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(ɹʌ ʌɻɹʆʋ ɺʆ çɺɻʋè) 
 
 
 
 
 
 
 
 
 

ʄɽʊʆɼʀʏɽʉʂʀɽ ʄɸʊɽʈʀɸʃʓ ʇʆ ʋʏɽɹʅʆʁ ɼʀʉʎʀʇʃʀʅɽ 
ʃʠʥʝʡʥʘʷ ʘʣʛʝʙʨʘ 



ʄʝʪʦʜʠʯʝʩʢʠʝ ʫʢʘʟʘʥʠʷ ʜʣʷ ʦʙʫʯʘʶʱʠʭʩʷ ʧʦ ʦʩʚʦʝʥʠʶ ʜʠʩʮʠʧʣʠʥʳ 
ʇʨʠʩʪʫʧʘʷ ʢ ʠʟʫʯʝʥʠʶ ʫʯʝʙʥʦʡ ʜʠʩʮʠʧʣʠʥʳ, ʮʝʣʝʩʦʦʙʨʘʟʥʦ ʦʟʥʘʢʦʤʠʪʴʩʷ ʩ 

ʫʯʝʙʥʦʡ ʧʨʦʛʨʘʤʤʦʡ ʜʠʩʮʠʧʣʠʥʳ, ʵʣʝʢʪʨʦʥʥʳʡ ʚʘʨʠʘʥʪ ʢʦʪʦʨʦʡ ʨʘʟʤʝʱʸʥ ʥʘ 
ʩʘʡʪʝ ɹʌ ɺɻʋ.  

ʕʪʦ ʧʦʟʚʦʣʠʪ ʦʙʫʯʘʶʱʠʤʩʷ ʧʦʣʫʯʠʪʴ ʯʝʪʢʦʝ ʧʨʝʜʩʪʘʚʣʝʥʠʝ ʦ: 

¶ ʧʝʨʝʯʥʝ ʠ ʩʦʜʝʨʞʘʥʠʠ ʢʦʤʧʝʪʝʥʮʠʡ, ʥʘ ʬʦʨʤʠʨʦʚʘʥʠʝ ʢʦʪʦʨʳʭ 
ʥʘʧʨʘʚʣʝʥʘ ʜʠʩʮʠʧʣʠʥʘ; 

¶ ʦʩʥʦʚʥʳʭ ʮʝʣʷʭ ʠ ʟʘʜʘʯʘʭ ʜʠʩʮʠʧʣʠʥʳ; 

¶ ʧʣʘʥʠʨʫʝʤʳʭ ʨʝʟʫʣʴʪʘʪʘʭ, ʧʨʝʜʩʪʘʚʣʝʥʥʳʭ ʚ ʚʠʜʝ ʟʥʘʥʠʡ, ʫʤʝʥʠʡ ʠ 
ʥʘʚrʢʦʚ, ʢʦʪʦʨʳʝ ʜʦʣʞʥʳ ʙʳʪʴ ʩʬʦʨʤʠʨʦʚʘʥʳ ʚ ʧʨʦʮʝʩʩʝ ʠʟʫʯʝʥʠʷ ʜʠʩʮʠʧʣʠʥʳ; 

¶ ʢʦʣʠʯʝʩʪʚʝ ʯʘʩʦʚ, ʧʨʝʜʫʩʤʦʪʨʝʥʥʳʭ ʫʯʝʙʥʳʤ ʧʣʘʥʦʤ ʥʘ ʠʟʫʯʝʥʠʝ 
ʜʠʩʮʠʧʣʠʥʳ, ʬʦʨʤʫ ʧʨʦʤʝʞʫʪʦʯʥʦʡ ʘʪʪʝʩʪʘʮʠʠ; 

¶ ʢʦʣʠʯʝʩʪʚʝ ʯʘʩʦʚ, ʦʪʚʝʜʝʥʥʳʭ ʥʘ  ʢʦʥʪʘʪʥʫʶ ʠ ʥʘ ʩʘʤʦʩʪʦʷʪʝʣʥɹʫʶ 
ʨʘʙʦʪʫ; 

¶ ʬʦʨʤʘʭ ʢʦʥʪʘʪʥʦʡ ʠ ʩʘʤʦʩʪʦʷʪʝʣʴʥʦʡ ʨʘʙʦʪʳ; 

¶ ʩʪʨʫʢʪʫʨʝ ʜʠʩʮʠʧʣʠʥʳ, ʦʩʥʦʚʥʳʭ ʨʘʟʜʝʣʘʭ ʠ ʪʝʤʘʭ; 

¶ ʩʠʩʪʝʤʝ ʦʮʝʥʠʚʘʥʠʷ ʫʯʝʙʥʳʭ ʜʦʩʪʠʞʝʥʠʡ; 

¶ ʫʯʝʙʥʦ-ʤʝʪʦʜʠʯʝʩʢʦʤ ʠ ʠʥʬʦʨʤʘʮʠʦʥʥʦʤ ʦʙʝʩʧʝʯʝʥʠʠ ʜʠʩʮʠʧʣʠʥʳ.  
ɿʥʘʥʠʝ ʦʩʥʦʚʥʳʭ ʧʦʣʦʞʝʥʠʡ, ʦʪʨʘʞʝʥʥʳʭ ʚ ʨʘʙʦʯʝʡ ʧʨʦʛʨʘʤʤʝ 

ʜʠʩʮʠʧʣʠʥʳ, ʧʦʤʦʞʝʪ ʦʙʫʯʘʶʱʠʤʩʷ ʦʨʠʝʥʪʠʨʦʚʘʪʴʩʷ ʚ ʠʟʫʯʘʝʤʦʤ ʢʫʨʩʝ, 
ʦʩʦʟʥʘʚʘʪʴ ʤʝʩʪʦ ʠ ʨʦʣʴ ʠʟʫʯʘʝʤʦʡ ʜʠʩʮʠʧʣʠʥʳ ʚ ʧʦʜʛʦʪʦʚʢʝ ʙʫʜʫʱʝʛʦ 
ʚʳʧʫʩʢʥʠʢʘ, ʩʪʨʦʠʪʴ ʩʚʦʶ ʨʘʙʦʪʫ ʚ ʩʦʦʪʚʝʪʩʪʚʠʠ ʩ ʪʨʝʙʦʚʘʥʠʷʤʠ, ʟʘʣʦʞʝʥʥʳʤʠ ʚ 
ʧʨʦʛʨʘʤʤʝ. 

