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MeToaguyeckue yYKa3aHua gnsa o6yqarou.w|xc;| no OCBOEHUIO ANCLUMNITUHDI

Mpuctynaa K u3yyvyeHuo y4ebHOM OMCUMNNWHBI, Npexae Bcero obyyarolmecs OOSMKHbI
O3HaKOMUTbCA C y4ebHOM nporpammMon AUCUUNIUHBI. ONEKTPOHHbIA BapuaHT pabouyen
nporpaMmmbl pa3mMeLLEH Ha carnte b BI'Y.

3HaHMe OCHOBHbIX MOMOXEHUN, OTPaXXEeHHbIX B paboyelt nporpaMMe OUCLMMIUHBLI, MOMOXET
oby4aloLLMMCs OPUEHTMPOBATLCS B M3y4aeMOM Kypce, OCO3HaBaTb MECTO U POosib U3yvaeMoW
AMCUMMNIMHBbI B NOArOTOBKe Oyayllero neparora, CTpOUTb CBOK paboTy B COOTBETCTBUM C
TpeboBaHMAMM, 3aN0KEHHLIMU B NporpaMme.

OCHOBHbIMM  (hOpMaMV  KOHTAKTHOM paboTbl MO AUCUMNIIMHE SBASIOTCA NEKUunM U
NpaKkTU4eckne 3aHsTWUs, MoceLleHne KOTopbiX 0bs3aTenbHO AN BCeX CTYAEHTOB (Kpome
CTYOEHTOB, 0OyYatoLMXCst N0 UHANBUAYANbHOMY MiaHy).

B xoge neKUMOHHbIX 3aHATUN HeobXOAMMO KPUTUYECKM OCMbICNUMBATL Mpeanaraemblii
maTepuan, 3agaBaTb BOMPOCbI KaK YTOYHSIIOLWIEro XapakTepa, foMorawwmne YsCHUTb
oTAenbHblE M3naraeMble MOSIOXEHUs, Tak U BOMPOCLI NPOAYKTUBHOIO Tuna, HanpaBfeHHble
Ha pacluMpeHune u yrinybneHue cBegeHui No n3y4yaeMomn Teme, Ha BbisSIBIIEHWE HEOCTaTOYHO
OCBELLIEHHbIX BONPOCOB, CrnabbiXx MECT B apryMeHTauun u T.n.

Ha npaktnyeckux 3aHATUAX HEOOXOAMMO akTMBHO y4aCTBOBATb B pelleHun npeasiaraembix
3afay, HauynHasa yxe C 3Tana aHanusa ycrioBus M noucka nyten pelwseHus. CTygeHTy,
BbI3BAHHOMY NS pelleHns 3ajayn K [ocke, criegyeT noapobHO KOMMEHTUpOBaTb XOA
pelweHna 3agayn, a CTanbHbIM CTyAeHTaM — BbIMOMHATL OCHOBHbIE 3Tarnbl peLleHns
npegnoXeHHoOW 3agavym CaMOCTOATENbHO, HO NMPU 3TOM KOHTPONUPYS X0, pPeLUeHNa Ha JOCKe.
B xoge noOAroToBKM K MPakTUYECKUM 3aHATMAM HeobXxoOuMO U3Yy4uTb B COOTBETCTBUM C
BOMpocaMn AN NOBTOPEHUS KOHCMEKTbl NEKUU, OCHOBHYK NMTepaTypy, O3HaKOMUTbLCH C
AononHuTenbHon nutepatypon. Kpome Toro, criegyeT NOBTOPUTL Martepuan Jekuuu,
OTBETUTb Ha KOHTPOSIbHbIE BOMPOCHI, U3y4UTb OOpasubl peleHus 3adad, BbINOSHUTb
ynpakHeHus (ecnn Takne NnpenycMOTPEHbDI).

Mpn nogrotoBke K MPOMEXYTOYHOM aTTectaumm HeobxogumMo NOBTOPUTbL MNPONAEHHbIV
mMaTepuan B COOTBETCTBUM C Yy4ebHOM nporpammon, MpUMMEpPHbIM MEepPeYHEM BOMPOCOB,
BbIHOCSALUMXCH Ha dK3amMeH. PekomeHayeTcs MCnonb3oBaTh KOHCNEKTbI JIEKLUUA N UCTOYHUKN,
nepeyuncrieHHble B CrMCKe nuTepaTypbl B paboyen nporpamme OUCUMMAMHBLI, a Takke
pecypcbl 3NEeKTPOHHO-6MBNMoTeYHbIX cucteM. Heobxoammo obpatntb ocoboe BHUMaHME Ha
TeMbl Y4EOHbIX 3aHATMIA, NPOMNYLLEHHbIX NO pasHbIM NpuynHam. MNMpyu HEOBXOANMOCTU MOXKHO
00paTnTbCA 3a KOHCYNbTaUMeNn N MeTOONYECKOM MOMOLLLIO K NpenofaBaTenio.

MeToauyeckue MaTepuanbl Ans o6yqarou.w|xc9| Mo OCBOEHUNIO TeopeTn4eCKunx
BONMNpPOCOB ANCLUUINMIINHDbI

Ne Tema PaccmatpurBaemMbie BONpOChI
KomnnekcHble ynucna n nx | KomnnekcHoe 4nMcno: CnoXxexHue, YMHOXeHUue, BblintaHne n gernedHume Bo
cBoWcTBAa. MHO>XeCTBe KOMMJ1EeKCHbIX Yncern (K.‘-I.); anre6pamquKaﬂ 7

1 TPpUroHomeTpun4yeckas (bOprI K.4.; CTeneHb C HaTypalibHbIM MoKasaTesiem

ANs K.4.; apudpmMeTnyeckuii KopeHb U3 K.4.; CONPsPKEHHbIE K.4.;
reoMeTpuyeckas uHTepnpeTaums gencreun (onepauun) B MHoxectse C;
obpaTHOE YMcno Ang K.u.

®yHkuuM  komnnekcHoro | OcHoBHble NoHATKSA. peaen n HenpepbiBHOCTL hyHKUMK K.N. Mpeaensl ee

nepemMeHHoro (K.m.). BELLECTBEHHOW 1 MHUMOW YacTeln; reomeTpnyeckoe NCToNKoBaHWe npeagena
2 k.n.; OCHOBHbIE aneMeHTapHble OYHKLMK K.N.: MoKasaTenbHas,
norapudmmuyeckasi, CTeneHHasi, TpuroHomeTpudeckasi, obpatHasi
TPUrOHOMETPUYECKaS.
OndpdepeHumnposaHne Ycnosus 3unepa-Hanambepa. MNpasuna anddepeHumnpoBaHusa yHKLUMI
3 YHKUUN K.N K.N. AHanuTudeckasa dyHkuns, duddepeHuman yHKLMM K.0.

FeoMeTpuyecknii CMbICN MoAyNsa U aprymeHTa nponssoaHoit. MoHaTre o
KOHG)OPMHOM OTOGPaXKEeHUMU.

4 WHTerpupoBaHne OnpepgeneHune, CBONCTBA U NpaBuria BbIYMCNEHUS MHTerpana. CeoicTea
YHKUUU K.T. nHTerpana dyHkuum k.n. Teopema Kowu. NepBoobpasHasi n




HeonpeaeneHHbIn nHterpan. ®opmyna HetoToHa-JlenbHuua. Cneacrteums.
Wuterpan Kowwu. NHTerpaneHas dopmyna Kowwn.

Pagobl B KommnekcHou | YncnoBble psbl C KOMMNIEKCHBIMU aneMeHTamu (K.4.): cyMMa psga K.u.;
NMOCKOCTH. CXOAsALUMECS U pacxoasimecs psaabl K.4.; HeobXxoaumbI NpU3HaK
CXOOUMOCTM PAJOB K.4.; abCONIOTHO cxoasLmecs paapl K. Y.; CBA3b Mexay
abConTHOM CXOOUMOCTbIO Y CXOAMMOCTbBIO PSAO0B K.4.; YCIOBHO
CXOAALLMIACA PSA K.Y.; CITIOXKEHME N BblYMTAHUE PALOB K.4.; YMHOXEHMWE
pPSO0B K.4. HAa YNCIO; Teopema O nepecTaHoBKe YneHoB abconTHO
cxopsiierocs psfa K.u.; Teopema o npousseaeHnn abCcontoTHO CXoasALLNXCA
psgoB k.M. CTeneHHble psaabl. Teopema Abens.

Pagbl Tennopa v JlopaHa. | Psaa Tennopa. PasznoxeHne dyHkummn B cteneHHon paa Tennopa. Pag
MakrnopeHa. Hynu aHanutnyeckon oyHkumnn. Pag Jlopana. MNMpasunbHas n
rnaeHasi 4Yactu psga JlopaHa. Knaccudpmkaums ocobbix Tovek. CBs3b Mexay
6 Hynem v Nontocom pyHKUUN. YCTpaHMMble 0cobble Touku. [ontocsl.
CyLecTBeHHO ocobble ToUkM. BbiueT dyHkuun. MNoHsATUE 0 BbiYeTax U
OCHOBHasi TeopeMa o Bbl4eTax. BelumcneHue BblveToB. MpumeHeHune
BblYETOB B BbIYUCNEHUN NHTErPAoB.

v KomnnekcHas dopma | BblumcneHme Bbi4eTOB. [IpMMEHEHNE BbIMETOB B BbIYMCIIEHUM MHTErParos.
psga dypeoe.

MeToaunyeckue matepuanbl Ans odbyyarowmxcs No NOAroToBKe K NPakTU4YEeCKUM
3aHATUAM
1 KomnnekcHble y1cna

1.1. Moaynb M aprymMeHT KOMMJSIEKCHOro 4ucrna. TpuroHometTpu4yeckasa copma
KOMMNJIEKCHOIro Yy1ucna

MycTb KOMMMEKCHoe Y1Cno 3a4aHo B anrebpanyeckoe opme: & = a+ bi . N3o06pasum
yucro o Touykor M(a,b) komnnekcHol nnockoctn. Modynem KOMIMIEKCHO20 4Yucra

a=a+bi nasbiBawoT anuHy r paguyc-sektopa OM  toukn M(a,b), usoBpaxatoLent

JaHHOEe 4UCro. MO)J,yJ'Ib KOMMJIEKCHOIo 4yucna o o0603HayalT CMMBOSIOM ‘OL‘ .

= [ow]

, 0(‘20.
Tak kak OM =+a’ +b’ (puc.1), TO ‘a‘zx/a2+b2, ‘a+bi‘:\/a2+b2,
r=va’+b*.

CnepoBarenbHO, Mo onpeaeneHunio r= ‘oc

yﬂ

) 4

0 A

Puc. 1 OnpegeneHve aprymeHTa KOMMMEKCHOro Yyncna

Ecnm b=0, T.e. uncno o ABnNAeTCA AEWCTBUTENbHBLIM, NpUYeM & =da, To cdopmyna

2 .
NpUHMMaeT BUA ‘06‘=\/a . ApPrymMeHTOM KOMMMeKCHoro uucna o =a+bi HasbiBaoT




r=0M

BENWYMHY Yyrna () HakroHa paauyc-BekTopa ‘ ‘ Toukn M(a,b) k nonoxutenbHon
nonyocn Ox. ApryMeHT KOMMMEKCHOro yucrna o o6o3HayaloT cumBoniom Argo. Yron ¢

MOXET MpUHMMaTb Ntobble AeNCTBUTENbHbIE 3HAYEHMs. APryMEHT KOMMMEKCHOro yucrna o
MMeeT GEeCKOHEYHOE MHOXXECTBO 3HAYEeHUI, OTNMYalLWMXCA OOHO OT APYroro Ha u4ucrio,
KpaTHoe 27 :

Arga=arga +2nk (k=0,21,12,...), -t <arga <m.

C NoMOLLbIO MOAYNSi U apryMeHTa KOMMIEKCHOE YNCIo & = a + bi MOXHO NpeacTaBuTh
B Aipyron ¢opme. Mockonbky a =rcos@, b=rsin, 1o
a+bi=r(cosp+ising) (r>0),

rne r=+a’ +b’, cosp=a/va’+b’, sinp=b/ya’ +b’.

BbipaxkeHue, cTosliee B npaBon 4actu popMyrbl, HasblBaOT MmMpuaoHoMempuyeckou
¢opmoll KOMIeKcHo20 Yucsa. [1Ba KOMNNEKCHbIX Ynucna, 3aaHHbIX B TPUFOHOMETPUYECKON
dopme, pasHbl TOraa v TONbKo Toraa, Koraa ux MOAynu pasHbl, @ apryMeHTbl OTNMYaloTCs Ha

BeNMuKHy, kpaTtHyto 271. CnegosatensHo, ecnu 1,(cos@, +1sin@,) =r,(cos, +ising, ), 10
=1, ¢, =0 +2nk (k=0,£1,+2,...); n obpaTHo.

Ecnn komnnekcHoe 4ucno o.=a+bi3agaHo B TpUroHomeTpuyeckon dopme
o =1(COS(Q+1Sin(), TO KOMMNIEKCHO-COMPSKEHHOEe 4YMcno o.=a—bi 3anucbiBaeTcs B

copme 0 = r(cos(—@) +isin(—@)); noatomy ‘&‘ = o], argo=—argo_

Mpumep 1.1. KomnnekcHoe 4ucro d=2\/§/(1—i) 3anucaTb B anrebpavyeckoin u

TPUrOHOMETpPUYECKON hopmax.
PeweHue. YMHOXas JucnuTenb W 3HaMeHaTenb AdaHHoOM Apobu Ha  4ucno,
COMpshKEHHOE 3HaMeHaTenNo, Nonyvyaem:

22 2J20+i) _ 2\/5(1;”') _2J2+i22 il

1-i (A-Hd+10) 1-i 2

970 anrebpandeckas popMa JaHHOro Ynucna o = V2 +iV2.

Haxoaum r=\/(x/§)2 +(2)? =2, singp=bl/r= V272, cosp=alr=+21/2,
oTKyda rnaBHoe 3HauyeHue @ =/4. CnepoBaTenbHO, TpuUroHomeTpuyeckas dopma
AaHHoro yucrna umeet sug o = 2(cos(r/4) +isin(r/4)).

Mpumep 1.2. Boluncnutb sin (7 +i)

Pewenue. Sil’l(ﬂ' i i) _ %(ei(ﬂﬂ') _ e—i(;m)): l(enm . el—i;r): l(elem el ) _

2i 2i
= %(e‘1 (cos 7z +isin 7z)—e' (cos(— 7 )+ i sin(— 72')))2 %(e‘1 (=1+0)-e'(-1+ 0)):
i i
1 e —e!

