH Ha 4, Ha 5 ¥ Ha 6 JaeT B ocTaTke 3, U HU(PBI KOTOPOTO PACIIOIOKEHBI B
nopsiike yObIBaHUS CJIeBa HampaBo. B oTBeTe ykaXxuTe Kakoe-HUOYIb OJHO TaKoe
YUCIIO.

6. [IpuBenuTe mpuMep TPEX3HAYHOTO HATYPaLHOTO 4HCIia, Oonbiiero 500,
KOTOpO€ IIpU JCJIICHUH HAa 8 W Ha 5 JA€T paBHBIC HEHYJIEBBIE OCTATKU U I€pBasd
cieBa 1udpa KOTOPOro SIBISETCS CPEIHUM apu(dMETHUECKUM JIBYX APYTUX IUdp.
B oTBeTe ykaxxuTe poOBHO OJTHO TaKOE YHCIIO.

7. llpuBenure mpumep TPEX3HAYHOTO HATYPAJIBHOIO yucia, Oonbiiero 500,
KOTOpOE€ IIpH ACIEHUU Ha 3, 4 ¥ Ha 5 1a€T B OCTAaTKE 2 U B 3aIIUCU KOTOPOIO €CTh
TOJIBKO JIBE€ pa3yinuHble HIU(pbI. B 0TBETE yKa)kUTE POBHO OJJHO TaKOE YHUCIIO.

8. IlpuBenure mpumep TPEX3HAYHOIO HATYPAJIBHOTO YHMCIIA, KOTOPOE IpHU
JefeHu Ha 3, Ha 5 W Ha 7 Jaér B ocTaTke 1, ¥ MU pbl KOTOPOTO PACIOIOKEHbI B
nopsijike yObIBaHUsI clieBa HamnpaBo. B oTBeTe ykakuTe pOBHO OHO TaKOE YUCIIO.

9. [IpuBeaute mpumep TPEX3HAYHOTO HATYPAIbHOTO YHUCIA, KOTOPOE IpU
JIeJieHUuy Ha 3, Ha 5 W Ha 7 Ja€T B OCTAaTKE 2, U B 3aIIMCHA KOTOPOTO €CTh TOJBKO
JIBE pa3nyHble (Pl B 0TBeTE yKakuTe pOBHO OJJHO TAKOE YHUCIIO.

10. CymMa HEMOJHOTO YAacCTHOTO M OCTaTKa, MOJYYEHHBIX NpPU ACICHUU
HaTypajabHOTro 4yncia Ha 100, paBHa CyMMe€ HEIIOJHOIO YacTHOIO M OCTaTkKa,



IIOJIYYEHHBIX MPU JEIEHUN TOTO K€ HATypajbHOro yucia Ha 2007. Yemy Moryr
OBITh PaBHbI HETIOJIHOE YAaCTHOE U OCTATOK?

11. Haiinute Takue mudpsl xuy, 4TOOBI: a)2x39y:88; b)2x3y:45; ¢)7x37y
JlaBaJIo OT JEJIEHUS Ha 4 OCTAaTOK 3, a OT JEJICHUS Ha 11 OCTaTOK 7 .

12. HarypanpHoe uucio npu aeiaeHud Ha 2001 u Ha 2002 naét ocratok 315.
KakoB ocTaTok OT JIeleHHsl 3TOro yucia Ha 587

13. B apudmernueckoil mporpeccuu, COCTOAICH M3 HATypalbHBIX YHCE,
Pa3HOCTB IPOTPECCHUN B3AMMHO IIPOCTA C HATYPAIBHBIM YUCIOM K . JIOKaxxuTe, 4To
Jar00ble k TOCIenoBaTEeNbHBIX YJICHOB ATOM MPOTPECCHM AAIOT BCE BO3MOXKHBIC
OCTaTKH OT JeJeHUs Ha K, IpUYEM 110 OTHOMY pasy.

14. Haiinure HaMeHbIlIee HATypajJbHOE YHCIIO, KOTOPOE MpH JEICHUHU Ha 6
Na€T OCTAaTOK 5, MPU JIEJICHUU Ha 7 — OCTAaTOK 6, a IPU IEJIEHUU Ha 11 — OCTaToOK
10.

Memoo ananu3za nocneonux yughp uucina

1. Haiiti mocnenutoro nudpy uncima 2013*°%°,

2. Ha kakyto nudpy okaHYMBAETCS YUCIIO:

a) 99999;

6) 3999

B) 71000;

r) 337 +77%7

3. Haiitu nBe nocnennue uudpsel uncna 237 401.
4. CKOJIBKUMH HYJISIMU OKaHYMBaeTCs yucio 110!7?
5. Haiitu aBe nocnennue nudpsl yucia 243802 .
6. Haiitu mocnenuioro mudpy uucia:

a) 292012;

6) g2o10-

B) 5239 + 957 _ 7366 ]

Tema 2. HO/Jl u HOK ueJsbIx yncesa. JJ1eMeHThI TEOPUH CPABHEHUM

[1nan
1. Onpenenenune u ceoiicta HOJI m HOK nByx 1enbix uncer.
2. Anroput™m EBKIMa, paciimpeHHbIi anroput™M EBkina.
3. Koneunsle 1ienusie 1poou.
4. DneMeHTbl TEOPUU CPaBHEHUIA.
5. lnodanToBBI ypaBHEHUS MIEPBOM CTETICHH.

HOT u HOK 08yx uenwix uucen
TOBOPAT, UTO yenoe uucio a O0enumcs ¢ OCMamKoM Ha yenoe yucio b#0,
€CJIM CYIIECTBYIOT TaKHe IIeJIble ynucna qu r, 9to a=b-q+r, 0<r<fp| (*).



Yucno g HA3BIBACTCS HENOIHbIM YACMHBLIM, & YUCIO I — OCMAMKOM OT
JeJICHUSI a Ha b

Teopema (0 Oenenuu uyenvix uucen ¢ ocmamkom). JJiss BCIKUX UEIBIX
yuceal aub,b=#0 JelleHHe C OCTaTKOM BCEr/a BBIMOJIHUMO U OJHO3HAYHO
OTpEETIEHO.

Onpeoenenue. llenoe uncno d =0 Ha3pIBACTCS OOIIMM JETUTEIEM IICIIBIX
gucenl aub, €CaM KakIoe W3 ATHX 4YHceN aeiauTcs Ha ugucio d =0. OO0mmii
JICIUTEIIb YMCET a U b Ha3bIBACTCS UX HAUOOAbWUM 0OwuM Oerumenem, €Ciau OH
JIETIUTCS Ha JIF000I UX OOIINH JIETUTED.

Oé6o3nauenue:. d = HO/l(a,b) nmu d =(a,b).

CaoiictBa HO/I enbIx yucen, KOTopble OyyT BaKHbI B JATbHEUIIIEM.

1. Ecnn d = HO/Z(a,b)u d, = HO/Z(a,b), To d, =+d .

2. Eciin yncno a menurtcs Ha uuciio b =0 HaIeno, TO HOﬂ(a, b): b.

3. Ilycts d, = HO/(a,b), d = HO/Z(d,,c), Torma d = HO/(a,b,c).

4.Ecm a=b-q+r, 0<r<|po|, 0 HOZ(a,b)=HOA(b,r).

Onpeodenenue. llenoe unucno h HaszbIBaeTCAd 00WuUM KpamubviM HEHYJIEBBIX
HEeJIbIX YKCeNl a u b, ecnu h menuTcs Ha Kaxzaoe u3 3Tux uucen. Ob1iee kpaTHoe
IEJBIX YUCET a U b Ha3bIBACTCS MX HAUMEHbULUM 0OWUM KPAMHBIM, €CTTH Ha HETO
nenuTes a0oe 00111ee KpaTHOE.

Oé6o3nauenue. h=HOK(a,b) nmm h=[a,b].

Cpoiictea HOK menbix uyucen, KOTOpbIE CXOXH CO CBOMCTBaMu
HanOOJIBIIEr0 O0IIEro JETUTEIIS.

1. Eciu h = HOK(a,b) u h, = HOK(a,b), To h =+h.

2. Ecnu umcno a genmTes Ha umMcno b =0 Haneno, To HOK(a,b)=a.

3. Ilycts h, = HOK(a,b), h= HOK(h,c), Torma h= HOK(a,b,c).

Anzopumm u pacwupennstii ancopumm Eexnuoa
ITyctb aub=0 — uenslie unciaa. [loctpoum ans HUX nocredosamenvHoCMb

Eemuc)a, BBIITOJIHASA ITOCJICA0BATCIIBHO ACIICHHUC C OCTATKOM.

a=bq, +1,
b= 10, 1,
n=nrg;+r;, (1)

f 2 = rn—lqn + rn’

n

rn—l = r-n(qn+1’

[TocnenoBaTenbHOCTh HATYpaJIbHBIX YHCEJ, ITOJIYYEHHAass B XOJE JTHUX
OTIepaLvii:
axb>r>r>--->r>r =0 (*¥)
u OyzeT nocieaoBareabHOCThI0 EBKITHIA.
ANTOPUTM  TNOCTPOEHMsI  MOCIENOBAaTENbHOCTH EBKNIMIAa  Ha3bIBaeTCA
aneopummom  Eeéxnuda,  KOTOpBIM  HCHONB3yeTCS  NpU  JOKa3aTeJIbCTBE
cymectBoBanust HOJ[ 1ByX LiesbIX yucen.



Teopema (o cywsecmeosanuu HO/J yenwvix uucen). Ilycts a u b =0 — uemnsie
yucna. HOJ[ 3TuX 4wWcen paBeH MOCIEOIHEMY HE PAaBHOMY HYJK OCTAaTKy B
nocienoBareabHocTH EBkiuna: HOJ(a,b)=r, .

Teopema (0 cywecmeosanuu HOK yenvix uucen). Ilyctb a,b=0 — He

ab
HO/Z(a,b)

Teopema (pacwupennoiii anzopumm Eexnuoa). Ilyctes d=HO/(a,b).
Toraa CymecTBYIOT TaKHE LEIbIE YUCTIa U u v, 9To: d =a-u+b-v.

Pacmmpennslii anroputma EBKMaa 3aKIFOYAETCS B CIIETYIOLIEM.

N3 kaxaoro paBeHCTBA, KOTOpPHIE TIOJNYYarOTCs MpPH  I[OCTPOEHUU
MOCJIEA0BATENBLHOCTH EBKIIN/IA, BEIPAa3UM OCTAaTOK M MOACTABHM €T0 B CIEAYIOIIEE
PaBEHCTBO, MOKa HE JoieM 0 HauOoJbllIero oOero aeauTens yncesl aub. B
MOCJIEAHEM PABEHCTBE MPHUBEJAEM IMOAOOHBIC CJaraéMbleé NpPU O3THUX YHUCIaX.
[TonmyyeHHbie KO3PPUIUEHTHI U OyIyT YACIECHHBIMU 3HAYEHUSIMUA U U V.

paBHbIE HYJIIO 1efble yncna. Torna HOK(a,b)=

Koneunwie yennwvie opoou
Anroput™m EBKIHMAA CBA3aH C OYEHb BAXKHBIM IPEJCTABICHUEM YHCEN C
MOMOIIIBIO TaK HA3bIBAEMBIX IIETTHBIX HJIA HEMIPEPBIBHBIX IPOOEH.

[lycth aub=0 — nenbie uncna. [IpuMeHsiss K HUM ainroput™ EBkimja,
I0JIy4aeM KOHEUHYIO CHCTEMY PaBeHCTE (1).