ʆʩʥʦʚʥʳʤʠ ʬʦʨʤʘʤʠ ʢʦʥʪʘʢʪʥʦʡ ʨʘʙʦʪʳ ʧʦ ʜʠʩʮʠʧʣʠʥʝ ʷʚʣʷʶʪʩʷ ʣʝʢʮʠʠ ʠ 
ʧʨʘʢʪʠʯʝʩʢʠʝ ʟʘʥʷʪʠʷ, ʧʦʩʝʱʝʥʠʝ ʢʦʪʦʨʳʭ ʦʙʷʟʘʪʝʣʴʥʦ ʜʣʷ ʚʩʝʭ ʩʪʫʜʝʥʪʦʚ (ʢʨʦʤʝ 
ʩʪʫʜʝʥʪʦʚ, ʦʙʫʯʘʶʱʠʭʩʷ ʧʦ ʠʥʜʠʚʠʜʫʘʣʴʥʦʤʫ ʧʣʘʥʫ). 

ʇʦʜʛʦʪʦʚʢʘ ʢ ʧʨʘʢʪʠʯʝʩʢʠʤ ʟʘʥʷʪʠʷʤ ʚʝʜʝʪʩʷ ʥʘ ʦʩʥʦʚʝ ʧʣʘʥʦʚ 
ʧʨʘʢʪʠʯʝʩʢʠʭ ʟʘʥʷʪʠʡ. ɺ ʭʦʜʝ ʧʦʜʛʦʪʦʚʢʠ ʢ ʧʨʘʢʪʠʯʝʩʢʠʤ ʟʘʥʷʪʠʷʤ ʥʝʦʙʭʦʜʠʤʦ 
ʠʟʫʯʠʪʴ ʚ ʩʦʦʪʚʝʪʩʪʚʠʠ ʩ ʚʦʧʨʦʩʘʤʠ ʜʣʷ ʧʦʚʪʦʨʝʥʠʷ ʢʦʥʩʧʝʢʪʳ ʣʝʢʮʠʡ, ʦʩʥʦʚʥʫʶ 
ʣʠʪʝʨʘʪʫʨʫ, ʦʟʥʘʢʦʤʠʪʴʩʷ ʩ ʜʦʧʦʣʥʠʪʝʣʴʥʦʡ ʣʠʪʝʨʘʪʫʨʦʡ. ʂʨʦʤʝ ʪʦʛʦ, ʩʣʝʜʫʝʪ 
ʧʦʚʪʦʨʠʪʴ ʤʘʪʝʨʠʘʣ ʣʝʢʮʠʡ, ʦʪʚʝʪʠʪʴ ʥʘ ʢʦʥʪʨʦʣʴʥʳʝ ʚʦʧʨʦʩʳ, ʠʟʫʯʠʪʴ ʦʙʨʘʟʮʳ 
ʨʝʰʝʥʠʷ ʟʘʜʘʯ, ʚʳʧʦʣʥʠʪʴ ʫʧʨʘʞʥʝʥʠʷ (ʝʩʣʠ ʪʘʢʠʝ ʧʨʝʜʫʩʤʦʪʨʝʥʳ). 

ʇʨʠ ʧʦʜʛʦʪʦʚʢʝ ʢ ʧʨʦʤʝʞʫʪʦʯʥʦʡ ʘʪʪʝʩʪʘʮʠʠ ʥʝʦʙʭʦʜʠʤʦ ʧʦʚʪʦʨʠʪʴ 
ʧʨʦʡʜʝʥʥʳʡ ʤʘʪʝʨʠʘʣ ʚ ʩʦʦʪʚʝʪʩʪʚʠʠ ʩ ʫʯʝʙʥʦʡ ʧʨʦʛʨʘʤʤʦʡ, ʧʨʠʤʝʨʥʳʤ 
ʧʝʨʝʯʥʝʤ ʚʦʧʨʦʩʦʚ, ʚʳʥʦʩʷʱʠʭʩʷ ʥʘ ʵʢʟʘʤʝʥ. ʈʝʢʦʤʝʥʜʫʝʪʩʷ ʠʩʧʦʣʴʟʦʚʘʪʴ 
ʢʦʥʩʧʝʢʪʳ ʣʝʢʮʠʡ ʠ ʠʩʪʦʯʥʠʢʠ, ʧʝʨʝʯʠʩʣʝʥʥʳʝ ʚ ʩʧʠʩʢʝ ʣʠʪʝʨʘʪʫʨʳ ʚ ʨʘʙʦʯʝʡ 
ʧʨʦʛʨʘʤʤʝ ʜʠʩʮʠʧʣʠʥʳ, ʘ ʪʘʢʞʝ ʨʝʩʫʨʩʳ ʵʣʝʢʪʨʦʥʥʦ-ʙʠʙʣʠʦʪʝʯʥʳʭ ʩʠʩʪʝʤ.  