——. " —_ishl
i 2



1.2. lencTBUSA HAQ KOMMIEKCHbLIMU Yucnamm
UToObl CnoXmTb [OBa KOMMIEKCHbIX 4ucrna, HeobxoaumMo CnoXuTb OTAENbHO UX
AENCTBUTENbHbIE N MHUMbIE 4YacTu, NPU BblYUTAaHUM HEOOBXOAMMO BbIYECTb OTAENbHO WX
AENCTBUTENbHbIE U MHUMbIE YacTW.
(a+bi))+(c+di)=(a+c)+(b+di,
(a+bi)—(c+di)=(a—c)+(b—d)i.

OtmeTum, 4TO CyMMa W npousBeaeHne nOByxX KOMIMJIEKCHO-COMPAXEHHbIX 4YKUcern

o =a+ bi,o =a—bi aBnaTca aencTBUTENBHLIMU YMCIIAMMN.
YMHOXEHME N OeneHne KOMMMEKCHbIX YMCEN BbIMOMHAETCA MO HKENpUBEOEHHbIM
dopmynam:
B anrebpanyeckomn opme:
(a+bi)(c+di)=(ac—bd)+(bc+ad)i,

a+bt ac+bd bc—ad.
= 2 dzl

= + c*+d*#0);
c+di c*+d*> <+ ( )

B TPUrOHOMETpUYeckon popme:
Z, 2, =1, - 1,(COS(@Q; +@,) +1sin(@, +9,)),

Z T ..
—= _I(COS(% —@,)+isin(¢, _(02))-

Z, L

dopmyna BO3BEAEHMUS B CTENEHb!
z" =r"(cosn@+isinng) .

HaTypanbHble cTeneHn MHUMOW eauHUUbl 1 MPUHMMAIOT MNULLL YeTblpe 3HAYEHUs:
-1,-1,1,1

KeadpamHbiM KOpHeM U3 KOMIMJIEKCHO20 4Yucsa HasbiBalT KOMMSIEKCHOE YMCIO,
KBagpaT KOTOPOro paBeH AaHHOMY KOMMMEKCHOMY Ynciy. BblumcneHme KopHs n -0 cTeneHu
OCyLLeCcTBNsieTCA No popmyne:

M:%(coswﬂsmwj.
n n

Mpumep 1.3. [aHbl OBa KOMMNEKCHbIX uvcna d+I n 2+3i. Hantm mx cymmy,
pa3HOCTb, NPOM3BEAEHNE N YAaCTHOE.
PeweHue. NpuMeHNM yKasaHHble Bbille opMyIibl 4S5 BbIYUCIIEHUS CyMMbI, Pa3HOCTH,
npoun3seneHnst U1 YaCTHOrO KOMMITEKCHbIX Yncen B anrebpanyeckon hopme, nonyymnm:
G+D+R2+3)=056+2)+1A+3)i=7+4i,
G+)—-2+3)=(5-2)-1-3)i=3-2i,
5+)Q2+3i)=10+15+2i +3i* =7+17i,
5+i  (5+i)(2-3i) 10-15i+2i-3i> 13-13i

- - =1-1i.
2+3i  (2+30)(2-30) 4-9;* 13

Mpumep 1.4. Bo3BeCT B yKa3aHHbIE CTENEHWU OaHHbIE KOMMNeKcHble uncna: (3+4i)°,
A+2i)°, 2+i)".

PeweHue. MNpumeHasa dopmyny Bo3BeAeHNSA ABYYSieHa B cTeneHb N, npy 1 =2, n =3,
n =4 nony4yaem



(B+4i)> =3" +2-12i +(4i)> =9+ 24i +16i> =7+ 24i ,
(1+20)° =1+6i+12i* +8° =1+6i —12—-8i =—11-2i,
QR+ =2"+4-2°1+6-4i> +4-2° +i* =16+32i —24-8i +1=—7 + 24i.

lMpumep 1.5. N3Breyb KOpeHb KBagpaTHbIA U3 ynucna o =9+ 40i.
PeweHue. O6o3Haumm 9 +40i =u +iv. NockonbKy B gaHHOM cnyyae a =9, b =40, 10

u’ =(9+v9* +40%)/2=(9+41)/2 =25,

v =(-9++97 +40° /2= (-9+41)/2=16.
Tak kak u’> =25, v’ =16, T0 u, =5, u, =5, v, =—4, v, =4. [Nony4yeHo ABa 3HAYEHUS] KOPHS:
u, +vi=-5-4 v u, +v,i=5+4i.

Mpumep1.6. HaiiTn 3HayeHne BblpaxeHusa z° —2z° +5z Npu z=1-i.
PeweHue. Mockonbky (1—i)> =1-2i+i> =1-2i—1=-2i,
(1-i)’ =(1—-i)*(1—i) ==2i(1—i) =—2i + 2i* = -2 —2i, Torpa:
7} =277 +57=-2-2i—2(-2i)+5(1—-i) =3-3i.
lpumep 1.7. MNokasaTb, YTO KOMMIEKCHOE YNCNO z =1—i ABNAETCA KOPHEM YpaBHEHUS
22 +27°—6z+8=0.
Pewerue. Tak kak z° =(1-i)> =-2i, 7> =(1-i)’ =—2-2i, T0
22 +272 —6z+8==-2-2i+2(=2i)—6(1—i)+8 =0,
T. €. (1-i) —KOpeHb ypaBHEHMA.

2 Teopusi hyHKLMA KOMMIIEKCHOrO NepeMeHHOro

2.1. MoHsTHe hyHKUUN KOMIMJIEKCHOro rnepemMeHHOoro. Mpepen
M HenpepbIBHOCTb

PaccmoTpuM KOMMNEKCHOe YNCno Z =X +1y, rae X U y — AefcTBUTENbHbIE Ynicna, | —

MHUMas eauHuua (1 :«/—_1), KoTopasi M3obpakaeTcss TOYKOWM KOMMSIEKCHOW MfIOCKOCTU C
koopauHatammn (X,y). MNyctb D— obnactb (OTKpbITOE CBSI3HOE MHOXECTBO) KOMMMEKCHON
nnockoctn. Ecnu kaxgow Touke z € Dno onpeseneHHomy npaBwuny f MOCTaBREHO B
COOTBETCTBUE eQNHCTBEHHOE KOMIMIIEKCHOE YMCINO W =U +1V, TO roBOpAT, YTO B o6nactn D
onpedeneHa O00HO3Ha4yHasi (BYyHKUUSI KOMIIIEKCHO20 MEPEMEHHO20 Z =X +1y, W NULWYT
w=1(z), zeD. ®OyHkumio w =f(z) =f(x +1y) MOXHO paccmaTpuBaTb Kak KOMMMEKCHYO
byHKUMIO OBYX OENCTBUTENbHLIX MEPEeMEHHbIX X W Yy, onpedeneHHylo B obnactm D
w=f(z) =u(X,y)+iv (X,y).

Mpumep 2.1. Hantn 3HaueHns oyHKUMM f(z2)=2° —2z° +5z nNpu  cneaylowmx
3HayveHusx aprymenTa: 1) z=i;2) z=1-i;3) z=2+1.

PeweHue. MNpHMMas BO BHUMaHNE 3HAYEHUS MHUMOW €AMHWLbI, NoSTyYaeMm:

f)=i" =2 +5i=—i+2+5i =2 +4i.

Mockonbky (1—i)> =1-2i+i* =1-2i —1=-2i,
(-0 =1-i)*(A—i)=-2i(1—i)=-2i+2i* =-2-2i, TO
f=i)y=(0-i)’ =2(1—=i)> +5(1—i) =—2-2i —2(-2i) +5-5i =2 -2 +4i +5-5i =3-3i.



[anee
FR+)=Q+i) =22+ +5Q2+i) =2 +3-2%i+3-2i" +i° =24 +4i+i*)+5Q2 +i) =
=8+12i+6i° +i° —8—8 —2i> +10+5i =8+12i —6—i —8—8i +2+10+5i = 6+ 8i.
Mpumep 2.2. [laHa pyHKUMA @ = z° + z . HalTK 3HaYeHne yHKLMM Npu:
1) z=1+i;2) z=2-i;3) z=i;4) z=-1.
Pewenue. 1) o= (1+i) +1+i=1+2i—1+1+i=1+3i;
2) w=02-1V+2-i=4-4i-1+2-i=51-i); 3) w=i*+i=-1+i;4) @=1-1=0.

Mpumep 2.3. Hantn hl(\/g + i).
Pewenue. meem Z =+/3 +1, p= ‘z‘ =2, p=argz= arctg(l/x/g)= 7l6, me.
In(V3+i)=tn2+(z/6+2kx), kez.

Mpumep 2.4. [Ins paHHou pyHkumn f(z) =u(x,y)+iv(x,y), rae z=x-+1iy, HaATK
AENCTBUTENBbHYH YacTb u(x, y) N MHUMYIO YacTb V(X,y):

a)f(z)=z2,6)f(z)=%, 8) f(z)=e", 1) f(z)=sinz

PeweHue.
a) 22 =(x+iy)’ =x>+2x-iy+(iy)> =x" +i-2xy—y* =(x" —y*)+i-2xy, T.e.
u(x,y)=x =y’ v(x,y) = 2xy

6 l_ 1 _ 1 _ X +1iy Xty X Ll y
) 2 x+iy x—iy (x—iy)x+iy) x*+y? xT+y* xP+y’ > 1€
)= e )=

g) et =" =e" e =¢" -(cosy+isiny):excosy+i-exsiny,T.e

u(x,y)=e"cos y; v(x,y)=e"siny

2)
) iz _e—iz 1
Smzg=————=—

Y > (ei(x+iy) _e—i(x+iy))_ 1 (eix—y _e—ix+y):
l I

T 20
= %(e‘y (cosx+isin x)—ey(cos(— x)+isin(— x)))z —é(cos x(e‘y —ey)+isin x(e‘y +ey)):
i
e’ —e’ . e’ +e””
+sin x -

=iCOSX- =sinxchy+icosxchy,m.e

u(x, y) =sinxch y;v(x, y) =cosyshy
lMpumep 2.5. Onpepenutb QYHKUUIO f(z), roe z=x+iy, ecnn Re f(z)z X n
im f(z)=—y

PeweHue. Takkak Zz=Xx+1y ,a z=x—1iy,To 2+ 2=2X, 7—2z=2iy, oTkyaa

2

Z+Z Z—E .Z—Z
X=— y: = .
2 2i 2

Z+Z . Z—Z Z+Z Z—E - -
—1- = — =z. N =
2 2% 2 2 ek, f(2)=2

CnepoBaTenbHo, f(z) =x—iy=



KomnnekcHoe 4ucro c HasbiBaeTca rpedesioM 00HO3HayHoU yHkuuu w = f(z)
npu f(z) = a, ecnn ana seskoro yncna &€ >0 cywectsyet Takoe umcno O >0, yto n3

HepaBeHcTBa |Z—a| <& cneayeT HepaBeHCTBO |(f(x)—c/<é&. B 3ToM cnyyae nuwiyT
p y p y y

lim f(z) =c.

Z—a

dyHkuma W = f(z) HasblBaeTCa HerpepbieHOU 6 Moyke Z,, ecnu hle f(2)=f(zy).

=%

2 o
lMpumep 2.6. [lokasatb, YTO PYHKUMS W = Z~ 4BMSETCA HEMNPEPbLIBHOW Npu nodom
3HavYeHun Z.

PeweHue. 3acdumkecupyem 3Ha4vyeHune 2 n paccMoTpuM pasHOCTb

22—z, =(z—z,)(z+2z,). Korma z—>7,, TO CylleCTByeT TaKoe MONOXMTENbHOE YUCHO

M , PN KOTOPOM BbIMONHAKTCA HepaBeHCTBa ‘Z‘ <M, ZO‘ <M, noaTtomy

‘zz —zg‘ =|z—zo|z+ 2| < \z—zo\([z\+\z0\)< 2M |z -z,

Buibepem O = &/2M . N3 HepaBeHcTBa ‘Z — ZO‘ <0 cnepgyert, 4yTo

‘Z2_23‘<2M5:2M'ﬁ:g, Z—Z§‘<8

. 2 2
CnepoBaTenbHoO, Iim z” = Zy . TocKomnbKy BbINOMHAETCA PaBEHCTBO, TO PYHKUMS W = z2
2

HenpepbiBHA B TOYKE Z,. Touka z, Obina 3admkcMpoBaHa NPOWM3BOSIbHO, 3HAYUT, PYHKLUSA

2 .
W = Z HenpepbiBHa B nobown Touke.

2.2. OdnemMeHTapHble PYHKLUM KOMMNSIEKCHOrO NepeMeHHOoro

Z o
lNokazamenbHas ¢hyHkuuss € uMeeT crnenyroLLme CBOMCTBA:

Z,+72 Z Z
1) e’ > =e" e, roe 7;,2, - NPoM3BONbHbIE KOMMMEKCHbIE YNCNa;

2) e =¢’ (k=0,+1,£2,..), Te. € sensetcs nepuoaMueckoii yHKUMER C
nepuoaom 2mi.

Tpu2oHoMempuyeckue yHKUUU Sinz, COSZ — nepuoanyeckne ¢ OeiCTBUTENbHbIM
nepvoaoM 271; OHM MMEKT TONbKO AeNcTBuTenbHble Hynu z=km u z=7/2+Kkn

cooTBeTcTBeHHO, rae k=0,+1,+2,....
Ana dyHKumnn e, singz, cosz crnpaBseanuBbl popMysbl dunepa
e” =cosz+isinz, e “ =cosz—isinz,
oTKyda

+e )
COSZ=——, sinz= ,
2 21

X+Hy

Ecrmz =X +iy,Toe” =e**¥ =¢* - ", nostomy e’ =e*(cosy +isiny).



Bce hopmynbl TpUroHOMETpUM OCTaKOTCS CNpaBeanNnBbIMAU U A4S TPUrOHOMETPUYECKNX
PYHKLMA KOMMNNEKCHOW NepeMeHOMN.
JToeapugpmuyeckas pyHkyusi Ln z, roe z # 0, onpegensietcs kak dyHkumsi, obpaTHas

rnokasaTenbHON, npuyem
Lnz=In|z|+iArgz =In|z|+iargz+2kmi (k=0,%+1,%+2,..)
3Ta yHKUMA SBRSETCH MHOrO3HauHoi. MnaBHbIM 3HauyeHnem LN Z HasbiBaeTtcs Takoe
3HaveHue, koTopoe nony4vaetcs npu k =0; oHo o6o3HavaeTcs yepes In z:
In z:‘z‘+iarg A
OueBugHo, yto Ln z=1n z+ 2kmi, (k=0,£1,£2,...)