Cucremy paBeHCTB (1) MOKHO IIpeoOpa3oBaTh K PABHOCHILHOM CHCTEME:

L S
b - ql b ql y 1

I’l
b g, L
n ? I ? n ,

r, ’
..................................... Y2
r_ r, 1

=0, + =0, + T,
M M =
rn
r.n—l _
rn qn+1’

o o o o . br
13 KOTOPOU Mocae0BaTeIbHON 3aMEHOM KaXI0U U3 Apodei —, -2 u T.1. €€

r-2 r3
COOTBETCTBYIOIIIUM  BBIPQXKEHUEM U3  CICAYIOUIEHW CTPOKM  IOJIy4aeTcs

npeaCTaBJICHUC I[pO6I/I % B BHUAC:

a
qul+ 1 (3)
g, +

Qs+ -



Bripakenue (3) Ha3bIBAETCA KOHEUHOU yennou OpoOblo W 3alUCHIBAETCA
a
TaKKE B BHIIE E:[ql,qz,...,qn | Mpu stom ¢ €Z,q,,...,q,, €N, 3TH ducia

Ha3BIBAIOTCS deMeHmamu NEeITHOU Ipoou

Onpeoenenue. Hpobu BUJIA: 5,=0,5,=0,+ 1 S, =0, + ;1 oo
q2 q2 + —
Os
MOJIyYeHHBIC M3 LEmHOM apobu (3) Ha 1- M, 2- M,..., k-M mIare Ha3bIBarOTCS

nOOX00AUWUMYU OPOOAMU TAHHON HENPEPBIBHOW JPOOH.
Teopema (ceoiicmea nooxooauwux opooeii).
PR L i SR SR S )
Qk quk—l + Qk72
2. PQ._,—P_Q. =(-D" ke{L2,...,n}.

dnemenmul meopuu cpasHenuil
Bo3bmem mpousBoibHOE (PUKCHPOBAHHOE HATypadbHOE YHCIO M>1 u
OyzAeM paccMaTpUBaTh OCTATKH MPU JACJIIEHUU Ha M pazIudHbIX Leiblx uynced. [Ipu
PacCMOTPEHMHM CBOMCTB 3THX OCTATKOB M IPOMU3BEACHMM ONEpaluil HajJ HUMHU
yI00HO BBECTHU MOHATHE TaK HA3bIBAEMOT'O CPAaBHEHUS 1O MOJLYJIIO.
Onpeodenenue. llenpie unciaa a u b Ha3pIBaIOTCA CPAaBHUMBIMHU MO MOJYIIO

M, €CJIM pa3HOCTh a—b JenuTcs Ha M.
O603Hauenue: a=b(modm)

OCHOBHBIE CBOVCTBA CPAaBHEHUU
1 (Ilpu3Hak cpaBHUMOCTH ABYX 4mHcesa). J[Ba memplx umcia aub

CpaBHUMBEI 110 MOAYJIKO M TOraa U TOJBKO TOraa, Koraa a u b umeror OJMHAaKOBBIC

OCTaTKH TpH JICTICHUN Ha M.

2. OTHOIIEHHE CPAaBHUMOCTH PEPIICKCUBHO, CHMMETPUYHO U TPAH3UTHBHO:

a=a(modm);a =b(modm)= b =a(modm),a=b(modm)Ab =c(modm)=>a=c(modm).

3. O6e yactu cpaBHEHUS MOXXKHO YMHOKaTh Ha JIt000€ HaTypaibHOE YHUCIIO;
00e 4acTH CpaBHEHHS M MOJYJIb MOKHO YMHOKaTh Ha JII000€ HATypaIbHOE YUCIIO.

4, O6Ge yacTh CpaBHCHHS MOYKHO JEIUTh Ha UX OOIIMH JCIUTENb, €CIIH OH
B3aMMHO MPOCT C MOJTYJIEM.

5. Ob6e yacTh CpaBHEHUS M MOJYJIb MOXHO JICIUTh Ha JIFOOOW WX OOt
JIETUTENb.

6. CpaBHeHHS 10 OJHOMY W TOMY JK€ MOIYJII0 MOXXHO TOWICHHO
CKJIaJBIBATh U MIEPEMHOXKATD.

7. O6e vacTh CpaBHEHHUS MOYKHO BO3BOJUTH B OJHY M Ty € CTCICHb C
HaTypaJbHBIM TOKa3aTesIeM.

8. Jloboe cmaraemoe Js€BOM WM MPaBOM YacTH CpPABHEHUS MOXKHO
TIEPEHECTH C MPOTHBOTOJIOKHBIM 3HAKOM B JIPYTYIO YacTh.

9. K nro60ii 9acTu CpaBHEHUHM MOXXHO NPHOABUTH WU OTHATH ClaraeMmoe,
KpaTHOE MOJTYJIIO.

10. Ecu a=b(modm), To HOZJ(a,m)= HOA(b,m).



dynkuus Oiinepa ¢(n) — 3TO MyJIbTHIUIMKAaTHBHAs (yHKIUS, KOTOpas

CTaBUT B COOTBETCTBUE JIOOOMY HAaTypaJlbHOMYy YHCIYy N  KOJUYECTBO
HATYpaJbHBIX YHCE, MEHBIINX N M B3aMMHO IPOCTHIX C N.

OOmast ¢opmyna s BBIYMCICHUS 3HaueHUs QYHKIUH Oiinepa ot
MPOM3BOJILHOTO aPIyMEHTA: €CIIU N = p*, TJe p — IMPOCTOoe Yucio, k e N, To:

_ 1
#(n)=¢(p*)= p*(p-1)= pk(l—gj-
Ecimu p —npocroe 4yucio, 1o ¢(p)=p-1.

Ecau n= pfl p'gz...pl‘nm— KaHOHMYECKOE Pa3fioKeHUE HATypaJIbHOTO 4uciia n,
TO

p(n)=n|1-— [Pij---[l—pij =(|0{‘l - plkl‘l)( piz p'2‘2‘1)...(pr';m - i),

P1 P2 m
Teopema Jiinepa. Ecnu (a,m)=1, 10 a"™ =1(modm).
Teopema ®epma. Eciin p — npocroe yncno u (a, p)=1, ro a** =1(mod p).

Teopus cpaBHEHUI JaeT CIEIYIOUIMH CIOCO0 MPOBEPKH apU(PMETHUECKUX
nerctBuid. OOBIYHO B KadyecTBE MOAYJS T BbIOMparoT M=9 mmu m=11. Kaxnoe
YUCJI0, 3aMUCAaHHOE B JECATUYHON CUCTEME CUMCIICHHS, CPABHUMO C CYMMOM €ro
nudp mo Moayno 9, Tak 4TO MbI MOXEM CHOPMYJIHMPOBATH CIAEAYIOUIUNA CIOCO0
«MPOBEPKU C TOMOMIBIO IEBSATKI.

JIJist KaXKJI0T0 4KClia BBIYUCIIAETCS OCTATOK OT JieJIeHusl Ha 9 CyMMBbI 1udp.
[Ipou3Bonast NEUCTBUS HAJA YHUCIaMU, MPOU3BOAAT TAKUE K€ ACHCTBUS HAll dTUMU
ocTaTKaMHu. Pe3ynbTar paccMaTpuBAEMbIX JIEUCTBUN HAJA 3THMHU OCTaTKaMu
JIOJDKEH OTJINYAaThCS OT CYMMBI ITUGP HMCKOMOTO pe3yjibTaTa Ha YHMCIIO, KPaTHOE
JIEBSITH.

Koneuno, ecimm ommOka TakoBa, YTO PAa3HOCTh MEXKAY HAWACHHON U
WCTUHHOW BEIMYMHAMU KpaTHa 9, TO OHA IPHU ITOM CcrHoco0e MPOBEPKHU HE OyaeT
3aMeueHa.

[To Mogymo m=11 KaxI0€ YMCIO, 3alMCAHHOE B JIECATUYHOW CHUCTEME
CUMCJIeHUsl, OyJIeT CpaBHMMO ¢ CyMMOW 1Mdp, B3SATHIX ClpaBa HAJIEBO
MOMNEPEMEHHO CO 3HAKAMM «ILTIOC» U «MHUHYC.

[ToaToMy MOXHO Cc(hOPMYIUPOBAaTh CIHEAYIOIIUNA CIOCO0 «IPOBEPKU C
MOMOIIBI0 OAMHHAAUATHY. [[7151 Ka)K0T0 YKCIia BBIYUCISAETCS OCTATOK OT JEJICHUS
Ha 11 cymMbl 1P, B3ATHIX MMONEPEMEHHO CIIpaBa HAJIEBO CO 3HAKAMU ILTIOC» U
«MUHYC». Pe3ynpTar paccMarpuBaeMbIX IEMCTBUM HAJ STUMH OCTATKaMHU JIOJIKEH
OTJINYATHCSI OT CYMMBI B3SITBIX IOINEPEMEHHO CO 3HAKAMH «ILIIOC» U «MHUHYCH
CIpaBa HaJIeBO (P UCKOMOTO pe3yibTaTa Ha uucio, kpatHoe 11. Ecnu ommbka
Oyznet kpatHa 11, oHa He OyAeT 3aMedeHa Mpu STOM CIIOCo0e.

[Tpu CIOXKHBIX BBIYUCIEHUAX UMEET CMBICI MPOBOJUTH ABE MPOBEPKU: OJIHY
C TIOMOIIILI0 MOAYJISL 9, a IPYTYIO C TIOMOIIBI0 MoAyJ st 11. B aToM ciydae ommoka
He OyJeT 3aMeueHa TOJIbKO, €CIM OHa kpaTHa 99, 4TOo, KOHEYHO, ObIBaCT OYEHb
peaxo.



Jluoghanmosnt ypasnenus nepeoii cmenenu om 08yx nepemeHHbvIX

Pelenue B LenbpIX yMciaax ypaBHEHHH ¢ 1elbIMU Koddduuuentamu Oosee
4eM C OJHMM TEpPEeMEHHBIM TIPEJICTaBIACT COOOM OJIHY W3 TPYAHBIX MPOOIEM
Teopun uucen. HekoTopble BUIBI TaKUX YpPaBHEHMH ObUIM pPacCMOTPEHBI
3HAMEHUTBIM MaTeMaTukoM JpeBHOCTH Jluodantom (3B.H.3.). B mamsare o
MOCJICTHEM ypaBHEHHUS C MEIbIMH KO3 dUIMeHTaMH 0ojiee YeM C OIHUM
MEPEMEHHBIM HA3BIBAIOT Ouoganmosvimu. JIMopaHTOBBl ypaBHEHUS TIEPBOU
CTETICHU HA3BIBAIOT JIUHEUHBIMU OUOPAHMOBLIMU YPAGHEHUSMU.

OO0t BU/J JUHENHOTrO A1no(aHTOBOTO YpaBHEHUS:
ax+aX,+...+ax =d,a,deZ

JIuneitnoe 1rMohaHTOBO YpaBHEHUE C ABYMS IEPEMEHHBIMU UMEET BUI:

ax+by=c,a,b,ceZ.

CnoxHOCTh TPOOJEMBbI PEIICHUS] B LEJbIX YHUCIAX YPaBHEHHH C EIbIMHU
KodduimeHTaMu 3aKiIO4aeTcsi B TOM, OHA QJITOPUTMHYECKH Hepa3pelMma.
Coserckuii Mmarematuk FO.B. MartusceBuu nokaszan 3toT dakt B 1970 romy, To
€CTh, YTO HE CYIIECTBYET OOIIETO anropuTMma (crocoda) pereHus: JuopaHTObIBbIX
YPaBHEHUM.

OOHOPOOHbLIM — NUHEUHBIM — OUOpAHMOBLIM — YpAaGHeHUeM  Ha3bIBACTCS
ypaBHEHUE BUJA:

ax+by=0,abeZ (@)

Teopema 1. Ecnu uncna a u b B3aMMHO IIPOCTHIE, TO ypaBHeHHUE (1) MMeeT

OECKOHEUHO MHOTO II€JIOYMCIICHHBIX PEIICHUH BUaa: X, =bn, y. =—an, neZ.

Jlno(haHTOBBI JIMHEWHBIE YpaBHEHHS OOINEr0 BHA HAa3bIBAIOT 0OWUMU

JUHEHBIMU YPAGHEHUAMY, Y B CIIydae JBYX MEPEMEHHBIX HMEIOT BU]T
ax+by=c,a,b,cez (2)

Teopema 2. Ecium cBOGOAHBIA 4YieH ypaBHeHWs (2) He JenIdTCS Ha
HarOOJbIINH 00Kt fenuTeNns KodGGUIMEHTOB a u b, TO ypaBHeHHE (2) HE UMEET
pPELIEHNH B LIENBIX YHCIIAX.

Teopema 3. JTroGoe ypaBHeHue ax+by=c,a,b,c ez, HOZ(a,b)=1, umeer xots

OBl OJIHO PEIIICHUE B IEIBIX YHCIIAX.
Teopema 4. MHOXKECTBO BCEX UEIOYHCICHHBIX PEIICHUN YpaBHEHUS
ax+by=c,a,b,ceZ, HOJ(a,b)=d >1,cid coBmamaeT ¢ MHOXECTBOM BCEX KPATHBIX

HO/Z(a,b)=d.

Teopema 5. Eciiu uncna a u b B3aMMHO IIPOCTHIE, TO ypaBHEHHE (2) MMeET
0ECKOHEUHO MHOT'O LIEJIOYMCICHHBIX PELICHUH BUJA: X, =X, +bn, y, =y, —an,neZ,
e (X, Y,) — YaCTHOE peueHne ypaBHenus (2).



IIpakTH4yeckoe 3ansitue 3
Pemenue 3a1a4 Ha HOK 1 HO/I. CpaBHeHue mo MoayJio.

1 1an 3auaTus
1. 3agaun va HOJI 1 HOK
2. 3a7a4n Ha CBOMCTBA CPAaBHEHUM 110 MOTYJIIO

3aoauu na HO/l u HOK
Ipumep 1. Haiitu takue HatypaneHbie ynicna & u b, yro HO/[(a,b) =3,

HOK (a,b) =630, u npu 5TOM cymma a + b MHHHUMAaJbHA.