ʄʝʪʦʜʠʯʝʩʢʠʝ ʤʘʪʝʨʠʘʣʳ ʜʣʷ ʦʙʫʯʘʶʱʠʭʩʷ ʧʦ ʦʩʚʦʝʥʠʶ ʪʝʦʨʝʪʠʯʝʩʢʠʭ 
ʚʦʧʨʦʩʦʚ ʜʠʩʮʠʧʣʠʥʳ 
 

ʊʝʤʘ. ʄʘʪʨʠʮʳ ʠ ʦʧʝʨʘʮʠʠ ʥʘʜ ʥʠʤʠ 
ʇʣʘʥ 

1. ʇʦʥʷʪʠʝ ʤʘʪʨʠʮʳ ʨʘʟʤʝʨʥʦʩʪʠ (m, n). ʂʚʘʜʨʘʪʥʳʝ ʤʘʪʨʠʮʳ. 
2. ʄʘʪʨʠʮʳ ʩʧʝʮʠʘʣʴʥʦʛʦ ʚʠʜʘ.  
3. ʉʣʦʞʝʥʠʝ ʤʘʪʨʠʮ ʠ ʝʛʦ ʩʚʦʡʩʪʚʘ. 
4. ʋʤʥʦʞʝʥʠʝ ʤʘʪʨʠʮ ʠ ʝʛʦ ʩʚʦʡʩʪʚʘ. 
5. ʊʨʘʥʩʧʦʥʠʨʦʚʘʥʠʝ ʤʘʪʨʠʮ. 
1. ʇʦʥʷʪʠʝ ʤʘʪʨʠʮʳ ʨʘʟʤʝʨʥʦʩʪʠ (m, n). ʂʚʘʜʨʘʪʥʳʝ ʤʘʪʨʠʮʳ. 

ʆʧʨʝʜʝʣʝʥʠʝ ʇʫʩʪʴ P ï ʯʠʩʣʦʚʦʝ ʧʦʣʝ. (m, n)-ʤʘʪʨʠʮʝʡ (m, n Í N) ʥʘʜ P 
ʥʘʟʳʚʘʝʪʩʷ ʧʨʷʤʦʫʛʦʣʴʥʘʷ ʪʘʙʣʠʮʘ ʯʠʩʝʣ, ʩʦʩʪʦʷʱʘʷ  ʠʟ m ʩʪʨʦʢ ʠ n ʩʪʦʣʙʮʦʚ 
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ɼʣʷ ʢʨʘʪʢʦʛʦ ʦʙʦʟʥʘʯʝʥʠʷ ʤʘʪʨʠʮʳ ʠʩʧʦʣʴʟʫʝʪʩʷ ʣʠʙʦ ʦʜʥʘ ʙʦʣʴʰʘʷ 

ʣʘʪʠʥʩʢʘʷ ʙʫʢʚʘ, ʥʘʧʨʠʤʝʨ, ɸ, ʣʠʙʦ ʩʠʤʚʦʣ [aij]m ³ n, ʘ ʠʥʦʛʜʘ ʠ ʩ ʨʘʟʲʷʩʥʝʥʠʝʤ: 

ɸ = [aij]m ³ n (i ï ʥʦʤʝʨ ʩʪʨʦʢʠ, j ï ʥʦʤʝʨ ʩʪʦʣʙʮʘ). ʏʠʩʣʘ m ʠ n ʥʘʟʳʚʘʶʪʩʷ 
ʧʦʨʷʜʢʘʤʠ ʤʘʪʨʠʮʳ. 

ɺ ʩʣʫʯʘʝ ʝʩʣʠ m = n, ʤʘʪʨʠʮʘ ʥʘʟʳʚʘʝʪʩʷ ʢʚʘʜʨʘʪʥʦʡ ʠ ʠʤʝʝʪ ʚʠʜ: 
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ɺ ʯʘʩʪʥʦʩʪʠ, ʢʚʘʜʨʘʪʥʘʷ ʤʘʪʨʠʮʘ ʧʦʨʷʜʢʘ 1 ï ʪɻʦ ʧʨʦʩʪʦ ʵʣʝʤʝʥʪ ʠʟ ʈ. 

ɽʩʣʠ m = 1, ʪʦ ʤʘʪʨʠʮʫ [ ]naaa 11211 ...  ʠʥʦʛʜʘ ʫʜʦʙʥʦ ʨʘʩʩʤʘʪʨʠʚʘʪʴ ʢʘʢ 

n-ʚʝʢʪʦʨ. ʇʨʠ n = 1 ʤʘʪʨʠʮʫ 
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 ʫʜʦʙʥʦ ʨʘʩʩʤʘʪʨʠʚʘʪʴ ʢʘʢ m-ʚʝʢʪʦʨ. 

ʆʧʨʝʜʝʣʝʥʠʝ. ʇʫʩʪʴ ɸ ʠ ɺ ï ʜʚʝ (m, n)-ʤʘʪʨʠʮʳ ʩ ʵʣʝʤʝʥʪʘʤʠ aij, bij, 

ʩʦʦʪʚʝʪʩʪʚʝʥʥʦ. ʆʥʠ ʥʘʟʳʚʘʶʪʩʷ ʨʘʚʥʳʤʠ, ʝʩʣʠ aij = bij ʜʣʷ ʚʩʝʭ i = 1·m, j = 1·n. 
ʈʘʚʝʥʩʪʚʦ ʤʘʪʨʠʮ ʦʙʦʟʥʘʯʘʝʪʩʷ ʩʠʤʚʦʣʦʤ ɸ = ɺ. 

ʄʥʦʞʝʩʪʚʦ ʚʩʝʭ (m, n)-ʤʘʪʨʠʮ ʥʘʜ ʈ ʦʙʦʟʥʘʯʠʤ ʄm,n(ʈ). 
ʂʘʢ ʠ ʨʘʥʝʝ ʧʦʜ ʧʦʣʝʤ ʈ ʧʦʜʨʘʟʫʤʝʚʘʝʤ ʧʦʣʝ ʚʝʱʝʩʪʚʝʥʥʳʭ ʯʠʩʝʣ R. 
ɺ ʩʣʫʯʘʝ ʢʚʘʜʨʘʪʥʦʡ ʤʘʪʨʠʮʳ ʚʚʦʜʷʪʩʷ ʧʦʥʷʪʠʷ ʛʣʘʚʥʦʡ ʠ ʧʦʙʦʯʥʦʡ 