CnpaseanuBbl cneayoLime paBeHCTBa:
ILn(z,-z,)=Lnz,+Lnz,, Ln ? =Lnz -Lnz,,
2
Ln(z")=nLlnz, Ln%¥z=Lnz/n.
O6paTHble TpUroHomeTpuyeckme dyHkumn Arcsing, Arccosz, Arctgz, Arcctg z
onpefensloTcs kak yHKUMM, oOOpaTHble COOTBETCTBEHHO (OYHKUMSIM  Sin W, COS W,

tgw, ctgw. Bce aTM yHKUMM SBNAOTCA MHOMO3HAYHbIMW; OHW BbIpaXalTCs Yepes
norapugmmnyeckme pyHKUnn cnegyowmmm dopmynamu:

Arcsin z=-1Ln (iz+x/1—z2 ),
Arccosz=—iLn (z++z* -1),

Arctgz:—anH?Z,
2 1-1z
Arcctg z:—anZ—ﬂ.
2 z-i

[MaBHble 3HayeHUss 0OpaTHbIX TPUTOHOMETPUYECKUX CYHKLUMIA arcsinz, arccos z,
arctg z, arcctg z nony4awTcsd,  Korga  paccMaTpyMBalOTCs  NaBHble  3HAYeHus
COOTBETCTBYHLLUNX NOrapndpMmnyeckmx qyHKLUN.

Mpumep 2.7. [okasats, uto e” =—1, e™'* =i.

PeweHue. Ycno 7L MOXHO paccMaTpuBaThb Kak KOMMMEKCHoe uncno Z =X +1iy, rge
x=0, y=7m, noaToMy Haxogum

e” =cosm+isinzt=—1+i-0=—1.

AHanormyHo nony4aem BTOpPOE PaBEHCTBO:

: T .. T . .
e™'? =cos= +isin—=0+i-1=i.
2 2

Mpumep 2.8. Haiitn: 1) €OS1 ; 2) sin (1+ 2i).
PeweHue. lNony4aem:
i-i —i-i i? —i -1 1
e te _e te e +e — ch1=15431.
2 2 2

COSi =

Haxoaum:



i(1+20) —i(1+2i) i-2 2—i 2 2 -
) ) —e e —e e e —e’e
sin(1+2i) = _ = : - : _
2i 2i 21
B e (cosl+isinl)—e*(cos1—isinl) B cosl(e® —e?)+isinl(e’ +e?) B
2i 2i
2 -2 2 -2
e +e . e —e . .
= 5 sinl+i cosl=ch 2sinl+i sh2 cosl =

=3,7622-0,8415 +i3,6269 - 0,5403 = 3,1650 + 1,9596:.

lMpumep 2.9. Hantu: 1) In(-1); 2) Ln(-1); 3) In i; 4) Lni; 5) In(3+4i); Ln(3+4i).

PeweHue. ockonbky |— 1| =1, a rnaBHOe 3Ha4YyeHWe aprymeHTa paBHO 7, TO MOMAYYUM
In(—1) =In1+ 7 ; no bopmyne Hangem:

In(-1)=m+2km=2k+1)m (k=0,x1,£2,..).

C yyeTOoM TOro, 4TO ‘iz‘ =1, argi = /2, Haxo4uUM:

1ni=1n1+%i=%i, Lniz%iJerm' (k=0,+1,+2,..).

Tak kak [3+4i| =+/3% +47 =5, arg(3+4i)=arctgg, T0 1n(3+4i)=1n5+i-arctg%,

ILn(3+4i)=In5=1i arctg%+2k7zi (k=0,%x1,%£2,..).

Mpumep 2.10. Hai: 1) i'; 2) 2"
PeweHue. Mpn a =i, z=1 1 Cy4eToM TOro, Yto Lni= %i + 2k nony4yaem:

l-i :eiLni zei(ﬂ/2+2kﬂi) :efﬂ/272k7r (k :O, il, i2, -")‘

.0 -l2
[naBHOe 3HayeHne [ paBHO e ' .

Ha ocHoBaHuu hopmynbl npyn a =2, z =1+i Haxogum:

21+i — e(l+i)Ln2 — e(1+i)(1n 2+2km) — e(]n 2-2km)+i(In 24+2km) — eln272kﬂ (COSln 2 + iSinln 2)
Mpumep 2.11. Haiitn: 1) Arcsin2;2) Arctg(2i).
PeweHue. Haxognm

Arcsin 2 =—i Ln(2i /3 = —i Ln[(ziﬁ)i ]: —i [ln(2i\/§+i%+2km} =

:%_im(ziﬁ)+2kn (k=0,%£1,%2,..).

Takxke nonyvyaem

i 1 i1 7  iln3
Arctg 2i)=——Ln(-=)=—=(n=+7+2km) ===+
g (2)=—Z1Ln( 3) > 3 )==3

+kr (k=0,£1,£2,..).

2.3. AnddepeHumpoBaHme hpyHKLUMA KOMMNIIEKCHOroO NepeMeHHOro

lMpouseodHol pyHkuyuu w =1(z) Touke z HasbIBAETCA KOHEYHbIA Npeaen OTHOLLIEHUS
Aw/ Az, xorga Az npounsBonbHLIM 06Pa30M CTPEMUTCS K HyTHO:
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f(z)—hmA T f(z+Az)—1(z)
Az—0 Az Az—0 Az

PyHKUMA, MMetlolasl NPoM3BOAHYIO B TOYKe Z , HasblBaeTcs OughgepeHyupyemol 8
3mou mouyke.
Ecnu z=x+1y, w=1(z) =u(x,y)+1v(X,y), TO B KaXKaom TOYKe

anddepeHumpyeMocTn dyHKUMKM f(z) BbINONHAIOTCSA paBeHCTBa:
ou Ov Ou 0OV

= =
ox 0Oy Oy 0Ox
KOTopble HasblBaloT ycriogusmu Hanambepa-3unepa (unn ycrosusmu Kowu-PumaHa).

oykumss W =1(2) HaswiBaeTcs awanumuyeckoii e mouke ZE€D, ecnun owa
anddepeHumpyema B Hel U HEKOTOPOW €€ OKPeCTHOCTU. [Ans BCSKOM aHannTU4ecKown

dyHKLMN f(z) npousBogHasi f'(2)
u=u(x,y), v=v(X,y)-

Ou .Ov_ov_.0u_du_.du_0ov .dv
fl(Z)=—+i— = —i = —i = i

8X8x8y5‘y5X5yaan

MpounsBoaHble aneMeHTapHbIX pyHKUMI KOMMMEKCHOro nepemMeHHoro
z", Inz, €, sinz, cosz, arcsin z, arccos z, arctg z HaxoasTcs no opmynam:

b

BblpaXkaeTcsl Yepes3 YacTHble MPOU3BOAHbIE (PYHKLNIA

(z") =nz"", (Inz) = l,
z

(e”) =e”, (sinz) =cosz, (cosz) =-sinz,

(arcsinz) = 1 (arccosz) = 1 (arctg z)' = !
N J1-2° © I+2*

lMpumep 2.12. BbISICHUTb, ABNAETCS NN aHANUTUYECKON (DYHKUMNA w = z’
PeweHue. Mockonbky Z = X +1y, T0

w=(x+iy)’ =x" +2ixy +i°y*; w=x> =y +2ixy, u=u(x,y)=x> -y, v(x,y)=2xy.
Haxoaum 4yacTHble Npon3BogHblIe PYHKUNMN u = u(x,y), v=v(x,y):

ou ou ov ov
—=2x, —=-2y, —=2y, —=2x.
ox oy ox Oy
CnefosaTtensHo, U, =v;, u; =—v'; yCrnoBus aHanUTUYHOCTW BbINOMHEHb! ANA BCeX

2 < .
TOYEK TMIIOCKOCTH 0xy 3HauuT, beHKLI,l/IFI w=Z2 4dBNdAeTcA aHallMTU4eCKon Ha BCen
NNOCKOCTWU.

Mpumep 2. 13. BbiACHUTb, ABNSIETCA NN aHANUTUYECKON PYHKLUMA W = Z.
PeweHue. Ecnnu w=7Z, TO u+iv=x—1iy, u=Xx, v=—y,0TKyaa

ou au ov ov Gu Gu
—=1, =0,—=0, — =-1, .
ox 8y ox oy 8x 8y
CnepoBaTenbHO, NepBOE M3 YCMOBWUMA He BbINOMHAETCA. PyHKUMA W =27 He UMeeT
NPOM3BOOHOM HN B OAHOW TOYKE MNTOCKOCTM N NOITOMY HE ABNSAETCSA aHanUTUYECKOMN.

Mpumep 2.14. BbiICHUTL, ABMNAETCSA N aHanUTUYeckon dyHkumsa w = zRe z.
Pewerue. Ecnn w=zRez, 10 u+iv=(x+iy)x=x>+ixy; u=x>, v=2xy, oTkyda
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ou ou ov ov
—=2x, —=0, — =y, —=x
ox oy ox oy

PaBeHcTBa BbInonHaAwTCcsA Tonbko npu x=0 u y=0. Takum obGpasom, yHKUUA
w = zRe z auddpepeHumpyema Tonbko B ToUke z=0 1 HUrOe He ABNSAETCH aHaNUTUYECKON.

lMpumep 2.15. Hantn aHanutuyeckyro YHKUMO f(z), €Crnn u3BecTHa €€ MHuMas

yacTb v(x,y)=2x" -2y’ +x.

ov ov
PeweHue.  Tockonbky P dx+1, 5 =4y, 1o Wu3 paBeHCTB Mory4yaem
ou =4y, ou =—4x-1
ox oy

M3 nepBoro ypaBHEHWA Haxogum u=_f(—4y)dx:—4)g;+go(y), rae  o(y)—

npounssosibHaa yHkumnA. Ona onpegeneHns yHKUMU ¢(y) npoauddepeHumpyeMm no y
dyHKUMo u =—4xy +@(y) 1 NnoacTaBMM MNOSyYEHHYK NPOM3BOAHYI0 BO BTOPOE YpaBHEHME:
—4x+¢'(y)=—4x—1, otkyga ¢'(y)=-1, ¢(y)=-y+C. CnepoBaTenbHo, u=-4xy—y+C,
nosTomy w=u+iv=—4xy—y+C+i(2x" =2y° +x)=2i (x> —y* +2ixy) +
+i(x+iy)+C, w= f(z)=2iz> +iz+C, rae z=x=iy.

lpumep 2.16. Hantu aHanuTU4eckyr QyHKUMKO  f(z), ecnu u3BecTHa eé

neicTBUTENbHAs YacTb u(x,y) = x* — y> —x.

Pewerue. Tak kak %zzx_l,@

=—-2y, TO W3 paBeHCTB creayeT, 410
ox oy

o =2x—1, ? =2y. M3 nepBoro ypaBHEHWA HaxooumMm v = J.(Zx—l)dy =2xy—y+@(x), roe
X

Oy

@(x) - Nnpou3BonbHasa yHKUus. [ns onpeaeneHnst PyHKUMM ¢(x) Haxoaum v, =2y +@'(x) u

nogcraBndeM BO BTOpoe ypaBHeHUe: 2y + ¢'(x) =2y, oTkyaa ¢'(x) =0, ¢(x)=C.
8HaunT,v=2xy — y+C, noatomy f(z) =u+iv=x> -y  —x+i 2xy—y+C) =

=x>—y* +2ixy —(x+iy)+ Ci = (x +iy)* —(x+iy)+ Ci, vam f(z) =z —z+Ci.

lMpumep 2.17. Hantu TOYKN, B KOTOPbIX CyLLECTBYET NPOM3BOAHAs (PYyHKLMN e’ un
BbIYMCNUTb 3TY NPOU3BOLHYIO.

PeweHue.
Takkak €° =e’ cosy+i-e’ siny, 1o u(x, y)= e’ cosy, v(x, y): e” sin y.
Lo ou Ou Ov Ov
Hangém yacTHble NpousBOAHbleE ——>——>~>—— W BbIACHUM, B OKPECTHOCTAX KaKuX Touyek
ox Oy Ox Oy

OHW CYLECTBYIOT U HEMPEPBLIBHbI, @ TaKKe B KaKMUX TOYKaX MIOCKOCTU BbINOSHAKTCA YCNOBUA
Kowwn-PumaHa.

ou 0 o 0 . . u
—:—(excos y):ex CoS Y, —:—(e"“ sin y):e* cos y, T.e. ou _ov ans noObIX
ox  Ox dy Oy ox Oy
y y 2
Ll,eI/ICTBI/ITeJ'IbgbIX X W ¥ N 3TN YacTHble npomssg,u,Hble HenpepbIBHbI BO Bcel nnockoctn R7;
u %

KDOME TOrO, 5 = g(e" cos y)z —e’ siny, P a(ex sin y): e‘siny,

12



ou ov
T.e. — =——" pOna mobblXx AENCTBUTENbHbIX X WU Yy, W 3TN YacCTHble NPOM3BOLHbLIE
oy ox
- 2
HenpepbIBHbI BO Bcen nnockoctn R-.
Tak kak ycnosus Kowun—PumaHa BbiNoOMAHATCA Ans nobon napbl AeNCTBUTENbHbIX

ou ou ov ov

yncen (x, N YacTHble MPOU3BOAHBIE ~ >~ » ~ >~ CYLWECTBYIOT M HenpepbiBHbI B
(CAY) p o'y oy & y pep
OKpecTHoCTU Noboi Toukn (X, y), To npoussoaHas f (Z) cywiectsyet B ntobon Touke
Z = x+1iy komnnekcHoun nnockoct C . Haingém aTy Npon3BoaHyto:

: ou .0v . : ..
f (Z)=—+z—:excosy+z-e"smy:ex(cosy+lsmy):ez.
ox Ox

Urak, f'(Z)=(eZ)' =e‘, VzeC.