Pewenue. Tax xkak HO/](a,b) =3, TO CymecTBYIOT TaKKe B3aUMHO MPOCTHIC
HaTypajdbHbIE uYHMcaa M,N, uro a=3m, b=3n. Torma 3amady MOXKHO
chopmynupoBath B Bujae: «Haiitu takue Hatypanbpabie M,N, uro HO/(m,n) =1,
HOK(m,n) =210, u ipu 3ToM cymma M+ N MUHUMAITBHAY.

3amaua pemaerca mnepebopoMm. 3aMeTUM, UYTO YCIOBUS CHUMMETPUYHBI
oTHocuTeslbHO M wu N. Ilycte, pamu omnpeaenéHHoct, M<N. Tak Kak
210=2-3-5-7, TO BO3MOXHBI CICAYIOLIUE CIyYau:

m n m+n
2 3-5-7 >70
3 2-5.-7 >70
5 2-3-7 > 40
7 2-3-5 37
2-3 5.7 41
2-5 3-7 31
2-7 3-5 29

Hrtak, cyMmma M+N muHuMansHa (M paBHa 29), ecnu m=14, n=15. lm
cooTBeTCTBYIOT @ =42, b =45. C yuétom cumMMeTpun mojiydyaem OTBET.

Omeem: (a;b) e {(42;45);(45;42)}.

Ilpumep 2. Haiitu Bce mapbl HaTypajbHBIX YHUCEN, HaWMMEHbIIEE OOIIee
KpaTHOE KOTOPBIX PABHO 78, a HAMOOJIBIIWI OOLIUI AeTUTENh paBeH 13.

Pewenue. Tlycte a u b — uckomble uncna. Ilo ycnosuro HO/(a,b)=13,
3HAYUT, MO OMpEJeNIEHUI0 HauOoJbIllero oduiero aenutens, a=13a,b=13b, rue
uhcna @, u B, B3ammuo mpocteie. Tak kak HOK(a,b)=78 u HOK(a,b)za—'b,

HO/(a,b)
TO
78=30 4 b-78.13-6.13°.
13

C npyroit ctopoHsl, a-b=13a -13p =13"-a -b =6-13°=13"-3,-b, = a, b =6.
Octanoch moAoOpaTh mapbl B3aMMHO MPOCTBIX YHUCEN, MPOU3BEIEHUE KOTOPBIX
PaBHO 6 W BBIYMCIIMTH JUISl HUX @ U b :



a=1b=6=>a=13b=78
a =6Db=1=a=78b=13
a=2b=3=>a=26b=39
a,=3b=2=a=39,b=26

C y4€roM TOro, 4YTO YCJIOBUS CHUMMETPUYHBI OTHOCHUTEIBHO a U b,

ImojiydacM OTBCT.
Omeem: (a;b)e {(13;78),(26;39)}

6n+7
10n+12

Ipumep 3. [lokaxurte, 4TO JpOOb HECOKpaTuMa TpH JIHOOBIX

HaTypaJIbHBIX N.

Pewenue. JlonyctuMm, apoOb COKpaTHMa, TOT/Ia YUCIUTEIh M 3HAMEHATEIb
JIOJDKHBI UMETh HauOOJBIITUN OOIIUN JeIUuTeIh — HEKOTOPOe HAaTypajdbHOE YHUCIIO
d:

(6n+7):d, (10n+12):d.

Bocnone3yemcsa cBoOWCTBaMU JNEIMMOCTH HaTypajbHbIX uncen. Ecnu nBa
yucna (BbIpaXEHUS) NENATCS HAa HEKOTOPOE HATypalbHOE YHUCIO, TO W JroOas
JUHENHAss KOMOMHAIMS STUX BBIPAKEHUH EIUTCS HA JAHHOE HATypallbHOE YHCIIO:

[2(6n+7)+ B10n+12)]:d .

[TonGepém kodpdunmMeHTsl ¢ U A TakK, 4ToOBbI cjaraeMble ¢ N B3aHMHO

YHUYTOKWINCH: HallpuMmep, « =-5, #=3. Torma
a(6n+7)+ A(10n+12)=-5(6n+7)+3(10n +12)=
=-30n-35+30n+36=-35+36=1.

[Tonyunnu, yto —1:d . [To cBOICTBaM AENMMOCTH HAaTypabHBIX uncen d =1,
cnenoarenbHo, HOJ| umcnurens w 3HaMEHaTeNs HCXOAHOM JpoOu paBeH
enunuiie. CienoBareabHO, OHU B3aUMHO MPOCTHI U APOOL HECOKpATUMA.

Ilpumep 4. UWHrepBanbl JBUXKEHUS TOPOJCKHX aBTOOYCOB MO TpEM
MapuipyTam, NpOXOJAlIUM Yepe3 OOIIYyI0 OCTAaHOBKY, COCTABISIIOT 15, 20 u 24
MHHYTBI COOTBETCTBEHHO. CKOJBKO pa3 ¢ 7.5510 17.05 TOro ’ke€ OHS Ha 3TOU
OCTaHOBKE OJIHOBPEMEHHO BCTPEYAIOTCS aBTOOYChI BCEX TPEX MapIIPyTOB, €CIU
OJTHA M3 TAKUX BCTPEY MPOUCXOIUT B 12.357

Pewenue. Ipeanonoxum, B HEKOTOPbIIi MOMEHT BPEMEHH BCE TpU aBTOOYca
BCTPETWJIMCh Ha oOcTaHoBKe. HaiinéM, 4epe3 CKOJIbKO MHHYT OHM BHOBbB
MOBCTPEUAIOTCS. HA O3TOM OCTaHOBKE. OJTO KOJWYECTBO MHUHYT JOJKHO OBITh
HaUMEHBIITUM OOIIMM KpaTHBIM umcen 15, 20 u 24. Tak kak 15=3-5, 20=2%.5,
24=2°.3, T0 HOK(15,20,24) =120.

OtcunThiBasi 3TOT OTPE30K BpeMEeHU OT 12.35, HAXOIUM BCE€ MOMEHTHI
BCTpEY, MOMNAJAOIINE B 3aJaHHBIM BPEMEHHOW HWHTEpBAI C 7.551m0 17.05 —
8.35,10.35,12.35,14.35,16.35 — BCErO S pas.

Omeem: 5 pas.

Ipumep 5. Jlokaszats, uto HO/(bc,ac,ab) neaurcs na HOJ(a,b,c).



Pewenue. Iycts d = HOJ(bc,ac,ab), d, = HO/(a,b,c).
Torma a=d,-a,b=d,-b,c=4d,-c,. Orcrona nonyyaem:
bc=d,-b-d;-c :dlz ‘b-c,ac=d;-a-d ¢ :d12 -a-¢,bc=d,-b-d; ¢ :d12 ‘b -c.
Takum oOpazom, d? ecTh oOmmil AemuTens 4yucen bc,ac,ab, modTomy d
JenuTCs Ha d, .

Hpumep 6. Jloxaszats, uto HO/(a,b)= HOZ(5a+3b,13a+8b).

Pewenue. Tlycts d=HO/(a,b). Ilo onpenencHuio HauOGONBIIETO OOIIETO
nenuTens, aub gensrcs Ha d, npudyéM d AenUTCs Ha 000N OOUIUI JeIUTelNb
stux uncen. Ilycrs d, = HO/(5a+3b,13a+8b), TO ecTh 5a+3b ul3a+8b aenATcs Ha
d,, npuuém d, AenuTcs Ha 000N OOIINA 1eTUTENb TUX YUCEN.

Ilo cBoiictBaMm nenumocTH, 5a+3b genurcs Ha d, 13a+8b genuTcs Ha d,
clieoBaTeNbHO, d ecTh OOUIMIl JEeTUTeNb 3THX YHCEN U, MO BbIIIECKa3aHHOMY,
d,id (2).

C gpyroii CTOpOHBI, IO cBoiicTBaM aemumoctH a(5a+3b)+ B(13a+8b)
JeIuTCs Ha d, mpu JIFOOBIX LENbIX o U S. Bo3pbMéM cHavana a =-13, 8 =5:

~13(5a+3b)+5(13a+8b):d, <>—65a—39b+65a+40b =h:d, .

Bo3bpmém Tenepp a =8, f=-3:

8(5a+30b)—3(13a+8b):d, < 40a+24b—39a—24b=ad,.

[Tosyunmny, uto d, — oOmuil aemurens uucea aub. Tak kak d = HOA(a,b),
10 did, (2). U3 nemumocrert (1) u (2) cumenyer, uro d,=d (cumraem dud,
HaTypaJbHBIMHU YHUCIIAMU).

3aoauu na ceoiicmea cpasnenuil no Mooy
C nmomMomipI0 CBOMCTB CPAaBHEHUM MOJKHO PELINTH BCE T€ 3aa4yd, KOTOPHIE
OBLITM PAaCcCMOTPEHBI B MPEAbIAYIIEM MyHKTE. Vcmoib3yeM CBOMCTBA CpaBHEHUM
JUIS peleHus mpuMepa 3 U3 3TOro mnyHkra: [lycms ocmamox om Oenenus
HamypanoHo2o yucaia M una 7 pasen 3. Havimu ocmamok om Oenenus Ha T 4ucia
3m* +5m+1.
Pewenue. U3 ycrnosus cieyer, uto yucio m=3(mod7)
Torma
m? =3’ =2(mod7)=3m?=3-2=6=-1(mod 7), 5m=5-3=1(mod 7) =
3m? +5m+1=-1+1+1=1(mod7) '
Omeem: OCTATOK OT AeJeHus yncia 3m° +5m+1 Ha 7 paBeH 1.

Ipumep 1. [loka3zaTh, 4TO uMCIO JeauTcs Oe3 ocTaTka Ha 19 Torma u
TOJBKO TOT/JA, KOTJa YHUCIO €ro AECATKOB, CI0KEHHOE C YABOCHHBIM YHCIIOM
€IMHULI, KpaTHO 19.

Pewenue. Jlro6oe nHaTypanmbHOe uucio N MOXHO MpeNCTaBUTHL B BHUJC
n=a+10b, rme a — YMCJIO eQUHMI], b — YUCIO JecITKOB umciia n. O0o3HaAYNM
yepe3 M uucno necarkoB yncna N, CIOKEHHOE ¢ YABOCHHBIM YHCIIOM €IWUHMIL:
m=b+2a.



10m-n =10(b + 2a)—(a+10b)=10b+20a—a—10b = 19a = 0(mod19) <
< 10m—n = 0(mod19).

U3 moCyIeIHEro CPpaBHERHS MOTydaeM, uTo N =0(mod19) <> 10m =0(mod19).
Tak kak urcna 10 u 19 B3aUMHO IPOCTHIE, TO 10m =0(mod19) < m=0(mod19).
Jlokazanu, 4o n=0(mod19)<> m=0(mod19).

Ipumep 2. 3anumuTe COCTOSIIEE U3 OJHUX AEBATOK HATYpaJIbHOE YHCIIO,
KOTOpOE JeuTcs Ha 17 6e3 ocTaTtka.
Pewenue. Bocrione3zyemcs manon teopemoun depma: eciu p — npocmoe

YUCTO, & — HAMYPALbHOE YUCO, He densujeecs ha p, mo a"* =1(mod p).
BossméM a=10, p—17, nonydnm 10" =1(mod17) <> 10" ~1=0(mod17). To ecthb

quciio 10 -1 menurces Ha 17 0e3 0CTAaTKa U COCTOUT U3 16 NEBSITOK.
Omeem: 9999999999999999 .

Ipumep 3. I'eHepan mocTpousa cojjiaT B KOJOHHY IO 4, HO MPU ITOM
congar MBaHOB ocTasics JUIIHUM. Torja reHepas MoCTPOWI COJIJIAT B KOJIOHHY IO
5. 11 cunoBa MBanoB ocrtancsa jmmHuM. Korga ke m B KOJIOHHE IO 6 lIBaHOB
OKa3aJICs JIMIIHUM, T€HEpaJl MOCYJIWJI €My Hapsll BHE OYEpEeIH, IOCJIE YEro B
KOJIOHHE 1o 7 lIBaHOB Hamiel ceOe MECTO M HUKOIO JIHMIIHEr0 HE OCTaloCh.
CKOJIBKO COJIJIAT MOTJIO OBITh y reHepaa’?

Pewenue. Ilycth X — HaTypajabHOE YUCIIO (BO3MOXHOE KOJIMUYECTBO COJIAT),
YAOBJIIETBOPSIONIEE YCIOBUSIM 3adauu. lToraa mpu AeIeHUU Ha 4, 5 uiam 6 OHO
Ja€T OCTAaTOK 1, a Ha 7 JENUTCS HalEJO. 3allUIlIeM 3TO Ha SI3bIKE CPABHEHHUU U
PEIINM MOJTYYHUBIIYIOCS CUCTEMY:

x=1(mod4),
x =1(mod>5),
x=1mod6),
x=0(mod7).