ʜʠʘʛʦʥʘʣʠ. 
ʆʧʨʝʜʝʣʝʥʠʝ 6.3. ɻʣʘʚʥʦʡ ʜʠʘʛʦʥʘʣʴʶ ʢʚʘʜʨʘʪʥʦʡ ʤʘʪʨʠʮʳ ʥʘʟʳʚʘʝʪʩʷ 

ʜʠʘʛʦʥʘʣʴ ʘ11ʘ22éʘnn, ʠʜʫʱʘʷ ʠʟ ʣʝʚʦʛʦ ʚʝʨʭʥʝʛʦ ʫʛʣʘ ʵʪʦʡ ʤʘʪʨʠʮʳ ʚ ʧʨʘʚʳʡ 
ʥʠʞʥʠʡ ʝʝ ʫʛʦʣ. ʇʦʙʦʯʥʦʡ ʜʠʘʛʦʥʘʣʴʶ ʪʦʡ ʞʝ ʤʘʪʨʠʮʳ ʥʘʟʳʚʘʝʪʩʷ ʜʠʘʛʦʥʘʣʴ 
ʘn1ʘ(n-1)2éʘ1n, ʠʜʫʱʘʷ ʠʟ ʣʝʚʦʛʦ ʥʠʞʥʝʛʦ ʫʛʣʘ ʚ ʧʨʘʚʳʡ ʚʝʨʭʥʠʡ ʫʛʦʣ. 

2. ʄʘʪʨʠʮʳ ʩʧʝʮʠʘʣʴʥʦʛʦ ʚʠʜʘ.  
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 ʥʘʟʳʚʘʝʪʩʷ ʥʫʣʝʚʦʡ ʤʘʪʨʠʮʝʡ. 

2. n
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 ʥʘʟʳʚʘʝʪʩʷ ʜʠʘʛʦʥʘʣʴʥʦʡ. 

ɽʩʣʠ d1 = d2 = é = dn, ʪʦ ʤʘʪʨʠʮʘ ʥʘʟʳʚʘʝʪʩʷ ʩʢʘʣʷʨʥʦʡ. ɽʩʣʠ 
d1 = d2 = é = dn = 1, ʪʦ D = En ʠ ʤʘʪʨʠʮʘ ʥʘʟʳʚʘʝʪʩʷ ʝʜʠʥʠʯʥʦʡ. 



3. ʊʨʝʫʛʦʣʴʥʘʷ (ʚʝʨʭʥʷʷ) ʤʘʪʨʠʮʘ 
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(ɸʥʘʣʦʛʠʯʥʦ ʪʨʝʫʛʦʣʴʥʘʷ ʥʠʞʥʷʷ). 
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 ʥʘʟʳʚʘʝʪʩʷ ʝʜʠʥʠʯʥʦʡ ʤʘʪʨʠʮʝʡ. 

3. ʉʣʦʞʝʥʠʝ ʤʘʪʨʠʮ ʠ ʫʤʥʦʞʝʥʠʝ ʤʘʪʨʠʮʳ ʥʘ ʯʠʩʣʦ ʠ ʠʭ ʩʚʦʡʩʪʚʘ 

ʆʧʨʝʜʝʣʝʥʠʝ. ʉʫʤʤʦʡ ʜʚʫʭ ʤʘʪʨʠʮ ɸ = [aij]m ³ n ʠ ɺ = [bij]m ³ n ʦʜʥʠʭ ʠ ʪʝʭ ʞʝ 

ʧʦʨʷʜʢʦʚ m ʠ n ʥʘʟʳʚʘʝʪʩʷ ʤʘʪʨʠʮʘ ʉ = [cij]m ³ n ʪʝʭ ʞʝ ʧʦʨʷʜʢʦʚ m ʠ n, ʵʣʝʤʝʥʪʳ 

cij ʢʦʪʦʨʦʡ ʨʘʚʥʳ cij = aij + bij (i = 1·m; j = 1·n), ʪ.ʝ. 
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ɼʣʷ ʦʙʦʟʥʘʯʝʥʠʷ ʩʫʤʤʳ ʜʚʫʭ ʤʘʪʨʠʮ ʠʩʧʦʣʴʟʫʝʪʩʷ ʟʘʧʠʩʴ ʉ = ɸ + ɺ. 

ʆʧʨʝʜʝʣʝʥʠʝ. ʇʨʦʠʟʚʝʜʝʥʠʝʤ ʤʘʪʨʠʮʳ ɸ = [aij]m ³ n ʥʘ ʚʝʱʝʩʪʚʝʥʥʦʝ 

ʯʠʩʣʦ l ʥʘʟʳʚʘʝʪʩʷ ʤʘʪʨʠʮʘ ʉ = [cij]m ³ n, ʵʣʝʤʝʥʪʳ cij ʢʦʪʦʨʦʡ ʨʘʚʥʳ cij = laij 

(i = 1·m; j = 1·n). 
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ɼʣʷ ʦʙʦʟʥʘʯʝʥʠʷ ʧʨʦʠʟʚʝʜʝʥʠʷ ʤʘʪʨʠʮʳ ʥʘ ʯʠʩʣʦ ʠʩʧʦʣʴʟʫʝʪʩʷ ʟʘʧʠʩʴ 

ʉ = lɸ. 

ʊʝʦʨʝʤʘ. ɼʣʷ ʚʩʷʢʠʭ ʤʘʪʨʠʮ ɸ, ɺ Í ʄm,n ʠ ʣʶʙʳʭ ʯʠʩʝʣ l, m ÍR 
ʚʳʧʦʣʥʷʶʪʩʷ ʩʚʦʡʩʪʚʘ: 

1. ɸ + ɺ = ɺ + ɸ ï ʢʦʤʤʫʪʘʪʠʚʥʦʩʪʴ ʩʣʦʞʝʥʠʷ ʤʘʪʨʠʮ. 
2. ɸ + (ɺ + ʉ) = (ɸ + ɺ) + ʉ ï ʘʩʩʦʮʠʘʪʠʚʥʦʩʪʴ ʩʣʦʞʝʥʠʷ ʤʘʪʨʠʮ. 