lMpumep 2.18. Asnsetca nv anddepeHumpyemon yHKUMS
f(z)=e*cosy+i-e*siny

) ou u )
PeweHue. Haxogum 4 =e* cosy, v=e" siny; 6_ =e” cos Y, 5 =—e" siny,
X

o . ov ou Oov ou
—=e siny, —=e cosy, — =—=——. Ycnosus Kown—PumaHa BbINOMHEHDI.
ox oy ox Ox
[anee nmeem
' ou . ov x Cox - x .. x i xX+iy z
f (Z):8_+l_:e cosy+ie'siny=e (cosy+zsmy)=e e =eY =e",
X X

unn urave f(z)=e*(cos y+isiny)=e*-e” =" =¢7, f'(z)=¢".

lpumep 2.19. [aHa AencTeuTenbHas yacTb u(x, y) =x° - y2 —X
AnddoepeHumpyemon pyHKLMn f(z), roe 2 =X+ Yl . HaiTv dyHKLmMIO f(z).
u ou Ov .
Pewerue. Umeem — =2x—1. Tak kak — =— (B cuny ogHoro u3 ycriosun Kowum-
Ox ox Oy
ov
Pumara), 10— = 2x—1. Wnterpupys Haxogum W(x,y)=2xy —y+o(x), roe ox) -
y
Npon3BONbHasA (PyHKUMS.
ou ov ov .
Wcnonbayem apyroe ycrosue Kowm—Pumana: — =——. Tak kak — =2y + ¢ (x),
oy ox ox
ou - 5 ou
TO 5 =-2y—¢ (x) Ho 13 ycnosuin 3agaym Haxoaum, 4YTo P —2y. CnepoBaTensHO,
y

~2y—¢ (x)=-2y, ¢ (x)=0, px)=C, oTkyna
f(z)z)c2 —y? —)c+i(2xy—y+C)=x2 —y? +2xyi—(x+ yi)+Ci, nnm

f(z)z (x+ yi)2 —(x+ yi)+ Ci, me. f(z): 72 —z+Ci.

lMpumep 2.20. JaHa MHMUMas 4YacTb v(x,y)=X+y AndopepeHUnpyemMon yHKLNN
£(z). Haittn aty dyHkumo.
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ov ou

PeweHue. VNmeem 5 =1, cnepoBaTtensHo, a =1 (cornacHo ycrnosuio Kowwm—
ou , ov ou ov

Pumana). Otciopa uU=x+ qD(y), — = (y) —=1. Ho —=-—. CnegoBarensHo,
oy ox oy ox

go'(y):—l. NHTerpupoBaHnem Haxoaumm, 4TO (p(y):—y+C. Otcropga u=x—y+C. UNtak
f(z)=x—y+C+i(x+y):(1+i)(x+yi)+C,m.e. f(z)=(1+i)z+C.

2.4. UHTerpupoBaHue hyHKLMN KOMMIIEKCHOro nepemMeHHoro

Mumeepanom om ¢hyHkuuu f(z) no ayre L HasbiBaeTcs KOHEYHbI npeaen CyMMbl

I, :Zn:f(zllc)&k-

'!f(z)dz = lxlirolkz_;f(zk)AZk'

WHTerpan ot pyHKUMN KOMMNSIEKCHOM NEepEMEHHON NMMEET creayloLmne CBONCTBA:
1. I(f(z) +(z))dz = jf(z)dz + I(p(z)dz.
L L L

2. Iaf (z)dz = aIf(z)dz (a — NocTOsIHHASA).
L L

3. Ecnn pyra L reomeTpuyeckn coBnagaet ¢ ayron L, HO vmeeT HanpaBsrneHue,
npoTuBononoxHoe HanpasneHnuto ayrm L (ans L HavanbHas Touka z, a kKOHeYHas z,), TO

If(z)dz = —If(z)dz :

4. Ecrn ayra L cocTouT n3 ayr L.L,,---L,, TO
[t@adz=[f(z)dz+ [f(z)dz+...+ [f(2)dz.
L L] L2

L

n

5. JdZZZ—ZO.
L

6. Ecnu ‘f(z)‘ <M Bo Bcex Toukax L n anuHa gyrm pasHa 1, To <Ml.

If (z)dz

7.

If(z)dz

< ! f (2)||dz], rpe ! f (2)||dz| = 1325)1kZ:l“|f(z;()||Azk |

BbluMcneHve wuHTerpana oT opHo3HauHoW dyHkumm  f(z) =u(X,y)+1v(X,y)

KOMMMeKCHON nepemMeHHon f =X +1y CBOAMTCS K BbIMMCIIEHUIO OBbIYHBIX KPUBOMUHENHbBIX
WHTErparnos:

Jf(z)dz = judx —vdy + ijvdx +udy, rge u=u(x,y), v=v(x,y).
L

L L
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Teopema (Kowu). [Ona Bcskoh dyHkumm f(z), aHanutMyeckon B HEKOTOPOW

ofHocBA3HoOW obnactn D, mHTerpan jf(z)dz no noboMy 3aMKHYTOMY KYCOYHO-TfafikoMy
r
kOHTYpy I, uennkom npuHagnexawemy obnactu D, paBeH Hynto:

j f(z)dz=0
I
Ecnn KpvBass  WMHTerpMpoBaHMs  3ajaHa  NapaMeTpuyeckumMyM  YpaBHEHUSMU

x=x(t),y=y(t), t,<t<t, 10 If(z)dz = JLf [Z(t)]z'(t)dt, roe z(t) = x(t) +iy(t).

%
Ecnn doyHkuma f(z) — aHanuTnyeckas B oaHo3Ha4yHoM obnactu D, cogepxkallei ToUku

z, v z,, To cnpasednuea gopmyna HbiotoHa-JlenbHuua:

j f(z)dz=F(z,)~F(z,) = F(z)

roe F(z) — nepsoo6pasHas ana dyHkumm f(z), 1.e. F'(z) =f(z) B obnactu D.

lMpumep 2.21. BblMucnnTb WHTErparn IZdz, roe L — nuHng, coeauvHsoWwasa TOYKKU
L

z=-1,z=1, npnyem: 1) L — OoTpe3oK AeNCTBUTENBHON OCU OT TOYKU z =—1 OO TOYKN z =1,
2) L — BepxHsisi MOMyOKPYXHOCTb |z| =1.
PeweHue. TocKonbKy Ans KOMMMEKCHOro yncna Z = X +1Iy CONpsiKeHHbIM SBSETCS

ynucno Z = X—Ly, TO Ha AENCTBUTENbHOM ocn Z =X, dz=dx w Z = x. B nepsom cnyvae

nony4aem:

1
2
X

1
zdz= |xdx=—| =0.
!zz J‘Ixx 5

-1
BepxHoo MonyokpyXHOCTb |z| =1 MOXHO 3agaTb Tak: Z = elw, rae 0< @<, npuuem ¢

ybuiBaeT. Mockonbky Z =€ ¥, dz =ie'” , To Bo BTOpOM crydae
0 0
jZdz =je‘””ie""dg0 = ij do=—ni.
L V4 V4

3ameyaHue. PyHKUMA W =1Z He 4BNSEeTCA aHanuTudeckon (ona  yHKUMn
W =2Z =X—Iy He BbINOSHAIOTCA YCMOBUS aHaNMUTUYHOCTM); 3HAYEHWEe uHTerpana oOT 3TOW

C*)yHKLI,I/II/I 3aBUCUT OT NYTU UHTETPUpoOBaHUA, COEANHAKLLENo YKa3aHHbIE TOYKNA.

lMpumep 2.22. Bbluncnntb MHTerpan j(l+i—22)dz, roe L — oTpes3ok npsamon mexay
L

Toukamn z, =0, z, =1+i.
PeweHue. Mepenuiuem noabIHTErpanbHyo MyHKLUIO B BUAe
1+i—2Z =1+i—2(x—iy) =1-2x+i(1+2y),
spneck u(x,y)=1-2x, v(x,y)=1+2y.

Torpa:
j(l +i—27)dz = j(l —2x)dx —(1+2y)dy + ij(l +2y)dx + (1-2x)dy.
L L L
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OTpe3ok npaAMOM  Mexay  TOoYKamu 7, = 0, Z, = 1+ nmeeT  ypaBHEHME
y=x(0<x<1), nostomy dy =dx; npenenbl UHTETPUPOBAHUS COOTBETCTBEHHO PaBHbI:
a=0, b=1. CnepoBaTtenbHo,

[a+i=22)dz = [[1-2x) =+ 20 ldx +i [ [(1+22) + (1= 2x) e = —4[ xlx + 24 [ dx =

=242i=2(i-1).

, Toe L — oKpyXHOCTb paauyca r ¢ LEHTPOM

lMpumep 2.23. BboluncnunTb nHTErpan I i
p<—a

B TOYKeE a.
PeweHue. TlepexogMm K HOBOMW MNEPEMEHHOW B COOTBETCTBUM C (POPMYIION:

z=a+re’, 0< @ <27 Monyyaewm:
. ip
[ dz = [Zdp=i[de.
p2—d

p
i re i

MockonbkKy L1 — OTpe3ok 4eNCTBUTENBbHOM OCK OT TOYKM O 40 TOYKM 2 77, TO

jdgo = ngo =2r.
L 0

dz . .

Takum obpasom, J— = lJ'ng = 2.
1<~ L

2+i

Mpumep 2.24. BuluucnuTb nHTErpan j(322 +2z)dz.
2

=l
Pewerue. TlockonbKy nopablHTerpanbHas yHkums  f(z)=3z" +2z  aBnseTcs
aHanuTU4ecKon Besage, TO C NOMOLLb hopmyrbl HetoToHa-IlenbHuya Haxogum:

2+i
2+

(622 +20)dz =(z" +27| " =@+ + @+ —(1=0) = (1-i)* =

= (2+110) + B+ 4i) — (-2 —2i) — (<2i) = 7 +19i.

Mpumep 2.25. BuluncnnTb nHTErpan IZ sin zdz.
0

Pewerue. ®yHkuma f(z) = zsinz aBnaetca aHanUTUYECKOW Ha BCeW MMOCKOCTU Z,

NO3TOMY MHTErpan oT Hee He 3aBUCUT OT MYTU UHTErPUPOBAHUS, COEQNHAIOLLETO TOYKN z =0
M z=i. Ha ocHoBaHuM OpMYyNn WHTErpUpPOBaHUA NO YactaM U HbloToHa-JlenbHuua

nony4aem:
i i i
.[zsin zdz = jz(—cos 2)'dz = — zcos z|; + jcos zdz = —zcos z|; + sin z|; =—iCoSi+sini =
0 0 0
=i(shl —chl) =i(1,1752 —1,5431) = -0,3679i.
3ameyvaHue. 3pecb WCNOMb3oBaHbl paBeHcTBa sh z =—isiniz, ch z=COsiZ npu
z=1:shl1=—isini, ch1=cosi, nosatomy —icosi =—ichl, sini=ishl.
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Mpumep 2.26. Bblumcnutb uHTerpan J =I(i2+zz)dz, roe [- 4acTb OKPY>XHOCTU
1

V4
|2[=2, argze |:57Z':|
PeweHue. Tak Kak ons Bcex ToYeK [ BbIMOSHAETCA PaBEHCTBO r = |z| =2 (puc.2), 10
z=re? =2, 7=27", *= (2e’”’ )2 =4
dz = d(2ei‘”): 2ie’dp, p=argze ‘:%,ﬂ}.
OTtcroga nonyyaem:

J = ]{(i.ze—i(ﬂ +462i¢)2iei(ﬂd¢) :j'(iz Qe i7ri0 +8iezi¢+i(p)d¢ _ ]{(—4+8ie3i¢’):
>

2 2
4 V4 _ 3igp 8 ‘ %g
=—4Id¢+8iIe3’¢d¢:—4¢Z+8i-e—.’;:—4(7z—£j+— e |=

T V3 2 3i P 2 3
2 2
—4 2 i) =224 Y
23
y y
4 A
2i . T+
L moo| I
L/
2 0 > X 0 1:T > x

Puc.2 K npumepy 2.26

lpumep 2.27. Boluncnutb MHTErpan Jf(z) dz , rpe f(z) = (y + 1)— Xi,
AB

AB - 0TPe30K NPSIMON, COEAMNHSAIOLLINA Toukn 2, =1 u z, =—i.
PeweHue. Umeem u =y+1, v=—x. OTcloga
J.f(z)dz = I(y+1)dx+xdy—i J.xdx—(erl)dy =
AB AB

AB

x=0, y=-1 .X'Z

.

2
o PP

:(y+1).x =—1+li—li:—1.

x=1, y=0 1 0

MOXHO MOCTYNuTh 1 MHaude. Jlerko BuaeTs, uto f(z)=1—iz u

() (=i _1-2iet

1 —2i 2i 2i

—i

i =)
[ e)ae= fl-icjae ==
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1+i

lpumep 2.28. Buluncnutb MHTErpan IZ dz.
i
PeweHue. TlogbiHTerpanbHas QyHKUMA daBnseTca  aHanutudeckon. Kcnonbsys

dopmyny HetoToHa—llenbHnua, Haxogum
1+i 2

jzdz— 5

" 1[1+l -i2]= ;(1+2i—1+1):—

i

2.5. UnTerpanbHas ¢popmyna Kowun

Ecnn dyHkumnsa f(z) sensetca aHanutuyeckon B obnactm G, orpaHUYeHHON KyCOYHO-
rnagkum KOHTYpoM L, n Ha camom KOHType TO BepHa uHmeeparsibHas cpopmyna Kowu

£z = (1292, cq),

2miy z—z,
roe KoHTyp L obxogutcs Tak, 4ToObl O6J‘IaCTb G Bce Bpemsi ocTaBanacb cresa (o6xon
KOHTYpa NpOTMB YaCOBOW CTPESKM).
Ecnu dyHkums f(z) aHanutnyeckaa B obnactn G n Ha eé rpanuue L, To gnsa no6oro

HaTyparnbHoro n BepHa copmyna

£ (z,) =

n! I f(z)dz
(Z _ ZO)r1+l ’

roe z,€G, zeL, f(“)(zo) —3HayeHne n-oi nponseogHom dpyHkumn f(z) B Touke zo.