[lepBBle TPU CPaBHEHMS CHCTEMbI PABHOCUIBLHBI CPaBHEHHIO X =1(mod60),
Tak KaKk 60 = HOK(4,5,6). Torma BMECTO UCXOIHOM CHCTEMBI PEIMM PABHOCHIIBLHYIO

€l CUCTEMY:
x =1(mod 60),
x =0(mod 7).
3anumeM TNEpBOE CpPaBHEHUME JTOM CHUCTEMbl B BHJIE PaBEHCTBA
X=60y+1, yeZ 1 IOACTaBUM BO BTOPOC CPAaBHCHHUEC:
60y +1=0(mod7) < 60y = -1(mod7) < 4y = 6(mod 7) < 2y =3(mod 7) <
< 2y=3+7(mod7) <2y =10(mod7) <y =5(mod7) < y =Tt +5,t € Z.
[ToxcraBum MONMy4YeHHOE 3HAYEHHUE Y B BBIPAXKEHUE JJIS X !

x=60(7t+5)+1LteZ
x =420t +30Lt e Z.

Hrak, BO3MOXXHOE YHCIIO COJAAT y TEeHEpana — 3TO HATYPAJIbHOE YMCIIO,
KOTOpO€ Tipu JesieHnn Ha 420 maér ocratok 301. HammeHsblliee u3 Takux 4ucel

ecThb uncio 301.
Omeem: 301.



OO6oOmeHneM 3TOW 3aJadyd  MOXKET CIYXUTh ciuenyromas: Hatimu
Hamypaivhvle Yucia, oarwue npu oerewuu Ha 2, 3, 4, 5 u 6 ocmamok 1 u,

Kpome moeo, denswjuecs Ha 1. (Pewuums camocmosamensho).

IIpumep 4. Haiitu octatok ot nenenus 3°' + 7% Ha 25.

Pewenue. Vicnons3yeM CBOWCTBa CpaBHEHHI M TeopeMy Oiliiepa. Tak Kak
yucna 3 ¥ 25 W uyucia 7 W 25 B3aMMHO IIPOCTBIE, TO MO Teopeme OJiliiepa
3 =1(mod25) m 7°® =1(mod25). Tak Kak @(25)=g(5?)=5"(5-1)=20, TO
3 =1(mod 25) u 7*° =1(mod 25).

PaznenuM  crenmeHM TpPOMKM M € OCTaTKOM
81=20-4+1,164=20-8+4, Toraa

3% = (32°) . 3(mod 25) = 3(mod 25),
7% = (72°f . 7*(mod 25) = (72  (mod 25) = 49 = (-1’ =1(mod 25).
ITo cBoiicTBam cpaBHeHMH, 3 +7'**=3+1=4(mod25). CienoBarenbHO, PU

JIeJICHUU Ha 25 MCXO/HAasi CymMMa JaéT OCTaTOK 4.
Omeem: 4.

cemépkn Ha  20:

Ipumep 5. IIpoBepuTh NPaBUIBHOCTH BBINOJHEHUS JIEUCTBUM, UCIIOJIb3Ys
CBOWCTBA CpaBHEHUN 8740297 —561245 =8179052 .

Pewenue. IIpoBepKy BBIIIOJIHUM O MOAYJIIO 9 U 11:

8740297 =8+7+4+0+2+9+7=37=1(mod9)
561245=5+6+1+2+4+5=23=2(mod9)
8179052 =8+1+7+9+0+5+2=32=5mod9)

Tak kak 1-5=-4= 5(mod 9), TO CpaBHCHHUEC IIOATBEPKIAACT MPaBHUIbHOCTh

BBITTOJIHCHUS JCHCTBUH, HO HE TapaHTUpyeT (BO3MOXKHA OIIMOKAa Ha YHCIIO,
KpaTHoe 9).

[TpoBepsiem o moxysiro 11:

8740297 =7+2+4+8—(9+0+7)=21-16=>5(mod11)
561245=5+2+6—(4+1+5)=13-10 = 3(mod11)
8179052=2+0+7+8—(5+9+1)=17 —15=2(mod11)

Tak kak 5-3=2=2(mod1l), TO CpaBHEHHE MOATBEPKIAET MPABMILHOCTD
BhITIOTHEHU JedcTBuil. (Ha camom nerne, 1 B 3TOM ciiydae BO3MOXHA OIMOKa Ha
YHUCIO0, KpaTHOE 9-11=99, HO BEpOSITHOCTh TAKOW OMIMOKH YK€ HUYTOKHO MaJa).

3aganus 1JIs CAMOCTOATEILHOM Pa0d0ThI K MPAKTHYECKOMY 3aHATHIO 3

3aoauu na HO/[ u HOK

1. Peminth B HaTypaJIbHBIX YKCIAX CUCTEMbl YPABHEHMIA:



_ )= _
1){ﬁ531_130’— 2| x 11 {xy_8400>

= — =T H ,Y)=20;
X, y)=30; y o7 O/4(x,y)=20
X 5
—== =20
4) y 9’ 5){)()/ 1 _
Yo(x.y)=28 HOK(x, y)=10.
2. Ilycte a,m,ne N,a>1. Jloka3aTp, 4TO:
HOﬂ(aa _11,a—1]= HOZ(m,a-1)

3. Jloxasats, uto ecu HOZ(a,a+5)=HOZ(b,b+5), a,beN, 10 a=bh.

4. Tlyctb a,b,ce N. Bo3moxkHo 11, uTo661 HOK(a,b)= HOK(a+¢,b+c)?

5. CymiecTByloT i Takue yucia a,be N, 4ToObl ApoOu %,%ﬂ,z—ﬁ BCE
ObUIM HECOKPATUMBI?

6. Halimure Bce mapbl B3aMMHO MPOCTBIX YHCEN aub, IS KOTOPBIX
BBIIIOJIHEHO PABEHCTBO:

a+b 3
a’+ab+b? 13’
7. Ilycth a,k e N, mpuyéM a — 4€THOE 4nCIO. JJoKaxuTe, 4To:
HOZ(a+1,a* +1)=1.

8. Jlokazatb, 4YTO MNpH BCEX ULENbIX Kk BBIIOIHACTCS PABEHCTBO

HOZ(2k +1,9k +4)=1.

9. HaiiTn HanOonpIInii OOIINNI IEIUTENh uhce 11111111 u 11...111.
100 pas

10. JIoka3aTh, 4TO IPU BCEX HATYypaJIbHBIX K BBIMOJHIETCS PaBEHCTBO:
HOK(k? + 6k +9, k +4)=k® +10k? + 33k +36 .

11. Ilyctb 4 — COBOKYIHOCTB pPa3jIMYHbIX HATYypaJbHbIX yucen. KomnuecTBo
yucenl B 4 Oonbiie ceMu. HauMmeHnbiniee olliee KpaTHOE BCEX YUCET U3 A PaBHO
210. Jlns moObIX ABYX 4YHCEN U3 A HUX HAUOONBIIMN OOIMM JeNuTeNb OOJIbIIe
enuuuilpl. [IpousBenenue Bcex uncen U3 4 naenutTcsa Ha 1920 U HeE SBISIETCA
KBaJIpaTOB HUKAKOIO 1[EJI0ro uncia. Halaure yucmia, u3 KOTOPhIX COCTOUT A .

12. Haiitu:

a) HOZ(2n+3,n+7);

0) x0T OBl OJHO HATypaJIbHOE YHUCIO N TaKoe, YTO KaXJ0€ M3 YHUCE
n,n+1Ln+2,...n+20 uMeeT ¢ ynciaoM 30030 oOIIHIl IeTUTEND, OONBIINI € TUHHUIIBI.

3aoauu na ceoiicmea cpasnenuil o MoOyIo

1. Jloka3atb, 4TO YKMCIIO 2222°°°°+5555°°* nenmuTcs Ha 7.

2. Haiit octaTok oT aeenns uncia 10° +10 +..+10°" na 7.

3. MoxHo 1 yuciao 2006 mOpeACTaBUTh KAaK pPa3HOCTh KBaJpaTOB JBYX
HATypaJbHbIX YUCeNn?



. Haiitm Bce Hat BbHBIC YKCJIa N >1, IJI1 KOTOPBIX N° —3 OCJIATCS HA N—
4. Ha C€ HaTypal € yuciia n>1, KOTO _311e csa Ha n-—1

5. Jloka3atp, 94TO JyIs JTF0OOT0 HATYPAJILHOTO N YHCIIO Nn°+2n JEIUTCS Ha 3.
6. Jloka3atb, 94TO JUIs JTIOOOTO HATYPAJTLHOTO N YHCIIO N°+4n JIEIUTCS Ha 5.
7. Jlokasatb, 4TO JJIA JTFOOOT0 HATYPAIBHOT'O N YHCIO n°+1 HE JISIUTCS Ha

8. Jlokaszath, YTO JUIS JIFOOOTO YETHOIO HATYPAJIBHOTO N YHCIO n°—4n
JEIUTCS Ha 48.

9. Jlokazarb, 4rOo s JO0Or0 HEYETHOIO HATypaJbHOTO N  YHCIIO
n® —n*—n?+1 geaurcs Ha 128.

10. Jloka3atp, 4TO MpH JIFOOBIX IENBIX au b 49ucio a’+9ab+b* menures Ha
11.

11. JokazaTh, 4To unciao 3°*+5°"°" neaurcs Ha 13.

12. Jloka3atk, 4to unciio 21'° -1 geautcs Ha 2200.

13. HarypanbHple uncia a,b,c, B3AThIe B yKa3aHHOM MOpsJIKE, 00pa3yroT
BO3PACTAIOIIYI0 T€OMETPUUECKYIO MPOTPECCUI0, 3HAMEHATEIh KOTOPOH SIBIISIETCS
neasiM  yuciaoM. Ywumcna 2240 wu 4312 nensarcd 0e3 ocTtaTka Ha buc
COOTBETCTBEHHO. HanTm wymcna a,b,c, €CnM M3BECTHO, YTO MNPH YKa3aHHBIX
YCJIOBUSIX CyMMa a-+b+C¢ MakcuMalibHa.

14. JlokazaTb, 4YTO HET TaKOro 4YHClIa B IIOCJEIOBATEIbHOCTHU
11,111,1111,11111,..., KOTOPOE SIBJISIIOCH OBl KBaJApaToOM LICJI0r0 4rcia.

15. Jlokaszarb, 4TO uuciaa 16,1156,111556,11115556,..., SBISIOTCS MHOJIHBIMU
KBaJ[paTaMH.

16. JlokazaTb, 4TO Pa3HOCTh MEXKIAY TPEX3HAYHBIM YKCJIOM W YHCIIOM,
3alMCaHHBIM TEMHU XK€ IHu(pamMu, HO B OOpaTHOM TMOpsAKe, JUOO paBHA HYIIIO,
a1u00 HE MOXKET OBITh KBAJPaTOM IIEJI0T0 YHCIIA.

17. Ha nocke HamuMcaHO YHCIIO X. 3a KaXObIM XOJ €ro MOXKHO 3aMCHUTH
a100 Ha YUCIO 2X+4, 1M00 Ha 4uciIo 3x+8, mbo Ha yuciio x*+5x. MoHO u 3a
HECKOJIbKO TaKUX XOJI0B M3 YKCIIa 3 MOIYYUTh Yrciio 2002 ?

18. /Toka3aTp, 4TO CIEAYIOIINE CPABHEHUS SABJISIIOTCS HEBEPHBIMU:

51912 =1964(mod125), 11*" = 6(mod 21), (2m +1)2m+1)=2k(mod6), n,mk eZ.

19. Haittu octarok ot nenenus 3*'+ 7% ma 25.

20. Haiit octatok ot neinenus 125°° +2'*° ga 34.

21. Tloka3zarh, 4TO HATYPAIBHOE YUCIIO, 3AIIUCAHHOE B JECATUYHON CUCTEME
CUMCIIEHHUS, CPAaBHUMO 10 mod9 1 o mod3 ¢ cyMMOil cBOMX LUp.

22. HaiiT ocTaTOK OT JA€JIEHUS HA YUCIIO 37 yucna 4=13"°—-2%.5',

23. HaiiTu ocTaToOK OT JeJIEeHUs unciia 48", neZ* Ha 11.

24. Haiiti ocTaToK OT JejieHus ynciia 20°™°, neZ* Ha 9.

25. Jloka3aTh, 4TO YHMCIO BHAA %ez, €CJIM HM3BECTHO, 4YTO YHCJIIO

M eZ, abeZ.
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26. IIpoBepuTh MPABUIIBHOCTH BBHITOJIHEHUS ACHCTBHIA (C MOMOIIBI0 9 1 11):

2504+ 91382 =116423



4371-1243 =5433153

4237 -27925 =118275855

421767 :3429 =123

5839131309: 67377 = 85847

1965° = 3761225

19897 + 20315 =10364211

27. Haiitu Bce umncia Buja 13xy45z , aensiqyuecs Ha 729.

28. Haiitu cmoco® TPOBEPKH «C TOMOIIBI0 JEBATKHY» IPU H3BICUCHHUH
KOpHS JI000# creneHu. HaiiieHHpIM crocoO0M MOKa3aTh OMMOOYHOCTH 3aIUCH

3371293 = 23.