3. ɼʣʷ ʣʶʙʳʭ ʤʘʪʨʠʮ A, B Í Mm,n ʚʩʝʛʜʘ ʥʘʡʜʝʪʩʷ ʪʘʢʘʷ ʤʘʪʨʠʮʘ X Í Mm,n, 
ʯʪʦ ɸ + ʍ = ɺ (ʍ ʥʘʟʳʚʘʝʪʩʷ ʨʘʟʥʦʩʪʴʶ ʤʝʞʜʫ ɸ ʠ ɺ ʠ ʦʙʦʟʥʘʯʘʝʪʩʷ ʍ = ɸ ï ɺ) ï 
ʦʙʨʘʪʠʤʦʩʪʴ ʩʣʦʞʝʥʠʷ ʤʘʪʨʠʮ. 

4. (lm) ɸ = l (mɸ) ï ʘʩʩʦʮʠʘʪʠʚʥʦʩʪʴ ʫʤʥʦʞʝʥʠʷ ʥʘ ʯʠʩʣʘ.  

5. (l + m) ɸ = lɸ + mɸ ï ʜʠʩʪʨʠʙʫʪʠʚʥʦʩʪʴ ʦʪʥʦʩʠʪʝʣʴʥʦ ʩʣʦʞʝʥʠʷ ʯʠʩʝʣ. 

6. l (ɸ + ɺ) = lɸ + lɺ ï ʜʠʩʪʨʠʙʫʪʠʚʥʦʩʪʴ ʦʪʥʦʩʠʪʝʣʴʥʦ ʩʣʦʞʝʥʠʷ ʤʘʪʨʠʮ. 

7. 1 Ö ɸ = ɸ ï ʩʚʦʡʩʪʚʦ ʝʜʠʥʠʯʥʦʛʦ ʤʥʦʞʠʪʝʣʷ. 
4. ʋʤʥʦʞʝʥʠʝ ʤʘʪʨʠʮ ʠ ʝʛʦ ʩʚʦʡʩʪʚʘ 

ʆʧʨʝʜʝʣʝʥʠʝ. ʇʨʦʠʟʚʝʜʝʥʠʝʤ ʤʘʪʨʠʮʳ  ɸ = [aij]m ³ n, ʠʤʝʶʱʝʡ ʧʦʨʷʜʢʠ, 

ʩʦʦʪʚʝʪʩʪʚʝʥʥʦ ʨʘʚʥʳʝ m ʠ n, ʥʘ ʤʘʪʨʠʮʫ ɺ = [bij]n ³ p, ʠʤʝʶʱʫʶ ʧʦʨʷʜʢʠ, 

ʩʦʦʪʚʝʪʩʪʚʝʥʥʦ ʨʘʚʥʳʝ n ʠ p, ʥʘʟʳʚʘʝʪʩʷ ʤʘʪʨʠʮʘ ʉ = [cij]m ³ p, ʠʤʝʶʱʘʷ ʧʦʨʷʜʢʠ, 



ʩʦʦʪʚʝʪʩʪʚʝʥʥʦ ʨʘʚʥʳʝ m ʠ p, ʠ ʵʣʝʤʝʥʪʳ cij, ʦʧʨʝʜʝʣʷʝʤʳʝ ʬʦʨʤʫʣʦʡ 
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ʛʜʝ cij = ai1b1j + ai2b2j + é + ainbnj (i = 1·m; j = 1·p). 
ɼʣʷ ʦʙʦʟʥʘʯʝʥʠʷ ʧʨʦʠʟʚʝʜʝʥʠʷ ʤʘʪʨʠʮʳ ɸ ʥʘ ʤʘʪʨʠʮʫ ɺ ʠʩʧʦʣʴʟʫʶʪ ʟʘʧʠʩʴ 

ʉ = ɸ Ö ɺ. 
ʇʨʘʚʠʣʦ ʫʤʥʦʞʝʥʠʷ ʤʘʪʨʠʮ ʠʥʦʛʜʘ ʬʦʨʤʫʣʠʨʫʶʪ ʩʣʝʜʫʶʱʠʤ ʦʙʨʘʟʦʤ: 

ʯʪʦʙʳ ʧʦʣʫʯʠʪʴ ʵʣʝʤʝʥʪ, ʩʪʦʷʱʠʡ ʚ i-ʡ ʩʪʨʦʢʝ ʠ j-ʤ ʩʪʦʣʙʮʝ ʧʨʦʠʟʚʝʜʝʥʠʷ ʜʚʫʭ 
ʤʘʪʨʠʮ, ʥʫʞʥʦ ʵʣʝʤʝʥʪʳ i-ʡ ʩʪʨʦʢʠ ʧʝʨʚʦʡ ʤʘʪʨʠʮʳ ʫʤʥʦʞʠʪʴ ʥʘ ʩʦʦʪʚʝʪʩʪʚʝʥʥʳʝ 
ʵʣʝʤʝʥʪʳ j-ʛʦ ʩʪʦʣʙʮʘ ʚʪʦʨʦʡ ʠ ʧʦʣʫʯʝʥʥʳʝ ʧʨʦʠʟʚʝʜʝʥʠʷ ʩʣʦʞʠʪʴ. 

ɿʘʤʝʪʠʤ, ʯʪʦ ʧʨʦʠʟʚʝʜʝʥʠʝ ɸ ʥʘ ɺ ʦʧʨʝʜʝʣʝʥʦ ʥʝ ʚʩʝʛʜʘ: ʥʝʦʙʭʦʜʠʤʦ, 
ʯʪʦʙʳ ʯʠʩʣʦ ʩʪʦʣʙʮʦʚ ʤʘʪʨʠʮʳ ɸ ʙʳʣʦ ʨʘʚʥʦ ʯʠʩʣʫ ʩʪʨʦʢ ʤʘʪʨʠʮʳ ɺ, ʧʨʠ ʵʪʦʤ 
ʧʨʦʠʟʚʝʜʝʥʠʝ ʙʫʜʝʪ ʩʦʜʝʨʞʘʪʴ ʢʦʣʠʯʝʩʪʚʦ ʩʪʨʦʢ ʤʘʪʨʠʮʳ ɸ ʠ ʢʦʣʠʯʝʩʪʚʦ 
ʩʪʦʣʙʮʦʚ ʤʘʪʨʠʮʳ ɺ. 
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ɿʘʤʝʯʘʥʠʝ. ʋʤʥʦʞʝʥʠʝ ʤʘʪʨʠʮ ʥʝ ʦʙʣʘʜʘʝʪ ʩʚʦʡʩʪʚʦʤ ʢʦʤʤʫʪʘʪʠʚʥʦʩʪʠ: 