27t 4

, rae L — okpyxHocTb pagumyca R=1 c

lMpumep 2.29. BbluucnuTb WHTerpan I "
2+

LEeHTPOM B TOUKe Z =1, NpMyeM 06Xo4 KOHTYpa OCYLLECTBNAETCA NPOTMB YacOBOW CTPESIKMN.
PeweHue. MNMpeobpasyem noabiHTErpanbHyo QYHKLNIO CJ'Ie,EI,yIOLLl,I/IM obpasom:

1 1 _WUz+i) _ f(z) @)=

2+l (z—-iz+i) z—i  z— +i

- SIBMSIETCS aHanMTUYeCcKon BHYTPU paccmMaTpuBaeMoro Kpyra u Ha
Z+i

ero rpaHuue, noatomy cnpaseanvebl dopmynbl Kowwn. B cooTtBeTcTBMM C nNocnegHen
dopmynon nosyvaem

dyHKuma f(z) =

dz f(2) . . 1
'[Z2+1 '[z—idz - f(i) Vi) Y T

Sll’lZ

lNMpumep 2.30. Boluncnntb nHTerpan I dz ,rae L — nobon 3aMKHYTbIA KOHTYP,
L
KOTOpbIN He npoxoauT 4vepe3 Touky z=0. O6xoa KOHTypa coBepLlaeTca NpOTMB YacoBOW
CTPENKM.
sin z
PeweHue. Ecriv Touka Z =0 Haxogutcs BHe KOHTypa L, TO (yHKUMS 5~ Oypet
Z

aHanuTM4yeckon Ha KoHType L 1M B obnactu, orpaHM4eHHOW ITUM KOHTYPOM, MOSTOMY B
COOTBETCTBUM C TEOPEMOW MHTErpan paBeH Hynio:

J‘ sin Z dZ 0.

7 Z
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Ecnn Ttouka z=0 npuHagnexut obnactu, orpaHUYeHHON KoHTypom L, ToO
cnpasefnuebiMu ByayT dopmynsl Ana dyHKkumn f(z) =sinz, z, =0, n=1. Ha ocHoBaHuu
dbopmMynbl 4Ns 3TOro cnyyas, nockonbKy f'(z) = (sinz)" = cos z, nony4nm

Jsmz
L Z

dz =2micos0=27.

2.6. Pap Teunnopa. Pag JlopaHa

oyHkuma  f(z), ogHo3HayHas M aHanuTUMYeckasl B Todke Z=Z,, pasnaraetcs B
OKPECTHOCTM 3TOM TOYKN B psi0 Teurnopa

=2 C.(z-2)
n=0

koadpduumnenTsl C_ KoTOporo onpeaenstoTcs popmynamu

(n)
f@d_ 7@ 10,y

§ n+l
27[1 ~(2—2) n!
raoe [ — OKPYXXHOCTb C LEHTPOM B TOYKE Z = z,,, PACMONIOXKEHHas B OKPECTHOCTM TOYKM Z,, B

koTopon yHkums f(z) aHanutuuyeckasi. LleHTp OKpY)XHOCTM Kpyra CXOAMMOCTU HaxoauTcs B
Touke z,. OyHkumst f(z) — opgHoO3HaYHas M aHanuWTU4eckasl B Komble r<‘z—z0 <R‘ (He
nckntoveHbl cnyyam r =0, R =+o0), pasnaraeTc;l B 3TOM KonbLe B psid JlopaHa

:icn(z—zo ZC Z-— ZO +ZC Z-— ZO ,

KO3 PpULMEHTHI KOTOPOrO onpenenﬂromﬂ dopmynamm
z)dz
C, f(z) & (n=0,£1,%£2,..)),
27 r(z2—2)

roe I — NpPoM3BONbHAsE OKPYXXHOCTb C LIEHTPOM B TOYKE 7,, PAcroNioXeHHasi BHYTPU 3TOro
KomnbLa.

- C |
B cdopmyne psig Z C, (Z_Zo Z )n Ha3blBaeTcs e/1a8Hol Yyacmbio psida

JlopaHa, a psA ZCH(Z—ZO)H=C0+C1(Z—Zo)+C2(Z—ZO)2+--- Ha3blBaeTcs

npasusnbHoU Yacmaeto psida JlopaHa.

lMpumep 2.31. Pasnoxutb B psag Tennopa yHKUMIO f(z)=1/(2—z) B OKPECTHOCTU

TOYKM z, =0.
PeweHue. MNpeobpasyem 3Ty yHKLUMIO crnegyowmm obpasom:
I 1 I
2-z7 20-z/2) 2 1-z/2
1
MockKonbKy 1—:1+t+t2 + 4+ (]t|<1), TO Npu £ = z/2 nony4nm
1 142 22 7 Z
=l+—+5+5+.. — <1}
1-2z/2 2 20 2 2
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CnepoBaTenbHO,

11 1 1(, z 22 2°
=— =—|1+= —2+—3+ ,
2—z7z 2 1-z/2 2 2 2
1 1 z 2 Z° 7"
—— =ttt — ..
2—-z 2 2 2 2 2

Pan cxoautes npu [z/2/ <1, unm |¢[<2.

lMpumep 2.32. PasnoxuTb B pag Tennopa yHKUUIO f(z)zl/(5—3z) B OKPECTHOCTU
TOYKM z, =1.

PeweHue. MNpeobpasyem gaHHy QYHKLNIO:

[ 1 _ 1 _ 1 _ 1 1
5-3z 5-3(z-1)-3 2-3(z-1) 2(1-3(z-1)/2) 2 1_3(Z_1)‘
2
B cootBeTCcTBUM C Chopmynon npwu t=3(z—1)/2 nonyyaem:
D S U 1 VA O ) OV O L
3 2 2 2 2°

1—5(z—1)

NTaKk,

1 1 1 1 3 32 , 3 .
= — = — 1 J— _1 - _1 - _1 .
5-3z 2 1-3(z-1)/2 2{ +o =D+ S a1 + S5 (a-1)+ }

1 1 3 3?
i3 =5+?(z—1)+?(z—l)2 +o

Psin cxogutes npu [3(z—1)/2| <1, nnm |z -1 <2/3.

: (z—1)" +...

n+l

Mpumep 2.33. Pasnoxuts B pag Teinnopa dyHkumio f (Z):tg Z B OKPECTHOCTWU TOYKU
Z, =0.

PeweHue. bnwnxkarnwasi oT Hayana koopaumHaT ocobas Touka dyHkums € Z ecTb
z=nr/2

3ameTuB, YTO g 7 - HeYeTHast PYHKLUS, NOITOMY B pasnioxXeHnn 6yayT TONbKO YNeHbl C
HEYETHbIMM NokKasaTensMu. Vicnonb3oBaB paBeHCTBO
COS Z  MOMNy4MM:

sinz=cosz-fgz W pAgbl ona sinz m

2 7 7 2 7tz
e T e Y (C]z+C3z3 +C,7°+C, 7 +)
3157 20 4 6!
CpaBHuBas KoaPPUUMEHTbI MPU z,2°,2°,2 ,... B 0BENX YaCTAX PaBEHCTBA, HAXOAUM:
1 1 1 1 1 1 1 1 1
I—Cl,—a—c‘%—a 1,5— 5_5C3+IC1’_ﬁ_C7_5C5 +Z 3—aC1...

M3 aTux ypaBHeHUN onpenensemMm KoappuumeHTs!:
C =1C =1/3,C,=2/15,C, =17/315.
15 2 5 17 ;5
CnepoBaTtenbHo, 18 2=2+—2"+—2" +——2 +..
3 15 315
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lMpumep 2.34. HawnTu nepsble Tpu uYneHa psga Tennopa nNo CTeneHaM z PyHKuuu

f(Z) — eSiHZ

2 3
t ot ot .
PeweHue. Mockonbky €' =1+E+5+§+..., TO NPWU ¢ =SIN Z NOMYYUM:
- sinz sin®z sin’z
e’ =1+ + + +...
1! 2! 3! ’

sinz <

UTak, € :1+Z+7+...

1

lpumep 2.35. Pasnoxmntb QyHKUUIO f (Z)Z z(l— z) B psag JlopaHa B creayloLwmx
«konbLax»:1) 0<[e<1; 2) 2> 1; 3) 0<[z-1[<1.

PeweHue. Bo Bcex 3Tux Konbuax AaHHas (PYHKUMA SBMSETCA aHanuTUYeCKOW, U
NO3TOMY OHa MOXeT ObITb pasnoXeHa B HUX B COOTBETCTBYOWMN paa JlopaHa. Npeacrtasum
3Ty (PyHKUMIO B BUAE CyMMbl 3fieMeHTapHbIX Apobei:

1 1 1
f(Z)_z(l—z)_z+1—z'
1) Mockonbky |z <1, To nony4um:
S T

z(l—z) z 1-z z
[maBHaga 4YacTb psga JlopaHa 30ecb MMEET TOMbKO OAMH YNeH.
2) Ecn |2 > 1, mo |1/ 2| <1 noaTomy:

B 3TOM pasnoxeHun oTcyTCTBYET NpaBuiibHas YacTb.

1 .
3) Ecrm 0<|z—I|<1 TO PYHKLMIO — HYXHO Pa3NOXWUTb B reOMeTpUYeckuit psa co
F4

3HameHartenem z—1:
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DT e e e

CMaBHas YacTb NonyyYeHHoro psiaa JlopaHa cCoaepXXUT TONbKO OAMH YNEH.

Mpumep 2.36. GyHkumio f(z)=1/(z—1)z—2) pasnoxuts B paa JlopaHa, npuHsB z, =0.

PeweHue. OaHHaa dyHKUMA umeeT aBe ocobble Toukun: z=1, z=2. CnegoBaTenbHO,
nmMeeTcs Tpy Konbla € LeHTpoM B Todke 0, B KaXXOAOM M3 KOTOPbIX PYHKUUSA aHanMTMyeckas:
1) Kpyr |2| <1; 2) konbLO 1<|z| <2; 3) BHEWHOCTL Kpyra |z[<2, T.e. |z[>2.

dyHKUMIO f(z) pasnaraem Ha afieMeHTapHble Opodu:

1 1 3 I 1 __l_ 1
(z-1)z-2) z-2 z-1"z-2 2 1-z/2
1) Mockonbky |z <1, [z/2/<1, To nony4nm:
1 z Z2 Zn
=l+—++..+t—+
1-z/2 2 2 2"
IS S S S SO 0
z-2 2 1-z/2 2 2° 2° mt
1 1 2 n
———=——=l4+z+z"+..+7" +.. (1)
=1 1-z

Cnoxwus psagsl (1) n (Il), Hangém, 4to

1 1 1 1), 1),
v o I Bl P ol I Bl A SO o I e R FA S
(z-1)(z-2) 2 2 2 2"

Mony4eHHbIV pag saengeTca pagom Teunopa.
2) Ecnn 1<|z| <2, To pag () cxopawmincs, T.K. Qz/2| <1) Ho pag (I1) pacxoguTcsa (Tak Kak

2| >1). Pasnoxenwe (Il) samernm apyrum:

SRS S :-l(1+1+i2+...j. (111
z-1  z 1-1/z z z z

Pap (Ill) cxoautea, nockoneky |z >1 u [1/z]<1.

Cnoxus psagbl (1) n (lll), nonyumum psg JlopaHa ana gaHHOW OYHKUMK:

1 1 z Z° 7" 1 1 1

B kotopom C, =—1/2"" (n=0,1,2,...), C,=-1(n=12,..)

3) Korga |z| >2, To paBeHcTBO (lll) BepHO, nockonbky u |z| >1, TO psa4 B NpaBon 4YacTtu

dopmynsbl (1) yxe 6yaeTt pacxogawmmes. Pasnoxenue (1) 3ameHnm gpyrum:

1 1 1 1 2 2% 23
=—- =—|l+—+—F+—F5+...
z—2 z 1-2/z z

LA A
2 n—-1
L=l+%+2—3+ +2n +... (1V)
-2 z ¥ z Z

3TOT psA cxoAMTCs, Tak Kak |z| > 2 u, cnegosaTensHo [2/z)<1. Cnoxus (lIl) u (IV) nonyyum
pasrnoxeHue gaHHom pyHkuum B pag JlopaHa:

22



1 _i+22—1+23—1+ +2"71—1+
(z-1)z-2) z* 2° A

ans kotoporo C, =0 (n=0,1,2,...), C_, =2"" —1 (n=12,3...)

lMpumep 2.37. OyHKUUIO f(z)= z* /(z—2)2 pasnoxmntb B pag JlopaHa no creneHam
z—2.
Pewerue. O6o3Hauum z—-2=Z, Torga:
2t (z+2) Z'+8Z°+2477 +32Z+16 _

f(Z): (2—2)2 - Zz - Zz
=1—62+£+24+SZ+22,
y4 Z
z* 16 32

2
_ = ~+ +24+8(z-2)+(z—2).
_ _ -2
(z-2) (z-2) =z
3D,er rmaBHaa 4actb pAaga J'IopaHa nMMeeT OBa 4rieHa, npaBursibHaa — TPpU 4YJleHa.
|_|OCKOJ'Ibe HOﬂyquHOG pa3no>|<eHV|e CO,D,Gp)KI/IT TONMbKO KOHEeYHOe KOJIM4YeCTBO 4J1ieHOB, TO
OHO cnpaBeannBo Ansd J'I}O6OIZ TOYKWM MJTIOCKOCTU, KPpOME 7 = 2.

T.e.

o 1
lMpumep 2.38. HanTtu pasnoxeHune yHKUNN Fy B psag JlopaHa no cteneHsm (z—l) B
-z
OKPECTHOCTM TOYKU z, =1. YKasaTb rMaBHylO W MpaBWUrbHYlO YacTu psga u ero obnactu
CXOOMMOCTMW.

1
PeweHue. CHa4yana BblaenMm BblpaxeHue (z—l) B 3HameHaTerne apobu 3—:

1 1 1 11

S 1\ o -1
3-z 2—(z-1) 2(1_z 1) 2 .z
2
1 >,
Tenepb BOCMOMNb3yeMcs pasnoXeHneM apobm e ZZ B GECKOHEYHO YBbIBaIOLLYIO
—Z n=0

reoMeTpuyecKkyro nporpeccmo co 3HaMmeHatenem g =2 B TOn obnactu, roge z «mano» (T.e. B

OTKPLITOM Kpyre ¢ =|z[ <1),

Torpa npeactaBum B Buae psga JlopaHa, cxopsuierocs B obnactu, rge
-
1= -
2
lq| =‘ «Marnoy, T.e. B OTKPbITOM Kpyre -1 <1, um |z-1|<2.
OTcropa:
11 1 1, z-1 z—1Y
—=— =—|l+—+..+|— | +..|=
3—z 2 I_Z—l 2 2 2
2
1 -1 1) Sz -1)"
AR S
g ' 27 = 2
YT

npaBunbHasa 4acTb
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O6nacTb cX04MMOCTU — OTKPbITbIN KPYr |z —1| <2

Mpumep 2.39. Pasnoxutb B psag Tennopa no creneHsM GuHoma Z—I YHKLMIO
fle)=2"

PeweHue.