IIpakTH4yeckoe 3ansitue 4
MeToab! pelieHUs1 TUHEHHBIX JUO(PAHTOBbIX YPABHEHHUH € ABYMS
nepeMeHHbIMH
(MMHEeHBIX YPABHEHMH B LEJIbIX YHCJIAX)

1l1aH 3auaTusa
1. JIunelinble OTHOPOAHBIC YpaBHEHUS
2. O0mue TMHEHHBIC YpaBHEHUS

Jlunetinvle 00HOPOOHbIE YDABHEHUS
Ipumep 1. Pemuth 04HOPOAHOE IMHENHOE ypaBHEHNE 80X +126Y = 0.
Pewenue. Paznoxum kodpduimeHTsl a=80u b=126 Ha MOPOCTHIC
MHOKHUTEIIN:
a=80=2"-5Db=126=2-3".7.
Tax xax HOZ(80,126)=2, T0 pa3meauM 00€ 4acTH MCXOIHOIO YPaBHEHHUS Ha

40x +63y =0.

[lepenuiiem mocnenHee ypaBHEHUE B BHAE 40x=-63y M MCIOJIb3YyEM
pasiiokeHue Ko3(UIIMSHTOB Ha IPOCThIC MHOKUTENIHU: 2°-5-x=-3%-7-y.

[To cBoiicTBaM JeNMMMOCTH TpaBasi 4acTh YPaBHEHHS JOJDKHA JICTUTHCS Ha
2°.5=40, npuuém 40 u 3*-7 =63 — B3aMMHO TPOCTHIC YUCJIA, IOITOMY Y TOJDKHA
aenuThesa Ha 40, TO ecTb y =40k, ke Z .

AHaJOTHYHBIC PACCYKJICHUSA MPUMEHUMBI M K IMPaBOM YacTH ypaBHEHUS,
MO3TOMY X=63t,teZ.

Omeem: x=63t,teZ, y=40k, keZ.

Obwue nuHelinble YPagHeHUs:
MOXXHO BBIIETUTh CJEAYIOIIME METOJbl pEeIIeHUS OOUMX JIMHEWHbIX
YPaBHEHHUM.



Memoo noodopa wacmmozo peuieHus coOmeen cmeyruLe20 00HOPOOHO20
ypasénenusn

DTOT METOJI OCHOBAH Ha HUCIOJIb30BAHUHA TEOPEMBI S.

IIpumep 2. OcTaTok OT AECNEHUS HEKOTOPOTO HATypaJbHOTO YHUCia N Ha 6
paBeH 4, OCTATOK OT JieJieHus n Ha 15 paBeH 7. Yemy paBeH OCTaTOK OT JCJICHUS
n Ha 307

Pewenue. 1o ycnoBuio, CylecTBYOT TAKME LEIBIE YACIA X u Y, YTO:

N=6x+4un=15y+7.
VICKIIIOUMM M3 STHX PABEHCTB YUCIIO N 6X+4=15y+7 < 2x-5y=1 (3).
Yro0OBbl pemnTh 3TO ypaBHEHUE, MIPEKIE BCErO, HAWEM KaKOe-HUOYIb €ro
YaCTHOE PELICHUE B ILEJIBIX YMCIAaX. JTO MOXHO CHEJaTh, HAllpUMEpP, METOIOM
noabopa: mycrsb x, =-2,y, =—1. Torma 2-(-2)-5-(-1)=1.
Briutem U3 ypaBHeHHs (3) mocieqHee PaBEHCTBO:

_2:X=5-y
2:(-2)-5-(-1)=1 <2-(x+2)=5(y+1) (4)
2-(x+2)-5(y+1)=0
O6HI€€ PCHICHUC 3TOI'O0 YPAaBHCHUA B LICJIbIX YHCIAX UMCCT B!
X+2=5k, y+=2k, ke Z.

Torpa mig yucia n UMeeM: N=6X+4= 6(5k — 2)+ 4 =30k —8. Tak Kak ocTaTOK

npu JaeineHud Ha 30 JOJDKEH OBITh IOJIOKHUTEIbHBIM YHCIIOM, TO IEPENUILEM
TMOCNENHee paBeHCTBO B Buie: n=30k-8=30(k-1)+22, oTCIOma OCTaTOK OT

nenenus n Ha 30 paBeH 22.
BMecTO BBINOJHEHHS TPeoOpa3oBaHus (4) MOXKHO Cpasy MCIOJIb30BATh

TEOpPEMY 5: YaCTHOE PEIICHUE YpaBHEHUs 2x—5y=1 UMeeT BUA X, =-2,Y,=-1,
Torna oOlee ero pemeHre MOXKHO 3alucaTh Kak Xx=-2-5k, y=-1+2k, keZ.
OTtcroa CHOBA MOJTYyYaeM:
n=6(—2-5k)+4=-30k -8=30-(~k)-8=30(-1—k)+22.
Omeem: 22.

Ipumep 3. Gupma npojaBasia yail B 1ieHTpe ropoaa no 7 pyo., a kode mo
10 py0. 3a cTakaH; Ha BOk3ajge — 1o 4 py0. u 9 pyO. coorBeTcTBeHHO. Beero
OBLIIO MPOAAHO 3a yac 20 cTakaHOB 4ast U 20 CTakaHOB Ko(e, MpU 3TOM BBIPYUKa B
LEHTPE M Ha BOK3aJleé OKa3aiach OJWHAKOBOM. CKOJIBKO CTakaHOB Koge ObLIo
MPOJaHO B IIEHTpe?

[IycTh Xuy — COOTBETCTBEHHO KOJHMYECTBO CTaKaHOB dYasi H Kode,
MPOJIaHHBIX B IIEHTpe Tropoaa. Torga KOJWYECTBO CTAaKaHOB Yas U Kode,
OpOJaHHBIX Ha BOK3aje, Oyaer paBHO 20-x u 20-y. [lo cmbicmy 3amaun
IIEPEMEHHBIE X u Y — HEOTPHULATEIbHBIE LIEIbIE YHUCIIA, HE MpeBocxoadne 20.

OOmast BeIpyyka B IIeHTpe paBHa 7x+10y(py0.), a Ha BoK3ale —
4(20-x)+9(20—y) (py0.) Ilo ycnoBuio 33124y 5TH BEIMYMHBI PABHEL

7x+10y = 4(20—x)+9(20 - y) < 7x+10y + 4x + 9y =80 +180 <> 11x +19y = 260.



Haitpem 4actHOoe pemieHne ypaBHEeHHMs  11x+19y =260, Hampumep,
X, =15, Yy, =5.

Tax kak uncnall u 19 B3aMMHO MPOCTHIE, TO IO TeopeMe S5, ob1iee peieHne
ypaBHEHHsI 11x+19y =260 3anuiiercs B BUIe: Xx=15+19n, y=5-1In,neZ. Ilo
YCJIOBHIO YMCIIA X u Y — HEOTPULATENIbHBIE LEJIbIE YUCa, He ITpeBocxoasume 20,
OTKYJla OYE€BUIHO, YTO N MOKET OBITh PABHO TOJBKO HYJIIO, CJIEIOBATENBHO, Y =5.

Omeem. B nienTpe ropoaa ObUIO IPOJAaHO 5 cTakaHOB Kode.

Memoo pewtenus omnocumenbHo 0OHOU NePeMeHHOU
IIpumep 4. PemuTh B 1ebIX Yncaax ypaBHeHHE 5x+19y =111. Halitu ogHO
YaCTHOE PEIICHUE ITOTO YPABHEHUS.

Pewenue. bynem pemarb HMCXOOHOE YPAaBHEHUE OTHOCUTEIBHO TOU
MEPEMEHHOM, KOTOpasi UMEET MEHBIIIHUK 110 MOJTYJIIO KOA(PhHUIIUEHT:
111-19
Bx+19y =111 x = ==Y
[TonctaBuM B TMOJYYEHHOE BBIPAXKEHHE [ IEPEMEHHOM X BMECTO
MIEPEMEHHON y TOOYEPENHO 3HAUYECHUSA, KOTOPHIE MOXKET MPUHUMATH OCTATOK OT
JEJICHUA 1€JI0r0 YKucia Ha 5, TO €CTh, uncia 01,23 u 4.

111-19.0 111
X="—"" —=""¢Z;

5 5
111-19-1 92 _.
X=" " "=""gZ;

5 5
111-19-2 73 _
X="—"""="¢Z,

5 5
111-19-3 54 _.
X=""""=""¢Z;

5 )
‘= 111-19-4 35 _
5 5
Takum 00pazoM, x,=7, Y, =4 — YaCTHOE PEIICHHUE UCXOJHOTO YpPaBHEHUS.

Torma oO1ee peuieHue npuMeT BUA: X=7+19n, y=4-5n, neZ.

TeZ.

Yuueepcanvnurit memoo (ucnonvzoeanue ancopumma Eexnuoa)
IIpumep S. PemuTh B LenbIX 4ncnax ypaBHeHHE 89x —137y =1520.

Pewenue. OueBUgHO, YTO TIEPBBIE JIBa METOJa B JAHHOM CJIy4ae
WCIIOJB30BaTh 3aTPYAHUTEIIBHO W3-3a OoybIuX Kod(hduimentoB. I[loatomy

HCIIOIb3yEM PACIIMPEHHBIM anroputm EBkinuaa u Bepasum HO/(89,137)=1 uepes
camu Kod(urmeHTsl a =89 u b =137, TO €CTh HaAlUAEM Takue LETbIe Yncaa U u vV,
yTOOBI 89U +137v=au+bv=1:

137=89-1+48=48=137-89=b-a,

89=48-1+41 = 41=89-48=a-48,

48=41-1+7 = T7=48-41,

41=7-5+6 = 6=41-7-5

7=6-1+1 = 1=7-6,

6=6-1+0

Torma mist OCIEA0BATENBHOCTHA OCTATKOB MOJYYUM:



41=a-48=a—(b—a)=2a-b,
7=48-41=(b—a)-(2a—b)=—3a+2b,
6=41-7-5=(2a-b)—(-3a+2b)-5=17a—11b,
1=7-6=(-3a+2b)-(17a-11b)=-20a+13b  =u=-20,v=13.
Urak, momyumnd, 49to  89-(-20)+137-13=1<>89-(-20)-137-(-13)=1,
YMHOKHM 00€ 4acTh 3TOr0 paBeHCcTBa Ha 1520
89-(~20)-1520 —137 - (—13)-1520 = 1520 <> 89 - (— 30400) 137 - (- 19760) = 1520.
CrenoBaTeibHO, X, =—30400, y, =-19760 — dYacTHOE pemICHHE HCXOTHOI'O

YPaBHEHHS. Torna ero oO1iee pelieHue MIPUMET BUI:
X =-30400-137n, y =-19750+89n, ne Z.

IMpumep 6. TéMma cueman HECKOJBKO MEJKHMX IOKYNOK B CYNEPMapKeTe,
uMes mpu cebe 100 pyOnei. JlaBas cmauy ¢ 3TOM CyMMBbI, KacCup OHIMOJIACH,
nepenyTraB MecTaMd LHUQPbI, W BbILIATWIA PYyOJIIMH TO, 4YTO JOJDKHA ObLia
BEpHYTh KONEHKaMH, MU, HA0OOpOT, KOMEWKaMU TO, YTO I0JIArajoch BEPHYTH
pyonsimu. Kynus B antexke Habop mumneTok 3a 1 py0. 40 kor., Tema oOHapyx uil
OIIMOKY Kaccupa u, MepPecuuTaB JCHBI'H, HAIIEN, YTO OCTABIIASCS y HEr0 CyMma
BTPOE MPEBBINIAECT Ty, KOTOPYIO €MY JOJKHBI OBLJIM BEPHYTh B CyINEepMapKeTe.
KaxoBa ctoumocTth Bcex MOKynok Tembi?

Pewenue. Ilycth mpaBuiIbHAS claya paBHa X pyO. M y KOII., TO €CTh 100X + y
(xor.). PeambHO Kaccup BBIIUIATHIA CYMMY Yy PyO. B X KOIL, TO €CTh 100y + X
(kom.). Ilocne mokymku mumnerok y Tembl octanoch 100y+x-140 (kom). Ilo
YCIIOBUIO 3Ta CyMMa B TpuU pasza Oosibiie, yeM 100x+y. DTO JaeT CleAyrolee
ypaBHEHUE JJIT HEU3BECTHBIX X U Y !

100y + x —140 = 3(100x + y) <> —299x + 97y =140 (5).

ITocKOJIbKY YHCIIO KOTIEEK HEe MOXKET OBITh O0JIbIIe, 4eM 99, To 1< X,y <99.