ʧʦʯʪʠ ʚʩʝʛʜʘ ɸɺ  ̧ɺɸ. ʅʘʧʨʠʤʝʨ, ʝʩʣʠ ù
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ʊʝʦʨʝʤʘ. ʋʤʥʦʞʝʥʠʝ ʤʘʪʨʠʮ ʘʩʩʦʮʠʘʪʠʚʥʦ, ʪ.ʝ. ʝʩʣʠ ʩʫʱʝʩʪʚʫʶʪ 
ʧʨʦʠʟʚʝʜʝʥʠʷ ʤʘʪʨʠʮ ɸɺ ʠ ɺʉ, ʪʦ ʩʫʱʝʩʪʚʫʝʪ ʠ ʧʨʦʠʟʚʝʜʝʥʠʷ: (ɸɺ)ʉ, ɸ(ɺʉ), 
ʧʨʠʯʝʤ ʵʪʠ ʧʨʦʠʟʚʝʜʝʥʠʷ ʨʘʚʥʳ ʤʝʞʜʫ ʩʦʙʦʡ: (ɸɺ)ʉ = ɸ(ɺʉ). 

ɼʦʢʘʟʘʪʝʣʴʩʪʚʦ ʵʪʦʡ ʪʝʦʨʝʤʳ ʤʦʞʥʦ ʧʨʦʚʝʩʪʠ, ʠʩʭʦʜʷ ʠʟ ʦʧʨʝʜʝʣʝʥʠʷ 
ʫʤʥʦʞʝʥʠʷ ʤʘʪʨʠʮ, ʥʦ ʦʥʦ ʧʦʣʫʯʠʪʩʷ ʦʯʝʥʴ ʛʨʦʤʦʟʜʢʠʤ, ʠ ʤʳ ʝʛʦ ʟʜʝʩʴ ʥʝ 
ʧʨʠʚʦʜʠʤ. 

ʊʝʦʨʝʤʘ. ʇʫʩʪʴ ɸ ʠ ɺ ï ʜʚʝ (m, n)-ʤʘʪʨʠʮʳ. 
ɼʣʷ ʚʩʷʢʦʡ (n, k)-ʤʘʪʨʠʮʳ ʉ ʠʤʝʝʪ ʤʝʩʪʦ: (ɸ + ɺ)ʉ = ɸʉ + ɺʉ. 
ɼʣʷ ʚʩʷʢʦʡ (k, m)-ʤʘʪʨʠʮʳ D ʠʤʝʝʪ ʤʝʩʪʦ: D(A + B) = DA + DB, ʪ.ʝ. 

ʫʤʥʦʞʝʥʠʝ ʤʘʪʨʠʮ ʜʠʩʪʨʠʙʫʪʠʚʥʦ ʦʪʥʦʩʠʪʝʣʴʥʦ ʩʣʦʞʝʥʠʷ. 
ɿʘʤʝʯʘʥʠʝ. ʅʝʧʦʩʨʝʜʩʪʚʝʥʥʦʡ ʧʨʦʚʝʨʢʦʡ ʤʦʞʥʦ ʫʩʪʘʥʦʚʠʪʴ, ʯʪʦ ʜʣʷ 

ʣʶʙʦʡ ʢʚʘʜʨʘʪʥʦʡ ʤʘʪʨʠʮʳ A ʧʦʨʷʜʢʘ n ʠ ʝʜʠʥʠʯʥʦʡ ʤʘʪʨʠʮʳ ʪʦʛʦ ʞʝ ʧʦʨʷʜʢʘ 

ʠʤʝʝʪ ʤʝʩʪʦ ʨʘʚʝʥʩʪʚʦ: AÖEn=EnÖA=A. 
 



5. ʊʨʘʥʩʧʦʥʠʨʦʚʘʥʠʝ ʤʘʪʨʠʮ 
ʆʧʨʝʜʝʣʝʥʠʝ. ɼʣʷ ʧʨʦʠʟʚʦʣʴʥʦʡ ʤʘʪʨʠʮʳ  ɸ ʪʨʘʥʩʧʦʥʠʨʦʚʘʥʥʦʡ ʧʦ 

ʦʪʥʦʰʝʥʠʶ ʢ ʥʝʡ ʥʘʟʳʚʘʝʪʩʷ ʤʘʪʨʠʮʘ ɸʊ, ʢʦʪʦʨʘʷ ʧʦʣʫʯʘʝʪʩʷ ʚ ʨʝʟʫʣʴʪʘʪʝ 
ʟʘʤʝʥʳ ʚ ɸ ʩʪʨʦʢ ʩʦʦʪʚʝʪʩʪʚʫʶʱʠʤʠ ʧʦ ʥʦʤʝʨʫ ʩʪʦʣʙʮʘʤʠ: 
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ʇʨʠʤʝʨ. ʇʨʠʚʝʜʝʤ ʧʨʠʤʝʨ ʪʨʘʥʩʧʦʥʠʨʦʚʘʥʥʦʡ ʤʘʪʨʠʮʳ. 
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ʊʝʦʨʝʤʘ. ʇʫʩʪʴ ɸ, ɺ ï ʜʚʝ (m, n)-ʤʘʪʨʠʮʳ. ʊʦʛʜʘ 
1) (ɸʊ)ʊ = ɸ; 
2) (ɸ + ɺ)ʊ = ɸʊ + ɺʊ; 

3) (lɸ)ʊ = lɸʊ; 
4) (ɸɺ)ʊ = ɺʊɸʊ. 
 