Haxoaum npoussogHble dyHkumn £(z)=2z: f'(z)=5z*, £ (z)=20z>, f"(z) = 60z>

Y (z)=120z, f¥(z)=120, f"(z)=f"(z)=...=0.

Onpenensem 3HauyeHne npoussoaHbix B Toukea =i: f(i)=i, f(i)=5, f (i) =—20i

£ (@)=-60, £ (i)=-120i, £ (i)=120.
Otcioga f(z)=i+5(z—i)—10i(z —i)* —10(z =i}’ +5i(z —i)" +(z =)’
Pagom Tennopa cyHKumnm f(z) = z° SIBNSIETCS MHOTOYNEH NATON CTEMNEHM.

lMpumep 2.40. Pa3noxuTb B psag JlopaHa no cteneHsm z (PyHKUUIO f(z)zl/(Zx—S) B
OKPECTHOCTU TOYKN Z = oo
1 1/(2x)
27-5 1-5/27
B OKPECTHOCTM TOUKM z=oo0. BBIMOMHSATCS HepaseHcTBO |5/(2z) <1, noatomy f(z)

PeweHue. meem f(z)=

MOXHO NMpeACcTaBnUTb B BUAE CyMMbl 6€CKOHEYHO YbbliBatoLLLe reoMeTPUYECKOn Nporpeccum ¢
NepBbIM YNeHOM a = 1/(21) n sHameHaTenem g =1/(5z).

CnepoBaTenbHO f(z)—i+ 5 + 2l + 5 T, unu f(Z)_iSH
’ 2Z 22Z2 23Z3 24Z4 ot — 2nZn '

B pasnoxeHun HeT npaBunbHOM YacTu. Pag cxogmtca B obnactm |z| >5/2 (BHe Kpyra
pacxogurcs).

2.7. Hynn doyHkumnn. Ocobble TOUKKU

PaccmoTpum  oyHKUMIO f(z), aHanuTM4eckylo B Touke Z,. Toudka Z,HasblBaeTcs

Hynem ¢yHkuuu f (z), nopsgka (Mnn KpaTHOCTW) N, KOrda BbINOSHSKTCSA YCNOBUS:
f(z,)=0,f(z,)= 0,...,f(n_1)(zo) =0, " (z,)=0.

Ecnu n=1, T0 Touka I Ha3biBaeTCs MPOCTbIM HYNEM.

Ocoboli moykoli ¢pyHkyuu f (z), HasblBaeTcs TouKa <, B KOTOPOW 3Ta (PyHKUMSI He

ABMAETCA aHanuTM4yeckon. Touka I, HasblBAaeTCa U30/UposaHHOU  ocoboli moykoul

dyHkummn £ (Z), Korada CylecTByeT OKPeCTHOCTb 3TOM Touyku, B koTopon f (Z),
aHanuTu4yeckas Bcroay, Kpome <.

Ocobasa Touka <, yHkumn f(z) HasbiBaeTca ycmpaHuMoU, Korga CyllecTByeT

KOHEYHbIV Npeaen aToi hyHKUMM B AaHHOW Touke: lim f(z)=c.

X—>Xg

24



Touka Z, HasbiBaeTcs rnosmocom ¢pyHkuyuu f(z), korga Iim f (z) =o00. [Ins TOro 4ToO.LI

X—)XO
TOoYKa z, ObinNa nomocom MyHKUUK f(z), HeobxoaMMO M OOoCTaTOYHO, YTOObI 3Ta TO4ka
1
Obina Hynem dyHKLMn (P(Z) YRS
f(z)
Touky z, Ha3blBAKOT M1O/IIOCOM MOPsOKa n(nzl) dyHkuun (Z), Korga ata Todka
1
ABNSETCA Hynem nopsgka n ans oyHKunm (P(Z)——f(z)- B cnyyae n=1 nontoc HasbiBalOT
rpocmbim.
[Ons Toro 4toObl TOYKa Zy saBnanacb NOMKCOM nopsgka N YHKLMM f(z),

HeobXoOMMO M [O0CTaTOYHO, YTOObI (PYHKLUUIO f(z) MOXHO 6bINno NpuMBECTM K BUAY

£(z)-—22)

m’ roe (P(Z)- dyHKUMA, aHanUTUYecKasn B TOYKE z, U (p(zo);t() .
0

Touka z, Ha3blBaeTCs CyLLECTBEHHO 0COo60W ToYKoWM oyHKLMK f(z), KOoraa B HEN yHKLUSA
f(z) He nmeeT HM KOHeYHOro, H1 BeckoHe4Horo npeaena.

Mpumep 2.41. OokasaTtb, uto Touka Z, =0 aBnsetcs Hyném BTOpOro nopsiaka Ans

dpyrkumn f(z)=1-cosz.
PeweHue. Pasnoxum B psaabl AaHHYIO (DYHKUMIO 1 €€ MEPBYIO 1 BTOPYIO NMPOU3BOAHbIE:

B B ( 22 7tz ]
f(z)—l—cosz—l— l——+——"—+...

2 4 6!
ZZ Z4 Z6 ' Z3 ZS
f(Z):T!—Z!'i‘E—..., f(Z):Z—§+§—...
2
(N=1-_4+2% _
fR)=1-S+3

Mockonbky £(0)=0, £'(0)=0, f'(0)#0, To z, =0 - HynNb BTOpPOro Nopsaka AnNs MYHKLUMM
f(z)=1-cosz.

lMpumep 2.42. Hanntv nopanok Hynsa z, =0 Ana yHKuum f(z): 4 /(z—sin z).

PeweHue. Vicnonb3ys pasnoxeHue dyHkumMm Sin Z B pag Teinopa, nony4mm:

4 ' <
/e)= z—sing Z—(Z—z3/3!+z5 /5!—...): 13- /5.
I S _ 4 :;
)= gy S = el ole) =

Taknum obpasom, pyHKLMS f(z) 3anuncaHa B Bmge, rge (o(z)— JyHKUMSA, aHanMTn4eckas
B Touke z, =0, npuyem ¢(O)=6¢0. 3HauuT, Touka z, =0 - Hynb YeTBepTOro nopsiaka Ans
AaHHOW PYHKLNMN.

3.
Mpumep 2.43. Hantu vynu dpyHkumm f(2) = (z2 + 1) SIn Z 1 onpeaenuTb UX NOPSAAKK.
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3. .
Pewenue. Korga f(z)=0 wnu (z2 +1) sinz=0, To z°+1=0 nmbo sinz=0. U3
NepBOro paBeHCTBa CrieayeT, YTo Z =—i, Z =i, a U3 BTOpOro, 4to z =kz (k=0+142,...)
Mycte z=—i  Torma dyHkumio  f(z) MOXHO mpeacTaBUTL B BUAE:
f(2)=(z+i) p(z). rne dyHkums ¢@(z)=(z—1)sinz sBnsieTcs aHanMTMuYecko B Touke
Z=—i, NpU4Yem (p(—i):—8isini =8shl #0. 3HaunT, Touka Z=—I €CTb HyNb TPETbEero

nopsiaka. AHanorMYHO [OKa3biBaeTCs, YTO Z =1 — HyMb TPeTbero nopsaka. ®yHkums Sin Z
umeet Hymm z =kz (k=0,£1,12,...)

3 5
NencTBUTENBHO, SIN Z = (— l)k sin(z - k7r) = (— l)k {(z - k72')— (Z — k”) + (Z — kﬂ) - } 370

3! 5!
Hynn  nepBoro  nopsgka  ana  yHKUMM f(z) = (z2 + 1)3 sinz: f(kﬂ') =0, HO

f(kz)#0,ubo f'(z)= 62(22 +1)2 sin z + (22 +1)3 COs Z.

Mpumep 2.44. [okasaTtb, 4To Touka z, =0 Ans QyHkuum f (z)Z(ex —1)/z aBnsaeTcA
yCTpaHMMon 0cobor TOUKON.

PeweHue.
2 3 2
y x 5z e —1 Z Z
OeicTBUTENbHO, NOCKOMbKY € =1+z+—+—+.., =l+—+—+.,
2! 3! Z 20 3!
e’ —
lim f(z)—hm =1, mo z, =0 - ycTpaHnmasa ocobas Touka.
x—0 x—0 Z

y _ Z
lMpumep 2.45. Haitn nontockbl yHKUMK (z)— ( IXZ +1)2 .

PeweHue. Tak kak Anst yHKLM (0(z)=1/f(1)=(z2 —IXZ2 +1)2/z Toukn z, =—1, z, =1 -
HYnW nepBoro nopsiaka, Z; =—i, Z, =I - HyN¥ BTOPOro nopsiaka, To Ans yHKUMK f(z)
TOYKM +1 - MOMKOCHI NEPBOro NOPsSAKa, TOYKN +i MOMOCHI BTOPOro nopsiaka.

lMpumep 2.46. \ccnepnoBaTb 0COObIE TOYKN PYHKUMN f (z)z #Z]

Tzt —z—

PeweHue.

MockonbKy z3+z2—z—1:z2(z+1) (z+1 z+1)(z —1) (z+1)2><(z—1), TO
dyHKUMA umeeT ocobble Toukn z=-1, z=1. Wccnegyem Touky z=-1. PyHKUMIO f(z)

sinz/(z—l) _ (z) _sing
M O A= me o) by

. sin(—1)
aHannUTN4Yeckasl B OKPECTHOCTM TOCKM z=—1, Npuyém gp(—l):—2

npuseném Kk Bugy f(z)=

#0. CnepoBaTtenbHo,

Toyka z=—1 ABNsieTCs NOOCOM BTOPOro nopsiaka.
AHarnoruyHo, 3anucas dyHKLMIO f(z) B Buae

. 2 .
f(z)zw, f(Z)ZM, o (z)= szz, 3aknoyaem, 4to z=1 - NPOCTOM MNOMOC
z-1 z-1 (z+1)

AAHHOW OYHKLMN.
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lMpumep 2.47. Hantn ocobble TOYKN PyHKLMM f(z)z e’ un onpenennTb UX TUMbI.

2 n
t
PeweHue. TMpnHumas BO BHMMaHWe, 4TO €t=1+ﬁ+5+---+—'+---, npu t=1/z
1/z 1
nonyunmm e - =l+—+——+. 4+ ——+...
'z 2!z n'z

3toT paag cxoautca scogy, kpome Toukm Z =0. Ero moxHO paccmatpusaTth Kak

1z
pasnoxeHune dyHkuMM € - B pag JlopaHa B okpecTHocTy Toukm Z = 0.Tockonbky rmasHas
YyacTb psiga umeeT 6eckoHeYHOEe MHOXECTBO YNEHOB, TO ToYka z = (.5IBNSIeTCS CyLLECTBEHHO

. < 1/z
ocobor ToYKon ANda pyHKUuKM € .

2.8. BblueTbl hyHKLUMN

Bbiyemom 0OHO3Ha4yHoU aHarnumu4yeckol yHKUUU f(z), B M305MpoBaHHOM ocobon

TOYKe 7, HasblBaeTCA 4Mcno, Kotopoe o6osHavaloT uyepes res f(zZ,) w onpegensiot

1
Zﬂiff(Z)dZ’ roe nHterpas B34AT B NOJIOXUTEJSIbHOM HamnpaBJieHUA
v

No KOHTypy 7v. BblbeT dyHKUMM paBeH KO3I(MUUMEHTY NpU MWUHYC NEepBOM CTerneHu
NOPaHOBCKOM pasnoXeHun OyHKLMM f(z), B OKPECTHOCTU TOYKU Z,:

res f(z,)=C.

dopmynown res f(zy) =

BblueT pyHKUMM B YCTPaHMMON 0COBON TOYKE paBEH HYIIHO.
Ecnu z, — nontoc n-ro nopsagka yHKUmMm f(z),, TO

1 .. 4™ .
res f(z,) = - 1)!352 = {f(z)(z ~z,) }

B cnyyae npoctoro nontoca (n=1)
resf(z,)=lim [f (z)(z— ZO)]

Ecnu z, aBnsetcs cywecTBeHHO 0cobom TOUKOM OYHKLIMM f(z),, TO ANA HaXoXOeHud
res f(z,) Heobxoanmo Hantn koadpuumeHt C.i B NOPAHOBCKOM PasnOXeHUn dyHKLWK
f(z), B OKPECTHOCTM TOYKU Z,; 3TO U ByadeT resf(z).

Teopema. Ecnn pyHKUMA f(z) aBNAETCS aHanUTUYeCcKon Ha rpanuue I obnactn G u
BCloAly BHYTpM obnacTu, 3a MUCKMIOYEeHNEM KOHEYHOro 4ymucrna ocobbiX ToYeK Z,,Z,,...,Z , TO

J'f(z)dz = 2nines f(z,).
T k=1

®yHKkuma f(z) aBnaeTca aHanumudyeckou 8 6eCKOHeYHO ydarieHHOU MoYKe z=oo, eCnn

1
dpyHkums Q&) =f| — | ananutnuna B Touke £=0.

g

Myctb dyHKumna f(z) aHanUTUYHa B HEKOTOPOM OKPECTHOCTU BGECKOHEeYHO yaaneHHOW
TOYKM (KPOME CaMOM TOYKN z =0).

Teopema. Ecnn z =00 aBnseTca ycTpaHMMOW OCOBOM TOYKON (PYHKUMMK f(z),, TO eé
NIOPaHOBCKOE pasfoXeHne B OKPECTHOCTU AaHHOM TOYKM HEe COOEPXUT MONOXUTENbHbIX
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cTeneHewm Zz; Korga z=o0 — MOMKC, TO 3TO Pa3fioXeHWe COAEPXUT KOHEYHOEe YMUCNOo
MNOMOXMWTENbHbLIX CTeneHen 2z, B Criyyae CylWecTBeHHO ocobon Toukm — 6eckoHevHoe

MHOXECTBO MOMOXUTESbHbIX CTENEHEN Z.
Bbiyemom yHKUUU f(z) 8 beckoHeYyHocmu Ha3blBaeTCH BENUYNHA

1
res f(oo):—2 ._[f(Z)dZ, rae 7y — OKPYXHOCTb AOCTaToyHO OGonbloro paguyca ‘Z‘Zp,
T
Y
KOTOPYHO TOYKA Z MNpPOXoAUT MO 4YacoBOM cTpenke (MpM STOM OKPECTHOCTb TOYKM

Z =000CTaETCH CreBa, Kak U B Criy4ae KOHEYHOWN TOYKU Z = Z,).
Teopema. Ecnn dyHkuma f(z) unmeeTr B pacliMpeHHOM KOMMSEKCHOW MIOCKOCTU
KOHEYHOE YM1CIO OCOBbIX TOYEK Z,Z,,...,Z_ , TO CyMMa BCEX €€ Bbl4ETOB, BKITHOYasA 1 BbIYET B

n
BeckoHeuHoCTH, pasHa Hymio: Tes f(o0) + Y res f(z,) =0,
k=1

y z+1
Mpumep 2.48. Haiitn Bbl4eT dyHKUMK f(2) =—
Z

1 1
PeweHue. [JaHHYy0 OYHKUMIO MOXHO 3anucaTtb Kak f(z)=—+—2 N paccmaTtpuBaTb
Z z

3Ty CYMMYy Kak pasnoxeHue B psa JlopaHa no crteneHsm z, gns kotoporo C.=1. B
COOTBETCTBUM C POPMYFON Haxoamm, 4to res f(0)=1(zo =0 — ocobas Touka).