Vcnonb3yeM ajis pelieHus ypaBHeHus (5) YHUBEPCAIbHBIA METOJ| PEIEHHS
(pacumpeHHblii  anroputM  EBkimmma).  Beipasum  HOJ(299,97)=1  uepes
K03 bunmeHTs a=299 u b=97, TO €CTh HaWAEM TaKHE IICNIBIC YUCIIA U u V, YTOOBI

299u+97v=au+bv=1:
299=97-3+8=8=299-97-3=a-3b,
97=8-12+1 = 1=97-8-12=b—(a—3b)-12=37b -12a,
8=8-1+0

Torma momyuum: -12a+37b=1¢>-12-299+37-97 =1<>12.-(~299)+37-97 =1,
YMHOHMM 00€ 4acTu 3TOTO paBeHCTBa Ha 140:
—299-12-140+97-37-140 =140 < —299-1680 + 97 - 5180 =140.
CrnenoBarenbHo, X, =1680, y,=5180 — 4YacCTHOE pEUIEHUE HCXOTHOTO

ypaBHEHUSI. Torna ero oO1iee pelieHue pUMeT BU/I:
x=1680+97n, y =5180+299n, ne Z.

VYenoBus 1< x,y <99, ne Z MO3BOJIAKOT HANTU 3HAYECHHUE NTapaMeTpa N



1679 _ _ 1581

1<1680+97n<99, . [-1679<97n<-158L _ | o7 ~ '~ 97 '
1<5180+299n <99 —5179 <£299n < -5081 B 5179 <n<- 5081
299 299
—173—3£n£—16§,
g & n=-17.
—17ﬁ3ns—16&
299 299

Torga x=1680+97-(-17)=31, y =5180+299-(-17)=97.

To ecTp mnpaBwiIbHas clada JO0JDKHAa CoCTaBUTh 31 py0. 97 Kom., a
CTOMMOCTb BCeX MOKYNOK TEMbI, COOTBETCTBEHHO paBHa 100 —31,97 = 69,43 (pyO.).

Omeem: 69 py0. 43 KorI.

Memoo pasznoscenus 6 KOHEUHYI0 UEnHYI0 OPOOb
IIpumep 7. PemuTh B LENIBIX YUCIIAX YPaBHEHHE 142X +82y =6.

Pewenue. HOﬂ(142,82)= 2, 6:2, CIIeIOBATEIBLHO, YPABHCHUE UMEET PEIICHUE.
Paznenum o6e yacTh ypaBHEHMs Ha UX OOIIMM JEIUTENb, TOJIYYUM PAaBHOCUIIBHOE

ypaBHeHHE 71x+4ly =3. Pasnoxum % B LIEMHYI JpOOH: Z—1=[1;1,2,1,2,1,2] u

BBIYUCIIUM BCE MOJXOJSIINE APOOU:
Rh_1R_2PF S5k _7P_19FK 20K 71

Q 1'Q 1'Q, 3'Q 4'Q 11'Q, 15'Q, 4L

Ha ocHOBaHMU CBOWCTB MOAXOAAIIUX IpOOCi

P, Q -P-Q,=(-1 k=6P,=71,P,=26,Q,=41,Q, =15=
= 26-41-71-15=(-1)° = 71-(-15)+ 41-26 =1.

VYMHOXHUM 00€ 4acTu IMOCJICAHCTO PABCHCTBA Ha 3.
71-(~45)+41-78 =3=> x, = —45,y, = 78 —4aCTHOE pEIIECHNE YPABHEHUS 71X + 41y =3.

Torma Bce peneHns 3TOro ypaBHEHU UMEIOT BUA:

X=—45+41t,y=78—71t,t e Z umm
X=—4+4lt,y=7-Tit,teZ.
Omeem: x=—-4+41t,y=7-Tlt,teZ.

IIpumep 8. TpaHCOPTHOW KOMIAHWW, HMMEIOIIEW TIPY30BbIE MAIIWHBI
rpy30NO0ABEMHOCTRIO 35 U 45 T, NPEII0KEHO nepeBe3Th 53 T rpysa. CKOJIbKO
MalllMH TOr0 W JPYroro THUIIA JOOJDKEH BBIACIWTH IHUCIETYEP KOMIIAHUH IS
IIEPEBO3KA  YKA3aHHOIO TIpy3a OAHUM pPEUCOM IIPU  YCIOBHHU  IIOJHOTO
VICITOJIB30BAHUS I'PY30II0AbEMHOCTH BCEX BBIICJIEHHBIX MAILINH?

Pewenue. 1lycTtp X — 4MCIIO BBIJICIIEHHBIX MALIWH I'PY30HOABEMHOCTBIO 3,5
T, Y — YHCJIO BBIJICJICHHBIX MAIIMH TPY30MOIBLEMHOCTHIO 4,5 T. UTOOBI BHIMOJHUTH
YCJIOBHEC 3aJ1a4i, HY’KHO pCIIUTh YpaBHECHUE 35X +4,5y =53, X,y >0.

3aMeHuM JaHHOC YPAaBHCHHUC PABHOCUJIBHBIM YPAaBHCHHCM C ICJIbIMU
koddpurmenTamu:
35x + 45y =530, HO//(35,45)=5, 530:5=106.



Paznenum 06e wacTu ypaBHEHHUS Ha WX OOIMMNA AENTUTENh 5, TOIYYUM

7:@1&ﬂ

PaBHOCUIIBHOE YpaBHEHUE 7x+9y =106. Pa3noxum % B LICTIHYIO JPOOK: 9

Y BBIYHMCIIUM BCE MOIXOSIIUE APOOH:

R _0RKR_1LP
Q 1'Q 1'Q 4'Q

Ha ocHoBaHuu CBOMCTB NOAXOASIIUX APOOEi

P Qe — R Quy =(_1)k; k=3,P=7P,=30Q,=90Q,=4=
=3.9-4.7=(-1 <7-4-9-3=1.
YMHOXHUM 00€ 9acTH MOCIEAHETO paBeHCTBA Ha 106:
7-(4-106)+9-(~3-106) =106 = X, = 424, y, = 318 —4aCTHOE pEIICHHE YPABHEHUSI
7x+9y =106.

Toraa Bce pelieHus 3TOro ypaBHEHU UMEIOT BUI:

x=424+0t,y=-318-Tt,teZ.

_1R_3h_7
1’ 9’

t2—471,

424+9t >0, 3

YuréMm, 4to X,y >0:{-318-7t>0, <<t <-45=,.
teZ tez 7

LlenpiMu peleHus MU CUCTEMBI OyayT t, =-46,t,=-47. Ecnu t =-46, TO
X, =10y, =4; eciu t,=-47, 10 X, =1y, =11.

Omeem.: MallvHbl MOXHO BBIIETUTh JABYMs crnocodbamu: 10 MamuH
rpy30HO0ABEMHOCTBIO 3,5 T, 4 MAallIMHBI I'PY30MOABEMHOCTBIO 4,5 T WM 1 MallluHA

rpy30M0ABEMHOCTBIO 3,5 T, 11 MalIMH I'PY30II0AbEMHOCTBIO 4,5 T.

3aganus 11 CAMOCTOSATEJILHOM Pa0d0ThI K MPAKTHYECKOMY 3aHATHIO 4

1. Kakoe HauOosblliee YUCIO OJUHAKOBBIX MOJAPKOB MOXHO COCTABUTH U3
48 koHper «Jlactouka» u 36 koHpeT «benouykay, eciu HaIO UCMOJB30BATH BCE
KoH(]eThI? CKoJIBKO KOH(DET KaXX0T0 copTa OyJeT B OJHOM Toaapke?

2. JIns moe3nku 3a TOpoJ paOOTHHKAM 3aBOjAa OBLJIO BBIIEIECHO HECKOJIBKO
aBTOOYCOB, C OJIMHAKOBBIM YHCJIOM MECT B KaXJIOM aBTOOyce; 424 YelioBEKa
noexainu B Jiec, 477 yeaoBeKk — Ha 03epo. Bce mecTa B aBTOOycax ObUIM 3aHSTHI, U
HU OJTHOTO Y€JIOBEKA HE ocTalioch 0e3 MecTta. CKOJIbKO aBTOOYCOB OBLIO BBIACICHO
U CKOJIBKO MacCCaXUPOB OBbLIO B KaXJ0M aBTOOyce?

3. Ilar Bomomu 75 cm, a mar Katm — 60 cM. Ha kakoM HauMeHBIIEM
PACCTOSIHMM OHU 00a CIIEaroT 10 1eJIOMY YUCITY IIaroB?

4. B Benocuriesie Beayias MecTepHs UMeeT 44 3y01ia, a Beomasi IeCTepHs
umeer 20 3yOmoB. OmnpenenuTe HaMMEHbIIIEEe YUCIO 000POTOB, KOTOPOE CHAEaeT
BEIyIlIasi IIEeCTePHS, YTOOBI IIECTEPHH 3aHSIM TIEPBOHAYAIBHOE IOJIOKEHHE.
CxoyibKO 000pPOTOB 32 3TO BpeMs cJliejlaeT BeJoMasi IecTepHs?

5. Ha copeBHOBaHUSX 10 HACTOJIBHOMY TEHHHUCY Y4YacTBOBAJIU PAaBHBIE 11O
COCTaBY KOMaH/Ibl, Bcero 145 ManbuukoB U 87 JeBouek. Bo Bcex komaHaax ObLIO



OJNHAKOBOC 4YHCJIO0 MaJIbUUMKOB N OAMHAKOBOE€ YHCJIIO ACBOYCK. CKoOJIBKO KOMaH[
Y4aCTBOBAJIO B COpeBHOBaHI/I}IX? CKOJIBKO MaJIbYMKOB U CKOJIBKO AJC€BOYECK ObBLIO B
KaXnoul komaujae?

6. Ha ro0wreri 57 mkonel MockoBckuii MoHeTHBIH J[BOp BBINTYCTHI IOOMIICHHBIC
MOHETBI JOCTOMHCTBOM B 57 Komeek. A Ha o0miei 239 IKOIbI MOHETHI JOCTOMHCTBOM B 239
koreek Boimyctrsl Cankt-IlerepOyprcekuii Monetnbiit JIBop. UToObl HUKOMY HE OBLIIO OOHIHO,
KOJIMYECTBO JICHET, BBIMYIICHHBIX 00a pa3a, 0buto oanHakoBo. Cmoryt su Oner u 36 ero apysei
pa3eNuTh BCE BBIMYIICHHBIE MOHETHI TaK, YTOOBI K&KJOMY JOCTAIOCh OJMHAKOBOE KOJUYECTBO
MOHET?

7. merotcst KOHTEWHEpHl ABYX BUIOB: MO 130 M 160 kr. CKOJBKO HY>KHO

KOHTGﬁHCpOB IICPpBOIr0 U BTOPOro BHAOB, C€CJIM OHHU BMCCTC BCCAT 3 TOHHBI?

VYkaxure Bce PCIICHUA

8. Pemuts B LCIbIX YUCIAX CICAYIOINC YPABHCHHUA!

1)143x +169y =5;
3) 275x + 145y =10;
5)1256x+847y =119;
7)2x+5y =T,
9)23x +49y =53;
11)12x+ 7y =41,
13)35x —37y =12;
15)7x-12y =15;
17)8x—-13y =63;
19)39x — 22y =10;
21)122x+129y = 2;
23)3x+4y =13,
25)45x — 37y = 25;
27)81x —48y = 33;
29) 70x+ 33y =1;

2)237x+44y =1,
4)439x +118y =3;
6)3x+8y =5;
8)42x+ 31y = 67,;
10)5x + 28y =59;
12)9x+17y =105;
14)4x-14y =T,
16)12x -7y = 29;
18) 7x—-19y =23;
20)43x+37y =21;
22)258x —172y =56;
24)26x + 34y =13;
26)17x—25y =117;
28)53x+47y =11,
30)60x —91y = 2.

9. [Ins mepeBo3KU 3epHA UMEIOTCS MEIIKU 1o 60 U 80 Kr. CKOJIBKO HYXKHO
T€X U APYTUX MEUIKOB JIJIsl IEPEBO3KH 44 KT 3epHa’?

10. TpeOyeTcss HallTH NBa HAaTypalbHBIX YHWCIA, KaXI0€ U3 KOTOPHIX HE
npesbimiaer 200, npuUYE€M TAKUX, YTO pPa3HOCTh MEXIy HHUMU paBHa 11,
YMEHBIIaEMOE KpaTHO 9, a BEBIYUTAEMOE KpaTHO 17 .

11. Ckonpko motpelyeTrcss cocyqoB mo 05 u 0,8 a1 juis pa3iuBa 12 1
YKUJKOCTH TakK, YTOOBI BCE B3AThIC COCYAbl ObLIN HATIOJIHEHBI?