ʊʝʤʘ. ʊʝʦʨʝʤʘ ʂʨʦʥʝʢʝʨʘ-ʂʘʧʝʣʠ. ʊʝʦʨʝʤʘ ʦ ʯʠʩʣʝ ʨʝʰʝʥʠʡ ʉʃʋ 

ʇʣʘʥ 
1. ʆʩʥʦʚʥʘʷ ʠ ʨʘʩʰʠʨʝʥʥʘʷ ʤʘʪʨʠʮʳ ʩʠʩʪʝʤʳ ʣʠʥʝʡʥʳʭ ʫʨʘʚʥʝʥʠʡ. 
2 .ʊʝʦʨʝʤʘ ʂʨʦʥʝʢʝʨʘ-ʂʘʧʝʣʣʠ. 
3. ʊʝʦʨʝʤʘ ʦ ʯʠʩʣʝ ʨʝʰʝʥʠʡ ʩʠʩʪʝʤʳ ʣʠʥʝʡʥʳʭ ʫʨʘʚʥʝʥʠʡ. 
4. ʉʣʝʜʩʪʚʠʷ ʠʟ ʪʝʦʨʝʤʳ ʦ ʯʠʩʣʝ ʨʝʰʝʥʠʡ. 
1. ʆʩʥʦʚʥʘʷ ʠ ʨʘʩʰʠʨʝʥʥʘʷ ʤʘʪʨʠʮʳ ʩʠʩʪʝʤʳ ʣʠʥʝʡʥʳʭ ʫʨʘʚʥʝʥʠʡ 
ɼʣʷ ʩʠʩʪʝʤʳ ʣʠʥʝʡʥʳʭ ʫʨʘʚʥʝʥʠʡ 
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   (1) 

ʤʘʪʨʠʮʘ, ʩʦʩʪʘʚʣʝʥʥʘʷ ʠʟ ʢʦʵʬʬʠʮʠʝʥʪʦʚ ʧʨʠ ʥʝʠʟʚʝʩʪʥʳʭ 
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, 

ʥʘʟʳʚʘʝʪʩʷ ʦʩʥʦʚʥʦʡ ʤʘʪʨʠʮʝʡ ʩʠʩʪʝʤʳ (1).  
ɼʦʙʘʚʠʚ  ʩʪʦʣʙʝʮ ʩʚʦʙʦʜʥʳʭ ʯʣʝʥʦʚ, ʧʦʣʫʯʘʝʤ ʤʘʪʨʠʮʫ 
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ʥʘʟʳʚʘʝʤʫʶ ʨʘʩʰʠʨʝʥʥʦʡ ʤʘʪʨʠʮʝʡ ʩʠʩʪʝʤʳ (1). 
ʉʪʦʣʙʮʳ ʨʘʩʰʠʨʝʥʥʦʡ ʤʘʪʨʠʮʳ ʩʠʩʪʝʤʳ (1) ʦʙʦʟʥʘʯʠʤ: 
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ʉʦʦʪʚʝʪʩʪʚʝʥʥʦ ʩʪʨʦʢʠ ʨʘʩʰʠʨʝʥʥʦʡ ʤʘʪʨʠʮʳ ʙʫʜʝʤ ʦʙʦʟʥʘʯʘʪʴ: u1, u2, é, 
um. 

ʉʪʦʣʙʮʳ, ʩʪʨʦʢʠ ʪʘʢ ʞʝ, ʢʘʢ ʠ ʨʝʰʝʥʠʷ ʩʠʩʪʝʤʳ, ʙʫʜʝʤ ʨʘʩʩʤʘʪʨʠʚʘʪʴ ʢʘʢ 
ʚʝʢʪʦʨʳ ʩʦʦʪʚʝʪʩʪʚʫʶʱʠʭ ʨʘʟʤʝʨʥʦʩʪʝʡ. 

ʊʦ, ʯʪʦ ʚʝʢʪʦʨ w = (a1, a2, é, an) ʷʚʣʷʝʪʩʷ ʨʝʰʝʥʠʝʤ ʩʠʩʪʝʤʳ ʣʠʥʝʡʥʳʭ 
ʫʨʘʚʥʝʥʠʡ (1), ʧʦ ʦʧʨʝʜʝʣʝʥʠʶ ʦʟʥʘʯʘʝʪ ʚʳʧʦʣʥʝʥʠʷ ʨʘʚʝʥʩʪʚ: 
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ʅʦ ʵʪʠ ʨʘʚʝʥʩʪʚʘ ʤʦʞʥʦ ʪʨʘʢʪʦʚʘʪʴ ʢʘʢ ʩʣʝʜʫʶʱʝʝ ʩʦʦʪʥʦʰʝʥʠʝ ʤʝʞʜʫ m-
ʚʝʢʪʦʨʘʤʠ, ʷʚʣʷʶʱʠʤʠʩʷ ʩʪʦʣʙʮʘʤʠ ʨʘʩʰʠʨʝʥʠʡ ʤʘʪʨʠʮʳ ʩʠʩʪʝʤʳ B: 

a1v1 + a2v2 + ... + anvn = v0. ʊʘʢʠʤ ʦʙʨʘʟʦʤ, ʩʠʩʪʝʤʘ ʣʠʥʝʡʥʳʭ ʫʨʘʚʥʝʥʠʡ (2.1) 
ʨʘʟʨʝʰʠʤʘ ʪʦʛʜʘ ʠ ʪʦʣʴʢʦ ʪʦʛʜʘ, ʢʦʛʜʘ ʚ ʨʘʩʰʠʨʝʥʥʦʡ ʤʘʪʨʠʮʝ ʩʠʩʪʝʤʳ 
ʧʦʩʣʝʜʥʠʡ ʩʪʦʣʙʝʮ v0 ʚʳʨʘʞʘʝʪʩʷ ʣʠʥʝʡʥʦ ʯʝʨʝʟ ʦʩʪʘʣʴʥʳʝ ʩʪʦʣʙʮʳ: v1, v2, é, vn. 
ʈʝʰʝʥʠʝʤ ʩʠʩʪʝʤʳ ʷʚʣʷʝʪʩʷ ʚʩʷʢʘʷ ʧʦʩʣʝʜʦʚʘʪʝʣʴʥʦʩʪʴ ʢʦʵʬʬʠʮʠʝʥʪʦʚ ʪʘʢʦʛʦ 
ʣʠʥʝʡʥʦʛʦ ʚʳʨʘʞʝʥʠʷ. 