3ameyaHue. Bbl4eT MOXHO HaNTU 1 C NOMOLLbLIO Apyron opmyrbl. [ockonbky zp=0 —
Momntoc BTOPOro rnopsaka, To:

/7)) z* 1
rezf(O):llimd(((ZJr )/z27) 2 :limd(ZJr )—1_
1' z—0 dZ z—0 dZ
lpumep 2.49. Hantu BblveTbl PyHKUMN f(Z) S S—
(z=2)(z—-4)
PeweHue. Jta pyHKUMA MMeET aBa NpocTbix nontca: z=2 1 z=4. Haxoguwm:
res £(2)=lim—— (= 2)=lim——=—2—_]_
W(z—4) .z 4

resf(4):1Zl£I}(Z_2)(Z_4):]3£I}Z_2:4_2:

2
lNMpumep 2.50. Hantn BblYeT PYHKUMK f(Z) = SR

(z-D>
PeweHue. NMockornbky zo=1 — nontc TpeTbero nopsiaka, To nonyyaem:
2002 3. _1)\3 2,2
resf(l)zlljmd ((z" (z=1)7)-(z—-1) ):lhmd () _1

_1 -1 2 | z—1 2 "2:1'
2!z dz 2!z dz 2!

Mpumep 2.51. Hantu BbiueT PyHKUMM f(z) = z° cos ! .

PeweHue. Tovka z,=1 ABnseTcA eAMHCTBEHHON KOHEYHOM OCOBOWN TOYKON (PYHKLMM
f(z). Ytobbl Hawtn res f(1), pasnoxum f(z) B psg JlopaHa B OKPeCTHOCTU TOUKU z, =1;
npu 3ToM ucnonb3dyem psa Tennopa ansa COS’
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2 t4

t
cost=1—-——+——...
21 4

Mpu t =1/(z —1) 3TO pas3noxeHne NPUHUMAET CneayLLnii BUa;

f(Z)=z2.cosﬁ:[l+(z—1)]2.{l—2(1 ~+ I 4___}:

(z—1)* 4(z-1)

=[1+2(Z_1)+(Z_1)2].{1_ L, 14_..}

A(z-17  4(z-1)

Hac vHTepecyeT Tonbko koapduuneHT npn 1/(z —1). COOTBETCTBYHOLWMI YneH psaa
-1
2(z-1)°

nveet Bua 2(z —1)-( J: _11. 3HauuT, C.1=1, noatomy res f(1)=C.1= — 1.
-

Mpumep 2.52. BblMWUCNUTL UHTErpan fsz)dz, roe 7 — OKPYXHOCTb |z[=1/2,
Z
'

KOTOPYIO TOYKa Z MPOXOAUT B NOSIOXKUTENBbHOM HanpasneHuu.
PeweHue. B kpyre |z| <1/2 copepxuTcs Tonbko ogHa ocobas Toyka noablHTerpansHoOm

dyHKLMM — 3TO nontoc BToporo nopsaka z=0. Hangem BblveT PyHKUMK f(z) B TOYKke z=0:

1n(z+2) 11
res f(0) = hgé{ - } H[ln(z+2)]_]g1(}z+2_2

Torpga nony4vyaem:

1_1 .§ln(z:r2)dz’§ln(zj2)dzzm
2 2mi, z . Z
lpumep 2.53. Boluncnutb MHTErpan { dz B crnefyroLwmx cryvasax:
22z +2)z+4)

1) 7 — OKPYXHOCTb |z|=1; 2) 7 — OKPYXHOCTb |2/ =3; 3) 7 — OKPYXHOCTb |z|=
PeweHue. Hangem BblieTbl yHKUMN  f(z) =1/ z(z +2)(z +4) OTHOCUTESIbLHO MPOCTbIX
nontocos z, =0, z, =—2,2, =—4:
1 1

res f(0)= hmzf(z) h—>0(z+2)(z+4) .

1
res 2—11m z+2 z—hm -
f(=2) ( ) f(2) o G +4) 4
1 1
res f(—4 hmz+4 z) = lim =—.
f(H=1im(z+4)f(2) I 128
1) B 0o6nactn, orpaHU4EHHON OKPYXHOCTbIO |z|=1, HaxoOMTCs TOMbKO OAWH MOMHOC

1 m
=0, NnoaTom )dz =2m-—=—.
z Y_If( ) <=2
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2) OKpY>XHOCTb |z|=3 orpaHnuymBaeT obnactb, KoTopas COAEPXMUT Monocbl z, =0wu

1 1 7

=-2,Torga dz=2m| ——— |=——.
) j £ (8 4j "
3) BHyTpn obnacTtu, orpaHN4YE€HHON KOHTYPOM |z|:5, HaxogAaTca Tpwu nontwca: z, =0,

1 1 1
=-2,7, =—4, N03TOM dz=2m| ———+—|=0.
. y!f@z [8 ; 8}

z+1
lpumep 2.54. Hantn I dz rtOoe y- 3aMKHYTbIA KOHTYp, BHYTpW
(2 -1)z-2)z-3)

KOTOporo Haxogartcs nomockl =1, =2, z =3.

PeweHue. Onpegenum Bbl4eTbl NOAbIHTErPanbHOM OYHKLUNK:
z+1 z+1 z+1

resf() Z—>1(Z2—X) lresf() Zﬁzm -3, reSf() _ﬁm

z+1

z 1)(2 2)(z—)

7 =27i(1-3+2)=0.

CnepoBaTenbHO, f

TemaTuka pedpepatoB/goknagos/acce, MeToanMYyeckue peKkoMeHgauum no BbINOSTHEHUIO
KOHTPONbHbIX U KYPCOBbIX paboT, UHble MaTepuansbl

MeToaunyeckue pekoMeHAALUN MO BbINOSTHEHUIO KOHTPOSbHbIX pa6oT

B poaHHbIX MeToouyeckMx maTepuanax paccMaTpuBalTcs TeMbl B o6beme pabouyeii
nporpaMMbl Mo AvcuunnuHe  «Teopuss  OYHKUMIA  KOMMMEKCHOro  NepeMeHHOoroy,
NO3BOSAOLLNE CAMOCTOSATENBHO BbINOSHWUTL KOHTPOJSIbHbIE 3aaHNS.

BbinonHeHuo paboThbl [AOIMKHbI npeaLwecTBoBaTh O3HaKOMIeHune c
COOTBETCTBYIOLLMMWN pasgenamm Kypca pekoMeHayemMon nutepaTypbl U NEKUUSMU.

Mpw NoaroToBKe K KOHTPOMbHLIM paboTaM HeOGXOANMO PacCMOTPETb TEOPETUYECKUIA
maTepuan u pasobpaTb nNpuMepbl pelleHns 3agayvy u3 nyHkta MeToamyeckve martepuanbl
Ana obyyaoWwmxcs No NOAroTOBKE K NPAKTUYECKMM 3aHATUSM.

AyanTOpHbIe KOHTPOJbHbIe paboTbl N0 AUCUMUNIINHE
«Teopua (pyHKLMMN KOMMIEKCHOro nepeMeHHOro»

AyanTopHble M JOMALLHNE KOHTPOMbHblE paboThbl

1. 1. CocTaBuTb KBagpaTHOE ypaBHEHME
X2+2x+5=0
2. Hantn pencreutenbHble Ynucrna X U 'y U3 yCrnoBusi paBeHCTBa ABYX
KOMMMEKCHbIX Yncen
5x—2y+(x+y)i=4+5i
3. BbinonHutb gencreus

17 - 6i
a 6)(1-i)’ B)i* —i*'
)3—4i )(A=i) )

1. CocTtaBuTb KBagpaTHOE ypaBHEHME MO €0 KOPHAM
x, =1+i\3; x, =1-i/3;
2. Hantn pencTBuTenbHbIE YMCra X U Y U3 YCINOBUA paBeHCTBa ABYX

KOMMMEKCHbIX Yncen
5xi—2+4y=9i+2x+3yi
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. BbinonHutb gencreusa

-3 6)1+i)’  B)i®—i'"

a
)2+i

. PewunTb kBagpaTHOE ypaBHeHWE

X2-6x+18=0

. Hantun gencrButenbHble Yncna X U y n3 ycnosusi paBeHCTBa ABYX
KOMMMEKCHbIX YNCEN

9+2xi+4yi=10i+5x-6y

. BbinonHutb gencreuns

1*17
a 6)1+i)* B)i—i>
)3+i*5 ) (1+1) )

. PewunTb kBagpaTHOE ypaBHeHWEe

X2-4x+5=0

. Hantun gencreutenbHble Yucna X U y U3 ycnoBus paBeHCTBa ABYX
KOMMMEKCHbIX Yncen

2xi+3yi+17=3x+2y+18i

. BbinonHutb gencreung

a)ﬁ%i/§ 6)1-i)* B)i' +i(1—i)

. CocTtaBuTb KBagpaTHOE YpaBHEHMNE NO ero KOPHAM

x, =3—1i; x, =3+1;

. Hantn gencreutenbHble Yucna X 1y U3 ycroBus paBeHCTBa ABYX
KOMMIEKCHbIX Yncen

4x-5y-9+7(3x-y)i=10x+14yi

. BbInonHuTb gencreus

i*3 1 A3, s
\/§+i 6)(—E—l7) B)l (1 1 )

. PewwuTb KBagpaTHOE ypaBHEHME

X2-10x+41=0

. Hantu gencrButenbHble Yncna X U y U3 yCrioBus paBeHCTBa ABYX
KOMMMEKCHbIX Yncen

3+4xi+5yi=12i+5x-2y

. BbinonHuTb gencreug

a) "*2, 6) (V2 +i/3)? B)i(1—i>)

1+1

a)

. CocTtaBuTb KBagpaTHOE YpaBHEHMNE NO €ro KOPHAM
1—i*3 1+i*3
X, =

2 2
. HanTtun gencreButernbHble Yncna x u y n3 ycrnoBusa paBeHCTBa ABYX
KOMMMEKCHbIX Yncen
X(2+i)-y(1-i)=1+3i
. BbinonHutb gencrausa
V3+i2 N P

|
a)\/g_h/a 6)(_5_17) B) 2+l.17

. CocTtaBuTb kBagpaTHOE ypaBHEHNE MO ero KOPHSM

X =
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xlzé(Z—i*E») x2:%(2+i*3)

. HainTtu genctBuTENbHBIE YMCNA X U Y U3 YCNOBUSA paBeHCTBA OBYX

KOMMMEKCHbIX YNCen
X(1+i)-y(2+i)= 3i+1
BbinonHuTb gencrems

—3+i% i*+3i"
a)——— 9] —1+i\/§ 0 B)————
) i ) ) )1+2i19

OTBeThbI K 3a4aHUI0

1. 7. -1-2i; -142i. 2. x=2; y=3. 3. a) 3+i*2; 6) -2(1+i); &) 1-i. 2. 1. x2-2x+4=0. 2. x=3; y=2. 3. a)
1-*2; 6) 2(1-i); 6) -1-i. 3. 1. 3+3i; -3-3i. 2. x=3; y=1. 3. @) %(5_1-*3) . 6)-4; €) 2i. 4. 1. 2+i; 2-i.

2.x=3;y=4. 3. a)—\/§+i\/§; 6)-4;8) 21+i*2. 5. 1. x2-6x+10=0. 2. x=y=-9,3. 3. a)1+i*\/§;
5)—%(1—%); 8) 1+i. 6. 1. 5+i*4; 5-i*4. 2. x=11—21 : y=115—1. 3. 2)i+1; 6)-14* 246 ; 8) -1+i. 7. 1.

x2-2x+5=0. 2. x=1%; y=1%. 3. a)§(1+i*2\/€) 16)1; 6)—§(l+2i). 8. 1. 25x-20x+13=0 2.

x=5; y=-2. 3. a)—/3—i; 6) 64; 8) -1+i.

1.

1.CoctaButb KBagpaTHoe ypaBHEHUNE NO ero KOpHAM

2.