12. Ins npoBenenus sctadersl o Oery Tpedyercs pa3ienuTh IUCTaHLIUIO B
6,7 KM Ha YYaCTKH JUIMHOW 1O 175 M JJis keHIMH 1 o 300 M st Mmyx4uH. W13
CKOJIBKMX CIOPTCMEHOB, KaK MYKXYMWH, TaK M JKCHIIWH, JIOJDKHBI COCTOSTH

KOMaH/Ibl, Y9acTBYIOIIHE B 3cTadere?
7-11x

13. Halitu Bce 1elnble 4nciia, Takue, 4To Apooh OblJIa paBHA IIEIIOMY

TMOJIOKUTEIIBHOMY YHCITY, TAIOIIEMY MPHU JICJIEHUHA HA 4 OCTaToOK 3.

14. Pazmoxxute umciio 150 Ha JBa MOJOKHUTEIBHBIX CJaraeMbIX, OJHO M3
KOTOPBIX KpaTHO 11, a BTOpoe — 17.

15. Haiftu oOmiuii Buj 4rce, KpaTHBIX 8, KOTOpbIE MPH JeJICHUU Ha 5 AaioT
B OCTAaTKE 3.



Tema 3. PaniuoHa/ibHbIe, MPPALMOHAJIbHBIE, 1eHCTBUTEIbHbIE YHCIIA

ITman
1. [Tonsarue apudpmernueckoit Apoou. Knaccudukarus apooeil.
2. [IpaBuno mepeBoja NEPUOJUYECKON  JIECATUYHOM  JpoOu B
O0OBIKHOBEHHYO JIPOOb.
3. WppanroHanbHbie U JEHCTBUTENbHBIE YHCTIA.

Touamue apugpmemuuecxoti opoou. Knaccugurayus opooetl
Apugpmemuuecxas (006vikHOBeHHAsL) OpoOL — ITO YHUCIO, COCTABICHHOE W3
LIeJIOr0 Yucia aosied eauHulbl. J[pobb m3o0paxkaercs CUMBOJIIOM pP/(, rae P —

yycaumens ApOOH, OH MOKA3bIBAET YUCIO B3STHIX JOJIEW €IMHUIIBI U JCIUTCA Ha
CTOJIBKO JT0JIeH, CKOJIbKO MOKA3bIBACT (3HAMEHYET) 3Hamenamens (. JJpoOb MOKHO

paccMaTpuBaTh KaK 4aCTHOE OT JEJECHHUs OJHOTO (LIEJIor0) Ymcia [ Ha JAPYyroe
(HatypaybHOE) (.

OObIKHOBEHHAs APOOb P/ HA3BIBACTCS NPABUILHOU, €CITU €€ YUCIUTEINb T10
MOJYJII0O MEHbIIE 3HaMeHarTensd, Wiu p/q<1, U HenpasuibHoli B TPOTUBHOM

ciayuyae. HenpaBumnbHast 1poOb MOXET ObITh MPEACTaBICHA B BUJE CYMMBI 1I€JIOTO
Yyucia U TpaBWIbHOU IpoOu (cmewannas npoos).
OOBIKHOBEHHYIO JIp0Ob HA3BIBAIOT COKPAMUMOU, €CIIA CYIIECTBYET TAKOE

p nm
OTJIMYHOE OT EIMHMIBI HATypaJIbHOE YUCIO N, 4YTO —=W,(mez,k eN), u

HecoKpamumoi, eCiu ‘p‘ U ( — B3aMMHO MPOCTHIE YHCIIA.

JIBe npoOM HA3bIBAIOT pABHbLIMU, €CIU WX HECOKPATUMBbIE MPEICTABICHUS
coBnagator. CreacTBUe: NMPU YMHOXXEHUW YHUCIWTENIS W 3HAMEHATeNsl JIpoOu
OJIHOBPEMEHHO Ha OJTHO U TO K€ YUCJIO MOJIydaeTcs ApoOb, paBHAS TAHHOM.

Opobu
06bIKHOBEHHbIE I AEeCATUYHbIE
1
| |

|
npaBu/ibHble HenpaBwu/ibHbIe KOHeYHble H6ecKkoHeuHble

COKpaTUMble HecoKpaTUMble nepvogmnyeckne prEE e A I

Hpobbs p/q Ha3bIBaeTcs decamuuHou, eciu €€ 3HaMeHAaTelb (| SBIAETCS
HaTypajdbHOU cteneHsto yucna 10. i aecsaTuaHoN ApoOM MCHOb3YyeTCs 3aluch
a,,a4,..4,..., TAe a, — LeJoe 4ucio, a a,a,,... — LUQPpbl, IPUHUMAIOIINE
sHadenus 0, 1, 2, ..., 9. Jlecaruunasie 1poOu, MMEIONTHE TOCHE 3alATOH KOHEUHOE



YUCJIO HEHYJEBBIX NU(]p, HA3BIBAIOTCS KOHeuHblMU. B TIPOTUBHOM Citydae IpoOb
CUUTAETCSI OECKOHEUHOU.

beckoHeuHple gecaTHYHBIE ApoOM pa30MBAIOTCS Ha JBa  Kiacca:
nepuoouveckue, Koraa, HadMHas ¢ HEKOTOPOTO MOMEHTa, OJIHA W Ta e TpyIa
udp HEOTPAaHWUUEHHO IMOBTOPSIETCS, U Henepuooudeckue, €ClIu He CYIIECTBYET
Takoi  OECKOHEYHO TIOBTOPSIONMICHCS TPymmbl IHQp TOciHe  3amsTOM.
[ToBTOpstonytocst Tpymimy IUdp TOCHe 3amiaTod  Ha3bIBAIOT NepuoooM u
3aKJII04aloT B Kpyriele ckoOku. Ecmm cpemm ay,a,a,,...,a,... HET 4HCEl,
OTJMYHBIX OT HYyJIS, TO TaKO€ YHCIO Ha3bIBAIOT HYJICBOW OECKOHEYHOM
nepuoanveckon apoorto u o6o3Havarot 0,(0).

Omnpenenenue 1. ParimoHambHBIM HA3BIBAETCS YMCIIO, MPEACTABIMOE B BUJC

0OBIKHOBEHHOH npobu p/q, rae peZ,qeN. Tak kak 100yr0 OOBIKHOBEHHYIO

Ipo0b TyTEM COKpAICHUS] MOYKHO TPHBECTH K HECOKPATHMOMY BHIY, TO, Kak
NPaBUJIO, B OIpPEACICHUE pPAIMOHAIBHOTO YHWCIa Cpa3y A00aBISIIOT YCIOBHE
HECOKPATUMOCTH JIPOOH, UTO HE BIMACT HAa CYTh OTPEICICHUS.

Onpenenenue 2. PanmoHanbHbIM HA3bIBAETCS YUCIIO, TPEACTABUMOE B BUJE
JECATUYHON O€CKOHEUHOU MepruoandecKoi 1poou.

IIpasuno nepesoda nepuoouueckoii 0ecamuyHol 0poou 8 0ObIKHOBEHHYIO
0pobb

Teopema 1. UtoObl mepeBecTH MEPUOIUYECKYIO TpPOOb B OOBIKHOBEHHYIO,
HAJ0 W3 YHMCJA, CTOSAMIErO J0 BTOPOTO IMEPUO/A, BBHIYECTh UHMCIIO, CTOSIIECE [0
NEepBOTO MepuoAa, W CcAelaTh 3Ty pPAa3HOCTh YWCIUTENIEM, a B 3HAMEHAaTele
Hanucath 1UGpy 9 CTONBKO pa3, CKOJBbKO LU(]p B mepuoje, U mocie JIEBITOK
JOTIMCATh CTOJIBKO HYJIEH, CKOJIBKO ITU(pP MEXKTY 3alATON U IEPBBIM IIEPHOTIOM.

JIBa palMoHaNIbHBIX uKMcna p,/dq, U p,/d, (P, P, €Z,q,,0, € N) cunraror,

0 OIPEJETICHUI0, PaBHBIMU, €CIU P,q, = P,0,. Yucao p,/q, cauraercst OOIbLIINM
qyuciaa p,/q,,ecau p,g, > p,0,, 1 MEHBIINM 3TOTO YUCIIA, €ClIU P,d, < P,J; -

HUppayuonanvhule u oeticmeumensvhvle yucia

WppanrioHanbHbIM Ha3bIBAE€TCSA YMCIIO, MPEACTABUMOE B BHJIE€ OECKOHEUHOM
JECATUHHON HEMEPUOIUIECKOM IpoOH.

Eciu oO0beanHUTH HEMEpeceKaromuecs MHOXECTBA pPAIlMOHAIBHBIX H
UPPALMOHATIBHBIX YHCEN, TO TMOJYyYEeHHOE OCCKOHEYHOE MHOXKECTBO HA3bIBACTCS
MHOKECTBOM JIEHCTBUTENBHBIX (BEIIECTBEHHBIX) YKceNl. TO eCTh NeUCTBUTEIIbHbBIC
Yycia — JTO YHWCJa, NPEICTaBUMble OECKOHEUHBIMHU JECATUYHBIMHU JIPOOSMHU.
Crporas Teopus J1eHCTBUTEIBHBIX YUCE OblIa MOCTPOEHA MAaTEMAaTUKAMHU JIUIIb B
XIX Beke (bonpuano, Beitepmirpace, Kantop, Jdenekunn u np.). U3 onpenenenus
MHOYKECTBA JICUCTBUTENBbHBIX yucen cienyeT, utTo N cZ cQ c R.

JlBa NEHCTBUTENBHBIX YUCIA @,,3,a,..4,... 1 by,bb,..b ..., rne a, u b, -
nenple uyucia, a a, b, (i=12,...,n,...) — necatuuHble TUQPBI, HA3BIBAIOTCS
paBHBIMH, ecii @, =h, cpa3y npu Bcex K=012,... PaBHbIMU TaKke SBISIOTCS

qucia
a,,8,a,..a,00...(a, #0) u a,,aa,...(a, —1)99...



(3T0 11Beé OSKBHUBAJIEHTHblE (OPMBI MNPEACTABICHHUS OJHOIO U TOTO K€
IDEeHCTBUTETHHOTO YUCTA a,,3,a,..a, ).

['oBOpAT, 4TO M3 ABYX 4YUCEN &,,3a,8,..4,... U b,,bb,..b,... mepBoe OobiIe
BTOPOro, eciu aubo a, >h,, mbo ecimu a, =b,, HO a, >b,, 1mubo ecimu a, =h,,
>Db,,,. /JBa
NEUCTBUTEIBHBIX — YUCIA &8y, 8,8,..8,... H —a,,aa,.4a,... Ha3bBaAITCA

a,=b, ..., a,=b, (mn1 HekoTOporo HarypajabHOro N), HO a

n+1

MPOTUBOIOJOXKHBIMU 4YKClIaMd. JIBa OTpUIIATENbHBIX JIEWCTBUTENIbHBIX YHCIA
PaBHBI, €CJIM PAaBHBI IPOTUBOIOJIOKHBIE UM Yncia. 3 AByX OTpULIATENbHBIX YUCET
00JBLIE TO, Y KOTOPOI'O MPOTHBOIMOJIOKHOE YHCIIO MEHBIIIE.



IIpakTHyeckoe 3aHaTHE S
Metoabl pelieHus 32124 ¢ PAMOHAJIBHBIMH M 1eHCTBUTEIbHBIMHM YUCJIAMHA

[Lian 3ansTHA
1. [TepeBoj palliOHANBHOTO YKCIIa U3 OOBIKHOBEHHOM
JpoOU B IEPHOIUUECKYIO U 0OpaTHO.
2. CpaBHEHME pAIIMOHATBHBIX YHCEIL.
3. JlokaszaTenbCcTBO PalfMOHAIBHOCTH WITH
MPPALMOHAIBHOCTH YHCTIA.
4. CpaBHEHUE CHCTBUTEIBHBIX YHACET.

llepesoo payuonanvrHoco uucia u3 0OLIKHOBEHHOU OpoOU 8 NepPUOOUYECKYIO U
obpamuo.

Ipumep 1. [TepeBectu neproanyeckyro apods 3,1(20) B 0OBIKHOBEHHYIO.

Pemenne. Bocnosb30BaBIIMCH MPABUIIOM MEpPEBOAA JNECATUYHOU ApoOH B
OOBIKHOBEHHYIO P00k, MOJydaeM

31(20) = 3120-31_ 3089 |

990 990

Eciu sxe moBTOpUTH BECh MPOIIECC BBIBOAA (POPMYIIBI IS JAHHOTO MPUMEpa,

TO 3TO OYJAET BBINIAJACTh CICAYIONUM 00pa3oM. O003HAYMM MEPEBOAUMOE YHCIIO
yepe3 X, 3aTeM YMHOXUM paBeHcTBO X = 3,1(20) na 10:

10x =31, (20).
[Tocne atoro emé pa3 ymHoxuM paBeHcTBO X =3,1(20), HO yxxe Ha 1000 u

MOJIy4YUM

1000x = 3120, (20).

Ecin Ttemeps BoruecTh u3 paBeHcTBa 1000x =3120,(20) paBeHcTBO
10x=31,(20), TO oaMHAKOBBIC MEPUOMAbI y YHCEN B MPABBIX YACTSIX PaBEHCTB
B3auMHO yHH4YTOXatcs, u noayanM 900X =3089, oTkyma W HaXOogUM HCKOMOE
MpeCTaBICHNUE Ynciia X B BUJI€ OOBIKHOBEHHOM ApOOH.