2 .ʊʝʦʨʝʤʘ ʂʨʦʥʝʢʝʨʘ-ʂʘʧʝʣʣʠ 
ʊʝʦʨʝʤʘ (ʂʨʦʥʝʢʝʨʘ-ʂʘʧʝʣʣʠ). ʉʠʩʪʝʤʘ ʣʠʥʝʡʥʳʭ ʫʨʘʚʥʝʥʠʡ (1) 
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ʨʘʟʨʝʰʠʤʘ ʪʦʛʜʘ ʠ ʪʦʣʴʢʦ ʪʦʛʜʘ, ʢʦʛʜʘ ʨʘʥʛ ʝʝ ʤʘʪʨʠʮʳ ʨʘʚʝʥ ʨʘʥʛʫ ʨʘʩʰʠʨʝʥʥʦʡ 
ʤʘʪʨʠʮʳ: 

rang A = rang B. 
ɼʦʢʘʟʘʪʝʣʴʩʪʚʦ. ɽʩʣʠ ʤʘʪʨʠʮʘ A ʩʠʩʪʝʤʳ (1) ʥʫʣʝʚʘʷ, ʪʦ ʩʠʩʪʝʤʘ 

ʨʘʟʨʝʰʠʤʘ ʪʦʛʜʘ ʠ ʪʦʣʴʢʦ ʪʦʛʜʘ, ʢʦʛʜʘ B ʪʦʞʝ ʥʫʣʝʚʘʷ ʤʘʪʨʠʮʘ, ʪ.ʝ. rang A=rang 
B=0. 

ʇʫʩʪʴ A ï ʥʝʥʫʣʝʚʘʷ ʤʘʪʨʠʮʘ. ɺ ʩʦʦʪʚʝʪʩʪʚʠʠ ʩ ʚʚʝʜʝʥʥʳʤʠ ʚʳʰʝ 
ʦʙʦʟʥʘʯʝʥʠʷʤʠ, ʩʠʩʪʝʤʘ (1) ʨʘʟʨʝʰʠʤʘ ʪʦʛʜʘ ʠ ʪʦʣʴʢʦ ʪʦʛʜʘ, ʢʦʛʜʘ ʚʝʢʪʦʨ v0 
ʣʠʥʝʡʥʦ ʚʳʨʘʞʘʝʪʩʷ ʯʝʨʝʟ ʚʝʢʪʦʨʳ v1, v2, é, vn. ʕʪʦ ʚ ʩʚʦʶ ʦʯʝʨʝʜʴ ʚʦʟʤʦʞʥʦ 
ʪʦʛʜʘ ʠ ʪʦʣʴʢʦ ʪʦʛʜʘ, ʢʦʛʜʘ ʚʩʷʢʠʡ ʙʘʟʠʩ ʩʦʚʦʢʫʧʥʦʩʪʠ ʚʝʢʪʦʨʦʚ v1, v2, é, vn 
ʷʚʣʷʝʪʩʷ ʙʘʟʠʩʦʤ v1, v2, é, vn, v0. ʇʦʷʩʥʠʪʝ. ʇʦʩʣʝʜʥʝʝ ʚʳʧʦʣʥʝʥʦ ʪʦʛʜʘ ʠ ʪʦʣʴʢʦ 
ʪʦʛʜʘ, ʢʦʛʜʘ rang A = rang B. 

ɺʦʧʨʦʩ ʦ ʢʦʣʠʯʝʩʪʚʝ ʨʝʰʝʥʠʡ ʨʘʟʨʝʰʠʤʦʡ ʩʠʩʪʝʤʳ ʣʠʥʝʡʥʳʭ ʫʨʘʚʥʝʥʠʡ 
ʚʳʷʩʥʷʝʪʩʷ ʩʨʘʚʥʝʥʠʝʤ ʨʘʥʛʘ ʤʘʪʨʠʮʳ ɸ (ʨʘʚʥʦʛʦ ʨʘʥʛʫ ɺ) ʩ ʯʠʩʣʦʤ ʥʝʠʟʚʝʩʪʥʳʭ. 

ʇʨʠ ʵʪʦʤ ʩʣʝʜʫʝʪ ʠʤʝʪʴ ʚ ʚʠʜʫ, ʯʪʦ ʚʩʝʛʜʘ rang A ¢ n. 
3. ʊʝʦʨʝʤʘ ʦ ʯʠʩʣʝ ʨʝʰʝʥʠʡ ʩʠʩʪʝʤʳ ʣʠʥʝʡʥʳʭ ʫʨʘʚʥʝʥʠʡ. 
ʊʝʦʨʝʤʘ (ʦ ʯʠʩʣʝ ʨʝʰʝʥʠʡ). ɽʩʣʠ ʚ ʨʘʟʨʝʰʠʤʦʡ ʩʠʩʪʝʤʝ ʣʠʥʝʡʥʳʭ 

ʫʨʘʚʥʝʥʠʡ ʩ n ʥʝʠʟʚʝʩʪʥʳʤʠ (1) rang A = rang B = n, ʪʦ ʩʠʩʪʝʤʘ (1) ʠʤʝʝʪ 
ʝʜʠʥʩʪʚʝʥʥʦʝ ʨʝʰʝʥʠʝ. 

ɽʩʣʠ rang A = rang B < n, ʪʦ ʩʠʩʪʝʤʘ (1) ʠʤʝʝʪ ʙʝʩʢʦʥʝʯʥʦʝ ʤʥʦʞʝʩʪʚʦ 
ʨʘʟʣʠʯʥʳʭ ʨʝʰʝʥʠʡ. 