X1=5-i*3 Xo=5-i*3
BbinonHuTb aencremd

. . . 5+i*3
(2+i)+(-3-0)-(4-1"3) < 3
MocTpouTb cnaraemble
Z1=-2+i Zg=2-i*3
BbinonHuTb aencrems

. . 45 i 8
(cos12° +l*sm12°) (Ze ’5”/8)
BbInonHUTL gencTsusa n 3anucatb pesynbTaT B NokasaTtesibHON dhopme
1-i

—i*37/4

=

. Pewntb KBagpaTHOE ypaBHEHNE

X2-6x+34=0
BbinonHuTb aencrems

(B+i*5) (3-i*B)(-2+i)

MocTpoUTb KOMMSIEKCHbIE Yncna
Z1=2-i*3 22=1 +i*2
BbinonHnTtb oencreums

—1+iV3

—i*r/3

Vs Vs
2(cos = +i*sin=))"°
(( 3 6))

BbinonHUTbL eNCcTBUS U 3anucaTb pe3ynbTaTt B NokasaTenbHon hopme
“1+i3 _2i

—i*7/3 12
el s

. nOCTpOI/ITb KOMMJMEeKCHbIe Yncna

Z1=-1 +2*i Zz=4i
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W

MocTpouTb cnaraemble

Z1=-3-i Zr=1-4i
N nx cymmy
[NepeBecTu B nokasaTenbHy0 hopmy
1/2 =3 /(2i) 3(cos(z/3)+i*sin(z/3))
BbinonHnTtb gencreums

e—i*fr/Z 126—1‘*7[/3 (1+ l)4
(/3 +i)° (1++/30)° e

. nOCTpOl/ITb KOMIMJ1eKCHbIE YCIla

Z1=-2-3"1  Zy=-4

A Tak xe UM COonpsXKeHHbIE U NPOTUBOMOSIOXHbIE

MocTponTb yMeHbluaemoe Zi=4-i Bbluntaemoe Zo=-2-2i 1 nx pasHocCTb
lMepeBecTn B NnokasaTenbHyto hopmy

—1/4+1/(4i) 3(cos(3r/4) +i*sin(37/4))
BbinonHuTb gencrems

i*e"!3 (1+1) 18¢™7/?
(\/§+i)4 2e (1—\/51‘)2

. CocTtaBuTb kBagpaTHOE ypaBHEHNE MO ero KOPHAM

X1=5-1"3 Xo=5-i*3
BbinonHuTb gencrems

. . . 5+i%*3
(2+i)+(-3-i)-(4-1*3) < i3
MocTpouTb cnaraemble
Z1=-2+i 22=2-i*3
BbinonHuTb aencremd

o . . o 5 —i 3

(cosl2 +i*sinl2 ) (26 ’5”/8)

BbinonH1Tb AencTBus 1 3anucaTtb pe3ynbTaT B nokasaTernbHon hopme
1—i

1= "

. Pewwntb KBagpaTHOe ypaBHEHNE

X2-6x+34=0
BbinonHuTb aencremd

(B+i*5) (3-i*B)(-2+i)

MocTpoUTb KOMMNSIEKCHbIE Yncna
Z1=2-i*3 22=1 +i*2
BbinonHuTb aencreund

—1+iV3

T, . T
— (2(cos = +i*sin=))°
3 6
BbInonHWUTL OeCcTBMA 1 3anuncaTh pe3ynbTar B rnokasatenbHon opme

—1+i/3 _2i

—i*r /3 i*r/2
e

. nOCTpOI/ITb KOMMJEeKCHbIE Yncna

Z1=-1 +2% Zz=4i
lNocTpouTb crnaraemble
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Z1=-3-i Zo=1-4i

N nx cymmy
3. lNepeBecTn B nokasaTternbHyo opMy
1723 /(2i) 3(cos(7z/3) +i*sin(z/3))
4. BbINnonHWUTb AenNcTBUA
e 12¢777" (A+i)*
(—/3 +i)° (1++/30)> e

1. ToCTpouTb KOMMNMEKCHLIE YMcna
Z1=-2-3%i Z>=-4
A TaK XXe UM conpsKeHHble N NPOTUBOMNOSIOXKHbIE

2. TMocTpouTb yMeHbLUaemoe Zi=4-i Bbluntaemoe Z,=-2-2i 1N nx pasHoCTb
3. lNepeBecTn B nokasaTternbHyo dopMy

—1/4+1/(40) 3(cos(37/4) +i *sin(37/ 4))
4. BbINONHUTbL AENCTBUS

i*e"!3 (1+1) 18¢™7/?

(3 +i) V2e7 (ENELE

MHDMBVIAya.I'I bHOe AOMallHee 3aaaHue

1. Ang gaHHbIX PYHKLUMA HANTU UX OENCTBUTENBbHYIO YacTb U(X,Y) N MHUMYIO YacTb V(X,Y):
11z, 12iz13 2°;14 z+2;15 ((2)*.
2. ins paHHbIX yHKUMM (2), roe z = re’ HaitTu ‘f(z)‘ n Argf(z):
1 z
21 f(z)=2";22f(z)=—;23f(z)=¢";24 —.
z [
3. YkasaTb obnactb guddepeHuUMpyeMocT QYHKUNN U BbIYUCITUTbL NPOU3BOAHYIO.

3.1 f(z)=2;32 f(z):l;S.S f(z)=iz;3.4 f(z) =z +2i.
V4

4. BblumcnnTb nHTErpan jImZdZ, roe l:
1

4.1 oTpe3ok npsamon oT Toukun 0 O ToukKM 1+2i;
4.2 pyra napabornbl y = 2x? oT Toukm 0 [0 TOYKMN 1+2i;

. T
4.3 BbIYUCNUTb MHTErpan J.(IZ + zz)dz , FTAe | — yacTb OKpY>XHOCTU |Z| =2,argz e {E,n}
4.4 BblYUCNUTL MHTErPan Isin zdz , roe | — oTpe3ok npsAMor oT Touku 0 4O TOYKM TT+ITT.
1
5. Hantu pasnoxeHue gyHKUnn ?smz B psag JlopaHa:

a) B ocoboii Touke z, =0; 6) B ocoboit Touke 0.

YKasaTb rmaBHyH 1 NPaBUbHYO YacTu psiaa u ero obnactb CXoguMOCTW.
3apaHua AnAa camocToATeNIbHOW paboThbl

1.MpenctaBuTb B TPUrOHOMETPUYECKON hOpMe KOMMIEKCHbIE Yncna.

34



.a) 2+4i;6) \/3—i;B) 2001;
.a) 14+2i;6) 2—i;B) 3—-2i;
.a)2—i;6) 3+4i;8B) z-3i;
.a) z+i;0) z+1;B) 4-3i;
.a) —2+1i;06) 1+i;B) 1+2i;

R N G G |
O~NO1TW -

1.2.a) 3—-2i;6) J/5+i;B) 2002;
14.a) 1-i;6) —=3+2i;B) 5+i;
1.6.a) 5+i;06) 1-3i;B) 2+i;

1.8.a) z-3i;6) 1+3i;B) 3—-2i;
1.10.a) 4-3i;6) 2+i;B) 5—i.

y <y
2.Hantv 2, + 2,5 2, = 2,5 2" 2y, —Z , ecnu:
2

21. z,=1+2i, z, =2-1i;
23.z,=2-1i, z, =3+4i;
25. 7z, =2+i, 2, =z+1;

2.2.
2.4.
2.6. z,=2-3i, z, =1+3i;
2.7. z,="2+i, z, =1+1, 2.8. z,=4-3i, z, =2+1,
2.9. z,=2+3i, z, =5-i; 2.10. z, =2i—-1, z, =2i+1.
3. Bo3BecTu B cTeneHb KOMMIEKCHOE YUCIIO:

3.1. (@*+3)°, 4-i°)’; 3.2. A+, (-3+i);
3.3. (2+3i%)°, (4-2i°)7; 3.4. 3-i")%, A+2°)%;
3.5. (i* +3)°, (-1+0)°; 3.6. 1+i")"°, (V3+i);
3.7. (3=, 1+i*3)?; 3.8. (-1+iv3)7, (1+2i%)*;
3.9. 2-i")’, @+ 3.10. (1+2°)°, 1-2i%)° .
4. HanTtn Bce 3Ha4YeHNSA KOPHSI.

7, =1-i, z, =-3+2i,
z,=5+i, z, =1-3i;

41.3=i: 42 31—i: 43.3-1: 44.31: 45 4i:
4.6. i: 47. J1+i: 4.8.3-1+i:49. 4-i;: 410 Y1+i.

5.Hantn 3HayeHne yHKLMN:

5.1. JaHa pyHKumMsa f(z) = ! —, rge z = x+iy . Hantun eé 3HaveHve f(i+1).
X—1y

1 . ..
5.2. laHa pyHKUMA f(z) = —, rge z = x+1iy . Hantu eé 3HaveHve f(i).
X—1y

5.3. JaHa pyHKumMsa f(z) = ! —, rge z = x+iy . Hantu eé 3Havenue f(3-2i).
X—1y

5.4. Oana pyHKUmMa f(z) = x* +iy’, rae z = x +iy . Hant eé 3nauerune f(1+2i).
5.5. NaHa dpyHkuma f(z) = x° +iy”, roe z = x+iy . Hantu eé 3HaveHve f(2-3i).
5.6. OaHa pyHKumna f(z) = x* +iy’, rae z = x+iy . Hantun eé aHauenune f(—i).

5.7. BbluncnuTb 3HaveHne pyHKuumn f(z) = Z—Jri B TOYKE z, =—2+1i.
Z —

5.8. BblMMCNUTb 3Ha4YeHWe QyHKUMM f(z) B Todkax z,U z,: f(z2)=z" —2z+1i,
7, =—243i, z, =4-3i.
5.9. BblYMCMUTb 3HaYeHne PyHKUMN f(z) B TOUKaX z,U z,: f(z2) =2z +i, z, =1—1i,
o
<y —E-
5.10. BbluncnnTb 3HaYeHne yHKUMN f(z) B TOYKaX z, U z,: f(z) =z —2z+i, z, =1—1i,

Z, =1+1.

6. Hantu:
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6.1. 7. 6.2.¢2. 63.cosi. 6.4 sin(1+2)). 6.5. In(=1).
6.6. Ln(-1). 6.7. Ini. 6.8. Lni. 6.9. In(3+4i). 6.10. Ln(3+4i)-

7. Onpegpenutb, auddepeHuupyema nu QyHKums f(z). Ecnu pga, 10 Hanutm eé
NPOU3BOAHYIO.

71. f(2)=(x"+y*)—2xyi ; 7.2. f(2)= (x’ —3xy2)+i(3x2y—y3) :
7.3. f(z) =iz’ —3z+1; 7.4. f(2)=2z+2i;
75. f(2)=2z% 7.6. f(z)zz%;
1
7.7. f(z)=§; 78. f(2)=ax’ +2bxy +cy®;

79. f(z) =2z +2i; 710. f(2)=2> —z+i.

8. Bblumncnutb nHTErpann.

8.1. | z%dz , rae AB — oTpe3ok NnpsAMon, COeAMHSIOLLIEN TOYKM Zu =1, Zp =1i.
c7°dz 5 5 1
8.2. - 10 3aMKHYTOW KpUBOW [ :|2) = —.
5zt 2
- 7°dz 3 3 _
8.3. = 1O 3aMKHYTOM KpnBon [ : |z +i[=1.
Sz
8.4. { & i kpuBoiA 1:|z—2| =1
4. $ ————— no 3amkHyTOM KpuBoWA [:|z -2/ =1.
85 {—2= i kpyBOWH 1:]2] = 1
5. $ —————— no 3amkHyTOM KpnBOIA [:|z|=1.
' (z+2)° 2 yTonKp
8.6 f & / fl:|z+2/=1
6. $ ————— no 3amkHyTON KpuBOIA [:|z+2|=1.

8.7. | zdz , rAe | — OTPe3oK 4ENCTBUTESTBHOM OCU OT TOYKM z=—1 0O TOYKM z =1.
l

8.8. | 2dz , rge | — BepXHsist OKPYXKHOCTb |2/=1 oT ToukM z=—-1 go Toukn z=1.
[

8.9. |(1+i=27)dz  rpe I- 0Tpe3soK NpsiMOIt OT TOUKM z, =0 A0 TOUKM z, =1+i.
[

8.10. [~

, TOe | — OKPY>KHOCTb paauyca " C LLeHTPOM B TOYKE ¢ .
Z—a
!

9. Hantu pasnoxeHue dyHkunmn B psag JlopaHa B Touke Zo NO CTeneHam z7—z.

9.1. lcosz’ rae z,=0. 9.2. z-sin z, TA€ z7,=0-
2
9.3. z-sinz, rAe z,, =oo. 9.4. sin(2+2z), TA€ z7,=0-
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95. 2 rge Zozl. 9.6. Z ,rpe Zozl.

z—1 z-1
L
9.7. 2  rge 2=0- 9.8. e<*l rpe Zoz—l.
7+2
b
9.9. e**!, rpe z, =00 910 z ,rpe z,=2"
z—2
10. HanTtu BblveT pyHKUNN.
' 41 +1
10.1. f(z) =21 102 f(z) =" 103, f(2) ==
Z—1 77 -1 z
z—1 Z z—1
104. f()=——"—. 10.5. f(2)=——. 10.6. f(z2)=——.
(z+1)(z—2i) (z-1) (z—2i)
Z sin z
10.7. f(2)=————. 10.8. f(2) = . 10.9. f(2) = .
f (Z+3l) f z f Z2 -9
10.10. f(z)=——.
sin z

MeToaunyeckne pekomeHaaUum No NOAroToBKe K 3K3aMeHy

[oTOBUTLCA K 3K3aMeHy HeobxogMmo nocnefoBaTefibHO, C Y4EeTOM KOHTPOSbHbIX
BOMpocoB, pa3paboTaHHbIX BedywuMm npenogasatenem kadeapbl. CHavana cnegyet
onpenenuTb MeCcTo KaXKAoro KOHTPOMbHOrO BOMpOCa B COOTBETCTBYHLLEM pasfene Tembl
y4yebHON nporpammbl, a 3aTeM BHUMAaTESIbHO MpoYUTaTb U OCMBICIIUTbL PEKOMEHOOBAHHbIE
Hay4Hble paboTbl, COOTBETCTBYKOLLME pa3fenbl peKoMeHOoBaHHbIX y4yebHukoB. [Mpu aTom
nonesHo fenatb XoTA Obl caMble KpaTKMe BbIMUCKM U 3aMeTku. PaboTy Hag TemMon MOXHO
cunTaTb 3aBEpLUEHHOMN, €CNN Bbl CMOXETE OTBETUTb Ha BCE KOHTPOSbHbIE BOMPOCHI U OAaTb
ornpegeneHne NoOHATUM NO N3y4aeMon Teme.

Ona obecneyeHnss MOMHOTbI OTBETA Ha KOHTPOSNbHbIE BOMPOCbI W  fy4llero
3anoMMHaHUA TeopeTU4ecKoro martepuana pekoMeHAyeTCs COCTaBNATb MfaH oTBeTa Ha
KOHTPOMbHbIA BOMPOC. OTO MNO3BOSIUT CAKOHOMUTbL BPEMS AN NOATOTOBKM HEMOCPEACTBEHHO
nepeq 9K3amMeHOM 3a cyeT obpalleHns He K nuTepaType, a K CBOUM 3anncsam.

Mpn nogrotToBke HEOHXOAMMO BbISABNSATbL HaMbornee CnoXxHble BONPOCHI, C TEM, YTOObI
obcyauTb MX € NpenogasaTeneM Ha NeKunaX U KOHCynbTauunsx.

Henb3sa orpaHuMumBaTb MOArOTOBKY K 3K3aMeHY MPOCTbIM MOBTOPEHWEM W3YYEHHOrO
mMaTtepuana. Heobxogmmo yrnybuTb u paclwmputb paHee NpuoOpeTEHHbIE 3HAHWUA 3a cyeT
HOBbIX MOEN U NONOXEHWUA.

37