Ortser: 3,1(20) = @
990

Cpaeﬂeﬂue PAUUOHATIbHBIX YUCE]]

222221 444443 |

————— W ——————
333332 666665

Pemenne. O603naunm uncimo 111111 gepe3 a. Torma nepBas ApoOs paBHa
2a-1 4a-1
, a BTOpas
3a-1 6a-1
Pa3HOCTh ATUX APOOEH U onpenenum e€ 3HaK:

Ipumep 2. Yto Oosnbiie:

. 1 oTBeTa Ha NOCTABJICHHBIA BOIPOC COCTABUM



2a-1 4a-1_ a -
3a-1 6a-1 (3a-1)(6a-1)
3HAYMT, BTOpast IpoOk OOJIbIIIE.
Ipumep 2. CpaBuuTh uncia: ¥/2+7 u 8-92.
Pemenne. OGosnaunmm t=%2. Torma 32+7v8-¥2 ot?+7v8t<
< (t-D(t—7)v0.3amernm, uto 1< Y2 <7 u nosromy (t—1)(t—7) <0.
OTBeT: IepBOE YNCIIO MEHBIIIE.

,Z]OKCBClmeJZbCWl@O pPayuUoOHAIbHOCMU UTU UPppPAYUOHAJIbHOCMU YUcia

Ipumep. JIokasaTh HPPAUOHATBHOCT YHCIa /2 ++/2.

Pemenne. Bocnosb3dyemes MeronoM oT npotuBHOTO. lIpeamonoxum, dro
3TO PalMOHAIBHOE YHUCIO, TOTJIa €r0 MOXKHO IPEICTaBUTh B BUI€ OOBIKHOBEHHOMN
JpoOu:

3{/§+x/_=§,rj:[e peZ,geN.

[Iepenuiem paBeHCTBO B BUJE 32 = P J2 u BO3BENIEM €T0 B KYO:

q

3 2 3
2:(3—\@} <:>\/§(3p +2]:p—3+6p—2<:>x/§=&,

q o2 ¢ q o,

3 6 3 2
_b P _op
rac pl__3+__2 51 ql_ 5 +2 - paHI/IOHaﬂBHBIe yuciia " HOBTOMy ux
q q q
Py \/_
OTHOIICHUEC — TaKXKCEC paHHOHaHBHO. HOquI/IHI/I HpOTHBOpqu/Ie, TaK KakK -
0

HPppPpadrOHAJIbHOC YHCIIO. 3Ha‘-II/IT, IMPCAIIOJIOKCHHUC O pPallMOHAJIBHOCTHU YHCJIA

3/2++/2 6bIIO HeBepHO M JAHHOE YHCIO MPPALMOHANBHO, YTO U TPeOGOBAIOCH
JI0KA3aTh.

Cpasgnenue 0elicmeumebHblX yucel

[Tpumep. CpaBHHTH YKCIA %/2 +/5 + %/2 5 ul.
Pemenne. O603HauMM nepBoe U3 yncen 3a X, U BO3BEAEM paBEHCTBO

x:3\/2+\/§ +%/2—\/§

B Ky0, HCTIOJIb3Ys (POPMYITy COKPAILIEHHOTO YMHOKEHHUS

(a+b)®=a’+b’+3ab(a+h), rme a=%2++5, b=%2-5.

Toraa nonyunm
x® :2+\/§+2—\/§+33;/(2+\/§)(2—\/§)(3\/2+\/§ +3/2-4/5),

oS =4-3x<=x3+3x—4=0.




3ameTuMm, 4ro X =1 dBISETCS KOPHEM MOCIEAHEr0 YypaBHEHUs. JleneHuem
MHOrouwneHa X°+3X—4 Ha X=1 y0exaaemMcs B TOM, UTO IOJYYEHHBIA B

pesyibTaTe AeNeHus TpEXuieH X  +X+4 He uMeeT JeHCTBUTENBHBIX KOPHEi.
Takum o0pa3oMm, X=1 — eIMHCTBEHHBIM KOPEHb KYyOMUYECKOTO0 YpaBHEHUS.
CrnenoBatenbHO, IEPBOE U3 CPABHUBAEMBIX paBHO 1.

OTBeT: yucna paBHbI.

3aIlaHl/Iﬂ AJIA CaMOCTOSITEJIbHOM paﬁOTbl K IPAKTHYCCKOMY 3aHATHIO 5

1. TlepeBom palMOHAJIBHOTO 4YHWCIA U3 OOBIKHOBEHHOW JpoOW B
MEPUOANYECKYIO U OOPATHO.
a) [IpencraButh gncio 0,(25) B Bue OOBIKHOBEHHOH JPOOH.

0) IpeacraButs unciio 0,2(13) B BuE OOBIKHOBECHHOH IPOOH.

0,449291997
B) YIIPOCTUTH pallMOHAIBHOE YUCIIO
2,1394857
r) 3anucathb ApooOu @ % 3—7 B BUJIC ICCSITUYHBIX
Ap 40 ' 45 ' 7 Ac I .
n) 3amucats uncna 7,11,0,45;13,745 B BuC HECOKPATUMBIX OOBIKHOBEHHBIX
JIpoOeil.
e) Kakme wu3 criemyromux dYncen MOXKHO 3amucaTh B BHAC KOHEUHBIX
. (12 21 12
JNECATUYHBIX ApoOe: ——,—,—,—.
352 56 75 96

2. CpaBHEHUE pallMOHAIBHBIX YHCEIL.

1 21212121
a) CpaBHUTH yMClIA — H

33 99999999

©0) YUro 6ompme: 0,7(621) nimm 141/1857
7 141

B) CpaBHUTH yuCHa — U ——

33 999
r) CpaBuuth uncia 0,2(1):4+0,(2) u 0,275.
1) Uro 6onbmie: 0,7(621) nnu %

4, (9)5,(0) . 5, (0)4,(9) |

¢) CpaBHUTH JBa ynCa:
3. Jloka3arenbCTBO PAlMOHAIIBHOCTH WIIM UPPALMOHAIBHOCTH YHCIA.
a) SlBnsiercs mu 4ucIio J7 palroOHaJIbHbIM?

6) sIBmstercst i 4ncio /5 panuoHanbHBIM?



B) Jlokasath, 4T0 /2 HE ABJISIETCS PAIlMOHATBHBIM.
r) Jlokasatk, uto 4/5 He SBIAETCS PALMOHATLHBIM.
1) Jlokazatk, uto /7 —+/3 He SBISETCS PALMOHATBHBIM.

e) JlokasaTh, uto uncio ~/2 —%/2 ABNfeTCS HPPALUOHATBHBIM

4. CpaBHEHUE ACHCTBUTEIIBHBIX YUCET.

a) CpaBHuTb urcna 3/5 u /3.

6) Uto mensiue: 3/47 wm /13

1990 \/1991
u 3 :

1991 1992

r) Cpasruts uncia (/5 ++/10)? u 14 ++/200

1) CpaBHUTS 1Ba uncna: ~/2001++/2003 u 2-+/2002.

e) Kakoe u3 uncen Gosbliie: 2-17 W 8,(24) ?

B) CpaBHUTD yuCIa i/

5. Pa3nble 3anaun
A) Cpenu OOBIKHOBEHHBIX ApPOOEH C TMOJIOKHUTEIbHBIM 3HAMEHATENEM,

96 97 o o
PACIIOJIOKCHHBIX MCKAY YHUCIIaMU E )51 g HanIUTC TaKyl0, 3HAMCHATCJIIb KOTOPOH

MHWHHUMAJICH.



MpuMepHbIe TeMbl KYpCOBbIX paboT No AUCUUNIIMHE dneMeHTapHas
MaTeMaTukKa

OcHoBHas Teopema apudMeTUKN

Anrebpanyeckme ypaBHeHUSA N HepaBeHCTBa C NnapameTpamMu

Anrebpanyeckme ypaBHEHUS BbICLUMX CTENEHEN

CuncTeMbl NIMHENHbIX anrebpanyecknx ypaBHEHNN

MeToa maTemMaTnyecKom NHOYKLUK

Yuncna duboHavum

Yucnosble nocneaoBaTenbHOCTU

MeToabl pelleHnsa 3agay Ha NOCTpoeHue

. MeToabl pelleHns AnodaHTOBbIX YpaBHEHUI

10.BbuHOoM HbloTOHa

11. Anrebpaunyeckme ypaBHEHUS U HEPABEHCTBA, coaepXaliue 3Hak abCconoTHON
BENNYMHbI

12. UppaunoHanbHble ypaBHEHWSI U HEPABEHCTBA C NapamMeTpamm

13.KoMnbtoTepHOE MOAENMPOBaHNE B 3NEKTPOHHbLIX Tabnmuax Kak MetToz
peLLeHns CIOXeTHbIX 3afau

14.TonoBonomka OpHe Pybuka

15.3onoToe ceyeHue.

©CeoeNOhWDRE

Kputepumn oueHku 3a KypcoByto paboTty

KypcoBas paboTa oueHNBaeTCs «OTAUYHO», ECIN

1. PaboTta BbINOMHEHa B CPOK, OopmreHune, CTpykTypa W CTuUrb paboThbl
obpasuosble.

2. PaboTta BbINOfIHEHA CaAMOCTOATESIbHO, MNPUCYTCTBYOT COOCTBEHHbIE
0600LLeHNs1, 3aKnoYeHns N BbIBOADI.

3. Mcnonb3oBaHo onTMMarbHOE KOIMYECTBO NuTepaTypbl U UICTOYHUKOB NO TEMe
paboTbl, UX WM3y4yeHWe NpOBEAEHO Ha BbICOKOM ypoBHe. ABTOp paboTbl Brageet
MEeTOANKOWN UccrneaoBaHus.

4. Tema paboTbl 4YETKO ChopMynupoOBaHa, TeMa packpbiTa MOSIHOCTbI, AAaHO
0b60CHOBaHMe ee akTyanbHOCTU

KypcoBas paboTa OLEeHNBAETCA «XOPOLLO», ECNU:

1. PaboTta BbINONHEHa B CPOK, B 0OOPMIEHUN, CTPYKTYpE U CTune paboTbl HET
rpybbIxX oLWNBOK.

2. PabGorta BbINONHEHA CaMOCTOSTENbHO, MPUCYTCTBYKOT COBCTBEHHbIE
06006LLeHNs1, 3aKknoYeHnst N BbIBOADI.

3. Vcnonb3oBaHbl OCHOBHas nutepaTtypa M UCTOMHUKM No Teme paboTbl, O4HAKO
paboTa MMmeeT HeJOCTaTKM B MPOBEAEHHOM UCCNeLoBaHWMU, Npexne BCEro B U3y4YeHnn
NCTOYHUKOB.

4. Tema paboThbl B LLefIOM packpbiTa.

KypcoBas paboTa OLeHNBaeTCS «yA0OBeTBOPUTENbHOY, ECIN:

1. PaboTa BbINONHEHa C HapylweHusMU rpaduka, B 0pOpMIIEHNIN, CTPYKType U
cTune paboTbl €CTb HEAOCTATKM.

2. PabGoTta BbINONHEHA CaMOCTOATENbHO, MPUCYTCTBYKOT COOCTBEHHbIE



0600LeHns, 3aKi04YeHNs U BbIBObI.

3. Mpn atom nutepatypa U WUCTOYHWKM MO Teme paboTbl UCMONb3oBaHblI B
HeAoCTaToO4YHOM 00beMe, X aHanM3 cnabdbiin NN BOBCE OTCYTCTBYET.

4. Tema paboTbl pacKpbiTa He NOSIHOCTbLIO

KypcoBasi paboTa He MOXeT ObITb OLleHeHa NOJNIOXUTENbHO, ECIN:

1. Kakas-nubo ee 4acTb, He roBopsi yXe O BCEM TeKkcTe paboTbl, SABMseTCs
nnarvaTom, CKOMMNMIMpoBaHa W3 dparmMeHToB paboT [pyrMx aBTOPOB UM HOCUT
HecaMOCTOsTENbHbIN XapakTep. lNMpolie roBops, ecnu CTyYAEeHT BblOAET YyXy paboTy
3a cBOK. Vcnonb3oBaHMe TEKCTOB, B3ATLIX HA creuunanbHbiX canTax cetn VHTepHeT, B
KayecTBe Akobbl «CBOen» paboTbl Takke ABNAETCS nnarnaTom.

2. CopepxaHue KypcoBon paboTbl HE COOTBETCTBYET €€ TEMeE.

3. Mpw HanucaHun paboTbl He GbINK UCMONb30BaHbI UCTOMHUKM U NUTEpaTypa.

4. Ocbopmnenne paboTbl COBEPLUEHHO HE COOTBETCTBYET TpeboBaHMSM.



